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Main Theorem

The following are equivalent for a holomorphic function P:

(i) P has a dynamic stabilizing controller.

(ii) P has a right coprime factorization.

(ili) P has a stabilizable and detectable realization.

We work in discrete time, but essentially the same results hold in continuous time too.
Part of the results are new even in the scalar-valued case.

As corollaries, one obtains analogous results for exponential (power) stabilization.



Notation

U,X,Y: complex Hilbert spaces of arbitrary dimensions.

D:  the unit disc {z€ C||z] < 1}.

B(U,Y): bounded linear maps U — Y.

H”(U,Y): the set of bounded holomorphic functions D — B(U,Y).

|: the identity operator, e.g., | =ly € B(U,U), or the corresponding constant
function, e.g., | = Iy € H*(U,U).

proper function = holomorphic (operator-valued) function defined near the origin;
strictly proper = P is proper and P(0) =0;
stable = H” (a restriction of a H” function is identified with the H” function).

Motivation: P € H®(U,Y) = P is bounded (stable) multiplication operator H?(U) —
H2(Y).



Dynamic (output-feedback) stabilization

Yin + _+ P
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Figure 1: Controller Q for the transfer function P
stabilizing controller = [y] — [}] is stable (H®).

A proper B(Y,U)-valued function Q is called a (dynamic output feedback) proper
stabilizing controller for a proper B(U,Y)-valued function P if the “input-to-error”
Uiy u

map E : [y] — [y] in Figure 1 is stable (E € H”).The map E is obviously given by

[ QT [u-QP' QU-PQ!
E= [—P |] _[P(I—QP)l (I1-PQ™ | (1)

(Observe that then P is also a proper stabilizing controller for Q.)



Right coprime
The following are equivalent for a proper holomorphic function P:
(i) P has a proper stabilizing controller Q (i.e., [ ', Q] € H®).
(ii) P has a right coprime factorization.

(iii) P has a stabilizable and detectable realization.

Two functions M,N € H” are called (Bézout) right coprime if [)] is left-invertible in
H®, i.e., if there exist X,Y € H” satisfying the Bézout identity

XM—YN=| (on D) . (2)

We call the factorization P=NM™! a right coprime factorization of P if N € H*(U,Y)
and M € H*(U) are right coprime, M(0) is invertible and P=NM™1,

Then Q = XY is a stabilizing controller for P (if X~ exists).



All stabilizing controllers

Let P be B(U,Y)-valued and have a right coprime factorization P =NM~1. Then
[M] € H*(U,U x Y) can be extended to an invertible element of H*(U x Y), say [M X].
(This is called a doubly coprime factorization of P.)

All stabilizing controllers for P are given by the Youla(—Bongiorno) parameterization
Q= (Y+MV)(X+NV)? (3)

where V € H*(Y,U) is arbitrary (the controller is proper iff (X +NV)™! is proper).

If P is strictly proper (P(0) = 0), then all these controllers are proper.



Matrix-valued case

Let P be a proper C"™™valued function. Then also the following are equivalent to the
existence of a proper stabilizing controller:

(i*) P has a stable (Q € H*(C",C™)) stabilizing controller.

(ii*) P= NM~ where N\M € H*, N*N+M*M >¢€l on D, € >0 and detM # 0.

(The corona condition in (ii') is not sufficient for coprimeness in the operator-valued
case . It is not known whether (i") is necessary in general.)



Controllers with internal loop

Also the following is equivalent to the existence of a proper stabilizing controller of P:
(i”) P has a stabilizing controller with internal loop.

We call R a stabilizing controller with internal loop for P if R=[FR?] is a

proper B(Y x =,U x =)-valued function for some Hilbert space = and the combined
Uipy
map [%’i_n} _ {%ﬂ in Figure 2 becomes stable (H™).
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Figure 2: Controller R with internal loop for P
If | —Rx2(0) is invertible, then R corresponds to the proper stabilizing controller

Q= Ry1+Rix(I —Rx2) 1Ryt



Main Theorem (ver. 3)

The following are equivalent for a proper function P:

(i) P has a proper stabilizing controller Q (i.e., [ 5 _lQ]_l e H®).
(i’) P has a strictly proper stabilizing controller.

(i”) P has a stabilizing controller with internal loop.

(ii) P has a right coprime factorization P=NM™1,

(ii’) P has a left coprime factorization P =M~IN.

(ii”) P has a doubly coprime factorization P=NM=1, [MY] [MY]™ € H*(U x Y).

(iii) P has a stabilizable and detectable realization.



Discrete-time system (52 8) € B(X XU, X xY)

Given input U € ¢(N;U) and initial state Xg € X, we associate the state trajectory
X:N — X and output y: N — Y through

Xicr1 = AXc+ Bk,
{ o ke N. (4)

Yk = C)Q(—l_ DUk,

The transfer function P(z) :=D+C(z'—A)™'B of (25 is proper.
We call (&5) a realization of P.
The Z-transform U of u: N — U is defined by U(2) := 5,,Z"Un.

For Xo =0, we have y= PuU.



State feedback u, = Fxy

State feedback means that we feed the state back to the input through some
state-feedback operator F € B(X,U):

Uk := FXk—I—(Uin)k (kE N), (5)

where Uy, denotes an exogenous input (or disturbation), as in Figure 3.
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Figure 3: State-feedback connection

A+BF | B X
= Xer1 = (A+BF)xc+B(Up )k = ( c D) : [(uﬁf)k} — [ kyil}.
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Closed-loop system

A+ BF B X1
C+DF] | [D] |: [(u’fk) ] — | v | (6)
F | in/k Uk |

The transfer function of the closed-loop system (6) is obviously given by

] =[]+ [ -aeee i

AN

Because [§1] maps Uy, — [é] a factorization of P: U ¥ is given by P=NM™1,

Finite Cost Condition (FCC): For each Xy € X, some U € /2 makes y € /2.

If(f) the FCC holds, then there exists F € B(X,U) that minimizes Sp_o(|[VkllZ + ||ukl|3)
(LQR cost) for every Xo.

The resulting factorization P=NM~1 is weakly coprime
If the FCC holds for (5-+57), then P=NM™! is right coprime



State-feedback stabilization of (28)

(&fp) output stable =y € £ whenever X € X and u=0;

e., [|CAX]2 < Kl|xollx (%o € X).
(&15) stable =y € (2 and X is bounded whenever X € X and u € (3(N;U); i.e.,

Xallx+lIylla < K ([%ollx + [lulz)  (n=0, X0 € X, ue (3(N;U)). (8)

Al B ) o ([ ALBF B) ]
(c D) [output-]stabilizable = (ﬁ [output-|stable for some F.

(&) [input-]detectable = (4-5%) [output-]stabilizable.

(ili) P has a stabilizable and detectable realization.
(iii’) P has an output-stabilizable and input-detectable realization.
Theorem Output-stabilizability<>Finite Cost Condition.

(i) P has a realization (&1¢) such that (212) and (é: gi) satisfy the Finite Cost
Condition.



Main theorem (ver. 4)

The following are equivalent for a proper function P:

(i) P has a proper stabilizing controller Q (i.e., [ 5 _lQ]_l e H®).
(i”’) P has a realization that has a stabilizing controller system.
(ii) P has a right coprime factorization P=NM™1,

(ili) P has a stabilizable and detectable realization.

(ili’) P has an output-stabilizable and input-detectable realization.

(i) P has a realization (&13) such that (&5) and (é: gi) satisfy the Finite Cost
Condition.

(iii” ") P has a strongly stabilizable and strongly detectable realization.
(“Strongly” means that, in addition, xx — 0, as k — +00.)



Dynamic output-feedback stabilization
).

This says that if we feed the output of (é—’%) through (%%) back to the input, then
the combined system becomes stable, i.e., in Figure 4

138 e+ N0 <K (I8 g+ 118211) - (020, [R2] € XK, [fa] € 2N ¥ x)).

(WLlvs ]

(i”’) P has a realization that has a stabilizing controller system (é
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Figure 4: Stabilizing controller system
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This implies that Q(z) = D+C(z*—A)"'B is a proper stabilizing controller for
P(2) =D+C(zt1—A) 1B (ie., [ o Q] "€ H).

The converse holds iff (é—%) and (a—g) are stabilizable and detectable



Main theorem (final version)

The following are equivalent for a proper function P:

(i) P has a proper stabilizing controller Q (i.e., [ 5 _lQ]_l e H®).
(i”) P has a stabilizing controller with internal loop.

(i”’) P has a realization that has a stabilizing controller system (

(ii) P has a right coprime factorization P=NM™1,

(ii”) P has a doubly coprime factorization P=NM™1, [MY], [MY] " e H*(U x Y).

(ili) P has a stabilizable and detectable realization.

O



Proof of part of the Main Theorem

P has a stabilizing (dynamic) controller

Mik05d P has a dyn. stabilizable realization
Mikose | Miko2
Stz08 .
d.c.f. jointly stab.&det. real.
Tolokonnikov
Treil05 ﬂ trivial |
(MikO5b)

r.c.f. orl.c.f. stab.&det. real

CWWO01 ﬂ CO05

_ (MikO5C)
Stab. canonical controller
trivial ﬂ

Stab. contr. with internal loop

trivial

Miko2 |

[F9]has ad.c.f. ——— FCC for a realization and dual
|




Weaker equivalent conditions

(i) P has a proper stabilizing controller Q (i.e., [ ' _lQ}_l € H®).

(ii) P has a right coprime factorization P=NM™1,

(ii”) P has a doubly coprime factorization P=NM=1, [MY] [MY]™ € H*(U x Y).
(iii) P has a stabilizable and detectable realization.

(iii’) P has an output-stabilizable realization whose dual is output-stabilizable.

The following (strictly weaker) conditions equivalent to each other:
(ii-) P has a factorization P=NM"! (N,M € H®).

(ii’-) P has a weakly coprime factorization P=NM™1,

(ili-) P has a stabilizable realization.

(iii’-) P has an output-stabilizable realization.

(i-) The range of the generalized Hankel operator of P lies in the range of the
generalized Toeplitz operator of P plus H?.



Weakly coprime = common right factors are units

Scalar-valued case (U=C =Y):
N € H*(U,Y) and M € H*(U,U) are weakly coprime iff gcdN,M) =1.

Equivalent condition: if N =NV and M = MjV, then V is a unit (V,V~1e H®).

Equivalent condition:
if N=N;V and M = MjV and V(0) is invertible, then V is a unit (V,V~! € H®).

|.e., every properly-invertible common right factor is a unit.

This latter condition is meaningful also when U and Y are infinite-dimensional (the
former is then never satisfied). An equivalent condition is

Nf,Mf e H> = f e H? (9)

(for every proper U-valued function f). Either of these two conditions can be used as
the definition of weak right coprimeness.

One obtains a third equivalent condition by replacing H? by H* in (9).



Generalized Toeplitz and Hankel ranges
(ii-) P has a factorization P=NM"1 (N,M € H®).
(ii’-) P has a weakly coprime factorization P=NM™1,
(iii-) P has a stabilizable realization.
(i-) Ran(Hp) C Ran(Tp) + H?.
(i'-) 3Ir > 1Vve r3(Z_;U) Jue f3(N;U) such that Z(v+u) € 3(N;Y)

Tp is the “unbounded Toeplitz operator’ that maps H? > U+— PU

Hp is the “unbounded Hankel operator” that maps
H2(rD~;U) > Vi projection of PV onto H? := H%(rD;Y) (for some big r).

The 1/O map 7 is determined by 2u= PU. It has a unique continuous extension to
a map 2 : £f — (f for every big r, where ||ul|,2* := S h o P2 Uk |2

Note that TpU="(11, Z1, ) and HpU="(T. ZTU ),

ug, k>0;

where (T U)k 1= {o o TLi=1—T. We have set D~ :={ze C||z >r}.

Y _ Y 2T (1 ~ve i Y
Naturally, [[G]]z% := ||G(r-)[[f = Sup<, fo [[G(te’®)[[5dO = 21|Tl|7.
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