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Abstract. A �nite-dimensional linear time-invariant system is output-stabiliz-
able if and only if it satis�es the �nite cost condition, i.e., if for each initial
state there exists at least one L2 input that produces an L2 output. It is ex-
ponentially stabilizable if and only if for each initial state there exists at least
one L2 input that produces an L2 state trajectory. We extend these results
to well-posed linear systems with in�nite-dimensional input, state and output
spaces. Our main contribution is the fact that the stabilizing state feedback
is well posed, i.e., the map from an exogenous input (or disturbance) to the
feedback, state and output signals is continuous in L2

loc in both open-loop and
closed-loop settings. The state feedback can be chosen in such a way that it
also stabilizes the I/O map and induces a (quasi) right coprime factorization
of the original transfer function. The solution of the LQR problem has these
properties.
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1. Introduction
To illustrate the philosophy behind our results while avoiding undue technicalities,
in this introductory section we start with the (more or less well known) �nite-
dimensional case.

The standard model of a �nite-dimensional linear time-invariant system is
ẋ(t) = Ax(t) + Bu(t),

y(t) = Cx(t) + Du(t), t ≥ 0,

x(0) = x0.

(1.1)
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Figure 1. State-feedback connection

Here the generators [ A B
C D ] ∈ B(X× U, X× Y) are matrices, and U = Cp, X = Cn and

Y = Cq are called the input space, the state space and the output space, respectively.
We call u the input (or control), x the state and y the output of the system.

The Laplace transform of u is de�ned by û(s) :=
∫∞
0

e−stu(t) dt. One easily
observes that with zero initial state x0 = 0 equation (1.1) leads to ŷ = D̂ û, where

D̂(s) := D + C(sI −A)−1B (1.2)
is called the transfer function of the system. Conversely, every rational matrix-
valued function has a �nite-dimensional realization, i.e., it is the transfer function
of a �nite-dimensional system.

State feedback means that we add a second output, say z(t) = Fx(t), where
F ∈ B(X, U), and feed this signal to the input, as in Figure 1. Under an exogenous
input (perturbation) uª, we get u = Fx + uª. Solving for ẋ, y and z in terms of
x and uª, we get the following closed-loop system (for t ≥ 0)

ẋ(t) = (A + BF )x(t) + Buª(t),

y(t) = (C + DF )x(t) + Duª(t),

z(t) = Fx(t),

x(0) = x0.

(1.3)

(By the open-loop system we mean the original system (1.1) with the additional
output z = Fx, i.e., as in Figure 1 without the dashed connection.)

The (original) system is called exponentially stable i� there exist M, ε > 0 such
that ‖x(t)‖X ≤ Me−εt‖x0‖X (t ≥ 0) for each initial state x0 ∈ X, or equivalently, i�
the spectrum σ(A) is contained in the open left half-plane C− := {s ∈ C ∣∣ Re s <

0}. By Datko's Theorem, an equivalent condition is that x ∈ L2(R+; X) if u = 0
(for all x0 ∈ X). The system is called exponentially stabilizable i� there exists
a state feedback operator F ∈ B(X, U) such that the closed-loop system (1.3) is
exponentially stable.

The following condition is called the state-FCC (state Finite Cost Condition):
For each x0 ∈ X, there exists u ∈ L2(R+; U) such that x ∈ L2(R+; X). (1.4)
Recall that x stands for the solution of (1.1).
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Next we state three theorems for the system (1.1). We shall generalize them
in Section 5.
Theorem 1.1. The state-FCC (1.4) holds i� the system is exponentially stabilizable.

The above result is a special case of the following result that involves also C
and D (the terminology will be explained below):
Theorem 1.2. The output-FCC (1.5) holds i� the system is output-stabilizable.

The output-FCC means the following:
For each x0 ∈ X, there exists u ∈ L2(R+; U) such that y ∈ L2(R+; Y), (1.5)

that is, some stable (i.e., L2) input makes the output stable. This condition is
strictly weaker than the state-FCC (1.4).

The system is called output-stabilizable if there exists F ∈ B(X, U) such that
the state-feedback u(t) = Fx(t) makes u and y stable for each initial state x0 ∈ X
(with no exogenous input: uª = 0). In fact, then F can actually be chosen so that
u and y become stable for each x0 ∈ X and each uª ∈ L2(R+; U), and, in addition,
the maps uª 7→ [ y

u ] become (right) coprime.
Indeed, from (1.3) we obtain, for x0 = 0, that sx̂(s) = (A+BF )x̂(s)+Bûª(s),

hence
x̂(s) = (s−A−BF )−1Bûª(s), ŷ = N̂ ûª, û = M̂ ûª, (1.6)

where N̂ ûª = (C + DF )x̂ + Dûª and M̂ ûª = ẑ + ûª = Fx̂ + ûª, hence
N̂ (s) := D+(C+DF )(s−A−BF )−1B, M̂ (s) := I+F (s−A−BF )−1B. (1.7)

By [ N̂
M̂

] : ûª 7→ [ bybu ] being right coprime we mean that there exist f, g ∈ H∞

that satisfy the Bézout equation fM̂ +gN̂ ≡ I. Recall that H∞ denotes the space
of bounded holomorphic functions on the right half-plane C+ := {s ∈ C

∣∣ Re s >
0}.

We express the above as follows:
Theorem 1.3. If the output-FCC (1.5) holds, then there exists an output- and
I/O-stabilizing state feedback with N̂ and M̂ right coprime.

By output- and I/O-stabilizing we mean that (see Figure 1)
‖ [ y

z ] ‖2 ≤ M(‖x0‖X + ‖uª‖2) (x0 ∈ X, uª ∈ L2). (1.8)
The map D̂ : û 7→ ŷ can be written as D̂ := N̂ M̂−1. We express this as

follows:
Corollary 1.4. Any function having an output-stabilizable realization has a right-
coprime factorization.

The state-feedback operator F used above is usually obtained by solving the
so-called (algebraic) LQR Riccati equation

PB(I + DD∗)−1B∗P = A∗P + PA + C∗C, (1.9)
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since F = −(I + DD∗)−1B∗P for the minimal nonnegative solution P. This F is
the unique state-feedback operator that minimizes the LQR cost function

J (x0, u) =
∫ ∞

0

(‖y(t)‖2Y + ‖u(t)‖2U
)

dt (1.10)

for each initial state x0 ∈ X.
In Section 5 we shall extend the above theorems to arbitrary well-posed linear

systems (WPLSs). These systems are a generalization of the systems of type (1.1)
and allow unbounded generators and in�nite-dimensional input, state and output
spaces; see Section 2 for details.

The state-FCC has been studied under the name �optimizability� in, e.g.,
[WR01]. Thus, our generalization of Theorem 1.1 shows that optimizability is
equivalent to exponential stabilizability.

It was already known that under the output-FCC an output-stabilizing con-
trol is produced by another WPLS, as shown in [Zwa96] (the case with C ∈ B(X, Y)
was shown in [FLT88]), or by �ill-posed state feedback�. It was not known that this
other system can be obtained from the original one by a well-posed state feedback.
It means that the state-feedback loop is well posed with respect to external distur-
bance, i.e., that the maps M̂ : ûª 7→ û and M̂−1 are well de�ned (see Figure 1).
In fact, the functions M̂ and M̂−1 become proper (bounded on some right half-
plane).

Any bounded state-feedback operator (F ∈ B(X, U)) generates a well-posed
state feedback, but so do some unbounded ones. If B and C are bounded, then the
stabilizing state feedback is given by a bounded F ; this special case of Theorems
1.1 and 1.2 was already known. The two theorems were known also for fairly un-
bounded B's in the case that A generates an analytic semigroup and C is bounded
[LT00].

To extend Theorem 1.3 and Corollary 1.4 to arbitrary WPLSs, we must
replace coprimeness by �quasi-coprimeness�, which we de�ne below.

For any ω ∈ R we set C+
ω := {s ∈ C ∣∣ Re s > ω}. By H2

ω(U) we denote the
Hilbert space of holomorphic functions C+

ω → U for which

‖h‖2H2
ω

:= sup
r>ω

∫ ∞

−∞
‖h(r + it)‖2U dt < ∞. (1.11)

Moreover, C+ := C+
0 , H2 := H2

0. Bounded holomorphic functions N̂ : C+ →
B(U, Y) and M̂ : C+ → B(U) are called quasi�right coprime i�

[
N̂

M̂

]
h ∈ H2 ⇒ h ∈ H2 for every h ∈ H2

ω(U) and ω ∈ R. (1.12)

In other words, quasi�right coprimeness means that if h is in some H2
ω and its

image is in H2, then h must actually have been in H2. We identify any function
with its holomorphic extension (if any) to a right half-plane, so �∈ H2� means that
�is the restriction of an element of H2�.
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For a quasi�right coprime factorization D̂ = N̂ M̂−1, the image [ M̂
N̂

] [H2]
equals the graph [ I

D̂ ] [{f ∈ H2
∣∣ D̂f ∈ H2}]. In fact, also the converse holds. See

also Lemma 4.4.
Whenever N̂ and M̂ are (Bézout) right coprime, they are quasi�right co-

prime. Indeed, [ N̂
M̂

]h ∈ H2 and fM̂ + gN̂ ≡ I imply that h =
[
f g

]
[ N̂

M̂
] h ∈ H2.

The two forms of coprimeness are equivalent if N̂ and M̂ are rational [Mik02,
Lemma 6.5.3]. However, quasi coprimeness is in certain sense a more natural ex-
tension of coprimeness to the non-rational case. We shall treat di�erent forms of
coprimeness in detail in future articles.

Our proof is based on showing that the control minimizing (1.10) is given
by well-posed state feedback, but due to the unboundedness of B, C and F , we
must use the integral Riccati equations of Lemma 3.8 instead of the algebraic one
above. Those equations allow us to reduce the minimization problem to a stable
one by replacing A by A−α for α big enough (we must add some cost on the state
to keep the minimal cost the same). The stable LQR problem can then be solved
by using a spectral factorization.

See Section 6 for generalizations and further historical comments.

2. Well-posed linear systems and state feedback
In this section we present our notation and de�nitions except for those concerning
optimization and coprimeness. The de�nitions and claims in this section and fur-
ther details can be found in, e.g., [Sta05], [Sta98a], [Wei94] or [Mik02, Chapter 6].

By B(U, Y) we denote the set of bounded linear operators U→ Y, and we write
B(U) := B(U, U) (similarly for something else in place of B).

Let U, X, Y be arbitrary complex Hilbert spaces. If the generators of the system
(1.1) are bounded, i.e., [ A B

C D
] ∈ B(X × U, X × Y), then the unique solution of (1.1)

is obviously given by the system{
x(t) = A tx0 + Btu
y = C x0 + Du,

(2.1)

where
A t = eAt, Btu =

∫ t

0

A t−sBu(s) ds,

(C x0)(t) = CA tx0, (Du)(t) = CBtu + Du(t).
(2.2)

The above formulas are actually valid for fairly unbounded operators, but in
the most general case the right-hand-sides (at least �CBt�) become meaningless.
Therefore, the WPLSs (also known as Salamon�Weiss systems or abstract linear
systems) were de�ned by requiring the system to be linear and time-invariant and
A to be strongly continuous; in addition, one requires that

[
A t Bt

C D

]
is causal and

continuous X× L2
loc(R+; U) → X× L2

loc(R+; Y) for each t ≥ 0, or equivalently, that

‖x(t)‖2X +
∫ t

0

‖y(s)‖2Y ds ≤ Kt

(‖x0‖2X +
∫ t

0

‖u(s)‖2U ds
)

(2.3)



6 Kalle M. Mikkola IEOT

A Bτ

C D

?
x0

?
u

Initial state Input (control)

State
Output

¾ x x = A x0 + Bτu

¾ y y = C x0 + Du

Figure 2. Input/state/output diagram of a WPLS
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for all (equivalently, some) t > 0, where Kt depends on t only. An equivalent
formulation, from [Sta98a], is given in De�nition 2.1. There we use the natural
extensions B (of Btτ−t) and D that allow the inputs to be de�ned on the whole
real line, thus simplifying some formulae.

We use the notation L2
ω = eω·L2 = {f

∣∣ e−ω·f ∈ L2}, (τ tu)(s) := u(t + s) and
π±u := χR±u, where χE(t) :=

{
1, t ∈ E;

0, t 6∈ E
. When E ⊂ R, we set πEu := χEu. We

identify L2
ω(E; U) with functions in L2

ω(R; U) that vanish outside E.
We study the following generalization of systems of type (2.2):

De�nition 2.1 (WPLS and stability). Let ω ∈ R. An ω-stable well-posed linear
system on (U, X, Y) is a quadruple Σ =

[ A B
C D

]
, where A t, B, C , and D are

bounded linear operators of the following type:
1. A · is a strongly continuous semigroup of bounded linear operators on X

satisfying supt≥0 ‖e−ωtA t‖X < ∞;
2. B : L2

ω(R; U) → X satis�es A tBu = Bτ tπ−u for all u ∈ L2
ω(R; U) and t ∈ R+;

3. C : X→ L2
ω(R; Y) satis�es C A tx = π+τ tC x for all x ∈ X and t ∈ R+;

4. D : L2
ω(R; U) → L2

ω(R; Y) satis�es τ tDu = Dτ tu, π+Dπ−u = C Bu, and
π−Dπ+u = 0 for all u ∈ L2

ω(R; U) and t ∈ R.
The di�erent components of Σ =

[ A B
C D

]
are named as follows: A is the

semigroup, B the input map, C the output map, and D the I/O map (input/output
map) of Σ.

We say that A (resp. B, C , D) is stable if 1. (resp. 2., 3., 4.) holds for ω = 0.
Exponentially stable means ω-stable for some ω < 0. The system is output stable
(resp. I/O-stable) if C (resp. D) is stable.

We set Στ := [ A Bτ

C D
], Bt := Bτ tπ+ = Bτ tπ[0,t), D t := π[0,t)Dπ[0,t).

For any x0 ∈ X and u ∈ L2
loc(R+; U) we associate the state (trajectory) x :=

A x0 + Bτu and output y := C x0 + Du on R+ (i.e., [ x
y ] = Στ [ x0

u ]), as in (2.1)
and Figure 2. (By causality, also D is de�ned for any u ∈ L2

loc(R+; U) through
π[0,t)Du = π[0,t)Dπ[0,t)u (t ≥ 0).)

From De�nition 2.1 we easily obtain that B = Bπ−, C = π+C and
π+τ ty = C x(t) + Dπ+τ tu (t ≥ 0). (2.4)

Indeed, π+τ ty = π+τ tC x0 + π+D(π− + π+)τ tu = C A tx0 + C Bτ tu + Dπ+τ tu =
C x(t)+Dπ+τ tu. This says that the output is �time-invariant�, i.e., �the remaining
output (at time t) depends only on the current state and the remaining input�.
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The same holds for the state: π+τ tx = A x(t)+Bτπ+τ tu (t ≥ 0). Conversely,
any linear system satisfying these two equations and (2.3) is a (restriction of a)
WPLS.

By A we denote the in�nitesimal generator of A . One can show that there
exist B ∈ B(U, Dom(A∗)∗) and C ∈ B(Dom(A), Y) such that the middle formulas in
(2.2) hold (for u ∈ L2

ω and x0 ∈ Dom(A)). Moreover, ẋ = Ax+Bu in Dom(A∗)∗.1
An ω-stable WPLS is an ω′-stable WPLS for any ω′ > ω (we identify the

unique extensions/restrictions of A , B, C and D for di�erent ω).
Exponential stability of a system is equivalent to that of its semigroup, hence

Datko's Theorem [Dat70] leads to the following:

Lemma 2.2. The WPLS Σ = [ A B

C D
] is exponentially stable i� A x0 ∈ L2(R+; X)

for all x0 ∈ X. ¤
Exponential stability implies that σ(A) ⊂ C− := {z ∈ C ∣∣ Re z < 0}. The

converse holds if, e.g., A is bounded or analytic [Sta05].
Now it is the time to present our assumptions:

Standing Assumption 2.3. Throughout this article we assume that U, X and Y are
complex Hilbert spaces, Σ = [ A B

C D
] is a WPLS on (U, X, Y), and J = J∗ ∈ B(Y).

(The operator J will not be needed before Section 3.)
Let ω ∈ R. We de�ne TICω(U, Y) to be the (closed) subspace of operators

D ∈ B(L2
ω(R; U); L2

ω(R; Y)) that are causal (i.e., π−Dπ+ = 0) and time-invariant
(i.e. τ tD = Dτ t for all t ∈ R). The I/O maps of WPLSs are exactly all such
operators (TIC∞(U, Y) := ∪ω∈RTICω(U, Y)). The Laplace transform u 7→ û is an
isometric (modulo

√
2π) isomorphism of L2

ω onto H2
ω. By H∞(Ω; X) we denote the

Banach space of bounded holomorphic functions Ω → X with supremum norm. We
set C+

ω := {s ∈ C ∣∣ Re s > ω}.
For each D ∈ TICω(U, Y), there exists a unique function D̂ ∈ H∞ω (U, Y) :=

H∞(C+
ω ;B(U, Y)), called the transfer function of D , such that D̂u = D̂ û on C+

ω

for every u ∈ L2
ω(R+; U). The mapping D 7→ D̂ is an isometric isomorphism of

TICω(U, Y) onto H∞ω (U, Y). If B is bounded, then D̂(s) = D + C(s−A)−1B.
A function is called proper if it is bounded and holomorphic on some right

half-plane. Thus, H∞∞(U, Y) := ∪ω∈RH∞ω (U, Y) is the set of all proper B(U, Y)-valued
functions. (We identify functions that coincide on some right half-plane.)

By G we denote the group of invertible elements. Thus, e.g., GTICω(U, Y)
stands for {D ∈ TICω(U, Y)

∣∣ D−1 ∈ TICω(Y, U)}, i.e., it corresponds to GH∞ω , the
set of bounded holomorphic functions D̂ : C+

ω → B(U, Y) for which D̂−1 exists and
is (uniformly) bounded.

1This is based on the fact that A : Dom(A) → X extends to a continuous map X→ Dom(A∗)∗ and
generates a semigroup on Dom(A∗)∗. Similarly, A|Dom(A2) generates a semigroup on Dom(A),
and all three semigroups are isomorphic. It also follows that (s − A)−1B becomes well de�ned
for s ∈ ρ(A|X) = ρ(A|Dom(A)). However, we only need these A's for examples.
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Figure 3. State-feedback connection for a general WPLS

Now we shall return to state feedback. When the input operator B is bounded,
the generators

(
A B

C D
F 0

)
and

( A+BF B

C+DF D
F 0

)
, determine the open-loop and closed-loop

systems, respectively, corresponding to a state feedback operator F , as in Figure 1
and equations (1.3).

Thus, state feedback means adding an extra output to the system and feeding
that output back to the input (like z(t) = Fx(t) in Figure 1).

For a general WPLS, the de�nition is the same: a state feedback means a
pair [ F G ] such that the extended system Σext in Figure 3 is a WPLS.

The state feedback is called admissible if (I − Ĝ )−1 exists and is proper, or
equivalently, if the map (I − G ) : u 7→ uª has a bounded and causal inverse on
L2

ω for some ω ∈ R. This means that the (closed) state-feedback loop is well posed
under external disturbance.

Thus, the de�nition of an admissible (or �well-posed� or �proper�) state feed-
back is as follows:

De�nition 2.4 (Σª, [ F G ]). A pair [ F G ] is called an admissible state-feedback
pair for Σ if the extended system

Σext :=




A B

C D
F G


 (2.5)

is a WPLS and I − G ∈ GTIC∞(U).
We set M := (I − G )−1, N := DM , and denote the corresponding closed-

loop system (see Figure 3) by

Στ
ª =




Aª Bªτ

Cª Dª
Fª Gª


 =




A + BτMF BM τ

C + DMF DM
MF M − I


 (2.6)

= Στ
ext

[
I 0
−F I − G

]−1

= Στ
ext

[
I 0

MF M

]
:
[
x0

uª

]
7→




x
y

u− uª


 . (2.7)
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We call [ F G ] exponentially stabilizing if Σª is exponentially stable. If
there exists an exponentially stabilizing state-feedback pair for Σ, then Σ is called
exponentially stabilizable (similarly for output-stabilizing or I/O-stabilizing).

(The system Σª is necessarily a WPLS. Note that Σª is output stable i� Cª
and Fª map X into L2.)

Any F ∈ B(X, U) determines an admissible state feedback (with F = FA ,
G = FBτ), but so do also some unbounded operators. The above de�nition also
allows for feedthrough terms (i.e., z(t) = Fx(t) + Gu(t) or G = FBτ + G, where
G ∈ B(U)), but if F ∈ B(X, U), then admissibility is equivalent to I − G ∈ GB(U),
and essentially the same feedback is obtained by using the state-feedback operator
(I −G)−1F with zero feedthrough (see Lemma A.5). However, in the case that F

is unbounded, the feedthrough term G = lims→+∞ Ĝ (s) need not exist [WW97,
Example 11.5].

3. Optimal control and Riccati equations
In this section we shall present certain necessary and su�cient conditions in terms
of Riccati equations for a control to be optimal. In Section 4, these conditions will
be applied to establish the existence of a (1.10)-minimizing state feedback.

The cost (1.10) is �nite i� u ∈ U(x0), where
U(x0) := {u ∈ L2(R+; U)

∣∣ y ∈ L2(R+; Y)}. (3.1)
We call this the set of admissible controls. Note that the output-FCC (1.5) holds
i� U(x0) 6= ∅ for each x0 ∈ X, hence the name �nite cost condition.

The following is obvious (and given in [Zwa96]):
Lemma 3.1. The set U(0) is a subspace of L2. If u ∈ U(x0), then U(x0) = u+U(0).
¤

A control uopt is called J -minimizing for x0 if J (x0, uopt) ≤ J (x0, u) for
every u ∈ U(x0). It is well known (see [Zwa96, the proof of Theorem 6]) that
under the output-FCC a (1.10)-minimizing control exists:
Lemma 3.2. Assume the output-FCC (1.5). De�ne J by (1.10).

Then there exists a unique J -minimizing control ux0
opt for every x0 ∈ X and

a nonnegative operator P ∈ B(X) such that J (x0, u
x0
opt) = 〈x0,Px0〉X for every

x0 ∈ X. ¤
In Section 4 we shall show that the above minimizing control is given by

admissible state feedback. For that purpose we need certain �integral� Riccati
equation conditions for minimality, also over other cost functions than (1.10) (see
Lemma 3.9). Therefore, we shall introduce a cost operator J = J∗ ∈ B(Y) and the
(generalized) cost function

J (x0, u) := 〈y, Jy〉L2 =
∫ ∞

0

〈y(t), Jy(t)〉Y dt (x0 ∈ X, u ∈ U(x0)). (3.2)
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As a by-product, our proofs and formulas actually apply in a much more general
optimization setting (possibly inde�nite, such as the �minimax H∞ control� of
[Sta98c] and [Mik02]). The explicit inclusion of u in (3.2) would not only reduce
generality (see Lemma 3.4) but also lengthen numerous formulae below by half.

A control u ∈ U(x0) is called J-optimal for x0 (and Σ) if 〈y, JDη〉L2 = 0 for
each η ∈ U(0). (By [Mik02, Lemma 8.3.6], this corresponds to a zero of the Fréchet
derivative of 〈y, Jy〉L2 .)

When J = I, this orthogonality condition implies that y is of minimal norm.
More generally:
Lemma 3.3. A control u minimizes J (x0, ·) over U(x0) i� u is J-optimal for x0

and J (0, ·) ≥ 0.
Proof. The su�ciency follows from Lemma 3.1 and the fact that for any J-optimal
u for x0 we have

J (x0, u + η) = J (x0, u) + J (0, η) (η ∈ U(0)), (3.3)
which follows from the identity 〈y + Dη, J(y + Dη)〉 = 〈y, Jy〉+0+0+〈Dη, JDη〉.

If 〈y, JDη〉 6= 0 for some η ∈ U(0), then d
dαJ (x0, u+αη) is nonzero at α = 0,

hence J-optimality is also necessary. ¤

The cost (1.10) is a special case of (3.2):

Lemma 3.4. Set C̃ := [ C
0 ] , D̃ :=

[
D
I

]
. Then Σ̃ := [ A B

C̃ D̃
] is a WPLS on (U, X, Y×

U). Moreover, a control is I-optimal for Σ̃ i� it is (1.10)-minimizing. ¤
Indeed, Σ̃ has the output ỹ := C̃ x0 + D̃u = [ y

u ], hence JΣ̃(x0, u) := 〈ỹ, Iỹ〉 =
‖y‖22 + ‖u‖22, so the optimality claim follows from Lemma 3.3 (applied to Σ̃ and I;
note that U(x0) is the same for both Σ and Σ̃). The WPLS claim is obvious.

Naturally, a minimal cost is unique (for any �xed x0 ∈ X). In fact, the �J-
optimal cost� is unique also for inde�nite J :
Lemma 3.5. If u and v are J-optimal controls for x0 ∈ X, then J (x0, u) = J (x0, v).
Proof. By Lemma 3.1, ũ := v − u ∈ U(0). But 〈y + D ũ, JDη〉 = 0 (η ∈ U(0)),
hence 〈D ũ, JDη〉 = 0, also for η = ũ. This and (3.3) imply that J (x0, u + ũ) =
J (x0, u). ¤

When using the �dynamic programming principle�, we need the following:
Lemma 3.6. Let x0 ∈ X and u ∈ L2

loc(R+; U). Then u ∈ U(x0) i� π+τ tu ∈ U(A tx0+
Btu) for some (equivalently, all) t ≥ 0.

This says that u is admissible for some initial state x(0) = x0 i� at some
(hence any) moment t the remaining part of u is admissible for the current state
x(t).
Proof. Obviously, u ∈ L2 i� π+τ tu ∈ L2. By (2.4), y ∈ L2 i� C x(t)+Dπ+τ tu ∈ L2,
hence u ∈ U(x0) i� π+τ tu ∈ U(x(t)). ¤
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The (�Riccati�) operator P in Lemma 3.2 is called the J-optimal cost opera-
tor:

De�nition 3.7. We call P ∈ B(X) the J-optimal cost operator for Σ if, for each
x0 ∈ X, there exists at least one J-optimal control u with J (x0, u) = 〈x0,Px0〉X.

Obviously, then the output-FCC holds and P = P∗. By Lemma 3.5, then
J (x0, u) = 〈x0,Px0〉X for every x0 and every J-optimal u, hence P is unique.

We call ωA := inft>0

(
t−1 log ‖A t‖) the growth rate of A . By [Sal89, Lemma

2.1], the whole system Σ is ω-stable for any ω > ωA.
Now we can derive certain necessary and/or su�cient conditions for P and for

J-optimal controls. The conditions (3.5) and (3.8) below are integral versions of the
standard algebraic Riccati equation (if, e.g., B or C is bounded, we can di�erentiate
the integral equations to obtain the algebraic ones; see [Mik02, Sections 9.11&9.7]).
The other, non-standard �Riccati� equations with parameter r ∈ R will be used
later below to reduce the optimization of Σ to optimization of another, stable
system. The convergence conditions (3.7) and (3.9) can be used to distinguish the
�stabilizing solution� of the Riccati equation from other solutions [Mik02].

Lemma 3.8 (Riccati equations). Assume that the J-optimal cost operator P exists.
Let x0, x1 ∈ X and r ∈ R. Let u ∈ U(x0) be arbitrary and recall that x := A x0 +
Bτu, y := C x0 + Du.
(a): If uk is a J-optimal control for xk (k = 0, 1), then

〈C x1 + Du1, J(C x0 + Du0)〉L2 = 〈x1,Px0〉X. (3.4)
(b): If u is a J-optimal control for x0, then π+τ tu is J-optimal for x(t) and

(3.5)�(3.11) hold.
〈x0,Px0〉X = 〈y, π[0,t)Jy〉

L2 + 〈x(t),Px(t)〉X ∀t ≥ 0. (3.5)
〈y, Jy〉L2 = 〈[ y

x ] , [ J 0
0 2rP ] [ y

x ]〉
L2

r
if 0 ≤ r > ωA. (3.6)

〈x(t),Px(t)〉X
t→+∞→ 0. (3.7)

(c): The control u ∈ U(x0) is J-optimal for x0 i� (3.8) and (3.9) hold.
〈x(t),PBtη〉X = −〈y, JD tη〉L2 ∀t ≥ 0, η ∈ L2

loc(R+; U), (3.8)

〈x(t),PBtη〉X
t→+∞−→ 0 ∀η ∈ U(0). (3.9)

(d): We have (3.8)⇔(3.10).
−e−2rt〈x(t),PBtη〉X = 〈y, π[0,t)JDη〉

L2
r

+ 2r〈x, π[0,t)PBτη〉
L2

r

∀t ≥ 0, η ∈ L2
loc(R+; U).

(3.10)

(e): We have (3.5)⇔(3.11).
〈y, π[0,t)Jy〉

L2 + 〈x(t),Px(t)〉X
= 〈[ y

x ] , π[0,t) [ J 0
0 2rP ] [ y

x ]〉
L2

r
+ e−2rt〈x(t),Px(t)〉X ∀t ≥ 0.

(3.11)
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Before the proof, we give here some kind of intuitive explanations for the
above �Riccati� equations. Part (a) says that 〈y1, Jy0〉 = 〈x1,Px0〉. If J = I, then
equation (3.5) says that the minimal cost 〈x0,Px0〉X equals the �cost until now�∫ t

0
‖y(t)‖2Y dt plus the minimal cost over the remaining time interval [t,∞). The

latter cost equals the minimal cost 〈x(t),Px(t)〉X with initial state x(t). This is often
called the principle of dynamic programming (or the principle of optimization).
By (3.5), it also applies to the inde�nite case (to general J = J∗ ∈ B(Y)).

Similarly, (3.7) says that while
∫ t

0
‖y(t)‖2Y dt converges to the minimal cost∫∞

0
‖y(t)‖2Y dt, the remaining cost 〈x(t),Px(t)〉X converges to zero.
One could derive from (3.5) and (3.8) that 〈x0,Px̃0〉X = 〈x(t),Px̃(t)〉X +

〈y, π[0,t)Jỹ〉
L2 when u is J-optimal for x0 and ũ ∈ U(x̃0) (and x̃ := A x̃0 +

Bτ ũ, ỹ := C x̃0 + D ũ); this is an �inde�nite form� of (3.5). Equation (3.8) is the
special case of this with x̃0 = 0, ũ = η. Similarly, (3.9) says that 〈x(t),Px̃(t)〉X → 0;
it is equivalent to the orthogonality condition 〈y, JDη〉L2 = 0 (under (3.8)).

Equation (3.11) follows from (3.5) by partial integration (through (3.19));
the proof of (d) is analogous. Equations (3.10) and (3.11) are actually exactly the
equations (3.8) and (3.5) for the system Σ+ (and JP) introduced in Lemma 3.9
below; see its proof.

Proof of Lemma 3.8: (a) To obtain (a), expand the equality 〈y1 + y0, J(y1 + y0)〉 =
〈x1 + x0,P(x1 + x0)〉, where yk := C xk + Duk (k = 0, 1), and then replace x0 by
ix0.

(b) 1◦ Let η ∈ U(0). Then τ−tη ∈ U(0), by Lemma 3.6, hence

0 = 〈Jy, Dτ−tη〉 = 〈Jy, π+τ−tDη〉. (3.12)

Since π[t,∞) = π+ − π[0,t), it follows that

〈Jπ+τ ty, Dη〉 = 〈Jy, τ−tπ+Dη〉 = 〈Jy, π[t,∞)τ
−tDη〉 = −〈Jy, π[0,t)τ

−tDη〉 = 0,
(3.13)

because π[0,t)τ
−tDη = τ−tπ[−t,0)Dη = 0 (since π−Dπ+ = 0). By (2.4), equation

(3.13) says that π+τ tu is J-optimal for x(t), hence

〈x(t),Px(t)〉X = J (x(t), π+τ tu) = 〈π+τ ty, Jπ+τ ty〉 = 〈y, π[t,∞)Jy〉 (3.14)

(use De�nition 3.7). This proves (3.7) and (3.5)
2◦ Claims (3.8)�(3.11) follow from (c), (d) and (e) (whose proofs only use

1◦). Let t → +∞ in (3.11) to obtain (3.6) (case r = 0 is trivial; for r > 0 we
can use the fact that e−r·x → 0, because Σ is r − ε stable and e−rt‖τ tu‖L2

r−ε
=

e−εt‖u‖L2
r−ε

→ 0).
(c) By letting t → +∞ in (3.8) for any η ∈ U(0), we get 0 = −〈y, JDη〉, hence

�if� holds. Assume then that u is J-optimal. Given η ∈ L2((0, t); U), extend it by
setting η̃ := π[0,t)η + τ−tũopt for some J-optimal ũopt for Btη. By Lemma 3.6,
η̃ ∈ U(0). By (2.4), π+τ tD η̃ = C Btη +D tũopt =: ỹopt; by (b), π+τ tu is J-optimal
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for x(t). Therefore,
0 = 〈Jy, D η̃〉 = 〈(π[0,t) + τ−tτ tπ[t,∞))Jy, D η̃〉 (3.15)

= 〈π[0,t)Jy, D η̃〉+ 〈Jπ+τ ty, Dτ tη̃〉 (3.16)
= 〈y, JD tη̃〉+ 〈C x(t) + Dπ+τ tu, Jỹopt〉 (3.17)
= 〈y, JD tη〉+ 〈x(t),PBtη〉, (3.18)

where the last equality is from (a). Thus, (3.8) holds (for any η ∈ L2([0, t); U),
hence for any η ∈ L2

loc(R+; U), because (3.8) depends on η|[0,t) only).
Let t → +∞ to obtain (3.9) (because 〈y, JDη〉 = 0).
(d) The proof is analogous to that of (e) (but simpler) and hence omitted.
(e) If (3.5) holds, then 〈x,Px〉X = 〈x0,Px0〉X +

∫ t

0
〈y, Jy〉Y(t) dt, hence then

〈x,Px〉X ∈ ACloc & 〈x,Px〉′X(t) = −〈y(t), Jy(t)〉Y for a.e. t ≥ 0. (3.19)
(Here ACloc stands for locally absolutely continuous functions.) Conversely, if
(3.19) holds, so does (3.5) too, because its both sides are equal for t = 0.

Similarly, if (3.11) holds, then the facts that
(1− e−2rt)〈x,Px〉X(t) = 〈[ y

x ] , π[0,t) [ J 0
0 2rP ] [ y

x ]〉
L2

r
− 〈y, π[0,t)Jy〉

L2 =: f(t) (3.20)

and f ∈ ACloc imply that
〈x,Px〉X ∈ ACloc and 〈x,Px〉′X(t) + 2re−2rt〈x,Px〉X(t) = f ′(t) a.e. (3.21)

(on (0,∞), hence on [0,∞), because x is continuous (hence 〈x,Px〉X too) and
f ′− 2re−2r·〈x,Px〉X ∈ L1([0,∞))). Conversely, if (3.19) holds, then the derivatives
of both sides of (3.11) are equal a.e. ¤

The optimal control problem has already been solved for stable systems.
Therefore, we want to replace A by A−α to make the system exponentially stable.
To retain the same J-optimal cost operator P, we must add the cost 2r〈x,Px〉L2 :

Lemma 3.9. Let α ∈ C be such that 0 ≤ r := Re α > ωA. Then the system

Σ+ :=

[
A+ B+

C+ D+

]
:=




e−α·A Beα·

e−α·C e−α·Deα·

e−α·A e−α·Bτeα·


 , (3.22)

is an exponentially stable WPLS on (U, X, Y× X).
Assume that P is the J-optimal cost operator for Σ and J . Then P is the JP -

optimal cost operator for Σ+, where JP := [ J 0
0 2rP ], and if x0 ∈ X and u ∈ U(x0)

is J-optimal, then e−α·u is JP -optimal for Σ+.

Proof. The �rst claim is from [Sta05, Example 2.3.5] or [Mik02, Remark 6.1.9].
Assume that x0 ∈ X and that u is a J-optimal control. Set u+ := e−α·u. We have

eα·τT u = eα·u(·+ T ) = e−αT eα(·+T )u(·+ T ) = e−αT τT (eα·u), (3.23)
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hence B+τT u = e−αT BτT eα·u, i.e., B+τ = e−α·Bτeα·. Consequently,

x+ := A+x0 +B+τu+ = e−α·x and y+ := C+x0 +D+u+ = e−α· [ y
x ] . (3.24)

Therefore, (3.10) equals (3.8) with Σ+ in place of Σ and JP in place of J (and
e−α·η in place of η). By (c1) and (c2), it follows that u+ is JP -optimal for x0 and
Σ+.

By (3.24), we have 〈y+, JPy+〉L2 = 〈y, Jy〉L2
r
+〈x, 2rPx〉L2

r
. But, by (3.6), this

equals 〈y, Jy〉L2 = 〈x0,Px0〉X. Since x0 was arbitrary and u+ was JP -optimal, the
operator P is the JP -optimal cost operator for Σ+. ¤

4. Minimizing state feedback
In this section we deduce certain properties of minimizing state feedback.

An admissible state-feedback pair [ F G ] for Σ is called J-optimal (resp. J -
minimizing) if for any x0 ∈ X the control Fªx0 is J-optimal (resp. J -minimizing)
for x0.

Now we can establish our main result:

Lemma 4.1. If the output-FCC (1.5) holds, then there exists a (1.10)-minimizing
state-feedback pair [ F G ] for Σ. The pair is unique modulo (A.6).

Proof. By Lemmata 3.2 and 3.4, there exists an I-optimal cost operator P for Σ̃.
Fix some α as in Lemma 3.9; then P is JP -optimal for Σ̃+ (which is de�ned by
(3.22) with Σ̃ in place of Σ).

The output of Σ̃+ contains a copy of the input (because
[
0 I

]
e−α·D̃eα· = I).

Therefore, the system is �JP -coercive� in terms of [Sta98d]. Consequently, [Sta98d,
Lemma 2.5 & Theorem 2.6(i)] imply that there exists a JP -optimal state-feedback
pair [ F+ G+ ] for Σ̃+ and that the JP -optimal control for Σ̃+ is unique for every
x0 ∈ X.

It easily follows that [ F G ] is an admissible state-feedback pair for Σ̃ (hence
for Σ too), where F := e·αF+, G := e·αG+e−·α, Fª = e·αF+ª and F+ª :=
(I − G+)−1F+ [Mik02, Remark 6.1.9].

By uniqueness and Lemma 3.9, the control Fªx0 = e−α·F+ªx0 must equal
ux0

opt for any x0 ∈ X, hence [ F G ] is I-optimal for Σ̃, i.e., (1.10)-minimizing for
Σ, and Fª is unique.

Since Fª is unique, the pair [ F G ] is unique modulo (A.6), by Lemma A.5.
¤

We could deduce Theorems 1.2 and 1.1 from Lemma 4.1 (and the fact that
Fªx0 ∈ U(x0)), but to avoid unnecessary details, we �rst establish one more useful
Riccati equation, which we anyway need for Theorem 1.3.

To any J-optimal state-feedback pair corresponds a unique signature operator
S:
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Lemma 4.2. Let [ F G ] be a J-optimal state-feedback pair for Σ. Then Cª and
Fª are stable, P = C ∗

ªJCª is the J-optimal cost operator and there exists S =
S∗ ∈ B(U) such that for each t ≥ 0 we have

π[0,t)S = N t∗JN t + Bt
ª
∗PBt

ª. (4.1)

If J = I, then P, S ≥ 0, N is stable, N ∗Cª = 0 and N ∗N = S.

Recall from (2.6) that M := (I − G )−1 = Gª + I and N := DM = Dª.
Note that we identify S ∈ B(U) with the multiplication operator u 7→ Su.

Proof. 1◦ For u = Fªx0 we have y = C x0 + Du = Cªx0 and for any x0 ∈ X. But
Fªx0 ∈ U(x0), hence u, y ∈ L2. Since x0 ∈ X was arbitrary, the maps Cª and Fª
are stable, by Lemma A.1. But J (x0, u) = 〈y, Jy〉L2 = 〈x0, C ∗

ªJCªx0〉X, for every
x0 ∈ X, hence P = C ∗

ªJCª.
By Lemma A.2 (with Σª in place of Σ), we have

[
D
I

]
M [L2

c ] =
[

N
M

]
[L2

c ] ⊂
L2, hence M [L2

c(R+; U)] ⊂ U(0). Consequently, J-optimality implies that
〈N ηª, JCªx0〉L2 = 〈DM ηª, JCªx0〉L2 = 0 for every ηª ∈ L2

c(R+; U). (4.2)

By 4. of De�nition 2.1, 〈N π+v, JN π−u〉 = 〈N π+v, JCªBªu〉 = 0 for all
u, v ∈ L2

c . By Lemma A.4, it follows that there exists a unique S = S∗ ∈ B(U)
such that 〈N v, JN u〉 = 〈v, Su〉 (u, v ∈ L2

c). This implies that
π[0,t)N

∗(π+)JN π[0,t) = π[0,t)S (t ≥ 0) (4.3)
(where π+ is redundant). From the identities P = C ∗

ªJCª and

π[t,∞)N π[0,t) = π[t,∞)τ
−tN τ tπ[0,t) = τ−tπ+N (π−)τ tπ[0,t) = τ−tCªBªτ tπ[0,t)

(4.4)
it follows that

Bt
ª
∗PBt

ª = (π[t,∞)N π[0,t))∗Jπ[t,∞)N π[0,t) = π[0,t)N
∗(π+ − π[0,t))JN π[0,t).

(4.5)
Combine this with (4.3) to observe that (4.1) holds for any t ≥ 0.

2◦ Assume that J = I. Then P, S ≥ 0, by (4.3) and the fact that P =
C ∗

ªCª. From (4.3) we observe that ‖N π[0,t)u‖22 = ‖S1/2π[0,t)u‖22 (u ∈ L2). Letting
t → +∞, we observe that ‖N u‖22 = ‖S1/2u‖22 < ∞ (u ∈ L2), by the Monotone
Convergence Theorem, i.e., N ∗N = S. From (4.2) we get that N ∗JCª = 0. ¤

In the case J = I (or J ≥ εI), we obtain from y = Cªx0 + N uª and the
above that

J = 〈y, Jy〉L2 = 〈x0,Px0〉X + 〈uª, Suª〉L2 . (4.6)
Thus, the J-optimal cost is then particularly robust with respect to any external
disturbance uª ∈ L2(R+; U) in the state-feedback loop.

Given a nonnegative cost function (e.g., J ≥ 0), the minimal cost 〈x(t),Px(t)〉
vanishes to zero, for any admissible u:
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Lemma 4.3. Let [ F G ] be a J-optimal state-feedback pair for Σ and assume that
J (·, ·) ≥ 0. Then 〈Btu,PBtu〉X → 0, as t → +∞, for each u ∈ U(0).

If S ≥ εI, ε > 0, then M−1[U(0)] ⊂ L2(R+; U).

Proof. From Lemma 3.3 we observe that u := Fªx0 minimizes J (x0, ·). The
minimal cost 〈x0,Px0〉X is nonnegative, i.e., P ≥ 0.

Given u ∈ U(0) and t ≥ 0, set xt := Btu, ũ := π+τ tu ∈ U(xt) (Lemma 3.6).
Since π+τ t = τ tπ[t,∞), we get from (2.4) that
〈C xt + D ũ, JC xt + D ũ〉 = 〈π+τ tDu, Jπ+τ tDu〉 = 〈π[t,∞)Du, Jπ[t,∞)Du〉. (4.7)

But 〈xt,Pxt〉X is the minimum of 〈C xt + D ũ, JC xt + D ũ〉 over ũ ∈ U(xt). By
(4.7), this implies that 〈xt,Pxt〉X ≤ 〈Du, π[t,∞)JDu〉. But 〈Du, π[t,∞)JDu〉 → 0,
as t → +∞, hence 〈xt,Pxt〉X → 0, as claimed.

Set now v := M−1u to obtain from (4.1) and (2.6) that
〈v, Sπ[0,t)v〉L2 = 〈D tu, JD tu〉L2 + 〈Btu,PBtu〉X, (4.8)

hence limt→+∞ 〈v, Sπ[0,t)v〉L2 = 〈Du, JDu〉 = J (0, u). If S ≥ εI, ε > 0, then this
implies that v ∈ L2. ¤

Maps M ∈ TIC0(U) and N ∈ TIC0(U, Y) are called quasi�right coprime if

u ∈ L2 ⇔
[
N
M

]
u ∈ L2 for every u ∈ L2

ω(R+; U) and ω ∈ R (4.9)

(this actually holds for every u ∈ L2
loc(R+; U) when, in addition, M ∈ GTIC∞; see

[Mik02] for details).
By Lemma 4.2, the (1.10)-minimizing state-feedback pair is output-stabilizing

for Σ. Now we show that also N and M become stable and quasi�right coprime:

Lemma 4.4. Assume the output-FCC (1.5). Then any (1.10)-minimizing state-
feedback pair [ F G ] is output- and I/O-stabilizing, N and M are quasi�right
coprime, and S := N ∗N + M ∗M ∈ GB(U). Moreover, [ F G ] can be chosen
so that S = I and M is an isometric isomorphism of L2(R+; U) onto U(0), where
‖u‖2U(0) := ‖u‖22 + ‖Du‖22.

The last property of the lemma can be used to reduce unstable problems to
the stable case by preliminary state feedback [Mik05b].

Proof. 1◦ Set Ñ := D̃M , where M := (I − G )−1. By Lemma 4.2 (applied to Σ̃
and I), we have P̃ ≥ 0, Ñ ∈ TIC0, S̃ := Ñ ∗Ñ ∈ B(U). But

Ñ := D̃M =
[
D
I

]
M =

[
N
M

]
, (4.10)

hence N , M ∈ TIC0 (i.e., [ F G ] is I/O-stabilizing for Σ) and S̃ = N ∗N +
M ∗M =: S. Fix some t > 0. By (4.1), π[0,t)S ≥ (Ñ t)∗Ñ t ≥ M t∗M t. But

π[0,t)M
−1π[0,t)Mπ[0,t) = π[0,t) (4.11)
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(because π−M−1π+ = 0 implies that π[0,t)M
−1π[t,∞) = 0), hence M t∗M t ≥

επ[0,t) for some ε > 0. From Sπ[0,t) ≥ επ[0,t) we conclude that S ≥ εI. By
Lemma A.5 (set Q := S1/2), we can rede�ne [ F G ] so that it is remains
J-optimal (and output- and I/O-stabilizing, by (2.6)) but N ∗N + M ∗M =
S−1/2SS−1/2 = I.

2◦ Consequently, [ D
I ] Mu = [ N

M ] u has the norm ‖u‖2, for any u ∈ L2(R; U).
In particular, M maps L2(R+; U) → U(0), isometrically. By Lemma 4.3, M is
onto.

3◦ If u ∈ L2
ω(R+; U), ω ∈ R and L2 3 [ N

M ] u = [ D
I ]Mu, then Mu ∈ U(0),

hence u ∈ L2(R+; U), by Lemma 4.3. Thus, N and M are quasi�right coprime
(hence so are the original ones, N Q and MQ). ¤

5. Main results
In this section we shall present direct generalizations of Theorems 1.1, 1.2 and 1.3
and Corollary 1.4 to arbitrary WPLSs.

From Lemmata 4.1 and 4.4 we obtain the following generalization of Theo-
rem 1.3:
Corollary 5.1. If the output-FCC holds, then there exists an output- and I/O-
stabilizing state-feedback pair for which N and M are quasi�right coprime and
N ∗N + M ∗M = I. ¤

(The latter condition is usually expressed by calling [ N̂
M̂

] inner or normalized.)
This generalizes also Corollary 1.4:

Corollary 5.2. Any function having an output-stabilizable realization has a quasi�
right-coprime factorization. ¤

This means that then D̂ = N̂ M̂−1, where N and M are quasi�right coprime
and M−1 is proper. [Mik02]

From Corollary 5.1 we also get the generalization of Theorem 1.2:
Corollary 5.3. The output-FCC (1.5) holds i� the system is output-stabilizable.¤

Indeed, the necessity of (1.5) is obvious, as noted in the introduction.
By setting above C = I and D = 0, we get the generalization of Theorem 1.1:

Corollary 5.4. The state-FCC (1.4) holds i� the system is exponentially stabiliz-
able. ¤
Proof. �If� is again obvious, so assume that Σ satis�es the state-FCC (1.4), or
equivalently, that Σ̃ := [ A B

A Bτ
] does. If [ F G ] is an output-stabilizing state-

feedback pair for Σ̃ with closed-loop system Σ̃ª, then [ F G ] is admissible for
Σ too and C̃ª = A + BτFª = Ãª = Aª. But the stability of C̃ª means that
C̃ªx0 ∈ L2(R+; X) for all x0 ∈ X, hence Σª is exponentially stable, by Lemma 2.2
(since Aª = C̃ª). ¤
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A trivial consequence of Corollary 5.4 is that a system is estimatable i� it
is exponentially detectable (these are the dual properties of optimizability and
exponential detectability; see [WR01], [Sta98a] or [Mik02] for details).

6. Notes
The Linear Quadratic Regulator (LQR) problem amounts to the minimization of
(1.10) by state feedback. It has been used both for optimizing certain systems and
for �nding a stabilizing state feedback.

We have shown above that the minimizing control is given by an admissible
state feedback and then used this result to establish for general WPLSs the results
mentioned in the introduction. We discuss below some earlier results in the same
direction and some future extensions of our results, including constructive formulas
for the J-optimal cost operator P and the state feedback.

The classical state-feedback solution of the LQR problem can easily be ex-
tended to in�nite-dimensional systems having bounded B and C, as shown in
[CZ95], which also contains further historical remarks on the problem (p. 333).

A solution of the LQR problem for WPLSs (without admissible state feed-
back) was given in [Zwa96], which more or less contains Lemmata 3.1, 3.2 and 3.6.
Zwart applied directly the orthogonality of the optimal control. Similar results for
stable WPLSs with the general cost function (3.2) were given in [Sta98b], which
uses Fréchet derivatives. In [Sta98b] it was also shown that the optimal control
can be given by state feedback if the Popov function has a spectral factorization.

Lemmata 3.3 and 3.5 are from [Mik02] and Lemmata 3.8 and 3.9 seem to be
new, as well as the results of Section 4 except that the normalization N ∗N +
M ∗M = I is a well-known consequence of spectral factorization. The results of
Appendix A are from [Mik02].

Some kind of integral Riccati equations have been used for decades (see,
e.g., [CP78]) and for stable or jointly stabilizable and detectable WPLSs certain
special cases of (3.5) and (3.8) were given in [Sta98d] (including (4.1) and (4.6))
and extended to arbitrary WPLSs in [Mik02], where also the converse implication
was shown: if a (stabilizing) solution to the Riccati equations exists, then the
corresponding state-feedback pair produces the (J-)optimal control. In [Mik05a] a
generalization of those results shall be presented, including necessary and su�cient
�Integral Riccati equation� conditions for optimal control or state feedback, in both
time-domain and frequency-domain terms.

In practical applications, the transfer function D̂ has a (weak) limit D :=
lims→+∞ D̂(s) at in�nity along the positive real axis. Such systems are called
(weakly) regular, and for them the algebraic Riccati equation (ARE) can be de�ned
and shown to be equivalent to the integral one (provided that also F̂ (+∞) exists;
moreover, the left-hand-side of (1.9) must be modi�ed if B is highly unbounded).
In the (regular) WPLS setting, the necessity of the AREs was �rst established in
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[Sta97] and [WW97], independently (in the stable case; the su�ciency and general
case in [Mik02]).

However, the unboundedness of B and C makes the AREs rather complicated.
Therefore, the reciprocal AREs were introduced in [Cur03]. They are non-standard
AREs but can be shown equivalent to the original ones and they use bounded
coe�cients only, so they allow one to reduce several proofs and equations to a
simple special case. See [OC04] for the reciprocal ARE corresponding to (1.10).
By the proof of Corollary 5.1, their AREs de�ne an admissible state feedback pair
(and that pair is output- and I/O-stabilizing and makes N and M quasi�right
coprime) i� a solution exists. Their method requires that iR∩ρ(A) is nonempty, but
that can be circumvented by using the proof Lemma 3.9 to obtain the reciprocal
AREs for Σ+. We shall provide the details in [Mik05c], where also the general
cost function (3.2) will be considered. In fact, the analysis of the optimal control
problem corresponding to such AREs was what lead to the methods of Lemmata
3.8 and 3.9.

We have above studied the set U of L2 inputs that make the output L2.
Another common choice of the domain of optimization is Uexp, the set of L2 inputs
that make the state L2. (By [WR01], Uexp(x0) ⊂ U(x0) for every x0 ∈ X.) That
means that one wants to minimize the cost over this smaller set of inputs, so that
the minimum may become strictly bigger. In the �nite-dimensional setting, Uexp is
almost exclusively used. However, our methods apply also to that setting and even
to more general settings, such as the set of strongly stabilizing controls, studied
in, e.g., [Oos00]. This generalized framework was presented in [Mik02] and will be
extended in [Mik05a], covering also inde�nite problems.

In Lemma 4.1 we showed that certain admissible (or well-posed) state feed-
back minimizes the cost (1.10) over U . In [Mik05b] we shall show that this applies
to any cost function of form (3.2) as long as the generalized Popov Toeplitz oper-
ator is uniformly positive (or equivalently, J (0, u) ≥ ε(‖y‖22 + ‖u‖22)) and also give
the analogous result for minimization over Uexp. The su�ciency is well known for
stable systems [WW97] [Sta97] (for the U case), where an equivalent condition is
that the Popov function D̂∗JD̂ is uniformly positive (or D̂∗JD̂ ≥ εI a.e. on the
imaginary axis in the separable case).

To some extent the properties of and di�erences between coprimeness and
quasi-coprimeness were explored in [Mik02]. We shall present further details and
results in later articles. We shall also show that quasi-coprime factorization can
be applied to establish several new results on dynamic stabilization.

Appendix A. Miscellaneous results
The following is a well-known, simple consequence of the Closed-Graph Theorem:
Lemma A.1. Assume that X1, X2 and X3 are Banach spaces and X2 ⊂ X3 con-
tinuously.

If T ∈ B(X1, X3) and T [X1] ⊂ X2, then T ∈ B(X1, X2). ¤
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By L2
c we denote the functions u ∈ L2 with compact support. Recall from

De�nition 2.1 that C is stable i� C [X] ⊂ L2 (by Lemma A.1). It follows that D is
�almost stable�:
Lemma A.2. If C is stable, then D [L2

c ] ⊂ L2.
Proof. Let u ∈ L2

c(R; U) and T > 0 be such that π+τT u = 0. Then Du =
τ−T DτT u = τ−T C BτT u ∈ L2. ¤

It is a well-known consequence of the Liouville Theorem that if a (causal)
map E ∈ TIC0(U, Y) is also �anti-causal� (π+E π− = 0), then E ∈ B(U), i.e., then
there exists E ∈ B(U) such that (E u)(t) = Eu(t) a.e. for every u ∈ L2(R; U). We
need the following generalization of this result:
Lemma A.3. If M ∈ GTIC∞, E ∈ TIC∞ and π+Mπ+E π− = 0, then E ∈ B.
Proof. 1◦ Case M = I: Case E ∈ TIC0 is [Sta97, Lemma 6]. For general E ∈ TICω,
we can replace E by e−ω·E eω· ∈ TIC0.

2◦ General case: Now π+E π− = π+M−1(π+)Mπ+E π− = 0 (use the fact
that π+Mπ+ = Mπ+, because π+Mπ− = 0), hence E ∈ B, by 1◦. ¤

Consequently, when E ∈ TIC0 and E = E ∗, we have E ∈ B (because
π+E π− = (π−E ∗π+)∗ = 0). However, we also need a similar result for unstable
maps (of form �D∗JD�) in place of E :
Lemma A.4 (�D∗JD = S�). Let D ∈ TIC∞(U, Y) and J = J∗ ∈ B(Y). Assume that
Du ∈ L2 and 〈Dπ+v, JDπ−u〉 = 0 for all u, v ∈ L2

c . Then there exists a unique
S = S∗ ∈ B(U) such that 〈Dv, JDu〉 = 〈v, Su〉 for all u, v ∈ L2

c . ¤
In the proof below we show that the operators St := (Dπ[−t,t))∗JDπ[−t,t) ∈

B(L2([−t, t); U)) are restrictions of ST (T ≥ t ≥ 0) and can be extended to a static
operator S.
Proof. In the sequel we shall use the fact that if u ∈ L2

loc and 〈v, u〉 = 0 for all
v ∈ L2

c then u = 0 (a.e.). This fact also implies that S is unique.
Let s, t ∈ R. Replace u by τ tu to obtain that 〈Dπ[t,∞)v, JDπ(−∞,t)u〉 = 0

for all u, v ∈ L2
c (use the facts that π−τ t = τ tπ(−∞,t), (τ t)∗ = τ−t and τ−tπ+ =

π[t,∞)τ
−t). Because J = J∗, we have 〈Dπ(−∞,s)v, JDπ[s,∞)u〉 = 0 for all u, v ∈ L2

c ,
hence
〈Dv, JDπ[s,t)u〉 = 〈Dπ[s,t)v, JDπ[s,t)u〉 (u, v ∈ L2

c , −∞ ≤ s ≤ t ≤ +∞). (A.1)
We have Dπ[−t,t) ∈ B(L2([−t, t); U), L2(R; U)), by the assumption and Lemma

A.1. Set
St := (Dπ[−t,t))∗JDπ[−t,t) ∈ B(L2([−t, t); U)) (t > 0). (A.2)

Then 〈v, Stu〉 = 〈Dv, JDu〉 for u, v ∈ π[−t,t)L2, hence for u ∈ π[−t,t)L2 and v ∈
L2

c , by (A.1). Consequently, for any u ∈ π[−t,t)L2 and any T > t > 0, we have
ST u = Stu ∈ π[−t,t)L2. Therefore, we can de�ne S u := Stu for any t > 0 and
u ∈ L2([−t, t); U).



Vol. 99 (9999) State-feedback stabilization of WPLSs 21

It follows that S : L2
c → L2

c , ST = S π[−T,T ) = π[−T,T )S , and τS = S τ
(by (A.1)). Therefore,

‖S u‖22 =
∑

n∈2Z
‖π[n−1,n+1)S u‖22 =

∑

n∈2Z
‖τ−nπ[−1,1)τ

nS u‖22 (A.3)

=
∑

n∈2Z
‖τ−nS π[−1,1)τ

nu‖22 =
∑

n∈2Z
‖S π[−1,1)τ

nu‖22 (A.4)

≤ ‖S1‖B(L2)‖
∑

n∈2Z
‖π[−1,1)τ

nu‖22 = ‖S1‖B(L2)‖u‖22 (A.5)

for u ∈ L2
c . Consequently, S can be extended to a B(L2) map that satis�es S τ =

τS . From (A.1) it follows that π+S π− = 0 = π−S π+, hence S = S ∈ B(U), by
[Sta97, Lemma 6]. Obviously, S = S ∗, hence S = S∗. ¤

The (closed-loop) state-to-control map Fª (see (2.6)) determines the pair
[ F G ] uniquely modulo a unit constant:

Lemma A.5 (All [ F G ]). Let [ F G ] be an admissible state-feedback pair for
Σ. Then all admissible state-feedback pairs [ F̃ G̃ ] leading to same Fª are given
by

[ F̃ G̃ ] =
[

QF I −Q(I − G )
]

(Q ∈ GB(U)). (A.6)

When F is bounded, the above claim is rather obvious (see [Mik02, p. 800]).
Therefore, discretization (see [Mik02]) leads to an alternative proof of the lemma.

We observe that the whole left column of the closed-loop system (2.6) is the
same for all such pairs; the only di�erence on the right column corresponds to the
coordinate change uª 7→ Quª in the exogenous input.

Proof. De�ne M̃ := (I − G̃ )−1 and Σ̃ª for [ F̃ G̃ ] as in De�nition 2.4. Set
E := M−1M̃ ∈ GTIC∞(U). By (2.6), (2.5) and (twice) 4. of De�nition 2.1, we
have

π+ME π− = π+M̃π− = F̃ªB̃ª = FªB̃ª = MFB̃M̃ = Mπ+G π−M̃ (A.7)
= (π+)Mπ+(I −M−1)π−M̃ = −π+M (I − π−)M−1π−M̃ (A.8)
= −0 + π+Mπ−M−1(π−)M̃ = π+Mπ−E (π−). (A.9)

Therefore, π+M (I − π−)E π− = 0, hence E := E ∈ B(U), by Lemma A.3. Since
E ∈ GTIC∞(U), the operator E is invertible and onto, hence E ∈ GB(U).

Since M̃ = ME, set Q := E−1 to have M̃−1 = QM−1, G̃ = I − M̃−1 =
I −Q(I − G ) and F̃ = M̃−1Fª = QF . ¤
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