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Abstract

W e s tu d y c om pu tationally th e d y nam ic s of s ou nd prod u c tion in th e voc al trac t ( V T ) . O u r m ath em at-

ic al form u lation is b as ed on th e th ree-d im ens ional w ave eq u ation, tog eth er w ith ph y s ic ally relevant

b ou nd ary c ond itions . W e foc u s on form ant and pres s u re inform ation in th e V T . For th is pu rpos e,

w e m ake u s e of anatom ic al d ata ob tained b y M R I b y oth er res earc h ers . M ore prec is ely , w e c arr y

ou t m od al analy s is on a g eom etric form of [ø:] prod u c ed b y a native S w ed is h s peaker. O u r res u lts

s h ow enc ou rag ing evid enc e for th e valid ity of th e pres ented nu m eric al m od el of th e V T .

K e y w o rd s: Form ant, s peec h ac ou s tic s , vow el prod u c tion, w ave eq u ation, fi nite elem ent m eth od ,

m od al analy s is , artic u latory s peec h s y nth es is .

1. Introduction

W e stud y sp eech p rod uction b y a p hy sically faithful mod el. O ur ap p roach is b ased on

a P artial D ifferential E q uation from mathematical p hy sics that d escrib es the w av e p rop -

ag ation in three-d imensional d omains. T his eq uation is k now n as the wave equation,

and it is g iv en (tog ether w ith ap p rop riate b ound ar y c ond itions ) in eq uation (2 ) b elow .

In mathematical sy stems theory , this mod el can b e stud ied in terms of c ons er vative and

ener g y - d is s ip ative linear s y s tem s ; for such sy stems, see Malinen et al. ( 2 0 0 6 ) ; Malinen

and S taffans (2 0 0 6 : 2 0 0 7 ) and the references therein.

A r ticulatory mod els are a g ood w ay to learn ab out the sp eech p rod uction p rocess.

It can b e said that a d ecent articulatory sp eech sy nthesiser w ill mak e it p ossib le to und er-

stand fi ne d etails of sp eech p rod uction p rocess. W hile realising such a sy nthesiser is still

far in the future, this w ork rep resents a step on the p ath lead ing there.

In the p ast, the V T acoustics has b een mod elled in a numb er of d ifferent w ay s.

T he celeb rated K elly – L oc hb aum m od el mak es use of refl ec tion c oeffi c ients ob tained from

a v ariab le d iameter tub e (K elly and L ochb aum 1 9 6 2 ) . S uch refl ection coeffi cients ap p ear

in, e.g ., mod els from g eop hy sics and in interp olation theory (see F oias and F raz ho 1 9 9 0 ) .

W e remark that the K elly – L ochb aum mod el is closely related to the hor n m od el d escrib ed

b y the W eb ster eq uation (see F ant 1 9 7 0 ) . More ad v anced tw o- and three-d imensional

d escend ants of the K elly – L ochb aum mod el are the tr ans m is s ion line networ k s that hav e

b een d ev elop ed b y E l Masri et al. ( 1 9 9 6 : 1 9 9 8 ) ; Mullen et al. ( 2 0 0 6 ) . F or a recent rev iew

of these mod els and related top ics, see P alo (2 0 0 6 ) .

T he w av e eq uation mod el ( 2 ) is mathematically more refi ned and p hy sically more

realistic than any of the mod els d escrib ed in the p rev ious p arag rap h. U nfortunately , the

analy tic solution of (2 ) in comp licated d omains (such as the human V T ) is not p ossib le.

Instead , some numerical method must b e used for the ap p rox imate solution of this mod el.
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For this purpose, we use the Finite Element Method (FE M ) , whic h is a popula r a n d well

esta b lished m ethod in c om puta tion a l sc ien c e. T his is the a pproa c h used b y e.g . L u et a l.

( 1 9 9 3 ) a n d D ed ouc h et a l. ( 2 0 0 2 ) , too.

For the presen t c om puta tion a l a pproa c h, a fa irly d eta iled g eom etric m od el of the

V T is n ec essa ry . N owa d a y s, a c c ura te a n a tom ic a l d a ta c a n ob ta in ed b y usin g M a g n etic

R eson a n c e I m a g in g ( M R I ) . W e a re in d eb ted to D r. O lov E n g wa ll ( K T H ) for k in d ly pro-

v id in g us with the req uired d a ta a n d the a ssoc ia ted ex perim en ta l form a n t in form a tion .

T he purpose of this pa per is to presen t the m od a l a n a ly sis in a n a n a tom ic a l c on -

fi g ura tion of [ø:] a s prod uc ed b y a n a tiv e S wed ish spea k er. W e ob ta in c om puta tion a lly

reson a n c e freq uen c ies, whic h c orrespon d to form a n ts. M oreov er, these form a n ts id en tif y

the v owel [ø:] c orrec tly in a la rg er set of m ea sured d a ta .

2. Acoustic Model

A s m en tion ed a b ov e, the wa v e eq ua tion is a fun d a m en ta l P a rtia l D ifferen tia l E q ua tion in

a c oustic s a n d other a rea s of phy sic s. I t d esc rib es wa v e m otion in a hom og en eous m ed ium .

D eriv in g the wa v e eq ua tion for soun d pressure sta rts b y a ssum in g tha t the tota l p res s u re

P = P (r, t) c a n b e ex pressed a s

P (r, t) = P0 + p(r, t) ( 1 )

where P0 is the s ta tic p res s u re, a n d p = p(r, t) is its perturb a tion a t poin t r = (x , y , z )
a t tim e t. T he sta tic pressure P0 is in d epen d en t of t a n d r, a n d p is a ssum ed to b e sm a ll

c om pa red to P0. W ith this n ota tion , our a c oustic m od el1 is g iv en b y



















ptt = c2∆p in sid e the V T ,
∂ p
∂ ν

= 0 a t the wa lls of the V T ,

p = 0 a t the m outh,

pt + c
∂ p
∂ ν

= u a t the g lottis.

( 2 )

H ere u = u(r, t) is the g lottis in put, a n d c is the soun d v eloc ity in a ir in the V T . N ow

the c om puta tion a l prob lem is to fi n d the pressure fun c tion p(r, t) for a g iv en g lotta l in put

fun c tion u(r, t).
T o d eriv e (2 ) from “ fi rst prin c iples” , on e n eed s to a ssum e tha t som e therm od y -

n a m ic eq ua tion of sta te (suc h a s pV = n R T for id ea l g a s) hold s, a n d tha t the en tropy

is k ept c on sta n t. T he topm ost eq ua tion ptt = c2∆p in ( 2 ) — the wa v e eq ua tion itself

— c a n b e d eriv ed b y a lon g lin ea risa tion a rg um en t in v olv in g the c on tin uity eq ua tion ,

E uler eq ua tion a n d therm od y n a m ic sta te eq ua tion s; see, e.g ., Fetter a n d W a lec k a ( 1 9 8 0 :

C ha pter 9 ) .

T he wa v e eq ua tion m od el ( 2 ) is sophistic a ted en oug h to c a pture m ost of the rele-

v a n t properties of wa v e propa g a tion in three-d im en sion a l g eom etry (e.g ., to d etec t c ross

m od es). H owev er, it d oes n ot m od el turb ulen c e, shoc k form a tion , or losses d ue to v isc os-

ity a n d hea t c on d uc tion . I t c a n a lso b e used a s the theoretic a l sta rtin g poin t in d eriv in g the

W eb ster eq ua tion m en tion ed a b ov e.

1In standard mathematical notation, a variable as a subscript indicates differentiation with respect to that

variable, ∆p is the L aplacian of p, i.e. ∆p = pxx + py y + pz z , and
∂ p
∂ ν

= ν · ∇p stands for the derivative in

the direction of the outer normal vector ν of the surface.
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We also need to take into account the walls and both ends of the VT in the model

(2 ) . F or this p urp ose, boundary conditions on these surfaces must be p rescribed, and

these are the three remaining eq uations in (2 ) . We reg ard the mouth as an op en end of an

acoustic tube, and this is modelled by the Dirichlet boundary condition p(r, t) = 0 for all

r in the mouth op ening for all times t. O n the walls of the VT, we use the same N eum ann

boundary condition
∂p
∂ν

= 0 that one would use at the closed end of a resonating tube. The

v alidity of these two boundary conditions is discussed by F etter and Walecka (1 9 8 0 : p p .

3 0 6 - 3 0 7 ) . A t the g lottis, we use a sp ecial s cattering boundary condition that sp ecifi es the

ing oing sound p ressure wav e. S ome motiv ation for this boundary condition can be found

in the ex amp les g iv en by M alinen (2 0 0 4 : p p . 2 5 – 3 4 ) .

O nce the eq uation and boundary conditions are g iv en, we p roceed to solv e the

p roblem numerically . In our case, this means that g iv en the ing oing wav e u(r, t) at the

g lottis, we would like to comp ute the p ressure distribution p(r, t) inside the VT. In this

p ap er we solv e an easier ( y et relev ant) p roblem related to the model (2 ) ; namely , we

determine the resonance freq uencies corresp onding to a p articular confi g uration of the

VT. B y M alinen and S taffans (2 0 0 6 : Theorem 2 .3 ) , the resonances of model (2 ) can be

solv ed as follows: fi nd the comp lex freq uencies λ and their nonz ero eig enfunctions pλ(r)
such that the eq uations

{

λ2pλ = c2∆pλ in VT,
∂pλ

∂ν
= 0 on walls, pλ = 0 on mouth, and λpλ + c

∂pλ

∂ν
= 0 on g lottis

( 3 )

are satisfi ed. We remark that the eq uations (3 ) hav e nontriv ial solutions pλ 6= 0 only for

some discrete v alues of λ. The imag inary p arts of such p articular λ’s corresp ond to the

ang ular freq uencies of the formants.

3. Finite Element Method

The F inite E lement M ethod (F E M ) is an energ y minimising interp olation method; see,

e.g ., J ohnson (1 9 8 7 ) for an elementary treatment. It can be used to ap p rox imately solv e

the v ariational forms of both the full time dep endent p roblem (2 ) and the resonance p rob-

lem (3 ) .

To emp loy F E M , we fi rst req uire a dig itised g eometric descrip tion for the boundary

of the VT. Then we need to p artition, using common software tools, the v olume of the VT

to an elem ent m es h consisting of suffi ciently many tetrahedrons. In this p ap er, we use

a mesh of n = 6 4 2 5 4 elements and p iecewise linear shap e functions. This number of

elements is larg e enoug h to g iv e accurate results in our setting .

O nce the element mesh is comp leted, the imp lementation of F E M ( in order to

solv e either ( 2 ) or ( 3 ) ) is an ex ercise in comp uter p rog ramming using , e.g ., M A TL A B

env ironment. Thus we obtain three n × n matrices, namely the s tiffnes s m atrix M , the

m as s m atrix N , and an additional matrix P rep resenting the g lottis boundary condition

in (3 ) .

In the fi nal step , we manip ulate larg e sy stems of linear eq uations described by M ,

N , and P . When treating p roblem (3 ) , we solv e the following linear alg ebra p roblem:

fi nd all comp lex numbers λ and corresp onding nonz ero v ectors x(λ) such that

λ2
Mx(λ) + λcPx(λ) + c2

Nx(λ) = 0 ( 4 )
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is satisfied where c is the so u n d v elo c ity . W ith so m e m an ip u latio n s ( S aad 1 9 9 2 ) , eq u atio n

( 4 ) c an b e written in the fo rm

Ay(λ) = λBy(λ), ( 5 )

where A =
[

−cP −c
2
N

I 0

]

, B = [M 0
0 I

], an d y(λ) =
[

λx(λ)
x(λ)

]

. T his eig en v alu e p ro b lem

c an b e im m ediately so lv ed u sin g , e.g ., M A T L A B .

T he n u m b ers λ c o m p u ted fro m ( 5 ) are g o o d ap p ro x im atio n s o f the λ’s ap p earin g

in ( 3 ) , p ro v ided that the n u m b er n o f elem en ts is hig h en o u g h. W e also rem ark that f o r

this n u m eric al f o rm u latio n , there are as m an y su c h n u m b ers λ as there are elem en ts in

the m esh. H o wev er, o n ly tho se that hav e sm allest im ag in ary p arts are in terestin g as they

c o rresp o n d to the lo west f o rm an ts F 1 , F 2 , etc ..

4. Data

F ig u re 1 sho ws a slic ed rep resen tatio n o f the V T g eo m etry that we hav e u sed as the b asis

o f o u r an aly sis. T here are 2 9 slic es, eac h c o n sistin g o f 5 1 p o in ts, an d they defin e the V T

fro m g lo ttis to m o u th. F o r faster c o m p u tatio n , the slic es were do wn -sam p led b y tak in g

in to ac c o u n t o n ly ev ery f o u rth p o in t.

T he raw M R I data was c o llec ted fro m a n ativ e m ale sp eak er o f S wedish while he

p ro n o u n c ed a p ro lo n g ed v o wel in su p in e p o sitio n . E n g wall an d B adin ( 1 9 9 9 ) desc rib e the

M R im ag in g p ro c edu re an d im ag e p o st- p ro c essin g . T he v o wel artic u latio n was c lo se to

[ø:]. C o rresp o n din g f o rm an t m easu rem en t data is also av ailab le o n the sam e su b jec t, an d

it is rep o rted in the sam e artic le. T he fo rm an ts were estim ated fro m sp eec h rec o rded o n a

differen t o c c asio n b u t with the sam e su b jec t in a sim ilar su p in e c o n ditio n .

5 . R e s u lts

T he fo rm an ts we o b tain ed b y so lv in g ( 4 ) are sho wn in tab le 1 . T he c o m p u ted fo rm an ts

F 1 to F 4 are ro u g hly 3 1
2 sem ito n es to o hig h c o m p ared to the m easu red v alu es. T his

o ffset b etween m easu red an d c o m p u ted fo rm an ts has b een estim ated b ased o n the first

f o u r f o rm an ts. T he b o tto m ro w in tab le 1 sho ws the c o m p u ted fo rm an ts m u ltip lied b y

0.8 1 7 , whic h c o rresp o n ds to a differen c e o f 3 1
2 sem ito n es. W e will disc u ss the p hy sic al

b ac k g ro u n d o f this disc rep an c y in sec tio n 6 b elo w.

T ab le 1 : C o m p u ted, m easu red, an d sc aled fo rm an ts f o r [ø:] in k H z

F1 F2 F3 F4

C o m p u ted 0 .6 8 1 .3 5 2 .7 1 3 .7 9

M easu red 0 .5 0 1 .0 6 2 .4 8 3 .2 4

S c aled 0 .5 6 1 .1 1 2 .2 2 3 .1 0

W e also o b tain ed fro m ( 4 ) the reso n an c e m o des pλ (see (3 ) ) c o rresp o n din g to the

fo rm an ts F 1 - F 4 . T hese p ertu rb atio n p ressu res are n o t g iv en here in an y p hy sic ally relev an t

sc ale. R ather, they hav e b een n o rm alised so that the m ax im u m dev iatio n fro m the static

p ressu re P0 is either 1 o r - 1 . F ig u re 2 sho ws iso b ars fo r the m o des. F ig u res 3 an d 4 sho w

the p ressu re distrib u tio n s o f the m o des. F ig u res 2 an d 3 are p lo tted alo n g a c ro ss-sag ittal

m id-lin e c u t sho wn in fig u re 1 .
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Figure 1: The vocal tract represented as 29 cross-sectional slices (bold lines) and the

surface defi ning the cross-sagittal m id-line cut (grey lines) used in fi gures 2 and 3 . M outh

is the last slice on the left and glottis the bottom m ost slice on the right.

6. Conclusions

L et us com pare the com puted and m easured data in m ore detail. For this purpose, w e

present table 2 by E ngw all and B adin (1999) that contains the form ants of long vow els in

the S w edish language.

Table 2: Form ants (in k H z ) of a S w edish speak ing subject in supine position (E ngw all

and B adin 1999)

IPA F 1 F 2 F 3 F 4 IPA F 1 F 2 F 3 F 4

u: 0 .3 4 0 .8 0 2.3 2 3 .20 o : 0 .4 0 0 .7 4 2.4 0 3 .14

A : 0 .5 6 0 .94 2.7 4 3 .24 æ : 0 .7 6 1.3 4 2.4 4 3 .6 0

E : 0 .6 0 1.6 2 2.4 6 3 .5 4 e : 0 .3 4 2.10 2.6 0 3 .5 2

i: 0 .3 2 1.5 8 3 .0 4 3 .7 2 y : 0 .3 0 1.5 4 2.8 4 3 .5 0

W : 0 .3 6 1.7 2 2.5 4 3 .28 ø : 0 .5 0 1.0 6 2.4 8 3 .24

The vow els from table 2, together w ith the scaled and com puted [ ø :]s,c from ta-

ble 1, are plotted in the (F2, F1)-plane in fi gure 5 . C learly , [ ø :]s,c is closer to m easured

[ ø :] than to any other m easured vow el, except possibly [ A :] . To further clarif y the situa-

tion, let us consider the form ants F1 to F4 for [ ø :]s,c, [ ø :] , and [ A :] as vectors: [ ø :]s,c =
(0.56 , 1.11, 2.22, 3.10), [ ø :] = (0.5, 1.06 , 2.4 8 , 3.24 ), and [ A :] = (0.56 , 0.9 4 , 2.7 4 , 3.24 ).
Then the E uclidean distance betw een [ ø :]s,c and [ ø :] is 0 .3 1, but the distance betw een

[ ø :]s,c and [ A :] is signifi cantly larger, eq ualling 0 .5 7 . This difference is ex plained by F3 ,
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Figure 2: Isobars corresponding to F1-F4 along a mid-line cut
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Figure 3: Pressure distributions for F1-F4 along a mid-line cut
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Figure 4: Pressure distributions for F1-F4 in the mid-sagittal plane
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Figure 5 : V ow els in the (F2 ,F1)-plane. FEM oe ( + ) is the sc aled, c omputed [ø:], EB 9 9 oe

( * ) is the measured [ø:] and EB 9 9 (o) are other measured v ow els. ( E B 9 9 denotes E ngw all

and B adin (19 9 9 ) .)

31



Hannukainen et al.: Formants and vowel sounds by the Finite Element Method

since the fourth formants are almost the same. We conclude that the first two formants

classify the scaled, comp uted v ow el [ø:]s,c almost correctly . M oreov er, if w e look at a ll

fou r av ailab le formants, ev en the remaining amb ig uity disap p ears.

We remark that fi g ures 2 and 3 sup p orts the hy p othesis that a w eak cross-mode

resonance related to F 4 should ap p ear in the oral cav ity .

A s w e p ointed out earlier, the comp uted formants F 1 to F 4 differ from the corre-

sp onding measured formants b y 3
1

2
semitones. H av ing said that, the ra tios b etw een the

comp uted formants and the measured formants match each other v ery w ell. T here is a

simp le p hy sical ex p lanation w hy such a discrep ancy is to b e ex p ected. In model (2 ) , w e

use the D irichlet b oundary condition on the lip op ening . T his results in a v ib rational node

at the op ening . In reality , such a node w ould ap p ear further aw ay outside the mouth since

w e are surely ab le to hear the sound outside of a sp eak ers V T . In that sense, the real life

V T is effectiv ely long er than the one describ ed b y model (2 ) , resulting in low er formants.

T o g et rid of this p henomenon, w e should also model the surrounding acoustic sp ace.
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