
����� ���	��
����
��� ��������� ������������������� � �"!#�%$&���'�'� �'(��������*),+"���'�.-/+��'� ���10 �2�&�2+3�4���506��7��3�8���
9;:=<'>@? A A ? B�:=>C<&D�EF<&:=G�<&D�H'A HI>KJLG8M�:=JLG�MN? ? <'GI>CAOG'? MND'<�B�:=>�MNHNMP<I? JKH�BQE�G'R�D&ESMTMN? BQG�EOU�GV�B�R'D�DCW�X�X�W Y[Z�\�W

]#^C_/^a`cb"dLe"fg`Phida^aj"`8ka^Llnm/o*`8^Ldalaprq*sCjIb�dKhijItvuvw�b�`Phxl�m6yvkC^�b"p�knm6la^azi{|mS}adC~ap#lC`8�
�g`P�[�[l[b"`��g�a�al�b�`Pka^aj
�C���F���v�����@�����a�c�v�#�����;�2�a�I� �a���
�������Q�������P�%�¡ £¢
¤ ¥ �

¦ § ¨T¨ ©«ª­¬T®�®'¯ ¨ §

Σext

Σ °
± ²

τ³ ´
µ ¶

·
x0

¸ x ¹ ±»º
x0 ¼ ²½º

u
º

¸ y ¹ ³xº
x0 ¼ ´»º

u
º

¸ µ º
x0 ¼ ¶ º

u
º¾

·¿ÀÀ Áu
º Áu ¹ µ º

x0 ¼ÃÂ u
º

¾
Ä

Å8Æ�ÇQÈNÉ Ê4ÊFÉ È=Æ�È�Ç�Ë=Ì�ÇQÆ4Í�ÇQË=ÎPÊFÎÅ8Æ�ÇQÈNÉ Ï	ÇFÍ�ÐNÑ=Ò&Ï	ÇQËNÊTÍ�ÈÐ=ÆFÊ�ÏSÉ È=Ç�É4ÎNÈ=É ÓPÆQÌQÏ	É ÅFÔ;Ë@Õ&Å8Æ�ÖNÐ=ÈNË=ÊFË=Ò8ÔÅ8Æ�ÖNÐ=ÈNÉ Ï	ÖNÐNÆ2ÎPÈ=É ÓNÆ�ÌQÏ	É Å�×4Å�Ð=Æ�Ê�Ï	É ÈNÇQÉÎNÈNÉ ÓPÆQÌ�ÏSÉ Å8Æ�Ø@Æ�Å�ÆQÖNÐNÈ=ËNÊFË=Ò@É Æ�Ø@Ù Ð=ÆFÊ�ÏSÉ È=Ç�É





����� ���	��
����
��� ��������� ������������������� � �"!#�%$&���'�'� �'(��������*),+"���'�.-/+��'� ���10 �2�&�2+3�4���506��7��3�8���
9;:=<'>@? A A ? B�:=>C<&D�EF<&:=G�<&D�H'A HI>KJLG8M�:=JLG�MN? ? <'GI>CAOG'? MND'<�B�:=>�MNHNMP<I? JKH�BQE�G'R�D&ESMTMN? BQG�EOU�GV�B�R'D�DCW�X�X�W Y[Z�\�W

]#^C_/^a`cb"dLe"fg`Phida^aj"`8ka^Llnm/o*`8^Ldalaprq*sCjIb�dKhijItvuvw�b�`Phxl�m6yvkC^�b"p�knm6la^azi{|mS}adC~ap#lC`8�
�g`P�[�[l[b"`��g�a�al�b�`Pka^aj
�C���F���v�����@�����a�c�v�#�����;�2�a�I� �a���
�������Q�������P�%�¡ £¢
¤ ¥ �

¦ § ¨T¨ ©«ª­¬T®�®'¯ ¨ §

Ú[Û Ü�ÜQÝ�ÞSß=à8ßNÛ á'âLãOá�Þ�ßNä'ÝLå'Ý�æ&Þ�Ý'Ý�á'ã�Ú[á�ç4ßPá�Þ[á�ã�è�ç=Û Ý'â�ç=ÝCÛ â�é'Ý'ç=ä�â&á�ê á'æ�ë�ßNáLì'ÝLí'ÞQÝ�ÜQÝ�â�ß8Ý'åLî�Û ßNäKå�ï'ÝLí'Ý�ÞQðLÛ ÜQÜQÛ á�âKá�ãßNä'ÝñÚ[Ý�í'à�ÞSßNðaÝ�â�ß[á'ã�ò�â�æ'Û â�Ý&Ý�ÞQÛ â�æ*ó#ä'ë=ÜQÛ ç=Ü�à'â�å*ô�à�ßNäIÝ'ðõà�ß8Û ç=ÜOö.ã	á&Þ�í'ï�ì&ê Û ç ÝI÷'à�ðaÛ â�à�ßNÛ áIâñà�â'åñå'Ý�ì'àQßPÝaÛ âaø�á�ï&â�ç=Û êù�á�á'ð«à�ßCú�Ý�ê ÜQÛ â�û'Û"ü�â�Û ýNÝ'ÞQÜ�Û ßPë�á�ã�é'Ý�çNä�âIá'ê á�æ'ë�þIò#ÜQí'á�á�ö�ÿ�Û â�ê à'âIå���á'â�ßPä�Ý����@ßPäñá'ã���ç4ßPá�ì&Ý�Þ ö��
	�	
�@ö.à�ß��
�õá�� ç=ê á�ç8ûâ�á'á�â�


��:PA BQ? >�<'?���>I? �=:PE�BQ? M��6D���9;:�����>&D�A D������:=R�G'EcMPJL:=>�M3D�� V�>��=? >�:=:PEF? >��������=BQ? �=B[G�>�����G�M��':PJLG�MN? �=B Q>�BSMN? MPHNM8:6D��!�LG8M��&:=JLG�MN? �=B



Kalle Mikk ola: Infinite-Dimensional Linear Systems, Optimal Control and Algebraic
Riccati Equations; Helsinki University of Technology Institute of MathematicsResearch
Reports A452 (2002).

Abstract: In this monograph, we solve rather general linear, infinite-
dimensional,time-invariant control problems,including the H∞ and LQR prob-
lems,in termsof algebraic Riccatiequationsandof spectral or coprimefactoriza-
tions.Wework in theclassof (weaklyregular) well-posedlinear systems(WPLSs)
in thesenseof G. WeissandD. Salamon.
Moreover, we develop the required theories,also of independentinterest, on
WPLSs,time-invariant operators,transfer andboundary functions,factorizations
andRiccatiequations. Finally, wepresentthecorresponding theoriesandresults
alsofor discrete-timesystems.

AMS subject classifications: 42A45, 46E40,46G12, 47A68, 49J27, 49N10, 49N35,
93-02,93A10,93B36,93B52,93C05,93C55,93D15

Keywords: suboptimal H-infinity control, standard H-infinity problem, measurement
feedbackproblem; H-infinity full information control problem, state feedbackproblem;
Nehari problem; LQC, LQR control, H2 problem, minimization; bounded real lemma,
positive real lemma; dynamic stabilization, controller with internal loop, strong stabi-
lization, exponential stabilization, optimizability; canonical factorization, (J,S)-spectral
factorization, (J,S)-inner coprime factorization, generalizedfactorization, J-losslessfac-
torization; compatible operators,weakly regular well-posedlinear systems, distributed
parametersystems;continuous-time,discrete-time; infinite-horizon; time-invariant oper-
ators, Toeplitz operators, Wiener class, equally-spaceddelays, Popov function; transfer
functions, H-infinity boundary functions, Fourier multipliers; Bochnerintegral, strongly
measurablefunctions, strong Lp spaces; Laplacetransform,Fouriertransform

Kalle.Mikkola@hut.fi

ISBN 951-22-6153-7
ISSN0784-3143
Espoo, 2002

Helsinki University of Technology
Departmentof Engineering PhysicsandMathematics
Institute of Mathematics
P.O.Box 1100, 02015 HUT, Finland

email:math@hut.fi http://www.math.hut.fi/



Contents

Volume1/3
1 Intr oduction 11

1.1 Onthecontributionsof thisbook . . . . . . . . . . . . . . . . . . 12
1.2 A summaryof thisbook . . . . . . . . . . . . . . . . . . . . . . 15
1.3 Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

I TI Operator Theory 45

2 TI and MTI Operators 47
2.1 Time-invariantoperators(TI) . . . . . . . . . . . . . . . . . . . . 48
2.2 " TIC — invertibility . . . . . . . . . . . . . . . . . . . . . . . . 55
2.3 Staticoperators . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
2.4 Thesignature operatorS . . . . . . . . . . . . . . . . . . . . . . 65
2.5 Losslessness. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
2.6 MTI andits subclasses. . . . . . . . . . . . . . . . . . . . . . . 71

3 Transfer Functions ( #TI $ L∞
strong, %TIC $ H∞) 79

3.1 Transferfunctionsof TI ( #TI $ L∞
strong) . . . . . . . . . . . . . . . 80

3.2 #TI $ L∞
strongfor Banachspaces(FourierMultipliers) . . . . . . . . 90

3.3 H2 andH∞ boundaryfunctionsin L2 andL∞
strong . . . . . . . . . . 99

4 CoronaTheoremsand Inverses 115

5 Spectral Factorization ( &'$)(+*-, , ./* J .0$0,+* S, ) 133
5.1 Auxili ary spectralfactorizationresults . . . . . . . . . . . . . . . 133
5.2 MTI spectralfactorization( &21�(31�,54 MTI) . . . . . . . . . . . . 140

II Continuous-TimeControl Theory 149

6 Well-PosedLinear Systems(WPLS) 151
6.1 WPLStheory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153
6.2 Regularity ( 6 #.87 À ∞ 9 ) . . . . . . . . . . . . . . . . . . . . . . . . 166
6.3 Furtherregularityandcompatibility . . . . . . . . . . . . . . . . 180
6.4 Spectralandcoprimefactorizations( .:$0;=<?> 1) . . . . . . . . . 202
6.5 Furthercoprimenessandfactorizations. . . . . . . . . . . . . . . 210

3



4 CONTENTS

6.6 FeedbackandStabilization(ΣL, Σ @ , Σ A ) . . . . . . . . . . . . . . . 219
6.7 Furtherfeedbackresults. . . . . . . . . . . . . . . . . . . . . . . 244
6.8 Systemswith B Bu0 4 Lp 7�C 0 1 1D ;H 9 . . . . . . . . . . . . . . . . . 263
6.9 BoundedB, boundedC, PS-systems. . . . . . . . . . . . . . . . 272

7 Dynamic Stabilization 279

7.1 Dynamicfeedback(DF) stabilization ( 7 I EGF 0H2I0 J 9K> 1 4 TIC) . . . 280

7.2 DF-stabilizationwith internalloop . . . . . . . . . . . . . . . . . 291
7.3 DPF-stabilization( LNMO7P.�1�Q39 ) . . . . . . . . . . . . . . . . . . . . 314

Volume2/3

III Riccati equationsand Optimal control 347

8 Optimal Control ( d
du R $ 0) 349

8.1 AbstractJ-critical control(Jyycrit S ∆y) . . . . . . . . . . . . . . 351
8.2 AbstractJ-coercivity (RUTV C u DuD ) . . . . . . . . . . . . . . . . . 356
8.3 J-critical controlfor WPLSs . . . . . . . . . . . . . . . . . . . . 361
8.4 J-coercivity andfactorizations . . . . . . . . . . . . . . . . . . . 377
8.5 Problemsonafinite time interval . . . . . . . . . . . . . . . . . . 392
8.6 Extendedlinearsystems(ELS) . . . . . . . . . . . . . . . . . . . 395

9 Riccati Equationsand J-Critical Control 401
9.1 TheRiccatiEquation:A summaryfor W out (r.c.f.X CARE) . . . . 404
9.2 Riccatiequationswhen B Bu0 4 L1 . . . . . . . . . . . . . . . . . 417
9.3 Proofsfor Section9.2 . . . . . . . . . . . . . . . . . . . . . . . . 432
9.4 Analytic semigroups . . . . . . . . . . . . . . . . . . . . . . . . 438
9.5 ParabolicproblemsandCAREs . . . . . . . . . . . . . . . . . . 443
9.6 Parabolicproblems:proofs . . . . . . . . . . . . . . . . . . . . . 450
9.7 RiccatiequationsonDom7 Acrit 9 . . . . . . . . . . . . . . . . . . 452
9.8 Algebraicandintegral Riccatiequations(CAREX IARE) . . . . . 465
9.9 J-Critical control X RiccatiEquation . . . . . . . . . . . . . . . 481
9.10 Proofsfor Section9.9: Crit X eIARE . . . . . . . . . . . . . . . . 500
9.11 Proofsfor Section9.8: eCAREX eIARE . . . . . . . . . . . . . . 507
9.12 FurthereIARE andeCAREresults . . . . . . . . . . . . . . . . . 517
9.13 Examplesof Riccatiequations . . . . . . . . . . . . . . . . . . . 525
9.14 7 J 1�YZ9 -critical factorization( .:$0;=<?> 1) . . . . . . . . . . . . . . 534
9.15 H2-factorizationwhendimU [ ∞ . . . . . . . . . . . . . . . . . 539

10 Quadratic Minimization (minR ) 543
10.1 Minimizing \ ∞

0 7�] y ] 2H À ] u ] 2U 9 dm (LQR) . . . . . . . . . . . . . 545
10.2 Generalminimization(LQR) . . . . . . . . . . . . . . . . . . . . 553
10.3 Standardassumptions . . . . . . . . . . . . . . . . . . . . . . . . 568
10.4 TheH2 problem. . . . . . . . . . . . . . . . . . . . . . . . . . . 580
10.5 Reallemmas. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 587



CONTENTS 5

10.6 PositivePopov operators(0 ^_.�* J .0$),+*O, ) . . . . . . . . . . . 592
10.7 PositiveRiccatiequations(R 7 0 1�`a9=b 0) . . . . . . . . . . . . . . . 601

11 H∞ Full-Inf ormation Control Problem( ] w TV z ]2[ γ) 607
11.1 TheH∞ Full-Info ControlProblem(FICP) . . . . . . . . . . . . . 608
11.2 TheH∞ FICP:proofs . . . . . . . . . . . . . . . . . . . . . . . . 625
11.3 TheH∞ FICP:stablecase. . . . . . . . . . . . . . . . . . . . . . 649
11.4 MinimaxJ-coercivity . . . . . . . . . . . . . . . . . . . . . . . . 665
11.5 Thediscrete-timeH∞ ficp . . . . . . . . . . . . . . . . . . . . . . 669
11.6 TheH∞ ficp: proofs . . . . . . . . . . . . . . . . . . . . . . . . . 673
11.7 TheabstractH∞ FICP . . . . . . . . . . . . . . . . . . . . . . . . 676
11.8 TheNehariproblem. . . . . . . . . . . . . . . . . . . . . . . . . 680
11.9 Theproofsfor Section11.8 . . . . . . . . . . . . . . . . . . . . . 682

12 H∞ Four-Block Problem( ]�LcMO7P.�1�Q39d]2[ γ) 685
12.1 ThestandardH∞ problem(H∞ 4BP) . . . . . . . . . . . . . . . . 686
12.2 Thediscrete-timeH∞ problem(H∞ 4bp) . . . . . . . . . . . . . . 705
12.3 Thefrequency-space(I/O) H∞ 4BP . . . . . . . . . . . . . . . . . 709
12.4 Proofsfor Section12.3 . . . . . . . . . . . . . . . . . . . . . . . 719
12.5 Proofsfor Section12.1— 4BP e X 1fe Y 1fe Z . . . . . . . . . . . . . 733
12.6 Proofsfor Section12.2— 4bp e X 1fe Y 1fe Z . . . . . . . . . . . . . 758

Volume3/3

IV Discrete-Time Control Theory (wpls’s) 775

13 Discrete-Time Maps and Systems(ti & wpls) 777
13.1 Discrete-timeI/O maps(tic) . . . . . . . . . . . . . . . . . . . . 779
13.2 TheCayley transform( g , h ) . . . . . . . . . . . . . . . . . . . . 787
13.3 Discrete-timesystems(wpls7 U 1 H 1 Y 9 ) . . . . . . . . . . . . . . . 792
13.4 Time discretization (∆S : WPLS V wpls) . . . . . . . . . . . . . . 805

14 Riccati Equations (DARE) 815
14.1 Discrete-timeRiccatiequations(DARE) . . . . . . . . . . . . . . 815
14.2 DARE — furtherresults . . . . . . . . . . . . . . . . . . . . . . 820
14.3 Spectralandcoprimefactorizations. . . . . . . . . . . . . . . . . 829

15 Quadratic Minimization 833
15.1 J-critical controlandminimization . . . . . . . . . . . . . . . . . 833
15.2 Standardassumptionsin discretetime . . . . . . . . . . . . . . . 839
15.3 PositiveDAREs . . . . . . . . . . . . . . . . . . . . . . . . . . . 842
15.4 Reallemmas. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 843
15.5 Riccati inequalitiesandthemaximal solution . . . . . . . . . . . 846

Conclusions 851



6 CONTENTS

A Algebraic and Functional Analytic Results 853

A.1 Algebraicauxiliary results( F A11
0

A12
A22J > 1 $ji A k 1

11

0
> A k 1

11 A12A k 1
22

A k 1
22 l ) . . . . 854

A.2 Topological spaces . . . . . . . . . . . . . . . . . . . . . . . . . 863
A.3 Hilbert andBanachspaces . . . . . . . . . . . . . . . . . . . . . 865
A.4 C0-Semigroups . . . . . . . . . . . . . . . . . . . . . . . . . . . 896

B Integration and Differ entiation in BanachSpaces 903
B.1 TheLebesgueintegral andL p 7 R; C 0 1 À ∞ DP9 spaces . . . . . . . . . 904
B.2 Bochnermeasurability( f 4 L 7 Q;B9 ) . . . . . . . . . . . . . . . . 906
B.3 Lebesguespaces(Lp 7 Q 1 µ;B9 ) . . . . . . . . . . . . . . . . . . . 912
B.4 TheBochnerintegral ( \ Q : L1 7 Q;B9 V B) . . . . . . . . . . . . . 922

B.5 Differentiationof integrals( d
dt \ ) . . . . . . . . . . . . . . . . . . 937

B.6 Vector-valueddistributions monp7 Ω;B9 . . . . . . . . . . . . . . . . 943
B.7 Sobolev spacesWk q p 7 Ω;B9 . . . . . . . . . . . . . . . . . . . . . 945

C Almost Periodic Functions (AP) 953

D Laplaceand Fourier Transforms ( r s u $ #u) 957

E Inter polation Theorems 983
E.1 Interpolationtheorems(L p1

À
Lp2 V Lq1

À
Lq2) . . . . . . . . . . 983

F Lp
strong, Lp

weakand Integration 993
F.1 Lp

strongandLp
weak . . . . . . . . . . . . . . . . . . . . . . . . . . 993

F.2 Strongandweakintegration(s\ 1 w\ ) . . . . . . . . . . . . . . . . . 1007
F.3 WeakLaplacetransform( r s w) . . . . . . . . . . . . . . . . . . . 1013

References 1020

Notation 1033
Glossary. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1044
Abbreviations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1045
Acronyms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1046

Index 1047



List of Figures

Volume1/3

1.1 Input/state/outputdiagramof aWPLS Fut vcwI J . . . . . . . . . . . . 23

1.2 Dynamicoutputfeedbackcontroller Q for .54 TIC∞ 7 U 1 Y 9 . . . . 25

1.3 TheH∞ FICP . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

1.4 DPF-controllerxΣ for Σ 4 WPLS7 U y W 1 H 1 Z y Y 9 . . . . . . . . 37

6.1 Input/state/outputdiagramof thesystemΣ . . . . . . . . . . . . . 155

6.2 Staticoutputfeedback. . . . . . . . . . . . . . . . . . . . . . . . 221

6.3 Statefeedbackconnection . . . . . . . . . . . . . . . . . . . . . 225

6.4 Thesettingof Proposition6.6.18(f). . . . . . . . . . . . . . . . . 233

6.5 Outputinjectionconnection. . . . . . . . . . . . . . . . . . . . . 240

6.6 TheextendedsystemΣTotal . . . . . . . . . . . . . . . . . . . . . 241

6.7 Theclosed-loopsystem7 ΣTotal 9 L . . . . . . . . . . . . . . . . . . 241

6.8 Thesettingof Lemma6.7.11(a’) . . . . . . . . . . . . . . . . . . 254

6.9 Thesettingof Lemma6.7.12 . . . . . . . . . . . . . . . . . . . . 259

7.1 DF-controllerQ for .54 TIC∞ 7 U 1 Y 9 . . . . . . . . . . . . . . . . 283

7.2 DF-controllerxΣ for Σ 4 WPLS7 U 1 H 1 Y 9 . . . . . . . . . . . . . . 284

7.3 DF-controllerz with internalloop for .54 TIC∞ 7 U 1 Y 9 . . . . . . 293

7.4 DF-controllerxΣ with internalloop for Σ 4 WPLS7 U 1 H 1 Y 9 . . . . 295

7.5 Controller (2,{> 1 with r.c. internalloop . . . . . . . . . . . . . . . 307

7.6 Controller x, > 1 x( with l.c. internalloop . . . . . . . . . . . . . . . 307

7.7 Thecontroller Q n : $)(|7}, À E (�9 > 1 : xy TV u for . À E . . . . . . . 314

7.8 DPF-controllerQ for .54 TIC∞ 7 U y W 1 Z y Y 9 . . . . . . . . . . 317

7.9 DPF-controllerxΣ for Σ 4 WPLS7 U y W 1 H 1 Z y Y 9 . . . . . . . . 319

7.10 DPF-controllerz with internalloop for .54 TIC∞ 7 U y W 1 Z y Y 9 319

7.11 DPF-controllerxΣ with internalloopfor Σ 4 WPLS7 U y W1 H 1 Z y Y 9 320

7.12 Thecontroller Q n : $)(|7}, À E (�9 > 1 : xy TV u for . À F 0E 0
0J . . . . . 340

7



8 LIST OF FIGURES

Volume2/3

9.1 Statefeedbackconnection . . . . . . . . . . . . . . . . . . . . . 408
9.2 Thesettingof Lemma9.12.3 . . . . . . . . . . . . . . . . . . . . 525
9.3 Thesettingof Proposition9.12.4 . . . . . . . . . . . . . . . . . . 525

10.1 TheH2 problem. . . . . . . . . . . . . . . . . . . . . . . . . . . 584
10.2 TheH2 statefeedbackproblem . . . . . . . . . . . . . . . . . . . 586

11.1 A WPLScontrolledby aH∞-FI-pair . . . . . . . . . . . . . . . . 615
11.2 Dynamicfeedforwardcompensator. . . . . . . . . . . . . . . . . 658
11.3 Parameterizationof all suboptimal compensators . . . . . . . . . 658

12.1 Thesuboptimal controller Q : $)L/MO7f~21���9 : y TV u . . . . . . . . . 699
12.2 Themap ./� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 721
12.3 “DPF-controller Q with internal loop” for Σ 4 WPLS7 U y

W1 H 1 Z y Y 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 742



Preface

For H∞, H2, LQR andseveralotherlinear time-invariant controlproblems,it
is well known thattheexistencesof

(I) asolution of thatcontrolproblem,
(II) acorrespondingcoprimeor spectralfactorizationand
(III) a stabilizing solution of thecorrespondingRiccatiequation

are, roughly speaking,all equivalent in the finite-dimensional setting,andfrom
oneof themthe otherscanbe computed.Therefore,control problemsareoften
solvedby computingthesolutionsof thecorrespondingRiccatiequations.

Theseresultshave beenextendedto infinite-dimensional(semigroup)control
systemswith boundedinput andoutputoperators,and in the eightiesandearly
ninetiesalsoto thelargerclassof Pritchard–Salamonsystemsandto certainother
specialcasesof oursetting.

Themainpurposeof this monographis to generalizetheseresultsto infinite-
dimensional (weaklyregular)well-posedlinearsystems(WPLSs)in thesenseof
G. Weiss. This is donein Chapters8–12; seepp. 21–24for an introduction to
WPLSs.

We also develop correspondingdiscrete-timeresults(Chapters13–15 and
Sections11.5and12.2),WPLS theory(Chapters6–7, includingregularity, state
feedback,output injection and dynamic feedback),and an extensive theory
of independentinterestfor time-invariant operators(“Toeplitz operators”)and
someof their subclasses(such as extendedCallier–Desoerclassesand other
convolutions with measures),transferandboundaryfunctionsandspectraland
coprime factorization(Chapters2–5 and Sections6.4–6.5). A more detailed
descriptionof someof the main resultsof this monographandsomehistorical
remarksare provided in Sections1.1 and 1.2 and in the “notes” partsof each
section.

WPLSscover all linear time-invariant systems that mapthe initial stateand
inputcontinuously to thestateandoutput(with inputsandoutputs in L 2

loc; seepp.
21); in particularall settingsmentionedabovearecovered.Moreover, any transfer
function that is boundedandholomorphic on someright half-plane(i.e., that is
well-posedor proper) hasa WPLSrealization.Theinputandoutputoperatorsof
a WPLS maybeasunboundedasfor Pritchard–Salamonsystems independently
of eachotheraslongasthetransferfunctionis well posed,thusallowing roughly
twiceasmuchirregularity.

Weakregularitymeanstheexistenceof a feedthroughoperatorin averyweak
sense;an equivalentconditionis that the transferfunctionhasa limit at infinity
alongthepositive realaxis. In particular, all I/O mapswhoseimpulse responseis
a (uniform, strongor weak)L p functionplussomedelays(or any vector-valued
measure)andseveralothersareweaklyregular.

Much of our theoryon WPLSscover thegeneralcase,but Riccati equations
cannotbedefinedwithout feedthroughoperators(exceptin a veryweaksense,as
in Section9.7).

We generallyallow theinput,stateandoutputspacesof WPLSsto beHilbert
spacesof arbitrarydimensions,andsomeresultsaregivenevenin aBanachspace



setting. In addition to exponentially stabilizing controllersand exponentially
stabilizingsolutions of Riccati equations,we alsostudystabilizing andstrongly
stabilizing ones; part of theseresultsmay be new even for finite-dimensional
systems.

During the last four decades,the literaturehasbecomeabundantin infinite-
dimensional(or distributed) systemsarisingin physics, engineering,economics,
mechanics,environmentalmodeling, biomedicalengineering,evolution dynam-
ics, geophysicsandothersciences,and the systems can representsemiconduc-
tor devices,animalpopulations,fluid dynamics,microwave circuits,vibrationof
stringsor membranes,heatdiffusion,computerharddiscs,CD playersandmany
otherdevices.

For some particular systemsand problems, there are now rather mature
theories.Thepurposeof thismonographis tosolvetheproblemsin averygeneral,
unifying framework — in theframework of WPLSs.

Our presentationis abstractand theory-oriented;nevertheless,many of our
resultscanbeunderstoodwithout thefunctionalanalyticknowledgeprovidedby
theappendices.Thebookis ratherself-containedandit canbereadwithout any
prior knowledgein systemor control theory, althoughexpertsareconsideredas
themainaudienceandsomeproofsmaybedemanding.
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Chapter 1

Intr oduction

Fromthewreck of thepast,which hathperish’d,
Thusmuch I at leastmayrecall,
It hathtaughtmethatwhatI mostcherish’d
Deservedto bedearestof all.

— Lord Byron (1788–1824),"Stanzasto Augusta"

In Section1.1, we summarize the main contributions of this monograph,
avoiding any technicalities. Readerswishing to get a somewhat moreaccurate
pictureon theactualresultsshouldconsultSection1.2,wherewegiveaglanceat
eachchapterby explaining its contentsbut yetavoidingmosttechnicaldetailsand
generality.

Someconventionson notation,proofsandhypothesesareexplainedin Sec-
tion 1.3.Seetheendof thebookfor symbols,concepts,abbreviations,references
andindex.

11
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1.1 On the contributions of this book

Our ultimate goal hasbeento develop the H∞ Four-Block Problemtheory in
Chapter12. This has requiredus to first develop several other parts of the
theory that areof independentinterest,suchasthe Riccati equationtheory, the
costminimizationtheory, thedynamicfeedbacktheory, theWPLS theoryor the
discrete-timetheory, all of whicharemainlygeneralizationsof existingtheoryfor
finite-dimensionalor smoothinfinite-dimensionalsystems.

Our mainresultsincludethefollowing:

1. On (generalized)Optimal Control and Riccati equationsfor WPLSs,we
have

(a) establishedtherelationsbetweendifferentclassicalcoercivity assump-
tions(Section10.3),generalizedthemto WPLSsandappliedthemto
solve thegeneralcontrolproblem(Section8.4).

(b) formulatedIntegral AlgebraicRiccati Equationsto establishthe cor-
respondingequivalencein continuous time. This alsoallowed us to
reduceseveralproblemsto discretetime, whereinput andoutputop-
eratorsarebounded.

(c) established the corresponding equivalence for (classical-type)
Continuous-timeAlgebraicRiccatiEquations(underweakregularity)
(Chapter9).

i. The implication from the existenceof a solution of the control
problemto theexistenceof asolution of theRiccatiEquationwas
alreadyestablishedby G. Weiss,M. WeissandO. Staffansunder
strongerregularityandverystrongstabilizability anddetectability
assumptions.

ii. We have also shown the existenceof a smoothersolution un-
derseveraldifferentadditional regularity assumptions (e.g.,Sec-
tion 9.2).

(d) establishedthe Continuous-time Riccati equationson the domainof
the closed-loopsemigroupgeneratorfor general(possiblyirregular)
WPLSs(Section9.7;extensionof [FLT]).

(e) treatedall the above for both the exponentially stabilizing controls
andfor therecently-popularstronglyor output-stabilizingcontrolsand
others,thusprovidingnew resultsevenfor finite-dimensionalsystems.

2. On specific control problemsfor WPLSs, we have extendedthe finite-
dimensional resultsby, in addition to theabove,solving

(a) the H∞ full-information control problem in terms of the Riccati
equation(Chapter11).
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i. In thestablecase,theexistenceof a solutionwasalreadyshown
by O. Staffans,assumingtheexistenceof correspondingspectral
factorization;a similar statementappliesto the LQR problem
below.

(b) the general(measurementfeedback,or four-block) H∞ controlprob-
lem in termsof two Riccatiequationsanda spectralradiuscondition
(Chapter12). Wehaveshown thattherecenttheoryof controllerswith
an internalloop (cf. [CWW96]) is shown to be intimately connected
to a generalsolution of this problem,andall suchsolutions arealso
covered.

(c) thecostminimization(LQR) problem,showing theexistenceof a so-
lution equivalentto theexistenceof any solution of thecorresponding
Riccati equation(the solution neednot be stabilizing or even admis-
siblea priori). We have alsoderivedsimilar generalizationsof Strict
BoundedandStrictly Positive(Real) Lemmas(Chapter10).

3. On WPLSsystemtheory, wehave

(a) introducedcompatibility, which allows oneto write any WPLS in a
differentialform regardlessof regularity (Section6.3).

(b) introducedaninfinite-dimensional weaklycoprimefactorizationcon-
cept(Sections6.4and6.5)andappliedit to establishthestability and
uniquenessof asolution of certainRiccatiequationsandcontrolprob-
lems(this is particularlyusefulwhen the solution is not requiredto
beexponentially stabilizing). This conceptandcompatibility have al-
readybecomethesubjectsof leadingresearchers’ articles.

(c) characterizedthe transferfunctions(equivalently, impulseresponses)
having a Pritchard–Salamonrealization(thuscorrectingtheerrorsin
[KMR] to which we alsoprovide a counter-example). Similarly, we
havecharacterizedtransferfunctionsrealizablewith boundedinputor
outputoperators.(Section6.9)

(d) generalizedtheequivalencebetweenexponential dynamicstabilizabil-
ity andexponential stabilizability anddetectability(Theorem7.2.4).

4. The infinite-dimensional control theoryhasbeenlimited by several open
problemsin harmonicandfunctionalanalysisandfunctiontheory. Thishas
leadusto solve thosemostintimatelyconnectedto ourwork, e.g.,wehave

(a) generalizedtheL2 Fouriermultiplier theoremto thecaseof functions
with valuesin Hilbert spaces(theseparablecasewasalreadyknown)
andbeyond(Theorem1.2.2).

(b) generalizedsimilarly theexistenceresultof theboundaryfunctionof
aH∞ function(Theorem1.2.3).
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(c) developed a theory of strongly measurableoperatorvalued func-
tions, including the the completenessof L∞

strong (and incompleteness
of Lp

strong) and its applicationsincluding the two above results(Ap-
pendixF).

(d) shown the existenceof a spectralfactorizationfor convolutions with
(Hilbert space)operator-valuedmeasureshaving a discretepart plus
an L1 part (assuming the invertibility of the Toeplitz operator;see
Theorems1.2.4and1.2.5).

(e) extendedto the infinite-dimensional casethe classical[ClaGoh] H2

spectralfactorizationfor any Popov function having an invertible
Toeplitzoperator(Theorem9.14.6).

Finally, of all the above we alsopresentcorrespondinginfinite-dimensional
discrete-timeresults,which becomeratherelegantsince,in this case,the input
andoutputoperatorsarenaturallybounded.

For a control theorist, the generalizationof Riccati equationtheory to the
regular WPLS setting(particularly 1b and 1c above) and the generalH∞ and
minimizationproblems(2.) mayriseabovetherest.

To observein detailtheothernew resultsin thismonograph,thereadershould
readthe“Notes” at theendof eachsection.Therewe discussearlierresearchin
samedirection,including any known similar resultsunderlessgeneralsystems,
settingsor assumptions.

The sizeof this book requiressomeexplanations. For the first, the chapters
of this monographareso intimately connectedto eachother that it would have
beenimpossible to removeasinglechapterwithout destroying, e.g.,theproofsin
Chapter12.

If we hadlimited ourselvesonly to very smoothsystemsor to discrete-time
systems,thesizeof this bookwould have probablyfallenby morethanhalf but
its contribution evenby muchmore. Indeed,mostproblemsbut alsomostvalue
in our work is in its generality. Certainly, we might have presentedour solutions
only in termsof factorizations(which aregiven asan intermediarystagein our
proofs),but theRiccatiequationsarereally theform of theclassicalsolutionsand
somethingthatprovidesa practicalway to solve theproblems.

SometimestheRiccatiequationsbecomeverycomplicatedfor generalregular
WPLSs,hencewehavepresentedmorebeautifulcorollariesfor importantspecial
cases,suchasfor thecasewheretheI/O mapis theconvolution with a measure.
Moreover, therealizationof theoptimal controlin theform of astatefeedbackor
dynamicfeedbackcontrollerrequiresthe existenceof certainfactorizationsthat
neednotexist in thegeneralcase(seeExample11.3.7).

One of the objectives of this book hasbeento stateand prove resultsof a
technicalnaturethataretoo long to bepublishedin ordinaryresearcharticlesbut
thatarenecessarybuilding blocksfor thefinal results.
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1.2 A summary of this book

We now start a rather self-containedsummary, aiming to give the readera
motivation for and a picture of the theory treatedin eachchapter, by starting
with a non-technicaldescriptionandthenpresentingsomeresults. We strongly
recommendfor thereaderto readthesummariesin thissectionbeforediving into
thetechnicalitiesof theactualchapters.

The resultsmentioned below are just examples from the theory; here we
have usually favored simple, important examplesto more generalbut more
complex ones.Seethechaptersthemselvesfor furtherdefinitions,results,details,
explanationsandreferences.

Outside the appendices,the lettersH, U , W, Y andZ will denotecomplex
Hilbert spacesof arbitrarydimensionsunlesssomethingelseis indicated.

Part I: TI Operator Theory

TheappendicesandPart I of thebookcontainresultsin harmonicandfunctional
analysis(vector-valuedfunctions,shift-invariantoperators,transferfunctionsand
boundaryfunctions,theCoronaTheoremandspectralfactorizationamongothers)
thatareneededin thecontroltheoryof PartsII–IV. Many of theresultsarealsoof
independentinterest.A fasttrackto WPLSsis to first haveaglanceatsubsections
2.1.1–2.1.7andthengodirectly to Part II.

Chapter 2: TI and MTI Operators (MTI � TI)

In Chapter2, we study the theory TIω, the spaceof bounded,shift-invariant
operatorsL2 V L2, where the L2 spacemay have a weight and the functions
have their valuesin a Hilbert space.We alsopresentcertainsmoothsubclasses
of TI, particularlyMTI, theconvolutionswith a (vector-valued)measurewith no
singularcontinuouspart.

Our contributions include the theory of the intersectionTIω � TIω � and its
causalpartfor two weightsω 1 ω n�4 R (see2.1.9–2.1.11and3.1.6),necessaryand
sufficient conditions for losslessnessandcertainresultson staticoperatorsand
signatureoperators.

Technically, TIω 7 U 1 Y 9 is thespaceof boundedtime-invariantlinearoperators
L2

ω 7 R;U 9 V L2
ω 7 R;Y 9 , whereU andY areHilbert spacesof arbitrarydimensions,

ω 4 R, and ] u ] L2
ω

: $����
R

e> 2ωt ] u 7 t 9O] 2U dt � 1� 2 (1.1)

for Bochner-measurableu : R V U (thus, L2
0 $ L2, L2

ω : $�� eω � u 7�`a9��� u 4 L2 � ).
The time-invarianceof .�4 TIω meansthat . τ 7 t 9c$ τ 7 t 9�. for all t 4 R, where
τ 7 t 9 u : $ u 7�` À t 9 .

Themapsin TICω 7 U 1 Y 9 : $���.�4 TIω 7 U 1 Y 9��� π > . π ��$ 0 � arecalledcausal
(or sometimesToeplitz operators);hereπ � u : $ χR � u andπ > u : $ χR k u for all
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functionsu, andχE is thecharacteristicfunctionof asetE. Thefollowing is well
known:

Theorem1.2.1 For each .�4 TICω 7 U 1 Y 9 , there is a unique function #.�4
H∞ 7 C �ω ; ��7 U 1 Y 9�9 , called the transferfunction (or symbol)of . , s.t. �. u $ #. û
on C �ω for all u 4 L2

ω 7 R � ;U 9 . Themapping. TV #. is an isometricisomorphism
onto. �

Here ��7 U 1 Y 9 denotesthe space of bounded linear operatorsU V Y,
H∞ 7 C �ω ; ��7 U 1 Y 9�9 denotesthe Banachspaceof boundedholomorphic functions
C �ω V ��7 U 1 Y 9 , and #u denotestheLaplacetransform#u 7 s9 : $5�

R
e> stu 7 t 9 dt 7 s 4 C �ω : $?� s 4 C �� Res � ω � 9 (1.2)

of u. Thus,theelementsof TIC∞ 7 U 1 Y 9 : $�� ω � RTICω 7 U 1 Y 9 correspondone-to-
oneto theholomorphic ��7 U 1 Y 9 -valuedfunctionsthatareboundedonsomeright
half-plane;suchfunctionsaregenerallycalled“proper” or “well-posed”. Theset
of theI/O mapsof WPLSsis exactly TIC∞ (seeSection6.1). Transferfunctions
arestudiedalsoin Chapter3.

In Section2.2, we study the invertibility of TICω (and TIω) operators. In
Section2.3,we develop sufficient conditions for a TIC operatorto bestatic,that
is, the multiplication operatorinducedby an elementof ��7 U 1 Y 9 . We alsogive
certain resultsthat will be usedin connectionwith the signature operators of
optimization problems,Riccatiequationsandspectralfactorizations.

Also Section2.4treatssignatureoperators.A mainresultof thissectionis that
for any S 4���7 U y Y 9 , thefollowing areequivalent:

(i) S $U&�*{F IU 0
0 > IY J & for some&)4 " TIC 7 U y Y 9 ;

(ii) S $ E * F IU 0
0 > IY J E for someE 4 "���7 U y Y 9 .

(Recall that " denotesthesubsetof invertibleoperators.)
Section 2.5 treats the concept “ 7 J 1 S9 -losslessness”(close to “ 7 J 1 S9 -

dissipativity”), which is often studiedin connectionwith H∞ problemsand in-
definiteinnerproducts(losslessnessis roughlyequivalent to thenonnegativity of
the correspondingRiccati operator). Thereare two widely-useddefinitionsof
losslessnesswhoseexact connectionhasbeenunknown. We develop necessary
and/orsufficient conditions for bothconceptsandshow that they coincidewhen
theinputspacesarefinite-dimensional.

In Section2.6,wedefinethesubclassMTI 7 U 1 Y 9 (“M” for “measures”)asthe
operators.54 TI 7 U 1 Y 9 thatareof theform7¡& u 9O7 t 9¢$ ∞

∑
k £ 0

Tku 7 t E tk 9 À � ∞> ∞
f 7 t E r 9 u 7 r 9 dr 1 (1.3)

i.e., of the form & u $ µ Y u, where the measureµ consistsof a function f 4
L1 7 R; ��7 U 1 Y 9�9 plus a discretepart with Tk 4¤��7 U 1 Y 9 and tk 4 R for all k 4 N,
s.t. ]�&�] MTI : $¥] f ] L1

À ∑
k � N ] Tk ]�¦�§ U qY ¨ [ ∞ © (1.4)
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TheWienerclassMTIL1
refersto theelementsof MTI of form u TV Tu0

À
f Y u

(i.e., no delays).TheclassMTIC : $ MTI � TIC (resp.MTICL1
: $ MTIL1 � TIC)

consistsof thoseelementsof MTI (resp.MTICL1
) that correspondto measures

supportedonR � . In [CD80] and[CZ] amongothers,theclassMTIC (or “ ª�7 09 ”)
hasbeenstudiedfor finite-dimensionalU andY.

Thebasicpropertiesof theseclassesarelistedin Section2.6.They sharemost
propertiesof mapswith rational transferfunctions; in particular, they have the
samespectralfactorizationproperties(seeSection5.2).Thesepropertiesallow us
to show (in Part III) thatclassicalconditionsfor thesolvability of standardcontrol
problemsarenecessaryandsufficientalsofor systemswhoseI/O mapsbelongto
MTIC (suchconditionsaresufficientbut notnecessaryfor generalWPLSs);some
of this hasalreadybeenestablishedfor lessgeneralsystems (see,e.g.,[CD80] or
[CW99]).

Chapter 3: Transfer Functions ( «TI ¬ L∞
strong, ­TIC ¬ H∞)

We studytheLaplaceandFourier transforms(or transferfunctionsor symbols)
of TI andTIC maps,thatis, (causalandgeneral)time-invariantmapsL2 V L2.

Our main resultsaretwo generalizationsto unseparableHilbert spaces,first
oneof theFouriermultiplier theorem(“ #TI 7 U 1 Y 9®$ L∞

strong7 iR; �¯7 U 1 Y 9�9 ”) andthen
of the fact that an operator-valuedH∞ function over the right half-planehasa
boundaryfunction in strongL∞ on the imaginaryaxis as its “strong pointwise
limit”, in averynaturalsense.

Wefirst show that“ #TI 7 U 1 Y 9¢$ L∞
strong7 iR; �¯7 U 1 Y 9�9 ” (Theorem3.1.3(a1)):

Theorem 1.2.2 For each &_4 TI 7 U 1 Y 9 , there is a unique (symbol) #&_4
L∞

strong7 iR; �¯7 U 1 Y 9�9 s.t. #& #u $ �& u a.e. for all u 4 L2 7 R;U 9 . Thismapping & TV #&
is an isometricisomorphismof TI 7 U 1 Y 9 ontoL∞

strong7 iR; �¯7 U 1 Y 9�9 . �
(Theseparablecaseof thisclaimis well-known. HereiR is theimaginaryaxis,

and #&°4 L∞
strong7 iR; �¯7 U 1 Y 9�9 meansthat #& : iR V �¯7 U 1 Y 9 is s.t. #& u0 4 L∞ 7 iR;Y 9

for all u0 4 U . It follows that ] #&±] L∞
strong

: $ sup² u0
²
U ³ 1 ] #& u0 ] ∞ [ ∞, by Lemma

F.1.6.)
Then we go on to show that this Fourier transform restricts to an iso-

metric isomorphism of TIa 7 U 1 Y 9 � TIb 7 U 1 Y 9 onto H∞ 7 Ca q b; ��7 U 1 Y 9�9 , where
H∞ 7 Ca q b; ��7 U 1 Y 9�9 refersto boundedholomorphic functionsCa q b V ��7 U 1 Y 9 and

Ca q b : $�� s 4 C �� a [ Res [ b � , andthat #& #u $´�& u on Ca q b (bothsidesof theequa-
tion beingholomorphic) for all u 4 L2

a 7 R;U 9 � L2
b 7 R;U 9 .

In Sections3.1 and3.2,we alsogive further resultson theFourier transform
andweaker formsof thetwo resultsmentionedabovefor arbitraryBanachspaces
U and Y and Lp in place of L2 (and “TI p

ω” in place of TIω). Thesecan be
consideredasextensionsof thesocalledFourier multiplier theory.

In Section3.3, we establishseveral resultson the boundaryfunctions of
holomorphic functions,the most importantof which is the following (Theorem
3.3.1(c1)):
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Theorem1.2.3 For each f 4 H∞ 7 C �0 ; ��7 U 1 Y 9�9 , there is a boundaryfunction
f0 4 L∞

strong7 iR; �¯7 U 1 Y 9�9 s.t. f0u0 is thenontangential limit of f u0 a.e. on iR for
all u0 4 U. �

(Theseparablecaseof this theoremwasgivenin [Thomas].)As theobservant
readeralready may have guessed,f0 is the Fourier transform of . , where.�4 TI 7 U 1 Y 9 is s.t. #.G$ f . This justifies the useof “ #. ” to denoteboth the
Fouriertransform#.µ4 L∞

strong7 ω À
iR; ��7 U 1 Y 9�9 andthetransferfunction(Laplace

transform) #.54 H∞ 7 C �ω ; ��7 U 1 Y 9�9 of amap .54 TICω 7 U 1 Y 9 .
Somecounter-examplesaregiven to show thatTheorem1.2.3is not true for

generalBanachspacesnorwith H2 in placeof H∞.
Wealsogive furtherresultson transferfunctions;theseresultswill beneeded

for theWPLStheoryof PartsII andIII.

Chapter 4: CoronaTheoremsand Inverses

In this chapter, we first show that any causalinversesof I/O mapspreserve
smoothnessandthenwedothesamefor causalleft inverses(mostof thisconsists
of combinationsof known results). The latter only holdsfor finite-dimensional
input spaces,but we presentpartial resultson the infinite-dimensional case,on
whichweshalllaterbuild ourquasi-coprimefactorizationtheoryfor WPLSs.

In Theorem4.1.1,we list the following equivalent conditionsfor the invert-
ibility of any .?4 xª¶7 U 1 Y 9 , where xª standsfor TIC, MTIC, CTIC or for someof
their subclassesmentionedabove:

(i) .54 " xª ;

(ii) .54 " TIC;

(iii) π ��. π ��4·"��¯7 π � L2 9 ;
(iv) #.54·" H∞, i.e., #.+> 1 existsandis boundedonC � .

In particular, xª is inverse-closedin TIC. Thesameholdsfor thesetof maps
that are “exponentially xª ”. For the casedimU $ dimY [ ∞, thereareseveral
otherequivalentconditions, suchas(v) infC �¹¸ det7 #.39 ¸ � 0; (vi) . is left-invertible
in TIC (seetheCoronaequivalencebelow for more).

We also give analogousresults on TI, MTI, CTI and their (noncausal)
subclasses(e.g., &?4 MTI is invertible in MTI if f #& is boundedlyinvertible on
iR) andfurtherinvertibility results.

Then we study the Corona Theoremand its consequencesfollowing the
methodsof M. Vidyasagar. In case.:4 xª¤7 U 1 Y 9 , dimU [ ∞, welist thefollowing
equivalentconditionsfor theleft-invertibility of . :

(i) º2.´$ I for someº�4 xª¶7 Y 1 U 9 ;
(ii) º».�$ I for someº�4 TIC 7 Y1 U 9 ;
(iii) #.87 s9�* #.87 s9=b εI for all s 4 C � andsomeε � 0;

(iv) ]K. u ] L2
ω
b ε ] u ] L2

ω
for all u 4 L2

ω 7 R;U 9 , ω � 0 andsomeε � 0;
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(v) ./* π > .5b επ > onL2 for someε � 0;

(vi) . t * . t b επ ¼ 0 q t ¨ for all t � 0 andsomeε � 0.

(Here . t : $ π ¼ 0 q t ¨ . π ¼ 0 q t ¨ .) It follows that ;½4 xª¶7 U 1 Y 9 and <¾4 xª¶7 U 9 are

right coprimeover xª , i.e., x,+<¿E x(¹;�$ I for some x,À1 x(¥4 xª , if f #;Á7 s9 * #;Á7 s9 À#<�7 s9 * #<�7 s9+b εI for all s 4 C � andsomeε � 0. Moreover, for mostof these
classesan equivalent condition is that . canbe complementedto an invertible
map i . Â l over xª . Therefore,for theseclassesthe existenceof right or left
coprimefactorsin xª impliestheexistenceof adoubly-coprimefactorizationoverxª .

TheCoronaTheoremdoesnot extendto infinite-dimensionalU , but we give
severalpartialresultsfor theinfinite-dimensionalcase.

Chapter 5: Spectral Factorization ( Ã½¬ÅÄoÆdÇ , È�Æ J È�¬ÉÇ�Æ SÇ )

We studyspectral factorization (“canonicalfactorization”)in thesenseof Israel
Gohberg etal. Thismeansfactoringthegiventime-invariantmapastheproductof
a non-causalanda causalinvertible time-invariantmap(with theinverseshaving
thesameproperties).

In the frequency domain, spectral factorization equals writing a given
operator-valued essentiallyboundedmeasurablefunction on the unit circle as
the product #(�* #, , where #( and #, are (the nontangentiallimits at the circle of)
operator-valuedbounded,boundedlyinvertibleholomorphicfunctionson theunit
disc;thatis,given &Ê4 L∞ 7 ∂D;Cn Ë n 9 , finding #(À1 #( > 1 1 #,À1 #, > 1 4 H∞ 7 D;Cn Ë n 9 such
that &)$ #(�* #, a.e.on ∂D, (in caseof unseparableHilbert spacesin placeof Cn,
thisproductmustnotbeinterpretedpointwise).

This factorizationis an extremely important tool in solving stablecontrol
problems,andeventheunstablecasecanoftenbereducedto thestableone.

For rationaltransferfunctions(equivalently, for finite-dimensional systems),
theexistenceof sucha factorizationfor aboundedtime-invariantmapL2 V L2 is
equivalentto theinvertibility of theToeplitzoperatorof this map(Themapto be
factorizedis typically thecostfunction(or Popov operator)of acontrolproblem.)

SincethisnecessaryToeplitzinvertibility conditionisnotsufficientfor general
(non-rational)indefinite maps, the classicalconditionsfor the existenceof a
solution to a controlproblemcannotbegeneralizedto generalWPLSs,not even
if we werenot be interestedon theregularity of thecontroller. This makesthese
factorizationresultsessentialfor muchof the theory, aswell asthe fact that the
regularity implied by theseresultsmakes it possible to write down the Riccati
equationsfor the problemsandto obtainsmoothcontrollers.Thus,in our most
generalresultsin later sectionsandin someotherspecialcases,we have to use
differentmethodsto obtainresults,oftenwith fewerequivalentconditionsor more
complicatedformulae.

We alsomentionthat thoughthe spectralfactorizationneednot exist, there
are yet “H2 spectralfactors”, as shown by Gohberg et al. [ClaGoh] for finite-
dimensional Hilbert spaces.We extendthis resultto thegeneralcasein Theorem
9.14.6.
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Section5.1 consists of ratherstraight-forward derivation of requiredresults
from the literature. In Section5.2, we treat the convolutions with measures
consistingof a discretepart plus an (uniformly measurable)L1 part. Our
main contribution is Lemma5.2.3, by which we can reducethe factorization
of suchconvolutionsto theseparatefactorizationsof thediscreteandabsolutely
continuouspartsof themeasure,whichalreadyhavebeengraduallysolvedduring
thelastthreedecades.

Thepositivecaseof thelemmahasalreadybeenprovedby J.Winkin [Winkin]
(for finite-dimensional input and output spaces). Though the existenceof a
spectralfactorizationis always guaranteedin the positive case(assuming the
invertibility of the correspondingToeplitz operator),it is importantto know the
smoothnessof thefactor, asexplainedabove.

The main corollariesof our lemma are that such convolutions mapshave
spectralfactors,andthat theseareof the sameform asthe original maps. This
allowsoneto formulatethesolutionsto WPLScontrolproblemsasin theclassical
case,thoughwith several technicalcomplications dueto the unboundednessof
input andoutputoperators(seeSection9.1). Thesecorollariescanbewritten in
theform of thefollowing two theorems:

Theorem1.2.4(PositiveMTI spectral factorization) LetU bea Hilbert space,
and let ª be one of the classesTI, MTI , MTI L1

. Let &Ì4°ª�7 U 9 , and setxª : $Uª � TIC.
Then&'Í 0 iff & hasa factorization&'$), * ,¹1 where ,54 " xª�7 U 9K© (1.5)

Moreover, if &U4oª exp, then ,+Î 1 4 xª exp. �
(The classª exp (resp. xª exp) consistsof “exponentiallystableª (resp. ª exp)

maps”.By “ &'Í 0” (or “0 ^�& ” ) wemeanthat &)b εI for someε � 0.)
If &�4 MTI $�ª , then #& and #, are continuousin iR, hencethen (1.5) is

equivalentto “ #&{7 it 9�$ #,87 it 9Ï* #,87 it 9 for all t 4 R, ,¹1Ï,�> 1 4 MTIC 7 U 9 ”.
Thegeneral(indefinite)caseis analogousexceptthatfor someclassesª , our

resultrequiresU to befinite-dimensional:

Theorem1.2.5(MTI spectral factorization) Let &'4Àª�7 U 9 , where ª and xª are
as in Theorem 5.2.7. Then the Toeplitz operator(or Wiener–Hopf operator)
π ��& π � 4���7 L2 7 R � ;U 9�9 is invertibleiff & hasa spectral factorization&Ð$0( * ,¹1 where ,¹1�(54·" xª¶7 U 9K© (1.6)

Moreover, if &)4�ª exp, then ,+Î 1 1p(+Î 1 4 xª exp. �
(Notethatπ ��& π ��4o��7 L2 7 R � ;U 9�9 if f & π � À π > 4o��7 L2 7 R;U 9�9 .)
In fact, in the two theoremsabove, alsoseveralothersubclassesof MTI can

take the placeof ª (seeTheorems5.2.8and5.2.7). We alsostatea few other
resultsconcerningthespectralfactorizationof TI mapsandsomeresultsonother
subclasses.

If theassumption “ &µ4¯ª�7 U 9 ” is replacedby “ &µ4 TI 7 U 9 ”, thenthe “gener-
alizedcanonicalfactors” , and ( of & needno longerbestablein the indefinite
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case(but their Cayley transformsare invertible in H2 over the unit disc). For
dimU [ ∞, thiscanbefoundin [CG81]or in [LS] (with theCayley transformsof#, Î 1 and #( Î 1 beinginvertible in H2 over theunit disc). We show thatthis theory
hasanextension for thecasewhereU is anarbitraryHilbert space(seep. 148and
Theorem9.14.6).

To emphasizetheimportanceof spectralfactorization,wenotethatoneof the
mainthemesof thismonographis theequivalenceof thefollowingfour conditions
for severalcontrolproblemsfor anexponentially stableWPLS:

(I) theproblemhasa (nonsingular)solution;

(II) thePopov Toeplitzoperatorof theproblemis invertible;

(III) thePopov operatorof theproblemhasaspectralfactorization;

(IV) theRiccatiequationof theproblemhasastabilizing solution.

For thecasewheretheWPLSis merelystable,wegetalmostthesameresults
and the unstablecaseis somewhat analogous(it can often be reducedto the
[exponentially] stablecase).

For systems with a I/O mapin MTIC (andhencethePopov operatorin MTI),
theequivalence“(II) Ñ (II I)” follows from eitherof the two theoremsabove (the
formeronecoversmoreclassesof I/O mapsbut is only applicablein minimization
problems).

Theequivalence“(I) Ñ (II) ” will beestablishedin Chapter8 andin thesections
correspondingto the particularcontrol problems; equivalence“(III) Ñ (IV)” will
be establishedin Section9.1 (assuming sufficient regularity of the I/O mapand
thespectralfactor;MTI mapsaresufficiently regularfor ourpurposes;hence,for
suchsystems,wehaveacompleteequivalenceof (I)–(IV)).

The I/O map of a finite-dimensional systemis rational, hencein MTI (if
stable).Therefore,in thestandardfinite-dimensional theorywe alwayshave the
equivalenceof (I)–(IV).

Theorem1.2.5 is not true for ª½$ TI, not even whenU $ C2 (by Exam-
ple 8.4.13),andthe equivalence“(III) Ñ (IV)” doesnot even hold for all regular
systems(by Proposition 9.13.1(c1)). For thesereasons,someof our resultsin
Chapters9–12poseadditionalregularityassumptionsonthesystem; mostof them
aresatisfiedby systemshaving aMTIC I/O map(cf. Theorem8.4.9).

Part II: Continuous-Time Control Theory

This part containsthe theory of well-posedlinear systems(WPLSs): system
theory, regularity, spectralandcoprimefactorizationandstabilization(by static
feedback,statefeedback,outputinjectionor dynamic feedback).

Chapter 6: Well-PosedLinear Systems(WPLS)

Chapters6 and 7 presentan extensive theory on Well-PosedLinear Systems
(WPLSs): state-spaceandfrequency-domaintheory, stability, regularity, factor-
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ization,statefeedback,outputinjection,staticanddynamicoutputfeedbackand
relationsto Pritchard–Salamonsystems andotherspecialcases.

Someof theresultsin thesechaptersareratherstraight-forwardextensionsof
existingtheoryor generalizationsof classicalresults,thoughyetusefulfor control
problems.Themainnew contributionsof Chapter6 includethefollowing (in the
orderof appearance):

1. the relationsbetweenthe stabilities of different partsof a WPLS (from
Lemma6.1.10to Example6.1.14);

2. several,oftenverytechnicalregularityresultsneededin theRiccatiequation
theory;

3. compatibility theory(to write alsoirregularWPLSsin adifferentialform as
in (1.7));

4. infinite-dimensional quasi- and pseudo-coprimefactorizationtheory and
correspondingstabilization theory (Sections6.4–6.7). This theoryserves
almostaswell as the classicalcoprimefactorizationtheory for the stabi-
lizability anduniquenessanalysisof thesolutionsof Riccatiequations,but
thesestrictly weaker coprimesspropertiesaresometimesmoreeasilyveri-
fied,andquasi-coprimenessis preservedunderdiscretizationin bothdirec-
tions,thusallowingoneto reduceseveralproofsto discretetime.

5. new resultson the generatorsof closed-loopsystems(part of Proposition
6.6.18);

6. equivalent conditionsfor different stability and stabilizability properties
(particularlypartsof Theorems6.7.10and6.7.15);

7. theory of systemswith a smoothing semigroup(Section6.8, particularly
Lemma6.8.5);

8. thecharacterizationof thosetransferfunctions(equivalently, of I/O maps)
that have realizationshaving a boundedinput or output operatoror a
Pritchard–Salamonrealization(Theorems6.9.1and6.9.6);

Alsoalmostall of ourresultsin Chapters6–12will begivenin aWPLSsetting,
thereforewemotivatethesesystemsbriefly below.

Lineartime-invariantcontrolsystemsareusuallygovernedby theequations

xn 7 t 9¢$ Ax7 t 9 À Bu7 t 9�1 y 7 t 9�$ Cx
À

Du 1 x 7 09¢$ x0 7 t b 09�1 (1.7)

wherethe generators i A B
C D l 4���7 H y U 1 H y Y 9 of the systemarematrices,or

more generally, linear operatorsin Hilbert spacesof arbitrary dimensions, and
u : R � V U is theinput,x : R � V H is thestateandy : R � V Y is theoutputof
thesystem.If thegeneratorsarebounded,thenthesolution of (1.7) is obviously
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B Ò τÓ .·x0 ·u

¸ x x $)B x0
À Ò τu¸ y y $ Ó x0
À . u

Figure1.1: Input/state/outputdiagramof a WPLS Fut vcwI J
givenby thesystemÔ

x 7 t 9Õ$ B37 t 9 x0
À Ò τ 7 t 9 u

y $ Ó
x0
À . u 1 where (1.8)B37 t 9�$ eAt 1 Ò τ 7 t 9 u $?� t

0
B37 t E s9 Bu7 s9 ds1Ó

x0 $ CB37�`a9 x0 1 . u $ CÒ τ 7 t 9 u À Du © (1.9)

The formulae(1.8)–(1.9)areactuallyvalid for ratherunboundedgenerators.
Therefore, WPLSs are defined by requiring B to be a strongly continuous
semigroup,. to be time-invariant and causal,Ò and

Ó
to be compatiblewithB and . , and F t § t ¨ w τ § t ¨v I J beinglinear andcontinuousH y L2

loc 7 R � ;U 9 V H y
L2

loc 7 R � ;Y 9 for eacht b 0, equivalently, that] x 7 t 9O] 2H À � t

0
] y 7 s9
] 2Y ds Ö Kt ��] x0 ] 2H À � t

0
] u 7 s9
] 2U ds� (1.10)

for some(equivalently, all) t � 0, whereKt dependson t only. An equivalent
formulationis given in Definition 6.1.1,wherewe usethe uniquenaturalexten-
sionsof Ò and . thatallow the inputsto be definedon thewhole real line, thus
simplifying severalformulae.

Abstract linear systemtheory has beengradually developed since Rudolf
Kalman’s work in [KFA], by William Helton [Helton76a],Paul Fuhrmannand
othersuntil DietmarSalamonandAnthony Pritchard[PS85] [PS87] formulated
the Pritchard–Salamonsystems, which are formally close to WPLSs. These
systemshave beenextensively studiedin eightiesandearlynineties,but they do
not cover all interestingexamples.This motivatedSalamonto defineWPLSsin
[Sal87].

TheLax–Phillipsscatteringtheory[LP] andtheoperator-basedmodeltheory
of BélaSz.-NagyandCiprianFoiaş [SF] gavearemarkableimpactto theresearch
alreadyon theseventies,andthesetheorieshave beenshown to beequivalent to
WPLSs(seeChapter11 of [Sbook]). Thus,alsothesystemtheorybasedon the
Lax–Phillipsmodelandextensively developedin Soviet Unionby D.Z. Arov and
others(independentlyfrom WPLSs;see[AN] andits referencelist) hasexactly
theWPLSframework.

Until then,researchhadbeendividedby differentwaysto representasystem,
for example:

(1.) in termsof partial differential equationsor differential delay equations
[Lions] [FLT],

(2.) in termsof thegeneratorsi A B
C D l [Helton76a][Fuhrmann81],
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(3.) asa frequency domainrelationshipbetweeninputs andoutputs [CG97],

(4.) asadynamicalsystem(e.g.,WPLS)in thesenseof Kalman[KFA],

(5.) by fractionalrepresentations[Vid] [CD78]

as notedby Ruth Curtain [Curtain97], who emphasizedthe needfor a theory
coveringbothstate-spaceandfrequency-domainaspectandunifying all theabove
representations;the work of Salamonand George Weiss in the late eighties
showed that WPLSs satisfy this need. ThereafterWPLSs have becomean
increasinglypopular subject in someparts of control theory, being the most
generalwidely-usedclassof infinite-dimensionallinearsystems.

The more specializedapproachesstill have their advantagesin the study
of special cases. One of the most important examples of this is the work
of Irena Lasiecka, Roberto Triggiani and others (see [LT00a], [LT00b] and
referencestherein),who have solved statefeedbackproblemscorrespondingto
several importantPDEsandrathercoercive cost functions,by usinga moread
hoc approach(of type “(1.)”). At its best, the abstractWPLS approachcan
complementthe othersby providing a different insight and an abundanceof
resultsincluding thosecommonfor rathergeneralsystemsand cost functions,
thusremoving theneedto “reinventthewheel”over andoveragain.

We studythe basicproperties,stability, realizationtheory, dual systemsand
generatorsof WPLSsin Section6.1. For any WPLS, therearegeneratorsB 4��7 U 1 Dom7 A *�9�*�9 andC 4¯��7 Dom7 A9�1 Y 9 satisfying (1.9) in a strongsense(e.g.,\ t

0 B37 s9 Bu7}E s9 ds converges in Dom7 A *�9�* but its value belongsto the smaller
spaceH andequalsÒ u; alsothe formulaxn $ Ax

À
Bu holdsin Dom7 A * 9 * a.e.),

asshown by Salamon[Sal89]andWeiss[W89a] [W89b]. Salamonalsoobserved
thatany TIC∞ map(or propertransferfunction)canberealizedasaWPLS.

A WPLS neednot have a well-definedfeedthroughoperator(“D”), but all
systemsof practicalinterestseemto have one; suchWPLSsarecalled regular.
Regularity is treatedin Sections6.2 and6.3. An equivalentdefinitionof [weak]
regularity is thatthetransferfunctionhasa[weak] limit (necessarilythesameD 4��7 U 1 Y 9 ) at infinity alongthepositiverealaxis.All weaklyregularsystemssatisfy
(1.9) in aweaksense,andtheclassicalformulaesuchas #.87 s9�$ D

À
C 7 s E A9K> 1B

hold if we replaceC by its weakWeissextensionCw.
Regularity is anextremelyimportantproperty, becausefeedthroughoperators

are of fundamentalimportancefor much of the control theory. For example,
optimal control problemsare most often solved throughRiccati equationsthat
arewritten in termsof thegeneratorsof thesystem,including the (feedthrough)
operatorD.

For generalWPLSs,equations(1.9)andtheclassicalformulaesuchas #.87 s9!$
D
À

Cext 7 s E A9K> 1B still hold in a very weaksensefor certaincompatible pairs7 Cext 1 D 9 ; their theoryis developedin Section6.3,which alsocontainsadditional
resultson differentformsof regularity, on Hp transferfunctions,on therelations
betweenaWPLSandits generatorsandonreachabilityandobservability.

In Sections6.4 and6.5, we defineandstudycoprime,spectraland lossless
factorizations.The importanceof thesefactorizationsis dueto the equivalence
on p. 21, with coprimefactorizationtaking the placeof spectralfactorizationin
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Figure1.2: Dynamicoutputfeedbackcontroller Q for .54 TIC∞ 7 U 1 Y 9
“(III)” in the unstablecase,anddue to the strongconnectionbetweencoprime
factorizationand dynamic stabilization. We also presenttwo weak forms of
coprimeness,which are useful in the infinite-dimensional settings, the weaker
of thembeing invariantunder(inverse)discretizationandhenceallowing us to
reduceseveralresultsto thesimpler discrete-time theory.

Thus,theconnectionbetweenpresentations(2.)–(5.)of p. 23 is establishedin
Sections6.1–6.5.Connectionto (1.) is beyond the scopeof this book. Instead,
westudyWPLStheory, with emphasisonRiccatiequationsandoptimal control.

Sections6.6 and6.7 treat statefeedback,output injection and staticoutput
feedback. Sinceour interestis not limited to exponentialstabilization, but we
often only require that the controller makes the closed-loopsystemstableor
strongly stable(this hasbecomeincreasinglypopular lately), we meetcertain
additionaldifficulties.

In Section6.8,westudysystemswhosesemigroupis smoothing (e.g.,B Bu0 4
H a.e.on R � for eachu0 4 U ). In Section6.9,we show thata transferfunction#. hasa realizationwith boundedB if f #.ÐE #.87 À ∞ 9=4 H2

strongoversomeright half-
plane.Wealsoestablishanalogousresultsfor realizationswith boundedC andfor
Pritchard–Salamonrealizations.

Chapter 7: Dynamic Stabilization

In this chapter, we treat different forms of dynamicstabilization. In dynamic
output feedback (Section7.1), the output is fed back to the input through a
DynamicFeedback Controller, in order to stabilize andcontrol the plant, as in
Figure1.2.

As one can verify from Figure 1.2, the map from the original input to the
outputof theplant . : u TV y becomes.37 I E¤Q�.{9Z> 1 : uL TV y.

We have above treatedonly the I/O mapsof the plant andof the controller.
We shall also study the problemwherethe plant and the controllerhave to be
stabilizedinternally too (seeFigure 7.2), but mostsuchresultsare obtainedas
corollariesof theI/O theory, sinceacontrollerstabilizesasystemexponentially if f
it I/O-stabilizesthesystemandboththesystemandthecontrollerareoptimizable
and estimatable (this is an extensionof the classicalconcept“exponentially
stabilizableand exponentially detectable”),as shown in [WR00], cf. Theorem
7.2.3(c1).

The main new contributions of this section include the relationsbetween
externalandinternalstability of thecontrolledsystem(Theorems7.2.3and7.2.4),
particularlytheextensionof theequivalence(1.11);certainresultsof theinternal
loop theoryrequiredby theH∞ 4BPtheory, includingthecorollarieson dynamic
partial feedback;andtherelationbetweenthestabilization of thecontrolledpart
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and the stabilization of the whole plant in partial feedback(Lemmas7.3.5and
7.3.6andTheorem7.3.11).

In Chapter7, we extend most classicalresults(such as the connectionto
coprimefactorizationandYoulaparametrizationof all stabilizing controllers)to
the infinite-dimensional caseand presentsomenew results. For example, we
extend(seeTheorem7.2.4(c))theclassicalequivalence

exponentially DF-stabilizable ÙÛÚ exponentially stabilizableanddetectable
(1.11)

to a largesubclassonWPLS(includingtheparabolicsystemsof Section9.5).
In Section7.2,westudythemoregeneralcontrollerswith internalloop, whereQ neednot be well-posed(i.e., proper), as long as the closed-loopsystemis

still well-posed;classical“fractional H∞ Ü H∞” controllersfall into this category.
For example, if .�4 TIC∞ 7 U 1 Y 9 has the doubly coprime factorization (d.c.f.).:$0;=<5> 1 $ x<°> 1 x; , where<)1K;�1 x<´1 x;:4 TIC, <)1 x<Ý4·" TIC∞, andÞ < (; ,�ß à x, E x(E x; x<âá $ Þ

IU 0
0 IY ß $ à x, E x(E x; x<âá Þ < (; ,�ß (1.12)

for some,¹1�(31 x,À1 x(�4 TIC, thenall stabilizing DF-controllerswith internalloop
for . aregivenby theYoulaparametrization7f~ À <·ã{9ä7få À ;�ã{9 > 1 $�7 x å À x; xã{9 > 1 7 x~ À x< xã{9�1 (1.13)

wherethe parameterã rangesover TIC 7 U 9 (Theorem7.2.14). The controller
(1.13)is well-posediff å À ;�ã (equivalently, x å À x; xã ) is invertible in TIC∞. By
shifting stability, we obtainananalogousresulton exponential stabilization. We
alsogiveaseriesof resultsthatdonot requiretheplantto havead.c.f.

Part of the resultsof Chapter7 have beenestablished earlierin theworksof
R. Curtain,R. Rebarber, G. Weiss,M. Weissandothers.

In Section7.3 we studydynamicpartial output feedback (DPF), wherethe
controller can accessonly a part of the output (“the measurement”)and it can
affect only part of the input, as in Figure1.4. (seeFigure7.8 for the I/O part).
Consequently, themap . 12 : w TV z from theexternalinputw to theactualoutput
z becomes L M 7P.�1KQ¹9 : $). 12

À . 11 QÁ7 I E¯. 21 Q39 > 1 . 22 : w TV z (1.14)

whenthecontrolleris appliedto thesystem.All stabilizingDPF-controllersfor.?4 TIC∞ 7 U y W 1 Z y Y 9 aregivenby theYoulaformula(1.13)appliedto . 21 in
placeof . if . satisfiesstandard“stabilizability anddetectability”assumptions
(by Lemma7.3.6(b2)).

We list the corollariesof DF-stabilization theory for DPF-stabilization,as
above,andpresentDPF-specificresults(with andwithout internalloop,bothI/O
theoryandstate-spacetheory).

The above resultsandthe further theorydevelopedin Chapter7 areusedin
Chapter12 for the H∞ Four-Block Problem(H∞ 4BP), whereonetries to find a
stabilizingdynamic partialfeedbackcontrollerthatminimizesthenormof w TV z
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(or makesit lessthanagivenconstantγ � 0).

Part III: Riccati equations and Optimal control

Thispartcontainsatheoryonoptimalcontrol(bothin anabstractsetting,andasan
applicationto WPLSs)andRiccati equations,with applicationsto minimization
(LQR andH2) problemsandto theH∞ full-informationandfour-blockproblems.

Chapter 8: Optimal Control ( d
du æÌç 0)

We presentan abstracttheory on optimization and optimal control in state
feedbackform (Sections8.1and8.2)andtheapplicationof this theoryto WPLSs
(Sections8.3and8.4)with guidelinestoproblemsfinite timeinterval (Section8.5)
andto systemswheretheinputoperator(B) is allowedto bemoreunboundedthan
that of WPLSs(Section8.6). We solve the generalizedcontrol problem,whose
(possiblyindefinite)costfunctioncoversmoststandardcontrolproblems.

Our main contributionsincludethe generalizationof the classicalcoercivity
assumptionto generalWPLSsandcostfunctions,andthefactthatthisassumption
leads to a solution of the generalizedcontrol problem (see Theorems8.4.3
and 8.3.9); this was alreadyextendedto stableWPLSs by O. Staffans. An
importantpart of our theory are also the methodsto treatesimultaneouslyall
formsof stabilization(i.e.,whetheronerequiresthe“optimal control” to be,e.g.,
exponentially, strongly or merelyoutput-stabilizing). Theseresultswill thenbe
appliedin the derivation of the Riccati equation,LQR and H∞ theoriesin the
chaptersto follow.

We studythecritical pointsof a givencostfunctionandthecasewheresuch
control correspondsto a stabilizingstatefeedbackpair. Suchan “optimal” state
feedbackpair correspondsto a “stabilizing” solutionof the Riccati equation,as
shown in Chapter9. The correspondingspecialcontrol problemsaresolved in
Chapters10–12.

GivenaWPLS èpé êë INì andacostoperatorJ í J î=ïÀð�ñ Y ò , weconsiderthecost
functionó ñ x0 ô uò : í5õ ∞

0 ö y ñ t ò ô Jy ñ t òP÷ Y dt ô where y : í:ø x0 ù�ú u ñ x0 ï H ô u : R û¯ü U ò
(1.15)

andu is requiredto be exponentially stabilizing, stronglystabilizing, stabilizing
or something similar, dependingonhow stableonewishestheclosed-loopsystem
to be.

This coversall quadratic(definiteor indefinite)costson the input, stateand
output(extend ø and ú suitably if necessary, e.g., replaceø by è ë0 ì and ú byè I I ì to cover crosstermsof u andy). In particular, minimization,H∞ andsimilar
controlproblemsarecovered.Thesolutionsof suchproblemscorrespondto the
controlsthatarecriticalpointsof

ó
, i.e.,for whichtheFréchetderivativeof

ó ñ x0 ô�ý ò
is zero;wecall suchcontrolsJ-critical.
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In Section8.4,we defineandstudyJ-coercivity, which is a generalizationof
the standardnonsingularity assumptions of several control problems(including
the “J-coercivity” assumptions definedin [S97b]–[S98d],the “Popov Toeplitz
invertibility” conditionin thestablecaseandthe“no transmission zeros”and“no
invariantzeros”conditionsin thepositive case).We show thatany “stabilizable”
J-coerciveWPLShasauniqueJ-critical (“optimal”) controlfor eachinitial state,
andthat this J-critical control canbe presentedin WPLS form (this generalizes
thecorrespondingresultin [FLT]).

However, the correspondingfeedbackneednot be well-posedwithout addi-
tional assumptions on the system,as illustratedin Examples8.4.13and11.3.7.
This leadsto someadditionaldifficulties in the Riccati equationtheory(the sit-
uationis the sameeven in the casestudiedin [FLT]). Sections8.3 and8.4 also
containsaseriesa furtherresultsonJ-critical controlsandJ-coercivity andonthe
connectionof thelatterto spectralandcoprimefactorizations.

The control problemsfor unstable systemsare traditionally reducedto the
stablecaseby preliminarystabilization, whenthe optimal control is requiredto
be exponentially stabilizing. We show that this is possible for WPLSstoo, give
a counter-examplefor otherformsof stabilizationanddevelop morecomplicated
tricks to overcomethisproblem(Theorem8.4.5).

In the last two sectionof Chapter8, we give guidelines on how to extend
our optimizationandRiccatiequationresultsfor problemson finite time interval
(Section8.5) and for more generalsystemsthan WPLSs(Section8.6). These
resultsarenotusedelsewherein thismonograph.

Chapter 9: Riccati Equations and J-Critical Control

It was shown independentlyin [WW] and [S97b]–[S98d]that, in the (stable)
regular case,the optimal cost operatorof certain control problemssatisfiesa
generalized(operator)Riccatiequation.We establishedtheconverseimplication
from a stabilizingsolution of theRiccati equationto theexistenceof anoptimal
control in [Mik97b]. In Chapter9, we extend both results to the general
optimization context of Chapter8, thuscovering alsogeneralunstablesystems
andmoresingular problems(underweaker regularityassumptions).

We alsosimplify the equationand the assumptions in several specialcases,
presenta priori sufficient assumptions for the requiredregularity, and provide
weaker resultsfor lessregular settings.Moreover, the connectionto spectralor
coprimefactorizationandfurther aspects(suchasuniqueness,Riccati inequali-
ties andcertainpathologies) areaddressed.Possiblyill-posedor irregular opti-
malcontrolsandcorrespondinggeneralizedRiccatiequationsarecoveredin Sec-
tion 9.7(for boundedoutputoperators,aspecialcaseof thiswassolvedin [FLT]).
We describebelow themainresultsof thischapter.

Theexistenceof auniqueregularoptimalstatefeedbackoperatorfor aregular
WPLS is equivalent to the existenceof a (necessarilyunique) þ¶îî -stabilizing
solutionof theContinuous-timeAlgebraic RiccatiEquation (CARE)andfrom one
the othercanbe computed(seeTheorem9.9.1; read“optimal” as “J-critical”).
This extendsmostsimilar resultsin theliterature.
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Whenwe optimize over exponentially stabilizing controlsor statefeedback
operators,theterm“ þ¤îî -stabilizing” is equivalentto “exponentially stabilizing” (a
WPLSisexponentially stableif f itssemigroupÿ satisfies�Kÿ3ñ t ò�� H � Meωt ñ t � 0ò
for someω � 0, M � ∞). To make thingseasier, we illustratethis underrather
strongassumptions:

Theorem 1.2.6( þ expþ expþ exp: Unique minimum � BîwBîwBîw-CARE � J-coercive) Assume
that the WPLS è�é êë INì and the cost operator J í J î'ïÌð�ñ Y ò are s.t.
π � 0 � 1 � ÿ B ï L1 ñ
	 0 ô 1ò ; ð¯ñ U ô H ò�ò , C ïÛð�ñ H ô Y ò andD î JD � 0. Thenthefollowing
areequivalent:

(i) There is a uniqueminimizing exponentially stabilizing statefeedback opera-
tor.

(ii) There is a uniqueminimizing control over þ exp ñ x0 ò : í
� u ï L2 ñ R û ;U ò��� x ï
L2 ñ R û ;H ò�� for each initial statex0 ï H.

(iii) TheRiccatiequationñ Bîw � ù D î JCò î ñ D î JD ò�� 1 ñ Bîw � ù D î JCò�í Aî � ù � A ù C î JC (1.16)

hasa solution � í � î ï±ð�ñ H ò s.t. � 	H ��� Domñ B îw ò andthesemigroupgen-
eratedby A E BK is exponentiallystable, where K : í¥EÁñ D î JD ò � 1 ñ Bîw � ù
D î JCò .

(iv) Σ is optimizableand ú is J-coerciveover þ exp.

(v) Σ is exponentiallystabilizableandthere is ε � 0 satisfyingñ ir E Aò x0 í Bu0 � öCx0 ù Du ô J ñ Cx0 ù Duòp÷�� ε � x0 � 2H ñ x0 ï H ô u0 ï U ô r ï R ò��
If (iii) holds,thenK is bounded(K ïÁð�ñ H ô U ò ) andit is theuniqueminimizing

exponentially stabilizing state feedback operator. The minimal cost equalsö x0 ô � x0÷ for each x0 ï H. �
(This is aspecialcaseof Corollary10.2.9combinedwith Theorem9.2.3.)
Thus,theoptimalcontrolcorrespondsto thestatefeedbacku ñ t ò¢í Kx ñ t òÁñ t �

0ò , where K is as above. Here Bîw denotesthe Weiss extension of B î ïð�ñ Domñ A î�ò ô U ò . The Riccati equation(1.16) is given on Domñ Aò (see(9.14)).
See(1.17)for themorecomplicatedgeneralCARE.

When

ó ñ x0 ô uò�í�� Cx � 22 ù � u � 22, i.e., C í¿è C1
0 ì , D í¿è 0I ì , J í I , then(1.16)

becomesñ Bîw � ò�î Bîw � í Aî � ù � A ù C î C, the minimizing feedbackis given
by u ñ t ò�í½E B îw � x ñ t ò¤ñ t � 0), and the closed-loopsemigroupis generatedby
A ù BK í A E BBîw � .

As explainedon p. 27, we canhave crosstermsof u andy in the cost,e.g.,
replaceC by è C0 ì andD by è DI ì to obtainanotherWPLSand,correspondingly, a
“moregeneral”(actually, lessgeneral)“standard”form of theRiccatiequation,as
in, e.g.,Remark9.1.14.

However, thetheoryof Section8.3alsoallowsoptimizationovervariousother
sets(“ þ¯îî ”) of controlsthan þ exp, e.g.,for thosewhichmake thestateandoutput
stronglystablefor eachinitial state(“ þ str”). Correspondingly, theregularoptimal
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statefeedbackoperator(if any) over þ str correspondsto theuniquesolutionof the
CARE thatis þ str-stabilizing, i.e., thatstabilizesthestateandoutput stronglyfor
eachinitial state.

In the literatureof infinite-dimensional systems,it hasbecomepopular to
only requirethat the output is stablefor eachinitial stateandpossibly also for
eachstableexternalinput to the feedbackloop. In this casethe condition “ þ·îî -
stabilizing”becomesrathercomplicated(Definition9.8.1).

If thesystemis exponentially detectable,thenall thecasesmentionedabove
(andcertainothers)coincidewith exponentialstabilization,but this assumption
is sometimestoo strong. If the systemis “coprime stabilizable” (in a suitable,
rather weak sense;this assumptionalways holds when the systemis output
stable(resp.stable,stronglystable)),thenoptimization over output-stabilizable
(resp.stabilizable, strongly stabilizable) controls correspondsto the “coprime
stabilizing”solutionof theCARE,andtheequivalenceof (I)–(IV) onp. 21holds,
seeSection9.1 for details. However, this solution neednot be exponentially
stabilizing, and the sameCARE may also have an exponentially stabilizing
solution(seeExample9.13.2;naturally, in a minimization problemthe optimal
costbecomeshigherfor strongerstabilizability requirements).Partof theseresults
seemto benew evenfor finite-dimensionalsystems.

Very regular systems, suchas thoseof Theorem1.2.6, are studiedin Sec-
tion 9.2. For themthe CARE becomesratherelegantand similar to its finite-
dimensionalcounterparts,aspart(iii) of thetheoremshows. Suchsystemscover
analyticsystems(hencemostparabolic-typeproblems)having ratherunbounded
inputandoutputoperators,asshown in Section9.5.

In thegeneralcase,theoptimalcontrolneednot correspondto a (well-posed)
statefeedbackoperator, as explainedin Chapter8. Nevertheless,suchcontrol
correspondsto a generalizedRiccati equation,as illustratedin Section9.7 (for
WPLSswith aboundedoutputoperator(“C”) anda rathercoercivecostfunction,
this wasshown in [FLT] by F. Flandoli, I. LasieckaandR. Triggiani). However,
since theseequationsare given on the (unknown) domain of the closed-loop
semigroupgeneratorratherthanonDomñ Aò , it becomesverydifficult to solvethe
Riccatiequationandthusobtainthe(possibly non-well-posed)feedbackoperator.

As mentioned above, the existenceof a (well-posed)regular statefeedback
operatorfor a regularWPLSis equivalent to theCARE having a solution, but in
this generalcasetheCARE becomesrathercomplex: we have to find � í � î/ïð�ñ H ò satisfying�  !   " K î SK í Aî � ù � A ù C î JC ï�ð�ñ Domñ Aò ô Domñ Aò î ò

S í D î JD ù w-lim
s# û ∞

Bîw � ñ s E Aò � 1B ï�ð�ñ U ò
SK í�EÁñ Bîw � ù D î JCò ï�ð�ñ Domñ Aò ô U ò�� (1.17)

Obviously, S and K are uniquely determinedby � if S is one-to-one,which
correspondsto a uniqueoptimal control. The optimal statefeedbackis given
by u ñ t òcí Kwx ñ t ò for a.e.t � 0. SeeDefinition 9.1.5for details(andDefinition
9.8.1for noninvertiblesignatureoperators).

Note that whereasthe special case(1.16) is close the finite-dimensional
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CARE, this generalform looksalmostlike thediscrete-timeRiccatiequation;in
particular, thesignatureoperator Smaydiffer from D î JD, asobservedin [S97b]
and[WW]. In the notesto Section9.8 we explain how the signatureproperties
of the problemaredeterminedby S, not by D î JD, even whenthe I/O mapis a
simpledelay. Thus,thesituation is analogousto the(finite-dimensional)discrete-
time setting,wherethe signature operatorS : í D î JD ù Bî � B takes the role of
D î JD.

We alsolist severalcasesin which theCARE canbesimplified andcasesin
which anoptimalcontrol is alwaysgivenby a well-posedregularstatefeedback
pair (andhencecorrespondsto aCARE; see,e.g.,Remark9.9.14).

The optimal control is given by a well-posedstatefeedbackif f the Integral
Algebraic RiccatiEquation(IARE) hasan þ îî -stabilizing solution,regardlessof
regularity. While IAREs arenot particularlyapt for engineeringpurposes,they
provide a link to discrete-timeRiccati equations,and this allows us the prove
several resultswhosecontinuous-timeproofswould seemintractabledueto the
unboundednessof input andoutputoperators.The IAREs alsoallow us to treat
the connectionbetweenoptimal control and Riccati equationsseparatelyfrom
regularity considerations. Naturally, for regular WPLSs, the solutionsof the
CARE areexactly thesolutionsof the IARE correspondingto regular feedback.
Also thesequestions are addressedin Section9.8. Several further properties
of Riccati equationsare treatedin the restof the chapter. Much of our theory
concerningfor þ îî%$í�þ exp is new evenfor finite-dimensional systems.

In Section9.14,we give anextension of thegeneralizedcanonicalfactoriza-
tion theoryto the caseof infinite-dimensional input andoutputspaces(seealso
p. 148).

Chapter 10: Quadratic Minimization (LQR)

For controlproblemswith a positivePopov operator, onetraditionally shows that
undercertainconditionsany solution of theRiccatiequationis unique,admissible
andexponentially stabilizing. Oneof ourmaincontributionsin thisandpreceding
chapteris the extension of the above fact to WPLSsand partially also to the
non-exponentially stabilizing case;this is technicallyvery challengingdueto the
unboundedinputandoutputoperators,which,e.g.,makeit hardto show whenthe
“optimal feedback”is well posed.

As corollaries,we get several resultsthat formally look like the classical
ones. ThesecorollariesincludeTheorem1.2.7below, (b4)&(c1)&(c2) of The-
orem 10.1.4,the Strict Boundedand Strictly Positive (Real) Lemmas,and the
equivalencebetweenoptimizability and exponentialstabilizability for systems
with a smoothing semigroup(Theorem9.2.12).We alsosolve severalminimiza-
tion problemswith moregeneralstabilizability or regularityassumptions.

Importantnew contributions of the chapteralso include the connectionbe-
tween different classical coercivity assumptions and their generalizationsto
WPLSs,includingJ-coercivity (Section10.3).

In Section10.2,we studyminimizationproblems,by which we refer to the
minimization of the cost function (1.15). Theorem1.2.6 is a corollary of that
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section.
In Section10.1westudythespecialcaseof thecostfunction � y � 22 ù � u � 22 and

its variants.Underamild detectabilitycondition,thereis atmostonenonnegative
solutionof theCARE,hencewe do nothave to verify whethera solution is “ þ·îî -
stabilizing”:

Theorem1.2.7(LQR: minu & ∞
0 ñ�� x � 2H ù � u � 2U òminu & ∞
0 ñ�� x � 2H ù � u � 2U òminu & ∞
0 ñ�� x � 2H ù � u � 2U ò ) Assumethat the WPLS Σ íè�é êë INì is uniformly regular (UR) and estimatable (e.g., that C is boundedand

C î C � 0). Consider, for someR ïÛð¯ñ U ò , Q ïÛð¯ñ Y ò s.t.Rô Q � 0, thecostfunc-
tionó ñ x0 ô uò : íµõ ∞

0 ' ö y ñ t ò ô Qyñ t òp÷ Y ù ö u ñ t ò ô Ruñ t òp÷ U ( dt ñ x0 ï H ô u ï L2
loc ñ R û ;U ò�ò��

(1.18)
There is a UR minimizing state feedback operator for Σ iff there is a

nonnegativesolution � ïoð�ñ H ò satisfying theCARE�  !   " K î SK í Aî � ù � A ù C î QC ô
S í R ù D î QD ù lim

s# û ∞
Bîw � ñ s E Aò � 1B ô

K í�E S� 1 ñ Bîw � ù D î QC ò ô (1.19)

for someK ïoð¯ñ H1 ô U ò , S ï�ð�ñ U ò , S � 0.
If such a solution exists,thenit is theuniquenonnegative solution of (1.19),

K is a UR exponentiallystabilizing statefeedback operator for Σ, and K is the
uniqueminimizing statefeedback operator over all u ï L2

loc ñ R û ;U ò (and overþ exp andover þ out). �
(This follows from Theorem10.1.4and Remark10.1.5.) For eachCARE

result in this monograph,including the oneabove, thereis alsoa “B îw-CARE”
variantthatallowsusto removethelimit termandsimplify theformulationunder
any of the regularity assumptionsof Hypothesis 9.2.2,asillustratedin Theorem
1.2.6.

Without the detectability (estimatability) condition,we observe that a mini-
mizingstatefeedbackoperatorover þ exp correspondsto themaximalnonnegative
solutionof theCARE anda minimizing statefeedbackoperatorover þ out corre-
spondsto theminimal nonnegative solution of theCARE (Theorem10.1.4).We
alsoderive furtherresultsonsuchandmoregeneralminimizationproblems.

In Section10.4we show that thesolution of theminimizationproblemleads
to thesolution of theH2 full informationandstatefeedbackproblems,whereone
wishesto find a controller ( ) ; possiblyinducedby statefeedbackor dynamic
outputfeedback)thatminimizesthenorm��*ú *) ù *ú 2 � H2

strong+ C , ; - +W�Y �.� ô (1.20)

where *) : *w ü *u is the frequency-domaincontrol law (determinedby ) ) to an
external(disturbance)input to thecontrolinput for theWPLS/ ÿ 0 0 2ø ú ú 2 1 with generators

/
A B B2

C D 0 1 ô (1.21)
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asin Figure10.1. Theabove WPLS is obtainedby addinga secondinput to the
WPLSΣ, Weassumethatboth ú andú 2 areWR.A strongerproblemis tofind, for
eachw0 ï W, a “stabilizing” controlu s.t. � *ú *u ù *ú 2w0 � H2 + C , ;Y � is minimized,see
Section10.4for details.We show thatunderminimal assumptions,a minimizing
statefeedbackoperatorfor theoriginalsystemalsosolvestheH2 problemandthe
strongerproblemformulatedabove.

In Section10.3wetreatmoststandardassumptionsfor classicalminimization
problemsand show that they are stronger than or equivalent to positive J-
coercivity (over þ exp or over þ out).

In Section10.5,wepresentgeneralizedversionsof theBoundedRealLemma,
includingthefollowing:

Theorem 1.2.8(GeneralizedStrict BoundedRealLemma) Assumethatγ � 0.
If C is boundedand dimY � ∞, or if B is bounded,then the following are

equivalent:

(i) Σ is exponentially stableand � ú �2� γ;

(ii) There is � � 0 s.t. � 	H �3� Domñ B îw ò and/
Aî � ù � A E C î C ñ Bîw � E D î C ò�î

Bîw � E D î C γ2I E D î D 1 � 0 on Domñ Aò54 U � (1.22)

Moreover, anysolution of (ii) satisfies� � 0.

In theStrictPositiveRealLemma,wepresentanalogousconditionsfor theI/O
mapto satisfyú ï TIC andReö ú�ýpô�ý ÷�� 0 (i.e., *ú¯ù *ú î6� εI in L∞

strongñ iR; ð¯ñ U ô Y ò�ò
for someε � 0). Naturally, therearealsoanalogousresultsfor unboundedB and
C.

In Section10.6,wepresentnecessaryandsufficientconditionsfor theuniform
positivity of the Popov operator( ú î J ú � 0), in termsof spectralfactorizations
andRiccati equationsor inequalities. Section10.7presentadditional resultsfor
positiveRiccatiequations(say, with positivesignatureoperator, S � 0).

Chapter 11: The H∞ Full-Inf ormation Control Problem(FICP)

TheH∞ controlproblemsrefer to theminimizationof theoutputof a plantin the
presenceof a disturbanceinput. The name“H ∞” comesfrom the minimization
of the(controlledclosed-loopsystem) L2 ü L2 normfrom disturbanceto output,
which equalsthe H∞ norm of the correspondingtransferfunction, by Theorem
1.2.1.

In the FICP, studied in this chapter, we can produce the control signal
knowing exactly the stateand disturbanceof the system, whereasin the Four-
Block Problemof Chapter12thecontrollersonly input is aseparatemeasurement
output.

Our mainresultsstatethat,givenγ � 0, thereis a controller achieving a norm
lessthanγ if f the Riccati equation(1.24)hasa nonnegative stabilizingsolution.
Moreover, if this is thecase,thenthereis sucha controllerthatconsistsof pure
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ÿ 0 1τ 0 2τø ú 1 ú 27
1 8 1 8 2

9 x9 y :
; ûû u<9u=

w:x0:Figure1.3: TheH∞ FICP

statefeedback(with no measurementof the disturbance).This generalizesthe
classicalresultsto this problem.For WPLSs,O. Staffanshadalreadyprovedthe
necessitypartof theimplicationfor stablesystemshavinganL1 impulseresponse.
We alsoformulatethesolutionin termsof J-losslessfactorizationsandsolve the
correspondingdiscrete-timeproblem.

Technically, we study a systemof form Σ í F é ê 1 ê 2ë I 1 I 2 > , with input space

U 4 W insteadof U . If ú í è ú 1 ú 2 ì ï TIC∞ ñ U 4 W ô Y ò is regular, wecanwrite
thisas ?

x@äí Ax ù B1u ù B2wô
y í Cx ù D1u ù D2wô (1.23)

(if B í è B1 B2 ì ï�ð�ñ U 4 Wô H � 1 ò andC ïÛð�ñ Domñ Aò ô Y ò areunbounded, then
thedynamics(1.23)aresatisfiedonly in thesensedescribedin Theorem6.2.13).

We have dividedthe input spacein two to modela settingwhereonly partof
theinput(calledthecontrol), u : R û�ü U , is accessibleby thecontroller, whereas
theotherpartrepresentsthedisturbance(or uncertainties,sensornoise,modeling
error) w : R û·ü W to the system. The signaly is the objectiveor error signal
whosenormis to beminimized.

In theoptimal H∞ State-FeedbackControl Problem(SFCP), onewishestofind
a(pure)statefeedbackcontrollerof form “u ñ t ò í Kx ñ t ò ” (with e.g.,K ïÁð�ñ H ô U ò )
such that this feedbackstabilizes the systemexponentially and minimizes the
norm � w Aü y � - + L2 � L2 � . In the optimal H∞ Full-Information Control Problem
(FICP), the controller is allowed to be of form “u ñ t ò»í K ñ t ò x ù F2w ñ t ò ” (state
feedbackplus feedforward),asin Figure1.3. (Here è 7 8 1 8 2 ì is the state
feedbackpair generatedby K or è K 0 F2 ì , andthesignalu < representsthe
externaldisturbances(or externalinputs)in the feedbackloop. The words“full
information” refer to the fact that the controllerhasaccessto both the stateand
thedisturbance.)

Thereisnodirectmethodavailable(evenin thefinite-dimensionalcase)tofind
theexactoptimum. Therefore,insteadof theoptimal problem,thecorresponding
suboptimalH∞ problem is usually treatedin the literature. In the suboptimal
H∞ problem, we searchfor an exponentially stabilizing controller such that� w Aü y � - + L2 � L2 � � γ, whereγ � 0 is agivenconstant;suchacontrolleris called(γ-
)suboptimal. Weextendtheclassicalresultsby showingthatthereis asuboptimal
statefeedbackcontrollerif f theRiccatiequationcondition(iii) below is satisfied.
By varying γ we canthenfind an estimateof the infimal γ anda corresponding
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(almostoptimal) controller (e.g.,by abinarysearchover γ’s).
As mentionedabove, under standardcoercivity assumptions and certain

regularityandnormalization conditions(see,e.g.,Theorem11.1.4),thefollowing
areequivalent:

(i) there is a suboptimal control law w Aü u, and ñ A ô B1 ò is exponentially
stabilizable;

(ii) there is a suboptimal state-feedback(plus feedforward) controller u í
Kwx ù F2x;

(ii’) thereis suboptimal purestate-feedbackcontrolleru í Kwx;

(iii) theRiccatiequation� ñ B1Bî1 E γ � 2B2Bî2 ò � í Aî � ù � A ù C î C ô (1.24)

(on Domñ Aò ) hasa nonnegative solution � ï¯ð�ñ H ò suchthatA EUñ B1Bî1 E
γ � 2B2Bî2 ò � generatesanexponentially stableC0-semigroup.

Moreover, if (iii) holds, then K : í�E B î1 � ï ð¯ñ H ô U ò determinesa suboptimal
(pure)state-feedbackcontrollerfor Σ (throughu ñ t ò : í Kx ñ t ò/ñ t � 0ò ). A solution� of (iii) is unique.

Herewe have assumedthatB is bounded,D2 í 0 andD î1 èC D1 ì í è 0 I ì ;
see,e.g., (11.24)and (11.17) for the unsimplified forms of (iii) and K. (Also
without theabove simplifying assumptions,thesuboptimal statefeedbackopera-
tor K is exponentially stabilizing (anduniformly regular, thoughnot necessarily
bounded),but wemustaddasignaturecondition to (iii); moreover, condition(ii’)
becomesstrictly strongerthanthe otherconditions(which remainequivalentto
eachother)unlessa strongersignatureconditionis satisfied.)

We presentanalogousresults under different regularity assumptions, and
variantsfor þ out, þ sta and þ str, i.e., wherethe suboptimal controller needsto
be,e.g.,merelystronglystabilizing insteadof exponentially stabilizing. We also
establishthe sufficiency of the Riccati equationcondition for arbitrary regular
WPLSs(seeLemma11.2.13).In Example11.3.7(c),we show that,however, this
conditionis notnecessaryfor generalregularWPLSs.

In (i), we haveallowedfor anarbitrarycontrollaw L2 ñ R û ;W òBAü L2 ñ R û ;U ò .
If sucha control law ) : w Aü u hasa transferfunction(e.g., )Ìï TIC∞ ñWô U ò ),
thenthenorm � w Aü y � equals� ú 1 ) ùÊú 2 � TIC +W �Y � , or ��*ú 1 *) ù *ú 2 � H∞ + C , ; - +W�Y �.� .
By theaboveequivalence,thisproblem,theFICPandtheSFCPareall equivalent
(undersimplifying assumptions and suitable regularity). Thus, if there is any
suboptimal control law (and ñ A ô B1 ò is exponentiallystabilizable),then thereis
actuallyacausal,linear, stable,time-invariantcontrollaw thatcanbeimplemented
as an exponentially stabilizing state feedbackcontroller (so that )_íÕñ I E8 1 ò � 1 8 2). Condition (i) can also be formulated as a minimax problem, as
explainedin Section11.1(particularlyonpp.613and626).

In Section11.2,we give proofsandadditional variantsfor theabove results,
andwe extendthe(frequency-domain)J-losslessfactorizationresultsfor theH∞

FICPgivenin [Green]and[CG97]to MTIC andsimilarclasses(Theorem11.2.7).
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TheDiscrete-TimeH∞ FICP is treatedin Section11.5,andtheabstractH∞ FICP
in Section11.7.

TheH∞ FICPis interesting bothfor its own meritsandfor thefact that it can
beusedto obtainasolutionto theH∞ 4BPpresentedbelow.

Themethodsusedfor thestableH∞ FICPalsoapplyto the(one-block)Nehari
problem,whereonewishesto estimated ñ ú�ô TIC î ò or theHankel norm � π û ú π � �
of someú ï TIC. Therefore,we takeabrief look at thisproblemin Section11.8,
this includesthefollowing:

Theorem1.2.9(Nehari) Let ú ï MTIC ñW ô U ò andγ � 0. If dimU 4 W � ∞ orú ï MTICTZ , thenthefollowingareequivalent:

(i) There is C5ï TIC ñ U ô W ò s.t. � úÛù C/îD� - + L2 � � γ (i.e., d ñ ú�ô TIC î òE� γ).

(ii) TheHankel norm � π û ú π � � of ú is lessthanγ.

(iii) There is F ïHG TIC ñ U 4 W ò s.t. F 11 ïHG TIC ñ U ò andè I I0 I ì î F I 0
0 � γ2I > è I I0 I ì íIF è I 0

0 � I ì F+î .
(Recallthat ú ï MTICTZ meansthat ú hasanL1 impulseresponseplusdelays

of form ∑∞
k J 0Dkτ � kT for someperiodT � 0.)

Thefactorizationin (iii) is oftencalleda co-spectralfactorization.Thenorm� π û ú π � � equalsρ ñK0L0�î�ø»î
ø»ò 1M 2, where 0B0+î and ø»î�ø are the reachabilityand
observability Gramians,respectively, of any realizationof ú having stableinput
andoutputmaps.

Wedonot treattheNehariRiccatiequations,sincetheir theorywould require
lengthy additions to Chapter9 due to the noncausalityof the corresponding
“closed-loopsystems”.

Chapter 12: H∞ Four-Block Problem( N�OQP�RTSVU�WVX5NZY γ)

In the H∞ Four-Block Problem(H∞ 4BP) (aka. “the standardH∞ problem” or
“the generalregulatorproblem”),onetriesto find aDPF-controllerthatmakesthe
normw Aü z lessthana givenconstantγ � 0 (see(1.14)),i.e.,γ-suboptimal.

Consequently, asexplainedabove, thedifferenceto theH∞ FICP is thatnow
thecontrollerdoesnothaveaccessto thedisturbance,only to apartof theoutput
(“the measurement”),asin Figure1.4(or in Figure7.8;seeFigures7.10and7.11
for DPF-controllerswith internalloop).

Thus,thegoalof theengineeris againto minimizethenormfrom theexternal
disturbanceinput to theobjective outputof thesystem. As in thepreviouschap-
ter, we againgeneralizetheclassicalresult(previously generalizedto Pritchard–
Salamonsystemsby B. vanKeulen[Keu]) that thereis a γ-suboptimal exponen-
tially stabilizing (measurementfeedback)controller if f certaintwo independent
Riccati equationshave exponentially stabilizing nonnegative solutionsandthese
(necessarilyunique)solutionssatisfythe standardspectralradiuscondition. We
formulatetheresultalsoin termsof two nestedJ-losslessfactorizationsandsolve
the H∞ discrete-timeFour-Block Problem;in fact thesetwo generalizationsof
classicalresultsserveaspartsof our lengthyproof.
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Σ for Σ ï WPLSñ U 4 W ô H ô Z 4 Y ò

As in Section7.3, the output “y” is now divided in two, namely“y” í^	 zy � ,
wherez is theobjectiveoutputto beminimizedandy is ameasurementthatis fed
into thecontroller. Thiscorrespondsto thedynamics� !  " x@ í Ax ù B1u ù B2wô

z í C1x ù D11u ù D12wô
y í C2x ù D21u ù D22wô (1.25)

with initial state x0 ï H, disturbanceinput w ï L2 ñ R û ;W ò , control input
u ï L2 ñ R û ;U ò , objective output z ï L2 ñ R û ;Z ò and measurementoutput y ï
L2 ñ R û ;Y ò (thecontrollerinput). In thecaseof a generalweaklyregularsystem,
equations(1.25)hold in thestrongsense,seeTheorem6.2.13for details.

We arethento find a controller ) : y Aü u s.t. thenormw Aü z becomessmall
enoughand that the closed-loopconnectionbecomesexponentially stable(that
is the maincase;we only treatthecasewherethe closed-loopsystemis merely
requiredto bestableor strongly stable).

(We remindthattheorderof thesubindicescorrespondingto u andw is often
reversedin theliterature;thisalsoaffectstheformulaebelow.)

In Section12.1, we presentseveral versionsof the standardresult that the
H∞ 4BP has a solution if f the two H∞ Riccati equationshave nonnegative
exponentially stabilizingsolutionssatisfyingthecouplingcondition.Sincewedo
not useany simplifying assumptions, our formulaebecomerathercomplicated.
Therefore,we show here the simplified forms of thoseformulae (by making
additionalassumptions):

Theorem 1.2.10(H∞H∞H∞ 4BP) Let γ � 0. Make the regularity and nonsingularity
assumptions(A1)&(A2)of Theorem12.1.4.

Thenthere is anexponentiallystabilizing DPF-controller for Σ (possibly with
internal loop)satisfying � w Aü z �_� γ iff (1.)–(3.)of Theorem12.1.4hold. Under
thenormalizingconditions

D12 í 0 í D21 ô D î11 èC1 D11ì í è 0 I ì í D22

/
Bî2
D î221 ô (1.26)

conditions(1.)–(3.)canbewrittenasfollows:

(1.) (� X� X� X-CARE) There is � X ïUð�ñ H ô Domñ B îw ò�ò s.t. � X � 0 on H, A ù



38 CHAPTER1. INTRODUCTIONñ γ � 2B2 ñ Bî2 ò w E B1 ñ Bî1 ò w ò � X is exponentiallystable, andñ�ñ Bî1 ò w � X ò î ñ Bî1 ò w � X E γ � 2 ñ�ñ Bî2 ò w � X ò î ñ Bî2 ò w � X í Aî � X ù � XA ù C î1C1 �
(1.27)

(2.) (� Y� Y� Y-CARE) There is � Y ï¶ð�ñ H ô Domñ F C2
C1 > w ò�ò s.t. � Y � 0 on H, A î ùñ γ � 2C î1 ñ C1 ò w E C î2 ñ C î2 ò w ò � Y is exponentially stable, andñ�ñ C2 ò w � X ò î ñ C2 ò w � X E γ � 2 ñ�ñ C1 ò w � X ò î ñ C1 ò w � X í A� X ù � XAî ù B2Bî2 �

(1.28)

(3.) (Coupling condition) ρ ñ � X � Y ò`� γ2.

Any solutions of (1.) or (2.) are unique. If (1.)–(3.) are satisfied, then
all exponentiallystabilizing DPF-controllers for Σ satisfying � w Aü z �a� γ are
the onesparametrizedin Theorem12.1.8,and the regularity claimsof Theorem
12.1.4(a)&(b)apply.

In (3.), ρ denotesthe spectral radius. One of the alternative regularity
assumptions in (A1) is thatB is boundedandπ � 0 � 1 � Cw ÿµï L1 ñ
	 0 ô 1ò ; ð¯ñ H ô Z 4 Y ò�ò .
For boundedB, theRiccatiequation(1.27)takestheclassicalform� X ñ B1Bî1 E γ � 2B2Bî2 ò � X í Aî � X ù � XA ù C î1C1 � (1.29)

Seep. 618 for further simplification andremarks. Analogousremarksapply to
(2.); e.g.,for boundedC, theRiccatiequation(1.28)becomes� X ñ C î2C2 E γ � 2C î1C1 ò � X í A� X ù � XAî ù B2Bî2 � (1.30)

Thus, the classicalresultsbecomespecialcasesof ours. We also give sev-
eral results under weaker regularity assumptions (e.g., for the case whereÿ B ô Cw ÿ ô Cw ÿ B ï L1

loc; this allows roughlytwice asmuchunboundednessasthe
assumptions of aPritchard–Salamonsystem).

In generalwe allow for DPF-controllerswith internalloop, but we show that
sucha loop is not neededif D21 í 0 (i.e., onecanusea well-posedcontrollerin
thatcase).

In Section12.2, we give discreteforms of the resultsof Chapter12. For
themwe needno regularity assumptions(sinceB andC arealwaysboundedfor
“discrete-timeWPLSs”).

In Section12.3,we studythe frequency-domainH∞ 4BP, whereoneis only
givenan I/O map ú ï TIC∞ ñ U 4 W ô Z 4 Y ò , andonewishesto find a controller
(I/O map) )Ìï TIC∞ ñ Yô U ò s.t. the closed-loopconnectionbecomes(I/O-)stable
andsatisfies� w Aü z �_� γ (see(1.14)for bdc�ñ ú�ô )¹ò : w Aü z; we alsotreatthecase
where ) is allowed to have an internal loop). In particular, no state-spaceor
internalstability considerationsarerequired.
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MichaelGreenshowed in [Green](Theorem4.4) that the frequency-domain
4BP has a solution if f certain two nestedspectralfactorizationsexist (in the
rational finite-dimensional case). In Section12.3 we extend this result and its
earlier extensions to mapshaving a d.c.f. in MTIC (Theorem12.3.6); we also
provide partial resultsfor moregeneralsettings. Our proof of Theorem1.2.10is
basedonboththefrequency-domain4BPandtheH∞ FICP. Therestof thechapter
consistsof proofsandminor results.

Part IV: Discrete-Time Control Theory

Part IV presentsthe discrete-timecounterpartof the theoryof Parts I–III. Pri-
marily welist thecontinuous-timeresultsthatholdalsofor thediscrete-timewell-
posedlinear systems(wpls’s)(cf. Theorem13.3.13;ournotationis muchthesame
in both settings). Most proofsapply mutatismutandis; we give explicit proofs
whenthis is not thecase.Severalproofsin PartsI–III areactuallyreducedto the
discretetime. Our maincontributionsin this partaremainly thesameasthosein
continuous-time (PartsI–III), suchasthesolutions of theH∞ problems(Sections
11.5and12.2).

Chapter 13: Discrete-Time Maps and Systems(ti & wpls)

In Chapter13, we presentbriefly somefacts on the discretecounterpartsof
WPLSs,which we call discrete-timewell-posedlinear systems(wpls’s). They
arethesystemsgovernedby thedifferenceequations� !  " x j û 1 í Axj ù Buj ô

y j í Cxj ù Du j ô j ï Z ô (1.31)

for some è A B
C D ì ï�ð�ñ H 4 U ô H 4 Y ò . Weshow thatalmostall ourcontinuous-time

resultshavediscrete-timeanalogies(seeTheorem13.3.13),andalsomany further
resultsholddueto theboundednessof thegeneratingoperators(A ô B ô C ô D).

In Section13.1, we study boundedlinear time-invariant maps e 2
r ñ Z;U ò2üe 2r ñ Z;Y ò (“ti r ñ U ô Y ò ”, where � u � 2c 2

r + Z;U � : í ∑k � r � kuk � 2U ), for r � 0, and corre-
spondingtransferfunctions. The Cayley transformis treatedin Section13.2.
(Thesetwo sectionscorrespondto Chapters2 and3; in particular, we extendthe
discrete-timeFouriermultiplier andH∞ boundaryfunctiontheoremsfor I/O maps
overunseparableHilbert spaces).

In Section13.3,westudywpls’s(thiscorrespondsto Chapter6; alsoChapters
4, 7 and 8 (and partially the rest of this monograph) are treatedin Theorem
13.3.13).

In Section13.4,weshow how to obtainwpls’s from WPLSsby discretization.
This allows us to reduceseveral WPLS problemsto wpls problems,which are
oftensubstantially simplerdueto theboundedinputandoutputoperators.
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Discrete-timeRiccatiequations(DAREs)andspectralandcoprimefactoriza-
tion aretreatedin Chapter14,minimizationproblemsin Chapter15,andH∞ (and
Nehari)problemsin Sections11.5and12.2.

Chapter 14: Riccati Equations (DARE)

In Chapter14, we shall presentthe resultsof Chapters9 and5 (seethe above
summaries)in their discrete-timeforms andsupplementthis by further results.
In particular, we defineand study infinite-dimensional Discrete-timeAlgebraic
RiccatiEquations(DAREs).

Weshow thatfor thegeneralcostfunction,theexistenceof anoptimal control
is equivalentfor the DARE (1.32) to have a stabilizingsolution. Moreover, the
optimal controllercanbe computedfrom sucha solution. We alsoshow that a
thirdequivalentconditionis thegeneralizationof thestandardcoercivity condition
combinedto exponential stability (Theorem14.2.7).

Noticethatthediscrete-timeH∞ controlproblemsaresolvedin Sections11.5
and12.2. The solutionsarealreadyknown for finite-dimensionalproblems(see
[IOW]).

Given an initial statex0 ï H, we saythat “u ï'þ exp ñ x0 ò ” if f u ïfe 2 ñ N;U ò is
suchthatx ïge 2 ñ H ô U ò (wherex isdeterminedby (1.31)with x0 í 0); suchcontrols
(u) aresometimescalled“exponentially stabilizing” (or “power stabilizing”). (It
obviously followsthaty ïZe 2 ñ N ô Y ò .)

Oneoftenwantsto minimizeor, moregenerally, optimizeacostfunction(i.e.,
to find aJ-critical control)undertherestrictionu ï þ exp ñ x0 ò . Thisproblemhasa
uniquesolution if f theextendedDARE hasasolution:

Theorem1.2.11 There is a unique J-critical control for each x0 ï H iff the
extendedDiscrete-timeAlgebraic RiccatiEquation(eDARE)�     !      " K î SK í Aî � A E � ù C î JC ô

S í D î JD ù Bî � B ô
SK í�EÁñ D î JC ù Bî � Aò ô (1.32)

hassolution ñ � ô Sô K ò such that � í � î�ï¯ð�ñ H ò , S is one-to-one, K ï¯ð�ñ H ô U ò
andσ ñ A ù BK òE� D. Moreover, anysuch solution is unique.

If such a solution exists,thentheJ-critical control is determinedby thestate
feedback u j í Kxj andcorrespondingJ-critical costis givenby ö x0 ô � x0÷ , where
x0 is theinitial state. �

(Herethecostfunctionis of form

ó ñ x0 ô uò : í ∑∞
k J 0 ö yô Jy÷ Y for someJ í J î ïð�ñ Y ò . SeeTheorem14.1.6for theproof.)

The above theoremcorrespondsto þ¶îî í�þ exp (in the discrete-timesense);
analogousresultsholdfor other þ�îî ’s(cf. Chapter8). Wealsopresentsomeresults
in thesingular case(whereS is notone-to-oneandK is notunique)andsufficient
conditionsfor theexistenceof auniqueJ-critical control.



1.2. A SUMMARY OF THIS BOOK 41

Chapter 15: Quadratic Minimization

This chapteris mostly thediscrete-timecounterpartof Chapter10; seetheabove
summaryfor Chapter10 for correspondingproblemsandresults,suchasLQR
andH2 problems,extendedminimization, coercivity, real lemmasandmaximal
solutionsof Riccati inequalities/equations.Naturally, severaladditionaldiscrete-
timeresultsaregiven;thefollowing onesolves theextendedLQR (minimization)
problem:

Corollary 1.2.12(LQR: min ∑∞
j J 0 ñ�� y j � 2Y ù � u j � 2U ò ) Let Rô Q � 0. Then the

followingareequivalent:

(i) there is a ö yô Qy÷ c 2 ù ö u ô Ru÷ c 2-minimizingcontrol overall u : N ü U for each
x0 ï H;

(ii) for each x0 ï H there is u ïhe 2 ñ N;U ò s.t.y ïhe 2;

(iii) theDARE �     !      " � í Aî � A ù C î QC E K î SK ô
S í R ù D î QD ù Bî � B ô
K í´E S� 1 ñ D î QC ù Bî � Aò ô (1.33)

hasa nonnegativesolution � .

If (iii) holds, then the smallestnonnegative solution is minimizing over all
u : N ü U.

There is a minimizingcontrol over þ exp iff the DAREhasan exponentially
stabilizingsolution � û ; such a solution is strictly minimizing over þ exp andthe
greatestnonnegativesolutionof theDARE.

If Σ is exponentiallydetectable(e.g., C î C � 0), thenthe DAREhasat most
onenonnegative solution, and such a solution is necessarilystrictly minimizing
over þ exp. �

In Section15.5,we show that any strongly stabilizing solutionof a positive
DARE (or of thecorrespondingRiccati inequality) is themaximalone. We also
studyRiccati inequalitiesin theindefinitecase.

AppendicesA–F

In the appendices,we presentmathematicalknowledgethat is necessaryfor a
completeunderstanding of the proofs in the main part of this monograph. The
readersunfamiliar with thetheoryof vector-valuedfunctionsmight wish to have
a glanceat thebeginningsof AppendicesA, B andD beforestartingto readthe
maintext, but mostreaderswill probablyvisit theappendicesonly whenin need
to clarify somepartsof theproofsin themaintext.

Most of the appendicesconsistsof vector-valuedanalogiesof “well-known”
scalarresults,someof which are difficult to find in the literatureeven in the
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scalarcase,whereassomeof our resultsseemto benew even in thescalarcase.
Hopefully, the appendicescan alsoserve as a referencefor several resultsthat
have beencommonlyusedin infinite-dimensional control theorywithout known
references.

In the main text of this monograph,the vector spacesare assumedto be
complex (K í C), but in the appendices,the scalarfield K canbe taken to be
eitherC of R (in AppendixD andSectionsA.4 andF.3, we assumethatK í C,
asexplicitly statedthere;in theothersectionsin theappendiceswe alwaysstate
explicitly any suchexceptions).

In AppendixA, we presentstandarddefinitionsandseveral factson algebra,
topology and functional analysis, including several useful formulae for the
inversesof operatorsbetweenproductspaces.

In SectionB.1,webriefly present(Lebesgue)integration,differentiation,mea-
surability andL p and i function spaces.In the restof AppendixB, we extend
suchconceptsfor functionswith valuesin Banachspaces(we call suchfunctions
vector-valued). Our resultsinclude the densityof finite-dimensional, smooth,
compactlycarriedfunctionsin vector-valued(Lebesgue)L p spaces(evensimul-
taneouslyfor different p’s andweight functions; seeTheoremB.3.11), several
integral inequalities and equalities(e.g., TheoremsB.4.12 and B.4.16), certain
productmeasurability results,differentiationformulaefor integrals(SectionB.5)
andthebasictheoryof vector-valuedSobolev spaces(SectionB.7).

In AppendixC, webriefly introducevector-valuedalmostperiodicfunctions.
In AppendixD, we studyholomorphic vector-valuedfunctions.This includes

(Hardy)Hp spaces,LaplaceandFouriertransformsandPoissonintegralformulae.
We alsopresentsomeresultsonconvolutionsandonvector-valuedmeasures.

In Appendix E, we presentthe Riesz–ThorinInterpolationTheorem, the
Hausdorff–YoungTheoremandsimilar resultsfor vector-valued functions,with
applicationsto controltheory.

In AppendixF, we definespacesof strongly measurable functions( f : Q üð�ñ B ô B2 ò , where f x : Q ü B is (Bochner-)measurablefor eachx ï B) andweakly
measurable functions (Λ f x is measurablefor each x ï B and Λ ï B î2). In
particular, we defineand studyL p

strong andLp
weak spaces(the main applications

arecontainedin theabove summaryon Chapter3) andHp
strong andHp

weak spaces
(with applicationsin systemtheory). We alsodevelop integration, convolution
andLaplacetransformtheoryfor stronglyor weaklymeasurablefunctions.

The completenessof L∞
strong (whereasLp

strong is incompletefor p � ∞) and
someHp j Hp type resultsat the end of AppendixD may be the deepestnew
resultsin the appendices,whereasmany of the other resultsare more or less
straight-forwardgeneralizationsand/orextensionsof known facts.
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1.3 Conventions

If we spoke a different language, we would perceive a somewhat
differentworld.

— Ludwig Wittgenstein(1889–1951)

Most of the notationis explainedat the point whereit is usedfor the first
time, andthereis an extensive list of references,symbols, terms,abbreviations
andacronymsat theendof thisbook(p. F.3). Thecorrespondenceof diagramsof
systemsto correspondingequationscanbeobservedfrom Figure6.1 (p. 155); in
particular, inputscorrespondto columnsandoutputs to rows, asin a matrix (and
in [Sbook]).

Following the standardconvention, in definitionswe write if insteadof iff
(which means“if andonly if ”). An asterisk(“ k ”) often denotesfor something
omitted(seethesymbollist, p. 1038).By brackets(“ 	l�
�
� � ”) we denotereferences
(p. 1024)or optionalparts;seep. 1037.

For clarity, we have chosenthe “Blackboardbold” style to indicate the
“integral” operators,e.g.,a WPLS is of the form è�é êë I»ì . As a result,we have
to useordinary bold letters(C, R, Z, N ím� 0 ô 1 ô 2 ô �
�
�l� ) for standardfields of
(complex, real,integer, natural)numbers.

The generatorsof è�é êë INì aredenotedby è A B
C ì or è A B

C D ì , asin Section1.2
(alternatively, seeDefinition 6.1.1,Lemma6.1.16andDefinition 6.2.3). Simi-
larly, the generators(feedthroughoperators)of any otherintegral maps(always
Blackboardbold)will usuallybedenotedby correspondingordinary(capital)let-
ters.Notealsothebarsseparatingthedifferentpartsof thesystem;this is helpful
whenthepartsconsistof largerexpressions.

The order of proofs

The “integral” notation(1.8) of a systemallows us to treatcontinuous-time and
discrete-timeproblemsin a unified way. This allows us to transfercontinuous-
time resultsto discretetime with a minimal effort: it suffices to just list which
partsarevalid alsoin discretetime, with sameproofs(seeTheorem13.3.13).In
particular, within thediscrete-timetheory(Part IV), any referencesto continuous-
time resultsrefer to correspondingdiscrete-timevariants(oneshaving undergone
thesubstitutions(13.63)).

However, theproofsof certainresultsrestontheboundednessof “dif ferential”
or differenceoperators,hencethey are given first for discretetime and then
extendedto continuous time by discretization(becausediscrete-time systems
always have boundedgenerators).Such resultsinclude the uniquenessof the
solution of the Riccati equation,the two-Riccati formula of the H∞ Four-Block
Problemandseveralresultsonstabilization.

Becauseof this, to verify the proofs of the whole monograph,one might
wish to first read and verify the resultsin their discrete-timeform, and only
thenin their continuous-timeform (seeTheorems13.3.13,14.1.3,15.1.1,11.5.2
and12.2.2andtheir proofsfor detailsandotherpossibleorders). Nevertheless,
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all resultsthat arevalid in both continuousanddiscretetime are first statedin
continuoustime,andwegive theproofsin their continuous-timeformswhenever
reasonablypossible; in suchcasesthediscrete-timeanalogiesarejust references
to thecontinuous-timeresultsandproofs,asin Theorem13.3.13.

Mostreadersmayreadthebook“asis”, but thereaderwishingtohaveadeeper
insight(or tounderstandall proofs)hasto studyalsothediscrete-timepartin order
to completelyabsorbthecontinuous-timepart. Conversely, readersinterestedin
discrete-timeresultsonly may skip thingssuchas generatorsand regularity of
continuous-timesystems, aswell asrelatedcomplicatedtechnicalmethods.

Trying to balancebetweenthepropertiesneededfrom areferencemanualand
thoseneededfor a“chronological”orderof proofs,wehavegroupedsomeclearly
relatedresultstogether, thus placing someresultsbeforethoseneededin their
proofs;wehave tried to clarify theorderof proofsin thosecases.

Proofs

Theproofsoftencontainextra information: remarks,clarificationsof ambiguous
statementsin the theorems,weaker or alternative assumptions, or “counter-
examples”showing thatourassumptions arenotsuperfluous,etc.

We placea square(“ � ”) at the end of eachproof, and at the end of each
lemma,proposition, theorem,corollary or remarkwhoseproof is only sketched
or replacedby a referenceto someotherresult.

Thereareseveralalgebraicbasicresults(e.g.,theSchurdecomposition of an
(operator)matrix) thatareoftenusedin controltheorywithout a furthermention.
We have compiledthemto theOperatorMatrix LemmaA.1.1, which hashelped
usmakemany proofsdramaticallyshorter, simpler andeasierandtheresultsmore
elegantthanin theearlyversions of thisbook(youdonotwantto know...).

Notes

At the end of most sections,there is a “Notes” subsectioncontainingfurther
remarksand external references,including any earlier forms of similar results
in the literature(known to us). However, we often refer to a “more up-to-date
reference” insteadof thefirst author.

Whenreadingthenotesto discrete-timesections,oneshouldalsoconsultthe
notesto correspondingcontinuous-timesections.Notealsothehistoricalremarks
of Section1.2.

Hypotheses

At thebeginning of eachchapter, welist any standinghypothesesandassumptions
of thechapteror of its parts.

Outside the appendices,any BanachandHilbert spacesarecomplex andof
arbitrarydimensionsunlessotherwisestated.In theappendices,thescalarfield K
maybeeitherof R or C exceptthat in AppendixD andSectionsA.4 andF.3 we
assumethatK í C, asexplicitly statedthere.
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Chapter 2

TI and MTI Operators

Gatheryerosebudswhile yemay,
Old Timeis still a-flying:
Andthissameflowerthatsmilestoday
Tomorrowwill bedying.

— RobertHerrick (1591–1674)

Throughout this chapter, H, Hk, U , W, Y, Yk andZ (k ï N) denoteHilbert
spacesof arbitrarydimensions(unlessotherwisespecified).(Many resultsof this
chapteralsohold for Banachspacesandfor Lp in placeof L2; see[Sbook] for
details.)

In Section2.1weshallstudythebasictheoryof TIω ñ U ô Y ò , theboundedlinear
time-invariant operatorsL2

ω ñ R;U òNü L2
ω ñ R;Y ò (ω ï R). Section2.2 treatsthe

invertibility of TIω operatorswith emphasison thecausalones,TICω.
Section2.3 lists sufficient conditionsfor a TIC operatorto be static,that is,

to be the multiplication operatorinducedby an elementof ð�ñ U ô Y ò . We also
give certainresultsthat will be usedin connectionwith the signature operators
of optimization problems,Riccati equationsand spectralfactorizations;such
operatorsarefurther treatedin Section2.4. Section2.5 treatstheconceptñ J ô Sò -
losslessness.

In Section2.6 we definethesubspaceMTI ω ñ U ô Y ò (andits subspaces)corre-
spondingto TIω ñ U ô Y ò mapsof form u Aü µ k u, whereµ is a measureconsisting
of a function f ï L1

ω ñ R; ð�ñ U ô Y ò�ò plusa discretepart (this includesthe Callier–
DesoerclassandtheWienerclass).We list thebasicpropertiesof theseclasses.

For mostreadersit sufficesjustto haveaglanceatsubsections2.1.1–2.1.7and
possiblyalso2.6.3–2.6.4,andthenreturnto this chapteronly whenpointedby a
reference.

The book [RR] is a standardreference for TIC (or “causalshift-invariant”)
operators;seealso[Nikolsky] and[Sbook]. (Dueto Lemma2.1.3,TIC (or TIC∞)
operatorsare sometimescalled “Toeplitz operators”;seep. 56 for the correct
definition.)

Weshallsometimesreferto Chapter3, whichdoesnotdependon thischapter
excepton thebasicpropertiesof TI andTIC operators.

47
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2.1 Time-invariant operators (TI)

Weepnomore, nor sigh,nor groan;
Sorrowcallsno timethat’sgone;
Violetspluckedthesweetestrain
Makesnot freshnor grow again.

— JohnFletcher(1579–1625)

In this section, we define the class TI of time-invariant boundedlinear
operatorsL2 ñ R; kZò�ü L2 ñ R; kZò andseveralof its subclasses,andstudytheir basic
properties.

Westartwith notation.For any ω ï R, p ïn	 1 ô ∞ � andameasurablesetJ � R,
we set

Lp
ω ñ J;U ò : ípo u ï Lp

loc ñ J;U ò �� ' t Aü e� ωtu ñ t ò ( ï Lp ñ J;U òDq{í eω r ý Lp ñ J;U ò ;
(2.1)

in particular, � u � Lp
ω

: ís� e� ω r u � Lp. Thus, eω r : í eω r becomesan isometric
isomorphism L p Aü Lp

ω, andwe have (recall that τtu : í τ ñ t ò u : í u ñ ý�ù t ò , Ru í
u ñ�E ý ò )

τ ñ t ò eω r í eωteω r τ ñ t ò ô � τ ñ t ò u � Lp
ω
í eωt � u � Lp

ω ô ñ t ô ω ï R ô u ï Lp
ω ñ R;U ò�ò�� (2.2)

Moreover, πEu : í χEu, whereχE is thecharacteristicfunctionof E � R, π û : í
πR , andπ � : í πR t í I E π û . It followsthat

R� 1 í Rí Rî ô π2
E í πE í π îE ô RπE Rí π � E ô (2.3)

τ ñ t ò î í τ ñ�E t ò ô τ ñ t ò τ ñ sò�í τ ñ t ù sò ô Rτ ñ t ò¢í τ ñ�E t ò Rô πEτ ñ t ò�í τ ñ t ò πE û t ô (2.4)

andthatany L ï�ð�ñ U ô Y ò commuteswith τt , RandπE in ð�ñ L2 ñ R;U ò ô L2 ñ R;Y ò�ò .
We will oftenusethe fact that if � un �u� L2

α
j L2

ω, un ü u in L2
α, andun ü v

in L2
ω, then u í v (a.e.), by TheoremB.3.2. On of its consequencesis that

L2
ω ñ R û ;U ò5� L2

α ñ R û ;U ò , continuously, for ω � α. Finally, wehave� u � L2
ω
í lim

r # ω û � u � L2
r
ñ ω ï R ô u ï L2

loc ñ R û ;U ò�ò ô (2.5)

by theMonotoneConvergenceTheorem.

Definition 2.1.1(TI, TIC) Let ω ï R. We defineTIω ñ U ô Y ò to be the (closed)
subspaceof operators v´ï ð�ñ L2

ω ñ R;U ò ;L2
ω ñ R;Y ò�ò that are time-invariant, i.e.,

τ ñ t òwv'íxv τ ñ t ò for all t ï R.
WedefineTICω ñ U ô Y ò to bethe(closed)subspaceof operators ú ï TIω ñ U ô Y ò

thatarecausal, i.e., π � ú π û¯í 0, or, equivalently, ú π û L2
ω � π û L2

ω.
WesetTI : í TI0, TI∞ : ízy ω { RTIω, TIexp : ízy ω | 0TIω, TIC : í TIC0, TIC∞ : í

TIC j TI∞ and TICexp : í TIC j TIexp. For vjï TIω ñ U ô Y ò we set v t : í
π � 0 � t � v π � 0 � t � ïoð�ñ L2 ñ R;U ò ô L2 ñ R;Y ò�ò .

We call mapsbelongingto TICexp exponentially stable, thosebelongingto
TIC í TIC0 stable, andthosebelongingto TIC∞ } TIC unstable.

We extendany ú ï TIC∞ ñ U ô Y ò as follows: if u ï L2
loc ñ R;U ò and π � u ï L2

ω,
thenwe setπ + � ∞ � T � ú u : í π + � ∞ � T � ú π + � ∞ � T � u (T ï R) (by causality, ú u becomes
uniquelydefined(a.e.) onR).
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By Lemma2.1.10,we have TIC í TIC∞
j TI, TIC∞ í~y ω { RTICω, TICexp íy ω | 0TICω. SeeRemark2.1.9for theconceptTIa

j TIb for a $í b.
For any ú ï TICω we obviously have ú π û·í π û ú π û , π � ú í π � ú π � , and

π + � ∞ � t � ú í π + � ∞ � t � ú π + � ∞ � t � . We will oftenusethesefactsaswell asthefact that
R	 L2

ω ñ R;U ò�� í L2� ω ñ R;U ò .
Theorem 2.1.2(Transfer functions) Let ω ï R. For each ú ï TICω ñ U ô Y ò
there is a unique function *ú ï H∞ ñ C ûω ; ð�ñ U ô Y ò�ò , called the transferfunction
(or symbol or Laplace transform) of ú , s.t. �ú u í�*ú û on C ûω for all u ï
L2

ω ñ R û ;U ò . The mapping ú Aü *ú is an isometric isomorphismof TICω ñ U ô Y ò
ontoH∞ ñ C ûω ; ð�ñ U ô Y ò�ò . �

(Thetheoremis obtainedfrom Theorem2.3of [W91a]by translationby ω (cf.
Remark2.1.6).Thattheoremalsocontainsasimilarclaimfor L p (1 � p � ∞) and
BanachspaceU andY, but in thatcasetheisometricisomorphismontobecomes
merelya linearinjectioninto, by Example3.3.4.)

Recallthat *u denotestheLaplacetransform*u ñ sò : í & R e� stu ñ t ò dt of u.
We often identify functionsandcorrespondingmultiplication operators,i.e.,

we consider *ú ï H∞ ñ C ûω ; ð�ñ U ô Y ò�ò both as a function and as an operatoron� � 	 L2
ω ñ R û ;U òT�dí H2 ñ C ûω ;U ò (seeTheorem3.3.1(b)).
A causaltime-invariantmap ú : L2 ñ R;U ò6� Domñ ú ò3ü L2 ñ R;Y ò is called

well-posedif f ú ï TIC∞ ñ U ô Y ò , i.e., if f thereareω ï R andM � ∞ s.t. � ú u � L2
ω �

M � u � L2
ω

for all u ï Domñ ú ò andDomñ ú ò j L2
ω is densein L2

ω ñ R;U ò .
Thus, if *ú ï H ñ Ω; ð�ñ U ô Y ò�ò for someopenΩ � C, then the multiplication

map *u Aü *ú *u determinesa (necessarilyunique)well-posedmap ú ï TIC∞ ñ U ô Y ò
if f *ú is defined and boundedon someright half-plane (i.e., if f *ú ï H∞

∞ : íy ω { RH∞ ñ C ûω ; kZò ). Therefore,“well-posed”isanextensionof theclassicalconcept
“proper” (recall thata properrationalfunctionis onethat is boundedat infinity).
We shallstudytransferfunctionsof TIC∞ mapsin detail in Section3.3andthose
of TI∞ mapsin Section3.1.

We concludefrom Theorem2.1.2that theextensionmentionedat theendof
Definition2.1.1extendsany ú ï TICω toauniqueTICω � operatorfor eachω @ � ω;
we identify thesetwo operators.Thus,TICω � TICω � . TheTIω operatorsarenot
nestedin a similar way, but they are also uniquely determinedby any TIω � to
which they belong;seeRemark2.1.9for details.

A causalmap ú ï TIC∞ is determinedby its Toeplitzoperator π û ú π û :

Lemma 2.1.3 For each ú û´ïÊð�ñ L2
ω ñ R û ;U ò ô L2

ω ñ R û ;Y ò�ò s.t. τ � t ú í ú τ � t for
t � 0, there is ú ï TICω ñ U ô Y ò s.t. ú ûµí π û ú π û . This correspondenceis an
isometricisomorphism.

Proof: (Recall that we identify functionson R û to their zeroextensions,
henceτ � t f is zeroon 	 0 ô t ò for eachf : R û¯ü�k .)

Extend ú û to ð�ñ X ô L2 ò , where X : í�y T { RL2
ω ñ
	T ô�ù ∞ ò ;U ò�ò�� L2

ω, byú û τTu : í τT ú û u for T � 0, u ï π û L2
ω. Oneeasilyverifiesthat the resulting

operatoris well-definedand time-invariant. Becausethis doesnot alter the
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normof ú û , by (2.2),we canextend ú û to L2
ω, by density. By continuity, the

resultingoperatoris time-invariant. Theconverseis obvious. �
Definition 2.1.4 If v0ï TIω ñ U ô Y ò (ω ï R), thenits (noncausal)adjoint v»î is the
TI � ω ñ Yô U ò mapthatsatisfiesõ

R ö ñKv u òOñ t ò ô y ñ t òP÷ dt í õ
R ö u ñ t ò ô ñKv î yòOñ t òp÷ dt ñ u ï L2

ω ñ R;U ò ô y ï L2� ω ñ R;Y ò�ò��
(2.6)

Wecall v d : í Rvcî Rï TIω ñ Yô U ò thecausaladjointof vUï TIω ñ U ô Y ò .
(Weusedheretheidentity τ ñ t òwv»î/í�ñKv τ ñ�E t ò�òKîcí�ñ τ ñ�E t òwv�ò�îcí�v�î τ ñ t ò .)
Obviously, it is enoughto verify (2.6)for u ô y ï�i ∞

c ñ R;Y ò , by TheoremB.3.11.
Notethat v ô v @ ï TIω � ñKvLv @ ò�î=íxv @ î v�î . SeealsoLemma2.1.10(b).

Note that the adjoint is not taken w.r.t. the L2
ω inner product(which would

imply v�î�ï TIω ñ U ô Y ò ) but w.r.t. the L2 í L2
0 inner product (so that v»î�ï

TI � ω ñ U ô Y ò ). Thisway theadjointdoesnotdependon thechoiceof ω.
By duality we usuallymeanthatoneappliesknown resultsto theduals(i.e.,

adjoints)of theoperatorsinvolved(cf. alsoLemma6.1.4).

Lemma 2.1.5 Let ω ï R. If ú ï TICω ñ U ô Y ò , then ú d ï TICω ñ Yô U ò . Letv)ï TIω ñ U ô Y ò . ThenvUï�G�ð�ñ L2
ω ñ R;U ò ô L2

ω ñ R;Y ò�ò iff v)ïVG TIω ñ U ô Y ò . �
(We leave thesimpleproof to thereader.)
Thus,theinverse(if any) of a time-invariantmapis necessarilytime-invariant.

The inverseof a causalmap neednot be causal(e.g., τ ñ�E 1ò{ï TIC, τ ñ 1ò�í
τ ñ�E 1ò � 1 ï TI } TIC). However, the “causaladjoint” of a causalmapis always
causal,asshown in thelemma.

Remark 2.1.6(Shifting stability) Let α ô ω ï R. Let � α bethestability shift (or
scalingoperator) v�Aü eα r v e � α r . Then� α isanisometricisomorphismofTIω onto
TIω û α andof TICω ontoTICω û α (because	 π û�� L2

ω û α í eα r 	 π û�� L2
ω, isometrically).

Obviously, � απ �¯í π ��� α, � ατ ñ t ò�í τ ñ t òw� α (t ï R), andwehave� α ñKv 8 ò»í�ñK� α vcòäñK� α 8 ò ô � α ñ β v ù γ 8 ò»í β � α v ù γ � α 8 ô (2.7)ñK� α vcò � 1 í�� α v � 1 ô ñK� α v�ò î íx� � α v î ô (2.8)ñK� α vcò d í�� α v d ô �� α v'í τ ñ�E α ò *vQ� (2.9)�
(The formula �� α v:íp*v|ñ ý E α ò refersto Theorem3.1.3(a1);for v?ï TIC∞ it

alsocoversTheorem2.1.2.)
Notethatα � 0 decreasesstability, i.e.,shiftsthetransferfunctionto theright.

SeealsoRemark6.1.9.
If ú ï TI is causal,then,obviously, ú î is anti-causal, i.e.,π û ú î π � í 0. If ú

is bothcausalandanti-causal,thenwecall ú static. We identify D ï8ð¯ñ U ô Y ò and
the multiplication mapMD : u Aü Du (note that MD ï TIC ñ U ô Y ò , M � 1

D í MD t 1

if either inverseexists, and M îD í MD � ). The static TIC mapsare exactly the
(multiplication)mapsof this form:
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Lemma 2.1.7(Static ú ) Let ú ï TIC∞ ñ U ô Y ò and ú î±ï TIC∞ ñ Yô U ò . Then ú ïð�ñ U ô Y ò . Moreover, the imbeddingð�Aü TICω preservesnormsand commutes
with algebraic operations(for anyω ï R).

Thus, ú ï TIC∞ & π û ú π � í 0 � ú ïÛð . SeeSection2.3 for moreon static
operators.

Proof: For ú�ôÏú îÀï TIC, this is statedin [RR, Theorem5.2C,p. 96] (we
donot know their proof; a proof consistsof Proposition D.1.20combinedwith
Theorems2.1.2and3.3.1;see[Sbook]for amoregeneralresultandits system-
theoreticproof).

In the general case, where ú�ô�ú î ï TICω for some ω ï R, we haveú � ω : ín� � ω ú ï TIC0 and ñ ú � ω ò�î�í�� ω ú î/ï TIC0, henceD : í ú � ω ïÀð�ñ U ô Y ò
and ú í�� ω ú � ω í D. �
The Hankel operator1 π û ý π � of a TIC∞ mapdeterminesthe mapuniquely

moduloastaticoperator:

Corollary 2.1.8(π û ú π �π û ú π �π û ú π � ) Let ú�ô [ú ï TIC∞ ñ U ô Y ò . Thenπ û ú π � í π û [ú π � iffú í [ú ù D for someD ï�ð�ñ U ô Y ò . �
(Apply Lemma2.1.7to ú E [ú .) Notethatit sufficesthatπ û ú π � φ í π û [ú π � φ

for all φ ïVi ∞
c , by TheoremB.3.11.

As notedabove,a TICa mapis alsoa (i.e.,extendsto a unique)TICb mapfor
any b � a. If the restrictionof a TIa maponto L2

b
j L2

a is continuous in the L2
b

norm(to L2
b), thenit extendsto a uniqueTIb map(anda uniqueTIr mapfor any

r ï�	 a ô b� ), aswill be notedin the remarkandlemmabelow. The corresponding
technicaldetailsaregivenin PropositionE.1.8.

Remark 2.1.9(TIa
j TIbTIa
j TIbTIa
j TIb) Leta � b. Assumethat b is thesetof simplefunctions

R ü U, or bjí L2
a ñ R;U ò j L2

b ñ R;U ò or bjí�i ∞
c ñ R;U ò .

If(f) v5ïfb¿ü L2
a ñ R;Y ò is time-invariant, linear and boundedL2

a ü L2
a and

L2
b ü L2

b, or equivalently, v is linear andthere is M � ∞ s.t.�
v φ � L2
a � M � φ � L2

a ô �
v φ � L2
b
� M � φ � L2

b
and v τ ñ t ò φ í τ ñ t òwv φ for all t ï R ô φ ï�b ô

(2.10)
then v extendsto a uniqueoperator v´ï TI r ñ U ô Y ò for all r ïI	 a ô b� , and v is
uniquelydefinedon y r { � a � b� L2

r ñ R;U ò , byPropositionE.1.8.
Therefore, if v a ï TIa ñ U ô Y ò and v b ï TIb ñ U ô Y ò are s.t. v a ízv b on b , then

weidentify v a and v b.
Thus,by“ v'ï TIa ñ U ô Y ò j TIb ñ U ô Y ò ” wemeansuch a map(i.e., v í�v a í�v b,

where v a and v b areasabove).
Analternativecharacterization is that v : L2

a ñ R;U ò ù L2
b ñ R;U ò�ü L2

a ñ R;Y ò ù
L2

b ñ R;Y ò is linear ands.t. va� L2
a
ïÛð�ñ L2

a ô L2
a ò , v�� L2

b
ïÛð�ñ L2

b ô L2
b ò and v τt í τt v for

all t ï R (seeDefinitionE.1.3). �
1Sometimes π ��� π � is calledtheHankel operator andπ ��� π � theanti-Hankel operator of � ;

ourchoice is dueto [S97b].



52 CHAPTER2. TI AND MTI OPERATORS

If v is a linearmapwhoserestrictionto DomñKvcò j L2
a extendsto auniqueTIa

map(asabove), thenwe identify thisTIa mapwith v .
By translation-invarianceanddensity, it is enoughto verify (2.10) for func-

tionsφ ïhb having their supporton,e.g.,R û .

Lemma 2.1.10(TIa
j TIbTIa
j TIbTIa
j TIb) Let v½ï TIa ñ U ô Y ò j TIb ñ U ô Y ò , a � b. Then the

followinghold:

(a1) vUï TIr ñ U ô Y ò for all r ï�	 a ô b� , and�
v�� TIr í : Mr � M1 � θr
a Mθr

b � max� Ma ô Mb � ñ r ïn	 a ô b� ò ô (2.11)

where θr : í�ñ r E aò
� ñ b E aò .
(a2) If vUï TIC∞ ñ U ô Y ò , then vUï TICr ñ U ô Y ò for all r ïn	 a ô ∞ ò .
(b) vcî¹ï TI � r ñ Yô U ò , v d ï TIr ñ Yô U ò and v � 1 ï TIr ñ Yô U ò are independentof r.

(c) Wehave8 íz��ï TIa j TIb if 8 ï TIa, ��ï TIb, 8 φ íI� φ for all φ ï�b , andb is s.t.thetranslationsof b spana densesubsetof bothL 2
a andL2

b (e.g., b
is asin Remark2.1.9or bÉí~� χ � 0 � 1� � or bÉí~� e� r M 2 � (byLemmaD.1.25)).

(d) Let ú ï TICr ñ U ô Y ò , r ï R. Then ú ï TICr � ñ U ô Y ò and � ú � TICr � � � ú � TICr

for all r @ � r. Moreover, ú î�ï TI � r � ñ Yô U ò , ú d ï TICr � ñ Yô U ò and ú � 1 ï TI.

(e) Let ú ï TIC∞ ñ U ô Y ò , and let ω ï R. Then ú ï TICω iff ú u ï L2
ω for all

u ï L2
ω ñ R û ;U ò .

(f) LetT ï R,
[v)ï TIa and ú ï TICa. Let ω ï R. Then,� [vg� TIω : í � [vg� - + L2

ω � í¡� π �T �∞ � [v π �T �∞ � � - + L2
ω � í lim

t # û ∞
� [v t � - + L2

ω � (2.12)í sup
u {�¢ ∞

c + R , ;U �£�£¤ u ¤
L2

ω ¥ 1
� π �T �∞ � [v u � L2

ω ô and (2.13)� ú � TICω : í � ú � - + L2
ω � í lim

t # û ∞
� ú t � - + L2

ω � (2.14)í lim
r # ω û � ú � TICr í sup

r ¦ ω
� ú � TICr (2.15)

(thenormsmaybeinfinite for ω $í a; recall that
[v t : í π � 0 � t � [v π � 0 � t � ).

(g) Let 8 ï TIr for all r ïµñ a ô bò . ThenM : í supr { + a � b � � 8 � TIr � ∞ iff 8 ï
TIa
j TIb. If this is thecase, thenM í max�§� 8 � TIa ô � 8 � TIb � .

To givethereaderabetterintuition onTI∞ operators,wementionafew results
thatwill beshown later: theFourieror Laplacetransform(“transferfunction” or
“symbol”) of aTIa ñ U ô Y ò mapis in L∞

strongñ a ù iR; ð�ñ U ô Y ò�ò (Theorem3.1.3),that
of a TIa

j TIb map is also in H ñ�ñ a ô bò ; ð�ñ U ô Y ò�ò (Theorem3.1.6),and that of a
TICa mapalsoin H∞ ñ C ûa ; ð�ñ U ô Y ò�ò (Theorem2.1.2).

Proof: Recall that simple functions(henceL2
a
j L2

b) are densein L2
r for

r ïn	 a ô b� , by TheoremB.3.11.
(a1)SeePropositionE.1.8andRemark2.1.9.
(a2)Now π � v π û�í 0 onany L2

r (r ï�	 a ô b� ), by continuity. From(d) weget
that v)ï TICr for any r � a.
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(b) It is obviousfrom (2.6)that ñKv r ò�î�í?ñKv a ò�î onL2� a
j L2� r , hencevcîr ínv�îa,

(by definition(or by (c)).
Consequently, Rv�îa Rí Rvcîr R(onL2

a
j L2

r ).
Finally, if v is invertible in TI rk andin TIrk (rk ï�	 a ô b� ) for k í 1 ô 2, thenv � 1 mapsL2

r1
j L2

r2
onto itself (asdoes v too); in particular, v � 1

r 1
í¨v � 1

r 2
(on

L2
r1
j L2

r2
).

(c) This followsalmostdirectly from Remark2.1.9(theFouriertransforms
of χ � 0 � 1� � ande� r M 2 are $í 0 a.e.;cf. LemmaD.1.25).

(d) By Theorem2.1.2,ú extendsto aTICr � mapfor r @ � r. Therestfollows
from (b).

(Notethatτ ñ�E 1òcï TIC j G TI } G TIC∞, sinceτ ñ 1ò is noncausal.)
(e) “Only if ” is trivial, so assumethat ú ï TICα, α � ω, and ú u ï L2

ω
for all u ï L2

ω ñ R û ;U ò . The continuousinclusion π û L2
ω � L2

α implies thatú u ïoð�ñ π û L2
ω ô L2

α ò , henceú u ïoð�ñ π û L2
ω ô L2

ω ò , by LemmaA.3.6. Thus,(2.10)
is satisfied,henceú ï TIω. By (a2), v)ï TICω.

(f) Obviously, we canw.l.o.g. assumethat ω í 0 (cf. Remark2.1.6)and
T í 0 (usetime-invariance).By Remark2.1.9,we have� [v%�cí sup

u {�¢ ∞
c + R;U �£�£¤ u ¤

L2
ω ¥ 1

�
v u � L2
ω
� (2.16)

Assume,thatM �©� [vg� . Chooseu ïªi ∞
c ñ R;U ò s.t. � u � 2 í 1 and � [v u �d� M. By

CorollaryB.3.8,we have � π û [v τ � tu �«� M for t big enough;take t sobig that
we alsohave τ � tu ïni ∞

c ñ R û ;U ò to establish(2.13). Obviously, (2.12)follows
from (2.13).

Thefirst two equalitiesfor � ú � follow from theabove. Also the ú t claim
follows from CorollaryB.3.8,soonly (2.15)remainsto beproved.

Let � u � L2 í 1. Then � ú u � L2
r
�¬� u � L2

r
ü­� ú u � L2, by (2.5), hence � ú � �

supr ¦ ω � ú � TICr . But � ú � TICr is decreasingin r, by (d), hence � ú � is givenby
(2.15).

(g) (In fact,wemayreplaceñ a ô bò by any D � R s.t.a ô b ï D̄.) This follows
from LemmaE.1.9. �
If(f) � ú � TIα is (finite and)bounded,asα ü ù ∞, then ú is causal:

Lemma 2.1.11 Let ú ï TIω ñ U ô Y ò , ω ï R. Thenthefollowing areequivalent:

(i) ú ï TICα for someα � ω;

(ii) ú ï TICα for all α � ω;

(iii) ú ï TIα and � ú � TIα � � ú � TIω for all α � ω;

(iv) ú ï TIα for all α � ω, ande� αε � ú � TIα ü 0 for all ε � 0.

Thus, if � ú � TIα doesnot grow with an exponentialspeed,asα ü ù ∞ (cf.
(iv)), thenit is boundedand ú is causal.

On theotherhand,τt ï TIω ñ U ò for all t ô ω ï R, but τt $ï TIC∞ for t � 0 (τt is
notcausalbecauseit mapsbackwardsin time),and � τt � TIα í eαt , by (2.2),sothe
estimatein (iv) is the“bestpossibleone”.
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Proof: 1® “(ii) � (i)” and“(iii) � (iv)”: This is trivial.
2® “(i) � (ii)&(iii )”: This followsfrom Lemma2.1.10(d).
3® “(iv) � (i)”: Assume that(i) doesnothold,sothaty : í π � ú π û u $í 0 for

someu ï L2
ω ñ R û ;U ò .

Chooseε � 0 s.t.r : í � π + � ∞ � � ε � y � L2
ω
� 0. Then,by (2.2),� y � L2

α
: í � e� α r y � 2 � e+ α � ω � ε � y � L2

ω
� eαεδ @ ô (2.17)

whereδ @ : í e� ωεr � 0. Consequently, � ú � TIα � eαεδ (α � ω), whereδ : í
δ @ �¬� u � L2

ω
� 0, because� u � L2

ω
��� u � L2

α
� 0 (α � ω).

It follows thate� αε � ú � TIα � δ $ü 0, sothat (iv) doesnot hold. Therefore,
(iv) implies(i). �

Lemma 2.1.12( ú is closed) Let ú ï TIC∞ ñ U ô Y ò and ω ï R. Then ú is closed
onL2

ω ñ R û ;U ò (herewesetDomñ ú ò : í~� u ï L2
ω ñ R û ;U ò �� ú u ï L2

ω � ).
Proof: Chooseα � ω s.t. ú ï TICα. If un ü u and ú un ü y in L2

ω, then
un ü u in L2

α, henceú un ü ú u in L2
α, hencey í ú u a.e.,by TheoremB.3.2.�

We setL2
c ñ R;U ò : í�� u ï L2 ñ R;U ò¬�� suppu is bounded� . If ú 	 L2

c �¯� L2, thenú is “almoststable”(cf. Lemma6.1.11andTheorem3.3.1(a4)&(c3)):

Lemma 2.1.13(ú L2
c � L2ú L2
c � L2ú L2
c � L2) Let ú ï TIC∞ ñ U ô Y ò and ω ï R, and let there be

T � 0 s.t. ú π � 0 � T � u ï L2
ω for u ï L2

c. ThenM : í¡� ú π � 0 � T � � - + L2
ω � L2

ω � � ∞, and� ú � TICβ � Mβ �ω � TM ñ β � ω ò ô (2.18)� ú u � L2
ω � Mα �ω � TM � u � L2

α
ñ α � ω ô u ï L2

α ñ R û ;U ò�ò�� (2.19)

Thus, then ú 	 L2
c �d� L2

ω and ú π � 0 � t � u ü ú u and ú t u ü ú u in L2
ω for all u ï

L2
α ñ R û ;U ò ù L2

c, α � ω. Moreover, ñ s ù r ù ω ò � 1 *ú ï H2
strongñ C ûω ; ð�ñ U ô Y ò�ò for

all r � 0; in particular, *ú ñ 1 � r1û r òcï H2
strongñ D; ð�ñ U ô Y ò�ò if ω � 1.

(SeeDefinition13.2.2for *° .)
Proof: (In fact, thelemma holdsevenfor TICloc (seeSection8 of [Sbook]

for thedefinition)in placeof TIC∞, with virtually thesameproof.)
Except for the H2

strong claims, this follows from Lemma 13.1.3 through
discretization.(RecallthatL2

c ñ R;U ò�í¨y T ¦ 0L2 ñ
	uE T ô T ò ;U ò .)
Since *ú ñ s ù r ù ω ò � 1u0 ï H2

ω for all u0 ï U (notethat
� � � 1 ñ s ù r ù ω ò � 1u0 ï

L2
ω � r M 2; see also Theorem3.3.1(b) and Theorem2.1.2) we have ñ s ù r ù

ω ò � 1 *ú ï H2
strongñ C ûω ; ð�ñ U ô Y ò�ò , by LemmaF.3.3(a1).

Set t : í r ù ω to observe from Lemma13.2.1(e2)that z Aü ñ 1 ù zò±	 1 � z
1û z ù

t � *° *ú ï H2
strongñ D; ð�ñ U ô Y ò�ò , i.e., 	 1 ù t ù ñ t E 1ò z� *° *ú ï H2

strongñ D; ð�ñ U ô Y ò�ò , for

all t � ω. If ω � 1, we cantake t í 1 to obtainthat *° *ú ï H2
strongñ D; ð�ñ U ô Y ò�ò .�
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Lemma 2.1.14(ú t î ú t � γ2I � � ú � TIC � γú t î ú t � γ2I � � ú � TIC � γú t î ú t � γ2I � � ú � TIC � γ) Let ú ï TIC∞ ñ U ô Y ò andγ ï R. Ifú t î ú t � γ2I for all t � 0 ô (2.20)

then ú ï TIC ñ U ô Y ò and � ú � TIC � γ. If J � 0 is s.t. that ú t î J ú t � γ2I for all
t � 0, then ú ï TIC ñ U ô Y ò . �

Proof: (Obviously, thetheoremalsoholdswith TI in placeof TIC.)
The first claim follows from (2.14). If J � εI , ε � 0, then ú t î J ú t î �

ε ú t î ú t î , hencealsothesecondclaim holds. �
Lemma 2.1.15( ñ ú u òOñ t ò¢í est *ú ñ sò u0ñ ú u òOñ t ò¢í est *ú ñ sò u0ñ ú u òOñ t ò�í est *ú ñ sò u0) Let ú ï TICω andlet Res � ω. If u0 ï U
andu í esr u0, then ñ ú u òOñ t ò�í est *ú ñ sò u0 for all t ï R. �

(This is Lemma6.10of [S98c], originatingfrom [W91a].) Note that π � u ï
L2

ω, andthat ú wasextendedasexplainedin Definition2.1.1.

Notes
Theorem2.1.2is from [W91a]. Corollary2.1.8,Lemma2.1.15andmuchof

Definitions2.1.1and2.1.4andof our notationarefrom [S97a]and[S98c]. The
caseω í 0 of Lemma2.1.7is Theorem5.2Conp. 96 [RR].

A standardreferencefor thetheoryon time-invariantoperatorsis [RR].
The main new contributions of this sectionarethe theoryof TIω

j TIω � (see
2.1.9–2.1.11and3.1.6,andthe fact that ú is “almost stable” if ú π � 0 � T � L2 � L2

(seeLemma2.1.13andthereferencesabove it).

2.2 TIC — invertibility

Andthat invertedBowl wecall TheSky,
Whereundercrawlingcoop’t welive anddie,
Lift not thyhandsto It for help– for It
Rollsimpotently onasThouor I.

— OmarKhayyam(1048–1131)

In this sectionwe studythe invertibility propertiesof TI∞ operators.Invert-
ibility andleft invertibility (andright invertibility, by duality) arefurtherstudied
in Chapter4. Westartfrom thegeneral(noncausal)case:

Lemma 2.2.1 LetU ô Y beHilbert spaces,ω ï R, andε � 0.

(a1)Let vUï TI ñ U ô Y ò . Thenv=î²v³� 0 iff F´v0í I for someF5ï TI ñ Y ô U ò .
(a2)Let vUï TIω ñ U ô Y ò . ThenvUï�G TIω �µvUï�G�ð¯ñ L2

ω ñ R;U ò ô L2
ω ñ R;Y ò�ò .

(b) F ô v)ï TIω ñ Cn ò & F´v0í I í � vBF�í I .

(c1) vUï TI ñ Cn ò & v�î²v³� 0 í � v)ïVG TI ñ Cn ò & vBv+î«� 0.

(c2) vUï TI ñ U ô Cn ò & v�î²v³� 0 í � dimU � n (and vUï�G TI � dimU í n).

(c3) vUï TI ñ U ô Y ò & v�î²v³� 0 í � dimU � dimY.
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(c4) v)ïVG TIω ñ U ô Y ò�í � dimU í dimY.

(d) ú ï TIC∞ ñ U ô Y ò & ú t î ú t � εI for all t � 0 í � dimU � dimY.

By dimH we meanthe cardinalityof an arbitraryHilbert basisof H. (E.g.,
dim e 2 ñ N ò¶� dim e 2 ñ R ò ; cf. LemmaB.3.16.) Naturally, alsothe shiftedversions
of theabove resultshold; (e.g.,if somev0ï TIω ñ U ô Y ò is coercive, thendimU �
dimY).

Proof: We use here Theorem2.1.2 and the separablecaseof Theorem
3.1.3(a)&(c)(both areknown resultsin that extent). We take ω í 0 w.l.o.g.
(seeRemark2.1.6).

(a1)If vcî²v�� 0, then F : í?ñKv�î²v�ò � 1 vcî+ï TI ñ Yô U ò and F´v°í I . Conversely,
if F´v0í I , thenö u ô v î v u÷ í �
v u � 2 � ε � u � 2 for all u ï L2 ñ R ô U ò ô (2.21)

whereε : í 1�¬��Fg� 2 � 0, i.e., vNî²vx� εI .
(a2) “Only if ” is trivial, soassumethat v:ï TI j G�ð�ñ L2 ñ R;U ò ô L2 ñ R;Y ò�ò .

Then v � 1τt íGñ τ � t vcò � 1 íÌñKv τ � t ò � 1 í τt v � 1 for all t ï R, hencethen v � 1 ï
TI ñ Yô U ò .

(b) *F ô *· ï L∞ ñ Cn ¸ n ò and *F8ñ it ò *· ñ it òNí I a.e.on iR, hence *· ñ it ò *F8ñ it òNí I
a.e.on iR.

(N.B. Thiswouldnotholdevenfor static(constant)operatorsif theHilbert
spaceCn werereplacedby aninfinite-dimensionalone.)

(c1) Take F : í�ñKvcî±vcò � 1 v anduse(b).
(c2) U is separablesince vcî D is densein L2 ñ R;U ò for any D densein

L2 ñ R;Cn ò (becausevcî is onto). By Theorem3.1.3, *v�ï L∞
strongñ iR; ð¯ñ U ò�ò

and *v î�*v¹� εI a.e. on iR. If it ï iR is such that *v|ñ it ò î�*v|ñ it òg� εI , then*v|ñ it òcï�ð¯ñ U ô Cn ò is coercive,hencedimU � n, by LemmaA.3.1(a4).
If dimU í n, then º�v � 1 by (c1), otherwise *v{ñ it ò is coercive a.e. and

nowhereonto,henceit can’t haveaninverse.
Remark:Thereare v ô F´ï�ð�ñ L2 ñ U ò ô L2 ñ Cn ò�ò for s.t. vNî²vx� 0, F+î²F¨� 0,v´ïxG�ð¯ñ L2 ñ U ò ô L2 ñ Cn ò�ò and F is not onto, by LemmaB.3.16, for any n ï� 1 ô 2 ô 3 ô �
�
�l� andany separableU . Therefore,time-invarianceis notsuperfluous

in (b)–(c4).
(c3) By (c2), we mayassumethatdimY is infinite, sothatdimL2 ñ R;Y ò=í

dimY, by LemmaB.3.16. By LemmaA.3.1(a4),the coercivity of v implies
that dimL2 ñ R;U ò � dimL2 ñ R;Y ò . Consequently, dimU � dimL2 ñ R;U ò �
dimL2 ñ R;Y ò¢í dimY.

(c4) Now vcî±v�� 0 and vLv+î«� 0, hencedimU í dimY, by (c3).
(d) By Lemma2.2.4(a),we have *ú î�*ú � εI on C ûω , whereω � 0 is s.t.ú ï TICω. Consequently, dimU � dimY, by LemmaA.3.1(a4) �

For any v�ï TI, we denotebelow the Toeplitz operator(or Wiener–Hopf
operator)π û�v π û of v by T » .
Lemma 2.2.2(Toeplitz operators) Let v�ï TI ñ U ò and F ô½¼ ï TIC ñ U ò . Then
T » � í T î» , andthefollowing is true:



2.2. G TIC — INVERTIBILITY 57

(a1) If T » is invertible, thensoare v , T » � andπ � v dπ � .

(a2)T ¾ is invertibleiff F5ï�G TIC.

(b) Let F ô½¼ ïVG TIC ñ U ò . ThenT » invertible iff T ¿ � » ¾ is invertible.

(c1) If vUï�G TI, thenfollowingareequivalent:

(i) T » is invertible;

(ii) π � v � 1π � is invertible;

(iii) v π û ù π � ï�G�ð¯ñ L2 ò ;
(iv) π û�v ù π � ïVG�ð¯ñ L2 ò ;
(v) Reö vLÀ u ô u÷Á� δ � u � 22 for all u ï L2 for someÀâïfG�ð�ñ π û L2 ò andsome

δ � 0.

(c2) (“No equalizing vectors” condition) Let vGï MTIL1 ñ Cn ò , n ï N. Ifv?ï�G TI (i.e., det*v|ñ ir ò $í 0 for all r ï R y�� ∞ � ), thenT » is invertible iff
Kerñ T » ò¢í~� 0 � .

(d) Wehavev�� 0 � T » � 0; in particular, vª� 0 impliesthatT » is invertible.

See[DS] for further equivalentconditions for the invertibility of v (andthe
existenceof anon-TI spectralfactorization)in amoregeneral(non-TI)setting.

Proof: (In thelemma,“L 2” denotesL2 ñ R û ;U ò .)
(a1)By Lemma4.4of [S98c],theinvertibility of T » impliesthatof v . (The

conversedoesnothold: τ ñ 1ò=ïVG TI but Tτ + 1� is notonto.)
Let T » be invertible. Becauseπ îû í π û , we have ñ π û¯v π ûcò�î2í π û�vcî π û ;

henceT � 1» � í T � î» . Moreover, π � v dπ � í Rπ û�v�î π û Rimpliesthe invertibility
of π � v dπ � (on π � L2).

(a2) If F´ï�G TIC, then F π û�í π û�F π û ù π � F π û�í π ûLF π û , by causality,
hencethen

π ûLF�� 1π û π ûLF π û¤í π ûLF�� 1 F π û¤í π û¯í Iπ , L2 í π ûLF π û π ûLF�� 1π û´� (2.22)

Conversely, if π ûLF π û°í�F π û is invertible, then FÌïIG TI, by (a1), and
π û L2 í�F π û L2, hencethen F � 1π û L2 í�F � 1 F π û L2 í π û L2, i.e., F � 1 is
causal.

(b) Now T ¾ and T ¿ � are invertible, by (a2), so the claim follows from
equation

T ¿ � » ¾ : í π û ¼ î v5F π û¤í π û ¼ î π û¯v π ûLF π û¤í T ¿ � T » T ¾`� (2.23)

(c1) (N.B. (v) holdsif f ñKvLÀÌò ù ñKvLÀÌò�î`� 0.)
Claims(iii) and(iv) areequivalentto (i) by equationsv π û ù π � í /

π û�v π û 0
π � v π û π � 1 ô π û�v ù π � í /

π û�v π û π û¯v π �
0 π � 1 (2.24)

(on L2 í π û L2 4 π � L2), respectively. Multiply the former to the left by v � 1

to obtain π � ù v � 1π � to obtain the equivalence“(iii) � (ii)”. Equivalence
“(i) � (v)” is [DS, Theorem3] combinedwith (a1).
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(c2) (Nonzeroelementsof Kerñ T »!ò arecalledequalizingvectors.This “No
equalizingvectors”conditionwasestablishedfor rationaltransferfunctionsin
[Meinsma].)

This proved in [IZ01] (seealso Theorem4.1.1(a)(ii)&(v’)). (“Only if ”
is trivial, “if ” follows by noting that the middle elementof the standard
factorizationof v (seeTheoremII.6.3 of [CG81]) mustbeconstant.)

Remark:It is notpossibleto extendthis resultto anarbitraryHilbert space
H in placeof Cn by usingclassicalfactorizationresults(collectedin Theorem
5.1.6).(And wedonotknow whethersuchanextension is true.)

Indeed,Theorem5.1.6(a)requiresthe additional assumption that T » is
a Fredholmoperator(note that for self-adjoint v , this additional assumption
togetherwith Kerñ T » ò»í�� 0 � is equivalent to the invertibility of T » for anyv'í�v�î�ï TI, notmerelyfor v)ï�G MTIL1

, by LemmaA.3.1(c7)&(c2)(ii)).
(d) This is Lemma4.4of [S98c]. �

Lemma 2.2.3( G G G TIC) Let F5ï TI ñ U ò . Thenthefollowingareequivalent:

(i) F5ïVG TIC;

(ii) F d ï�G TIC;

(iii) F5ï TIC andπ û�F π û is invertibleon π û L2;

(iv) F5ï�G�ð�ñ L2 ò and F π û L2 í π û L2;

(v) F5ï�G�ð�ñ L2 ò and F�î π � L2 í π � L2;

(vi) F5ï TIC, F/î²FI� 0 andπ ûLF π ûLF+î π ûf� 0 on π û L2;

(vii) F5ï TIC, F¶F3î6� 0 andπ � F+î π � F π � � 0 onπ � L2.

If dimU � ∞, thenonemore equivalentconditionis that π ûLF π ûLF+î π ûª� 0;
equivalently, wemayacceptright invertibility in (iii).

SeealsoProposition2.2.5andTheorem4.1.1(b).
Proof: 1® Theequivalence:Because F´ï TIC � F d ï TIC, we obviously

have “(i) � (ii)”. Theequivalence“(i) � (vi) � (vii)” is Lemma4.11of [S98c],
and“(i) � (iii)” is Lemma2.2.2(a2).

“(i) � (iv)”: Clearly(i) and(iii) imply (iv) and(iv) implies(iii).
“(ii) � (v)”: Apply “(i) � (iv)” to F d ï�G�ð¯ñ L2 ò to obtainF d ïVG TIC � π û L2 íIF dπ û L2 í RF î Rπ û L2 í RF î π � L2 � (2.25)

2® Case dimU � ∞: If π ûLF π ûLF+î π û©� 0, then there is ε � 0 s.t.� π � t � û ∞ � F+î π � t � û ∞ � u �Q� ε ��	 t ô�ù ∞ ò u � for u ï L2 andt í 0. By time-invariance,
this holds for all t ï R; by continuity, ��F{î u ��� ε � u � for all u ï L2. If
dimU � ∞, then F�î2ï�G TI, by Lemma2.2.1(a)&(b),hencethen(vi) holds.The
converseis trivial. (Our favoritecounter-exampleF°í τ � 1 ï TIC j G TI } G TIC
shows thatleft-invertibility is notsufficient.) �
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Lemma 2.2.4(ú t î ú t � εI � *ú î *ú � εIú t î ú t � εI � *ú î�*ú � εIú t î ú t � εI � *ú î *ú � εI )

(a) If ω � 0, ú k ï TICω ñ U ô kZò (k í 1 ô 2 ô 3 ô 4) and ú t
1
î ú t

2 � ú t
3
î ú t

4 for all t � 0,
then *ú 1 ñ sò î *ú 2 ñ sòE�¨*ú 3 ñ sò î *ú 4 ñ sò ñ Res � ω ò�� (2.26)

(b) If ú k ï TIC ñ U ô kZò (k í 1 ô 2 ô 3 ô 4), thenthefollowing areequivalent:

(i) ú t
1
î ú t

2 � ú t
3
î ú t

4 for all t � 0;
(ii) π � � t � 0� ú î1π � � t � 0� ú 2π � � t � 0� � π � � t � 0� ú î3π � � t � 0� ú 4π � � t � 0� for all t � 0;

(iii) ú d
1

t ú d
2

t î � ú d
3

t ú d
4

t î for all t � 0;
(iv) π � ú î1π � ú 2π � � π � ú î3π � ú 4π � ;

(v) π û ú d
1π û ú d

2
î π ûª� π û ú d

3π û ú d
4
î π û .

If (i)–(v) hold, thenπ û ú î1 ú 2π ûª� π û ú î3 ú 4π û and(2.26)holds.

(c) If 0 � J ïÛð�ñ Y ò , 0 � S ïÛð�ñ U ò and ú ï TIC ñ U ô Y ò , thenthefollowing are
equivalent:

(i) ú t î J ú t � π � 0 � t � Sfor all t � 0;
(ii) π � � t � 0� ú î π � � t � 0� J ú π � � t � 0� � π � � t � 0� Sfor all t � 0;

(iii) ñ ú d ò tJ ñ ú d ò t î � π � 0 � t � Sfor all t � 0;
(iv) π � ú î π � J ú π � � π � S;
(v) π û ú î π û J ú π û � π û S.

RecallthatP � Q meansthatP í P î , Q í Qî and ö u ô Pu÷3� ö u ô Qu÷ for all u.
Wedonot know whether(b)(i)–(v) is impliedby (2.26).

Proof: Whenproving (a)and(b), weassumethat ú 3 í 0 í ú 4 w.l.o.g. (use

substitutions ú 1 Aü F I 1I 3 > and ú 2 Aü F I 2� I 4 > ).
(a) Let s ï C ûω andu0 ï U be given. Setu : í esr u0 ï L2

loc. Thenπ � u ï
L2 j L2

ω, henceπ � ú ku ï L2
ω ñ R � ;Y òB� L2 ñ R � ;Y ò (k í 1 ô 2). By Lemma2.1.15,

wehave that ñ ú kuòOñ t ò¢í est *ú k ñ sò u0 (t ï R). By time-invariance,

0 � ö ú t
1τ � tu ôpú t

2τ � tu÷�í õ 0� ∞ ö ú 1π � � t � 0� u ôpú 2π � � t � 0� u÷ dt ñ t � 0ò�� (2.27)

Now π � ú kπ + � ∞ � t � u ü 0 in L2
ω, hencein L2 too,ast ü ù ∞. Therefore,we

canlet t ü ù ∞ to obtainthat0 � ö *ú 1 ñ sò u0 ô *ú 2 ñ sò u0÷ & 0� ∞ e2t Resdt. Becauseu0

wasarbitrary, wehave0 � *ú 1 ñ sò�î *ú 2 ñ sò .
(b) 1® (i)–(iii): Equivalence“(i) � (ii)” followsfrom time-invariance(apply

τ � t andτt to differentsidesof the inequality),“(ii) � (iii )” and“(i v) � (v)” by
reflection(apply Rto both sides),andthe implication “(i v) � (ii)” by adding
π � � t � 0� to bothsidesof theinequality in (iv),

2® (ii) � (iv): Assume(ii). For any u ï L2 ñ R � ;U ò andt � 0, wehave

0 � ö ú 1π � � t � 0� u ô π � � t � 0� ú 2π � � t � 0� u÷�í ö ú 1u ô π � ú 2u÷ZE ö π + � ∞ � t � ú 1u ô π � ú 2π + � ∞ � t � u÷Â�
(2.28)
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By Corollary B.3.8, ö ú 1π + � ∞ � t � u ô π � ú 2π + � ∞ � t � u÷3ü 0 as t ü ù ∞, henceö ú 1u ôpú 2u÷�í ö ú 1π � u ô π � ú 2π � u÷ is real andnonnegative. The secondimpli-
cationis obtainedanalogously(becauseπ � � t � 0� ú î1π � � t � 0� ú 2π � � t � 0� � 0).

3® (i) � π û ú î1 ú 2π ûª� 0: Let t ü ù ∞ (asin 2® ).
(c) Weprovebelow theimplication“(v) � (i)”. Therestof (c) follows from

(b) by settingú 1 í I , ú 2 í S, ú 3 í ú , ú 4 í J ú .
Assume(v). Then

π û S � π û ú î π û J ú π û¯í ú t î J ú t ù π û ú î π � t �∞ � J ú π û ô (2.29)

henceπ û S � ú t î J ú t , hence(i) holds.
(We do not have (v) � (i) for J ô S � 0 in general.E.g., if ú í�ñ τ � k ò k { N ï

TIC ñKe 2 ñ N ò�ò , thenπ û ú î π û ú π û¶í π û but ö uk ôpú t î ú t uk ÷®í 0 � ö uk ô π � 0 � t � uk÷ í 1
for uk í χ � 0 � 1 � ek, t � k � 1.) �
By the above lemma(and Lemma2.2.3), we have “ F � 1 ï TIC � *F+î *F��

εI ”, but the converserequiresa Tauberiancondition. Five suchconditions are
presentedbelow:

Proposition2.2.5( *F+î *F¨� εI � F � 1 ï TIC*F+î *F¨� εI � F � 1 ï TIC*F+î *F¨� εI � F � 1 ï TIC) Letω ï R and Fµï TICω � ñ U ô Y ò for
all ω @ � ω. If ñ *F3ò�î *F�� ε2I onC ûω (or F t î F t � ε2Iπ � 0 � t � for all t � 0) for someε � 0,
andanyof conditions(1)–(5)belowholds, then F5ïnG TIC∞ ñ U ô Y ò , F � 1 ï TICω,��F � 1 � TICω � ε � 1, anddimU í dimY.

(1) F5ï�G TIC∞;

(2) F5ï�G TIω � (or FdÃ í I for someÃÝï TIω � ) for someω @ � ω;

(3) dimU í dimY � ∞;

(4) 	 ¾ îî¹î � ï�G TIC∞ ñ U 4 W ô Y 4 Z ò , anddimW � ∞;

(5) *F8ñ s0 òcï�G�ð or *F8ñ s0 ò is ontoor Kerñ *F8ñ s0 ò�î�ò¢í©� 0 � for somes0 ï C ûω ; (for
uniformlyregular F weallow s0 í ù ∞).

If F´ï TIC, and F t î F t � ε2Iπ � 0 � t � for all t � 0, thenalso the sixthconditionF¶F3î«� 0 impliesthat F5ï�G TIC ñ U ô Y ò .
(Note that (1)–(5) arenot superfluous:if dimU í ∞, thenthereis F?í X ïð�ñ U ò s.t.X is left-invertible but not right-invertible.)
Recallthatif F5ï TICω, then F5ï TICω � for all ω @ � ω.
For ω í 0, Proposition 4.1.7(B)&(C) provide us with several sufficient

conditionsfor ñ
*F3ò�îÄ*F¨� ε2I .
Proof: (We take ω í 0 w.l.o.g.)
From(2.26)weobservethatif F t î F t � ε2Iπ � 0 � t � for all t � 0, then *F+î *F�� ε2I

onC û .
The last claim follows from Lemma 2.2.4(b)(i)&(iv) and Lemma

2.2.3(vii)&(i).
Clearly *F (see Theorem2.1.2) has the left-inverse *Å í�ñ *F îÆ*F{ò � 1 *F î ïi b ñ C û ; ð�ñ Yô U ò�ò on C û , i.e., *Å *FpÇ I on C û . Moreover, �±*Å ñ sò�� � ε � 1 for
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all s ï C û , by LemmaA.3.1(c1)(1). If *F8ñ s0 ò2ï�G�ð for somes0 ï C û , then*F8ñ s0 ò � 1 í *Å ñ s0 ò .
Thus, we only have to show that *F has an inverseon C û , i.e., that *Å

is also a right inverseof *F , because*F � 1 is necessarilyholomorphic, by
LemmaD.1.2(b2),hence*F � 1 í¨*Å ï H∞ í *TI (anddimU í dimY, by Lemma
2.2.1(c4)).Theinvertibility proofdependson theextraassumption:

(1) By definitions,(1) implies(2).
(2) Because *Å ô *F�ï i b ñ ω @ ù iR; ð¯ñ U ò�ò , we have F�ï¡G TIω � if f *F�ïG�i b ñ ω @ ù iR; ð¯ñ U ò�ò , by Theorem3.1.3(d). Therefore,(2) implies (5) (note

that *Å is the transformof a left inverseof F�ï TIω � , hencethe existenceof a
right inverseÃ is equivalentto theinvertibility of F in TI ω � ).

(3) dimU í dimY � ∞ impliesthatany left inverseof *F8ñ sò (hence*Å ñ sò ) is
aninverse,by LemmaA.1.1(c1).

(4) (The assumptions meanthat thereare ¼3ô · ô.È ï TIC∞ s.t. è ¾n¿ÉgÊ ì ïG TIC∞ ñ U 4 W ô Y 4 Z ò anddimW � ∞.)
By LemmaA.1.1(c1),the left-invertibility of *F implies the invertibility of*F onC ûω .
(5) By theuniquenessof the ð�ñ U ô Y ò inverse,wehave

E : í~� s ï C û �� *F8ñ sò *Å ñ sò�í I �/í©� s ï C û �� *F8ñ sòcïVG�ð�ñ U ô Y ò�� ô (2.30)

andthelattersetis open,by Lemma6.3.2(d).On theotherhand, *F8ñ sò *Å ñ sò�í I
holdsin aclosedsubsetof C û . Now theconnectednessof C û andthefactthat
E $í /0 (becauses0 ï E) imply thatE í C û (if s0 í ù ∞ and F is UR, then *F8ñ sò
is invertible for big s ï R, by LemmaA.3.3(A2)).

Remark: If U í¨e 2 ñ N ò_� Y and F is the right shift τ � 1 ï¯ð�ñ U ò , thenthe
assumptions(except(1)–(5))aresatisfiedandyet F $ïVG TIC∞. �

Corollary 2.2.6(F t î F t � εI � º�F � 1 ï TICF t î F t � εI � º�F � 1 ï TICF t î F t � εI � º�F � 1 ï TIC) Assumethat F5ï TICω ñ U ô Y ò , ω �
0, ε � 0 and F t î F t � ε2Iπ � 0 � t � for all t � 0.

If any of (1)–(5) of Proposition 2.2.5holds,then F�ï�G TIC∞ ñ U ô Y ò , F � 1 ï
TIC, ��F � 1 � TIC � ε � 1 anddimU í dimY.

Proof: From(2.26)we observe that *F+î *F~� ε2I onC û . Thus, F?ï�G TIC∞,
by Proposition 2.2.5. Moreover, ε � 1Iπ � 0 � t � ��ñ�ñ£F � 1 ò t ò�î
ñ£F � 1 ò t for all t � 0,
hence��F � 1 � TIC � ε � 1, by Lemma2.1.14.

(Again the right shift is a “counter-example” showing that (1)–(5) arenot
superfluous.) �
If F´ï�G TIC ñ U ô Y ò is exponentially stable,thenso is F � 1; moreover, if F is

generatedby anexponentially stablemeasure,thensois its inverse:

Lemma 2.2.7( G TIC j TIexp í�G TICexpG TIC j TIexp íËG TICexpG TIC j TIexp íËG TICexp) Let F ï�G TIC ñ U ô Y ò j TI � r ñ U ô Y ò ,
where r � 0. Then, for someε � 0, we have F � 1 ï TIC � ε ñ Yô U ò ; thus, F�ïG TIC � ε ñ U ô Y ò j TIC � r ñ U ô Y ò .
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If F½ï¨G TIC ñ U ô Y ò j [Ì � r ñ U ô Y ò , where
[Ì � TIC is inverse-closed(as in

Theorem4.1.1(g)),then F5ïVG [Ì � ε ñ U ô Y ò j [Ì � r ñ U ô Y ò for someε � 0.

Here
[Ì

may be MTIC or any other inverse-closedsubclassof TIC, by
Theorem4.1.1(b).

Proof: (We usehere Theorem4.1.1, but this lemma is not usedbefore
Chapter5.)

Let M : íÍ��F � 1 � � 1. By LemmaD.1.8(c), thereis ε � 0 s.t. � *FÁñ t ù iy ò�E*F8ñ 0 ù iy ò��Z� 1� 2M when � t � � ε and y ï R. Consequently, *F8ñ t ù iy ò � 1

exists and its norm is less than 2M for such t and y; in particular, *F � 1 ï
H∞ ñ C � ε; ð�ñ Yô U ò�ò , henceF � 1 ï TI � ε ñ Yô U ò , by Theorem2.1.2.

Thefinal claimfollowsfrom thefactthat G [Ì � ε is inverse-closedin TIC � ε,
i.e., that

[Ì � ε
j G TIC � ε íËG [Ì � ε, by Theorem4.1.1(g1). �

Local causalinvertibility is equivalent to globalcausalinvertibility:

Lemma 2.2.8(F t ïVG�ð~�sF5ïVG TIC∞F t ï�G�ð¨�sF5ï�G TIC∞F t ï�G�ð~�sF5ïVG TIC∞) Let F)ï TIC∞ ñ U ô Y ò and E ∞ � a � b �
∞. ThenF?ïVG TIC∞ iff π � a � b � F π � a � b � is invertibleon π � a � b � L2.

If F5ïVG TIC∞, thenthelatter inverseis π � a � b � F � 1π � a � b � .
However, beinginvertible in a specificTICω is a strongercondition. E.g., if*F8ñ sò : í�ñ s E 1ò
� ñ s ù 1ò , then F?ï TICω ñ C ò for any ω �5E 1, but F � 1 ï TICω for

ω � 1 only, henceF5ï TIC j G TIC∞ } G TIC.
Proof: ThelatterclaimisobviousandtheformeronefollowsfromTheorem

6.1.9(iv)&(v) of [Sbook],but wegivehereanalternativeproof.
SetT : í b E a. Take a realizationof F andtransformit into a wpls asin

Theorem13.4.4. Becausethe transformationmapsTIC∞ ü tic∞ throughan
isomorphism, which is alsoanalgebraicisomorphism,by Theorem13.4.5(b),
it follows from Lemma13.1.7that F is invertible if f Xd : í π � 0 � T � F π � 0 � T � (the
I/O operatorof thewpls) is invertible.

By time-invariancethe invertibility of π � 0 � T � F π � 0 � T � is equivalent to the
invertibility of π � a � b � F π � a � b � . �
Notes
It wouldbeinterestingto know whether(2.26)with ω í 0 is sufficient for (i)–

(v) of Lemma2.2.4(b)(it is necessary, by (a)) whenω í 0; our guessis that the
answeris negative — unfortunately, becausea positive answerwould provide us
with severaladditionalequivalentconditionsin CoronaTheorems4.1.6and4.1.7.
SeealsoLemma4.1.10.

Conditions (3) and(5) of Proposition 2.2.5wereusedin a preprintof [S98d].
Lemma2.2.1(b)andthecase

[Ì í TIC of Lemma2.2.7arefrom [Sbook]. Most
of Lemma2.2.4 is from Section6 of [S98c]. Also (at least)Lemma2.2.8and
partsof Lemmas2.2.2and2.2.3areknown, asexplainedin their proofs.Lemma
2.2.1(c3)is oneof themaincontributionsof thissection.
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2.3 Static operators

Eppursi muove!

— GalileoGalilei (1564–1642), 1633

In thissection,weshallpresentfive important(andapparentlynew) technical
lemmasthatwill beusedin connectionwith ñ J ô Sò -innerfactorizationsandRiccati
equations.Most of the lemmasgive somesufficient resultsfor anoperatorto be
static.

If v)í
vcî|ï TI ñ U ò , thenπ û�v π � í 0 impliesthat π � v π û íÌñ π û¯v π � ò�îNí 0,
sothatthen v is static,i.e., v0ïoð�ñ U ò , by Lemma2.1.7.We now prove a similar
claim for “ v'í ú î J ú ” when ú ï TIC∞ ñ U ô Y ò is only requiredto bealmoststable
( ú L2

c � L2), sothat v neednotbedefinedat all:

Lemma 2.3.1(ú î J ú í Sú î J ú í Sú î J ú í S) Let ú ï TIC∞ ñ U ô Y ò andJ í J î»ïoð�ñ Y ò . Assumethatú u ï L2 (cf. Lemma2.1.13)and ö ú π û vô J ú π � u÷ í 0 for all u ô v ï L2
c. Thenthere

is a uniqueS í SîNï�ð�ñ U ò s.t. ö ú v ô J ú u÷ í ö vô Su÷ for all u ô v ï L2
c.

Note that for ú ï TIC the term ú î J ú would be well definedandhencethe
proofof thelemmawouldbesimple.

Proof: In thesequelweshallusethefactthatif u ï L2
loc and ö vô u÷dí 0 for all

v ï L2
c (or for all v ïni ∞

c ), thenu í 0 (a.e.),by TheoremB.3.11.This implies,
thatS is unique.

Replaceu by τtu to obtainthat ö ú π � t �∞ � vô J ú π + � ∞ � t � u÷ í 0 for all u ô v ï L2
c.

BecauseJ í J î , wehave ö ú π + � ∞ � s� vô J ú π � s�∞ � u÷�í 0 for all u ô v ï L2
c, henceö ú v ô J ú π � s� t � u÷ í ö ú π � s� t � vô J ú π � s� t � u÷½ñ u ï L2

c ô E ∞ � s � t �0ù ∞ ò�� (2.31)

Set Î t : íÌñ ú π � � t � t � ò�î J ú π � � t � t � ï¤ð�ñ L2 ñ
	uE t ô t ò ;U ò�ò (t � 0). Then ö vô Î tu÷�íö ú v ô J ú u÷ for u ô v ï π � � t � t � L2, hencefor u ï π � � t � t � L2 and v ï L2
c, by (2.31).

Consequently, Î Tu í
Î tu ï π � � t � t � L2 for all T � t, sowe candefine Î u : í
Î tu
(u ï L2 ñ
	uE t ô t ò ;U ò ) (for anarbitraryt � 0).

It followsthat Î : L2
c ü L2

c, τ Î8íIÎ τ, and Î T ízÎ π � � T � T � . Therefore,��Î u � 22 í¡� ∑
n { Z τ � n Î π � � 1 � 1 � τnu � 2 í ∑

n { Z ��Î π � � 1 � 1 � τnu � 2 í ∑
n { Z ��Î π � � 1 � 1 � τnu � 2

(2.32)� ��Î 1 � - + L2 � � ∑
n { Z � π � � 1 � 1 � τnu � 2 í¡��Î 1 � - ñ L2 ò�� u � 2 (2.33)

for u ï L2
c. Consequently, Î canbeextendedto a ð¯ñ L2 ò mapthat is TI. From

(2.31)it followsthatπ ûBÎ π � í 0 í π � Î πû , henceÎoï�ð�ñ U ò , by Lemma2.1.7.
Obviously, ÎÁízÎ�î . �
Let ú ï TIC∞. If π û ú π � í 0, then ú is static. In fact, insteadof π û ú π � it

sufficesto observe thatπ � 0 � t � ú π � � ε � 0� í 0 for a fixedε � 0:

Lemma 2.3.2 Let ú ï TIC∞ ñ U ô Y ò , andπ � 0 � t � ú π � � ε � 0� í 0 for someε � 0 andall
t � 0. Then ú ï�ð�ñ U ô Y ò .
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Proof: Obviously, π û ú π � � ε � 0� í 0. Thus,

π û ú π � � nε � 0 � í 0 (2.34)

holdsfor n í 1. Assumenow that(2.34)holdsfor n í N ï 1 ù N. Then

π û ú π � � + nû 1 � ε � � nε � í τ1π � ε �∞ � π û ú π � � nε � � + n � 1� ε � τ � 1 í 0 � (2.35)

By induction,π û ú π � í 0, henceú ï�ð , by Lemma2.1.7. �
If F ô · ï TIC∞ and F+î�í · , then F is static. Often it is easierto verify that

π � 0 � t � F+î π � 0 � t � í π � 0 � t � · π � 0 � t � for all t; eventhis is sufficient:

Lemma 2.3.3 Let F ô · ï TIC∞ and F t í · t î for all t � 0. ThenF0í · î ïoð .

Recallthat F t : í π � 0 � t � F π � 0 � t � ïoð�ñ L2 ò (for any F5ï TIC∞).
Proof: Let ε � 0. Now τε F t τ � ε í π � � ε � t � ε � F π � � ε � t � ε � , hence

π � 0 � t � ε � F π � � ε � 0� í π � 0 � t � ε � τε F t τ � επ � � ε � 0� í π � 0 � t � ε � τε · t î τ � επ � � ε � 0� (2.36)í π � 0 � t � ε � · î π � � ε � 0� í 0 ô ñ t � ε ò�� (2.37)

henceX : í�F0ïÀð , by 1® . By time-invarianceπ � � t � t � · π � � t � t � í π � � t � t � X î π � � t � t � í
π � � t � t � X î (t � ε), hence

· í X î , by continuity onsomeL2
ω. �

If J ú is staticfor somestaticJ, thenJ ú í JD for somestaticD, at leastto
someextent:

Lemma 2.3.4 Let ú ï TIC∞ ñ U ô Y ò , J ï ð¯ñ Yô H ò . If J ú ï ð�ñ U ô H ò , then ú íF D1I 2 > ï TIC∞ ñ U ô Y1 4 Y2 ò , whereY1 í Y Ï2 , Y2 : í Kerñ J ò . Moreover, J ú í J è D1
0 ì .

Assume, in addition, that ú ï~G TIC∞. Then there is D ï¨G�ð�ñ U ô Y ò s.t.
J ú í JD. If Y í H, thenwe can, in addition,require that ú t î J ú t í D î JDπ � 0 � t �
for all t � 0.

Proof: 1® Let P is be orthogonalprojectionY ü Y1, and set ú 1 : í Pú ,ú 2 íGñ I E Pò ú . Now J ú 1 í J ú ï�ð�ñ U ô H ò , henceJ *ú 1 is constant;becauseJ
is one-to-oneonY1, D1 : í *ú 1 ï�ð�ñ U ô Y1 ò .

2® Let ú ï©G TIC∞. Then ú is onto, hence ú 1 is onto, henceD1 is
onto henceD î1 ï�G�ð¯ñ Y1 ô U1 ò , whereU1 í Ranñ D î1 òNí Kerñ D1 òÐÏ , by Lemma
A.3.1(c1)(iii)&(x)& (c7).

Consequently, E : í D1 �U1
ïÑG�ð¯ñ U1 ô Y1 ò , hence ú í è E 0I 21 I 22 ì ïG TIC∞ ñ U1 4 U2 ô Y1 4 Y2 ò , whereU2 : í U Ï1 , ú 21 : í ú 2Q, ú 22 í ú 2 ñ I E Qò ,

andQ is theorthogonal projectionU Aü U1.
Thus, ú 22 ï©G TIC∞ ñ U2 ô Y2 ò , by Lemma A.1.1(b2)(1), hencedimU2 í

dimY2, by Lemma 2.2.1(c4),hence G�ð�ñ U2 ô Y2 ò containssomeoperatorF.
Consequently, D : í½è E 0

0 F ì ïfG�ð¯ñ U ô Y ò , JD í JPD í J è E 0
0 0 ì í J è D1

0 ì í J ú 1 í
J ú .

3® CaseY í H: Apply 2® for M : í è J
J � ì ï�ð�ñ Y ô Y2 ò . ThenM ú í MD for

someD ïªG�ð�ñ U ô Y ò , henceJ ú í JD and ú î J í´ñ J î ú ò�î í D î J. Consequently,ú t î J ú t í ú t î JDπ � 0 � t � í D î JDπ � 0 � t � (t � 0). �
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We finish the sectionwith a technicalremark that will allow us to prove
certainuniquenessresults(modulo a unit E ïIG�ð ) on the signatureoperators
of optimizationproblemsandRiccatiequations:

Lemma 2.3.5(F t î SF t í · t î T · tF t î SF t í · t î T · tF t î SF t í · t î T · t) Let F ô · ï�G TIC∞ ñ U ò , Sô T ï�ð�ñ U ò andF t î SF t í · t î T · t for all t � 0. ThenS í E î TE, SFÊí SE � 1 · , andSîÐFÐí Sî E � 1 ·
for someE ï�G�ð�ñ U ò .

In particular, if Kerñ Sò�í©� 0 � or Kerñ Sî�ò¢í©� 0 � (i.e.,S is one-to-oneor onto),
then F0í E � 1 · .

Proof: Set Ò : í�F · � 1 ïIG TIC∞ ñ U ò , [S : í è S
S� ì ô [T : í è T

T � ì ï ð�ñ U ô U2 ò .
Then

[
SÒ t ízÒ t � î [T for all t � 0 (thesecondrow of theequationis theadjoint

of thefirst one),henceL : í [SÒ0íIÒ � î [T ïoð¯ñ U ò , by Lemma2.3.3.
By Lemma 2.3.4, we have π � 0 � t � [T íÓÒ t î [SÒ t í Rî [SRπ � 0 � t � for some

R ï©G�ð�ñ U ò , hence
[
T í Rî [SR. Set E : í R� 1 to obtain S í E î TE. Fi-

nally, SF0í SÒ · í SR
·

, andSîÐF0í SîÐÒ · í Sî R· . �
Notes
Theabove resultsareapparentlynew. Theorem5.2Cof [RR] (caseω í 0 of

Lemma2.1.7)is theonly known (to us)resultin thisdirection.
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2.4 The signatureoperator S

To seea World in a grain of sand,
Anda Heavenin a wild flower,
Hold Infinity in thepalmof yourhand,
AndEternityin anhour.

— William Blake (1757–1827)

Thesignatureoperatorof a controlproblemis a staticoperatorthatdescribes
the definitenessof the problemw.r.t. the input. E.g., in minimizationproblems,
the cost(to beminimized) is usuallygreaterthanε � u � 2L2 for someε � 0, where
u : R ûÊü U is the control input. In suchproblems,the signatureoperatorS is
uniformly positive (S � 0), whereasin indefinitecontrolproblemsS is indefinite
(but yet self-adjointand invertible if the problemsatisfiesstandardcoercivity
assumptions).

In this section,we shall seehow to write an operatorS í Sî+ï�G�ð¯ñ U 4 W ò
or an operatorS : í�vNî è I 0

0 � I ì v , v�ïËG TI, in the form S í E î è I 0
0 � I ì E for

someE ïxG�ð ; we also give somefurther resultson the positive and negative
eigenspacesof self-adjointoperators. In Section2.3, we have derived further
similar results.

In Chapters8–11,theresultsof thisandtheprevioussectionwill beappliedto
the signatureoperatorsof optimization problems, Riccati equationsandspectral
factorization.

Asbefore,symbolsH ô U ôWô Yô Hk ô Yk (k ï N) denoteHilbert spacesof arbitrary
dimensions.

Lemma 2.4.1 DefineJH í è I 0
0 � I ì ï�ð�ñ H1 4 H2 ò andJY í è I 0

0 � I ì ï�ð�ñ Y1 4 Y2 ò .
Thefollowing areequivalent:

(i) dimH1 � dimY1 anddimH2 � dimY2,

(ii) JH í V î JYV for someV ïoð�ñ H1 4 H2 ô Y1 4 Y2 ò ,
(iii) JH í�Ô î JY Ô for someÔ�ï TI ñ H1 4 H2 ô Y1 4 Y2 ò .

Proof: 1® “(i) � (ii)”: By LemmaA.3.1(a4)(iii), thereare Tk ï�ð�ñ Hk ô Yk ò
satisfying T îk Tk í IHk ñ k í 1 ô 2ò . Take V íØF T1 0

0 T2 > to obtain V î JYV íF T �1 T1 0
0 � T �2 T2 > í JH .

2® “(ii) � (iii)”: Trivial, becauseð�� TI.

3® “(iii) � (i)”: Define T : í è I0 ì ï?ð�ñ H1 ô H1 4 H2 ò and FTÕ 1Õ 2 > : í^Ô .

From JH íÖÔ�î JY Ô íÖÔ�î1 Ô 1 EpÔ�î2 Ô 2 we get 0 × IH1 í T î JHT íñ.Ô 1T ò�î
ñ.Ô 1T ò E°ñØÔ 2T ò�î
ñ.Ô 2T ò , henceñ.Ô 1T ò�î
ñ.Ô 1T ò5� 0, sodimY1 � dimH1,
by Lemma 2.2.1(c3), becauseÔ 1T ï TI∞ ñ H1 ô Y1 ò . Similarly, by setting
T : í è 0I ì ïoð�ñ H2 ô H1 4 H2 ò , wegetdimY2 � dimH2. �
When we requireV or Ô to be invertible, the inequalities in (i) become

equalities:



2.4. THE SIGNATURE OPERATOR S 67

Corollary 2.4.2 DefineJH í è I 0
0 � I ì ïÀð�ñ H1 4 H2 ò andJY í è I 0

0 � I ì ïÀð�ñ Y1 4 Y2 ò .
Thefollowingareequivalent:

(i) dimH1 í dimY1 anddimH2 í dimY2,

(ii) JH í V î JYV for someV ï�G�ð�ñ H1 4 H2 ô Y1 4 Y2 ò ,
(iii) JH í�Ô�î JY Ô for someÔ�ï�G TI ñ H1 4 H2 ô Y1 4 Y2 ò .

Proof: 1® “(i) � (ii)”: This follows as in Lemma 2.4.1, with Lemma
A.3.1(a5)(iii).

2® “(ii) � (iii)”: Trivial, becauseG�ðp�~G TI.
3® “(iii) � (i)”: This follows from Lemma 2.4.1, becausenow also

JY í�ñ.Ô � 1 ò�î JH ñ.Ô � 1 ò . �
Lemma 2.4.3 Lemma2.4.1andCorollary 2.4.2alsoholdwith Sin placeof JH if
S í E î JHE for someE ï�G�ð . �

(This is obvious,sinceJH í E � î SE � 1.)
Any self-adjointoperatoron H canbe written in the form E î»è I 0

0 � I ì E w.r.t.
somedecomposition of H:

Lemma 2.4.4 Let S í SîÀï°ð�ñ H ò . Then H í H ûfÙ H � s.t. H � í H Ïû and
S í E î J1E for someE ï�ð�ñ H ò .

If S í SîNïVG�ð¯ñ H ò , thenwecanhaveE ï�G�ð�ñ H ò above.

HereJ1 : í è I 0
0 � I ì H , ¸ H t : í Pû�E P� ïnG�ð¯ñ H ò , whereP� aretheorthogonal

projectionsof H ontoH � (henceP� í PÏû ), henceJ1 í J î1 í J � 1
1 .

(In fact, condition J1 í J î1 í J � 1
1 is equivalent to the fact that henceJ1 íè I 0

0 � I ì ï
G�ð¯ñ H û�4 H � ò for someclosedsubspacesH û and H � í H Ïû of H,
sinceit implies that σ ñ J1 ò_�Ë��E 1 ô 1 � , andthat we can let H û andH � to be the
eigenspacesfor 1 and E 1, by Theorems12.26and12.29of [Rud73].)

Proof of Lemma 2.4.4: Apply/±Ú
S, 0 0
0 0 0
0 0

Ú
St31 íÑÛ ÚS1Ü 2, 0 0

0 0 0
0 0 + � ÚSt�� 1Ü 2 Ý F I 0 0

0 I 0
0 0 � I > diagñ [S1M 2û ô 0 ô ñ�E [S� ò 1M 2 ò (2.38)

to LemmaA.3.2(f1) to observe that

E í diagñ [S1M 2û ô 0 ô ñ�E [S� ò 1M 2 ò / P,P0
Pt 1 ï�ð�ñ H ò (2.39)

will do in this lemma. If H0 : í Kerñ Sò»í�� 0 � , then the middle row can be

omitted;if S ï�G�ð , then
[
S1M 2� ïVG�ð¯ñ H �=ò , sothatthenE ï�G�ð�ñ H ò . �

Now we are ready for the main result (along with Corollary 2.4.2) of this
section:

Theorem 2.4.5 Let C2î Jγ C�í S ï ð�ñ U 4 W ò with CGïxG TI ñ U 4 W ò and Jγ : íF I 0
0 � γ2I > ïoð�ñ U 4 W ò , γ ô γ @ � 0. ThenS í E î Jγ � E for someE ï�G�ð�ñ U 4 W ò .
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Note that hereJγ � : í PU E)ñ γ @ ò 2PW is definedby U andW, whereasLemma
2.4.4would only provide uswith an analogousresultfor some(“nonfixed”) H û
andH � in placeof U andW.

Proof: Replace C by è I 0
0 γ ì C to get rid of γ (so that S í¡C+î J1 C ). Set

H : í U 4 W. We have S í Sî¹ïIG TI ñ H ò (becauseS íËC2î J1 C ), henceS í
Sî2ï�G�ð¯ñ H ò . Thus,S í T î JH Þ T for someT ï�G�ð�ñ H ô H û�4 H � ò , by Lemma
2.4.4.

Therefore, S í�C î J1 C implies JH Þ í Å î J1
Å

, with
Å

: íÑC T � 1 ïG TI ñ H û�4 H � ô U 4 W ò . By Corollary2.4.2,JH Þ í V î J1V for someV ï³G�ð ,
henceS í T î JH Þ T í�ñ VT òÏî J1VT í E î J1E, whereE í VT ïVG�ð�ñ H ò . �
By allowing C to benoninvertible, we get the following variantof theabove

theorem:

Lemma 2.4.6 Let C/î Jγ C'í S ï�G�ð�ñ U 4 W ò with C)ï TI ñ U 4 Wô Z 4 Y ò andJγ : íF I 0
0 � γ2I > ïoð�ñ Z 4 Y ò , γ ô γ @ � 0. ThenS í E î Jγ � E for someE ï�ð�ñ U 4 W ô Z 4 Y ò .

Proof: The proof is virtually that of Theorem2.4.5with Lemma2.4.1 in
placeof Corollary2.4.2. �
Notes
For separableU andW, Theorem2.4.5wasgiven in theproof of Lemma5.4

of [S98d].Becausethesymbol *C of C neednotbewell-definedanywhereon iR in
theunseparablecasethatproofcannotbegeneralized(in fact,Theorem3.1.3(a1),
whereweshow theexistenceof suchasymbol, seemstobeknown in theseparable
caseonly). This is why all Hilbert spaceswererequiredto beseparablein [S98d];
we shallremovethis restrictionin Corollary11.4.9.
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2.5 Losslessness

Butwhoshall dare
To measure lossandgain in thiswise?
Defeatmaybevictory in disguise;
Thelowestebbis theturn of thetide.

— HenryWadsworthLongfellow (1807–1882)

In this section,we formulate both widely-usedforms of losslessnessand
establishtheir equivalencefor mapswith finite-dimensional input spaces. We
alsogivesomenecessaryand/orsufficientconditions.

The importanceof this conceptis basedon the fact that H∞ problemsare
solvableif f certainlosslesscoprimefactorizationsexist, asshown in [Green]and
extendedto WPLSsin Theorems11.2.7and12.3.6.

In state-spacesolutions,oneusuallyrelatestheoptimalcontrolto a nonnega-
tivestabilizing solution of theRiccatiequation.SometimesonereplacestheRic-
catiequationby suitablecoprimeor spectralfactorizationof theI/O map;thenthe
nonnegativity conditionmustbereplacedby a losslessnesscondition, cf. Lemma
9.8.14andTheorem6.5of [S98c].

Definition 2.5.1 Let J í J î3ï�ð�ñ Y ò , S í Sî¹ï�ð�ñ U ò and ß�ï TIC ñ U ô Y ò . The
operator ß is ñ J ô Sò -losslessiff ß î J ßUí Sand ß î π � J ß � π � S. Theoperator ß is
frequency-domain ñ J ô Sò -losslessiff ß�î J ß)í Sand *ßÁñ sò�î J *ßÁñ sò � Sfor s ï C û .

The (time-domain)losslessnessimplies frequency-domain losslessness,by
Lemma2.5.2.For dimU � ∞ alsotheconverseholds,by Proposition2.5.4.

Both the time-domain and the frequency-domainconcepthave beenwidely
used(underthename“lossless”)in thestudyof H∞ problems;see,e.g.,[BH88]
for losslessnessand[Green]for frequency-domainlosslessness.

Onecaninterpretlosslessnessas“no energy is producednorlostin thesystem,
but someenergy maybe delayed”,if J í I í S, but we usuallytake J í J1 í S

(Jγ : íâF I 0
0 � γ2I > , γ ï R), which implies the sameconclusionon ß_à , wherethe

directionof thesecondinputandoutputsignalshavebeenreversed;seetheproof
of Lemma2.5.3for details.

Thedelaymentionedabovecannotbenegative (i.e., theenergy putoutbefore
any t � 0 cannotexceedtheenergy put in beforethattime),becauseß î π � J ß � S �á��ß u � J � L2 + � 0 � t � ;Y � � � u � S� L2 + � 0 � t � ;U � for all u ï π û L2 ô t � 0 ô (2.40)

where � u � S : í ö u ô Su÷ , by Lemma2.2.4(b)(i)&(iv).
Section6 of [S98c]containsseveralresultsonlosslessnessof stableoperators,

oneof themis givenbelow:

Lemma 2.5.2 Let ß�ï TIC ñ U ô Y ò , J ï�ð�ñ Y ò andS ï�ð�ñ U ò . If ß»î π � J ß � π � S,
then *ßÁñ sò�î J *ßÁñ sò � Sfor all s ï C û .

Thus,losslessnessimpliesfrequency-domainlosslessness. �
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(This follows from Lemma2.2.4(b).) SeeProposition2.5.4for the converse
underaTauberiancondition.

Next wegiveonemore“almostequivalent” condition:

Lemma 2.5.3 Let ßµï TIC ñ U 4 Wô Y 4 W ò andγ ô γ @ � 0.
If ß2î Jγ ß)í Jγ � and ß 22 ï�G TIC ñW ò , then ß is ñ Jγ ô Jγ � ò -lossless.

Theconverseis nottrue: ß : í è I 0
0 τt ì ï TIC ñ U 4 W ò is ñ Jγ ô Jγ ò -lossless(for any

γ ô t � 0) but ß � 1
22 $ï TIC (cf. the lemmabelow). However, theconverseis true in

thefinite-dimensional case,by Proposition2.5.4(1).

Proof: We assumethatγ í 1 í γ @ (andreplaceß by è I 0
0 γ ì ß F I 0

0 γ � t 1 > in the

generalcase).Wesethere è Hãâä�å ì : í�ß and ß`à : í½è Hãâ0 I ì è I 0ä�å ì � 1 (samesystem
with secondinputandoutputsignalsreversed)to clarify theproof. For π í I as
well asfor π í π � wehaveß îà π ß`à � π � / ) Ò

0 I 1 î π / ) Ò
0 I 1 � / I 0Î Å 1 î π / I 0Î Å 1 (2.41)� / )3î π ) )3î π ÒÒ/î π ) Ò/î π Ò ù I 1 � / Î=î π Î ù I Îcî π ÅÅ î π Î Å î π Å 1 (2.42)� / )¹î π )·E�Îcî π Îæ)¹î π Ò¯E³Î=î π ÅÒ/î π )·E Å î π Î­Ò/î π Ò¤E Å î π Å 1 � / I 0

0 E I 1 (2.43)� ß î πJ1 ß � πJ1 � (2.44)

Theinequalityin (2.44)holdsfor π í I , by theassumption ß3î J1 ß)í J1, hence
wehave ß2îà ß`à � I (from (2.41)).But ß2îà ñ π û ù π � ò½ß`à � I impliesthat

π � ß îà π � ß`à π � í π � E π � ß îà π ûBß`à π � � π � ô (2.45)

henceπ � ß î π � J1 ß π � � π � J1. �
By the above lemma, we can establish the Tauberianconversementioned

above:

Proposition2.5.4(Lossless� f.-d. lossless)Let ß�ï TIC ñ U 4 Wô Y 4 W ò and
γ ô γ @ � 0. Assumethat (1), (2) or (3) holds,where

(1) dimW � ∞;

(2) *ß 22 ñ s0 ò�ïzG�ð for somes0 ï C û (for uniformly regular ß we allow for
s0 í ù ∞);

(3) dimU � ∞ and ß)í è I 11 I 12
0 I ì F � 1, where ú 11 ôpú 12 ô F ô F � 1 ï TIC;

Thenß is ñ Jγ ô Jγ � ò -losslessiff ß is frequency-domainñ Jγ ô Jγ � ò -lossless.
Moreover, if ß is ñ Jγ ô Jγ � ò -lossless,then ß 22 ï�G TIC and ��ß 12 ß � 1

22 �_� γ.

One could easily extend the equivalencefor more generalJ and S by a
coordinatetransformof theirpositiveandnegativeeigenspaces(see.,e.g.,Lemma
2.4.4),but Jγ andJγ � satisfyourneeds.
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Note that this impliesthat alsothe correspondingdiscretetime resultholds,
by Corollary13.2.4.

Proof: 1® Case ß f.-d. lossless: Let ß be frequency-domain ñ Jγ ô Jγ � ò -
lossless. The right-bottom cornerof the frequency-domainlosslessnessequa-
tion *ßÁñ sò�î Jγ *ßÁñ sò � Jγ � for all s ï C û showsthatγ2 *ß2î22 *ß 22 �I*ß2î12 *ß 12 ù γ @ 2I � 0
onC û , so ß 22 ïVG TIC, by Proposition2.2.5(useits (4) for (3) above). Conse-
quently, ß is ñ Jγ ô Jγ � ò -lossless,by Lemma2.5.3.

2® Case ß lossless: By Lemma 2.5.2 losslessnessimplies frequency-
domainlosslessness;the conversewasproved in 1 ® . By this and1® , we haveß 22 ïVG TIC in eithercase,sofrom theequationß î12 ß 12 E γ2 ß î22 ß 22 í´E γ @ 2I (2.46)

(this is the ñ 2 ô 2ò -block of ß�î Jγ ß0í Jγ � ) we getthat ��ß 12 ß6� 1
22 �6� γ, by Lemma

A.3.1(e2). �
Wenow summarizesomeof theaboveresultsto aconditionthatis neededfor

H∞ problems:

Corollary 2.5.5 Let ß?ï TIC ñ U1 4 U2 ô Y 4 U2 ò andγ ô γ @ � 0. Thenthefollowing
areequivalent:

(i) ß is ñ Jγ ô Jγ � ò -losslessand ß 22 ïVG TIC∞ ñ U2 ò ;
(ii) ß is frequency-domainñ Jγ ô Jγ � ò -losslessand ß 22 ïVG TIC∞ ñ U2 ò ;
(iii) ß/î Jγ ß)í Jγ � and ß 22 ïVG TIC ñ U2 ò . �
(This follows from Proposition2.5.4(2)andLemma2.5.3.)

Notes
In thefinite-dimensionalcase,JosephBall andWilli amHelton(e.g.,[BH88])

have studiedlosslessnessin detailundera chain–scatteringformalism.Thereare
also(finite-dimensional) extensions of this conceptto time-variantsystems (see
[Gohberg] or [LKS]) andto nonlinearsystems(see[BH92]).

Losslessnesswasadoptedto an infinite-dimensional settingin [S98c], from
which Definition 2.5.1and2.5.2areadoptedin thesamegeneralityashere.See
[S98c] for furtherresultsand[BH88] for furthernotions of losslessnessandtheir
physicalinterpretations.

We believe that losslessnessis strictly strongerthanfrequency-domainloss-
lessness.However, it remainsan openproblemto prove this or the converse.
This problemlies closeto thatof the possible conversesto Lemma2.2.4(a)and
Proposition4.1.7(C);seealsoLemma2.2.4(b)(i)&(iv).
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2.6 MTI and its subclasses

According to conventionthere is a sweetand a bitter, a hot and a
cold, andaccording to convention,there is an order. In truth, there
areatomsanda void.

— Democritus(460–370B.C.),400B.C.

In this sectionwe shall defineMTI ñ U ô Y ò andCTI ñ U ô Y ò (“M” for measures
and “C” for continuity on iR y�� ∞ � ), which are subspacesof TI ñ U ô Y ò , and a
numberof their subspaces.We alsolist their basicproperties.RecallthatU and
Y referto Hilbert spacesof arbitrarydimensions.

The classMTI consists of thoseelementsv�ï TI that are of form (2.50),
that is, a the convolution with a measureconsistingof a discretepart plus an
L1 part. Furtherregularity propertiesof this classarelisted in Proposition6.3.4,
andits spectralfactorizationpropertiesaretreatedin Chapter5 andsummarized
in Theorem5.2.7;seealsoSection8.4.

Whensolvingseveralstandardcontrolproblemsin Part III, we canshow the
sufficiency of classical“necessaryandsufficient” conditions,but theseconditions
arenot necessaryin general(cf. Example11.3.7). However, the spectralfactor-
izationandregularity propertiesandalgebraicpropertiesof MTI (seeTheorems
8.4.9and2.6.4)aremoreor lessthesameasthoseof rationalfunctions.This al-
lowsusto establishalsothenecessityof theconditionsmentionedaboveprovided
thattheI/O mapof thesystembelongsto thisclass.

By regularity of a map ú ï TIC∞ ñ U ô Y ò we mean the existenceof the
“feedthroughoperator”D : í *ú ñ ù ∞ ò : í limr # û ∞ *ú ñ r ò . Theexactdefinitionand
the conceptsULR, UHPR, SLR and SHPRare formulatedin Definition 6.2.3
(seealsoProposition6.2.7),but thereadermayskip theseconceptsuntil they are
neededin laterchapters.

At this point it suffices for most readersjust to have a glanceat Definition
2.6.3andTheorem2.6.4andproceedto thenext chapter.

By CTI ñ U ô Y ò we meanthe maps v�ï TI ñ U ô Y ò that are inducedby some*v°ï�i�ñ iR y�� ∞ � ; ð�ñ U ô Y ò�ò throughv u : í *v *u for all u ï L2 ñ R;U ò (this is aspecial
caseof thesymbolsof Theorem3.1.3(a1)):

Definition 2.6.1(CTIC) We set2 CTI ñ U ô Y ò : íç�±v ï TI �� *v ïèi�ñ iR y� ∞ � ; ð�ñ U ô Y ò�ò�� and CTIC ñ U ô Y ò : í CTI ñ U ô Y ò j TIC ñ U ô Y ò . We call CTIC
the(timedomain)half-planealgebra. Moreover, weset

CTI -3¢ ñ U ô Y ò : í~�±vUï CTI �� *v|ñ sò®Eª*v3ñ ∞ òcï�ðéi for all s ï iR � ô (2.47)

CTIC-3¢ ñ U ô Y ò : í CTI -3¢ j CTIC � (2.48)

We equip all these spaces with the TI norm (i.e., with theð�ñ L2 ñ R;U ò ô L2 ñ R;Y ò�ò operator norm). If vGï CTI, we call E : í *v|ñ ∞ ò the
feedthroughoperatorof v .

2We equip iR ê�ë ∞ ì with its one-point-compactificationtopology; equivalently, the topology
inducedby the topology of ∂D through the Cayley transform (this implies that “ í i∞ îVï i∞”).
Similarly, C � ê«ë ∞ ì is equippedwith theone-point-compactificationtopology, andthat topology
is inducedby thetopology of D through theCayley transform.
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As above, we alwaysdenotethe “feedthrough”operatorsby thesameletters
asthecorrespondingTI operators.FromLemma2.6.2we observe thattheabove
conceptof feedthroughoperatorscoincideswith thatof Definition6.2.3.

Oneeasilyverifiesthatall thefour spacesdefinedaboveareclosedsubspaces
of TI (becausetheset ðéi of compact(seep. 871)linearmappingsis closedin ð ,
by LemmaA.3.4(B1)).

We call the function φCayley : s Aü ñ 1 E sò
� ñ 1 ù sò the Cayley transform. It
mapsC û one-to-oneandontoD, andC û yé� ∞ � one-to-oneandontoD, andit is
theinverseof itself. SeeLemma13.2.1for details.

Lemma 2.6.2 The spaceCTI ñ U ô Y ò consistsof those v�ï TI ñ U ô Y ò , for which
s Aü *vªð φ � 1

Cayley belongsto the set i�ñ ∂D; ð�ñ U ô Y ò�ò , equivalently, for which *v�ïi�ñ iR; ð�ñ U ô Y ò�ò and *v hasthesamelimit at ñ i∞.
The spaceCTIC ñ U ô Y ò consists of those ú ï TIC ñ U ô Y ò , for which s Aü*ú ð φ � 1

Cayley belongsto the(uniform)discalgebrai�ñ D; ð�ñ U ô Y ò�ò j H ñ D; ð�ñ U ô Y ò�ò ,
equivalently, òCTIC íËi�ñ C û yZ� ∞ � ; ð�ñ U ô Y ò�ò j H∞ ñ C û ; ð�ñ U ô Y ò�ò ; a third equiva-
lent condition is that *ú ï~òCTIC iff *ú ï�i�ñ C û ; ð�ñ U ô Y ò�ò j H∞ ñ C û ; ð�ñ U ô Y ò�ò and*ú hasa uniformlimit (onC û ) at infinity (i.e., ú is uniformly half-plane-regular).

Moreover, ú ï CTIC-3¢ impliesthat ú ñ sò®E D ïoðéi for all s ï C û yh� ∞ � .
Finally, if vUï �CTI ñ U ô Y ò , then �v î í *vcî¹ï �CTI ñ U ô Y ò .

Proof: 1® CTI: Theabovecharacterizationsof CTI areobviously equivalent
to thefactthat *v·ïfi�ñ iR yg� ∞ � ; ð�ñ U ô Y ò�ò , whichin turnalwaysdefinesaTI map
(by, e.g.,Theorem3.1.3(a)).

2® CTIC: Let ú ï CTIC ñ U ô Y ò . Let f ïxi�ñ iR y�� ∞ � ; ð�ñ U ô Y ò�ò and F ï
H∞ ñ C û ; ð�ñ U ô Y ò�ò be its Fourier and Laplace transforms,respectively. By
[Rud73, Theorem11.30(b)], for eachΛ ï Y î and u0 ï U , there is gΛ � u0 ï
L∞ ñ iR ò s.t. ΛFu0 ï H∞ ñ C û ò is the Poissonintegral Pr k gΛ � u0 ñ i ý ò [Lemma
D.1.8]. Consequently,

� � Λ ú φu0 í gΛ � u0 *φu0 on iR for any φ ï L2 ñ R û=ò , hence
gΛ � u0 í Λ f u0 a.e.on iR.

It followsthatΛFu0 í Λ ñ Pr k f ò u0 onC û , still for arbitraryΛ andu0, hence
F ñ ir ù°ý ò�í Pr k f ñ i ý ò onC û .

From LemmaD.1.8(a2)it now follows that F ñ ir ù t òcí�ñ Pr k f òOñ t ò E D í
Pr k�ñ f E D òOñ t òNü 0 as � ir ù t � ü ∞; in particular, *ú ï�i�ñ C û ; ð�ñ U ô Y ò�ò (and
in H∞). Now the other two characterizationsof CTIC follow from this. (If*ú ïni�ñ C û ; ð�ñ U ô Y ò�ò j H∞ ñ C û ; ð�ñ U ô Y ò�ò is UHPR,then *ú hasa uniform limit
as C ûIó s (not necessarilyC û ó s as for UHPR) and � s � ü ∞, by Lemma
6.3.6(a1);thus,then *ú is continuousat ∞ too.)

3® CTIC-3¢ : Also thisclaim follows from thePoissonintegral formula(for*ú E D).
4®_*v î : Theequationõ

iR ö *f ô *v î *g÷ U dm í õ
iR ö *v *f ô *g÷ Y dm í õ

iR ö *f ô �v î *g÷ U dm (2.49)

showsthat ñ *v î E �v î ò *g ï L2 ñ iR;U ò is zeroa.e.,by, e.g.,TheoremB.4.12,hence*vcî is the uniqueL∞
strong function (equivalenceclass)correspondingto v»î (see
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Theorem3.1.3).Obviously, v»î¹ïVi�ñ iR yh� ∞ � ; ð�ñ Yô U ò�ò�í �CTI ñ Y ô U ò . �
Given thesystemx@ í Ax ù Bu, y í Cx ù Du, x ñ 0ò!í 0,wehavey í f k u ù Du,

where f : í CeA rB, providedthatA ô B ô C ô D ï�ð .
Even for somewhatunboundedA ô B ô C ô D, the map ú : u Aü y is still of formú u í µ k u for ameasureµconsistingof aL1

loc partplusafeedthrough(Dδ0, where

δ0 is theunit massatzero(the“delta function”)); thiswill bedenotedby MTICL1

∞
below. If we allow for delays,we endup with (2.50)or “the measureswith no
continuoussingular part”, MTIC∞.

Theabove motivatesthedefinitionbelow. For mostreaders,it sufficesjust to
notethedefinitionsof MTI, MTIC, MTICL1

andMTICS for S í TZ, T � 0 and
thenproceedto theremarksbelow thedefinition:

Definition 2.6.3(MTI ô MTId ô MTIL1
MTI ô MTId ô MTIL1
MTI ô MTId ô MTIL1

) We defineMTI ñ U ô Y ò to be the spaceof
operators v�ï TI ñ U ô Y ò of the form v u í ñ f ù ∑∞

k J 0Tkδtk ò¬k u ñ u ï L2 ñ R;U ò�ò ,
i.e., ñKv u òOñ t ò¢í ∞

∑
k J 0

Tku ñ t E tk ò ù õ ∞� ∞
f ñ t E r ò u ñ r ò dr ô (2.50)

where f ï L1 ñ R; ð�ñ U ô Y ò�ò , Tk ï�ð�ñ U ô Y ò for all k, and theMTI norm(“uniform
total variationnorm”) �
v�� MTI : í � f � L1 ù ∑

k

� Tk � (2.51)

is finite; here δt k : í δ0 ñ ý E t ò�k�í τ ñ�E t ò is thedelayof timet ï R.
For vUï MTI of theaboveformandS � R weset

ΠL1 v : í f k ô ΠS ñKvcò : í5ñ ∑
tk { STkδtk ò�k ô suppd ñKvcò : íI� t ï R �� Π ô t õ v $í 0 ��� (2.52)

Thus,ΠS is the projectionto the measure carried on S, andsuppd ñKvcò is the
setof thenonzero atomsof v .

By theWienerclass(MTIL1
) MTIL1

wemeanthesubspaceof thosev)ï MTI
for which suppd ñKvcòu�Ë� 0 � , and by the discretemeasureclassMTI d : í ΠRMTI
the subspace of those v�ï MTI for which the L1 part is zero (henceMTI í
MTId Ù)ñ L1 kZò ).

For thecausalversions( f í π û f andtk � 0 for all k) of thesespaces,weadd
theletterC at theend:

MTIC : í MTI j TIC ô MTICL1
: í MTIL1 j TIC ô and MTICd í MTId

j TIC �
(2.53)

WedefineMTI -3¢ ñ U ô Y òE� MTI ñ U ô Y ò to bethesubspaceof operatorsof form
(2.50) s.t. f ï L1 ñ R û ; ðéi�ñ U ô Y ò�ò and Tk ïÐðéi�ñ U ô Y ò for tk $í 0, and we setÌ -3¢ : í Ì j MTI -3¢ when

Ì
is anyof thespacesdefinedabove.

If S � R, we setMTIS : í �±v?ï MTI �� suppd ñKvcòu� S� and
Ì

S : í Ì j MTIS
when

Ì
is anyof thespacesdefinedabove.

We defineMTIω (ω ï R) and its subspaces(with subscript ω) to be the
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correspondingspacesfor which�
vQ� MTIω : í � e� ω r f � 1 ù ∑
k { N � e� ωtkTk � - + U �Y � � ∞ � (2.54)

Finally, wedefinethestrongequivalentsof MTI ω andits subspacesbysetting
SMTIω ñ U ô Y ò : íÌð�ñ U ô MTIω ñ C ô Y ò�ò , and analogously for any other spacein
placeof MTI ω.

We make below a seriesof remarksconcerningthe above definitions. See
Theorem2.6.4 for more on the propertiesof theseclasses;note in particular
(by (h2)) that MTIω � SMTIω �c TIω (ω ï R). More resultson the regularity

of MTICL1
, SMTICL1

andtheirweakequivalentaregivenin Proposition6.3.4.
The set MTId is known as the Almost Periodic Wiener algebra (APW)

by Karlovich, Spitkovsky et al. and as the Wiener–Pitt algebra (WP) by
BabadzhanyanandRabinovich [BR]. For dimU ô dimY � ∞, thesetMTIC is the
well-known setdenotedby

Ì
or
Ì ñ 0ò (or sometimesby LA û ñ 0ò ) in thetexts of

Callier, Desoer, Winkin andothers(see,e.g.,[CD80], [CW99], [CZ]).
Theso calledcausalWienerclassMTICL1

consistsof operatorsof the formv´í f ù T1δ0, where f ï π û L1, i.e., of (I/O) maps v having an L1 impulse
responseplusa feedthroughoperator. By LemmaD.1.23,transferfunctionsthat
areholomorphic aroundiR j � ∞ � belongto MTI L1

. TheWienerclass(or “Wiener
algebra”)MTIL1

is denotedby W or ö in [CG81] and[CG97], andMTICL1
is

denotedby
Ì

in [CG97].
The MTI norm (“measurenorm”, i.e., total variation) and the SMTI norm

are strongerthan the TI norm ( ð�ñ L2 ò norm), by Theorem2.6.4(h2); in fact,
they arestrictly stronger, even in the scalarcase,becauseif f ï L1 ñ R ù ò , then� f k«� TI í¡� *f � L∞ (by Theorem3.1.3)and � *f � L∞ maybelessthan � f � 1.

EachvÊï MTI corresponds(linearlyandisometrically, in particular, �
vQ� MTI í& R d �µ � ) to a Borel measureµ í f dt ù ∑∞
k J 0Tkδtk ( ð�ñ U ô Y ò -valued, countably

additive andof boundeduniform total variation)consistingof a discrete(atomic)
partandof anabsolutely continuouspart (i.e., onewithout a singularcontinuous
part)throughtheformula v u í µ k u for all u ï L2 (equivalently, through *v'í *µ).
This correspondenceis anisometricisomorphism(ontoif dimU � ∞ or dimY �
∞, asoneeasilydeducesfrom theresultsonpages99and82 of [DU]). However,
if dimU í ∞, thensomeabsolutely continuousð¯ñ U ò -valuedBorel measuresare
notdifferentiablea.e.(seep. 219& p. 217(3)of [DU]).

Thesetsuppd ñKvcò is denotedby σ ñ *v+ò (or σ ñ *µò ) in thetheoryof almost-periodic
functions(seep. 2188 of [RSW]). Clearly the set L1 is an ideal of MTI (we
identify a measure,its derivative andthe correspondingTI operatorwhenthere
is no risc of misconception).

For T ï R, the classMTITZ correspondsto MTI “measureswith equally-
spacedatoms”with spaceT. BecauseMTITZ is isomorphic to e 1 ñ Z ò andL1 k is
an ideal of MTITZ , several factorizationand invertibility problemson MTI d � TZ

canbereducedto thoseon e 1 andto thoseonMTI L1
. Dueto this fact(theearliest

applicationof which we have seenin thethesis[Winkin]), we shallusetheclass
MTITZ extensively throughoutthismonograph.
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As the definition shows, by the subscriptðãi we meanthat *v'E E is ðãi -
valued. In thecaseof MTI -3¢ andits subclasses,this meansthat f andTk (for k
s.t. tk $í 0) are ðéi -valued.TheclassCTIC-3¢ consists*v°í E ù ĝ, whereE ïÛð ,
ĝ ï H∞ ñ C û ; ðéiNò j i�ñ C û yh� ∞ � ; ðéiNò , andĝ ñ ∞ ò¢í 0.

All well-posedfractions of exponential WTIC functions have a d.c.f. if
dimU ô dimY � ∞, by Theorem2.1 of [CD80]. This follows from the fact that
a functionin H∞

ω for someω � 0 hasonly afinite numberof zerosonC û .
The MTI spacesdefinedabove are ULR and have beautiful factorization

properties(seeTheorems2.6.4and4.1.6),which make themperfectcandidates
for stabilization theory. Moreover, mostof themalsoadmitspectralfactorization
(seeTheorem8.4.9),henceour optimization theorybecomesmorecompletefor
suchmapsthanfor generalTI maps.

Next we notethattheseclassesareclosedundercomposition, causaladjoints
andinverses,andwe list someof their furtherproperties:

Theorem2.6.4(MTI, SMTI, CTI) Let
Ì

be one of the classesCTI, CTI -3¢ ,
MTI , MTI -3¢ , MTId, MTI -3¢d , MTIL1

, MTIL1 � -3¢ , MTIS and MTId � S, where S í
S E S � R. Set

[Ì
: í Ì j TIC.

Let v)ï Ì ñ U ô Y ò , 8 ï Ì ñ Y ô Z ò andω ô ω@ ï R. Thenthefollowing hold:

(a1)
Ì ñ U ô Y ò is a Banach space,

Ì ñ U ò is a Banach algebra and ð¹�
a

Ì �
a

TI (cf. Definition 6.2.4);in particular,
Ì%Ì í Ì and

[Ì [Ì í [Ì �
a

TIC.

(a2) If
Ì $í CTI ô CTI -3¢ , then v 8 is equalto theconvolution of v and 8 , and *v

is equalto theLaplacetransformof v takenin MTI sense(asin (D.22)).

(b1) vcî ô v d ï Ì and v 8 ï Ì .

(b2) If v ôÐ8 ï [Ì , then v d ï [Ì and v 8 ï [Ì .

(b3)Wehave �±vcî �� vUï Ì ω �+í Ì � ω and �
v���÷ ω í¡�
vcî§��÷ t ω.

(c1) v)ïVG TI ñ U ô Y ò¯�µv)ïVG Ì ñ U ô Y ò .
(c2) v)ïVG TIC ñ U ô Y ò��µvUï�G [Ì ñ U ô Y ò .
(d) If 8 í F ù f k±ï MTIL1 ñ Yô Z ò and �´í G ù g k|ï MTIL1 ñ U ô Y ò , then 8 ��í

FG ù ñ Fg ù f G ù f k gò�k¹ï MTI L1 ñ U ô Z ò .
(e1) *v)ïVi bu ñ iR; ð¯ñ U ô Y ò�ò and � *v{ñ sò�� � �
v�� TI � �
v���÷ for all s ï iR.

(e2) If v?ï [Ì , then *v?ï�i bu ñ C û ; ð�ñ U ô Y ò�ò j H∞ ñ C û ; ð�ñ U ô Y ò�ò and � *v{ñ sò�� ��
vQ� TI � �
v���÷ for all s ï C û .

(f) Wehave
[Ì � ULR, MTIL1 � CTI andMTICL1 � CTIC � UHPR.

(g1) Assumethat
Ì $í CTI ô CTI -3¢ . Then

Ì
ω í eω r Ì e� ω r and

[Ì
ω í eω r [Ì e� ω r .

Moreover,
[Ì

ω �c [Ì ω � for ω @ � ω.

(g2)Assumethat
Ì $í CTI ô CTI -3¢ . Then

Ì îω í Ì � ω,
Ì d

ω í Ì ω. and
[Ì îω í [Ì � ω.

(h1) Replacetheletters MTI by SMTI everywhere in this theorem.Then(a1)–
(a2) and (d)–(g1)still hold exceptthat *v neednot be strongly continuous
in (e1)–(e2)andinsteadof (f) weonlyhavethat

[Ì � SLR andSMTICL1 �
SHPR.
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(h2)Wehave ����� TIω � ����� SMTIω � ����� MTIω � ∞ for all �´ï TIω.

(i1) If ú ï MTIC∞ ñ U ô Y ò , then � π � 0 � t � ñ ú E D ò π � 0 � t � � - + L2 + R , ;U �.� ü 0, ast ü 0ù .

(i2) If f ï L2
loc ñ R û ; ð�ñ U ô Y ò�ò , then � u Aü ñ f k uòOñ t ò�� - + L2 + R , ;U �£�Y � ü 0, as

t ü 0ù .

(i3) If ú ï SMTIC∞ ñ U ô Y ò , andu í χR , u0, then ú u ï�i�ñ R û ;Y ò and ñ ú u òOñ 0ò í
Du0.

(j) If dimU � ∞ or dimY � ∞, then
Ì -3¢ í Ì (sincethenðéi�ñ U ô Y ò®íÊð�ñ U ô Y ò ).

Obviously, the formula in (d) holdsmoregenerallytoo. SeeLemmaD.1.12
for adjointsandLaplacetransformsof elementsof MTI. Notealsothatalmostall
above resultshold for BanachspacesU andY too, asshown in thestatementsto
whichwe referin thetheoremandits proof.

Chapter4, Proposition6.3.4andLemmasF.2.2–F.2.4alsodescribeproperties
of MTI andSMTI classes.Thecorrespondingspectralandcoprimefactorization
propertiesaregivenin Sections5.2and8.4.

Proof: (c1)&(c2)&CTI-claims: By Theorem4.1.1 and Lemma4.1.3,
Ì

[and
[Ì

] is inverseclosedand[causal]adjointclosed,asindicatedin (b1)–(c2).
(Wedonotknow whethertheSMTI classesareinverseclosed.)

The other claims about CTI and its subclassesare easyto prove (e.g.,�CTI ñ U ô Y ò�í¨i�ñ iR y�� ∞ � ; ð¯ñ U ô Y ò�ò hasthepropertiesstatedabove;seeLemma
2.6.2for thehalf-plane-regularityof CTIC maps).Therefore,for therestof the
proof,we assumethat

Ì $í CTI and
Ì $í CTI -3¢ .

(a2)This follows from LemmaD.1.12(c3).
(a1)&(d) It is clearthat

Ì
is avectorspace.Theisometric isomorphism

MTI ñ U ô Y ò ó ñ ∑
r { RTrδr ù f ò�k�Aü ñ�ñ Tr ò r { R ô f ò=ïhe 1 ñ R; ð�ñ U ô Y ò�ò54 L1 ñ R; ð�ñ U ô Y ò�ò

(2.55)
shows that MTI is a Banachspace(sinceL1 and e 1 areBanachspaces).It is
easyto verify thatalsothe imageof

Ì
under(2.55) is a Banachspace(recall

that ðãi is closedin ð ), hence
Ì

is aBanachspace.
The composition of MTI operatorscorrespondsto the convolution of the

correspondingmeasures,by Lemma D.1.12(c1), hence
Ì ñ U ò is a Banach

algebra(with aunit) and(b1)holds.
Now we have shown that

Ì�Ì í Ì �
a

TI. SinceTICTIC í TIC �
a

TI, we

have
[Ì [Ì í [Ì . Obviously, ð��

a

Ì
.

(b1)&(b2)Thesefollow from Lemma4.1.3and(a1).
(b3)Oneeasilyverifiesthis.
(e1)&(e2)This follows from LemmaD.1.12(a1)&(c2)&(a1’)&(c’).
(f) By Lemma D.1.12(b’), we have

[Ì � ULR; by (e), Lemma
D.1.11(a1)&(a1’)and Lemma2.6.2, we have MTICL1 � UHPR, MTICL1 �
CTIC andMTIL1 � CTI.

(g1)By LemmaD.1.12(d),wehave
Ì

ω í eω r Ì e� ω r and
[Ì

ω í eω r [Ì e� ω r .
Sincee� ω r � 1 onR û , it is easyto verify from thedefinitionthat

[Ì
ω � [Ì ω � .

(SeeRemark2.1.6for furtherresults.)
(g2)This followsfrom Lemma4.1.3.



78 CHAPTER2. TI AND MTI OPERATORS

(h1) This follows asabove, by usingLemmasF.2.2andF.2.3. (We do not
know abouttheexcludedclaims.)

(h2)Weomit thesimpleproofof ����� SMTIω � ����� MTIω; theotherinequality
is givenin (e2)and(h1).

(i1) This follows from thefact thattheMTI normof thepartof ú lying onñ 0 ô t ò decreasesto zero.We leave thesimpledetailsto thereader.
(i2) This holds because� ñ f k uòOñ t ò�� Y � � π � 0 � t � f � 2 � π � 0 � t � u � , by Lemma

D.1.7,and � π � 0 � t � f � 2 ü 0 ast ü 0, by CorollaryB.3.8.
(i3) The proof is analogousto that of (i1) andomitted (notethat úUý u0 ï

MTIC ñ C ô Y ò ).
(j) SeeLemmaA.3.4(B1). �

We finish this section by a minor technical result that allows us to to
approximateðéi -valuedTI mapsby finite-dimensional operators:

Lemma 2.6.5 Let ú ï Ì ñ U ô Y ò and *ú ñ ù ∞ ò+í 0, where
Ì í CTI -3¢ or

Ì í
MTI -3¢ . Then there are countableorthogonal sequences� un � ∞nJ 1 � U and� yn � ∞nJ 1 � Y s.t. when Pn [P @n] is the orthogonal projection of U [Y] onto
spanñ u1 ô �
�
� ô un ò [spanñ y1 ô �
�
� ô yn ò ], wehaveP@n ú Pn ü ú , P@n ú ü ú , and ú Pn ü ú
in
Ì ñ U ô Y ò , asn ü ∞.
If U í Y, wecanchoose� un � sothatPn ú Pn ü ú in

Ì ñ U ò .
Of course,if ú í¥ñ ∑kTkδtk ù f ò�k , thenwe canreplaceP@n f Pn (i.e., F P�n f Pn 0

0 0 > )
by somesmooth or simplefunction with a compactsupportfor eachn without
losingtheconvergencies(seeTheoremB.3.11).

Proof: CaseCTI: 1® Let n ï N. For eachs ï iR yh� ∞ � , *ú ñ sòcïoðéi , hence
therearePn � s andP@n � s asin LemmaA.3.4(B2),sothat � *ú ñ sò®E P@n � s *ú ñ sò Pn � s �6�
1� n. Theset

Gs : í~� z ï iR yh� ∞ �6�� � *ú ñ zò®E P@n � s *ú ñ zò Pn � s �_� 1� n � (2.56)

is open,for eachs. By thecompactnessof *ú ñ iR yh� ∞ � ò , thereis afinite subset� s1 ô �
�
� ô smn ��� iR y�� ∞ � , sothatiR y�� ∞ �Q� Gs1 yZ�
�
�½y Gsmn
. Let un � 1 ô �
�
� ô un � kn

[yn � 1 ô �
�
� ô yn � k�n] be an orthogonalbaseof y mn
j J 1Ranñ Pn � sj ò [ y mn

j J 1Ranñ P@n � sj
ò ].

Thus, � *ú ñ zò�E [P@n *ú ñ zò [Pn ��� 1� n for all z ï iR yª� ∞ � for the corresponding
projections.

2® Let u1 ô u2 ô �
�
� be the sequenceu1 � 1 ô u1 � 2 ô �
�
� ô u1 � k1 ô u2 � 1 ô u2 � 2 ô �
�
� and let
y1 ô y2 ô �
�
� be the sequencey1 � 1 ô y1 � 2 ô �
�
� ô y1 � k�1 ô y2 � 1 ô y2 � 2 ô �
�
� to obtain � *ú E
P@n *ú Pn ��ü 0. Clearly � *ú E P@n *ú � and � *ú E *ú Pn � areevensmaller.

If U í Y, we may modify our proof by choosingonly the uk’s, using
the last claim in Lemma A.3.4(B2), or we can as well use the sequence
u1 ô y1 ô u2 ô y3 ô u3 ô �
�
� .

CaseMTI : 1® Let ú ñ sò¢íp	∑∞
k J 0Tkδrk ù f �øk , whereTk ï�ðéi�ñ U ô Y ò for all k

and f ï L1 ñ R; ðéi�ñ U ô Y ò�ò . Let j ï N ù 1.
Then there are m ï N ù 1, v´í�	∑m

k J 0T @kδrk ù [f �øk s.t. m ï N ù 1, T @k ïðéi�ñ U ô Y ò for all k, f í ∑m
k J 0 SkχEk

, where eachSk ï°ðéi�ñ U ô Y ò is finite-
dimensional, and � ú E³v�� MTI � 1� j (replaceeachTk by a finite-dimensional
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T @k (seeLemmaA.3.4(B1)),usethedensityof simplefunctionsin L1 (Theorem
B.3.11(a1))andchoosesuitablem � ∞). Let

U j : í spanù Kerñ T @1 ò Ï yé�
�
�Ðy Kerñ T @mò Ï y Kerñ S1 ò Ï yé�
�
�Ðy Kerñ Smò Ï5ú � U ô
(2.57)

Yj : í span' Ranñ T @1 òÁyé�
�
�½y Ranñ T @m òÁy Ranñ S1 òÁyé�
�
�½y Ranñ Smò ( � Y� (2.58)

Let
[
Pj [
[
P@j ] betheorthogonalprojectionof U [Y] ontoU j [Yj ]. Thenv í [P@j v [Pj ,

hence� ú E [P@j ú [Pj ��í¡� ú E [P@j ú [Pj ù [P@j v [Pj EãvQ� � � ú E�vQ� ù � [P@j ñKv�E ú ò [Pj �_� 2� j �
(2.59)

2® Let u1 ô �
�
� ô uk1 spanU1, add then vectorsuk1 û 1 ô �û�û� ô uk2 � U2 so that
u1 ô �
�
� ô uk2 spanthe spacespanñ U1 y U2 ò etc. If

[
Pj and

[
P@j arethe projections

definedabovefor somem, thenRanñ [Pj ò5� Ranñ Pn ò andRanñ [P@j ò5� Ranñ P@n ò for

somen (andeverysubsequentone),hence� ú E P@n ú Pn � � � ú E [P@j ú [Pj �´� 1� j.
Therefore,� ú E P@n ú Pn ��ü 0, asn ü ∞.

If U í Y, we canreplaceU j andYj by spanñ U j y Yj ò to obtaintherequired
projections. �
Notes
TheclassMTIC wasintroducedintocontroltheoryin [CD78] and[CD80]. An

excellentreferenceon theclassis [CZ]. TheclassMTICTZ is treatedin [Winkin]
and[CW99], andMTId in [BKRS] and[RSW], amongothers.All theseassume
thatU andY arefinite-dimensional;in thatcaseprobablyall of Theorem2.6.4is
well known. Generalvector-valuedmeasures(with MTIC asa specialcase)are
treatedin [DU] andin [Dinculeanu].
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Chapter 3

Transfer Functions
( üTI ý L∞

strong, þTIC ý H∞)

Thoughearthandmanwere gone,
Andsunsanduniversesceasedto be,
AndThouwere left alone,
Everyexistencewouldexist in Thee.

— Emily Brontë(1818–1848)

In this chapter, we shallstudythetransferfunctionsof TI andTIC maps,i.e.,
thefunctions *v for whichy í�v u correspondsto *y í~*v *u, when vUï TI ñ U ô Y ò , u is
aninputsignalandy is thecorrespondingoutputsignal.

For v?ï TIC, this wasgiven in Theorem2.1.2(with *y í *v *u on C û , i.e., in
H2 ñ C û ;Y ò ); for generalv´ï TI, we only know that *y í *v *u a.e.C û , i.e., that*y í¨*v *u in L2 ñ iR;Y ò ; thismappingv�Aüÿ*v will beestablishedin Theorem3.1.3.

Thus, �TIC í H∞ and *TI í L∞
strong. In Theorem3.1.6, we shall show that�

TIa
j TIb í H∞ ñT� a � Re ý � b � ; ð�ñ U ô Y ò�ò . Wealsoprovidesomefurtherresultson

thesethreeformsof transferfunctionsandweaker formsof thethemfor arbitrary
BanachspacesU andY andLp in placeof L2 (and“TI p” in placeof TI). These
canbeconsideredasextensionsof socalledFourier multiplier theory.

In Section3.3,weestablishseveralresultsontheboundaryfunctionsandpoles
of holomorphic functions.

By H, U andY we denotearbitraryHilbert spacesunlesssomething elseis
indicated.

81



82 CHAPTER3. TRANSFERFUNCTIONS( *TI í L∞
strong, �TIC í H∞)

3.1 Transfer functions of TI (
�
TI � L∞

strong)

transfer, n.:
A promotion youreceiveon theconditionthatyouleavetown.

To be able to prove that “ *TI í L∞
strong”, we first recall the definition of

L∞
strongñ iR; ð¯ñ U ô Y ò�ò :

Definition 3.1.1(L∞
strongL∞
strongL∞
strong) Let U, Y andW be Hilbert spaces,and let Q be a set

with a completepositivemeasure. A function F : Q ü ð¯ñ U ô Y ò is said to be
stronglymeasurable, if Fu0 is Bochnermeasurable for each u0 ï U.

We defineL∞
strongñ Q; ð�ñ U ô Y ò�ò to be the spaceof (equivalenceclassesof)

strongly measurablefunctionsQ ü_ð�ñ U ô Y ò with norm� F � L∞
strong

: í sup¤ u ¤ ¥ 1
� Fu � L∞ � ∞ � (3.1)

Wedefinethemultiplicationin L∞
strongby theformula 	 F �T	G� : í�	FG� for any

F ï L∞
strongñ Q; ð�ñ U ô Y ò�ò , G ï L∞

strongñ Q; ð�ñ Yô W ò�ò .
Moreover, 	G� ï L∞

strongñ Q; ð�ñ Yô U ò�ò is theadjointof 	F �!ï L∞
strong (i.e. 	F � î í	G� ) if ö Fu ô y÷�í ö u ô Gy÷ a.e. for all u ï U andy ï Y.

All this is well-defined,by SectionF.1. Naturally, functionsF ô G ï L∞
strongare

equivalent(G ï�	F � ) if f � F E G � L∞
strong

í 0, i.e., if f Fu í Gua.e.for all u ï U . (By	F � wedenotetheequivalenceclassof F.)
As above,wewrite F ï L∞

stronginsteadof 	F ��ï L∞
strongwhenthereis nodanger

of confusion.SeeExample3.1.4for adjointsandSectionF.1 for furthertheoryon
L∞

strongandstrongly(andweakly)measurableoperator-valuedfunctions.
Recall that we treat the imaginary axis iR as R for measure-theoreticand

differentiability aspectsetc.; in particular, mñ iE ò : í mñ E ò for any measurable
E � R, wherem is the one-dimensional Lebesguemeasure,and f ïxi k ñ iR;Bò
if f g ïVi k ñ R;Bò , whereg ñ ý ò : í f ñ i ý ò . Thesameappliesto theappliesto any other
verticalaxisω ù iR, whereω ï R. We recallthefollowing from SectionF.1:

Lemma 3.1.2 The spaceL∞
strongñ Ω; ð�ñ U ô Y ò�ò is a Banach spaceand the space

L∞
strongñ Ω; ð�ñ U ò�ò is a Banach algebra for anymeasurable Ω � R. �

(This followseasilyfrom LemmaF.1.3(b)andTheoremF.1.9(s1).)
Now weareableto statethatL∞

strong í *TI:

Theorem3.1.3( *TI í L∞
strong*TI í L∞
strong*TI í L∞
strong) For any Hilbert spacesU and Y, the following

hold:

(a1) *TI í L∞
strong:*TI í L∞
strong:*TI í L∞
strong: For each v�ï TI ñ U ô Y ò there is a unique function *v�ï

L∞
strongñ iR; ð¯ñ U ô Y ò�ò called the Fourier transform (or symbol) of v , s.t.*v *f í �v f on iR for all f ï L2 ñ R;U ò . (We also call the mapping vzAü *v

theFourier transform.)

The Fourier transform is an isometric isomorphism of TI ñ U ô Y ò onto
L∞

strongñ iR; ð¯ñ U ô Y ò�ò , and it commuteswith adjoints and compositions; in
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particular, this mappingis an isometricB î -algebra isomorphismof TI ñ U ò
ontoL∞

strongñ iR; ð¯ñ U ò�ò .
(a2) Each *v:ï L∞

strongñ iR; ð¯ñ U ô Y ò�ò hasa representativeF : iR ü¿ð�ñ U ô Y ò s.t.� F ñ ir ò�� � � *vg� L∞
strong

: í supu { U � Fu � L∞ for all r ï R.

(b) If ú ï TIC ñ U ô Y ò , thentheboundaryfunction(seeTheorem3.3.1(c1))of its
Laplacetransformcoincideswith its Fourier transform; weidentify thetwo.

(c) If dimU � ∞, thenL∞
strongñ iR; ð¯ñ U ô Y ò�ò�í L∞ ñ iR; ð¯ñ U ô Y ò�ò .

(d) Let 	 F �=í *v¥ï L∞
strongñ iR; ð¯ñ U ô Y ò�ò . Assumethat either F is piecewise

continuousor U is separable. Then ��	 F �Ð� L∞
strong

í esssup � F � - + U �Y � and	F î
�díp	F �Pî . Moreover, v�î²vx� 0 iff F î F � 0 a.e.

Furthermore, vÐï�G TI iff F ñ ir ò�ï�G�ð for a.e. r ï R and 	 F � 1 �dï L∞
strong. If F

is piecewisecontinuous,thena thirdequivalentconditionis thatF ñ ir ò�ïfG�ð
for a.e. r ï R andF � 1 is essentially bounded;anda fourththatF ñ ir ò ï�G�ð
for all r ï R andF � 1 is bounded.

(e1)Let v)ï TI ñ U ò . Thenvx� 0 iff ö *v u ô u÷¬� 0 a.e. for all u ï U (iff *vx� 0 a.e.,
providedthateither *v is piecewisecontinuousor U is separable).

(e2) Let v k ï TI ñ U ô kZò (k í 1 ô 2 ô 3 ô 4). Then v�î1 v 2 �©vcî3 v 4 iff ö *v 1u ô *v 2u÷¶�ö *v 3u ô *v 4u÷ a.e. for all u ï U (iff *vcî1 *v 2 �
*vcî3 *v 4 a.e., providedthat either *v k

is piecewisecontinuousfor k í 1 ô 2 ô 3 ô 4, or U is separable).

Of course,we have �TIω ñ U ô Y ò2í L∞
strongñ ω ù iR; ð�ñ U ô Y ò�ò in a similar way

(becauseL2
ω í eω r L2 andhence�L2

ω í τ ñ�E ω òOñ �L2 ò ); seealsoRemark2.1.6.
All above resultsalsohold for ∂D mutatismutandis, by Theorem13.2.3.See

Theorem3.2.4 for a result weaker than (a1) in the caseof separableBanach
spacesU and Y. Note also that i b ñ iR; ð¯ñ U ô Y ò�ò is a closed subspaceof
L∞

strongñ iR; ð¯ñ U ô Y ò�ò .
Given vUï TI ñ U ô Y ò andu0 ï U , wehave *v u0 í *φ � 1 � � v φu0 a.e.on iR, where,

e.g.,φ ñ t ò=í e� t2 M 2 (seeLemmaD.1.25),becausetheFourier transformis one-to-
oneonL2. Thefollowing proofof (a1)is basedon this.

Proof of Theorem 3.1.3: (a1) Let *vÅï L∞
strongñ iR; ð¯ñ U ô Y ò�ò . By

Theorem F.1.7(b) and The Plancherel Theorem, L∞
strongñ iR; ð¯ñ U ô Y ò�ò��ð�ñ L2 ñ R;U ò ô L2 ñ R;Y ò�ò , isometrically, through f Aüsv f : í � � � 1 *v *f . Moreover,v τt f í � � � 1 *v et r *f � � � 1et r *v *f í τt v f for all f ï L2. Thus,
� � � 1L∞

strong � TI ñ U ô Y ò ,
isometrically.

Therefore,weonly have to show theconverse.Thus,below weassumethatvUï TI ñ U ô Y ò , find a candidate*v andthenshow that
� � v f í *v *f for all f ï L2.

(WenotethattheproofdoesrequirethatU andY areHilbert spaces,because
wewantall L2 ñ R;Y ò functionsto haveaFourier(–Plancherel)transformandwe
wantto beableto extend ð¯ñ U0 ô Y ò operatorsto ð�ñ U ô Y ò operatorswheneverU0

is asubspaceof Y.)
1® Defineφ ñ t ò : í e� t2 M 2. Then*φ ñ ir ò!í � 2πe� r2 M 2 � 0 for r ï R, by Lemma

D.1.25;in particular*φ ñ ir ò � 1 is everywheredefinedandcontinuous.
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2® By L weshalldenotetheoperatordefinedin LemmaB.5.3.
3® SetAt : í©� u �� it ï Lebñ L � � v φuò��a� U . Then,for a fixedu ï U , we have

u ï At for a.e.t. By (B.56),At is asubspaceof U .
If u ï U and Λ ï Y î , then g Aü Λ v gu is in TI ñ C ò and of norm ��
v��¶� Λ �B� u � , hence,by the correspondingscalarresult [BL, Theorem6.1.2,

p. 132], thereis TΛ � u ï L∞ ñ iR ò s.t. � TΛ � u � � �
v��¶� Λ �B� u � and

TΛ � u *g í � � Λ v gu í Λ � � v gu for g ï L2 ñ R ò�� (3.2)

If follows thatfor all Λ ï Y î s.t. � Λ � � 1 wehave�Λ*φ ñ ir ò � 1L ñ � � v φuòOñ ir ò � � � *φ ñ ir ò � 1LTΛ � u ñ ir ò *φ ñ ir ò � � �
vQ�§� u � ô (3.3)

hence � *φ ñ ir ò � 1 ñ L � � v φuòOñ ir ò�� Y � �
vQ�§� u ��� (3.4)

Let F ñ it ò�ï±ð�ñ U ô Y ò bealinearextensionof At
ó u Aü *φ ñ it ò � 1 ñ L � � v φuòOñ it ò�ï

Y (thatmappingis linear, by (B.56))satisfying � F ñ it ò�� � �
vQ� (by (3.4),this is
possible, e.g.,extendto theclosureof At by continuity, andextendby zeroon
AÏt ).

Becausefor u ï U we have F ñ it ò u í *φ ñ it ò � 1 ñ L � � v φuòOñ it ò for t ï At , hence
for a.e. t ï R, the function F is in L∞

strongñ iR; ð¯ñ U ô Y ò�ò , in particular, F ïð�ñ L2 ñ iR;U ò ô L2 ñ iR;Y ò�ò , by TheoremF.1.7(b).
For *f ï L2 ñ iR ò andu ï U wehave

ΛF ñ it ò *f ñ it ò u í *f ñ it ò *φ ñ it ò � 1 ñ L � � v φuòOñ it ò¢í *f ñ it ò TΛ � u ñ it ò¢í Λ ñ � � v f uòOñ it ò a� e�
(3.5)

for all Λ ï Y î (thefirst inequality followsfrom thedefinitionof F ñ it ò andfrom
thefactthatu ï At for a.e.t, thesecondandthird inequality follow from (3.2)).
BecauseF f and

� � v f u areL2 ñ iR;Y ò functions,hencemeasurable,it follows
from (3.5)that ñ F f òOñ it ò u í�ñ � � v f uòOñ it ò for (a.e.)t ï R, by LemmaB.2.6.

We canextendF f u í T f u to Fg í Tg for arbitrarysimple functionsg by
linearity, then for arbitrary g ï L2 ñ iR;U ò , by density(TheoremB.3.11) and
continuity.

The secondparagraphof (a1) is easyto prove, e.g.,by an applicationto
functionsof theform χEuandχEy, oneeasilynotesthat �v î í�*vcî for anarbitraryv)ï L∞

strong(in particular, L∞
strong is aBî -algebra).

(a2)TherepresentativeF constructedin theproofof (a1)obviouslysatisfies
theconditionsof (a2).

(b) This will beprovedin Theorem3.3.1(c1).
(c) SeeLemmaF.1.3(d).
(d) The claim on v�î±v©� 0 follows from (e1) and the claim 	F îÐ��íÍ	F �Pî ,

because*v î�*v'í�	F î �T	F � í�	F î F � .
The rest follows from LemmaF.1.3(f1)&(f2). In the proof of the G TI-

equivalence,we alsoneedthe fact vµï³G TI � 	F ��ï³G L∞
strong, from (a1) (the

extra condition imposedon “G” in (f2) followsfrom (a2)above).
For thelastremarkwenotethatif F is piecewisecontinuousandF � 1 exists

a.e.andF � 1 is bounded,thenF � 1 exists everywhere,by LemmaA.3.3(A3),
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and 	F � 1 �®ï L∞
strong.

(Insteadof piecewise continuity, it suffices to assumethat iR is divided
into an at most countablenumberof intervals of positive measure,andF is
continuous oneachof them.)

(e)For clarity, weonly prove(e1)(whichis aspecialcaseof (e2));thesame
proofof appliesfor (e2)with slightchanges.

1® If ö *v u ô u÷ U � 0 a.e.for all u ï U , then ö *v f ô f ÷ L2 + iR;U � � 0 for all simple

functions f ï L2, hencefor all f ï L2.
Conversely, if u ï U and ö *v uχE ô uχE ÷ L2 + iR;U � � 0 for all finite-measurable

setsE, then ö *v u ô u÷¬� 0 a.e.
2® If *v is piecewise continuous,then the *vË� 0 claim is obvious. If U

is separableand ö *v u ô u÷`� 0 a.e.for all u ï U , then thereis a null setN s.t.ö *v u ô u÷`� 0 on Nc for all u in a countable,densesubsetof U , hencefor all
u ï U . Theconverseis trivial. �
In the caseof unseparableY (anddiscontinuous L∞

strong functions),thereare
somepeculiarities,e.g.,even the element0 ï L∞

strong may have a representative
F : R ü�ð¯ñ U ô Y ò with esssup � F � - + U �Y � í ∞ andF î nonmeasurable:

Example 3.1.4 [ ��	F �Ð� L∞
strong

í 0 & � F � L∞ í ∞��	F �Ð� L∞
strong

í 0 & � F � L∞ í ∞��	F �Ð� L∞
strong

í 0 & � F � L∞ í ∞] Let � er � r { R bethenaturalbaseof

U : í³e 2 ñ R ò , andlet d0 ï Y bes.t. � d0 � í 1; hereY canbeany unseparableHilbert
space.

For all f : R ü R, we defineFf : iR ü ð¯ñ U ò by Ff ñ ir ò u : í f ñ r ò urd0 (where
u í´ñ ur ò r { R), sothat � Ff ñ ir ò�� - + U �Y � í � f ñ r ò � for all r ï R. Consequently, Ff u í 0
a.e.for all u ï U , becauseur í 0 for a.e.r; in particular, 	Ff ��í 	 0�®ï L∞

strong, i.e.,��	Ff �Ð� L∞
strong

í 0,eventhough � F � L∞ : íË�Æ� F � - + U �Y � � L∞ + R � í�� f � ∞ maybeinfinite
(andF maybenonmeasurable).Moreover,ö Ff ñ ir ò u ô y÷�í ö f ñ r ò urd0 ô y÷ í ö f ñ r ò ur ô y0÷ í ö u ô f ñ r ò y0er ÷ for all u ï U ô y ï Yô

(3.6)
wherey0 : í ö d0 ô y÷ í : Λy, hence,F îf í f ñ r ò erΛ, in particular, Ff ñ ir òKî d0 í f ñ r ò er

and � Ff ñ ir òKî � - + U �Y � í � f ñ r ò � í � Ff ñ ir ò�� (r ï R). Thefollowing holds:

(a) If f ñ r ò¢í r, thenFf ñ ir òKî d0 í rer , hence� F îf d0 � ∞ í ∞. Consequently,

“ ��	F îf �Ð��@ @L∞
strong

: í sup
y0 { Y esssup

r { R � Ff ñ ir ò î y0 � U í ∞ � (3.7)

(b) If g ñ r òdÇ 1, then“ ��	F îg �Ð� L∞
strong

” í 1. However, even in this case,we have	Ff � $ï L∞
strong, becauseF îg is not even stronglymeasurable:obviously, the

function r Aü Fg ñ ir òKî d0 í er ï U is not almost separably-valued, hence
neithermeasurable(nor is thefunctionFf of (a)or any otherFf exceptthose
with f í 0 a.e.). �

Thus,in general,theadjointof a representative of some *v:ï L∞
strong neednot

be in the classof *v�î , not even in the classof any L∞
strong function, even if this

representativewerebounded(see(b) above).
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However, thereis a unique *8 ï L∞
strong s.t. ö u ô E î y÷ í ö Eu ô y÷ í ö u ô Fy÷ a.e.for

all u ô y wheneverE andF arerepresentativesof *v and *8 , respectively, by Theorem
3.1.3(a1).Notethat, if Fu is stronglymeasurable,thenF î is weaklymeasurable
in thesensethat ö F î yô u÷ is measurablefor all u ï U andy ï Y.

SometimesTI operators(and WPLSs)are studied over Banachspacesand
generalLp (see,e.g., [Sbook] and several articlesof G. Weiss). Many of our
resultsgeneralizeto thatsettingwith easebut somedonotatall. Theemphasisof
thisbookis in L2 signalsoverHilbert spaces,becausethisallowsoneto formulate
the standardcontrolproblems.However, we give herecertainresultsin a wider
settingfor futurereference.

Theorem3.1.5(TIp
ωTIp
ωTIp
ω) Let X andY be Banach spaces,p ô q ïI	 1 ô ∞ � and ω ï R.

Define

TIp � q
ω ñ X ô Y ò : í~�±v)ï�ð�ñ Lp

ω ñ R;X ò ô Lq
ω ñ R;Y ò�òã�� v τ ñ t ò�í τ ñ t òÂv for all t ï R � ô

(3.8)
TI p

ω : í TI p � p
ω and TI : í TI2 � 2

ω . ThenTIp � q
ω is a closedsubspaceof ð�ñ L p

ω ô Lq
ω ò .

Moreover, �
v f � Wn � q
ω � �
v�� TIp � q � f � Wn � p

ω
and v ∂n f í ∂n v f for all f ï Wn � p

ω ñ R;U ò ,v)ï TIp � q
ω .

Finally, v6	 �Áñ R;X òT�%� W∞ � q
ω � i ∞ ñ R;Y ò for all v ï TI p � q ñ X ô Y ò , andv«	øi 0 ñ R;X ò��`��i b ñ R;Y ò (even v«	øi 0 ñ R;X ò��`��i 0 ñ R;Y ò if Y is a Hilbert space)

for all vUï TI∞ ñ X ô Y ò .
(We have set W∞ � p

ω : í j k { NWk � p
ω . Note also that the definition of TI∞ in

[Sbook]differsfrom thatof ours:it requirestheL∞ functionsto vanishat infinity.)
The TIp operatorscorrespondto Fourier multipliers (seeSection3.2; note

that the multiplier doesnot determinethe operatoruniquely in casep í ∞).
Analogously, TI p �∞ ñ U ô Y ò!íÐð¯ñ Lp ñ R;Bò ô B2 ò�k , in particular, TI p �∞ ñ C ò!í Lp� ñ R ò�k ,
wherep � 1 ù p@ � 1 í 1, for p � ∞. but sincethecaseq $í p is only rarelytreated,
we shallnotconsiderit further(andweomit theproofs).

Proof: 1® Obviously, TI p � q
ω is a closedsubspaceof ð�ñ L p

ω ô Lq
ω ò . By Lemma

B.7.8,a function f ï L p
ω ñ R;X ò is in W1 � p

ω if f ñ τ ñ hò f E f ò
� h convergesin L p
ω as

h ü 0. Thus,for f ï W1 � p
ω we have(here

X
lim meansa limit in thespaceX)v ∂ f íxv Lp

ω
lim
h # 0

ñ τ ñ hò f E f ò
� h í Lq
ω

lim
h# 0

v/ñ τ ñ hò f E f ò
� hí Lq
ω

lim
h# 0

ñ τ ñ hòÂv f Eãv f ò
� h í ∂ ñKv f ò ô
hence∂ ñKv f ò existsandis equalto v ∂ f . Thus, v6	W1 � p

ω �3� W1 � q
ω .

By induction, v ∂n � ∂n v and v Wn � p
ω � Wn � q

ω for any n ï N. Consequently,�
v f � Wn � q
ω � �
v�� TIp � q � f � Wn � p

ω
2®_v6	 �8ñ R;X òT�¬�Ëi ∞ ñ R;Y ò : Let v:ï TIp ñ X ô Y ò . Obviously, �©� W∞ � p. By

1® , v«	 �Áñ R;X òT�3� W∞ � q. By CorollaryB.7.7,wehaveW∞ � q �~i ∞.
3®6v«	øi 0 ñ R;X ò�����i b ñ R;Y ò : Let vµï TI∞ ñ X ô Y ò . Then v6	 �Áñ R;X òT�¯��i ∞ j

L∞ �Íi b ñ R;Y ò , hence v6	wi 0 ñ R;X ò��¶�Íi b ñ R;Y ò , by continuity (by Theorem
B.3.11(c), i 0 is theclosureof � in L∞).
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4®�v«	øi 0 ñ R;X ò��Q� i 0 ñ R;Y ò : Assume that Y is a Hilbert space. Set
Tφ : íÉñKv Rφ òOñ 0ò for all φ ï¨i 0 ñ R;X ò . One easily verifies that T ï M : íð�ñÐi 0 ñ R;X ò ô Y ò andv�í T k , where ñ T k φ òOñ t ò : í Tτ � t Rφ (t ï R ô φ ï�i 0 ñ R;X ò ).
By LemmaD.1.14(d),we have T k φ ïni 0 for all φ ïni 0, hencev6	wi 0 ñ R;X òT�3�i 0 ñ R;Y ò .

Remark— This is not true for general Y: Let X be any Banachspace
(e.g., X í C). Let Y : í�e ∞ ñ N;L∞ ò , where L∞ : í L∞ ñ R;X ò . One easily
verifies that v�ï TI∞ ñ X ô Y ò , where ñKv f ò n : í τ � n f ( f ï L∞). Obviously,
f $í 0 í � v f $ï�i 0 ñ R;L∞ ò . (Notealsothatπ � v π û¯í 0.) �
If v�ï TIa

j TIb ñ U ô Y ò , a � b, then *v ï L∞
strongñ r ù iR; ð�ñ U ô Y ò�ò for all

r ï�ñ a ô bò . Actually, *v can be redefinedso that it becomesholomorphic on
Ca � b : í�ñ a ô bò ù iR í~� s ï C �� a � Res � b � :
Theorem 3.1.6(

�
TIa
j TIb í H∞ ñT� a � Re ý � b � ô ðÁò�

TIa
j TIb í H∞ ñT� a � Re ý � b � ô ðÁò�

TIa
j TIb í H∞ ñT� a � Re ý � b � ô ðÁò ) Let U and Y be Hilbert

spacesand E ∞ � a � b � ∞.

(a) Let v ï TIa ñ U ô Y ò j TIb ñ U ô Y ò . Then there is a unique *v ï
H∞ ñ Ca � b; ð�ñ U ô Y ò�ò , s.t. � � v u í *v *u onCa � b ô (3.9)

for all u ï L2
a ñ R;U ò j L2

b ñ R;U ò . Moreover, � *vg� H∞ + Ca � b; - + U �Y �.� í
max�§�
v�� TIa ô �
v�� TIb � , *v has “strong” nontangential boundaryfunctions
(again denotedby *v ) on a ù iR and b ù iR, and

� � v u í *v *u a.e. in r ù iR
for each r ïn	 a ô b� andu ï L2

r ñ R;U ò .
(b) Conversely, if *vÊï H∞ ñ Ca � b; ð�ñ U ô Y ò�ò , thenthereis auniquev·ï TIa ñ U ô Y ò j

TIb ñ U ô Y ò s.t. *v%� r û iR is its transformfor some(henceall) r ï ñ a ô bò . If this is

thecase, then v and *v areasin (a).

The above boundaryfunctions exist in the sensethat *v u0 ï H∞ has the
boundaryfunction *v u0 ona ù iR in thesenseof (1.) and(2.) of Theorem3.3.1(a),
for eachu0 ï U . It follows that *v *u ï H2 ñ Ca � b;Y ò has the boundaryfunction*v *u ï L2 on a ù iR in the senseof (1.), (2.) and(4.)–(6.) of Theorem3.3.1(a),
for eachu ï L2

a
j L2

b ñ R;U ò , by PropositionD.1.21(a). The “mirror images”of
thesetwo claimsholdat b ù iR.

Note also that both sidesof (3.9) are holomorphic on Ca � b, by Proposition
D.1.21(a).By thelastclaim in (a), *vg� r û iR is theFouriertransformof v0ï TIr for
all r ï�	 a ô b� ; this justifiesournotation(andthatof Theorem2.1.2).

Proof: (The proofs of Theorems3.1.6and 3.1.7 useimplicitly Theorem
3.3.1(a);naturally, theconverseis not true. Part of (a) couldalsobeobtained
from Theorem3.1.7asacorollary, but wepreferto thesimplerproofbelow.)

(a) 1® We have *vµï H ñ Ca � b; ð�ñ U ô Y ò�ò : Let φ be asin LemmaD.1.25. We
define the function *v u0 : í *φ � 1 � � v φu0 ï H ñ Ca � b;Y ò for eachu0 ï U (since� � v φu0 ï H ñ Ca � b;Y ò , by PropositionD.1.21(a),we have *v{ñ sò u0 ï H ñ Ca � b;Y ò ).



88 CHAPTER3. TRANSFERFUNCTIONS( *TI í L∞
strong, �TIC í H∞)

For any fixeds ï Ca � b, theoperator*v{ñ sò : U ü Y is obviously linear;by the
norm inequality in LemmaD.1.10(a),it is alsobounded(for this fixeds). By
LemmaD.1.1(b),it followsthat *vUï H ñ Ca � b; ð�ñ U ô Y ò�ò .

2®ã� *vg� ∞ � M: Let F ñ r ù i ý ò be a representative of the Fourier transform
(seeTheorem3.1.3(a))of v , for eachr ï�	 a ô b� , sothat

max
r { � a � b� � F � L∞

strong+ r û iR; - + U �Y �.� í max�§�
v�� TIa ô �
v�� TIb �+í : M (3.10)

by (2.11). Then,given r ï'ñ a ô bò , we have F *φu0 í *vE*φu0 a.e.on r ù iR, hence
Fu0 í¨*v u0 a.e.on r ù iR, i.e.,F í¨*v asanelementof L∞

strongñ r ù iR; ð�ñ U ô Y ò�ò ;
in particular, sup � *v{ñ r ù iR ò�� - + U �Y � í^�
v�� TIr � M (since *v is continuousin

Ca � b, by 1® ). Becauser wasarbitrary, wehave � *vg� - + U �Y � � M onCa � b.

3® Identity (3.9) holds: Set *v : í F on a ù iR and on b ù iR, so that� � v u íp*v *u a.e.in r ù iR for eachr ïx	 a ô b� andu ï L2
r ñ R;U ò (recall from 2®

that *v°í F on r ù iR aselementsof L∞
strong). If u ï L2

a ñ R;U ò j L2
b ñ R;U ò , then

bothsidesof (3.9) areholomorphic,by PropositionD.1.21(a),hencethenthe
equalityholdson thewholeCa � b.

4® Boundary functions: By PropositionD.1.21(c),the function *v *u is the
nontangentialboundaryfunctionof itself ata ù iR andatb ù iR, in thesenseof
(1.), (2.) and(4.)–(6.)of Theorem3.3.1(a1).Setu í φu0 for anarbitraryu0 ï U
anddivideby *φ � 1 to obtainthat *v u0 is thenontangential boundaryfunctionof
itself ata ù iR andatb ù iR, in thesenseof (2.) (and(1.)) of Theorem3.3.1(a1).

(b) Thefunction *v � r û iR definesauniquev r ï TIr ñ U ô Y ò , and�
v r � TIr � � *vg� H∞ + Ca � b; - + U �Y �.� í : M ô (3.11)

for eachr ï·ñ a ô bò , by Theorem3.1.3.
Let u ï�b : í L2

a ñ R;U ò j L2
b ñ R;U ò and r ï�ñ a ô bò be arbitrary. Then*v r *u í *v *u a.e.on r ù iR. But *v *u ï H2 ñ Ca � b;Y ò , hence*v *u í *f for someunique

f ï L2
a
j L2

b, by Proposition D.1.21(c). By uniqueness,v r u í f a.e.,hence
(3.9) holdswith v r in placeof v . Becauser ïUñ a ô bò wasarbitrary, we havev r u í¨v r � u a.e.for any r ô r @ ï°ñ a ô bò . Becauseu ïfb wasarbitrary, it follows
from Lemma2.1.10(c)that v r íxv r � ï TIr

j TIr � , for any r ô r @ ï·ñ a ô bò .
Fix somer ï ñ a ô bò andset v : í³v r . By theabove,(3.9)holdsfor all u ï�b ,

and v)ï TIr � ñ U ô Y ò and �
v�� TIr � � M for all r @ ïÊñ a ô bò . By Lemma2.1.10(g),it

follows that vµï TIa
j TIb. Thus, v and *v areasin (a), so thatwe obtainthe

restof (b) from (a) (if *v is theFouriertransformof
[vUï TIr for somer ï·ñ a ô bò ,

then
[vÐíxv , by uniqueness). �

Weobserve thatwehaveachievedanalternativeproofof Theorem2.1.2:it is
a corollary of Theorem3.1.6andLemma2.1.11. A similar weaker claim (the
transformbeing a contractive linear isometry into; also this claim is given in
[W91a]) is truealsowhenU andY aregeneralBanachspacesandL2 is replaced
by Lp, 1 � p � ∞, asoneobtainsfrom the following (weaker) generalizationof
theabove theorem:
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Theorem 3.1.7(
�

TIa
j TIb � H∞ ñT� a � Re ý � b � ô ðÁò�

TIa
j TIb � H∞ ñT� a � Re ý � b � ô ðÁò�

TIa
j TIb � H∞ ñT� a � Re ý � b � ô ðÁò ) Assume, for this theorem,

that X and Y are Banach spaces,1 � p � ∞, and E ∞ � a � b � ∞. Letv)ï TIp
a ñ X ô Y ò j TIp

b ñ X ô Y ò . Thenthere is a unique *v)ï H∞ ñ C + a � b � ; ð�ñ X ô Y ò�ò s.t.�v u í *v *u onCa � b (3.12)

for all simple u ï L2 ñ R;X ò . Moreover, (3.12) holds for all u ï L p
a ñ R;X ò j

Lp
b ñ R;X ò . Finally, � *vg� H∞ + Ca � b; - + U �Y �.� � max�§�
v�� TIa ô �
v«� TIb � .

Theconverseis not true; indeed,for Y : íIe ∞ ñ N ò , thereis *v0ï H∞ ñ C û ; ð�ñ Y ò�ò
(continuousto the boundary)s.t. *v *u $ï � � 	 L2 ñ R;Y òT� for someu ï L2 ñ R;Y ò , by
Example3.3.4.Moreover, ��*vg� H∞ + Ca � b; - + U �Y �.� canbearbitrarilysmallcomparedto
max�§�
v�� TIa ô �
v«� TIb � , by thethird remarkof Example3.3.4.

Recall from Proposition D.1.21(a) that *u ô �v u ï H ñ Ca � b; kZò for all u ï
Lp

a ñ R;X ò j Lp
b ñ R;X ò . Notealsothat if u ï L2 ñ R;X ò is simple,thenu ï Lq

r ñ R;X ò
for all q ï�	 1 ô ∞ � , r ï R.

We observe from Definition E.1.3andPropositionE.1.8 that Remark2.1.9
alsoappliesin thisgeneralcase,in particular, TI p

a
j TI p

b is well defined.
If Y is separable,thenonecanobtainan analogoustheoremin casep í ∞

for u ïxi 0 � a ñ R;X ò j i 0 � b ñ R;X ò by slightly modifying the proof below and that
of Theorem3.2.4. However, suchfunctionsare not densein L∞

a
j L∞

b and the
counter-exampleof Section3 of [W91a] shows thatevenTheorem2.1.2(which
is a corollaryTheorem3.1.7,asexplainedbeforethetheorem)is falsefor p í ∞
(alsowhenY í C í U ), hencesois Theorem3.1.7.

Proof of Theorem 3.1.7: Part I —Preparations:
I � 1® Defining *v´ï H ñ Ca � b; ð�ñ X ô Y ò�ò : This goesas in the proof of Theo-

rem 3.1.6: Let φ be as in LemmaD.1.25. We define the function *v u0 : í*φ � 1 � � v φu0 ï H ñ Ca � b;Y ò for eachu0 ï X (since
� � v φu0 ï H ñ Ca � b;Y ò , by Propo-

sition D.1.21(a),wehave *v|ñ sò u0 ï H ñ Ca � b;Y ò ).
For any fixeds ï Ca � b, theoperator*v{ñ sò : X ü Y is obviously linear;by the

norminequalityin LemmaD.1.10(a),it is alsobounded(for this fixeds). By
LemmaD.1.1(b),it follows that *v)ï H ñ Ca � b; ð�ñ X ô Y ò�ò .

I � 2® DefiningM: By PropositionE.1.8,wehave

M : í sup
r { � a � b� �
v�� TIp

r
í max�§�
v�� TIp

a ô �
v�� TIp
b
��� (3.13)

Part II — SeparableX andY:
I I � 1®n� *v%� ∞ � M, and (3.14) holds with *v in place of F: ChooseS as

in Theorem3.2.4. By Theorem3.2.4, for each r ïË	 a ô b� we can choose
F ñ r ù°ý ò : iR ü_ð�ñ X ô Sî�ò s.t. � F ñ r ù it ò�� - + X � S��� � M for all t ï R andñ F *uò Λ í � � Λ v u a� e� on r ù iR for all Λ ï Sandall finite-dimensional

u ï L2
r ñ R;X ò j Lp

r ñ R;X ò�� (3.14)

Thisdefinesa functionF : Ca � b ü_ð�ñ X ô SîKò .
By I � 1® , wehave *v *φu0 í � � v φu0 ï H ñ Ca � b;Y ò for all u0 ï X. By Proposition

D.1.21(a), we have v φu0 ï L1
r ñ R;Y ò for all r ï�ñ a ô bò , hence

� � Λ v φu0 í
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Λ � � v φu0, hence
� � Λ v φu0 í Λ *v *φu0, for eachu0 ï X. Combinethis with (3.14)

to observe that(for anarbitraryfixedr ïÊñ a ô bò )ñ *v *φu0 ò Λ í�ñ � � v φu0 ò Λ í�ñ F *φu0 ò Λ a.e.on r ù iR ô (3.15)

hence ñ *v u0 ò Λ íÅñ Fu0 ò Λ a.e. on r ù iR, for all Λ ï Sandu0 ï X, henceñ *v u0 ò Λ íGñ Fu0 ò Λ a.e.on r ù iR. Choosea null setNk for Λk for eachk ï N
to observe that ñ *v u0 ò Λ í¥ñ Fu0 ò Λ on ñ r ù iR ò } N, whereN : í~y k { NNk, for all
Λ ï�� Λk � , hencefor all Λ ï S, by linearity.

Thus,F ñ r ù it ò u0 í *v|ñ r ù it ò u0 aselementsof S, i.e., F ñ r ù it ò u0 í *v{ñ r ù
it ò u0 ï Y, for all t s.t. r ù it $ï N, henceFu0 í *v u0 a.e.on r ù iR. Since
r ï)ñ a ô bò wasarbitrary, we concludethat (3.14) holdswith *v in placeof F,
for all r ï·ñ a ô bò . Wealsoconcludethat� *v{ñ r ù it ò±� - + X �Y � í � *v{ñ r ù it ò�� - + X � S�w� í � F ñ r ù it ò±� - + X � S�w� � M (3.16)

for a.e.t ï R, hence � *v{ñ r ù it ò�� - + X �Y � � M for all t ï R, for eachr ïUñ a ô bò .
Thus, � *vg� H∞ + Ca � b; - + X �Y �.� � M.

I I � 2® (3.12) and the “moreover” claim hold: By Theorem3.2.4(b2),
condition(3.14)actuallyholdsfor all finite-dimensional u ï L1

r
j Lp

r (sincethen
u ï L2

r or p � 2), whenr ïÊñ a ô bò .
But Lp

a
j Lp

b � L1
r
j Lp

r , by PropositionD.1.21(a1),hence(3.14)holdsfor
all finite-dimensional u ï L p

a
j Lp

b. But
� � Λ v u í Λ � � v u, andSseparatespoints

(sinceit isnorming),hence
� � v u í *v *ua.e.onr ù iR, for suchuandall r ï¯ñ a ô bò .

By continuity, wehave
� � v u í *v *u everywhereonCa � b for suchu

Given a generalu ï Lp
a
j Lp

b ñ R;X ò , thereare finite-dimensional � un �h�i ∞
c ñ R;X ò s.t.un ü u in L p

a andin L p
b, by TheoremB.3.11(b2).Then v un üÓv u

in Lp
a andin L p

b. By PropositionD.1.21(a2),it follows that
� � Λ v un ü � � Λ v u

and *v *un ü *v *u pointwiseonCa � b. Therefore,
� � v u í *v *u.

Part III —thegeneral case:
I I I � 1®�� *vg� ∞ � M: Let X0 beany closedseparablesubspaceof X. Choose

Y0 asin Lemma3.2.6,sothat v X0 �Y0 : í�v � Lp + R;X0 � ï TIp ñ X0 ô Y0 ò .
By Part II, *v *u ï H ñ Ca � b;Y ò for all u ï Lp

a
j Lp

b ñ R;X0 ò . Take *u í φx0

for arbitrary x0 ï X0 to observe that *v{ñ s0 ò x0 ï Y0. Thus, *v X0 : í�*v � X0
ï

H∞ ñ Ca � b; ð�ñ X0 ô Y0 ò�ò .
We deduce from this and Part II that � *v x0 � H∞ + Ca � b;Y � � M for all

x0 ï X0. Since X0 was arbitrary, we have *vjï H∞ ñ Ca � b; ð�ñ X ô Y ò�ò and�±*vg� H∞ + Ca � b; - + X �Y �.� � M.

I I I � 2® (3.12) and the “moreover” claim hold: Given u ï L p
a
j Lp

b ñ R;X ò ,
choosea closedseparablesubspaceX0 of X s.t. u ñ t ò+ï X0 for a.e.t ï R, so
that u ï L p ñ R;X0 ò (after redefinitionon a null set). ChooseY0 as in I I I � 1® ,
so that *v X0 �Y0 ï TIp ñ X0 ô Y0 ò . Now we observe from Part II that (3.12)andthe
“moreover” claim hold.

I I I � 3® Uniqueness:Assumethat also some *8 ï H∞ ñ Ca � b; ð�ñ X ô Y ò�ò is as
in the theorem(in placeof *v ). Then ñÂ*vÊE�*8 ò *f u0 í 0 on Ca � b for all simple
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f ï L2 ñ R ò andall u0 ï U . Givens0 ï Ca � b, take f : í χ � 0 � r � (sothat f ï H ñ C ò ,*f ñ sò»í ñ 1 E e� rs ò
� s), wherer � 0 is s.t. r Res0 $ï 2πN, so that *f ñ s0 ò $í 0 to
observe that ñ *v¶E *8 òOñ s0 ò¢í 0. �
Notes
The *TI í L∞

strong result of Theorem3.1.3(a1)is well known in the caseof
separableHilbert spaces,see,e.g.,Theorem1 of [FS], which alsoprovidesan
analogousresult on unboundedclosedoperators. Lemma13.1.5provides the
discrete-timecounterpartof our resultandAppendixF provides further results
onL∞

strong.

By Example3.3.4, not all L∞
strong functions (not even all òCTIC functions)

correspondto TI operatorswhenU andY areallowedto beBanachspaces.
We conjecturethat all TI p ñ U ô Y ò maps have L∞

strongñ iR; ð¯ñ U ô Y ò�ò transfer
functionsalsowhenU andY aregeneralBanachspacesand1 � p � ∞. However,
wecannotprove this;seeSection3.2for weakeranalogies.

The claimson Wn � p
ω in Theorem3.1.5are from [Sbook]. The specialcasev:ï TIC of Theorems3.1.6and3.1.7is essentially containedin Theorem2.3 of

[W91a].
SeeAppendixF andthenotesonp. 1023for L∞

strong.
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3.2
�
TI � L∞

strong for Banachspaces(Fourier Multipli-
ers)

I had a feelingonceaboutmathematics – that I saw it all. Depth
beyonddepthwasrevealedto me– theByssand theAbyss.I saw–
asonemightseethetransit of Venusor eventheLord Mayor’s Show
– a quantity passingthrough infinity andchanging its signfromplus
to minus.I sawexactlywhy it happenedandwhytergiversationwas
inevitable– but it wasafterdinnerandI let it go.

— WinstonChurchill, (1874–1965)

In this section,we study BanachspaceFourier multiplier theory; we shall
mainlygiveBanachandTI p equivalentsof Theorem3.1.3,1 � p � ∞, with some
partial resultsandguidelinesfor thecasep í ∞, to which a completeextension
wouldbefalse.Someof theseresultswereusedin theproofof Theorem3.1.7.

Westartby recallingthescalarcasefrom [BL]:

Lemma 3.2.1(TI p ñ C òE� TI2 ñ C òTIp ñ C òE� TI2 ñ C òTIp ñ C ò`� TI2 ñ C ò ) Let v:ï TIp
ω ñ C ò , where p ï³	 1 ô ∞ ò andω ï R.

Thenv�� ¢ ∞
c

hasa uniqueextensionto TI2
ω ñ C ò , andthisextensioncoincideswith v

onLp
ω
j L2

ω.
In particular, there is a unique *v�ï L∞ ñ ω ù iR ò s.t. �v u í *v *u for all u ï

L2
ω ñ R ò j Lp

ω ñ R ò . In fact, we have �v u í *v *u for all u ï L2
ω ñ R ò ; if p ï³	 1 ô 2� , then�v u í *v *u for all u ï L p

ω ñ R ò too. Moreover, � *vg� L∞ + ω û iR � � �
v�� TIp
ω
.

Theabove also holdswith TI ¢ 0
ω in placeof TI p

ω and i 0 �ω in placeof L p
ω (for

p í ∞).

We concludethat TIp ñ Cn ô Cm òa� TI2 ñ Cn ô Cmò for all n ô m ï N (apply the
lemmato eachcomponentof v ). Naturally, thespaceTI ¢ 0

ω mentionedaboverefers
to

TI ¢ 0
ω ñ U ô Y ò : í©�±vUï�ð�ñÐi 0 �ω ñ R;U ò ô i 0 �ω ñ R;Y ò�òé�� v τ ñ t ò�í τ ñ t òÂv for all t ï R � ô

(3.17)
where i 0 �ω ñ R ô U ò : í eω r i 0 ñ R;U ò (with norm � f � ¢ 0 �ω : í¡� e� ω r f � ¢ 0 : í¡� e� ω r f � ∞
for all f ï©i 0 �ω). Since i ∞

c is densein i 0 �ω (by TheoremB.3.11(c), since
e� ω r i ∞

c í�i ∞
c ), this is in accordancewith standardFouriermultiplier theory(and

this allows a densityargumentunlike L∞
ω would do). We observe from Theorem

3.1.5that v � ¢ 0 �ω ï TI ¢ 0
ω ñ U ô Y ò for all vUï TI∞

ω ñ U ô Y ò .
As shown in Example3.2.3, we may have *v5í 0 (equivalently, v � ¢ ∞

c
í 0,

hencev � ¢ 0
í 0) for v)ï TI∞ } � 0 � .

Proof of Lemma 3.2.1: (W.l.o.g.weassumethatω í 0.)
1® This follows easily from Theorem6.1.2of [BL] (andTheoremB.3.11

andLemmaA.3.10) if we requirethatu ï��8ñ R ò . In particular, if u ï L p j L2,
thenthereare � un �g�pi ∞

c ñ R ò s.t. un ü u in L p
ω andin L2

ω, thus,then v 2u �v 2un í~v un ü�v u, asn ü ∞, where v 2 is the extensionof v2� ¢ ∞
c

to TI2 ñ C ò .
ThereforevÐíxv 2 onLp j L2.
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2® Assumethat p ï�	 1 ô 2� andthat u ï L p ñ R ò . Choose� un �g��i ∞
c ñ R ò s.t.

un ü u in L p ñ R ò . Since v un üÑv u in L p ñ R ò , we have �v un ü �v u in Lq ñ iR ò ,
wherep andq areasin TheoremE.1.7.But �v un í *v *un ü *v *u a.e.on iR, hence�v u í *v *u a.e.on iR.

3® For generalp, we have v¥ï TI2, hence �v u ím*v *u a.e. on iR for all
u ï L2 ñ R ò , by 2® .

4® Parts1® and3® apply to TI ¢ 0
0 too, sincefor any f ïxi 0

j L2, thereis� fn �u�©i ∞
c s.t. fn ü f in L2 andin i 0 (multiply theconvolution from Lemma

2.18of [Adams]with suitableφ from LemmaB.3.10). �
Corollary 3.2.2 Let v0ï TI p

ω ñ X ô Y ò , where X andY are arbitrary Banach spaces
and 1 � p � ∞. ThenΛ v f ï L2

ω ñ R ò j Lp
ω ñ R ò for each Λ ï Y î and each finite-

dimensional f ï L2
ω ñ R;X ò j Lp

ω ñ R;X ò (for f ï L2
ω ñ R;X ò j i 0 �ω ñ R;X ò we can

allow for p í ∞).

Proof: (We assumethat p � ∞; the casep í ∞ is analogous.)Let f ï
L2

ω ñ R;X0 ò j Lp
ω ñ R;X0 ò , whereX0 is a finite-dimensional subspaceof X.

If X0 í span� x0 � for somex0 ï X, thenΛ v P îx0
ï TIp

ω ñ C ò , wherePx0α : í αx0ñ α ï C ò , hencethentheclaimfollowsfrom Lemma3.2.1.
For a generaln-dimensional X0, we can apply the above to the n one-

dimensionalelementsof Λ v P îX0
, wherePX0 is anisomorphismX0 ü Cn. �

In casep í ∞, theoperator*v doesno longerdefinev uniquely:

Example 3.2.3 [0 $íxvUï TIC∞ ñ C ò0 $íxvUï TIC∞ ñ C ò0 $í�v)ï TIC∞ ñ C ò but *vÊí 0*vÐí 0*v'í 0] Let Λ ï L∞ ñ R ò�î bea“Banachlimit
at E ∞”. Define v?ï TIC∞ ñ C ò by ñKv f òOñ t ò : í Λ f ñ t ï R ò , so that �
v�� TIC∞ í 1.
(Notethat v f is aconstantfunctionfor eachf ï L∞ ñ R ò .)

Then v f í 0 for all f ïVi 0 andfor all f ï L p j L∞ ñ 1 � p � ∞ ò ; in particular,*v�Ç 0 in thesenseof Lemma3.2.1,and0 is theuniquecontinuousextensionofv � 	 to ð�ñ Lp ñ R ò�ò (or equivalently, to TI p ñ C ò ), for any p ï�	 1 ô ∞ ò . �
For v)ï TIp, p � ∞ thiscannothappensincev � 	 determinesv uniquely.
In theabove example,v f coincideswith theuniqueextension(namely0) ofv � 	 to TI p ñ C ò for all f ï L p j L∞, but wedonot know whetherthis is thecasein

general.At leastthesamecannothappenfor vUï TI p, p � ∞: whenp ô q ï�	 1 ô ∞ ò ,v)ï TI p ñ X ô Y ò and f ï Lp j Lq ñ R;X ò , thereis � fn �2�~i ∞
c �
� s.t. fn ü f in both

Lp andLq, by TheoremB.3.11,hencethentheuniqueextension (if any) of vu� 	 ,
to TIq necessarilycoincideswith v onL p j Lq.

(Also whenextendingan elementof TI p
ω to TIp

α for someω ô α ï R, we may
havesimilar problemsonly in thecasethatp í ∞, dueto samedensityarguments
asabove. SeealsoPropositionE.1.8.)

Proof of Example3.2.3: DefineΛn ï L∞ ñ R ò�î by Λn f : í n � 1 & 0� n f dm, for
n ï N ù 1,andsetΛ f : í limn# û ∞ Λn f for f ï X, whereX � L∞ ñ R ò is thesetof
those f ï L∞ ñ R ò for which the limit exists. UsetheHahn–Banachtheoremto
extendΛ to L∞ ñ R ò�î with � Λ � - + L∞ � í 1 (sinceΛ1 í 1). Obviously, τt f E f ï X
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andΛ ñ τt f E f ò�í 0 for all f , henceΛ is time-invariant, henceso is v . (Note
that v f í Λ k Rf if weusethestandarddefinitionΛ k g : í Λ ñ τ � t Rgò .)

Since v f Ç 0 whenever π + � ∞ � T � f í 0 for someT ï R, we have v � ¢ 0
í 0,

by continuity, andπ � v π û¤í 0, hencev)ï TIC∞. By theHölderInequality, we
have f ï X andΛ f í 0 for any f ï L p j L∞, p ï�	 1 ô ∞ ò .

Remark: Onecould alsoobtainan analogousoperatorin TIC∞ ñ X ô Y ò for
generalBanachspacesX and Y by startingwith Λn f : í n � 1 & 0� nL f dm for
someL ï X î . �
Now wepresentaweak“generalization”of “ *TI í L∞

strong” (Theorem3.1.3)for
Banachspaces;recallthatTheorem3.1.7is anapplicationof this theorem:

Theorem3.2.4(v)ï TIp ñ X ô Y ò0í � *vUï L∞
weak� ñ iR; ð¯ñ X ô Sî ò�òvUï TIp ñ X ô Y ò0í � *v)ï L∞
weak� ñ iR; ð¯ñ X ô Sî�ò�òv)ï TIp ñ X ô Y ò0í � *v)ï L∞
weak� ñ iR; ð¯ñ X ô Sî ò�ò ) Let X and Y $í� 0 � beseparableBanach spacesand1 � p � ∞.

By LemmaA.3.9,wecanchoosea sequence� Λk �u� Y î s.t. � Λk �»í 1 for all
k ï N and � y � Y í supk { N �Λky � .

Set S : í spanñT� Λk � òu� Y î . Then ñ Iyò Λ : í Λy definesa (natural) linear
isometryI : Y ü Sî , hencewe can considerY as a subspaceof Sî and I as the
inclusionY � Sî .

If v ï TIp ñ X ô Y ò , then there is *v : iR üØð¯ñ X ô SîKò s.t. �Ä*v{ñ it ò±� - + X � S� � ��
vQ� TIp + X �Y � for all t ï R andñÂ*v *f ò Λ í � � Λ v f a� e� on iR for all Λ ï Sandall finite-dimensional

f ï L2 ñ R;X ò j Lp ñ R;X ò�� (3.18)

Moreover, thefollowinghold:

(a) Furthermore, in (3.18)we can allow Λ to be any Λ ï S̄ � Y î (recall thatñ Sò�î í Sî ); if p � 2, then,simultaneously, any f ï L1 ñ R;X ò j Lp ñ R;X ò can
beallowed.

(b1)For a fixed *v , equation (3.18)characterizesv)ï TI p ñ X ô Y ò uniquely.

(b2)For a fixed v)ï TI p ñ X ô Y ò , equation(3.18)characterizes *v uniquely in the
sensethat if *v ô *8 : iR ü ð¯ñ X ô Sî ò satisfy (3.18), then *v x í *8 x a.e. for all
x ï X.

(c) For each x ï X andΛ ï S, wehave ñ *v xò Λ ï L∞ ñ iR ò .
(d) For a fixedx ï X, thefunction *v x : iR ü Sî is (Bochner)measurableiff *v x ï

Y a.e. However, if *v x ï Y a.e. for all x ï X, then *vUï L∞
strongñ iR; ð¯ñ X ô Y ò�ò .

As notedin the secondremarkof Example3.3.4, the PlancherelTheorem
doesnot hold for generalBanachspaces.However, if f ï L2 ñ R;X ò and f hasa
finite-dimensionalrange,or in f ï L1 ñ R;X ò , then f hasa well-definedFourier
transformation(in L2 or i 0, respectively), by Lemma D.1.11(a1)or Lemma
A.3.4(Q1).

By Corollary 3.2.2,we have Λ v f ï L2 ñ R ò for eachΛ ï Y î andeachfinite-
dimensionalf ï L2 j Lp ñ R;X ò , hence �Λ v f ï L2 ñ iR ò and *f ï L2 ñ R;X ò arewell
definedin (3.18).If p � 2 and f ï L1 j Lp, then *f ï�i 0 ñ iR;X ò andΛ v f ï L p ñ R ò ,
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hencethen �Λ v f ï Lq ñ iR;Y ò is well definedin (3.18),wherep � 1 ù q � 1 í 1 (see
TheoremE.1.7).

Naturally, we canshift the above theoremto obtaina resulton TI p
ω for any

ω ï R. By slightly modifying theproof, we obtainan analogousclaim for TI ¢ 0

too (with adensityargumentsimilar to thatin 4 ® of theproofof Lemma3.2.1).
Proof of Theorem3.2.4: (N.B. onecandeducefrom theproofandLemma

3.2.1that theoperatorΛ v hasa uniquecontinuousextension to L2 ñ R;X0 ò for
any finite-dimensional subspaceX0 of X; and (3.18) holds for all elements
L2 ñ R;X0 ò (for thisextendedΛ v ).)

The constructionof the normedspaceS � Y î is straightforward. Clearly� Iy � � � y � Y �.� í�� y � Y; theconversefollows from � Iy � S� � supk
�Λky � í�� y � Y.

Moreover, any functionalT ï Sî hasa (necessarilynorm-preserving)unique
extension T ïÐñ SòKî , by, e.g.,LemmaA.3.10. Thusonly theclaimsconcerning*v areleft to beproved.

1® ThefunctionsTΛ � x ï L∞ ñ iR ò : We denote �
v�� TIp + X �Y � by �
vQ� . If x ï X
andΛ ï Y î , then � g Aü Λ v gx � TIp + C � � �
v��¶� Λ �B� x � , hence,by Lemma3.2.1
andTheorem3.1.3(a1),thereis TΛ � x ï L∞ ñ iR ò s.t.(wechoosetherepresentative
TΛ � x : í LTΛ � x from LemmaB.5.3)

sup
iR

�TΛ � x � � �
v��¶� Λ �B� x � and (3.19)

TΛ � x *g í � � Λ v gx (a.e.)for all g ï L2 ñ R ò j Lp ñ R ò�� (3.20)

ThemappingY î54 X ó ñ Λ ô xò�Aü TΛ � x ï L∞ ñ iR ò is bilinear(because
� �

is linear),
andits normis at most �
v�� , by (3.19). It follows from (B.56) (andthechoice
TΛ � x : í LTΛ � x) that

it ï Lebñ TΛ � x ò j Lebñ TΛ � x� ò�í � TΛ � αx û βx� ñ it ò¢í αTΛ � x ñ it ò ù βTΛ � x� ñ it ò (3.21)

whenever t ï R ô Λ ï Y î ô x ô x@ ï X ô α ô β ï C.
2® Theconstructionof *v : Let � x j �2� X bedense.Set

A : í j j � k { N Lebñ TΛk � x j ò ô X0 : í spanñT� x j � j { N ò`� X � (3.22)

Then mñ iR } Aò2í 0. For it ï iR } A, we set *v|ñ it ò2í 0. For it ï A, x ï X0

and Λ ï S, we define ñ *v{ñ it ò xò Λ : í TΛ � x ñ it ò . It follows from (B.56) that*v{ñ it ò x : S ü C is linear;it is boundedby �
v��3� x � , by (3.19),hence*v{ñ it ò x ï Sî
(for fixedx ï X0 andit ï A).

By (3.21),mappingx Aüÿ*v{ñ it ò x ï Sî is linear, andby (3.19) it is bounded
by �
v�� , hence *v{ñ it ò»ï¯ð¯ñ X0 ô Sî�ò (for fixed it ï A). By LemmaA.3.10, *v{ñ it ò
canbe extendedto an elementof ð�ñ X ô Sî ò without affecting its norm, hence� *v{ñ it ò±� - + X � S�w� � �
v�� for all it ï A, hencefor all it ï iR.

3® Theverificationof (3.18)for finite-dimensional f ï L2 j Lp ñ R;X ò : Let
Λ ï Sandg ï L2 ñ R ò j Lp ñ R ò . Thenñ *v *gxò Λ í *g ñ *v xò Λ í *gTΛ � x í � � Λ v gx a.e.on iR (3.23)

(thefirst equalityholdseverywhere,thesecondon A; the third equalityholds
in L2, by (3.20), hencealsopointwise a.e.) whenx ï X0; by continuity, this



96 CHAPTER3. TRANSFERFUNCTIONS( *TI í L∞
strong, �TIC í H∞)

holdswheneverx ï X (theright-hand-sideconvergesin L2, hencea.e.;theleft-
hand-sideconvergespointwiseeverywherewhenx ü x@ for somex@ ï X). Thus,
(3.18)holdsfor f í gxwith g ï L2 j Lp ñ R ò andx ï X arbitrary, hencewhenever
f ï L2 ñ R;X ò j Lp ñ R;X ò is finite-dimensional,by linearity.

(a) 4® The verification of (3.18) for finite-dimensional f ï L p ñ R;X ò :
Assumethat1 � p � 2. Then(3.20)alsoholdsfor any g ï L p ñ R ò , by Lemma
3.2.1, hence(3.18) holds whenever f ï L p ñ R;X ò is finite-dimensional, by
linearity, asin 3 ® .

For a general f ï L1 ñ R;X ò j Lp ñ R;X ò , thereare finite-dimensional fn ïi ∞
c ñ R;X ò?ñ n ï N ò s.t. fn ü f in L1 and in L p, as n ü ù ∞, by Theorem

B.3.11(b1). It follows that Λ v fn ü Λ v f in Lp, hence
� � Λ v fn ü � � Λ v f in

Lq, hencea.e.,wherep� 1 ù q � 1 í 1. But *fn ü *f in i 0, hence*vh*fnΛ ü *vh*f Λ
everywhere,hence

� � Λ v f í *v *f Λ a.e.
(Note that if X is a Hilbert space,then

� � ïÊð�ñ Lp ñ R;X ò ô Lq ñ R;X ò�ò , by
TheoremE.1.7,hencethenany f ï L p ñ R;X ò will do(thenwecanhave *fn ü *f
in Lq, hencea.e.on iR in theaboveproof).)

5® CaseΛ ï S̄: Theextensionfor Λ ï S̄ follows by continuity (becauseS
andS̄ � Y î have thesamedual,by LemmaA.3.10).

(c) 6® Let g : í φ, whereφ ï L2 ñ R ò j Lp ñ R ò is asin LemmaD.1.25.Divide
(3.23) by *φ � 1 to obtain that ñ *v xò Λ í TΛ � x ï L∞ ñ iR ò for any x ï X (hence*v x : iR ü Sî is “weaklyî -measurable”).

(b1)7® If *v�í 0, thenΛ v f í 0 a.e.for all Λ ï Sandall simple f ï L p ñ R;X ò ,
by (3.18),hencethen v f í 0 a.e.for all simple f ï L p ñ R;X ò by LemmaB.2.6,
hencev f í 0 for all f ï L p ñ R;X ò , by density. Thus,if v and 8 correspondto
some*v asin thetheorem,then ñ 8 E�vcò»í 0 aselementsof TI p ñ X ô Y ò .

(b2) 8® If v'í 0, then ñ *v xò Λ í *φ � 1 � � Λ v φx í 0 a.e.on iR for all x ï X and
Λ ï S, whereφ is asin LemmaD.1.25;thus,then *v x í 0 a.e.for eachx ï X
(chooseanull setNk for Λk for eachk to obtainthat *v x í 0 on iR } y k { NNk).

Thus, *v ô *8 : iR ü ð¯ñ X ô Sî�ò satisfy(3.18) (at leastfor one-dimensional L2

functions f andall Λ ï S), then ñ *8 E *v+ò x í 0 a.e.for eachx ï X, asrequired.
(d) 9®
9 � 1® If x ï X and *v x ï Y a.e.,then *v x is almostseparably-valued,andfrom

the measurability of Λ *v x for eachΛ ï S (see6® ) onecandeducethat Λ *v x is
measurablefor eachΛ ï Y î (see,e.g.,[Thomas,Corollary2.9]),hencethen *v x
is Bochnermeasurable.

(N.B. Whenever *v x is almost separably-valued, equivalently, whenever*v x ï Y1 a.e.,whereY1 is any separablesubspaceof Sî , then *v x : iR ü Sî is
Bochner-measurable,by theabovereasoning.)

9 � 2® Conversely, assumethat x ï X andthat *v x : iR ü Sî is measurable.
Then f : í *v|ñ i ý ò x isbounded,by2 ® , hencef ï L∞ ñ R;SîKò . By (3.18)andLemma
D.1.11(e1),we haveñ � � f χA ò Λ í � � ñ f χAΛ ò¢í 2πΛ v/ñ i ý ò gA ñ i ý ò x (3.24)

a.e.wheneverA � R, mñ AòE� ∞ and *gA : í χA (notethat
� �

f χA ïVi 0 ñ iR;SîKò ).
ChooseN � R s.t. mñ N ò�í 0 andequalityholdson R } N in (3.24)when
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Λ ï©� Λk � . By linearity, the sameholds for all Λ ï S on R } N, henceñ � � f χA òOñ it ò�í 2πΛ v+ñ it ò gA ñ it ò x ï Y aselementsof Sî , for eacht ï R } N, hence
a.e.BecauseA wasarbitrary, wehave *v|ñ i ý ò x í f ñ ý ò�ï Y a.e.,by LemmaD.1.22.

9 � 3® Finally, assumethat *v x ï Y a.e.for eachx ï X Then *v x ï L∞ ñ iR;Y ò ,
asshown above. Let � xk �2� X bedense,andlet *v xk ï Y onNc for eachk ï N,
wheremñ N ò�í 0. By continuity, then *v x ï Y on Nc for all x ï X, so we can
redefine*v'í 0 onN to make *vÐð�ñ X ô Y ò -valuedwithout affectingits properties
statedin thetheorem.Thus, *vUï L∞

strongñ iR; ð¯ñ X ô Y ò�ò . �
As anotherapplicationof the above theorem,we deducean implicationthat

will beneededfor Theorem4.1.1:

Lemma 3.2.5(v)ï MTI ñ X ô Y ò j G TI ñ X ô Y ò�í � *vUï�G�i b ñ iR; ð¯ñ X ô Y ò�òvUï MTI ñ X ô Y ò j G TI ñ X ô Y ò�í � *v)ïVG�i b ñ iR; ð¯ñ X ô Y ò�òvUï MTI ñ X ô Y ò j G TI ñ X ô Y ò�í � *v)ïVG�i b ñ iR; ð¯ñ X ô Y ò�ò ) Let X
andY beBanach spaces.Let vÐï TI ñ X ô Y ò and Ôµï TI ñ Yô X ò . Assume, in addition,
that v)ï MTI ñ X ô Y ò .

If Ô¶v´í I , then �±*v x �2�¡� x �²�¬�ÐÔ%� a.e. for all x ï X. If, in addition, v�Ô�í I
(i.e., Ô5í�v � 1), then *vUï�G�i b ñ iR; ð¯ñ X ô Y ò�ò and � *v � 1 � � �
v � 1 � .

(In fact, v couldbereplacedby amoregeneralmeasure.)
Proof: W.l.o.g.weassumethatX $í©� 0 � $í Y.
1® Theseparablecase, Ô¶v:í I :

ChooseS � X î and *Ô : iR üÕð¯ñ Y ô Sî�ò for Ô¥ï TI ñ Y ô X ò asin Theorem3.2.4.
Let g ï L1 ñ R;X ò j L2 ñ R;X ò , so that f : í�v g ï L1 j L2 and *f í *v *g, by
LemmaD.1.12(c2)&(c1).Equation(3.18)with f íxv g in placeof anarbitrary
f ï L1 j L2 becomes(useTheorem3.2.4(a))ñ *Ô *v *gò Λ í � � ΛÔ¶v g í � � ΛIg a� e� for all Λ ï S� (3.25)

Becauseg ï L1 j L2 wasarbitrary, theuniquenessclaim of Theorem3.2.4
appliedto I ï TI ñ X ò impliesthat for anarbitraryx ï X we have Ix í *Ô *v x a.e.
(in Sî , hencein X), in particular,�±*v x � � � x �²�¬��*Ôã� � � x �²�¬�ÐÔ%� (3.26)

a.e.,henceeverywhere,by thecontinuity of *v .
2® Theseparablecase, Ôµíxv � 1:

It is enoughto show that the rangeof *v|ñ it ò2ï¤ð¯ñ X ô Y ò is densefor all t ï R,
becausethen *v|ñ it ò�ïxG�ð�ñ X ô Y ò for all t ï R, by 1® and LemmaA.3.4(D1),
consequently, *v�ï�G�i�ñ iR; ð�ñ X ô Y ò�ò (the inverse is continuousby Lemma
A.3.3(A)), and the bound � *v � 1 � � �ÐÔ%� (Ô í�v � 1) follows from Lemma
A.3.4(D1)(a.e.,henceeverywhere),thus, *v � 1 ï�i b ñ iR; ð¯ñ Y ô X ò�ò (notealsothat*Ô y í *Ô *v *v � 1y í *v � 1y ï X a.e.for eachy ï Y).

Therefore, it is sufficient to assumethat there is a ï R s.t. the range
Ya : í *v{ñ ia ò±	X � is not densein Y andderive a contradiction — that shall we
do.

By LemmaA.3.14, thereare y0 ï Y and Λ0 ï Y î s.t. � y0 ��í 1 í � Λ0 � ,
Λ0Ya í¡� 0 � , and � Λ0y0 �a� 1� 2. BecauseΛ0 *v : iR ü X î is continuousand
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Λ0 *v{ñ ia ò�í 0, thereis δ � 0 s.t.� Λ0 *v{ñ it ò±� X � � δ @ : í 1� 999ñ 1 ù �
v¶� 1 �-ò when � t E a � � δ2 � 2 ô (3.27)

i.e, whenit ï J : í i ñ a E δ2 � 2 ô a ù δ2 � 2òE� iR.
Set g : íjñ Λ0y0 ò � 1 ñ � � � 1χJ ò y0 ï L2 ñ R;Y ò . Then

� � Λ0g í χJ, so we can
choosea simplefunction f ï L2 ñ R;X ò so that � f E�v � 1g � 2 is � δ andsmall
enoughto guaranteethatδ � 2 ��� � � Λ0 v/ñ f Eãv � 1gò�� 2, i.e., that

δ � 2 �Ë� � � Λ0 v f E χJ � 2 í � Λ0 *v *f E χJ � 2 � (3.28)

From � χJ � 2 í δ it follows that�
v � 1g � 2 � �
v � 1 � �Λ0y0 � � 1 ñ 2π ò � 1M 2 � χJ � 2 � δ �
v � 1 � ô (3.29)

hence� f � 2 � δ ñ 1 ù �
v � 1 �-ò , so

δ2 � 99 ��ñ δ @ ò 22π � f � 22 í�ñ δ @ ò 2 õ
J
� *f � 2X dm � õ

J

�Λ0 *v *f � 2dm� (3.30)

But from (3.28)weobtainthat� Λ0 *v *f � 2 ��� χJ ��E δ � 2 í δ � 2 ô (3.31)

which togetherwith (3.30)leadsto acontradiction, asdesired.
3® Thegeneral case, Ô¶v:í I :

Letx0 ï X bearbitrary. SetX0 : í spanñ x0 ò ,Y0 : íx� 0 � , andfindclosed,separable
subspacesX @ � X andY @ � Y asin Lemma3.2.6.

Set v @ : í v � L2 + R;X � � ï TI ñ X @ ô Y @ ò , Ô @ : ípÔ � L2 + R;Y � � ï TI ñ Y @ ô X @ ò . ClearlyÔ @ v @ í I ï TI ñ X @ ò and v @ Ô @ í I ï TI ñ Y @ ò , hence,by partI,� *v @ x0 �_��� x0 �²�¬�ÐÔ_@��_��� x0 �²�¬�ÐÔ%� ô (3.32)

asrequired(if A Aü µ ñ Aò»ï¤ð�ñ X ô Y ò is the measuregeneratingv , thenby the
definition of convolution, A Aü µ ñ Aò � X � ï¯ð�ñ X @ ô Y @ ò generatesv @ , in particular*v @ x í *v x). Becausex0 ï X wasarbitrary, theclaimfollows.

4® Thegeneral case, Ôµí�v � 1:
Let y0 ï Y and t ï R be arbitrary. ChooseX0 í¡� 0 � andY0 í spanñ y0 ò , and
proceedas in 3® . By part I, *v @ ñ it ò�ïIG�ð�ñ X @ ô Y @ ò , hencethereis x0 ï X s.t.
y0 í *v @ ñ it ò x0 í *v{ñ it ò x0.

Because y0 ï Y was arbitrary, *v{ñ it ò is onto, hence *v{ñ it ò invertible and� *v{ñ it ò � 1 � � �ÐÔ @ � � �ÐÔ%� , by 3® andLemmaA.3.4(D1). Becauset ï R was
arbitrary, theproof is complete. �
We have alreadyusedthe following lemmaseveral times to reducecertain

resultsto theseparablecase:

Lemma 3.2.6(TI p ñ X ô Y ò¢ü TIp ñ X0 ô Y0 òTIp ñ X ô Y ò�ü TIp ñ X0 ô Y0 òTIp ñ X ô Y ò¢ü TIp ñ X0 ô Y0 ò ) Let X and Y be Banach spacesand
1 � p � ∞. Let v)ï TIp ñ X ô Y ò .

Then,for each closedseparablesubspaceX0 of X, there is a closedseparable
subspaceY0 of Y s.t. v L p ñ R;X0 òE� Lp ñ R;Y0 ò , i.e., that vQ� Lp + R;X0 � � TI p ñ X0 ô Y0 ò .
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If, in addition, Ô´ï TI p ñ Yô X ò , thenanyseparablesubsetsX0 � X andY0 � Y
arecontained,respectively, in closedseparablesubspacesX @ � X andY @ � Y, s.t.vQ� Lp + R;X � � � TIp ñ X @ ô Y @ ò and Ô�� Lp + R;Y � � � TIp ñ Y @ ô X @ ò .

Analogously, if v k ï TIp ñ Xk ô Xk û 1 ò for k í 1 ô �
�½� ô n, n ï N ù 1, Xnû 1 í X1,
andthesetsX @k � Xk areseparable ñ k í 1 ô �
�
� ô nò , thenthereareclosedseparable
subspacesX @ @k � Xk ñ k í 1 ô �
�
� ô nò s.t. X @k � X @ @k and v k � Lp + R;X �k � ï TIp ñ X @k ô X @k û 1 òñ k í 1 ô �
�
� ô nò . Moreover, we can require that X @ @k í X @ @j whenever Xk í Xj for
somek ô j .

We might as well have stated the lemma for a general vØïð�ñ Lp ñ R;X ò ô Lq ñ R;Y ò�ò , where p ô q ï�	 1 ô ∞ ò (finding Y0 s.t. v L p ñ R;X0 òª�
Lq ñ R;Y0 ò ; the latter claims can be generalizedanalogously), with the same
proof (with only slightchangesif q $í p).

Furthermore,wecouldinsteadof separabilityrequirethedensityof asubseta
somegreatercardinalitythanthatof N (in X0 andin Y0).

Proof: 1® FindingY0:
Let � fk ��� Lp ñ R ò and � xk ��� X be densesubsets(wherek rangesover N).
Then the setD of finite linear combinations of functionsof the form fkx j is
densein L p ñ R;X ò , becausesimple functionscanobviously be approximated
by suchfunctions.

Choosea separably-valuedrepresentative of each v f ñ f ï D ò , and let Y0

betheclosedspanof y f { D ñKv f ò±	R � . ThenY0 is separableasa countableunion
of separablesets,and v f ï L p ñ R;Y ò (asan equivalenceclass)for all f ï D,
hence,by thecontinuity of v , for all f ï L p ñ R;X0 ò .

2® FindingX @ andY @ :
Replacefirst X0 andY0 by their closedspans.Choosethena closedseparable
subspaceY @ @0 of Y, as Y0 was chosenin 1® for the pair ñKv ô X0 ò , then set
Y1 : í spanY0 y Y @ @0 .

For eachk ï�� 2 ô 3 ô 4 ô �
�
�l� chooseXk � X for the pair ñ.Ô ô Yk � 1 ò , and then
chooseYk � Y for thepair ñKv ô Xk ò , asin 1® .

SetX @ @ : í¨y kXk, Y @ @ : í¨y kYk, X @ : í X @ @ , Y @ í Y @ @ . If f ï Lp ñ R;X @ ò is simple
andhasits valuesin X @ @ , then f ï L p ñ R;Xk ò for somek ï N, hencethen v f ï
Lp ñ R;Yk ò5� Lp ñ R;Y @ ò . But suchfunctionsaredensein L p ñ R;X @ @ ò , by Theorem
B.3.11(a1)&(a3),hence,by continuity, v f ï L p ñ R;Y @ ò for any f ï Lp ñ R;Y @ ò
(sinceLp ñ R;Y @ ò is closedin L p ñ R;Y ò ). Similarly, Ô�	 L p ñ R;Y @ òT�3� Lp ñ R;X @ ò .

By LemmaB.2.3(a)&(c),X @ andY @ areseparable.
3® Requiring thatX @ í Y @ (assumingthatX í Y): WhenchoosingXk in 2® ,

replacetheonefrom 1® with its unionwith Yk � 1. Analogously, whenchoosing
Yk in 2® , replacetheonefrom 1® with its unionwith Xk.

4® Finding X @k ñ k í 1 ô �
�
� ô nò : Usethe methodof 2 ® –3® suitablymodified.�
Notes
The classicalscalarFourier multiplier result, Lemma 3.2.1, is essentially

containedin Theorem6.1.2 of [BL] (which also gives further results). When
U and Y are Hilbert spacesof arbitrary dimensions, we have M2 ñ U ô Y ò±í
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L∞
strongñ iR; ð¯ñ U ô Y ò , by Theorem 3.1.3(a1), M∞ ñ U ô Y ò±í½ð¯ñÐi 0 ñ iR;U ò ô Y ò , by

LemmaD.1.14,andMp ñ U ô Y ò�î�í Mq ñ Y î ô U îKò (this lastclaim alsoholdswhenU
andY areBanachspaces),wherep� 1 ù q � 1 í 1,byaproofanalogousto thatin the
scalarcase.This gives usno information on Mp for p $í 2 ô ∞, sinceinterpolation

would requirethat,e.g.,Mp ñ U ô Y ò�í Mq ñ Y î ô U î�ò . (HereMp ñ U ô Y ò : í �TIp ñ U ô Y ò
for p � ∞, M∞ ñ U ô Y ò : í �TI ¢0 ñ U ô Y ò ; theelementsof thesesetsarecalledFourier
multipliers.)

On p. 135 of [BL], it is claimedthat Theorem6.1.2hasan obviousanalogy
in this generalsettingand that “the proofs are the samewith trivial changes”,
but we cannotsharethis view for the following reasons:1. the casep í 2 is
far from obvious(in fact, Theorem3.1.3(a1)seemsto be a new result); 2. the
proof of Mp í Mp� on p. 133of [BL] wouldonly yield M îp í Mp� evenfor finite-
dimensionalHilbert spaces,hencetheoriginalproofseemsto coveronly thecase
p í ∞; 3. wedonotknow any similarresultsfrom theliterature(evenin thefinite-
dimensionalresultmentionedbelow Lemma3.2.1onewould requirea different
proof for asharpnormbound).

Thereareseveralresultsonvector-valuedFouriermultipliers in theliterature;
see,e.g.,[BL], [Prüss93]or [Zimmermann]for sufficientconditionsof abounded
function iR ü_ð to beaFouriermultiplier.

Example3.2.3 resemblesthe example of Section3 of [W91a]. Another
Banachlimit is given in Exercise4 of [Rud73].
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3.3 H2 and H∞ boundary functions in L2 and L∞
strong

Boundary, n.:
In political geography, an imaginary line betweentwo nations,sep-
arating the imaginary rights of onefromthe imaginary rights of the
other.

— AmbroceBierce(1842–1914),"TheDevil’ sDictionary"

In this section, we establishseveral results on the boundary functions
of holomorphic functions, the most important of which is the connection
H∞ ñ C û ; ð�ñ U ô Y ò�ò ü L∞

strongñ iR; ð¯ñ U ô Y ò�ò . We alsogive otherrelatedresultsthat
will be neededfor WPLS theoryof Parts II and III, andwe constructcounter-
examplesfor analogousresultsfor moregeneralsettings.

At theendof thissection,weshallshow thatthesetof singularpoints(“poles”)
of thepointwiseinverseof a transferfunctionmayhave limit pointsunlike in the
caseof finite-dimensional inputandoutputspaces;we thenusethis to constructa
“completelyunstable”transferfunction.

As before, H, U andY are assumedto be arbitrary Hilbert spacesunless
somethingelseis indicated.

Recall the transferfunctionsof TIC∞ operatorsfrom Theorem2.1.2; recall
also that we use the Lebesguemeasure(of R1) on the imaginary axis iR : í� ir �� r ï R � andonits translationsω ù iR ñ ω ï R ò . For any r � 0, thecircle∂rD is
identifiedwith 	 0 ô 2π ò , hencemñ ∂rD ò�í 2π, where∂D : í~� eit �� t ï�	 0 ô 2π ò��/í~� s ï
C �� � s � í 1 � .

Thefollowing theoremis themainresultof this section.We useoftenclaims
(a2)&(a1) for the boundaryfunctions of H2 functions and claim (c1) for the
boundaryfunctionsof operator-valuedH∞ functions,whereastheothersareused
justa few times:

Theorem 3.3.1(HpHpHp boundary functions) Let ω ï R and1 � p � ∞. Let B bea
Banach spaceandlet H, U andY beHilbert spaces.Thenthefollowing hold:

(a1)Let f ï Hp ñ C ûω ;Bò . Assumethat there is f0 ï Lp ñ ω ù iR;Y ò s.t.anyoneof
(1.)–(6.)holds:

(1.) limt # ω û Λ f ñ ir ù t ò¢í Λ f0 ñ ir ù ω ò , for almosteveryr ï R, whenever
Λ ï Bî ;

(2.) f convergesto f0 nontangentially at everyLebesguepointof f0, hence
a.e.;

(3.) f is thePoissonintegralof f0, i.e.,

f ñ ω ù t ù ir ò¢í t
π
õ

R

f ñ ω ù iρ ò dρ
t2 ù ñ r E ρ ò 2 ñ t � 0 ô r ï R ò�� (3.33)

(4.) & E f ñ i ý}ù t ò dm ü & E f0 ñ i ý}ù ω ò dmfor all boundedmeasurableE � R;

(5.) & R� Rgf ñ i ý ù t ò dm ü & R� Rgf0 ñ i ý ù ω ò dm for all R � 0 and g ï
L∞ ñ R; ð�ñ B ô kZò�ò ;
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(6.) f ñ i ý�ù t ò�ü f0 ñ i ý�ù ω ò in Lp, ast ü ω ù ;

Then f0 is unique, (1.)–(5.)hold (and(6.) if p � ∞), and� f0 � p í � f � Hp
ω
í lim

r # ω û � f ñ i ý�ù r ò�� p �Ë� f ñ i ý�ù t ò±� p ñ t � ω ò�� (3.34)

If this is thecase, thenwecall f0 the(vector)Lp boundaryfunctionof f and
denotef ñ ir ù ω ò : í f0 ñ ir ù ω ò (r ï R) andwrite f ï Hp ñ C ûω ;Bò j Lp ñ ω ù
iR;Bò . Anyof (1.)–(6.)characterizesf0 uniquely(in L p, that is, a.e.).

(a2)Every f ï Hp ñ C ûω ;H ò hasa L p boundary function(recall thatU ô H andY
areassumedto beHilbert spaces).

(a3) If f ï Hp ñ C ûω ;Bò , then f �C ,ω � ï Hp ñ C ûω � ;Bò hastheL p boundary function

f � ω � û iR for anyω @ � ω.

(a4) If f ï Hp
strongñ C ûω ; ð�ñ Cn ô Y ò�ò , n ï N, then f ï Hp ñ C ûω ; ð�ñ Cn ô Y ò�ò j Lp ñ ω ù

iR; ð¯ñ Cn ô Y ò�ò ; thus,then f hasa L p boundary function.

(b) (Paley–Wiener Theorem) TheLaplacetransformL2
ω ñ R û ;Y ò ó h Aü ĥ ï

H2 ñ C ûω ;Y ò and the Fourier transformL2
ω ñ R;Y ò ó g Aü ĝ ï L2 ñ ω ù iR;Y ò

are isomorphismstimes
�

2π, and the former can be considered as the
restriction of the latter to π û L2

ω. Finally, for all h ï L2
ω ñ R û ;Y ò and

f ô g ï L2 ñ R;Y ò wehavethatö f̂ ô ĝ÷ L2 í 2π ö f ô g÷ L2 ô � ĝ � L2 í � 2π � g � L2 ô � ĥ � H2
ω
í � 2π � h � L2

ω
� (3.35)

(c1) For every f ï H∞ ñ C ûω ; ð�ñ U ô Y ò�ò there is a unique(in L∞
strong) (operator)

boundaryfunction f0 ï L∞
strongñ ω ù iR; ð�ñ U ô Y ò�ò s.t. for all u0 ï U the

function f0u0 is the boundaryfunction(see(a1)) of f u0 ï H∞ ñ C ûω ;Y ò . It
follows that f is the strong Poisson integral (“ s& ”) of f0 and � f0 � L∞

strong
í� f � H∞

ω (wecanchoosef0 s.t.sup � f0 ��í¡� f � H∞
ω).

We denotef ñ ω ù ir ò : í f0 ñ ω ù ir ò , where f0 is the function constructedin
theproof. For each û ï H2 ñ C ûω ;U ò wehave ñ f ûòOñ ω ù ir ò¢í f ñ ω ù ir ò û ñ ω ù
ir ò a� e� on ω ù iR; in particular,ú ï TICω ñ U ô Y ò�í � �ú u í *ú û a� e� onω ù iR � (3.36)

ThemappingH∞
ω
ó f Aü f0 ï L∞

strong is an isometryto a closedsubspaceof
L∞

strong.

Finally, for any ú ï TICω, theboundary functionof *ú ï H∞ coincideswith
theFourier transform of ú (fromTheorem3.1.3).

(c2) If U is separable, then we can choose f0 in (c1) s.t. f ñ ω ù ir ù?ý ò+ü
f0 ñ ω ù ir ò nontangentially in thestrongtopologyof ð¯ñ U ô Y ò , for a.e. r ï iR,
and � f ñ ω ù ir ù°ý ò��cü � f0 ñ ω ù ir ò�� nontangentially for a.e. r ï iR.

(c3) Let ú ï TIC∞ ñ Cn ô Y ò and ú 	 L2
c ��� L2

ω. Then f : í *ú ï H ñ C ûω ; ð�ñ Cn ô Y ò�ò
and *ú hasa “ L2

loc boundaryfunction” f0 í : *ú s.t. f ñ i ý�ù t ò�ü f0 ñ i ý�ù ω ò
in L2

loc ñ R;Bò , ast ü ω ù , and ñ ýKù 1 E ω ò � 1 *ú ï L2 ñ ω ù iR; ð�ñ Cn ô Y ò�ò , and
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(1.), (2.), (4.) and(5.) of (a1) are satisfied.Consequently, *ú *u í �ú u a.e. on
iR for all u ï L2

α ñ R û ;Cn ò , α � ω.

If ω í 0, then *ú ð φCayley ï H2 ñ D; ð�ñ Cn ô Y ò�ò .
(d1)For every f ï Hp

strongñ C ûω ; ð�ñ U ô Y ò�ò there is a boundaryfunction f0 whose
valuesare(possiblyunbounded)operatorswith domainsin U andrangesin
Y, s.t. f0u0 ï Lp ñ ω ù iR ô Y ò is the boundary functionof f u0 (see(a1)) for
anyu0 ï U.

In particular, supu0 { U � f0u � p í^� f � Hp
strong+ ω û iR; - + U �Y �.� . If U is separable,

then
Domñ f0 ñ ω ù ir ò�ò is densefor a.e. r ï R.

(d2)Let f ï H∞ ñ C ûω ; ð�ñ U ô Y ò�ò . Then f ï Hp
weakñ C ûω ; ð�ñ U ô Y ò�ò iff theboundary

function f0 ï L∞
strong(see(c1)) is in Lp

weakñ ω ù iR; ð�ñ U ô Y ò�ò too.

If this is the case, then � f0 � Lp
weak

íÍ� f � Hp
weak+ C ,ω ; -3� . Claim (d2) also holds

with “strong” in placeof “weak” .

(d3)If f ï H∞ ñ C ûω ; ð�ñ U ô Y ò�ò j Lp ñ ω ù iR; ð�ñ U ô Y ò�ò , thenf ï Hp ñ C ûω ; ð�ñ U ô Y ò�ò .
(d4) Conversely, if f ï Hp ñ C ûω ; ð�ñ U ô Y ò�ò and U is separable, then f has a

unique“strong operator boundaryfunction” f0 ï Lp
strongñ iR; ð¯ñ U ô Y ò�ò s.t.

f0u0 is theboundaryfunctionof f u0 for anyu0 ï U (in thesenseof (a1),and
thesamenull setappliesfor all u0). Moreover, �Æ� f0 � - + U �Y � � Lp + iR � íp� f � Hp.

(e)Resultsanalogousto (a1)–(d4)(exceptthat(c3)mustbereplacedbyLemma
13.1.3(d))hold for RD : í � z ï C �� � z � � R� (R � 0) in placeof C ûω (write
theconvergence“(1.)” as f0 ñ zò í limr # R� f ñ rzò a.e., where � z � í R). The
Poissonintegral onRD is givenby

f ñ reiθ ò�í 1
2π
õ 2π

0

R2 E r2

R2 E 2Rrcosñ θ E t ò ù r2 f ñ Reit ò dt ñ r � 0 ô θ ï R ò��
(3.37)

SeePropositionD.1.21(c)andTheorem3.1.6for the boundaryfunctionsof
H2 ñ Ca � b;U ò andH∞ ñ Ca � b; ð�ñ U ô Y ò�ò functions,respectively.

Notethattheoperatorboundaryfunctionof (c1)neednotbeavectorboundary
function(i.e., the limits neednot converge in theoperatornorm),not evenin the
separablecaseof (d3),by Example1. onp. 92of [RR], where f ñ zò : í�ñ xk ò k { N Aüñ zkxk ò k { N, sothat f ï H∞ ñ D; ð�ñKe 2 ñ N ò�ò�ò .

Part (c1) (which seemsto benew in theunseparablecase)is thebestwe can
sayfor unseparableU ; e.g., it may be that the strongor weaklimit of f ñ ir ù t ò
exists for no ir ï iR ast ü 0ù (i.e., thereareU and f ï H∞ ñ C û ; ð�ñ U ò�ò s.t. for
eachir , thereis u0 ï U s.t. f ñ ir ù t ò u0 doesnothaveevenaweaklimit ast ü 0ù ),
asshown in p. 133[Thomas]).See[Thomas]for furtherresultsfor theseparable
caseandacounter-examplefor thoseresultsin theunseparablecase.

Theproofof Theorem3.1.6alsoshowshow wecouldreduce(c1) to Theorem
3.1.3(a1),but we have preferredto give a direct proof below, becausethis proof
is muchsimplerthanthatof Theorem3.1.3(a1).Theproofof (c1) lies heavily on
theboundednessof thefunction,thusit cannotbeusedfor Hp, p � ∞.
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Theequation �ú u í *ú *u in (3.36)shows that theboundaryfunctioncoincides
with theFourier transformof ú given in Theorem3.1.3.Naturally, theboundary
functionis in L∞ if dimU � ∞.

The result (c1) seemsto be usefulonly for proving resultssuchasthosein
Lemma6.3.6,becausemany importantpropertiesof a ú ï TIC arenot shared
pointwise (a.e.) by an arbitrary representative of the Fourier transform *ú ï
L∞

strongñ iR; ð¯ñ U ô Y ò�ò . (E.g., if ú ï�G TIC, then *ú ï�G L∞
strong, but *ú ñ ir ò may be

noninvertible for all r ï R.) An analogousremarkappliesto Theorem3.1.3(a1).
The boundaryfunction in (d1) in not ð�ñ U ô Y ò -valuedin general(seeExam-

ple 3.3.6),unlessp í ∞ (notethatH∞
strong í H∞, by theClosedGraphTheorem,

hence(c1)appliesto p í ∞).
For general f ï Hp

strongñ C ûω ; ð�ñ U ô Y ò�ò (or Hp), we have f ï Hp
strong

j
H∞ ñ C ûω û ε; ð�ñ U ô Y ò�ò (ε � 0), by LemmaF.3.2(a),hencewe canapply (d2) with
ω ù ε in placeof ω.

Proof of Theorem 3.3.1: W.l.o.g.,we statetheproofsfor thecaseω í 0
(becauseL2

ω
ó u Aü e� ωtu ï L2 is an isometricisomorphism and òe� ωtu ñ sòNí*u ñ s ù ω ò for all s ï C û ).

(a1)&(a2)(Seep. 967for nontangential limits.)
1® Implications “(3.) � (2.)� (1.)”, “(3.) � (5.)”, and “(6.) � (5.)� (4.)”

(any p) and “(3.) � (6.)” (p � ∞), and (3.34) for general B: Thesefollow
from LemmaD.1.8(a3)&(a1)(“C0” of (a1)) exceptfor “(6.) � (5.)” (notethat
χ � � R�R� g ï Lq, whereq � 1 ù p � 1 í 1, anduseHölder) and“(5.) � (4.)” (take
g : í χE, R : í sup �E � ).

2® Uniqueness:By LemmaB.2.6,(1.) characterizes f0 uniquely(notethat
we may have a differentnull set for eachΛ); so doesalso(4.) by Theorem
B.4.12(e).By 1® , sodo(2.), (3.), (5.) and(6.) too.

3® (a2) whenH is a separable Hilbert space:Now f0 ï Lp satisfying (2.)
and(3.) (hence(1.)–(5.),by 1® ) exists,by pp.81,85and90of [RR]. By Lemma
D.1.8(a1),wehave � f0 � p í � f � Hp

4® (a2)whenH is a Hilbert space:ReplaceH by theclosedspanof f 	C û � ,
which is a separableHilbert space,by LemmaB.2.3(f)&(a). By 3 ® , f0 ï Lp

satisfying(1.)–(5.)(and(6.) for p � ∞) and � f0 � p í � f � Hp exists.
(We noteonecouldprove (a2)wheneverY is a reflexive Banachspace(an

alternative condition is that Y î�î is separable)and 1 � p � ∞, by using the
(scalar)techniquesof Chapter11 of [Rud86],andthe fact thatY is a Radon–
Nikodymspace[DU].)

5® (a1) whenB is a Banach space:Assumeany of (1.)–(6.). Let g ï Hp

bethePoissonintegral of f0. Now Λ f0 is theboundaryfunctionof Λ f , hence
Λg í Λ f , for any Λ ï Bî , by 3® . Having thusestablished(3.),wegettheclaim
from 1® and2® .

(a3)By thecontinuity of f , condition(1.) of (a1)is satisfied.
(a4)By LemmaA.1.1(a4), f í ∑n

k J 1 fkPk for somef1 ô �
�
� ô fn ï Hp ñ C ûω ;Y ò ,
wherePk is the kth canonicalprojectionCn ü C. Let

[
fk ï Hp j Lp be the

boundaryfunction of fk (k í 1 ô �
�½� ô n) (see(a2)). Obviously, � ∑n
k J 1 fk ñ ir ù

t ò Pk E ∑n
k J 1

[
fk ñ ir ò Pk � - + Cn;Y � ü 0 for a.e.r ï R, ast ü ω ù , hence∑n

k J 1

[
fkPk ï
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Lp ñ ω ù iR; ð�ñ Cn;Y ò�ò is theboundaryfunctionof f .
(b) Seep. 91of [RR]. (And alternativereferenceto (a)and(b) is A.6.18–21

of [CZ].)
(c1) (We take ω í 0 w.l.o.g.; cf. Remark2.1.6.) To beexact,we construct

herea function f0 : iR ü¿ð¯ñ U ô Y ò satisfying theconditions in the lemma,and
thenweshow thattheequivalenceclassof f0 is auniquememberof L∞

strong.

For eachr ï R, we defineUr : íË� u ï U �� º limt # 0û f ñ ir ù t ò u í : yr � u � . For
afixedr, themapUr

ó u Aü yr � u is clearlylinearand � u Aü yr � u � - + Ur �Y � � � f � ∞,
henceu Aü yr � u hasa norm-preservingextension f0 ñ ir ò+ï ð¯ñ U ô Y ò (note that� f0 ñ ir ò�� � � f � H∞; weextendit toUr by continuity (seeLemmaA.3.10)andset
f0 ñ ir ò®í 0 onU Ïr ). For any u ï U , wehave f0 ñ ir ò u í limn# ∞ f ñ ir ù 1� nò u a� e� r
(becauseu ï Ur a� e� r ï R by (b)), hence f0 ñ i ý ò u is measurable.Sinceu was
arbitraryand f0 is bounded,f0 ï L∞

strong.

Let *u ï H2. BecausetheclosedspanUu of *u 	C û � is separable,wecantakea
null setNu � R s.t. f ñ ir ù t ò u0 ü f0 ñ ir ò u0 for all u0 ï Uu andall r $ï Nu (choose
anull setfor eachu0 in a countabledensesubsetof Uu, andlet Nu betheunion
of thesesets;by LemmaA.3.4(H1)with “F ñ sò í f ñ ir ù 1� sò E f0 ñ ir ò ” we get
theconvergencefor all u0 ï Uu andany fixedr $ï Nu). Choosingnull setN for
f *u ï H2 asin (a),wenow have thatñ f *uòOñ ir ò�í lim

t # 0û f ñ ir ù t ò *u ñ ir ù t òí lim
t # 0û 	 f ñ ir ù t ò�	 *u ñ ir ù t ò�E *u ñ ir òT� ù f ñ ir ù t ò *u ñ ir òT�í 0 ù f ñ ir ò *u ñ ir ò (3.38)

for r $ï N y Nu. The equality � f0 � ∞ íµ� f � H∞ follows from the fact that� f0u0 � ∞ í¡� f u0 � H∞ for all u0 ï U by (b).
Moreover, if f1 : iR ü�ð¯ñ U ô Y ò alsosatisfiesf1 ñ i ý ò u0 í limt # 0û f ñ i ý�ù t ò u0

a.e.for u0 ï U , then ñ f1 E f0 ò u0 í 0 a.e.for u0 ï U , hencef1 í f0 asamember
of L∞

strongñ iR; ð¯ñ U ô Y ò�ò . However, consideredas functions, they may differ
everywhere(and we may have � f1 ñ ir ò�� - + U �Y � � r for all r ï R even though
f1 í 0 in L∞

strong(i.e., f1u0 í 0 a.e.on iR, for all u0 ï U )). Themappingf Aü f0
is clearly linear, henceit is an isometryto a subspaceof L∞

strong. The claims
aboutTICω now follow from Theorem6.2.1.

Finally, if G ï L∞
strong is the Fourier transformof ú ï TIC (seeTheorem

3.1.3), thenF *f u0 í òú f u0 í G *f u0 í *f Gu0 a.e.on iR for all f ï L2 andall
u0 ï U , henceFu0 í Gu0 a.e.for all u0 ï U , i.e.,F í G in L∞

strong.
(c2) This is TheoremB on p. 85 of [RR], providedthatalsoY is separable.

In thegeneralcase,theclosedspanY0 of � *ú ñ zò u0 �� u0 ï U ô z ï C ûω � is separable,

hence*ú ï H∞ ñ U ô Y0 ò , andwecanapplytheresultmentionedabove.
(c3)(Takeω í 0w.l.o.g.SetU : í Cn.) By Lemma2.1.13,wehaveg : í5ñ ý�ù

1ò � 1 *ú ï H2
strongñ C û ; ð�ñ U ô Y ò�ò . By LemmaF.3.2(e),H2

strongñ C û ; ð�ñ U ô Y ò�ò2í
H2 ñ C û ; ð�ñ U ô Y ò�ò . By (a4), we have g ï H2 ñ C û ; ð�ñ U ô Y ò�ò j L2 ñ iR; ð¯ñ U ô Y ò�ò ,
in particular, g hasa L2 boundaryfunction g0. Set f0 : í½ñ ý-ù 1ò g0, so that
f0 ïÐñ ýKù 1ò L2 ñ iR; ð¯ñ U ô Y ò�ò´� L2

loc ñ iR; ð¯ñ U ô Y ò�ò and f and f0 inherit (1.), (2.)
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and (5.) (hencealso (4.)) from g and g0; in particular, *ú convergesto f0
nontangentially at every ir ï Lebñ f0 ò¢í Lebñ g0 ò (see(B.54)).

Let α � 0 andu ï L2
α ñ R û ;U ò . Since ú ï¤ð�ñ π û L2

α ô π û L2 ò , by (2.19), the
function *ú *u convergesto �ú u nontangentially a.e.,by (a2). Since *ú ü f0 and*u ü *u a.e.nontangentially, wemusthave f0 *u í �ú u a.e.

Theclaim onω í 0 follows from Lemma2.1.13.
(d1) (We setω í 0 w.l.o.g.) For ir ï iR weset

Domñ f0 ñ ir ò�ò : í©� u0 ï U �� lim
t # 0û f ñ ir ù t ò u0 í : f0 ñ ir ò u0 exists ��� (3.39)

Obviously, Domñ f0 ñ ir ò�ò is a subspaceof U and f0 ñ ir ò is linear. Let u0 ï U be
arbitrary. Then f u0 ï Hp ñ C û ;U ò , hence f0 ñ ir ò u0 is defineda.e.andequalto
theboundaryfunctiondescribedin (a). In particular,

sup
u0 { U � f0u0 � p í sup

u0 { U � f u0 � Hp í : � f � Hp
strong+ iR; - + U �Y �.� � (3.40)

(Note that f0 is uniquein the sensethat f0u0 is uniquelydefineda.e.for
eachu0 ï U .)

Let U beseparable.Let � uk �u� U bedense.For eachk, thereis a null set
Nk � R s.t.uk ï Domñ f0 ñ ir ò�ò for r ï R } Nk; consequently, � uk �«� Domñ f0 ñ ir ò�ò
for all r ï R } N, whereN : í
y kNk.

(d2)WeprovetheHp
strongclaim;addΛ ï Y î [ � Λ � � 1] everywhereto obtain

theweakresult.
1® “Only if ”: Let u0 ï U . Then f u0 ï Hp

strong, henceit convergesa.e.to
a boundaryfunction fu0 ï Lp ñ ω ù iR;Y ò , by (a), with � fu0 � p í�� f u0 � Hp. But
fu0 í f0u0 a.e.,by (c1),hence� f � Lp

strong
í sup¤ u0 ¤ ¥ 1

� f0u0 � p í sup¤ u0 ¤ ¥ 1
� f u0 � Hp í¡� f0 � Hp

strong
� (3.41)

By (a), f u0 is thePoissonintegral of f0u0 for eachu0 ï U , i.e., f is thestrong
Poissonintegralof f0.

2® “If ”: This follows from LemmaD.1.8(a1)&(a3).
(d3)This follows from (d2)andLemmaD.1.8(a1)&(a3).
(d4) By TheoremB on p. 85 of [RR], f hasa boundaryfunction f0 in the

strongoperatortopology (any f in theNevanlinnaclassN has,andHp functions
belongto the Nevanlinna class,by (4-1) on p. 75 of [RR]). By the theorem,
thereis a null set N � iR s.t. f u0 ü f0u0 nontangentially at every point of
iR } N (i.e., f ü f0 nontangentially “in thestrongoperatortopology” at every
pointof iR } N).

By Theorem C on p. 90, f Aü f0 is an isometry Hp ü ”L p- ñ iR ò ”,
and ”L p- ñ iR ò ” means“weakly measurablefunctions” with finite norm �Æ� ý� - + U �Y � � Lp + iR � ; the strongmeasurabilityof f0 follows from that of f0u0 (by
(a1))for eachu0 ï H, hencef0 ï Lp

strongñ iR; ð¯ñ U ô Y ò�ò .
(In [RR], we should have U í Y, but we may replace f by è 0 0

f 0 ì ï
Hp ñ C û ; ð�ñ U 4 Y ò�ò . ReplaceY first by its separablesubspaceif necessary(see
LemmaB.2.4).

(e) This can be proved in the sameway as (a)–(d) were proved (usethe
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H ñ D; kZò resultsof [RR]). �
If a boundaryfunction is zero on a set of positive measure,then both this

functionandtheoriginal functionarezeroalmosteverywhere:

Lemma 3.3.2 Let f be a holomorphic function, and let f0 be its boundary
functionin thesenseof someof (a1)–(d4)of Theorem3.3.1. Thenthe following
areequivalent:

(i) f $Ç 0 onC ûω ;

(ii) f $í 0 a.e. onC ûω ;

(iii) f0 $í 0 (ona subsetof positivemeasureof ω ù iR);

(iv) f0 $í 0 a.e. (on ω ù iR).

For (e), the above claimshold with substitutionsC ûω Aü RD and ω ù iR Aü
∂RD í©� z ï C �� � z � í R� .

Proof: Trivially (iv) � (ii i). By Lemma D.1.2(e), we have (i) � (ii) (if
f ï H ñ Ω;Bò andE : í f � 1 	 � 0 �Ä� hasapositivemeasure,thenK j E is infinite for
somecompactK � Ω, by LemmaA.2.3,henceΩ (andK) containsa limit point
of E( j K), hencef í 0). Thus,it sufficesto show establish(i) � (iv), (iii) � (i).

1® Case f ï Hp ñ C û ò , p ïx	 1 ô ∞ � : This is well known (usee.g.,Theorem
17.18 of [Rud86] and Cayley transform (see Lemma 13.2.1(e2)&(d)) for
(i) � (iv), andthePoissonformulafor (iii) � (i)).

2® Case f ï Hp ñ C û ;Bò , p ï�	 1 ô ∞ � : Now Λ f0 is the boundaryfunctionof
Λ f for eachΛ ï Bî , hencethis followsfrom 1 ® andLemmaB.2.6.

3® Case f ï Hp ñ C û ; ð�ñ U ô Y ò�ò , p ïË	 1 ô ∞ � : Now f0u0 is the boundary
functionof f u0 for eachu0 ï U , hencethis follows from 2 ® .

4® Other cases: For rD, r � 0, in placeof C û , the above proof applies
mutatis mutandis. For C ûω in placeof C û , we obtainthis by shifting f and f0.�
Weshalllaterneedthefollowing lemma:

Lemma 3.3.3(ö *v ô F *u÷ L2 + iR;Cn � í 0ö *v ô F *u÷ L2 + iR;Cn � í 0ö *v ô F *u÷ L2 + iR;Cn � í 0 for all u ô v í � F í 0u ô v í � F í 0u ô v í � F í 0) Let ú�ô ß ï
TIC∞ ñ Cn ô Y ò , ú 	 L2

c � ô ßQ	 L2
c �u� L2 and J ï?ð�ñ Y ò . Set F : í�*ß2î J *ú . Thenñ 1 ù°ý ò � 2F ï L1 ñ iR; ð¯ñ Cn ò�ò .

If ö *v ô F *u÷ L2 + iR;Cn � í 0 for all u ô v ï L2
c ñ R û ;Cn ò , thenF í 0 a.e.

Proof: 1® SetU : í Cn. By Theorem3.3.1(c3),we have *úÀô *ßÌïµñ 1 ùý ò L2 ñ iR; ð¯ñ Cn ò�ò , henceF ï·ñ 1 ù°ý ò 2L1 ñ iR; ð¯ñ Cn ò�ò .
2® Assumptions:To obtainacontradiction, weassumethat ö *v ô F *u÷ L2 + iR;U � í

0 for all u ô v ï L2
c ñ R û ;U ò (hencefor all u ô v ï L2

ω ñ R û ;U ò andall ω � 0, by
Lemma2.1.13),but F is notzeroa.e.on iR. Thenthereis r ï R s.t.ir ï Lebñ F ò
andF ñ ir ò $í 0.
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W.l.o.g.we assumethatU í C, 0 ï Lebñ F ò anda : í F ñ 0ò
� 2 � 0 (choose
v0 ô u0 ï U andα ï ∂D s.t. αv î0F ñ ir ò u0 � 0 andreplaceF by αvî0F ñ ý E ir ò u0;
replacethenu by eir r uu0 andv by eir r vv0 at theendof theproof).

3® Obviously, � ñ 1 ù ir ò *ft � 0 ñ ir ò � � 4t when � r � � 1 and t ï?ñ 0 ô 1ò , where*ft � 0 ñ sò : í 2t3M 2 ñ s ù t ò � 2. Consequently,õ � � 1 �∞ � i � ft � 0 ñ ir ò � 2 �F ñ ir ò � dr � a� 5 (3.42)

for all t ï·ñ 0 ô δ1 ò , whereδ1 : í a � ñ ý�ù 1ò � 2F � 1 � 20 � 0.
4® ε ô δ � 0: Chooseε � 0 s.t.Reñ 2Rò � 1 & R� RF ñ ir ò dr � a for all R ïÐñ 0 ô ε ò .

Chooseδ � 0 s.t. & r { + ε � 1� � *ft � 0 ñ ir ò�� 2 � F ñ ir ò�� dr � a� 3 for all t ï?ñ 0 ô δ � (see

LemmaD.1.24(a)andnotethatF ï L1 ñ
	uE 1 ô 1� i ò ).
5® Chooset ïµñ 0 ô max� δ ô a� 2 � ò s.t. & + � ε � ε � i � ft � 0 � 2dm � 2� 3 (seeLemma

D.1.24(a)).From,e.g.,Theorem1.19of [Rud86]weobtainfunctions

gn : í mn

∑
k J 1

Rn � kχ + � rn � k � rn � k � i ñ n ï N ò (3.43)

s.t. Rn � k � 0, rn � k ï�ñ 0 ô ε ò (n ô k ï N), 0 � g1 � g2 �jý�ý�ý`� gn �jý�ý�ý and
gn ñ ir ò2ü g : í � ft � 0 ñ ir ò � 2χi + � ε � ε � í½ñ t2 ù r2 ò � 1χi + � ε � ε � monotonously, for each
r ï R. Consequently, � gn � 1 í ∑k Rn � k ñ 2rn � k ò ü � g �_� 2� 3. By TheMonotone
ConvergenceTheoremand2® , wehave

Reõ ε� ε
� ft � 0 ñ ir ò � 2F ñ ir ò dr í lim

n# ∞
õ ε� ε

gn ñ ir ò ReF ñ ir ò dr � lim sup
n# ∞

∑
k

Rn � k ñ 2rn � k ò a � 2a� 3 �
(3.44)

By this, (3.42) and 4® , we have Re& iR � ft � 0 � 2F dm í Reö ft � 0 ô F ft � 0÷a�
a ñ 2� 3 E 1� 5 E 1� 3ò`� 0, acontradiction,asrequired. �
According to Theorem2.3 of [W91a] (or to Theorem3.1.7), the first part

of Theorem2.1.2 holds for arbitrary BanachspacesU andY and for any p ï	 1 ô ∞ ò . Even in thatcase,
� �

: TIC ü H∞ is a contractive algebraisomorphism of
TIC ñ U ô Y ò intoH∞ ñ C û ; ð�ñ U ô Y ò�ò . However, theisomorphismis notisometric,nor
onto:

Example 3.3.4 (A counter-examplefor Banachspaces:H∞ $� *TIH∞ $� *TIH∞ $� *TI) Let U í C,
Y í
e ∞ ñ N ò , ek : í χ ô k õ ñ k ï N ò (i.e., e0 í�� 1 ô 0 ô 0 ô �
�
�l� ô e1 : í�� 0 ô 1 ô 0 ô 0 ô �
�
� � etc.)

and *ú ñ sò u0 : í�ñ e� ksu0 ò k { N, sothat � *ú ñ sò�� � 1 for all s ï C û .
By LemmaD.1.1, *ú is holomorphic, becausee� k r is holomorphic for each

k ï N. Thus, *ú ï H∞ ñ C û ; ð�ñ C ô Y ò�ò . However, *ú *f $ï � � 	 L2 ñ R û ;Y òT� for f : í
χ � 0 � 1 � ï L2 ñ R û=ò , hence*ú is not thetransferfunctionof any ú ï TI ñ C ô Y ò .

Furthermore,*Ô : s AüÝñ k � 1M 2 ñ s ù 1ò � 1 *ú ñ sò�ò k { N satisfies*Ôµï H∞ ñ C û ; ð�ñ C ô Y ò�ò
and *Ô is continuous on C û y�� ∞ � (“ *Ô�ïpòCTIC”) but still *Ô is not the transfer
function of any ÔGï TI ñ C ô Y ò (thus,“CTIC $� TIC” in this sense;cf. Definition
2.6.1).

Remarks:1. WecanuseTIC ñ Y ò in theexamplein placeof TIC ñ C ô Y ò .
2. FouriertransformdoesnotmapL2 ñ R;Y ò into (noronto)L2 ñ iR;Y ò .
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3. TIC ü H∞ is notanisometry(noronto).

�
Proof: (Note that we just usethe Hilbert spacedefinitionsof Chapter2

extendedto allow for Banachspacesasinputandoutputspaces.)
1®�*ú *f $ï � � 	 L2 ñ R û ;Y òT� for f : í χ � 0 � 1 � : By Pk ï Y î wedenotetheprojection

of Pk : ñ yk ò k { N Aü yk, for any k ï N. Then Pk commutes with the Laplace
transform(becausePk ï Y î ).

Choose f ï L2 ñ
	 0 ô 1�Pò s.t. � f � 2 í 1 (e.g., f í χ � 0 � 1� ). If g ï L2 ñ R;Y ò
weres.t. *g í *ú *f on C û , thenPk *g í Pk ñ *ú *f òNí e� ks *f , hencewe would have
Pkg í τ ñ�E k ò f , and,consequently,� g � 22 í ∑

k

õ k û 1

k
� g � 2Y dm í ∑

k

õ k û 1

k

�gk
� 2dm í ∑

k

� f � 22 í ∞ � (3.45)

Therefore, *ú doesnot map
� �

L2 ñ R û ;U ò into
� �

L2 ñ R;Y ò , hence *ú doesnot
defineaTI ñ U ô Y ò map.

2® Constructing *Ô with required properties: Let ñ ak ò k { N be a sequence
in C s.t. ak ü 0 as k ü ∞. Define T ï'ð�ñKe ∞ ò by ñ yk ò k { N : íÅñ akyk ò k { N.
Then also *8 ñ sò�í T *ú is in H∞ ñ C û ; ð�ñ U ô Y ò�ò , but, unlike for *ú , we have*8 ï�i�ñ C û ; ð�ñ U ô Y ò�ò , and *8 ñ ir ù t ò®üÝñ ake� ir k ò k { N í : *8 ñ ir ò�ï�i bu ñ iR; ð¯ñ U ô Y ò�ò
ast ü 0ù , whichwill beshown in 3 ® below.

The function *Ôoñ sò : í 1
sû 1 *8 ñ sò is continuous on C û yV� ∞ � (we use the

symbol òCTIC of this kind of functionsin Section2.6),becauseit hasthe limit
0 at∞ (because� *Ôoñ sò�� � 1�

s
� û 1 ü 0 as � s � ü ∞ onC û ). Let F ñ t ò : í e� tχR , ñ t ò ,

so that *F ñ sò�í 1
sû 1. If *h í *Ô *f í *FT *g, thenh í F k Tg, in particularPkh í

F k PkTg í akF k gk í akF k τ ñ�E k ò f í τ ñ�E k ò akF k f , hence� h � 22 í ∑
k

õ k û 1

k
� h � 2Y dm � ∑

k

õ k û 1

k

�hk
� 2dm � ∑

k

õ 1

0

�akF k f � 2dm � ∑
k

�ak
� 2r í ∞ ô
(3.46)

if ∑k
�ak
� 2 í ∞ (e.g.,ak í k � 1M 2) andr : í & 1

0
�F k f � 2 � 0 (e.g., f í χ � 0 � 1� ). Thus,

also *Ô doesnotmap
� �

L2 ñ R û ;U ò into
� �

L2 ñ R û ;Y ò .
3® *8 is continuous on C û : Given s0 ï C û andε � 0, choosefirst K s.t.�ak
� � ε � 2 for k � K. Usethencontinuity to chooseδ � 0 s.t. �e� sk E e� s0k � �

ε � supk
�ak
� whens ï C û and � s E s0 � � δ. Now � *8 ñ sò�E *8 ñ s0 ò�� Y : í supk

� *8 ñ sò k E*8 ñ s0 ò k � � ε for suchs, QED.
Remarks:1. We canuseTIC ñ Y ò in theexamplein placeof TIC ñ C ô Y ò : just

use *ú P0 and *Ô P0 in placeof *ú and *Ô , whereP0 ñ αk ò k { N : í α0.
2. TheFourier transformdoesnotmapL2 ñ R;Y ò into (nor onto)L2 ñ iR;Y ò ;

in fact, it doesnotevenmapL1 j L∞ ü L2: Since � *g � 2 í¡� *f � 2 í � 2π � f � 2 í�
2π and � g � 2 í ∞, we observe that the Fourier transformdoesnot map

L2 ñ R û ;Y ò ontoL2 ñ iR;Y ò (sinceg is theonlypossible inversetransformof *g, by
1® ). By replacingtherolesof g and *g, onecanshow thattheFouriertransform
doesnot map L2 ñ R û ;Y ò into L2 ñ iR;Y ò ; not even L1 j L∞ into L2 ñ iR;Y ò .
(Indeed, if f ï
�Áñ R ò , then *f ï
�Áñ iR ò , hencethen *g : í *ú *f ï L2 ñ iR;Y ò is
“rapidly decreasing”(thoughnotdifferentiable),hence*g ï L p for all p ïf	 1 ô ∞ � .)
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3. TIC ü H∞ is notanisometry(nor onto): Theoperator*Ô n : í ∑n
k J 0Pk *ú ï

H∞ is obviously thetransferfunctionof aTIC ñ C ô Y ò mapand � *Ô n �cí � *ú �cí 1
for n ï N, but �ÐÔ n � TIC ü ∞ (by the above computations),hencethe Laplace
transformTIC ü H∞ is notanisometry (noronto,by 1 ® ). �
In fact, the above examplealsoshows that Theorem3.3.1(c1)doesnot hold

for Banachspaces:

Example 3.3.5 (A counter-example for Banach spaces: *ú ï H∞*ú ï H∞*ú ï H∞ has no
strong nor L∞

strong boundary function) Let U í C, Y ípe ∞ ñ N ò , and let *ú ï
H∞ ñ C û ; ð�ñ U ô Y ò�ò beasin Example3.3.4,i.e., *ú ñ sò�í�ñ e� ks ò k { N.

Then *ú doesnothaveaboundaryfunctionin thesenseof Theorem3.3.1(c1);
in fact, *ú ñ ir ù t ò u0 doesnot converge in Y, ast ü 0ù , for any nonzerou0 ï U .
Moreover, the componentwise boundaryfunction of *ú is not an elementof
L∞

strongñ iR; ð¯ñ U ;Y ò�ò . �
Recallfrom Example3.3.4that theabove *ú doesnot correspondto any TIC

(notevento any TI) operator.
Proof: 1® Clearly ñ *ú ñ ir ù t ò u0 ò k ü e� ir ku0 ast ü 0ù , for everyu0 ï C í U ,

k ï N, sothecomponentwiseboundaryfunctionir Aüÿ*ú ñ ir ò : í�ñ e� ir k ò k { N is the
only possible boundaryfunction.

However, supt { + 0 � δ � supk { N �e� + ir û t � ku0 E e� ir ku0 � í �u0 � � 0 for any δ � 0

(take k � 2� δ andt í π � 2k), hencethereis no limit of *ú ñ ir ù t ò u0 ast ü 0ù ,
i.e., thereis nostrongboundaryfunction.

2® Moreover, *ú ñ ir ò $ï L∞
strongñ iR; ð¯ñ U ô Y ò�ò : if *ú ñ ir ò were in

L∞
strongñ iR; ð¯ñ U ô Y ò�ò , then *ú ñ i ý ò would beanL∞ functionby Theorem3.1.3(c)

(becauseU í C), hencethenwe would have *ú ñ i ý ò P0 ï L∞ ñ iR; ð¯ñ Y ò�ò , where
P0 is theprojectionto the0thcomponent(P0 : ñ yk ò k { N Aü y0).

However, r Aü *ú ñ ir ò P0 is a (semi)groupof boundedlinear operatorsonð�ñ Y ò . Becauseit is not uniformly continuous, it is not uniformly measurable,
by [HP, Theorem10.2.1]. (A secondproof: if *ú wereL∞ ñ iR;Y ò , its Poisson
integral would convergepointwisea.e. A third proof: the function *g í�*ú *f in
Example3.3.4,would be L1, henceg would be i 0, but it doesnot vanishat
infinity.) �
Output maps (hence also the causaladjoints of input maps) of WPLSs

correspondto strongH2 functions. Unfortunately, suchfunctionsneednot have
boundaryfunctionswith valuesin ð (cf. Theorem3.3.1(d)),notevenfor separable
U andY. For simplicity, wegiveourcounter-exampleon theunit discD:

Example 3.3.6 (A counter-example: F ï H2
strongñ D; ð�ñKe 2 ò�òF ï H2
strongñ D; ð�ñKe 2 ò�òF ï H2
strongñ D; ð�ñKe 2 ò�ò has no ð�ñKe 2 ò -

valued boundary function) Let � zn ��� ∂D bedense.Chooser ï'ñ 0 ô 1� 2ò . De-
fine z Aü Fn ñ zò : í¥ñ z E zn ò � r ï H2 ñ D;C ò (n ï N). Definethe“diagonaloperator”
F ï H2

strongñ D; ð�ñKe 2 ò�ò by Fen : í Fnen (n ï N), wherethevectorsen í χ ô n õ form



3.3. H2 AND H∞ BOUNDARY FUNCTIONSIN L2 AND L∞
STRONG 111

thecanonicalbaseof e 2 ñ N ò í : U í : Y. Indeed, � Fn � H2 í¹� F0 � H2 í : M (n ï N),
hence � F n

∑
k J 0

αkek � 2H2 � M2
n

∑
k J 0

�αk
� 2 � (3.47)

Thus,F canbeextendedto thewhole e 2 sothat � F � H2
strong

� M. Moreover, if F is

definedon ∂D so thatF � ∂Du is a.e.theboundaryfunctionof Fu for eachu ï U ,

thenFen í Fn onD } N for eachn ï N, whereN is anull set.
Givenz ï ∂D } N andM @ � 0, thereis n s.t.M @ � �Fn ñ zò � í � F ñ zò en � U (taken

s.t. � z E zn � is smallenough),hence� F ñ zò�� - + U � � M @ . Consequently, theoperator
F ñ zò is unbounded(andpossiblynotdefinedfor all u ï U ) on ∂D } N.

(Note that Fu hasa boundaryfunction a.e.for eachu ï U , the problemis
that theseboundaryfunctionsfor u ï U arenot dueto any (single) ð�ñ U ò -valued
function; the valuesof the boundaryfunction mustbe unboundedoperators,as
above.)

�
SeealsoExampleF.3.6.
In thescalarcasethePoissonintegralP k f of any f ï L p ñ iR;Bò is aharmonic

functionon thehalf-plane.This functionis analyticif f f ï Hp; a third equivalent
conditionfor f ï L1 is thattheFouriertransformof f is zeroonR� . All thisholds
alsoin thevector-valuedcase:

Lemma 3.3.7( f ï Hp � P k f ï Hf ï Hp � P k f ï Hf ï Hp � P k f ï H) Let f0 ï Lp ñ ω ù iR;Bò , p ï�	 1 ô ∞ � . Then f0
is theboundary functionof somef ï Hp ñ ω ù iR;Bò iff thePoissonintegral of f0

is analytic onC ûω . For p í 1 a third equivalentconditionis that[
f ñ t ò : í õ

R
f0 ñ ω ù ir ò eirt dr í 0 for all t � 0 (3.48)

(if this is thecase, then f ñ ω ù°ý ò¢í � � [f � 2π).
Analogously, f0 ï Lp ñ ∂D;Bò is theboundary functionof somef ï Hp ñ D;Bò

iff the Poisson integral of f0 is analytic on D; a third equivalentcondition is
that *f ñ nò : í 1

2π & ∂D e� inr f0 ñ eir ò dr í 0 for n í´E 1 ô E 2 ô �
�
� (if this is thecase, then

f í ∑∞
nJ 0 *f ñ nò zn).

Recall that if B is a Hilbert space, then any Hp function has an L p

boundaryfunction. Note also that & R f ñ ω ù ir ò er ir dr ï¨i 0 ñ R;Bò , by Lemma
D.1.11(a1)&(a3).

Proof: We prove theω ù iR claims;theD claims(which canbescaledfor
Dr ) follow analogouslyfrom Theorem17.13of [Rud86](notethatL p � L1 on
∂D).

1® If the Poissonintegral f of f0 is analytic, then f ï Hp and f0 is the
boundaryfunctionof f , by LemmaD.1.8(a3).Conversely, if f0 is theboundary
function of some f ï Hp, then f is the Poissonintegral of f0, by Theorem
3.3.1(a1).

2® Casep í 1: For B í C, the third condition is equivalent, by Lemma
II.3.7 and TheoremII.3.8 of [Garnett]. From this and 1 ® it follows for
generalB, that the Poissonintegral of Λ f is analytic for all Λ ï B î if f
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f ñ t ò : í & R Λ f ñ ω ù ir ò etir dr í 0 for all t � 0. This andLemmaD.1.1(a)imply
thatthePoissonintegralof f is analyticif f & R f ñ ω ù ir ò eirt dr í 0 for all t � 0.
By LemmaF.3.7(a3),wehave f ñ ý ò�í � � eω r [f � 2π �
Next weextendthestandardformula �ú d ñ sò!í *ú ñ s̄ò�î for causaladjointtransfer

functionsto thevector-valuedcase(includingnoncausalTI maps):

Lemma 3.3.8( �ú d ñ sò�í *ú ñ s̄ò�î�ú d ñ sò¢í *ú ñ s̄ò�î�ú d ñ sò�í *ú ñ s̄ò�î ) Let u ï L2 ñ R;U ò and vÅï TI ñ U ô Y ò . Then� Ru ñ ir òcí *u ñ�E ir ò for r ï R. Moreover, �v î ñ ir ò=í *v�îdñ ir ò , ò Rv Rñ ir òcí *v{ñ�E ir ò and�v d ñ ir ò¢í *v�îdñ�E ir ò for r ï R.

If ú ï TICω ñ U ô Y ò , then �ú d ñ sò�í *ú ñ s̄ò�î for s ï C ûω .

SeeDefinition3.1.1(andTheorem3.1.3(d))for *vcî .
Proof: 1® TI: Obviously, � Ru ñ sò í *u ñ�E sò wherevereitherintegralconverges.

It follows that� � ñ Rv RuòOñ ir ò�í � � ñKv RuòOñ�E ir ò�í *v{ñ�E ir ò *u ñ ir ò'ñ r ï R ò�� (3.49)

Therefore,
� � ñ Rv RòOñ ir ò»í *v|ñ�E ir ò for all r ï R. By linearity andcontinuity,

we obtainthat ö *v *u ô *v÷!í ö *u ô *v î *v÷ for all u ô v ï L2 (seeDefinition 3.1.1),hence�v î í¨*vcî , from which it follows that �v d ñ ir ò�í©*vcî ñ�E ir ò for r ï R.
2® TIC: Finally, let ú ï TIC (theTICω resultis obtainedby shifting) and

f í¡*ú ï H∞ ñ C û ; ð�ñ U ô Y ò�ò , anddefineh ñ ý ò : í f ñ ý̄ ò�î�ï H∞ ñ C û ; ð�ñ Yô U ò�ò . Let8 ï TIC ñ Y ô U ò bedefinedby *8 í h, andlet h0 betheboundaryfunctionof h.
Then ö f0 ñ�E ir ò u0 ô y0÷Zí limt # 0û ö f ñ�E ir ù t ò u0 ô y0÷Zí limt # 0û ö u0 ô f ñ�E ir ù t òKî y0÷Zíö u0 ô h0 ñ ir ò y0÷ a.e.on iR for u0 ï U , y0 ï Y, hence R	 f0 �Pî/ím	 h0 �¢ï L∞

strong; in

particular, 	 h0 �®í *8 , by 1® . Therefore,h is an H∞ functionwith the boundary
function *8 , but, by Theorem3.3.1(c1),the transferfunction of 8 is the only
suchfunction. �
During the rest of this section,we shall study the polesof the inversesof

transferfunctionsandusetheresultsto constructa“completely”unstabletransfer
function.

Let Ω � C is openandmô n ï N. If 0 $í f ï H ñ Ω;C ò , thenthesetof zerosof
f (i.e.,of polesof f � 1) doesnot have limit pointsin Ω (see,e.g.,Theorem10.18
of [Rud86]). It follows that if f ï H ñ Ω; ð�ñ Cn ò�ò is invertible at somes0 ï Ω,
then f is invertible on a set whosecomplement doesnot have limit points in
Ω (this complementis the setof zerosof det f ). The sameappliesto the left-
invertibility of f ï H ñ Ω; ð¯ñ Cn ô Cm ò�ò (becauseif L ï Cn ¸ m is s.t.L f ñ s0 ò�í I , then
L f ï H ñ Ω; ð�ñ Cn ò�ò ).

Thesefactsareextensively usedin controltheory. However, if dimU í ∞ and
f ï H ñ Ω; ð�ñ U ò�ò , thenthesetof “poles” of f � 1 maybeany closedsubsetof Ω,
evenif f werebounded,when,e.g.,Ω í C ûω (ω ï R) or Ω í Dr (r � 0):

Lemma 3.3.9(Polesof *ú ï H∞*ú ï H∞*ú ï H∞) Let dimU í ∞. Let K � C be closedand let
s0 ï C } K. Then there is *ú ï H ñT� s0 � c; ð�ñ U ò�ò s.t. *ú � 1 ï H ñ Kc; ð�ñ U ò�ò , *ú ï
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ε ; ð�ñ U ò�ò for any ε � 0, where Kε : í¹� s ï C �� d ñ sô K y�� s0 � ò � ε � , and

thesetof singularitiesof *ú � 1 is K in thesensethat limKc � s# s1 � *ú � 1 ñ sò��»í ù ∞
for each s1 ï ∂K.

Thus,whenω � ω @ andK �I� z �� Rez � ω @ � is closed,thereis ú ï TICω ñ U ò jG TICω � ñ U ò s.t. thesetof singularitiesof *ú � 1 is K. Oneobservesfrom theproof
that *ú ñ sò $ï�G�ð�ñ U ò for any s ï K, sincethepolesof the“components”of *ú are
densein K.

We might call thesesingularities “poles” (at least thoseon ∂K), sincethis
would be in accordancewith the definition “lim Ω � s# s1 � f ñ sò � 1 �{ü ù ∞” (for
scalarfunctionsthis is equivalent to the standardone,by Theorem10.21(c)of
[Rud86]).

(Unlesss1 is anisolatedpointof K, thereis asequence� zn �2� Kc s.t.zn ü s1

and � ñ zn E s1 ò N *ú ñ s1 ò��»ü ù ∞, asn ü ù ∞, for any N ï N (e.g.,choosethemso
thatd ñ zn ô K òL�µñ zn E s1 ò N � n anduse(3.51)),henceonemightarguethatthepoints
of ∂K (or K) shouldneverthelessbecalledessentialsingularities.

Proof: By Lemma A.3.1(a2), we can assumethat U í e 2 ñ Aò for some
infinite setA. SetK0 : í K yh� s0 � , γ : í d ñ s0 ô K ò`� 0.

1® Functions� fa � a { A: Chooseφ : A ü K s.t.φ 	A� is densein K. Set

fa ñ sò : í s E φ ñ aò
s E s0

í 1 ù s0 E φ ñ aò
s E s0

ñ s ï C } � s0 � ô a ï Aò�� (3.50)

Then � fa ñ sò � ô � f � 1
a ñ sò � � 1 ù γ � ε í : Mε for all ε � 0 andall s ï Kc

ε . Moreover,
fa ï H ñT� s0 � c ò and f � 1

a ï H ñ Kc ò .
2® Function f : For eachs, we define f ñ sòcïhe ∞ ñ Aò by f ñ sò a : í fa ñ sò . Now

Λa f ï H ñT� s0 � c ò for all a ï A, whereΛau : í ua, hencef ï H ñT� s0 � c; e ∞ ñ Aò�ò , by
LemmaD.1.1(a).

Analogously, f � 1 ï H ñ Kc; e ∞ ñ Aò�ò , where f � 1 ñ sò�í�ñ fa ñ sò � 1 ò a { A ïZe ∞ (this
is obviously theinverseof f ñ sò onKc

0).
But e ∞ ñ Aò (asmultiplicationoperators)is aBanachsubalgebraof ð�ñKe 2 ñ Aò�ò .

Therefore,f ï H ñT� s0 � c; ð�ñ U ò�ò , f � 1 ï H ñ Kc; ð�ñ U ò�ò , by LemmaD.1.2(b1).By
1® , wehave � f � ô � f � 1 � � Mε onKc

ε for eachε � 0.
3® Singularities of f � 1: Let s ï Kc. For eachδ � d ñ sô K ò thereis a ï A s.t.� s E φ ñ aò � � δ andhence� f � 1

a ñ sò � í � s E s0 �� s E φ ñ aò � � γ E δ
δ ô (3.51)

therefore � f � 1 ñ sò�� - + U � � γ � d + s� K �
d + s� K � . Thus, � f � 1 ñ sò��±ü ∞ as d ñ sô K ò¹ü 0.

Consequently, *ú : í f hastherequiredproperties. �
By using the above techniques,we can constructa “completely unstable”ú ï TIC∞ whenever U andY areinfinite-dimensional(notethat dimY � dimU

if f thereis a left-invertible ú ï TICω ñ U ô Y ò , by Lemma2.2.1(c3))

Example 3.3.10 (ú u $ï L2ú u $ï L2ú u $ï L2 for all nonzerou ï L2u ï L2u ï L2) Let dimY � dimU í ∞. If
ω � 0, thenthereis a left-invertible ú ï TICω ñ U ô Y ò s.t. ú u $ï L2 for all nonzero
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u ï L2 ñ R û ;U ò . �
In fact, given γ � 0, we canchoosean ULR ú ï TIC∞ ñ U ô Y ò s.t. ú satisfies

the above conditionsfor any ω � γ, and *ú ï H ñ�ñ γ ù i � ñ N ù 1ò�ò c; ð�ñ U ô Y ò�ò , and*ú ï H∞ ñ Ωω � �ω; ð�ñ U ô Y ò�ò whenever ω @ � γ � ω, whereΩω � �ω : í¡� s ï C �� Res ï	ω @ ô ω � c � (takesn : í γ ù i � ñ n ù 2ò in theproofbelow).
Therefore, in that case, we have *ú ï H∞ ñ C �α ; ð�ñ U ô Y ò�ò for each α � γ,

hencethis (left) part of *ú is the transferfunction (Fourier transform)of some[ú ï j α | γTIα ñ U ô Y ò , which is strictly anti-causal,i.e., π û [ú π � í 0 $í π � [ú π û
(applyTheorem3.1.6(b)to *ú andLemma2.1.11(iv)&(i) to R

[ú R).
Proof: W.l.o.g.,weassumethatdimY í dimU (replacethen ú ï TICω ñ U ò

by T ú ï TICω ñ U ô Y ò for any left-invertibleT ï±ð�ñ U ô Y ò ). By LemmaA.3.1(a2)
andLemmaB.2.2,wemayassumethatU í�e 2 ñ Aò andY í�e 2 ñ A 4 N ò for some
infinite setA.

ChooseK0 : í � sn � ∞nJ � 1 � γ ù iR s.t. sn ü s0, as n ü ∞, and γ : í
d ñ s� 1 ô K òE� 0, whereK : í~� sn � ∞nJ 0.

Set f j ñ sò : í ñ s E sj ò
� ñ s E s� 1 ò_ñ s ï C } � s� 1 � ô j ï N ò , so that� f j ñ sò � ô � f j ñ sò � 1 � � 1 ù γ � ε í : Mε for all ε � 0 and all s ï K c
ε, whereKε : í� s ï C �� d ñ sô K0 ò � ε � (asin 1® of theproofof Lemma3.3.9).

Define *ú ñ sò=ïoð�ñ U ô Y ò by ñ *ú ñ sò uò a � j : í 2 � j f � 1
j ua (u ï U ). Then� *ú ñ sò u � 2Y í ∑

a { A � j { N � 2 � j f � 1
j ñ sò ua � 2 � ∑

a { A2 � f � 1 ñ sò��
c ∞ � ua � 2 ô (3.52)

hence� *ú ñ sò�� - + U �Y � � 2Mε for s ï Kc
ε .

Define *v|ñ sò�ïÁð�ñ Yô U ò by ñÂ*v|ñ sò yò a : í f0 ñ sò ya � 0 (y ï U ). Then �±*v{ñ sò�� � Mε
for s ï Kc

ε . Obviously, *v|ñ sò *ú ñ sò í I for s ï Kc
0. It followsfromLemmaD.1.1(a)

that *ú and *v are holomorphic on C ûω , hence *úÀô *v�ï H∞ ñ C ûω ; ð�ñ U ò�ò , henceú�ô vUï TICω ñ U ò .
As in the proof of Lemma3.3.9,we canverify that *ú hasthe properties

claimedabove. Weproof theclaim“ ú u ï L2 � u í 0”:
Let u ï L2 ñ R û ;U ò } � 0 � . Choosea ï A s.t.ua $Ç 0. By LemmaD.1.2(e),

thereis j ï N s.t. *ua ñ sj ò $í 0. It follows that � f j *ua �»ü ∞ ass ü sj (see3® of
theproofof Lemma3.3.9).

But ñ *ú *uò a � j í 2 � j f � 1
j *ua, and ñ y Aü ya � j òcïoð�ñ Y ô C ò , hence*ú *u $ï H ñ C û ;Y ò ,

in particular, ú u $ï L2. �
On theotherhand,if è é êë I ì ï WPLSñ U ô H ô Y ò is optimizable(seeDefinition

6.7.3) and dimU � ∞, then there is δ � 0 s.t. every λ ï σ ñ Aò j C û � δ í : K
is an isolatedeigenvalue of finite multiplicity, by [JZ99]. In particular, then*ú ï H ñ C � δ } K; ð�ñ U ô Y ò�ò

Notes
Most of (a), (b), (c2) and(d4) (and(e)) of Theorem3.3.1is well known (see,

e.g.,[RR] for theseparablecase).A comprehensivestudyontheseparablecaseof
(c1) is givenin [Thomas].Also Lemmas3.3.2and3.3.8areprobablywell known.
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Themonographs[Duren]and[Hoffman]areclassicalreferencesfor Hp spaces
andtheir boundaryfunctions. The monograph[RR] by Marvin Rosenblumand
JamesRovnyakis aclassicalreferenceoncaseonseparableHilbert spaces;it also
containsfurtherresultsandextensions to theNevanlinnaclass.
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Chapter 4

Corona Theoremsand Inverses

If I havenotseensofar it is becauseI stoodin giant’s footsteps.

In Theorem4.1.1, we show that MTI, CTI (resp.MTIC, CTIC) and most
of their subclassesare inverseclosedin TI (resp.in TIC), and provide several
equivalent conditionsfor the invertibility of such maps. We also give some
extensionsandrelatedresults.Thenweshow thattheseclassesareadjointclosed
(Lemma4.1.3).

Thereafter, we study the Corona Theoremand its consequences,giving
equivalent conditions for left-invertibility (useduality for right-invertibility) inÌ ñ U ô Y ò , where dimU � ∞ and

Ì
equalsTIC, MTICL1

, CTIC or some of
certainotherclasses.We alsolist someconsequencesof theseresultsto coprime
factorization,following M. Vidyasagar[Vid].

TheCoronaTheoremdoesnot extendto infinite-dimensionalU (seeLemma
4.1.10),but we give several partial resultsfor the infinite-dimensional case. A
casualreaderprobablywantsto just read(main) Theorems4.1.1and4.1.6and
thengoon to thenext section.

RecallthatU , H andY denoteHilbert spacesof arbitrarydimensionsunless
somethingelseis indicated.

Westartby showing thatseveralusefulsubclassesof TIC (andthoseof TI) are
inverseclosed(thismeanstheequivalence(ii) � (i) in (b) and(a) below):

Theorem 4.1.1(Inverse-closedclasses)Let p ïn	 1 ô ∞ � . Ì beoneof theclasses

TI ô CTI ô CTI -3¢ ô (4.1)

MTI ô MTI -3¢ ô MTId ô MTI -3¢d ô MTIL1 ô MTIL1 � -3¢ ô ð ù ñ L1 j Lp òDk´� (4.2)

Then
Ì

is inverse-closedin TI; in particular,
[Ì

: í Ì j TIC is inverse-closedin
TIC. In fact,wecansaymore:

(a) For v�ï Ì ñ U ô Y ò the conditions (i)–(iv) are equivalent (and they are
equivalentto (iv’), unless

Ì í TI):

(i) v)ïVG Ì ;
(ii) vUï�G TI;
(iii) vUï�G�ð�ñ L2 ò ;

117



118 CHAPTER4. CORONA THEOREMSAND INVERSES

(iv) *vUï�G L∞
strongñ iR; ð¯ñ U ô Y ò�ò ;

(iv’) *vUï�G�i b ñ iR; ð¯ñ U ô Y ò�ò , i.e., *v � 1 existsandis boundedon iR.

If dimU í dimY � ∞, thenalso the left-invertibility conditions in Lemma
4.1.9areequivalentto (i) aswell asto (v) (andto (v’), unless

Ì í TI):

(v) essinfiR � detñ *v+ò � � 0.

(v’) inf iR � detñ *v+ò � � 0;

(b) Let
[Ì

: í Ì j TIC. For ú ï [Ì ñ U ô Y ò theconditions(i)–(iv) are equivalent,
where

(i) ú ïVG [Ì ;
(ii) ú ï�G TIC;
(iii) π û ú π û ïVG�ð¯ñ π û L2 ò ;
(iv) *ú ïVG H∞, i.e., *ú � 1 existsandis boundedonC û .

SeeLemma2.2.3for further equivalentconditions. If dimU í dimY � ∞,
thenalsotheleft-invertibility conditionsin Theorem4.1.6(a)areequivalent
to (i) aswell asto (v):

(v) infC , � detñ½*ú ò � � 0.

(c) If v�ï�G MTI , then the discretepart of v � 1 is the inverseof the discrete
part of v . Moreover, if suppd ñKvcòh� S � R and S í S E S � R, then
suppd ñKv � 1 ò`� S.

In particular, classesMTI S and MTId � S (resp. MTICS and MTId � S) are
inverseclosedin TI (resp.TIC).

(d) Let 
�ñ U ô Y ò be either e 1 : í�e 1 ñ Z; ð�ñ U ô Y ò�ò or e 1-3¢ : í � a ïze 1 �� a j ïðéi�ñ U ô Y ò for all j $í 0 � , with norm � ñ a j ò j { Z � c 1 : í ∑ j { Z � a j � - + U �Y � and

convolutionasthegroupoperation. Set *
¶ñ U ô Y ò : í¨� *a : í ∑ j { Z a jzj �� ñ a j ò ï
ã� and � 
 û ñ U ô Y ò : í¨� *a ï *
©�� a j í 0 for j � 0 � (theseare theZ-transforms
of 
 and 
 û : í�
 j tic, cf. Theorem5.1.3).

Let a ï�
�ñ U ô Y ò and v : í ∑ j { Z a jτ j . Thenthefollowing areequivalent:

(i) a ï�G�
�ñ U ô Y ò ;
(iii) ñ a kZò=ïVG�ð�ñKe 2 ñ Z;L2 ñ
	 0 ô 1ò ;U ò�ò�ò ;
(iv) *a ïVG�i�ñ ∂D; ð�ñ U ô Y ò�ò ;
(v) v)ïVG MTId � Z;
(v’) v)ïVG MTI .

If, in addition, a ï�
 û ñ U ô Y ò , thenthefollowing areequivalent:

(i) a ï�G�
 û ñ U ô Y ò ;
(iii) πN ñ a kZò πN ï�G�ð¯ñKe 2 ñ N;L2 ñ
	 0 ô 1ò ;U ò�ò�ò ;
(iv) *a ïVG H∞ ñ D; ð�ñ U ô Y ò�ò ;
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(iv’) *a ïVG�i�ñ D; ð�ñ U ô Y ò�ò ;
(v) vUï�G MTICd � Z;
(v’) vUï�G MTIC.

(e) (Banach spaces)Assume, in addition, that
Ì $í TI,

Ì $í CTI and
Ì $í

CTI -3¢ . If U and Y are arbitrary Banach spaces,then (a)–(d) still hold
(with TI andits subspacesdefinedexactlyasin theHilbert spacecase).

(f) (Banach algebras)Assume, in addition, that
Ì $í TI,

Ì $í CTI and
Ì $í

CTI -3¢ . If wereplaceeverywhere ð¯ñ U ô Y ò by an arbitrary Banach algebra
A, thenparts(a)–(d)hold to thefollowingextent:

(a) (i) � (iv’);
(b) (i) � (iv);
(c) Completelyasstated;
(d) (i) � (iv) � (v)� (v’) for 
 ;

(i) � (iv) � (iv’) � (v)� (v’) for 
 û .

Theabovereplacementmeans,e.g., that

MTI : í~�±v'í ∑
j

a jδt j k ù f k �� �
v�� MTI : í ∑
j
� a j � A ù � f � L1 + R;A� � ∞ � ô

(4.3)

MTIC : í~�±v'í ∑
j

a jδt j k ù f k3ï MTI �� f ï L1 ñ R û ;Aò & t j � 0 for all j � ô
(4.4)

andtheir subclassesaredefinedanalogously,
[Ì

: í Ì j MTIC in (b), etc.

(g1) (Exponential stability) Let ω ï R. By Remark2.1.6 (seealso Lemma
D.1.12(d)), the (stability-shifted) class

Ì
ω : í eω r Ì e� ω r (resp.

[Ì
ω : í

eω r [Ì e� ω r ) is inverse-closedin TIω (resp.TICω), and claimsanalogous to
(a)–(f), (i) and(j) apply(with iR replacedby ω ù iR etc.).

(g2) We can replace
[Ì

in (b) by
[Ì

exp : í�y ω | 0
[Ì

ω. Thus, ú ï�G TIC � ú ïG [Ì exp for ú ï [Ì exp.

(h) Everywhere in (a)–(d), we have � *v î í *v�î , ñ a kZò�î{íÅñ Raî�ò�k , � Raî í *aî ,ñ π û�v π û=ò�î2í π û�vcî π û and ñ πN ñ a kZò πN ò�î2í πN ñ Raî�ò πN, and the adjoint in
TI is thesameastheadjoint in ð�ñ L2 ò ).
Consequently, if v?í�v�î , then v is invertible iff any of its forms is left-
invertible(or right-invertible).

(i) (dimU � ∞dimU � ∞dimU � ∞) Assumethat dimU í dimY � ∞ or that the operator under
studyis self-adjoint.

Then,in (a)–(e), we mayreplace G by G left or by G right where G left� : í� x ï � �� yx í I for somey ï � � , G right� : í
� x ï � �� xy í I for somey ï � � ,
exceptthat in (b)(iii) andlatter (d)(iii) only G right canbeallowed.

In particular, Theorem4.1.6andLemma4.1.9provideadditional equivalent
conditions.
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(j) (ð ù ñ Hp� strong� j H∞ òð ù ñ Hp� strong� j H∞ òð ù ñ Hp� strong� j H∞ ò ) Theclassesð ù ñ Hp j H∞ òOñ C û ; ðÁò and ð ù ñ Hp
strong

j
H∞ òOñ C û ; ðÁò are inverse-closedin H∞.

Analogously, one can prove the inverse-closednessof several other similar
classes.Notefrom (g2) thatTICexp, MTICexp etc.areinverse-closedin TIC.

For mapsv form MTIL1
or CTI (resp.MTICL1

or CTIC), a pointwiseinverse
of *v on iR yV� ∞ � (resp.on C û yV� ∞ � ) is necessarilybounded(becauseit is
continuouson a compactset); hencein that casepointwise invertibility is one
moreequivalentconditionin (a) (resp.in (b)).

Parts (e) and(f) arenot neededin this monograph,they arestatedonly for
futurereference.

Proof: Westartby somepreparations(1 ® –3® ):
1® Any of the conditions in (a)–(d) implies that dimU í dimY: For

(a)(ii), this follows from Lemma2.2.1(c4). By Lemma2.1.5 and Theorem
3.1.3(a1),conditions (a)(ii)–(a)(iv) areequivalent.Theotherconditionsin (a)–
(c) obviouslyimply someof (a)(ii)–(a)(iv). For (d), thesituation is analogous.

2® In (a)–(d),wecanw.l.o.g. assumethatU í Y ( í Cn if dimU � ∞): The
set G�ð�ñ Y ô U ò is nonempty, by 1 ® . Eachof theconditions in (a)–(d),is invariant
underthe(left) multiplicationby anoperatorin G�ð¯ñ Yô U ò . For thesamereason,
wecantakeU í Cn if dimU � ∞ (by LemmaA.3.4(Q1)).

3® We shallalsousethefact that if dimU � ∞, thentheleft invertibility ofv or ú is equivalentto its invertibility , by Lemma2.2.1(b).
CaseTI: For

Ì í TI, claims(i) and(ii) coincide. In 1® we observed that
(ii)–(iv) areequivalent.

“(i) � (v)”: If (i) holds and dimU � ∞, then essinf � detñÐ*v+ò � í
esssup�1� detñ *v � 1 ò � � ∞; the conversefollows from the determinantformula
of aninversematrix.

Other cases: If *v�ï
i b and *v exists, then it is continuous, by Lemma
A.3.4(A2),sotheequivalence(“i.e.”) statedin (iv’) holds.

For v�ï MTI y CTI, we have *v�ï�i bu, by Theorem2.6.4(e1), hence
(i) � (iv’) and(v) � (v’). Therefore,for

Ì $í TI, it is enoughto assumeall the
other(equivalent)conditions (ii)–(iv’) andprove(i). Thatshallbedonebelow.

CaseCTI: For
Ì í CTI we have(iv’) � (i), by LemmaA.3.4(A2).

CaseMTId: For
Ì í MTId, (iv) implies(i) by [Gri, Theorem4] (tobeexact,

thetheoremsaysthat(iv) impliesthat v � 1 is ameasure.Oneeasilyverifiesthat
thediscretepartof v � 1 is alsoaninverseof v , henceequalto v � 1).

CaseMTI: Let vµï MTI j G TI, so that *vµï³G�i bu. Let *v d be thediscrete
partof *v andset *f : í *v¶E *v d ï � � L1.

Because *f vanishes at infinity, by Lemma D.1.11(b), � *v � 1 *v d E I �Áí�±*v � 1 *f �6� 1� 2 outsidei 	uE T ô T � for someT � 0, in particular, *v d is boundedly
invertibleoutsidei 	uE T ô T � . Wefix sucha T � 0 andlet M : í sup� t � ¦ T �±*v{ñ it ò±�

By the almost-periodicity of *v d [Lemma C.1.2(h2)], there is R � T s.t.� *v d ñ it ò E *v d ñ i ñ t E Rò�ò��d� 1� 2M for all t ï R, hencefor t ïª	uE T ô T � theoperator*v´� 1
d ñ i ñ t E Rò�ò *v d ñ it òNï¯ð hasan inverseof norm� 2, so the operator *v d ñ it ò is

boundedlyinvertible; v � 1
d ï MTId by caseMTId above.
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Now *v � 1
d *v:í I ù *v � 1

d *f is boundedly invertible, hencev � 1 is a bounded
Borel measure,by [Gri, Theorem5]. BecauseL1 is anidealof boundedBorel
measures(see,e.g.,[Gri, p. 159]),wehave *g í *v´� 1

d *f for someg ï L1.
By [Gri, Theorem5], µ : íjñ I ù g kZò � 1 is a boundedBorel measure,so

I í µ ù g k µ impliesthatµ E I í�E g k µ ï L1, henceµ ï MTIL1
.

CaseWTI: By caseMTI, theinverseof E ù g k3ï MTIL1 j G TI is E � 1 ù f k
for somef ï L1. (Alternatively, useLemma4.1.2(a1)&(b).)

Caseð ù ñ L1 j Lp ò�k : BecauseL1 k2ñ L1 j Lp òE� L1 j Lp, by LemmaD.1.7,Ì
is a subclassof MTI L1

. By Lemma4.1.2(a1)&(b),class
Ì

is inverse-closed
in MTIL1

, hencein TI.ðéi cases:UseagainLemma4.1.2(a1)&(b)(with � Aü �±v�E Π ô 0 õ vã�� vµï
MTI -3¢ � , Ì Aü �±vÛE Π ô 0 õ v �� v:ï MTI � in case

Ì í MTI -3¢ , andanalogously

for MTI -3¢d andMTIL1 � -3¢ ).
(b) CaseTI: Conditions(i) and(ii) againcoincide,“(ii) � (iii )” is contained

in Lemma2.2.3 and “(ii) � (iv)” follows from Theorem6.2.1. Equivalence
“(i v) � (v)” followsagainfrom thedeterminantformulaof aninversematrix.

Other cases:As the rest is proved above, it is enoughto assume(ii)–(iv)
andprove (i), because(i) � (ii) follows from

[Ì � TIC. But if ú ï Ì j G TIC,
then ú � 1 ï Ì , by (a),henceú � 1 ï Ì j TIC.

(c) The first claim was proved in caseMTI of the proof of (a). For the
secondclaim,let S í S E S � R. DefinetheprojectionΠS ï8ð�ñ MTI ô MTId ò by

ΠS ñ�ñ ∑
k

Tkδtk ù f ò�kZò : í�ñ ∑
tk { STkδtk òDk´� (4.5)

Oneeasilyverifiesthat v'ï ΠSMTI implies v/ñ ΠS8 ò�í ΠS ñKv 8 ò for any 8 ï
MTI. Thus,if v°ï ΠSMTI j G MTI and 8 í�v � 1, then v 8 í ΠS ñKv 8 ò�í�v ΠS8 ,
henceΠS8 ínv � 1 í 8 , sothelastclaimof thetheoremholdsfor v·ïfG MTI d; in
thegeneralcasefollowsbyapplyingthisfor the(invertible,byLemma5.2.3(a))
discretepartof v .

(d) (Note that 
�ñ U ò is a Banachalgebrawith respectto convolution; see
Section13.1 for details. In the definition of v we refer to τt ï TI ñ U ô Y ò (not
ti ñ U ô Y ò ), hencev)ï TI ñ U ô Y ò .) As above,weassumethatY í U .

We prove theclaimson 
 ; thosefor 
{û canbeprovedanalogously (recall
that v)ï MTIC � suppd ñKvcò«� R û ).

Clearly *
¶ñ U ô Y òg�^i�ñ ∂D; ð�ñ U ô Y ò�ò . The equivalence (i) � (v), follows
from Theorem13.4.5(m), (v) � (v’) from (c) (with S í Z), and the other
equivalencesby applying(a) to v andthenusingTheorem13.4.5(m)to convert
theconditionson v to thoseona.

(e) (Example3.3.4 shows an H∞ ñ C û ; ð�ñ C ô e ∞ ò�ò (even “ òCTIC”) function
thatdoesnotcorrespondto aTI operator;it doesnotevenmap

� � χ � 0 � 1� into
� �

L2.
Moreover, wedonotknow whetheri b is inverse-closedin L∞

strongwhenU is not
a Hilbert spacenor separable(cf. LemmaF.1.3(f1)&(f2)). Thereforewe have
concentratedonMTI only (MTI mapsL2 into L2, by LemmaD.1.12(c2)).)

The proof goesas in the Hilbert spacecaseabove, but it is most easily
obtainedasfollows:
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(e) on (a): The implication (i) � (iv’) is given in (f). The implication
(i) � (ii) holdsbecause

Ì � TI, andequivalences(ii) � (ii i) and(iv’) � (v’) � (v)
canbeproved asabove. Implication (ii) � (iv’) followsfrom Lemma3.2.5,and
implication(iv) � (iv’) follows from TheoremF.1.9(s4).

(e) on (b): The implication (i) � (iv) is given in (f). The implication
(ii) � (iv) followsfrom Theorem2.3of [W91a]. Theproofof Lemma2.2.2(a2)
againestablishes(ii) � (ii i), andequivalence(iv) � (v) follows againfrom the
determinantformulaof aninversematrix.

(f) (f) on (a): We have (i) � (iv’), by LemmaD.1.12(a1)&(c)&(a3). The
proof of themajorpartof theproof of (a) (startingfrom “caseMTId”) shows
that(iv’) implies(i).

(f) on (b): We have (i) � (iv), by LemmaD.1.12(a1’)&(c’)&(a3’). The
conversecanbe deducedfrom part (a) as in part “Other cases”of the proof
of (b).

(f) on (c) and(d): Theproofof part(c) applieswithoutchanges.Theproof
(d) alsoapplies,becausethelastparagraphof Theorem13.4.5(m)is valid in the
Banachalgebracasetoo,with thesameproof (mutatismutandis).

(g1)This is obvious,becausethestability shift is anisometric isomorphism
and commuteswith compositions (and shifts the Laplaceand Fourier trans-
formsby theformula

�
eω r v e � ω r ñ ý ò�í¨*v{ñ ω ù°ý ò ).

(g2)Combine(b) with Lemma2.2.7.
(h) For (a)(iv), this follows from Theorem3.1.3(a).TheTI and

Ì
adjoints

meanL2 adjoints,by definition. Part (c) follows from (a). SeeLemmas3.3.8
and13.1.8for *vcî and *aî andp. 782for ñ a kZòÏî .

(i) 1® If v)í
vcî , thenit follows from (h) that Ô¶v�í I implies that v�Ôoî¹íñKv�Ô±ò î í I ; consequently, Ô î íIÔ¶vdÔ î íxÔ is the inverseof v (by (h) vUíIv î
if f *vÐí¨*vcî ).

2® Let dimU í dimY � ∞. We have G leftTI ñ U ò»ímG TI ñ U ò , by Lemma
2.2.1(b),henceG leftTIC ñ U ò¢ípG TIC ñ U ò . Obviously, (i)–(iv’) of (a) imply (ii)
(for (iii) this follows from Lemma2.2.1(a)); the conversesfollows from the
original (a). The noncausalpart of (d) is obtainedanalogously(alternatively,
applyTheorem13.4.5(m)).

Theclaimson G right follow analogously(alternatively, by takingadjoints).
Part (b) is analogousto (a) except for (iii), which follows from Lemma

2.2.3.Parts(c) and(d) candeducedfrom (a)and(b).
(j) For p í ∞ this is trivial, so assumethat p � ∞. Set

Ì
: í^� ú ï

H∞ j ULR �� D í 0 � . Then ð ù Ì í H∞ j ULR is inverse-closedin H∞, by (c);
Hp

strong � Ì , by Proposition6.3.3(a),andH∞ ý ñ H∞ j Hp
strongòd��ñ H∞ j Hp

strongò ,
by LemmaF.3.5(c).Consequently, ð ù Hp

strong
j H∞ is inverse-closedin ð ù Ì ,

hencein H∞, by (a1)&(a2)&(b)of Lemma4.1.2.For Hp, theproof is analogous
andhenceomitted. �
We list herea few basicresultson inverse-closedness,someof which were

alreadyused:



123

Lemma 4.1.2(Inverse-closedness)Let ω ï R.

(a1) Assumethat ð ù � � a ð ù Ì � a TIω (recall that this requiresclosedness
undercomposition), andthat ð j Ì í©� 0 �/í)ð j � .

If ax ï � for all a ï Ì , x ï � , then ð ù � is inverse-closedin ð ù Ì .

(a2)Part (a1)alsoholdswith TICω, H∞
ω, L∞

ω or L∞
strong�ω in placeof TIω and/or

with xa in placeof ax.

(b) If � is inverse-closedin � and � is inverse-closedin � , then � is inverse-
closedin � .

(c) If � is inverse-closedin TIω, thensois ��� . If � is inverse-closedin TICω,
thensois � d.

Proof: (Recallthat � is inverse-closedin � if f � is a subgroupof � and���
��������� , i.e.,x  !� &x" 1  ��$# x" 1  !� for all x  %� .)
(a1) Let X & x  (')&+* have the inverseA & a  ,'�&.- . Then I �/

A & a0 / X & x01� AX & aX & Ax & ax, hence'�2 I 3 AX � aX & Ax & ax  %- ,
henceAX � I . Analogously, XA � I , hencea ��3 / A & a0 xX " 1  4* .

(N.B. usually this formula alsoprovidesa norm estimatefor the inverse,
e.g., 5 / X & x06" 1 3 X " 1 5 H2 7 5 / X & x06" 1 5 H∞ 5 x 5 H2 5 X " 1 598 for any X  :' ,
x  H∞ � H2.)

(a2)Sameproofappliesto TI, H∞
ω etc.too.

(b) This is obvious(if p  !�:�
�<; , thenp " 1  �� , hencethenp " 1  %� ).
(c) If ���%� TIω �=�<� andy  ��>�?�%� TIω, theny�@ ����%� TI �)�<� , hence

y " 1 � /A/ y�B06" 1 0A�C !�D� . Thecasefor � d is analogous. E
Now we will show the rather obvious fact that most (noncausal)classes

mentionedin Theorem4.1.1arealsoadjoint-closed(seeDefinition 2.1.4for the
definitionof theadjoint):

Lemma 4.1.3(Adjoint-closed classes)Let - be one of the classesTI, CTI,
CTI

8GF
, MTI , MTI

8GF
, MTId, MTI

8GF
d , MTIL1

, MTIL1 H 8GF
and 'I& / L1 � Lp 06J ,

and let U andY be Hilbert spacesof arbitrary dimensions. Thenwe havethe
following:

(a) Theclass- is adjoint-closedin TI: if K. !- / U L Y 0 , then KM�NLOK d  !- / Y L U 0 .
(b) If ω  R and KP Q- ω

/
U L Y 0 : � eω R - / U L Y 0 e" ω R , then KC�� 
- " ω

/
YL U 0 andK d  %- ω

/
YL U 0 .

(c) If K. �� MTI , thenthediscretepart of KC� is theadjoint of thediscretepart
of K . Furthermore, suppd

/ K � 0S�T3 suppd
/ KU0 and suppd

/ K d 0S� suppd
/ K@0 ,

and classessuch as MTI S and MTId H S are adjoint closed in TI when
S � S 3 S V R.

(d) Set W- : �X-Y� TIC, W- ω : � eω R W- e" ω R , where ω  R. Then Z= :W- ω
/
U L Y 0\[Z d  W- ω

/
YL U 0 .

Set W- : �T- S � TIC, W- ω H S : � eω R W- Se" ω R , where S � S 3 S V R. ThenZI ]W- ω H S / U L Y 0^[_Z d  ]W- ω H S / YL U 0 .
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Onecould,of course,extendthisresultfor Banachspaceswith ease;although
theBanachadjointof aTI

/
U L Y 0 operatoris anelementof TI

/
Y �`L U �60 .

Proof: (a) 1a We have K@�� +- / Y L U 0 : Becauseτ
/
t 0b�<� τ

/ 3 t 0 , the claim
holdsfor -�� TI. For CTI this is givenin Lemma2.6.2;thecase-c� CTI

8GF
follows. For MTI and its subclassesthe claim follows from the fact that/
µJd0A�1� / Rµ�B06J , by LemmaD.1.12(d).

2a WehaveK d  !- / Y L U 0 : By LemmaD.1.12(d),
/
µJd0 d � / µ�B06J , hencethis

holdsfor MTI andits subclasses;for TI this is obvious.
(b) Because

/
eω R 0A�U� eω R , it follows from (a) that/

eω R - / U L Y 0 e" ω R 0 � � e" ω R - / Y L U 0 eω R � : - " ω
/
YL U 09e (4.6)

(c) This followsfrom LemmaD.1.12(d).
(d) This follows from (b) andLemmaD.1.12(d). E

TheCarlesonCoronaTheoremstatesthatfor fZY H∞ / C g ;Cn h 1 0 to havealeft
inversefi  H∞ / C g ;C1 h n 0 , the(clearlynecessary)condition fZ / s0A�jfZ / s0lk εI (for
all s  C g andsomeε m 0) is alsosufficient.

For generalZY TIC
/
U L Y 0 , theleft-inverse

/ fZ � fZn0 " 1 fZ �  +o b
/
C g ; ' / YL U 0A0 offZ is not holomorphic,the left-inverse

/ Z � Zp0 " 1 Z �  TI
/
YL U 0 of Z is not causal,

and,surprisingly, thereneednotbeany (H∞, i.e.,TIC) inversein general,asSerge
Treil hasshown (seeLemma4.1.10). However, assumingdimU q ∞, suchan
inverseis guaranteed,asshown in (Corona)Theorem4.1.6.

We will usethe CoronaTheoremto find certain left inversesand coprime
factorizations.Westartby showing thatthetheorem(part(ii) below) is equivalent
to two otherproblems(see,e.g.,Chapters10& 11of [Rud73]for basicresultson
Banachalgebrasandmaximalidealspaces).

Lemma 4.1.4 Assumethat - is a commutative(complex) Banach algebra, 1r be
its identity, s beits maximalideal space, and s 0 V(s . Thenthefollowing are
equivalent:

(i) s 0 is densein s .

(ii) (CoronaTheorem) Let f1 LAeAeteAL fn  �- . Therearevectorsg1 LAeAeAetL gn  �- s.t.

f1g1 &,uAuAuv& fngn � 1r (4.7)

iff there is ε m 0 s.t. w ff1 / M 0xwy&,uAuAut&Yw ffn / M 0xw`k ε for all M  
s 0.

(iii) Let Z) !- n h m. Thenthere is
i  !- m h n s.t.

i Z�� I ifffZ / M 0AzjfZ / M 01k εI for all M  {s 0 e (4.8)

In (ii) and(iii), wemightwrite “if ” insteadof “if f ”, becausetheconverseholds
for any s 0 V(s (take ε : � 1| sup5}fi 5 28^~ Cn HCm � ).

The CoronaTheoremmeansin generala proof that the corona s�� � 0 is
empty. By the lemma,this is thecaseif f (iii) holds,hencewe cancall resultsof
form (iii) coronatheorems.

Proof: By Lemmas8.1.28 and 8.1.34 of [Vid, pp. 339–340],claim (i)
implies (ii) and (iii). Claim (ii) is the casem � 1 of (iii), and (ii) # (i) is
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establishedin, e.g.,pp.201–203of [Duren]. E
Now we list certainBanachalgebrasfor which the set s 0 : � C g is dense

in their maximal ideal spaces(with the standardidentificationC g 2 s ���� f  -=�� f̂ / s0\� 0 �4 
s 0):

Lemma 4.1.5(Maximal ideals) Theextendedclosedhalf-plane C g�� � ∞ � with

theone-point-compactificationtopologyis themaximalidealspaceofMTIC L1 /
C 0

and CTIC
/
C 0 , and C g is densealso in the maximal ideal spacesof TIC

/
C 0 ,

MTIC
/
C 0 andMTICd

/
C 0 .

The maximalideal spaceof CTI
/
C 0 , � 1 / N 0 and MTICd H TZ

/
C 0 (for T m 0)

is the closedunit disc D; the latter spacethrough identification ∑∞
k � 0αkδTk ��

∑∞
k � 0αkzk. Similarly, the maximalideal spaceof � 1 / Z 0 and MTId H TZ

/
C 0 is the

unit circle � z  C �� w z w9� 1 � .
The extendedimaginary axis iR � � ∞ � with the one-point-compactification

topology is themaximalidealspaceof MTI L1 /
C 0 , andiR � � ∞ � densealsoin the

maximalidealspacesof MTI
/
C 0 andMTI d

/
C 0 .

Theorem4.1.6(a)will show that C g!� � ∞ � (resp.iR � � ∞ � ) is densein the
maximalidealspaceof MTICS (resp.MTIS), wheneverS � S 3 S V R. Thesame
holds for MTI d H S andMTICd H S unlessS � TZ for someT  R (caseT � 0 is
trivial, caseT �� 0 is given in theabove lemma).

Proof: Themaximalideal spacesof MTIL1 /
C 0 andMTICL1 /

C 0 aregiven
on pages107 and 112 of [GRS], respectively, and thoseof CTIC

/
C 0 and

CTI
/
C 0 in [Rud73,Example11.13(c)&(a)](to be exact, [Rud73] shows that

the closedunit disc is the maximal ideal spaceof the disc algebra(via the
Z transform);CTIC

/
C 0 is isomorphic to the disc algebrathroughthe Cayley

transform).
For TIC (i.e.,H∞) this is theCoronatheorem[Duren,Chapter12].
CaseMTIC is shown onp. 145–150(cf. [Vid, p 342]).
Cases� 1 / N 0 and � 1 / Z 0 aregivenon [GRS,p. 118] andin [Rud73,Exam-

ple 11.13(b)],respectively. ThecasesMTId H TZ andMTICd H TZ follow from the
isomorphism∑k αkδTk ���� αk � .

For MTICd this is followsfrom Theorem5.2of [BKRS] asfollows: Clearlys 0 : � C g is a subsetof s : �Is / MTICd
/
C 0A0 . Let now Z� MTICd

/
Cn h m 0

and fZ z fZXk εI (thisconditionis necessary, becausealeft MTICd inverseis aleft
TIC inverse).Thenthereis

i  TIC
/
Cn L Cm0 s.t.

i Z�� I , hence 5 π " Z u 5 2 k
ε1 5 π " u 5 2, for all u  L2, whereε1 : ��5 π " i π " 5 , i.e.,π " Z z π " Z π " k ε2

1π " . By
the J -isomorphismintroducedin Theorem8 of [Karlovich93], thisis equivalent
to the condition (iii) of Theorem5.2 of [BKRS] (for A : � ε " 1

1 Z z ), hence
Theorem5.2(viii) provides

i  MTI d
/
Cn h m 0 s.t. A

i z � I , i.e., ε " 1
1
i Z�� I ,

soweobtainthedensityof C g from Lemma4.1.4.
CasesMTI

/
C 0 andMTId

/
C 0 follow from Lemma4.1.4,becausefZ z fZIk εI

on iR impliesthat Z z Z�k εI , hencethe left inverse
i

: � / Z z Zp0x" 1 Z z belongs
to - , by Theorem4.1.1. E
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Wearenow readyto stateseveralequivalent conditionsfor left-invertibility:

Theorem4.1.6(CoronaTheorem) Let - be one of the classesTIC, CTIC,
MTIC, MTICd, MTICL1

, MTICS and MTICd H S, where S � S 3 S V R. Let
dimU q ∞. Then(a) and(b) hold:

(a) For ZI !- / U L Y 0 thefollowing areequivalent:

(i)
i Z�� I for some

i  %- / YL U 0 ;
(ii)
i Z�� I for some

i  TIC
/
Y L U 0 ;

(iii) fZ / s0 z fZ / s01k εI for all s  C g andsomeε m 0;
(iv) 56Z u 5 L2

ω
k ε 5 u 5 L2

ω
for all u  L2

ω
/
R;U 0 , ω m 0 andsomeε m 0;

(v) Z z π " ZIk επ " onL2 for someε m 0;
(vi) Z t z Z t k επ � 0 H t � for all t m 0 andsomeε m 0.

(SeeProposition4.1.7for additional equivalentconditions.)

(b) Let �X �- / U L Y 0 , �� �- / U 0 . Then� and � arer.c.over - iff f� / s0 z f� / s0�&f� / s0 z f� / s01k εI for all s  C g andsomeε m 0.

Let - be TIC, CTIC, MTICL1
, MTICTZ or MTICd H TZ , where T  R. Then

also(c) and(d) hold:

(c) Let ZI !- / U L Y 0 . Thentheconditions(i)–(vi) areequivalentto

(vii) Z canbecomplementedto � Z KM�  :�<- / U � Y0 L Y 0 , where Y0 is a
closedsubspaceofY.

If Y � U � Z, wherealsoZ is a Hilbert space, wemayrequireY0 � Z in (vii).

(d) Let Z) TIC∞
/
U L Y 0 havea r.c.f. �l� " 1 (or a l.c.f. � " 1 � ) with �<Lt�� 
- .

ThenZ hasa d.c.f. over - .

(SeeDefinitions6.4.4and6.4.1for *.c.f. and*.c.) By taking(causal)adjoints,
one gets the dual claims, e.g., the equation Z i � I hasa solution

i  �- if ffZ�fZ z k εI on C g . If Z���Z z or dimU � dimY q ∞, then Z is left-invertible
if f Z is invertible. by Theorem4.1.1(h).

Part (a) of the theoremfails (at least for -�� TIC) when dimU � ∞ and
dimY k dimU , by Lemma4.1.10.

Condition(iii) canobviouslyberephrasedas 5dfZ u0 5Sk ε1� 2 5 u0 5 onC g for all
u0  U . Similarly, � z �$&,� z �Yk εI onC g for someε m 0 iff 5v� u0 5�&.5B� u0 5Sk
ε �y5 u0 5 onC g for all u0  U andsomeε ��m 0.

If � and � in (d) areexponentially r.c., i.e., � α : � eα R � e " α R and � α arer.c.
over - for someα q 0 (equivalently, �9�� � z �9�� � k εI onC gα ), thenwecantakeall
mapsin thed.c.f. to beexponentially stable(by choosinga d.c.f. for � α �," 1

α and
shifting it backto TICα).

Proof: (Note that dimY k dimU is necessaryfor (ii), hence for all
equivalentconditions.)
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I The casedimY q ∞ of parts (a) and (c): W.l.o.g. (the statementsare
invariantunderisomorphisms(i.e., �<' / Cm L U 0 and �<' / Cn L Y 0 mappings) we
setU � Cm andY � Cn.

(a) 1a “(iii) # (i)”: This follows from Lemmas4.1.4and4.1.5,except for
thecase-$� MTICTZ , which is deducedfrom thecase-�� MTIC asfollows:

Let ZI� / µ & f 06J� MTICS. Theequivalencer & s  S [ r  S, valid for
s  S, impliesthatfor ν  MTI wehave

ΠSν � 0 �\# ΠS
/
ν � J µ0�� 0 e (4.9)

If
/
ν & g0vJ< MTIC is aleft-inverseof µ & f , andwesetν � : � ΠSν, ν � � : � ν 3 ν � ,

then
Iδ0 � / ν � J µ & ν � � J µ0�& / ν � J f & ν � � J f & g J µ09L (4.10)

henceν ��J µ � Iδ0  ΠSMTIC. Thus,
/
ν �N& h0�J / µ & f 04� Iδ0, if we set

h : �=3 / ν ��J f 0?J / ν & g0U L1.
2a The other implications: “(i) # (ii)” is trivial, because - V TIC,

“(ii) # (v)” follows from equation 5 π " i π " 5N5 π " Z u 5 2 k¡5 π " u 5 2 (i.e., we
cantake ε : �¢5 π " i π " 5j" 1� 2), “(v) # (vi) # (iv) # (iii)” is given in Proposition
4.1.7(C)&(A).

(c) Theimplication(vii) # (i) is trivial, sowestudytheconverse.
The case-£� TIC is containedin the Tolokonnikov’s lemma[Nikolsky,

App. 3.10,p. 293].
By [Vid, Theorem8.1.68],a complex Banachalgebrawith a contractible

maximal ideal spaceis Hermite (C g � � ∞ � is homeomorphic to D, hence
contractible); see [Vid, p. 348] or [Lin] for details. Thus, MTICL1 /

C 0 ,
MTICd H TZ

/
C 0 andCTIC

/
C 0 areHermiterings,by Lemma4.1.5.

By [Vid, Theorem8.1.59],thering - / C 0 is Hermiteif f every left-invertibleZ= {- / Cm L Cn 0 canbecomplemented,socases-�� MTICL1
, -�� MTICd H TZ

and -�� CTIC follow from this (hencealsoTIC
/
C 0 (andH∞ / C 0 ) is Hermite).

Finally, let ZT�cZ 1 &(Z 2  MTICTZ , where Z 1 � ΠR Z is the discrete
partof Z , be left-invertible over MTICTZ . Thenso is Z 1  MTICd H TZ , hence� Z 1 K 1 � " 1 �¡¤�¥ 1¦

1 §  :� MTICd H TZ
/
Cn 0 for someK 1 LO¨ 1 Ly© 1  MTICd H TZ , by

(c). Therefore, ª
: �¬« ¨ 1© 1 ­ ZX�_« I &®¨ 1 Z 2© 1 Z 2 ­  MTICL1 L (4.11)

is left-invertibleoverMTICTZ , henceoverTIC, henceoverMTICL1
, by (a),so

ª
canbecomplemented� ª ¯ �  �� MTICL1

. Thus,« Z « ¨ 1© 1 ­ " 1

¯ ­ �¬« ¨ 1© 1 ­ " 1 � ª ¯ �  �� MTICTZ e (4.12)

If Y � U � Z, thendimU � Y0 � dimU � Z, hencedimY0 � dimZ (because
dimU q ∞), equivalently, thereis a map(isomorphism) T  :�<' / Z L Y0 0 . Just
replaceK by K T (i.e., �°Z K � by � I 0

0 T �  ��<' ) to theright to replaceY0 by Z.
II Thegeneral caseof parts(a) and(c) for -�� TIC:
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The implication “(iii) # (vii)” (with norm estimatesfor K and �°Z K � " 1
)

is Tolokonnikov’s Lemma [Nikolsky, Lemma A.3.10, p. 293] (which uses
the solutionof “(iii) # (ii )”, i.e., the Fuhrmann–Vasyunin Theorem[Nikolsky,
TheoremA.3.11,p. 293]). Theaboveproofsof theotherimplicationsapplyto
thegeneralcasetoo (notethat(vii) implies(i)).

In [Nikolsky], Y was assumedto be separable,but that is no loss of
generality:

Because fZ : C g�� U � Y is continuous and C g�� U is separable,so isfZ�±C g\²b±U ² . Let Y1 be the (separable)closedspanof fZ�±C g^²b±U ² , so thatwe can

write ZX� : ¤9³I
0 §  TIC

/
U L Y1 � Y1́ 0 .

Take Y0 V Y1 and WK s.t. ¤ WZ WK §  I� TIC
/
U � Y0 L Y1 0 . Then ¤ ³I ³µ 0

0 0 I §  
TIC

/
U � Y0 � Y1́ L Y 0 is an invertible (by LemmaA.1.1(b1))complementation

of Z .

III Thegeneral caseof parts(a) and(c) for -¶�� TIC:

(a) “(iii) # (i)”: Let y1 LAeAeAevL ym spanDU . Let ymg 1 L ymg 2 LAeAeAe bechosenasthe
sequence“y1 L y2 LAeAeAe ” from Lemma2.6.5(appliedto Z+3 D; usealsoTheorem
2.6.4(j)). ThenP�n ZY�¬Z in - / U L Y 0 (hencein TIC

/
U L Y 0 too,henceP�n fZY�·fZ

in H∞ / C g ; ' / U L Y 0A0 ), asn � ∞; hereP�n is theorthogonalprojectionof Y onto
Yn : � span� y1 LAeAeAetL ym � . Therestdependson thestatement:

Take n large enoughto have
/
P�n fZn0 z / P�n fZn0>k ε | 2I on C g . Let

i
n  - / Yn L U 0 s.t.

i
n
/
P�n fZn0l� I . Choose

i
: � i nP�n  {- / Y L U 0 to get (i). Theother

implicationsareobtainedasin 2 a of I(a) above.

(c) “(iii) # (vii )”: Take P�n asabove andwrite Z as « Z 1Z 2 ­  
- / U L Yn � Yń 0 .
Choosethen K 1  �- / Yn L U 0 s.t. �°Z 1 K 1 �  Y�<- / Yn L U � Y0 0 , whereY0 is a

subspaceof Yn. Now K.� � µ 1 0
0 I �  Q- / Y0 � Yń 0 complements Z to ¤ I 1

µ
1 0I 2 0 I § ,

which is invertible,by LemmaA.1.1(b1).

(b) This follows from (a) by settingZ : �¸�9�� � .
(d) Use(c) to complement� � � � to aninvertible matrix« � ¹� º ­ � : » Wº 3 W¹3 W� W�½¼ " 1  ��<- / Cm � Cn 09e (4.13)

Thisgivesa d.c.f.of Z over - . E
TheaboveCoronaTheoremsaysthat,whendimU q ∞, thecondition“ fZ z fZ.k

εIU onC g ” is equivalentto theleft-invertibility of any ZP TIC
/
U LtJ}0 . In thecase

of an infinite-dimensionalU , condition“ fZ z fZ�k εI on C g ” is equivalentonly to
thefollowingkind of pseudo–left-invertibility (recallLemma4.1.10):
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Proposition4.1.7(∞-dimensionalpartial Corona theorem) Let ε m 0.

(A) Assumethat ZI TIC
/
U L Y 0 . Thenconditions(i)–(v) belowareequivalent.

Furthermore, anyof (i’)–(v) is invariant underthereplacementω m 0 �� ω k
0. Finally, if (i) holds,then(a1)–(d)hold for anyα k ω k 0 andT L β  R.

(B) Assumethat Z£ TICω ¾ / U L Y 0 for all ω � m 0. Then (i)–(v) below are
equivalent.

Furthermore, (iv’) and(iv”) are invariant underthereplacementω m 0 ��
ω k 0. Finally, if (i) holds, then (a1)–(c2)hold for any α k ω m 0 and
T L β  R.

(C) Assumethat Z$ TICω ¾ / U L Y 0 for all ω � m 0. Then(vi) of Theorem4.1.6
implies(i)–(v). If ZY TIC, thenconditions(v) and(vi) of Theorem4.1.6are
equivalent(andimply (i)–(v) below).

(i) There is fi : C g¿�¸' / Y L U 0 s.t. fi fZXÀ I and 5 fi 5 7 ε " 1.

(i’) For each ω m 0 there is
i  TIω

/
YL U 0 s.t. 5 i 5 TIω 7 ε " 1 and

i Z�� ITIω.

(iii) fZ / s0 z fZ / s0Uk ε2I for all s  C g .

(iv) 56Z u 5 L2
ω
k ε 5 u 5 L2

ω
(u  L2

ω
/
R;U 0 ) for all ω m 0.

(iv’) 56Z u 5 L2
ω
k ε 5 u 5 L2

ω
(u  L2

∞
/
R g ;U 0 ) for all ω m 0.

(iv”) 56Z u 5 L2
ω
k ε 5 u 5 L2

ω
(u  �o ∞

c
/
R g ;U 0 ) for all ω m 0.

(v)
/ Z " ω 0 z Z " ω k ε2I for all ω m 0.

(a) Condition(i) holdswith some fi  ]o b
/
C g ; ' / YL U 0A0 s.t.supsÁ C Â 5xfi / s0x5 7

ε " 1.

(b1) Z u  L2
ω [ u  L2

ω for all u  L2
α
/
R;U 0�& L2

∞
/
R g ;U 0 .

(b2) Z u  π �T H∞ � L2
ω [ u  π �T H∞ � L2

ω for all u  L2
α
/
R;U 0�& L2

∞
/
R g ;U 0 .

(b3) There is M q ∞ s.t.ε 5 u 5 L2
ω
7 56Z u 5 L2

ω
7 M 5 u 5 L2

ω
for all u  L2

α
/
R;U 0�&

L2
∞
/
R g ;U 0 .

(c1)WehaveZ@¨. TICω [_¨� TICω. when̈� TIC∞
/
H L U 0 .

(c2) We have ZMÃ$ %' / X L L2
ω 0\[½ÃP %' / X L L2

ω 0 whenX is a normedspaceandÃY %' / X L L2
β
/
R g ;U 0t0 .

(c3) Let f  H∞ / C g ;U 0 and φ  H∞ / C g ;C 0^��� 0 � . Then fZ φ " 1 f  H∞ [
φ " 1 f  H∞.

(d) Z( Q� TIC [ÄZ. 
� TIC∞ [ÄZCZ z@Å 0 [½fZ / s0Æ Q�<' / U L Y 0 for somes  C g
( [ DD z Å 0 providedthat ZI UR).

Seealsothe comments following Lemma6.5.2. Recall thatL2
∞ : � � ω Á RL2

ω,
andnotethat Z " ω : � e" ω R Z eω R  TIC for ω k 0.

Proof: (A) Theequivalenceis givenin (B).
Assumethatsome,henceall of (i)–(v) holds. By (B), (iv’) and(iv”) hold

alsoafter thereplacement;trivially, sodo (i) and(iii) too. Sincetheproofsof
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implications(iv”) # (iv) # (v) # (i’) alsohold for ω � 0, all of (i)–(v) holdafter
thereplacement.

(C) This followsfrom Lemma2.2.4(a)&(b).
(B) “(i) [ (iii) # (a)”: This follows from LemmaA.3.1(c1)(1)whenwe setfi : � / fZ z fZÇ06" 1 fZ z  �o b

/
C g ; ' / YL U 0A0 .

“(i’) # (v)”: This follows from 5 i 5G56Z u 5Sk�5 i Z u 5 with ε � 1|È5 i 5 .
“(v) # (i’)”: Set

i � : � /A/ Z " ω 0 z Z " ω 06" 1 Z z " ω. Then 5 i �B5 TI 7 ε " 1, by (c1)(1)
of LemmaA.3.1,and

i � Z " ω � I . Set
i

: � e" ω R i � eω R to obtain(i’).
“(iii) [ (v)”: Let ω m 0. BecausefZ " ω

/
s0�� / s & ω 0 (s  C g " ω), condition(iii)

holdsif f
/ fZ " ω 0 z fZ " ω 3 ε2I k 0 on iR for all ω m 0. BecausefZ " ω is continuous

on iR, thelatteris equivalent to (v), by Theorem3.1.3(d).
“(i v’) # (iv”) [ (iv)”: Assume(iv”). By time-invariance and (2.2), the

inequalityholdsfor any u  �o ∞
c . By density(recall that Z) TICω), (iv) holds.

Theothertwo implicationsaretrivial.
“(i v) # (iv’)”: Assume(iv). If u  L2

∞
/
R g ;U 0?� L2

ω, then,for eachn  N,
∞ m�5 u 5 L2

αn
m n for someαn m ω, by the monotone convergencetheorem.

Consequently, 56Z u 5 L2
ω
k£56Z u 5 L2

αn
k nε. Becausen was arbitrary, we haveZ u � L2

ω. Thus,we have proved(b1) for u  L2
∞
/
R g ;U 0 . Obviously, this and

(iv) imply (iv’).
“(i v) [ (v)”: Now

/ Z " ω 0 z Z " ω k ε2I if f 56Z " ωu 5 2 k ε 5 u 5 2 for all u  L2,
whichholdsif f 56Z v 5 L2

ω
k ε 5 v 5 L2

ω
for all v  L2

ω � eω R L2.
ω k 0: By (2.5),wecanallow ω � 0 in (iv’) andin (iv”).
(b1) By (iv’) this holds for π g u in place of u. But π " u  L2

ω, henceZ π " u  L2
ω too.

(b2) This follows from (b1)andcausality, exceptthatwe have to show that
u  π �T H∞ � L2

ω assuming thatu  L2
ω and Z u  π �T H∞ � L2

ω.

For T � 0 we have 5 u 5 L2
r
7 ε " 1 56Z u 5 L2

r
� 0, asr ��& ∞, henceπ " u � 0.

Usetime-invariancefor T �� 0.
(b3)SetM : ��56Zn5 TIC. Assumethatat leastoneof thenormsis finite. Then,

by (b1),u  L2
ω, hence(b3) followsfrom (iv).

(c1) If Z@¨Y TICω (i.e., 56Z@¨ u 5 L2
ω
7 M 5 u 5 L2

ω
for all u  �o ∞

c
/
R g ;U 0 ), then5A¨C5 TICω 7 ε " 1 56Z@¨<5 TICω, by (c2) and(2.13) (with X : � π g o ∞

c underthe L2
ω

norm).Conversely, 56Z@¨�5 TICω 7 56Zn5 TIC 5A¨C5 TICω.
(c2) “ É ”: This is trivial. “ # ”: If β m ω, then59Ã x 5 L2

ω
7 ε " 1 56ZMÃ x 5 L2

ω
7 ε " 1 56ZMÃ�5 8^~ X H L2

ω � 5 x 5 X /
x  X 09L (4.14)

by (b3). Therefore,59ÃÇ5 7 ε " 1 56ZMÃ�5 .
(c3) Trivially, φ " 1 f  H∞ #ÊfZ φ " 1 f  H∞. Conversely, If fZ φ " 1 f  H∞,

then φ " 1 f �Äfi fZ φ " 1 f is bounded,by (i), hencein H∞, becauseφ " 1 f is
holomorphic, by Lemma D.1.2(h) (the zerosof φ are isolated,by Lemma
D.1.2(e)). (In fact, the sameequivalenceholdswhenever φ  H∞ / C g ; ' / U 0A0
is s.t. it is invertible outsideasethaving no limit pointsin C g .)

(d) This follows from Proposition2.2.5. E
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We also needa “left invertibility over TIC” conceptthat is invariantunder
(inverse)discretization(seeTheorem13.4.5(g))but still hasat leasttheproperties
of Lemma4.1.8(b1)–(d).Therefore,wedefinequasi–leftinvertibility asfollows:

Lemma 4.1.8(Quasi–left invertibility) Assumethat ZI TIC
/
U L Y 0 is s.t.Z u � L2 for all u  L2

∞
/
R g ;U 0�� L2 e (4.15)

Then Z is called quasi-left-invertible (over TIC), and there is ε m 0 s.t. (a)–(e)
hold for anyω k 0 andanynormedspaceX.

(a) Z z ZIk εI .

(b1) Z u  L2 [ u  L2 for all u  L2
ω
/
R;U 0�& L2

∞
/
R g ;U 0 .

(b3) We have ε 5 u 5 L2 7 56Z u 5 L2 7 56Z�5 TIC 5 u 5 L2 for all u  L2
ω
/
R;U 0@&

L2
∞
/
R g ;U 0 .

(c1) We have Z@¨� TIC [·¨X TIC (and 5A¨C5 TIC 7 ε " 1 56Z@¨�5 TIC) when ¨X 
TIC∞

/
H L U 0 .

(c2) We have ZMÃ$ %' / X L L2 0\[�ÃP %' / X L L2 0 (and 59Ã45 7 ε " 1 56ZMÃ�5 ) whenX
is a normedspaceand ÃY !' / X L L2

ω
/
R g ;U 0A0 .

(d) If also ¨� TIC
/ JËL U 0 is quasi-left-invertible, thensois Z@¨ .

(e) For each u0  U �S� 0 � , wehave fZ u0 �� 0 on C g and 5}fZ / ir 0 u0 5 Y k ε 5 u0 5 U
for a.e. r  R.

(f) If KMLt¨� TIC and ZX�(K�¨ , then ¨ is quasi-left-invertible.

(g) Pseudo–left invertibility implies quasi–left invertibility, but the converse
doesnotholdevenfor U � C � Y.

(h) Quasi–leftinvertibility (over TIC) impliesleft invertibility over TI (though
notoverTIC), but theconversedoesnotholdevenfor U � C � Y.

From (e) we observe that a quasi-left-invertible fZ must have no zeroson
C g , but unlike for pseudo-left-invertible transferfunctions, wÌfZ!w maybearbitrarily
small (on C g , not on iR) and even zero at & ∞ (take fZ / s0S� e" s). We do not
know whether(e) is equivalent to quasi–leftinvertibility. A sufficient condition
is obviously that for eachω k 0, there is εω m 0 s.t. fZ / s0 z fZ / s0Çk εω when
0 q Res q ω.

Proof: We first show the existenceof a numberε m 0 s.t. (a) is satisfied.
Thenwe show thatalso(b1)–(g)aresatisfiedwith thesameε.

(a)Weassumethat Z z Z)�k ε for any ε m 0,andconstructanu  L2
∞
/
R g ;U 0Í�

L2 s.t. Z u  L2.
By assumption, Z z ZI3 2 " n �k 0 (n  N). By Theorem3.1.3(e1), for

any n  N, there are un  U and En V iR s.t. 5 un 5 U � 1, m
/
En 0Çm 0 andÎb/ ±ÏfZ<² z ±ÏfZ<²Í3 2 " nI 0 un L unÐ q 0, i.e., 5}fZ / s0 un 5Mq 2 " n, for s  En.

Choosedistinct points ir k  Ek (k  N) as in LemmaD.1.24. Let ir ∞  
iR � � ∞ � be a limit point of � ir k � . We assumethat r∞  R (caser∞ � ∞
is analogousbut easier(require,e.g.,that r0 m 1, w rk g 1 w�m 3 w rk w , andwork as
below), henceomitted).
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W.l.o.g., we assumethat r∞ � 0 (replace fZ by fZ / uN3 ir ∞ 0> H∞) andw rk wxm 3 w rk g 1 w for all k  N (chooseasubsequenceif necessary).
For eachk  N, weset

εk : � min ��w rk w | 2 L 2 " k � (4.16)

and find fk : � ftk H rk  L2 for ε � εk and E � Ek as in LemmaD.1.24 (with
p � 2). Setvn : � ∑n

k � 1 fkuk  L2 (n  N).
Givenω m 0, thereis N  N & 1 s.t.2 " N q ω, andhence5 fk 5 L2

ω
q εk 7 2 " k

for all k m N; in particular, vn � u in L2
ω for someu  L2

ω, asn � ∞, by Lemma
A.3.4(L1) (the limit (equivalenceclass)u is independentof ω, by Lemma
D.1.4(b3)).

Analogously, we seethat fu / s0 convergesabsolutelyon � s  C �� w s w�k ε � ,
for any ε m 0; in particular, fu  H

/
C g ;U 0 hasa uniquecontinuousextensionfu  ]o / C gD�S� 0 � ;U 0 . If we hadu  L2, thenwe would have fu  L2 / iR;U 0 , by

Theorem3.3.1(b)&(a1)(1.).
However, intervals In : � i

/
rn 3 εn L rn & εn 0ÇV i

/
rn | 2 L 3rn | 20 (n  N) are

disjoint, andhence5 ffk 5 2L2 ~ In � 7 2εnε2
k, sothat5 fu 5 L2 ~ iR;U � k ∞

∑
n� 1
5 fu 5 L2 ~ In;U � k ∞

∑
n� 1 Ñ 5 ffn 5 L2 ~ In � 3 ∞

∑
n Ò� k � 1

5 ffk 5 L2 ~ In �OÓ (4.17)k ∞

∑
n� 1

/
1 3 εn 3 / 2εn 0 1� 2 ∞

∑
k � 1

εk k ∞

∑
n� 1

/
1 3 εn 3 / 2εn 0 1� 2 0�� ∞ e (4.18)

Therefore,u � L2. It only remainsto show that Z u  L2. But5xfZ ffnun 5 L2 ~ iR;U � 7 5xfZ ffnun 5 L2 ~ En;U � &Y5xfZ ffnun 5 L2 ~ iR Ô En;U � (4.19)qXÕ 2πεn & εn 56Z�5 7 2 " n / Õ 2π &Y56Z�5d0\� M2 " n L (4.20)

where M : � Õ 2π &c56Z�5 , because5xfZ ffnun 5 Y 7 w ffn w εn on En, 5xfZ ffnun 5 Y 7w ffn wÌ56Z�5 a.e.on iR, and 5 ff 5 2 � Õ 2π, 5 ff 5 L2 ~ iR Ô En
� q εn.

Consequently, Z vn � y in L2, for somey  L2, by Lemma A.3.4(L1).
Chooseω m 0. Becausevn � u in L2

ω, wehave Z vn �ÖZ u in L2
ω, henceZ u � y

a.e.,in particular, Z u  L2.
(b3) We have w Z u 5 2 k ε 5 u 5 2 for all u  L2 / ±T Lb& ∞ 0 ;U 0 and all T  

R, by (a) and time-invariance, hencefor all u  L2 / R;U 0 , becauseboth
sidesof the inequality are continuous on L2. BecauseL2

ω
/
R " ;U 0pV L2, we

have L2
ω
/
R;U 0^& L2

∞
/
R g ;U 0ÇV L2 / R " ;U 0^& L2

∞
/
R g ;U 0 , hence 56Z u 5 2 � ∞

whenever u  L2
ω
/
R;U 0G& L2

∞
/
R g ;U 0 and 5 u 5 2 � ∞. Take M : �¶56Z�5 TIC to

obtain(b3).
(b1)This follows from (b3).
(c1)&(c2) Seetheproofof Proposition4.1.7(c1)&(c2).
(d) This is obvious(notealsothatnow 56Z@¨ u 5 2 k εε ¥ 5 v 5 2 for all v  L2).
(e) Inequality 5 fZ / ir 0 u0 5 Y k ε 5 u0 5 U follows from Theorem3.1.3(e1)(cf.

thebeginning of theproof).
Assumethenthat fZ / s0 0 u0 � 0 for someu0  U �M� 0 � ands0  C g . Then



133fZ / u×0 / s 3 s0 06" 1u0  H
/
C g ;U 0 , by LemmaD.1.2(j) anda simplecomputation,

althoughu : � / u93 s0 06" 1u0  H2 / C gRes0 g 1;U 0�� H2 / C g ;U 0 .
(f) If u  L2, then 5A¨ u 5 2 k ε 5AKØ5 " 1 5 u 5 2. If u � L2, then Z u � L2, hence

then ¨ u � L2.
(g) Implication follows from Proposition4.1.7(b3);note that Z : � τ " 1  

TIC
/
U 0 is quasi-left-invertiblebut notp.r.c. (since fZ / s0�� e" s).

(h) By (a), quasi-left-invertible mapsare left invertible over TI (but not
necessarilyoverTIC, by (g)).

Let fZ / s0 : � / s 3 10A| / s & 10Ø H∞ / C g10 . Then Z z Z�� I , henceZ z is the
inverseof Z in TI

/
C 0 , but Z is not quasi-left-invertible, by (e) (alternatively,

becausefu : � / s 3 10B" 1  H2 / C g2 0Ë� H2 / C gl0 and fZ fu � / s & 10B" 1  H2). E
Thenoncausalcaseis simple:

Lemma 4.1.9(Noncausalcorona theorem) If - is oneof the classesTI, CTI,
MTI , MTId, MTIL1

, MTIS, MTId H S, then - / U L Y 0 is left inverseclosedin TI, andK, �- / U L Y 0 is left invertibleiff K z K:k εI onL2 (iff fK z fK,k εI a.e. oniR, provided
thatU is separableor -��� TI).

If - is one of the classesTI, CTI, MTI L1
, MTITZ , MTId H TZ , then any left

invertibleelementK( �- / Cm L Cn 0 canbecomplementedto an invertibleoperator.

Proof: 1a Left invertibility: By LemmaA.3.1(c1)(ii)&(v), “ K z K)k εI ” is
necessary. (It is equivalent to “ fK z fK=k εI a.e.on iR”, by Theorem3.1.3(d),
providedthatU is separableof fK is continuous.)

Conversely, if K z K Å 0, then the formula
i

: � / K z K@0x" 1 K z  .- (by
Theorem4.1.1andLemma4.1.3(a))providesa left-inversefor K .

2a Complementation:(Clearly left invertibility is necessary.) ClassesCTI,
MTIL1

, MTId H TZ andMTITZ canbehandledby usingthemethodsof theproof
of Theorem4.1.6(c) (basedon the fact that they have contractiblemaximal
ideals);a left-invertible K. TI

/
Cm L Cn 0 canbecomplementedasfollows:

By Lemma6.4.7,thereis º� ]� TIC s.t. º z ºP�YK z K . By [CG97,Lemma
2.2] (and Theorem3.1.3(a)&(c)), we can complement the isometric � : �K�º " 1  TI to a unitary �×� ¨ �  �� TI, hence � KÙ¨ � � �°� ¨ � �ÛÚ 0

0 I �  ]� TI.E
Lemma 4.1.10(No ∞∞∞-dim. Corona Theorem) Let U be infinite-dimensional
anddimY k dimU. Thenthere is ZP TIC

/
U L Y 0 s.t. fZ z fZPk I onC g , but

i Z¢�� I
for all

i  TIC.

Consequently, Z cannotbe complemented to an invertible elementof TIC
(becausethe proof of implication “(vii) # (i)” of Theorem4.1.6 appliesto this
casetoo). Cf. alsoProposition 4.1.7.

Proof: A counter-exampleis constructedin [Treil89], below its Theorem
1, assumingU andY to be separable(we may needto multiply the counter-
example by a positive constant). In the generalcase,write U as U1 � U2
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andY asU � Y2 (modulo an isometricisomorphism), whereU1 is separable
(this is possible becausedimY k dimU , by Lemma2.2.1(c3)). Let f¨ be as
in the counter-example,and set Z : � � ¥ 0

0 I � . Then fZ z fZ�k I on C g , but ifi Z�� I � � I 0
0 I �  %' / U1 � U2 0 , then

i
11 ¨®� I , hencethen

i � TIC. E
Notes
Severalsufficientconditions for theinvertibility of ameasurewith valuesin a

Banachalgebraaregiven in [Gri]. Much of Theorem4.1.1(f) is basedon those
results. The article [Gri] also provides further resultsand treatsvery general
measures.

The monograph[Vid] is an excellent classicalreference for the connection
betweendynamicstabilization, coprimefactorizationandtheCoronaTheorem.It
containsthe principal ideasof Lemmas4.1.4and4.1.5andTheorem4.1.6and
applicationsfor severalclasses.

ThecomplementationresultTheorem4.1.6(c)for TIC is dueto V.A. Tolokon-
nikov [Tolokonnikov]; seepp. 288–298of [Nikolsky] for a presentationin En-
glish, furtherresults,normestimatesandhistoricalremarks.Theseresults,being
morerecentthanthoseof [Vid], donotseemto bewidely known.

The original CoronaTheoremis due to L. Carleson[Carleson]. A matrix-
valuedCoronaTheorem( ' / Cn L Cnm0 only) wasgiven in [Fuhrmann68].An ex-
tensionof thematrix-valuedCoronaTheoremwith anarbitrary ZP TIC

/
Cn L Cm 0

in placeof 1r in (4.7) is given in [Anderson].



Chapter 5

SpectralFactorization ( Ü Ý ÞÙß�à ,á ß J á Ý àÙß Sà )

Godcreatedspectral factorizations;therestis madebyman.

— FrankCallier, in a discussionof theimportanceof spectralfactor-
izations,indefiniteinnerspacesandRiccatiequations, MTNS’98.

This chaptertreatsthe spectralfactorization(or canonicalfactorization)of
MTI maps.Spectralfactorizationwill beusedin laterchaptersfor thesolutionof
severalcontrolproblems.

In Section5.1,we apply theearly factorizationtheoryof IsraelGohberg and
Yuri Leiterer(notbeingaprophet,wecannotreferdirectlyto [God]) to MTI L1

and
MTId H TZ in continuoustime andto � 1 in discretetime. In Section5.2, we adopt
severalMTId factorizationresultsto oursettingandshow thatthefactorizationof
MTI mapscanbereducedto thatof MTIL1

andMTId maps.We thusobtainboth
positiveandindefinitespectralfactorizationresultsfor severalMTI classes.

We alsostatea few other resultsconcerningthe spectralfactorizationof TI
maps. By H, U andY we againdenoteHilbert spacesof arbitrarydimensions.
(Theresultsbasedon [GL73a]couldbemodifiedfor arbitraryBanachspaces.)

Also Section6.4containsrelatedresults,but we havechosenits currentplace
sincethatsectionis aprerequisitefor Sections6.6–6.7andChapter7.
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5.1 Auxiliar y spectral factorization results

Grief cantakecareof itself; but to get thefull valueof a joy youmust
havesomebodyto divideit with.

— Mark Twain (1835–1910)

In this sectionwe apply the spectralfactorizationtheory of Gohberg and
Leitererto MTIL1

(Theorem5.1.2), � 1 (Theorem5.1.3)andMTI d H TZ (Corollary
5.1.4).In Section5.2,we shallthenrefinetheseandotherresultsto cover further
classesandto providemoreinformationon thefactors.

Firstwedefineaspectralfactorization:

Definition 5.1.1(SpF) A factorization K��c¹ z º is a spectralfactorizationofK. TI
/
U 0 if º4Lv¹I �� TIC

/
U 0 .

For dimU q ∞, this could be rephrasedin the familiar form “if fºDLAf¹£ � H∞ / C g ;Cn h n 0 and fK�� f¹ z fº a.e.on iR, then fK+� f¹ z fº is aspectral factorization
of fK ” (  L∞ / C g ;Cn h n 0 ), by Theorems2.1.2and3.3.1.

Even for a generalU , the identity K)�$¹ z º can be written as “ fK)�¢f¹ z fº
on iR” when KSLAº4Lt¹c MTI, but for generalK= TI we mustbe satisfiedwith
the equality “ fKI��f¹ z fº in L∞

strong
/
iR; ' / U 0A0 ”, which neednot imply pointwise

equalityanywhere(for separableU an equivalentformulation is that “ fKX��f¹ z fº
a.e.on iR”); seeTheorem3.1.3for details. However, in this chapterwe mainly
studyMTI maps,for whichwehavecontinuity andpointwiseequalityeverywhere
on iR regardlessof U .

As thefirst spectralfactorizationresult,weapplyTheorem5.1.6to theWiener
class:

Theorem5.1.2(MTICL1
MTICL1
MTICL1

spectral factorization) Let K$ MTIL1 /
U 0 , i.e., fK��

E & f̂ , whereE  !' / U 0 and f  L1 / R; ' / U 0A0 .
Then the Toeplitz operator π g K π g is invertible iff K has a factorizationK:�X¹ z º with º4Lv¹I �� MTICL1

.

If, in addition, KT MTI L1 H 8GF /
U 0 (i.e., f  L1 / R; '{o / U 0A0 ), then º4Lv¹£ � MTICL1 H 8GF

.

Proof: By Lemma5.1.7,we mayapplyTheorem5.1.6to obtaintheabove
factorizationsin thesamewayasin theproofof Theorem5.1.3.

Note that E & f  MTI L1 H 8GF /
U 0 implies that P0" /A/ E & ff 01â φ " 1

Cayley 0��ã
π " f â φ " 1

Cayley  Qä ∞, andthatPg /A/ E & ff 0�â φ " 1
Cayley 0 canbeseento beaFredholm

operatorasin theproof of Theorem5.1.3(alternatively, it follows easilyfrom
the fact that E must be invertible, by, e.g., Proposition6.3.1(c)). Seealso
Lemma5.1.5. The parametrizationof all factorsis given in Lemma6.4.5(i).E
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Next we applyTheorem5.1.6to thediscreteWienerclass f� 1. We will usethe
following notation(asin Theorem4.1.1andin Section13.1):� 1 : �(� 1 / Z; ' / U 0A0 : �)� / a j 0 j Á Z �� a j  %' / U 0 and 5 / a j 0 j Á Z 5Aå 1 : � ∑

j Á Z 5 a j 5 8^~ U �\q ∞ ��L� 18GF : �)� a  %� 1 �� a j  !'{o / U L Y 0 for all j �� 0 ��L� 1æ : �)� a  %� 1 �� a j � 0 for all ç j q 0 ��L� 18GF H æ : �)� a  %� 18GF �� a j � 0 for all ç j q 0 ��e
(5.1)

Weequipthesespaceswith convolutionmultiplication/
a j 0 j Á Z J / bk 0 k Á Z : �éè ∑

j
a jbn " j ê n Á Z e (5.2)

As in Section13.1,onecanverifiesthat � 1 with convolution multiplication is a
Banachalgebra,andthefive otherclassesdefinedabove areclosedsubalgebras.
TheZ-transform of a � / a j 0 j Á Z  %� 1 isfa : � ∑

j Á Z a jz
j  �o / D 0�� H∞ / D 09L (5.3)

and
ã
a J b � fafb. The class f� 1 (obviously isomorphic to the Banachalgebra � 1)

is sometimes called the discreteWiener class. The canonicalprojectionπ g :� 2 / Z;U 01���� 2 / N;U 0 obviouslysatisfiesëπ g ∑ j Á Z zjx j : � ∑ j Á N zjx j . Recall from
LemmaD.1.15thatL2 / ∂D;U 0^�=� ∑ j Á Z zjx j �� ∑ 5 zj 5 2U q ∞ � andthatH2 / D;U 0\�ëπ g ± L2 / dD;U 0Û² .
Theorem 5.1.3(Discrete � 1� 1� 1 spectral factorization) Let Ké .� 1 / Z; ' / U 0A0 , i.e.,fK:� ∑∞

j � " ∞ zjE j , where E j  !' / U 0 for all j and∑ j 5 E j 5Mq ∞.

Thenthe Toeplitzoperator ëπ g fK ëπ g  �' / H2 / D;U 0A0 is invertible iff fK has a
spectral factorization fK,�)fK " fK g with K g  ��<� 1g and K "  ��<� 1" . If, in addition,K. !� 18GF (i.e., E j  %'{o / U 0 for j �� 0), then fK g  ��<� 18GF H g and fK "  ��<� 18GF H " .

Proof: 1a<ëπ g fKÇëπ g is invertibleiff fK hasa spectral factorization:
Thefirst claim follows from (a) and(c) of Theorem5.1.6,assoonaswe have
verifiedtheassumptionsof theTheorem.

Oneeasilyverifiesthatassumptions(1) and(2) of Theorem5.1.6hold (for

both f� 1 and
ã� 18GF ), wherewehavesetPg ∑∞

j � " ∞ zjE j : � ∑∞
j � 0zjE j .

(3a) One easily deducesfrom [HP, p. 97], that the Laurent seriesof a
holomorphic(around∂D) functionconvergesabsolutelyon∂D. Conversely, the
holomorphicfunction∑ j Á Z r "�ì j ìE jzj convergesto fK in f� 1, asr � 1 3 . Finally,f� 1 (equivalently, � 1 as a convolution algebra)is inverseclosedby Theorem
4.1.1(d).

(a) If ëπ g fK ëπ g is invertible, then it is a Fredholm operator, hencethe
assumptionsof (a) aresatisfiedin this case,andtheconversefollows from the
implication(i) # (ii) of (c).
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2a The case K$ �� 18GF : Below we show that the assumptions of (b) are

satisfied,sothattheform of fK æ followsfrom (b).
Assumptions(1) and(2) werehandledabove.
Becausezn  %; / ∂D 0 for n  Z, theassumption (3b) is satisfied.Similarly,

we seethat P0" fK is in ä ∞ when fKP Q� 18GF , so it only remainsto be shown that

Pg fK / z0 is aFredholmoperatorfor all z  D.
Theinvertibility of ëπ g fK ëπ g impliestheinvertibility of fK on ∂D, by Lemma

5.1.5;in particular, fK / 10U ��<' / U 0 .
But fK / z0M� E0 & f¨ / z0 , where f¨ / z0 : � ∑ j Ò� 0E jzj  +'{o / U 0 for all z  D,

hencefK / z0Æ�YfK / 10�&¿f¨ / z0?3{f¨ / 10� ®�<' / U 0�&Q'
o / U 0 , and ��'�&Q'{o operators
areFredholmoperators,by LemmaA.3.4(B4).

Finally, fKÇLbfK " LbfK " 1"  !� 18GF impliesthat fK g LtfK " 1g  %� 18GF . E
Dueto isomorphism,theabove is equivalentto thefollowing:

Corollary 5.1.4(MTI d H TZMTId H TZMTId H TZ spectral factorization) Let T  R, and let K� 
MTId H TZ , i.e., K$� ∑k Á Z E jδ jT , where E j  (' / U 0 for all j and 5AK<5 MTI : �
∑ j 5 E j 5Mq ∞.

Then the Toeplitz operator π g K π g  �' / L2 / R g ;U 0t0 is invertible iff K has
a spectral factorization KY��¹ z º with º4Lt¹� (� MTICd H TZ

/
U 0 . If, in addition,K. MTI

8GF
d H TZ (i.e., E j  %'{o / U 0 for j �� 0), then º4Lv¹I �� MTIC

8GF
d H TZ

/
U 0 .

Proof: This is Theorem 5.1.3 rephrasedaccording to the isomor-
phism stated in Theorem 13.4.5 (note that W í ëπ g / E j 0 j Á Z ëπ g � π g K π g ,W í ± � 1g ²Ë� MTICd H TZ , and W í ± � 1" ²��=�`¹ z �� ¹I MTICd H TZ � ). E
Therestof this sectionsconsistsonly of resultsthatareneededfor theproofs

of theaboveresults.
Westarttheproofswith anauxiliary lemma:

Lemma 5.1.5 Let fK½ Öo / ∂D; ' / H 0A0 and set f¨ : �îfK�â φCayley  Öo / iR �� ∞ � ; ' / H 0A0 . Then ëπ g fKÇëπ g is invertible iff ëπ g f¨ ëπ g is invertible. Moreover, ifëπ g fK ëπ g is invertible, then fK. ���o / ∂D; ' / H 0A0 .
Proof: The equivalencefollows from Theorem13.2.3(a1)&(b1)&(c). Ifëπ g fKÇëπ g is invertible on H2 / D;H 0 , then fK is invertible on L2 / ∂D;H 0 , by

discretizedLemma 6.4.6, hencethen fK is invertible in L∞
strong

/
∂D;H 0 , by

Theorem3.1.3(a1),hencein o / ∂D; ' / H 0A0 , by TheoremF.1.9(s4)(appliedto
Q : ��± 0 L 2π 0 ). E
The following “raw result” from [GL-Crit] and[GL73a] is the basisfor the

above factorizationresults:

Theorem5.1.6 LetH bea Hilbert space. Let ; / ∂D 0 bethesetof rationalscalar
functionswith polesoutside ∂D. Let äQV)o / ∂D; ' / H 0A0 bea Banach algebra with
a norm 5\ux5�ï s.t.
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(1) sup∂D 5jfK / u×0x5 8^~ H � 7 c 5jfK>59ï for all fK. ¿ä for somec m 0, and

(2) ä is the direct sum ä�g®ð=ä "0 , where ä^gP�ñä{� H∞ / D; '�0 , ä�"Y�¶ä
�
H∞ / Dc

; '�0 , and ä "0 �)� f  ®ä�" �� f / ∞ 0\� 0 � .
LetPg : ä��_ä g andPo" : � I 3 Pg : ä��_ä "0 bethecorrespondingprojections.

Let fK. ���ä . Thenwehavethefollowing:

(a) Let functionsholomorphic on a neighborhood of ∂D be a densesubsetofä , and let ä be inverseclosedin o (i.e., if fK= ]äD�+��o / ∂D; ' / H 0A0 , thenfKC" 1  ®ä ).

Then ëπ g fKÇëπ g is a Fredholmoperator on H2 / D;H 0 iff fK hasa factorization
of theformfK]�IfK " G fK g L¢fK g  ���ä g L�fK "  ���ä " L G

/
z0\� P0 & n

∑
j � 1

zκ j Pj L (5.4)

where n  N, Pj ( j � 1 LAeAeAevL n) are disjoint one-dimensional projections,
P0 � I 3 ∑ j Pj , andκ j  Z �C� 0 � ,

(b) Let therational functions∑n
j � 1 r jTj (r j  {; / ∂D 09L Tj  
' / H 0 for all j) be

a densesubsetof ä .

Let Pg fK / z0 bea Fredholm operator for all z  D, and let Po" fKY +ä ∞. ThenfK hasthefactorization(5.4)with fK " 3 I LbfK " 1" 3 I  ¿ä�"∞ : �Iä ∞ � H∞ / Dc
; '�0 .

Here theset ä ∞ is theclosure (in ä ) of rational '{o -valuedoperators
n

∑
j � 1

r jTj L r j  !; / ∂D 09L Tj  %'{o for all j e (5.5)

(c) Letall theassumptionsof (a) or thoseof (b) besatisfied,andlet fK+�(fK " G fK g
betheresultingfactorization. Thenthefollowingareequivalent:

(i) G � I ,

(ii) ëπ g fKÇëπ g is invertibleonH2 / D;H 0 ,
(iii) ëπ g / fK
â φCayley 0 ëπ g is invertibleon ò ó π g L2 / R;H 0 .

Moreover, if (i) holds and we set fº : �¬fK g â φCayley, f¹ / s0 : � / fK " â
φCayley 0 / 3 s̄0 z , then fº>LAf¹� H∞ / C g ; ' / H 0A0 , f¹ z fº��cfK�â φCayley on iR, and

all spectral factorizationsof fK aregivenby fK]� / fK " T 0 / T fK g 0 , T  ���' / U 0
(i.e., fKQâ φCayley � / T f¹n0 z / T fºn0 ).

We remarkthat the original resultsin [GL73a] and[GL-Crit] aregiven in a
moreabstractandgeneralform.

Do notmix ëπ g fK with Pg fK ((therestrictionof) Pg is anoperatoron
ã
MTI, i.e.,

it operatresfK , whereasëπ g is anoperatoronH2 (soare fK andPg fK too)).
If H is finite-dimensional, thenit is possibleto formulatethetheoremwithout

a referenceto Fredholmoperators;seeTheoremsII.3.1 andII.4.1 of [CG81].



140CHAPTER5. SPECTRALFACTORIZATION ( K:�X¹ z º , Z z J ZX�.º z Sº )

Proof: (a) This is Theorem2 of [GL-Crit] (use(13.29)andnotethat “PA”
in [GL-Crit] refersto composition, i.e., PAu : � P

/
Au0 , asstatedon p. 102 of

[GL72]; P doesnotoperatedirectlyonA).
(b) This is Theorem2.1,p. 40,of [GL73a] (cf. pp.38–39of [GL73a]).
(c) 1a By Lemma5.1.5,(ii) and(iii) areequivalent. BecausefK " â φCayley  

H∞ / C " ; ' / H 0A0 , we have f¹= ]� H∞ / C g ; ' / H 0A0 ; clearly fº= ]� H∞ / C g ; ' / H 0A0
too. If (i) holds,then

/ fK!â φCayley 0 / ir 0È�)f¹ / 3 ir 0 z fº / ir 0È�)f¹ / ir 0 z fº / ir 0 for r  R,
andtheuniquenessclaimfollows from Lemma6.4.5(a).

Thus,only (i) [ (iii ) is left to beproved.
2a “(i) [ (iii)”: Set f© : � D â φCayley  ¿o / iR � � ∞ � ; ' / H 0A0 . Then ©I TI

/
H 0 ,º4Lv¹I �� TIC

/
H 0 , and ¨®�.¹ z ©pº .

Becauseπ g º π g �Yº π g andπ g ¹ z π g � π g ¹ z areinvertible on π g L2 (the
inversesareπ g º<" 1π g andπ g ¹�" z π g ), theequation

π g ¨ π g � π g ¹<zj©Øº π g � π g ¹<z π g © π g º π g (5.6)

impliesthat π g © π g is invertible if f π g ¨ π g is. By Lemma5.1.5,this canbe
paraphrasedas“ ëπ g G ëπ g is invertible on H2 / D;H 0 if f ëπ g fKÇëπ g is”. Of course,
G � I is sufficient,sowestudythenecessity:

Let ëπ g G ëπ g be invertible. If u j � Pju j  H and κ j m 0, then

u : � 1u j � ëπ g G ëπ g H2, becausePj ëπ g G ëπ g � ëπ g sκ
j ëπ g Pj ; similarly no κ j canbe

negative,hencen � 0 andG � P0 � I . E
(The proofsin [GL-Crit] and[GL73a] go asfollows: first it is assumedthatK is holomorphic aroundthe unit circle, then this is appliedto “rational finite-

dimensionalK ’ s”, thenthedensityof suchoperatorsin MTI L1
is combinedwith

thefactthatany elementneartheidentityhasa spectralfactorization.)
Theabovetheoremcanbeappliedto theWienerclass:

Lemma 5.1.7 Theclassä : �Y� fK!â φ " 1
Cayley �� K] MTIL1 /

U 0B� with 5 fK!â φ " 1
Cayley 59ï : �5AK�5

MTIL1 satisfiestheassumptionsof (1), (2), (a) and(b) (on ä ) of Theorem5.1.6
whenwedefinetheprojectionPg  !' / ä1Ltä^g10 by

Pg :
/
E & ff 0�â φ " 1

Cayley �� E & ãπ g f â φ " 1
Cayley (5.7)

for E  �' / U 09L f  L1 / R;U 0 (i.e., for E & ff  �ôMTIL1 /
U 0 ). Moreover, in this

case, ä ∞ correspondsto mapsKP MTI L1 H 8GF /
U 0 whosefeedthroughoperator is

compact.

Proof: We remarkthat now ä denotesthe Cayley transformsof functions

in ôMTIL1
, with their originalnorm,exactlyasin [GL73a,Theorem4.3].

Conditions(1) and(2) canbeprovedasin [CG81,pp.62–63](which treats
thecaseB � C).

(a)Thefunctionsholomorphiconaneighborhoodof ∂D arecontainedin ä ,
by LemmaD.1.23. The densityfollows from that the rationalfunctions(case
(b) below). Inverse-closednesswasshown in Theorem4.1.1(a)(usetheCayley
transform).



5.1. AUXILIAR Y SPECTRALFACTORIZATION RESULTS 141

(N.B. Although [GL73a, p. 44] suggeststhat the strongly measurable
(sil’no izmerimyj) Wiener class would do, this strong measurability must
meanBochnermeasurability(with respectto theuniform operatornorm),not
measurability with respectto thestrongtopology, because(in (b)) theclosure
of theFourierinversetransformsof rationalfunctions(with polesoff R � � ∞ � )
is L1 / R;B0 , notL1

strong
/
R;B0 ; a similar remarkappliesto (a).)

(b) 1a To show thattherationalfunctionsaredensein ôMTIL1 /
B0 , we work

asfollows:

Now for fKP� E & ff  �ôMTIL1 /
B0 we may replace ff by ∑n

k � 1Tkχ̂Ek
, with

Tk  �' / B0 for all k, by the densityof simple functionsin L1 (seeTheorem
B.3.11(a1)),andthenreplaceeachχ̂Ek

by somerational function,by [CG81,

pp.62–63],to endupwith a rationalfunctioncloseto fK , asrequired.
2a¿ä ∞: If E  �'{o / U 0 and f  L1 / R; '{o / U 0A0 , then the above approx-

imation provides (use Theorem B.3.11(a1) with B : �£'{o / U 0 ) a rational
function of form (5.5); conversely, if fK�â φCayley is of the form (5.5), thenfK®3 E  !ò ó L1 / R; '{o / U 0A0 , by LemmaD.1.23. E
Notes
During the third quarterof the last century, Budjanu,Gohberg and several

othersdevelopedanextensive theoryon the factorizationof MTI L1
mapsandof

mapsin certainother TI classesfor the purposesof singular integral equation
theory. Some of the articles (mainly in Russian)also treat a more general
factorizationwhereπ g K π g and ¹ neednotbeinvertible(andtheword “spectral”
or “canonical”is dropped).

Soonthistheorybecamepopularalsoamidstcontroltheorists, andtodaymany
articlesin theinfinite-dimensionalcontroltheoryarebasedprincipally onspectral
factorization.Also thefactorizationtheoryis still beingrapidlydeveloped.

In casedimU q ∞, the most importantresultscan be found in English in
the book [CG81]; a somewhat more up-to-datebook on the subject is [LS].
Both booksalsocontainthecase(“generalizedspectralfactorization”)wherethe
discrete-time( õ -transformed)factorsareallowedto bein � H2 over theunit disc
insteadof � H∞ (cf. Example8.4.13).Thesebooksalsohave extensive reference
lists.

Theapplicationsof this theorygiven in thissectionareratherstraightforward,
andmostof themhavefinite-dimensional analogiesin theliterature.



142CHAPTER5. SPECTRALFACTORIZATION ( K:�X¹ z º , Z z J ZX�.º z Sº )

5.2 MTI spectral factorization ( öP÷�ø�÷Ëùûú MTI )

Each Man is in hisSpectre’s power
Until thearrival of thathour,
WhenhisHumanityawake,
AndcasthisSpectre into theLake.

— William Blake (1757–1827)

Thepurposeof thissectionis to establish part“(II) [ (III)” of theequivalence
on page21 for several systemsandproblems. We build up a seriesof lemmas
on MTI endingup with two existencetheoremson spectralfactorization,bothof
whichcoverseveralMTI subclasses(andTI in thepositivecase).

Our strategy is the following: We first show that if a map KI MTI
/
U 0 has

an invertible Toeplitz operator π g K π g (on L2 / R g ;U 0 ), then also the discrete
(atomic)part of the maphasan invertible Toeplitz operator(Lemma5.2.3(b)).
Thenwe adoptseveralMTId factorizationresultsto our settingandshow thatby
factorizingfirst the discretepart of a MTI mapusingtheseresultsandthenthe
“remainderMTIL1

part” by usingtheresultsof Section5.1,oneobtainsaspectral
factorizationof theoriginalmap(Theorems5.2.7and5.2.8).

Westartby listing somebasicfactsonspectralfactorization:

Lemma 5.2.1(Spectral Factorization) Let K( TI
/
U 0 .

(a) Then K Å 0 iff K has the spectral factorization KI��º z º for some ºc � TIC
/
U 0 .

If this is thecase, thenall spectral factorizationsof form K��.ü z ü aregiven
by K:� / L ºØ0 z / L ºØ0 , whereL  ���' / U 0 is unitary.

Assumenow that KP TI
/
U 0 hasa spectral factorization KX�I¹ z º for someº4Lv¹I �� TIC

/
U 0 . Thenwehavethefollowing:

(b) TheToeplitzoperator π g K π g is invertible on π g L2, andπ g º<" 1π g ¹�" z π g
is its inverse.

(c) If K. TI " ω � TIω for someω m 0, then ¹ÇLtºI �� TICexp
/
U 0�� TIC " ω

/
U 0 .

(d) If K]�.K z , then ¹X�Xº z Sfor someS � Sz  ��<' / U 0 ; thus,then K:�.º z Sº .

If, in addition, K. TIω
/
U 0 for someω �� 0, then ºI �� TICexp

/
U 0 .

(e) The map K d : � RK R TI
/
U 0 has the co-spectralfactorization K d �º d / ¹ d 0 z

(obviously, º d Lý¹ d  �� TIC
/
U 0 ).

(f) All spectral factorizations of K are given by K�� / L " z ¹<0 z / L ºØ0 , where
L  ���' / U 0 .

Theorems5.2.7 and 5.2.8 below list classesthat are closedw.r.t. spectral
factorizationandfor which the converseof (b) holds(i.e., the Toeplitz operator
π g K π g is invertible if f K hasaspectralfactorization).
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The uniquenessresult in (f) saysthat X : �éfº / & ∞ 0S :�<' / U 0 canbe chosen
arbitrarily, andit determinesº , ¹ andY � EX " 1  ]�<' / U 0 (we have E L X L Y  �<' / U 0 , by Proposition 6.3.1(a3)).

Proof: (Part of this is givenin Lemma4.3of [S98c].)
(a)This is Lemma4.3(iv) of [S98c],but its proofneedsclarificationfor the

unseparablecase:useTheorem3.7, p. 54 andTheorem3.4, p. 50 of [RR] to
obtain K:�Yü z ü , whereRan

/ ü<0Æ� L2 / R;U2 0 for someclosedU2 V U (becauseü is coercive and“outer”), find E  ]�<' / U2 L U 0 (suchanE exists,by Lemma
2.2.1(c4))andset º : � E ü .

(We would obtainanalternative, control-theoreticproof of (a) (with Z z J Z
in placeof K , ZI TIC) asin Theorem14.3.2.)

(b) Using the fact that π g ¹�" z π g � π g ¹�" z etc. (by causality),oneeasily
verifies that π g º " 1π g ¹ " z π g is the inverseof π g ¹ z º π g on π g L2 (i.e., that
theirproductis π g ).

(c) Becauseº.�,¹ " z K, TI " ω, wehave º " 1  TI " ε ¾°þ 0 for someε � m 0, by
Lemma2.2.7,henceºY ®� TI " ε � TI " ω � TIC �)� TIC " ε

/
U L Y 0N� TIC " ω

/
U L Y 0

for someε m 0. Thesameholdsfor ¹ , because¹Y�.º4" z K z .
(d) Now K.�P¹ z ºI�PK z �Iº z ¹ , hence¹)� Sº for someS  :��' / U 0 , by

(f). The latter claim is obtainedfrom Proposition5.2.2(becauseK) TIω #K z  TI " ω).
(e) Obviously K d �c¹ z ºc# K��cº d / ¹ d 0 z , and, by Lemma 2.2.3, º¢ � TIC [¡º d  �� TIC.
(f) Let KI��¹ z0 º 0 also be a spectralfactorization. Then L : ��¹ " z0 ¹ z �º 0 º<" 1  TIC and L z �c¹M¹ " 1

0  TIC, henceL  ]' / U 0 , by Lemma 2.1.7.
Obviously, L �.º 0 º<" 1 is invertible. E
In part(c) above,westatedthatthespectralfactorizationof an“exponentially

stable”mapis exponentially stable.Below we shallprove this claim andthefact
thatthesameholdswith MTI or something analogousin placeof TI:

Proposition5.2.2(Exponentially stableSpF) Let -$V TI beinverse-closedand
adjoint-closed(cf. Theorem4.1.1andLemma4.1.3),andset W- : �(-X� TIC and- r : �)� er R K e " r R �� K( %-
��LÄW- r : �)� er R Z e " r R �� ZI ]W-
��L r  R e (5.8)

Assumethat ω m 0, KP 
- " ω
/
U 0��D- ω

/
U 0 (e.g., K(�PK z  
- " ω

/
U 0 ), and K has

thespectral factorization K:�X¹ z º , where ¹ÇLtºI ��!W- / U 0 .
Then¹ÇLtºY +�!W- " ε

/
U L Y 0��
W- " ω

/
U L Y 0 for someε m 0; in particular, º æ 1 and¹ æ 1 areexponentially stable.

In particular, if KY�IK z  MTI is “exponentially MTI”, i.e., K) MTI " ε for
someε m 0, thenits (possible)spectralfactorsare“exponentially MTI”.

Proof: Because º���¹<" z K= �- " ω (recall that �j¨ z �� ¨X +- ω ����- " ω, by
Lemma4.1.3(b)),we have º " 1  
- " ε for someε m 0, by Lemma2.2.7. But- r �,W-¬VñW- r for r  R, hence º£ )�%W- " ε

/
U L Y 0\�,W- " ω

/
U L Y 0 . Similarly,¹X�.º<" z K z  ��!W- " ε

/
U L Y 0��¿W- " ω

/
U L Y 0 . E
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Now we turn our attentionto MTI maps. Our first task is to show that the
invertibility of theToeplitzoperatorof K( MTI impliesthatof its discretepart:

Lemma 5.2.3(MTI Toeplitz) For Kc MTI ( � MTId & L1 J ) we write K d : �
Π
/ KU0 for thediscretepart (of theform ∑∞

k � 1Lkδ
/ u93 tk 06J )

Let K. MTI
/
U L Y 0 .

(a) If K( �� TI then K d  �� MTId.

(b) If K= MTI
/
U L Y 0 and π g K π g  .�<' / L2 0 , then π g K dπ g  .�<' / L2 0 (andKMLtK d  �� TI)

(c) If K. MTI
/
U 0 and K(k 0, then K d k 0.

Proof: (a)This is containedin Theorem4.1.1.
(b) We will prove that if the Toeplitz operatorT µ : � π g K π g of KP MTI

is coercive, i.e., 5 T µ u 5�k εu for all u  π g L2, thenso is T µ d (with the same
ε m 0).

Claim (b) follows from this, becauseT is invertible if f T and T z are
coercive, by Lemma A.3.1(c3). (The last two claims follow from (a) and
Lemma2.2.2(a1).)

Define ¨X MTId and f  L1 by ¨ : �)K d and f J : �=K�3�¨ (so that KP�¨ u & f J u for all u  L2).
Let δ m 0 be arbitrary. Let u  L2 / R g ;U 0 be otherwisearbitrary but5 u 5 2 � 1. By LemmaD.1.11(b),thereis Tδ m 0 s.t.

T m Tδ �\#ÿ5 ff / u×0 fu / u93 iT 0x5 2 q δ e (5.9)

Because f¨ / i u×0 is almostperiodic,by LemmaC.1.2(h2),thereis T m Tδ s.t.5Bf¨ / it 0�3%f¨ / i / t 3 T 0A0x5lq δ for all t  R. Therefore(recallthat ëπ g fu : � ãπ g u, hence5 ëπ g 5l��5 π g 51� 1; notealsothat 5 eiT R u 5 2 ��5 u 5 2 � 1 and ò ó / eiT R u0È� fu / uA3 iT 0 )5 π g ¨ u 5 2 � 5 π g eiT R ¨ u 5 2 � 5 ëπ g ò ó / eiT R ¨ u 0x5 2� 5 ëπ g ã/ ¨ u 0 / u93 iT 0x5 2 � 5 ëπ g f¨ / u93 iT 0 fu / u93 iT 0x5 2k 5 ëπ g f¨ fu / u93 iT 0x5 2 3(5 ëπ g ± f¨ / u93 iT 0G3Qf¨�² fu / u93 iT 0x5 2k 5 ëπ g f¨ fu / u93 iT 0x5 2 3(5 δ fu 5 2 k 5 ëπ g fK fu / u93 iT 0x5 2 3(5 ëπ g ff fu / u93 iT 0x5 2 3 δk 5 ëπ g fK fu / u93 iT 0x5 2 3 δ 3 δ � 5 π g K eiT R u 5 2 3 2δ� 5 π g K π g eiT R u 5 2 3 2δ � ε 3 2δ e
Becauseδ m 0 wasarbitrary, 5 π g ¨ u 5 2 k ε � ε 5 u 5 2.

(c) To obtaina contradiction,assumethat K. MTI
/
U 0 , K.k 0 and K d �k 0.

Then fK,k 0 on iR but thereis u0  U s.t.g : � Î u0 LbfK d
/ u×0 u0Ð U satisfiesg

/
ir 0 0M�k 0

for somer0  R.
Set δ : � d

/
g
/
ir0 09LB± 0 LÛ& ∞ 0A0 0. Let f  L1 / R; ' / U 0A0 be the one for whichK,�YK d & f J . By LemmaD.1.11(b),thereis Tδ m$w r0 w s.t. 5 ff / ir 0x5 8^~ U ��q δ forw r w`m Tδ.
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BecausefK d
/
i u×0 is almostperiodic,by LemmaC.1.2(h2),thereis T m 2Tδ

s.t. 5`fK d
/
it 0G3�fK d

/
i
/
t 3 T 0A0x5Sq δ | 2 for all t  R. ThenthedistancefromÎ

u0 LbfK / ir0 & T 0 u0Ð � g
/
ir0 & T 0�& Î u0 L ff / ir0 & T 0 u0Ð (5.10)

to ± 0 Lb& ∞ 0 is greaterthanδ 3 δ | 2 m 0, acontradiction,asrequired. E
Next westatethespectralfactorizationresultsof Yuri Karlovich [Karlovich91]

andothersfor matrix-valuedatomicmeasures:

Lemma 5.2.4 Let K:� MTId
/
Cn 0 . Then K hasa spectral factorization K:�Y¹ z º

with ¹ÇLbºI �� MTICd
/
Cn 0 iff π g K π g  �� / π g L2 0 .

Moreover, if suppd
/ KU0pV S, whereS � S 3 S V R, thensuppd

/ ºØ0}L suppd
/ ¹<0SV

S.

In particular, if theatomsof fK areatpointsnT, n  Z for someT m 0, thenso
arethoseof º .

(Note from Lemma5.2.1(f) that the factorizationis uniquemodulo a multi-
plicativeconstant.)

Proof: The first claim is a rephrasementof the equivalence“4) [ 6)” of
Theorem7 of [Karlovich93] (use the fact that K π g & π " is invertible on
L2 / R;Cn 0 if f π g K π g is invertible onL2 / R g ;Cn 0 , by LemmaA.1.1(b1)&(b2)).

TheS-claim follows from [RSW, Theorem6.1]. E
Weshallusethefollowing lemmain thepositivecase:

Lemma 5.2.5(MTIdMTIdMTId SpF when 5 I 3
K<5Çq 15 I 3
K�5Çq 15 I 3
K�5Çq 1) Assumethat K� MTI d
/
U 0 and5 I 3
K�5 TI ~ U ��q 1. ThenK]�X¹ z º for someº4Lv¹I �� MTICd

/
U 0 .

Moreover, if suppd
/ KU0pV S, whereS � S 3 S V R, thensuppd

/ ºØ0}L suppd
/ ¹<0SV

S.

Proof: 1a(Ké�¶¹ z º for some º4Lt¹Ö c� MTICd
/
U 0 : Condition 5 I 3K<5 TI ~ U �\q 1 is equivalent to conditionsupt Á R 5 I 3�fK / it 0x5 8^~ U �^q 1, by Theorem

3.1.3(d)andTheorem2.6.4(e1).
By TheoremI of [BR], it followsthat K��:¹ z º for someº4Lt¹. MTICd

/
U 0 .

2a suppd
/ ºØ0}L suppd

/ ¹<0�V S: Assumethat suppd
/ KU0{V S and S � S 3

S V R. We shall examine the proof of Theorem I so as to show that
suppd

/ ºØ0xL suppd
/ ¹<0MV S. (NotethattheFouriertransformof [BR] hasanextra

reflection;this is justamatterof notation.)
By LemmaC.1.2(f5),wehave 5 A 3 I 5 8^~ AP� 7 5 A 3 I 5 ∞ q 1. FromLemma

C.1.2(f4)weobserve that 5 Π � 0 H g ∞ �A5 8^~ AP� 7 1. Consequently,º g φ : � ∑
k Á N / Π �0 H g ∞ � / I 3 A0 Π � 0 H g ∞ �O0 kφ (5.11)

convergesin AP
/
R;U 0 , for all φ  U , whereAP denotestheBesicovich space

(seeLemmaC.1.2(f4)).Sincetheatomsof
/
Π � 0 H g ∞ � / I 3 A0 Π � 0 H g ∞ �ý0 k belongto

S � � 0 �p� S, for eachk  N, alsotheatomsof º g φ belongto S. Becauseφ  U
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wasarbitrary, theatomsof º g belongto S. By p. 18 of [BR], º g  ôMTICd,
henceº g  ôMTICd H S,

By analogousproofs,oneshows that ¹ g  ôMTICd H S and º "  ôMTICd H S z .
FromtheformulaA � / I &¿º " 0b¹ g of p. 51of [GL-Identity] (which is thebasis
of theproofof [BR]), weobservethat ¹ g �:º , I &
º " �:¹ z , whereK��:¹ z º is
aspectralfactorizationof K . Thiscompletestheproof (recallLemma5.2.1(f)).E
Indeed,thepositivecaseis obtainedasa corollary:

Corollary 5.2.6 Let K$ MTI d
/
U 0 . Then K Å 0 [�K=�cº z º for some º� � MTICd

/
U 0 .

Moreover, if suppd
/ KU0ØV S, whereS � S 3 S V R, thensuppd

/ ºØ0xL suppd
/ ¹<0SV

S.

Proof: Set ¨ : �,KU|15AK<5 TI  MTId
/
U 0 . ThenI k�¨ Å 0, hence5 I 3{¨C54q 1,

by LemmaA.3.1(b9). By Lemma5.2.5, it follows that ¨(��¹ z ü for some¹ÇLvü. MTICd H S. UseLemma5.2.1(a)&(f) to observe that ¨�� Wº z Wº for someWºI MTICd H S. Set º : ��5AK<5 1� 2TI
WºI MTICd H S. E

Now wecancombinetheaboveresultsto two theorems:

Theorem5.2.7(MTI spectral factorization) Let S � S 3 S V R, and let either
(1.) or (2.) hold,where

(1.) - is oneof theclassesMTI L1
, MTIL1 H 8GF

, MTITZ , MTI
8GF
TZ , MTId H TZ , and

MTI
8GF
d H TZ ;

(2.) dimU q ∞ and - is oneof theclassesMTI , MTI d, MTIS, andMTI d H S.

Let K$ �- / U 0 , and set W- : ��-=� TIC. Thenthe Toeplitz operator T µ : �
π g K π g  !' / L2 / R g ;U 0t0 is invertibleiff K hasa spectral factorizationK]�X¹<z9º4L where º4Lt¹I ��!W- / U 06e (5.12)

Let K , º and ¹ beasabove. ThenK d �X¹ zd º d is alsoa spectral factorization
(in MTId), where

/ 0 d denotesthediscretepart. Moreover, if suppd
/ KU0�V S, then

suppd
/ ºØ0pV S andsuppd

/ ¹<0MV S.
If, in addition, ω m 0 and K£ Y- " ω �®- ω, then ¹ÇLbºÖ $�{W- " ε

/
U L Y 01�W- " ω

/
U L Y 0 for someε m 0; in particular, º æ 1 and ¹ æ 1 areexponentiallystable.

If we merely know that Kc TI, then it is no longer guaranteedthat the
“canonicalfactors” º and ¹ arestable,seethenotesonp. 148for details.

However, positive results can be given also for certain other cases,see
Theorems5.2.8and9.2.14.

Proof: 1a Thediscretepart K d ��� z ü :
If (5.12)holds,thenT " 1µ � T Ú�� 1T � � 1, so assumethat T µ is invertible. Then
sois T µ d , by Lemma5.2.3(b),sowe canfactor K d as � z ü , �)LAü. �� MTICd

( üÇL��  �� MTIC
8GF
d , if -�� MTIL1 H 8GF

, -�� MTI
8GF
TZ , or -�� MTI

8GF
d H TZ , because
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in thosecasesK d  MTI
8GF
d ) by Corollary5.1.4in case(1.) andby Lemma5.2.4

in case(2.).
Moreover, if suppd

/ KU0%V S, then suppd
/ ü<0vL suppd

/ �X0%V S, by Lemma
5.2.4 in case(2.); in case(1.) either S �¶� 0 � , in which case KSL6üÇL��ÿ ' / U 0 , or S containsa set of the form T � Z for someT �\m 0, in which case
suppd

/ ü<0vL suppd
/ �X0ØV T � Z V S, by Corollary5.1.4.

If K�3+K d � 0, thenwe can take º : ��üÇL@¹ : ��� to obtain the required
result,but in thegeneralcaseweproceedasfollows.

2a Theabsolutely continuouspart K ac : �.K!3�K d:
BecauseL1 J is anidealof MTI, and K ac  L1 J , wehave �P" z K ac ü�" 1 � g J for
someg  L1, hence � " z / K d &®K ac 0tü " 1 � I & g (5.13)

canbe factorizedas � z	� with �ML �  :� MTICL1
(with �ML �  :� MTICL1 H 8GF

, if
( K ac andhence)g J� L1 / R; '{o / U 0t06J ), by Theorem5.1.2andthe invertibility
of T 
 ��� µ�
 � 1, which follows from Lemma2.2.2(b).

Thus, we have K��T¹ z º , where ¹ : �����  I� MTIC and º : � � üP � MTIC. Moreover, ¹ d ��� d � d ��� d ��� and º d � � dü d �Yü d �Yü , henceK d �.¹ zd º d.
Thelastparagraphof thetheoremfollows from Proposition5.2.2. E

Theassumption thattheinputspaceU mustbefinite-dimensional, is probably
superfluouseven in case(2.); there may be expectedresultsin this direction
in the near future. We have written this work basedmore on hypotheses(see
Hypothesis8.4.7)thanonclasses,in orderfor thereaderto easilyincorporateany
new factorizationresultsto thiswork.

In theuniformly positivecase(whichcanbeusedfor minimizationproblems,
positive andboundedreal lemmasandanalogous),we do not needany dimen-
sionalityrestrictions:

Theorem 5.2.8(PositiveMTI SpF) LetU bea Hilbert space, let S � S 3 S V R,
andlet - beoneof theclassesTI, MTI , MTI d, MTIS, MTId H S, MTIL1

, MTIL1 H 8GF
,

MTITZ , MTI
8GF
TZ , MTId H TZ , andMTI

8GF
d H TZ .

Let K� �- / U 0 , and set W- : ��-�� TIC. Then K Å 0 iff K has a spectral
factorization K]�XºØz�º4L where ºI ��%W- / U 09e (5.14)

Let K and º be as above. Then K d �)º zd º d is also a spectral factorization
(in MTId), where u d denotesthe discretepart. Moreover, if suppd

/ KU0nV S, then
suppd

/ ºØ0MV S.
If, in addition, ω m 0 and KP Q- " ω, then º� :�{W- " ε

/
U L Y 0��+W- " ω

/
U L Y 0 for

someε m 0.

If KYk 0, then K Å 0 iff K is invertible; equivalently, if f π g K π g is invertible
(by LemmaA.3.1(b1)andLemma2.2.2(d)).

Proof: 1a If (5.14)holds,then, K Å 0, by, e.g.,Lemma5.2.1(a).
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2a Let K Å 0. Thenπ g K π g Å 0, by Lemma2.2.2(d),hencethe claims
follow from Theorem5.2.7 (becauseK��Tº z Sº , by Lemma 5.2.1(d), and
clearly S Å 0, so Kc� / S1� 2 ºØ0 z / S1� 2 ºØ0 , ºñ W- ) when we note that the
assumption dimU q ∞ in the proof of Theorem5.2.7canbe removed in this
positivecase,by using,in case(2.),Corollary5.2.6insteadof Lemma5.2.4and
Lemma5.2.3(c)insteadof (b).

3a The exponential(measure)stability is obtainedas in Theorem5.2.7.E
We have presentedour spectralfactorizationresultsfor severalsubclassesof

MTI in orderto getmorespecificinformationon thesmoothness of thespectral
factors.Forexample,theuniformhalf-plane-regularityof MTICL1

mapsallowsus
to evensimplify theRiccatiequations,providedthat thePopov operatorbelongs
to MTIL1

.

Notes
Exceptfor (e) and the TICexp claims,Lemma5.2.1 is containedin Lemma

4.3of [S98c].Proposition5.2.2wasestablishedin thefinite-dimensionalpositive
MTITZ casein Lemma3.3of [Winkin], by usinganalyticextensions.

For finite-dimensional U , most of Theorem5.2.8 (for MTI L1
, MTId and

MTITZ) is containedin Theorem3.1Mof [Winkin] (andin [CW99]). AlsoLemma
5.2.3(c)andour strategy to startwith a factorizationof thediscretepartarefrom
[Winkin]. (ThespaceU is assumedto befinite-dimensionaland K is assumedto
beuniformly positiveeverywherein [Winkin].)

As obvious from the proof, Lemma5.2.4 is essentially containedin [RSW]
(originating in [Karlovich91] and the joint articlesof Yuri Karlovich and Ilya
Spitkovsky et al.).

Lemma5.2.5 and Corollary 5.2.6 are essentiallycontainedin [BR] except
for the claimson S. Our proofsusethe ideasof the proof of Theorem6.1 of
[RSW]. The exact assumption in [BR] is “ w Î fK u0 L u0Ð w�k ε 5 u0 5 2U ”, henceslightly
more generalthan “ K Å 0” (but doesnot allow for, e.g., K�� � I 0

0 " I � ). See
[Karlovich93] (particularly Theorems14 and 15) for similar (not analogous)
factorizationresultsfor [semi-]almost periodic functions(with valuesin Cn h n),
for further equivalent conditions and for factorizationsof functionswith non-
invertibleToeplitzoperators.

For any K] TI s.t. K]k 0, theinvertibility of theToeplitzoperatoris equivalent
to the existenceof a spectralfactorization,by Theorem5.2.8. For a generalK= TI s.t. π g K π g is invertible, we needan extra assumption, as in Theorems
5.2.7,Theorem9.2.14or 9.14.4.

Indeed,for a generalKY TI
/
Cn 0 s.t.π g K π g is invertible, we only know the

existenceof a “Generalizedcanonicalfactorization”(seeSection9.15,[CG81]or
[LS]) wherefK®� f¹ z fº a.e.on iR andtheCayley transformsof fºDL f¹, H

/
C g ;Cn h n 0

areinvertible in H2 over theunit disc. By Example8.4.13,these(uniquemodulo
a multiplicative constant)generalizedfactorsneednot bewell-posed(i.e., fº andf¹ maybeunboundedat infinity) unlessn � 1.

In and below Theorem9.14.6,we extend the above resultson generalized
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canonicalfactorizationfor infinite-dimensionalU (assumingthat K is theToeplitz
operatorcorrespondingto somecostfunction;this is theonly casefor whichsuch
factorizationsareneededin controltheory). In this weaker result, fº / ū×0 z and fº<" 1

areonly known to beH2
strongover theunit disc(H2

strong
/
D; ' / U 0A0 ).

Obviously, the Cayley transform makes spectral factorization of
H∞ / C g ; ' / U 0A0 mapsequivalent to the spectralfactorizationof H∞ / D; ' / U 0t0
maps.Unlike in continuoustime, thegeneralizeddiscrete-timecanonicalfactors
are always well-posed,by Theorem9.14.6,but still not necessarilystable,as
notedin Example8.4.13.Seealsothenotesonpp.141and543.
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Chapter 6

Well-PosedLinear Systems(WPLS)

It mustbe remembered that there is nothing more difficult to plan,
more doubtfulof success,nor more dangerous to manage, than the
creationof a new system.For the initiator hastheenmityof all who
would profit by the preservationof the old institutions and merely
lukewarmdefenders in thosewhowouldgainby thenew ones.

— NiccoloMachiavelli (1469–1527)

In this chapter, we shall presenta theory on most aspectsWPLSs; only
dynamicstabilization is left for thenext chapter.

Section6.1 treatsthebasicpropertiesof WPLSs:stability, realizationtheory,
generatorsanddualsystems.

In Section6.2,we list thebasicfactsonregularity, whichmeanstheexistence
of a feedthroughoperatorin a weak sense. This leadsto generalizationsof
classicalstate-spaceand frequency-spaceformulaefor the mapsthat comprise
thesystem,e.g.,of equationsx�Ë� Ax & BuL y � Cx & Du for thestateandoutput
andequationfZ / s0�� D & C

/
s 3 A0 " 1B for thetransferfunctionareestablishedin

aweaksenseusingtheWeissextensionof C.
Not all WPLSshave a feedthroughoperatorD, but therearealwayswaysto

definea compatible pair
/
Cext L D 0 s.t. theabove formulaebecomevalid; however

this theoryis lessfruitful andhencelessimportantthanthat of regular WPLSs.
Compatiblepairsarestudiedin Section6.3,wherewealsopresentfurtherresults
on regularity, [strongor weak] L p impulseresponsesandHp transferfunctions,
relationsbetweenaWPLSandits generators,andreachabilityandobservability.

In Sections6.4 and6.5, we defineandstudycoprime,spectraland lossless
factorizations.Theimportanceof thesefactorizationsis duethefactthatin many
control problems,the existenceof a (nonsingular)solution is equivalent to the
equivalenceof sucha factorization;also dynamic feedbackis intimately con-
nectedto coprimefactorization.We alsopresenttwo weakformsof coprimeness
thatareusefulin infinite-dimensionalsettings,theweakerof thembeinginvariant
under(inverse)discretizationandhenceallowing us to reduceseveral resultsto
thesimpler discrete-timetheory.

Sections6.6 and6.7 treat statefeedback,output injection and staticoutput
feedback.In Section6.8,we studysystemswhosesemigroupis smoothing (e.g.,�

Bu0  Lp
loc

/
R g ;H 0 for all u0  U ).
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In Section6.9, we show that a transferfunction fZ has a realizationwith
boundedB if f fZ]3 fZ / & ∞ 0U H2

strongoversomeright half-plane.Wealsoestablish
analogousresultsfor realizationswith boundedC and for Pritchard–Salamon
realizations.

To getashorterintroductionto WPLSs,justreadthepartsof Sections6.1,6.2,
6.4and6.6thatseeminteresting. Throughout thischapter, thelettersH, U , W, Y,
Z, Hk, Uk andYk (k  N) denotearbitrary(complex) Hilbert spaces.
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τÃ Z�x0 �u� x x � � x0 & � τu� y y �PÃ x0 &+Z u

Figure6.1: Input/state/outputdiagramof thesystemΣ

6.1 WPLS theory

Foolproofsystemsdon’t take into accounttheingenuityof fools.

— GeneBrown

We start by defining WPLSs; seep. 22 for a motivation. Our formulation
followsthatof Olof Staffans.Thecorrespondenceto Weiss’notation is explained
onpp.158and166.RecallalsothatL2

ω � eω R L2 �)� f �� e" ω R f  L2 � .
Definition 6.1.1(WPLS and stability) Letω  R. Anω-stablewell-posedlinear
systemon

/
U L H L Y 0 is a quadruple1Σ � � � �� I � , where

�
,
�

, Ã , and Z are
boundedlinear operators of thefollowingtype:

1.
� /

t 0 : H � H is a strongly continuoussemigroupof boundedlinear opera-
torsonH satisfyingsupt Á R Â 5 e" ωt � / t 0x5Sq ∞;

2.
�

: L2
ω
/
R;U 0U� H satisfies

� /
t 0 � u � � τ

/
t 0 π " u for all u  L2

ω
/
R;U 0 and

t  R g ;

3. Ã : H � L2
ω
/
R;Y 0 satisfiesÃ � / t 0 x � π g τ

/
t 0vÃ x for all x  H andt  R g ;

4. Z : L2
ω
/
R;U 0p� L2

ω
/
R;Y 0 satisfies τ

/
t 0bZ u ��Z τ

/
t 0 u, π " Z π g u � 0, and

π g Z π " u �YÃ � u for all u  L2
ω
/
R;U 0 andt  R.

We write Σ  WPLSω
/
U L H L Y 0 (or Σ  WPLS if we do not wish to specify

stability).
Thedifferentcomponentsof Σ � � � �� I � are namedasfollows: U is the input

space, H thestatespace, Y theoutputspace,
�

thesemigroup,
�

the reachability
map, Ã theobservability map, and Z theI/O map(input/outputmap)of Σ.

Weallow therightcolumn(or thebottomrow) tobeempty, e.g.,wecall � � � �
aWPLSiff 1. and2. aresatisfied;this is equivalentfor � � �0 0

� beingaWPLS(for
any Y). Thesameappliesto � � � � .

Intuitively, the reachabilitymap
�

mapspastcontrolsinto the presentstate,
the observability map Ã mapsthe presentstateinto futureobservations, andthe
I/O map Z mapsinputsinto outputsin a causalway. Thecondition “4.” imposed
on Z requiresthat Z$ TICω

/
U ;Y 0 andthat the Hankel operatorinducedby Z

is equalto Ã � . Thedefinitionsof this sectionaremoreextensively explained in
[Sbook](or in [S97b]–[S98c]).

1This is anordinarymatrixwith operator-valuedelements(cf. Appendix A). Therule linesare
just for makingtherecognitionof elementseasier, especiallyin thecaseof multiblock elements.
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Obviously, axioms2. and3. imply that
�

π g � 0 � π " Ã . Sinceπ g L2
ω V π g L2

ω ¾
andπ " L2

ω ¾ V π " L2
ω, continuously, for any ω �Nm ω, wecanincreaseω in Definition

6.1.1(usealsoLemma2.1.11)whenwe identify
�

, Ã and Z with their unique
continuous(restricted)extensions:

Lemma 6.1.2(WPLSω V WPLSω ¾WPLSω V WPLSω ¾WPLSω V WPLSω ¾ ) Let � � �� I �  WPLSω for someω  R. Then� � �� I �  WPLSω ¾ for all ω ��m ω. E
(This is Lemma2.4of [S98a].)
Wealsonotethatif � � �� I �  WPLSω and � � �� ¦ �  WPLSω, then � � ���� ¦ I �  

WPLSω. However, having � � � � L � � � �  WPLSdoesnot imply that � � �� I �  
WPLS for any Z (unlessB or C is bounded;seeLemma 6.3.16), by Exam-
ple6.3.24.

Definition 6.1.3(Stability) Let Σ � � � �� I �  WPLS
/
U L H L Y 0 andω  R.

If axiom1. (resp.2.,3.,4.) of Definition6.1.1holds,thenwesaythat
�

(resp.�
, Ã , Z ) is ω-stableandΣ is internally(resp.input,output,I/O) ω-stable.

If Σ is [internally] ω-stableand e" ωt � / t 0 x � 0 strongly (resp.weakly)as
t � ∞ for all x  H, thenΣ is [internally] strongly(resp.weakly)ω-stable, and

�
is strongly(resp.weakly)ω-stable. Wecall

�
strongly(resp.weakly)ω-stableif

�
is ω-stableand

�
τtu � 0 strongly(resp.weakly),ast �Ö& ∞, for all u  L2

ω
/
R;U 0 .

For Ã and Z , “stronglystable” or “weaklystable” means“stable”.
If Σ  WPLSω for someω q 0, thenΣ is exponentially stable.Theprefix “ 0-

” is usuallyomitted(e.g., Σ is strongly stableiff it is stableand
� /

t 0 x0 � 0 as
t �¡& ∞, for all x0  H).

An output stable and I/O-stable WPLS is called a Stable-Output(Well-
PosedLinear) System(or SOS-stable); we denotesuch systemsby SOS (or
SOS

/
U L H L Y 0 ). Thus,WPLS0 V SOS V WPLS: � � ω Á RWPLSω.

Sometimes“strongly stable”is called“asymptoticallystable”and“exponen-
tially stable”is called“uniformly stable”.Obviously, “exponentially strongly” is
equivalentto “exponentially”.

If Σ is minimal andfinite-dimensional,thenit is stableif f it is exponentially
stable. Whenever dimH q ∞, the systemis strongly(or weakly) stableif f it is
exponentiallystable(if f theeigenvaluesof thegeneratorof

�
have negative real

parts). Therefore,in finite-dimensional control theory, “stable” usually means
“exponentiallystable”(andthesameappliesto stabilizability anddetectability);
this practise is common also in earlier infinite-dimensional theory, but less
commonin thetheoryof WPLSs.

TheWPLSΣ is exponentially stableif f
�

is exponentiallystable,by Lemma
6.1.10(a1),but theω-stability of

�
doesnot imply thatof Σ. If Σ is stronglystable,

thensois
�

(and
�

), by Lemma6.1.13that
SOS-stabilitymeansthat the systemmapsany initial statex0  H andinput

u  L2 / R g ;U 0 continuously to the outputy �=Ã x0 &�Z u  L2. It is theweakest
assumptionthat allows one to use the stablecasemethodsfor most control
problems(thisassumptionwasmadein [WW] too).

Wedefinedualsystemsasin Proposition6.1of [WW]:
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Lemma 6.1.4(Dual systemΣdΣdΣd) Let Σ � � � �� I �  WPLSω
/
U L H L Y 0 , ω  R.

Thenits dualsystem(or (causal)adjoint system)

Σd : �¡» � d Ã d� d Z d ¼ : �¬« � z Ã z R

R
� z RZ z R­ (6.1)

is in WPLSω
/
YL H L U 0 . Moreover,

/
Σd 0 d � Σ. E

(We leave the simple verification of the lemma to the reader.) For the
generators( � A � C �

B � � or � A � C �
B � D � � ) of Σd, seeLemma6.1.16andLemma6.2.9(b).

Notethatourdualsystemsarecausalunlike thosein [S95]–[S98d].
Here

/
Ru0 / t 0 : � u

/ 3 t 0 (hence R: L2
ω � L2" ω is an isometric isomorphism).

Theadjointsaretakenwith respectto theL2 innerproduct(i.e.,without a weight
function);e.g.,for ÃP {' / H L L2

ω
/
R;Y 0A0 we have that Ã z  {' / L2" ω

/
R;Y 09L H 0 and

(cf. LemmaA.3.24)Î Ã x L yÐ�� L2
ω
H L2� ω � : � � R

Îb/ Ã x 0 / t 06L y / t 0 Ð Y dt � Î x LyÃ z yÐ H /
x  H L y  L2" ω

/
R;Y 0A09e

(6.2)
(Equivalently, Ã z �XÃ He" 2ω R , whereÃ H is theadjointof Ã w.r.t.

Î uÌLtu Ð L2
ω
; notealso

that Ã z ��Ã z π g , Ã H �$Ã Hπ g .) This makes Σd independentof ω (cf. Lemma
6.1.2),and Ã d becomesα-stableif f Ã is α-stablefor any α  R; thesameapplies
to
�

,
�

and Z .
Note that L2" ω is the dual of L2

ω with respectto this (weightless)L2 inner
product. Notealsothat thestandardinvolution rulesapply, e.g.,

/ ZSÃ40 z �)Ã z Z z
and

/ Ã � 0 z � � z Ã z regardlessof ω.
In control theory, oneusuallyassumesthesystemto have an initial value(at

t � 0, w.l.o.g.) anda control(on
/
0 L ∞ 0 ). Sometimesthesystemis assumedto be

controlledfrom 3 ∞ to ∞ (usuallythelattersettingis only usedin proofsof results
for theformersetting).We formulatethis in detail:

Definition 6.1.5(Stateand output — � � �� I � : ± x0
u ²���·± xy ² ) In the initial value

settingwith initial time zero, initial value x0  H, and control (or input) u  
L2

ω
/
R g ;U 0 , the controlled statex

/
t 0Ç H at time t  R g and the output y  

L2
ω
/
R g L Y 0 of Σ aregivenby (cf. Figure 6.1)« x / t 0

y ­ �_« � / t 0 � τ
/
t 0Ã Z ­ « x0

u ­ �_« � / t 0 x0 & � τ
/
t 0 uÃ x0 &+Z u ­ e (6.3)

In the time-invariant setting, the controlled statex
/
t 0S H at time t  R and

theoutputy  L2
ω
/
R;Y 0 of Σ with control (or input)u  L2

ω
/
R;U 0 aregivenby« x / t 0

y ­ �¬« � τ
/
t 0 uZ u ­ e (6.4)

SometimesweusetheSalamon–Weissnotation(τt : � τ
/
t 0 and)« � t � tÃ t Z t ­ : �_« � /

t 0 �
τ
/
t 0 π � 0 H t �

π � 0 H t �OÃ π � 0 H t � Z π � 0 H t � ­ : « x0

u ­ �� « x
/
t 0

π � 0 H t � y­ e (6.5)
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Becauseof (6.3),wesometimesdenoteΣ by � � � τ� I � (naturally, “Σ : ± x0
u ²}��¡± xy ² ”

refersto � � � τ� I � ).
To treatbothsettings at once,we sometimesallow for u  L2

ω
/
R;U 0 in (6.3)

(but we areinterestedonly in caseswherex0 � 0 or π " u � 0). By causality, the
stateandoutputarewell definedfor u  L2

loc

/
R g ;U 0 too (with y  L2

loc

/
R g ;Y 0 );

cf. Definition2.1.1.
G. Weiss et al. use symbols ¤! t Φt

Σt ¥ t § : �Ê¤ � t � t� t I t § , and define WPLSs by

requiring this quadrableto be linear and continuous H � L2 / R g ;U 04� H �
L2 / R g ;Y 0 (i.e., by requiringΣ to be locally continuous) and to satisfy, instead
of (2.)–(4.),thealgebraicconditions� s g t / u" sv0�� � t � su & � t vL (6.6)Ã s g tx0 �PÃ sx0 " sÃ t � sx0 L (6.7)Z s g t / u" sv0��XZ su" s

/ Ã t � su &+Z t v0 /
u L v  L2 / R g ;U 06L x0  H 0 ; (6.8)

here u" sv : � π � 0 H s� u & τ " tv (
�

is still required to be a C0-semigroup). By
discretization(seeTheorems13.4.4and13.4.5,or the proof of Lemma6.1.10),
it thenfollows from Lemma13.3.3(b)thatΣ is ω-stablefor any ω m ωA (where
ωA is thegrowth rateof

�
), hencethe two definitionsof WPLSs(andthatof D.

Salamon)areequivalent (see[Sbook]for details).
Of thesetwo notations,we try to usetheone(often“ � � �� I � ”) that leadsto a

simplerformula.Obviously, (6.3) impliesthat,for sL t k 0, wehave« τsx
/
t 0

π g τsy­ �¬« x / t & s0
y
/ uA& s0 ­ �¬« � t � tÃ Z ­ « x

/
s0

π g τsu­ e (6.9)

Fromaxiom4. of Definition6.1.1weconcludethat

π � t H∞ � Z π ~ " ∞ H t �G� τ " t Ã � τt /
t  R 09e (6.10)

“Shift semigroup systems”areoften usedasrealizationsof given I/O maps;
thesesystemsareusefulfor WPLSstoo; indeed,every well-posedI/O maphasa
realizationasaWPLS:

Definition 6.1.6(Realizations) Let ZT TICω
/
U L Y 0 , ω  R. If Σ � � � �� I �  

WPLS
/
U L H L Y 0 for someHilbert spaceH, thenwe call Σ (togetherwith H) a

realizationof Z .
Wecall the(strongly ω-stable)system

Σω : � « π g τ π g Z π "
I Z ­  WPLSω

/
U L L2

ω
/
R g ;Y 09L Y 0 (6.11)

theexactlyω-observablerealizationof Z .
ThesystemΣω  WPLSω

/
U L H L Y 0 , whereH : �Y� π g Z π " u �� u  L2 / R;U 0A� and5 x0 5 2H : ��5 x0 5 2L2

ω
& inf

u Á L2
ω
H π Â I π � u� x0

5 u 5 2L2
ω

/
x0  H 09L (6.12)

is theminimalω-stableexactly ω-observablerealizationof Z .

(Notethatwehave identifiedthetwo systems(“Σω”), althoughthesemigroup
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and the outputmapof the latter systemareactually restrictionsof thoseof the
former (andthe rangespacesof the semigroupandthe input maparerestricted
analogously).Thesituation with Lemma6.1.2wassomewhatanalogous.Despite
the name, the latter realization is not the only minimal ω-stable exactly ω-
observablerealizationof Z .)

Analogously, the ω-stable realization Σω : � � τπ � π �π Â I π � I � is exactly ω-
reachable(seeDefinition6.3.25).

The minimal ω-stablerealizationsof Z correspondnaturally one-to-oneto
“admissible” ω-stablefactorizationsof theHankel operatorπ g Z π " , asshown in
[S99] (combinedwith Remark6.1.9).

Obviously, Σω is a WPLS over
/
U L L2

ω
/
R g ;Y 09L Y 0 . It is alsoa WPLS over/

U L H L Y 0 :
Lemma 6.1.7 Let Z� TICω

/
U L Y 0 , ω  R. The minimal ω-stable ex-

actly ω-observable realization of Z is an ω-observable, exactly ω-reachable
(henceminimal) ω-stable WPLS.This realization is exactly ω-observableiff
π g Z π " ± L2

ω
/
R;U 0Û² is closedin L2

ω
/
R;Y 0 .

Proof: Set � � �� I � : � Σω. Set * : � Ker
/ � 0 ´ V L2

ω, so that 5 � u 5 2H : �5 � u 5 2
L2

ω
&=5 u 5 2

L2
ω

for all u  �* . Thus,T : � � w # : *Ä� H becomescoercive,

henceT  .�<' / *,L H 0 . Consequently, H is complete,hencea Hilbert space.
Moreover, H V

c
L2

ω.

Wehave π g τ
� � � t � � π g τt Z π " � � τtπ " / t m 0), hence5 � t � u 5 2H ��5 τt � u 5 2H &Y5 τtu 5 2L2

ω
7 e2ωt 5 � u 5 2H (6.13)

for u  {* , t k 0, by (2.2), hence 5 � t 5 8^~ H � 7 eωt , i.e.,
� w H is an ω-stable

semigroupon H (it neednot be stronglyω-stable,but it is weakly ω-stable),
becauseits semigrouppropertiesare inheritedfrom

�
and its strong(or C0-

)continuity on H follows from the fact that τt � u � �
u andτtu � u in L2

ω, as
t � 0& .

Because*_V L2
ω is closed,the orthogonalprojectionP : L2

ω �¶* is con-
tinuous, henceso is

� � TP  +' / L2
ω L H 0 . Obviously, Ã remainscontinuous

with this strongertopology of H V L2
ω and the other propertiesof the ex-

actly ω-observable realizationof Z are preserved (except that Σ is exactly
ω-reachableif f

�
is coercive on * , equivalently, if f

�
hasa closed-range,i.e.,

if f the Hankel operatorπ g Z π " (on L2
ω) hasa closedrange). It follows that

Σ  WPLSω
/
U L H L Y 0 . E

Example 6.1.8 The exactly observable realizationof Z : � τ
/ 3 10< TIC

/
C 0 is

givenby

Σ : � « � �Ã Z ­ : � « π g τ τ
/ 3 10 π � " 1 H 0 �

I τ
/ 3 10 ­  WPLS0

/
U L H L Y 09L (6.14)
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whereU � C � Y andH : � L2 / R g ;Y 0 . Thus,« � t � tÃ t Z t ­ ��» π g τt τt " 1π �max~ 0 H t " 1� H t �
π � 0 H t � τ " 1π � 0 H t " 1� ¼ : « x0

u ­ �� « x
/
t 0

π � 0 H t � y­ (6.15)

and

Σd : � » � d Ã d� d Z d ¼ : � » τ
/ 3>u×0 π g R

τ " 1π � " 1 H 0 � R τ
/ 3 10 ¼ e (6.16)

SeeExamples6.2.14,6.3.7,8.3.12and9.8.15for moreonΣ. $
We often assumethat ω � 0; the correspondingresultsfor generalω canbe

obtainedby shiftingstability (we extendhereRemark2.1.6):

Remark 6.1.9(Shifting stability) Let α L ω  R. Let % α bethestability shift (or
scalingoperator) K®�� eα R K e " α R . Then% α isanisometricisomorphismofTIω onto
TIω g α andof TICω ontoTICω g α (because± π g ² L2

ω g α � eα R ± π g ² L2
ω, isometrically).

Obviously, % απ æ � π æ % α, % ατ
/
t 0�� τ

/
t 0&% α, τ

/
t 0 eω R � eωteω R τ / t 0 (t  R), and

wehave% α
/ K\¨@0S� / % α KU0 / % α ¨^0ÍL % α

/
β K>& γ ¨Æ0S� β % α KD& γ % α ¨lL (6.17)/ % α KU0 " 1 ��% α K " 1 L / % α K@0jzU��% " α KUz�L (6.18)/ % α KU0 d ��% α K d L ã% α K]� τ

/ 3 α 06fK�e (6.19)

The operator % α can be extendedto a bijection of WPLSω
/
U L H L Y 0 onto

WPLSω g α
/
U L H L Y 0 , by therule

Σ �_« � �Ã Z ­ �� Σα : �_« � α
�

αÃ α Z α ­ : �¬« eα R � �
e " α R

eα R Ã eα R Z e " α R ­ e (6.20)

This extendedbijection preservesall properties of Σ modulothe change in
stability; e.g, thebijectiondoesnotaffectthenormsof

�
,
�

, Ã and Z (remember
thattheir domainsarechangedbytheamountα), nor theregularity of Z (becauseã% α Z / s0\��fZ / s 3 α 0 ), asoneeasilyverifies(see[Sbook]for details).

Moreover, this shift commuteswith themultiplication by staticoperators and
with the valid sumsand compositions of operators, hencethe shift of a system
(and its admissible stateor outputfeedback operators) correspondsto the same
shift of the closed-loopsystem(an analogousremarkappliesto all closedloop
systemscorresponding anydefinition givenin Summary6.7.1). E

(SeeSection6.2for regularityandSummary6.7.1for feedback.Theformulaã% α K��XfK / uA3 α 0 refersto Theorem3.1.3(a1);for K: TIC∞ it alsocoversTheorem
6.2.1.)

In Lemma6.2.9(c)wewill show thatthegeneratorsof % α � � �� I � are � A g αI C
B z �(or � A g αI C

B D
� if Σ is WR). Note that α m 0 decreasesstability, i.e., shifts the

transferfunction to the right. If Z u � µ J u for all u  L2
ω for a measureµ thenZ αu � / eω R µ0?J u for all u  L2

ω g α (seeDefinition2.6.3andLemmaD.1.12(d)for
details).

A systemis almostasstableasits semigroup:
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Lemma 6.1.10(Exp. stability) LetΣ � � � �� I �  WPLS
/
U L H L Y 0 and 3 ∞ q ω q

ω ��q ∞. Then

(a1) Σ is exponentially stableiff
�

is exponentially stable.

(a2) Σ  WPLSω and
�

τ  TICω
/
U L H 0 whenever ω m ωA.

(b1) If
�

is ω-stable, then
�

τ and Z are ω � -stable.

(b2) If
�

τ is ω-stable, then
�

and Z are ω-stable.

(b3) If Ã is ω-stable, then Z is ω � -stable, ZÇ± L2
c ²?V L2

ω, andhenceLemma2.1.13
applies.

(c1) If
�

is exponentially stable, then
� L6Ã� $' / H L L2 0 and

�
τ LýZ� 

TICexp
/
U LtJ}0 .

(c2) If
�

is exponentiallystable, thensoare Z and
�

τ.

(c3) If Ã is exponentially stable, thensois Z .

SeeLemmaA.4.5andTheorem6.7.10(d)for furtherequivalentconditions.
WhenA is bounded(or

�
is compactor differentiable),exponential stabiliz-

ability is equivalentto theconditionσ
/
A0UV C " ; for generalinfinite-dimensional

systemsthe latter conditionis strictly weaker, asillustratedin Example5.1.4of
[CZ].

(The“spectrumdeterminedgrowthcondition”supReσ
/
A0È� ωA holdsfor any

boundedA andany compactor differentiablesemigroup;see[CZ] or [Sbook]for
details.)

Proof: (Part (a1)wasindependently provedby D. SalamonandG. Weiss.)
All this follows from Lemma 13.3.8 through discretization,seeTheorems
13.4.4and13.4.5. E
If Ã is stable,then Z is “almoststable”,by (b3) above. We oftenusethis fact

combinedwith Lemma2.1.13,hencewe give theconclusions hereexplicitly:

Lemma 6.1.11 Let � � �� I �  WPLS and let Ã be stable. Then ZÇ± L2
c ²�V L2; in

fact, Z π � " T H T �  %' / L2 0 for all T m 0. Moreover, ZI TICω for all ω m 0.

SeeLemma2.1.13for furtherimplications.
Proof: We have Z π � 0 H 1 � �IZ 1 & τ " 1 Ã � 1  ¿' / L2 / ± 0 L 10 ;U 09L L2 0 , hencethe

claimsfollow from Lemma2.1.13. E
A mapis stableif f it mapsstableinputsto stableoutputs:

Lemma 6.1.12 Let � � �� I �  WPLSandω  R. ThenÃ is ω-stableiff Ã�± H ²�V L2
ω,

and Z is ω-stableiff ZÇ± π g L2
ω ²GV L2

ω.

Proof: Let Ã H V L2
ω. Then Ãc �' / H L L2

ω 0 , by LemmaA.3.6, becauseÃP %' / H L L2
α 0 for α : � max� ωA & 1 L ω � . Theconverseis trivial. Theclaim onZ is Lemma2.1.10(e). E

If(f)
�

is stable,thenthestrongstabilityof
�

impliesthatof
�

:
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Lemma 6.1.13(Strongly stable
� � �

) Let � � � �  WPLS
/
U L H Lv� 0 �x0 . Then

thefollowingareequivalent:

(i)
�

is strongly stable;

(ii)
�

is stableand
�

τ tu � 0, ast �¡& ∞, for all u  L2
c
/
R " ;U 0 ;

If � � � � is strongly stableor
�

is exponentially stable, then
�

is strongly
stable.

Proof: 1a (i) [ (ii): Obviously, (i) implies(ii). Assume(ii). Thenwe may
allow for any u  L2

c
/
R;U 0 (ii) (replacet by t & T for suitableT  R)), hence

for any u  L2 / R;U 0 , by continuity; thus,(i) holds.
2a If � � � � is strongly stable,and u  L2

c
/
R " ;U 0 , then

�
τT g tu �� t � τTu � 0, ast ��& ∞, thus,then

�
is stronglystable,by 1 a .

3a If
�

is ω-stable,ω q 0, then 5 � τtu 5 H 7 M 5 τtu 5 L2
ω
7 Meωt 5 u 5 L2

ω
� 0,

ast �Ö& ∞, for all u  L2
c
/
R g ;U 0 . Thus,then

�
is stronglystable,by 1 a . E

Assumefor a while thatdimH q ∞. Then
�

is stableif f σ
/
A0SV C " and

�
is strongly(or exponentially) stableif f σ

/
A0CV C " . However, for a non-strongly

stable
�

(sayH � C andA  iR), maps
�

, Ã and Z areunstableunlessthenon-
stronglystablepolesof

�
areunreachableor unobservable.

The strongstability of
�

doesnot imply that of
�

, Ã or Z , not even for
boundedA L B L C andD (cf. Lemma6.1.16):

Example 6.1.14 (
� � �

strongly stable �# � |�ÃS|�Z�# � |�ÃS|ËZ�# � |�ÃS|�Z stable) (It follows from Lemma
6.3.26(f)(or (d)), thatall systemsbelow areminimal.)

(a)LetY : � H : � U : �(� 2 / N & 10 (with naturalbase� ek : � χ ' k ( � ∞k � 1). Define
A  %' / H 0 by settingAek : ��3 k " 1ek

/
k  N & 10 .

Then 5 A 5 7 1 and
� t ek : � eAtek � e" t � kek

/
k  N & 1 L t k 00 , hence5 � t 5 7 1

(t k 0). Because
�

is stableand
�

ek � 0 for all k, thesemigroup
�

is strongly
stable,by LemmaA.3.4(H1).SinceA � A z , wehave

� � � z .
By Lemma6.3.16(a),the operators � A I

I 0 �  Q' / U � U 0 generatea wpls Σ : �� � �� I �  WPLS
/
U L U L U 0 . By Theorem6.2.11,f� � ë� τ ��fÃ(��fZX� / s 3 A0 " 1 � diag

/A/
s & k " 1 0 " 1 0 k Á N g 1 e (6.21)

Because
�

is obviously notexponentially stable,wehave f� � H∞ and f� � H2
strong,

by LemmaA.4.5, hence Z , Ã and
�

τ are unstable. Since
� �cÃ d, also

�
is

unstable.
(b) If, instead,we take Cek : � k " 1� 2ek, then fÃ / s0 ek �cfZ / s0 ek � k1) 2

skg 1ek (k  
N & 1), hence 5xfÃ x 5 2H2 � ∑k * iR w xk

k1) 2
skg 1 w 2 � π∑k w xk w 2 � π 5 x 5 22 for eachx  H,

so that then � � � � is stronglystablebut still Z is unstable(since 5ËfZ ek 5 ∞ � k1� 2
(k  N & 1)).

Onecouldshow thatthissystemis exponentially stabilizable(takeK � 2) but
notdetectable.

(c) ExchangeC andB � I in (b) to have � � � � strongly stablebut Ã andZ unstable.
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(d) By Example9.13.14(see
�,+

and
� d+ ), we canhave

�
, Ã and Z strongly

stablebut
�

and
�

τ unstable,and
�

,
�

,
�

τ and Z stronglystablebut Ã unstable.
(e)By (d),wecanhaveΣ minimaland

�
τ stablewithoutΣ beingexponentially

stable. $
(Thisstill leavestheopenquestionwhetherZ canbeunstablewhenboth Ã and�

arestable(andΣ is well-posed;cf. Example6.3.24).By usingrealization(6.11)
we obtainthat this is the caseif f someunstableZ� TIC∞ hasa stableHankel
operatorπ g Z π " ; thus,it might bethattheanswerto ourquestionis known.)

As onecaneasilyverify, in [S97b], [S98b] and[S98c] the stability assump-
tionson

�
and

�
werenot important:

Remark 6.1.15(SOSand [Staffans]) In [S97b], [S98b] and [S98c], exceptin
[S97b,Lemma21] and[S98a,Lemma3.5(ii)], wemaydrop theassumptionson
thestability of semigroups andinputmaps,if wedo thesameonconclusions. E

In the sequel,we will refer to thesearticleswith theseweaker assumptions
withoutany furthermention.

(We could, in addition, replacejoint stabilizability anddetectabilityby r.c.-
SOS-stabilizabilityIn particular, Sections5–7of [S98b] aretrue with thesetwo
replacementsandfor indefiniteStoo,cf. [S98c,Remark7.7]; however, wedonot
needthis.)

Next we will presentthe generatingoperatorsA, B andC of a WPLS; the
existenceof a feedthroughoperatorD dependsontheregularityof thesystemand
is thereforestudiedin Section6.2. As mentionedabove, theseleadto classical
formulaex�N� Ax & Bu, y � Cx & Du and fZ / s0\� D & C

/
s 3 A06" 1B andothersin a

weaksense.
Following thecustomarypractice,weshallset

H1 : � Dom
/
A09L H z1 : � Dom

/
A zB09L H " 1 : � / H z1 0AzjL H z" 1 : � / H1 0AzjL (6.22)

whereA is thegeneratorof
�

. Weshalltakeadjointsw.r.t. thepivot spaceH; e.g.,
H " 1 � H z1 � C denotestheuniquecontinuousextension of therestrictionof the
innerproductH � H � C to H � H z1 , seeDefinitionA.3.23for details.

A detaileddescriptionof this processis given in the lemmaand definition
below.

Lemma 6.1.16( � A B
C

� , H1, H " 1� A B
C

� , H1, H " 1� A B
C

� , H1, H " 1) Let Σ : � � � �� I �  WPLSω
/
U L H L Y 0 , ω  R.

LetA bethegenerator of
�

andlet α  σ
/
A0 c.

We set H1 : � Dom
/
A0 with 5 x 5 H1 : �_5 / α 3 A0 x 5 H (this is equivalentto

the graph norm), and defineH " 1 to be the completionof H under the norm5 / α 3 A06" 1 u}5 H (thusH1 V H V H " 1; H1 andH " 1 are independentof α modulo
anequivalentnorm).

Thefollowinghold:

(a) Theuniqueextension
�

H � 1 of
�

ontoH " 1 is a semigroup isomorphic to the
original

�
andthegenerator of

�
H � 1 anextensionof A; weidentify thetwo.

Thesituationwith
�

and
� w H1

is thesame.
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Thus,
� /

t 0 is in ' / H 0 , ' / H1 0 and ' / H " 1 0 for t k 0, A  ,' / H1 L H 0 ,
and A  ¿' / H L H " 1 0 . However, by Dom

/
A0 we alwaysdenoteH1 �c� x0  

H �� Ax0  H � . Themapα 3 A is an isometricisomorphismof Hn ontoHn " 1

(n � 0 L 1).

(b) There is a uniqueinputoperatorB  %' / U L H " 1 0 s.t.�
τ
/
t 0 u � / � B J u0 / t 0^� � t

0

� /
t 3 s0 Bu

/
s0 ds  H

/
u  L2

loc
/
R g ;U 09L t k 00

(6.23)
(aboveandbelow, theintegration is carriedout in H " 1). Consequently,�

τ
/
t 0 u � / � B J u0 / t 0G� lim

T - ∞

� t" T

� /
t 3 s0 Bu

/
s0 ds  H

/
t  R L u  L2

ω
/
R;U 0t09L
(6.24)

where the limit can be taken in H. Moreover, x � � x0 & � τu satisfies
x�^� Ax & Bu in H " 1 a.e. on R g and x

/
t 0\3 x0 � * t

0
/
Ax & Bu0 dm for all

t k 0, x0  H, u  L2
loc

/
R g ;U 0 .

(c) There is a uniqueoutputoperatorC  %' / H1 L Y 0 s.t./ Ã x0 0 / t 0�� C
� /

t 0 x0
/
x0  H1 L t k 009e (6.25)

We saythatΣ is generatedby � A B
C

� , andwecall � A B
C

� thegeneratorsof Σ; they
are independentof α andω (aslongasΣ  WPLSω). Alsothefollowing hold:

(d) � A B
C

� determine � � �� � uniquelyand Z moduloan additiveconstantfrom' / U L Y 0 (cf. Lemma6.2.9(a)andLemma6.3.10(d)).

(e)Thegenerators of Σd aregivenby � A � C �
B � � .

(SeeDefinition 6.2.3andLemma6.2.9(a)for � A B
C D

� and è A B
C D ê , andDefini-

tion 6.1.17for � A � C �
B � � .) Thespecificnumberα chosenabove is irrelevant;only

the topology of H " 1 mattersin application,not the particularnorm of H " 1 (the
normscorrespondingto differentα’sareequivalent).

Notefrom (c) thatC is determinedby

Cx0 : � / Ã x0 0 / 00 /
x0  H1 09L (6.26)

andB is determinedby B z x0 : � / � dx0 0 / 00\� / � z x0 0 / 00 / x0  H z1 : � Dom
/
A z 0A0 .

We notefor (b) that the (convolution) integralsconverge in H " 1, i.e.,
� /

t 3u×0 Bu
/ u×0C L1 /A/ 3 ∞ L t 0 ;H " 1 0 , for eacht  R g , by the Hölder Inequality(we have�

B  �o / R g ; ' / U L H " 1 0A0CV L2
loc). However, thevaluesof the integralsbelongto

H too. Recallfrom (B.18) thatif any integralconvergesin H, thenit convergesin
H " 1, with thesamevalue.

In Theorem6.2.13(a1),we shall show thatx is theuniquestrongsolution of
“x� � Ax & Bu, x

/
00�� x0” in thesensethatAx & Bu is thedistributionalderivative

(and derivative a.e.) of x For further details and formula x��� Ax & Bu (and
“y � Cx & Du”), seeTheorem6.2.13andChapter4 of [Sbook];for thegenerators
of closed-loopsystems,seeProposition6.6.18.

As above, we will denotethe generatorswith samelettersascorresponding
operators(asin [S95]–[S01]and[Sbook]).
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Proof: (a) SeeLemmaA.4.6.
(b) Formula (6.23) and the existenceclaim for B and follow easily from

Theorem3.9 of [W89a] (note that π " τ
/
t 0 u  L2

ω for any ω  R and that� � � π " , by Definition 6.1.1). Formula (6.24) (cf. Remark30 of [S97b])
follows from (6.23), becauseπ � " T H∞ � u � u in L2

ω, by Corollary B.3.8. The
restis from Theorem3.9of [W89a] (andLemmaB.7.6).

(c) This is from Theorem3.3of [W89b].
(d) This is obvious(usedensityandcontinuity).
(e) By LemmaA.4.2(f), the generatorof

� z is A z . It is easyto verify
that

Î
u L � z x0Ð H � Î u / 3>u×09L Bz � / u×0 z x0Ð L2 for u  �o c

/
R " ;U 0 , x0  H z1 (cf. 6.1.17).

By density(notethatB z � / u×0 z x0  :o / R g ;U 0 ), � z x0 � Bz � / u×0 z x0 for x0  H z1 ,
henceBz correspondsto R

� z . By exchangingtherolesof Σ andΣd, we obtain
thatC z correspondsto Ã z R. E
As explained above, the spacesH z1 and H z" 1 are definedas H1 and H " 1,

respectively, butwith A z in placeof A, andH z" 1 � H1 � C is theuniquecontinuous
extensionof H � H1 � C. The adjointsC z andBz aredefinedw.r.t. thesetwo
sesquilinearforms(seeLemmaA.3.24),sothatÎ

Bu0 L x0Ð � H � 1
HH �1 � � Î u0 L Bz x0Ð U for all u0  U L x0  H z1 L (6.27)Î

y0 L Cx0Ð Y � ÎC z y0 L x0Ð � H �� 1
HH1� for all y0  YL x0  H1 e (6.28)

Let usstatethisandabit moreformally:

Definition 6.1.17(Bz , C z , H z1 , H z" 1, HB, H zCBz , C z , H z1 , H z" 1, HB, H zCBz , C z , H z1 , H z" 1, HB, H zC) Let the assumptions of Lemma
6.1.16hold. WesetH z1 : � Dom

/
A z 0�V H V H z" 1 : � thecompletionof H underthe

norm 5 / ᾱ 3 Az 06" 1 ux5 H .
We extend

Î
h L xÐ � H1

HH �� 1� : � Î h L xÐ H for all h  H1 L x  H continuously to

H1 � H z" 1 to get an interpretation of H z" 1 as the dual of H1, and we do the
samefor

Î
h z L xÐ � H �1 HH � 1� : � Î hz L xÐ H for all h z  H z1 L x  H (all thesepairingsare

sesquilinear).
The adjointsC z  +' / Y L H z" 1 0 and B z  +' / H z1 L U 0 are taken with respectto

thesepairings. As above, A z meansthe adjoint A z : Dom
/
A z 04� H of the

unboundedoperator A aswell asits uniquecontinuousextensionA z  �' / H L H z" 1 0
(for which

Î
AzL xÐ H � Î zL Az xÐ � H1

HH �� 1� for all z  H1 L x  H). Finally, wedefinethe
Hilbert spaces(seeLemmaA.3.16)

HB : � / α 3 A0 " 1 ±H & BU ²Ë�=� x0  H �� Ax0 & Bu0  H for someu0  U ��V H
(6.29)

with 5 z 5 HB : � inf � / 5 x 5 2H &)5 u 5 2U 0 1� 2 �� / α 3 A06" 1 / x & Bu0@� z� , and H zC : � / ᾱ 3
Az 06" 1 ±H & C z Y ²ÆV H with 5 z 5 H �C : � inf ��5 / x L y0x5 H h Y �� / ᾱ 3 Az 06" 1 / x & C z y01� z� .
Thus,H1 V HB V H V H " 1 andH z1 V H zC V H V H z" 1, continuously (seeCorollary
A.3.7).

WesetH zC HK : � H z . C
K / when ¤ A B

C
K § generate a WPLS.

All spacesin this definitionare independentof α  σ
/
A0 c moduloan equiva-

lentnorm,by theResolventEquationandCorollary A.3.7.



166 CHAPTER6. WELL-POSEDLINEAR SYSTEMS(WPLS)

A mnemonic: H z1 : � / H z 0 1 �� / H1 0 z � / H z 0 " 1 � : H z" 1. Seealso Lemma
6.1.16(e).Example6.2.14containsexamplesof spacesand(extended)operators
definedabove,but usuallysufficesto remember(6.27)–(6.28).SeeLemma6.3.18
and[Sbook,Lemma4.2.18]or [S97b,Lemma32] for furtherdetails.

Wefollow thestandardconvention tocallBboundedandwrite “B  �' / U L H 0 ”,
whenB  �' / U L H " 1 0 issuchthatBu0 � B0u0 for all u0  U for someB0  �' / U L H 0
(equivalently,

/ �
x0 & � u 0b�}� Ax & B0u a.e.for all x0  H andall u  L2

loc

/
R g ;U 0 ).

Cf. alsopart1a of theproof of Theorem9.9.6(a).Similarly, we call C boundedif
“C  %' / H L Y 0 ”. Obviously, B is boundediff B z is bounded.

We call B or C unbounded if it is not bounded.For B, this doesnot agree
with the meaningof unboundednessin functionalanalysis(but it doesagreefor
C and for Bz ). In physical examples,unbounded input and output operators
appeartypically in connectionwith boundarycontrol or boundaryobservation,
respectively.

WehavefollowedtheWPLSformulationof O.Staffans([S97a]–[S01]),hence
wesharemostof hisnotation,but weusethepartof thenotationof G. Weissthat
we feelmoreelegantor practical(cf. Definition6.1.5).

Readersfamiliar with existing WPLS literature might wish to consult the
following “translation table” betweenthe notation of this book, Staffans and
Weiss. Here“H1

S� W
W� X1” meansthat we useH1 for theW of [S95]–[S98d],

which in turnequalstheX1 of [W94a], [WW] etc.Weexcludethesign“
S� ” when

thesymbolof [S95]–[S98d]coincideswith thatof thisbook,e.g.,by “H
W� X” we

meanthatStaffansandweuseH (for thestatespace)whereWeissusesX.

Systemtheory(Chapter6):
Our notation

S� Staffans’notations
W� Weiss’notation:

H
W� X (thestatespace),U

W� U (theinputspace),Y
W� Y (theoutputspace)

(thesearecomplex (possiblyunseparable)Hilbert spaces).� t : � � / t 0 W�0� t  Q' / H 0 for all t k 0 (the semigroup), A
W� A (the infinitesimal

generatorof
�

).�  :' / ± π " ² L2
ω
/
R;U 0 ;H 0A0 (the reachabilitymap) is the (unique) operatorfor

whichwehave
� t : � � τ

/
t 0 π � 0 H t � W� Φt ,Ã W� Ψ∞  !' / H LB± π g ² L2

ω
/
R;Y 0A0 (theobservability map)( Ã t : � π � 0 H t �OÃ W� Ψt),Z$ Q' / L2

ω
/
R;U 0 ;L2

ω
/
R;Y 0A0 (the I/O map)is the (unique)causal,time-invariant

operatorfor whichπ g Z π g W�,¨ ∞ (andhenceZ t : � π � 0 H t � Z π � 0 H t � W�(¨ t ); seeLemma
2.1.3.
H1

S� W
W� X1 : � Dom

/
A0 , H " 1

S� V
W� X" 1 : � cl 1 ~ α " A � � 1 R 1 / H 0 , henceH1 Vc H V

c
H " 1;
H z1 S� V z W� Z1 : � Dom

/
A z 0 , H z" 1

S� W z W� Z " 1 : � cl 1 ~ ᾱ " A � � � 1 R 1 / H 0 , analogously.

Bzs S� Bz W� / Bz 0 Λ � BzΛ � s-lims- g ∞ Bz s/ s 3 A z 0 " 1, henceH z1 Vc Dom
/
B zs 0SVc

H;
Cs

S� C
W� CΛ : � s-lims- g ∞Cs

/
s 3 A06" 1, Ks

S� K
W� FΛ, (seeProposition6.2.8).fZ W� ª  H∞ / C gω ; ' / U L Y 0A0 (thetransferfunction;seeTheorem6.2.1).

Optimization theory(Chapters 8–12):fZ / s0 z J fZ / s0 W� Π  L∞
strong

/
iR; ' / U L Y 0A0 (the Popov function for stable Z ),



6.1. WPLSTHEORY 167� S� Π W� X  !' / H 0 (theRiccatioperator);º W� Ξ  �� TIC
/
U 0 (thespectralfactor, seeDefinition6.4.4)

X
W� D  :' / U 0 (its feedthroughoperator, seeDefinition 6.2.3; in particular,

X z SX
W� D z D for S Å 0; in applicationsweoftentakeX � I , hencethenS

W� D z D
andX

W� D " 1Ξ);
K

W� F  %' / H1 L U 0 (thestatefeedbackoperator)D z JD
W� R  {' / U 0 (seeRemark

9.1.14).

SeeRemark9.1.14for further differences.The notation in recentworks of
Staffans(e.g.,[Sbook])is closerto thatof Weissandthisbookthanthatof [S95]–
[S98d]. Most otherexisting WPLStheoryseemsto usenotation closeto thatof
Weisswith someexceptionsin thedirectionof thisbook.

Notes
Thehistory of WPLSsis explainedin thenotesto Chapter2 of [Sbook]; see

alsop.23. Theearlyhistoryisexplainedin [Helton76a];thefinal riseof thetheory
is due to [Sal87], [Sal89], [W89a], [W89b] and [W89c], whosecontributions
includeLemma6.1.16,hencethealternativenameSalamon–Weisssystems. Ruth
Curtain[Curtain89]givesadetailedaccountof thisprocessandits relationsto the
restof controltheory.

This abstractformulationhasfor long beenwidely usedalso in the special
caseof boundedinputandoutputoperators,wherealsothedefinitionof asystem
throughgeneratorswould bepossible.Naturally, in thatcasethetheorybecomes
much simpler and more elegant, althoughvery restrictive, henceit serves as a
nice introduction to thegeneralcase;see[CZ] for a matureandratherextensive
presentation.

This book is systemtheory oriented,but the literature is full of practical
applicationsof WPLSsand its specialcases,dating back to [Sal87] (seealso
[CZ]).

The nameWPLS, part of Lemma6.1.13,Remark6.1.15and most of each
definition in this sectionaredueto Olof Staffans. Lemmas6.1.2and6.1.12and
Lemma6.1.10(a)arewell-known. Realization(6.11)is from Section4 of [Sal89].
Variantsof realization(6.12) and Lemma6.1.7 were presentedin [KMR] in a
Pritchard–Salamonsetting. The main new contribution of this sectionare the
relationsbetweenthe stabilitiesof differentpartsof a system(mostof 6.1.10–
6.1.14).

The readerinterestedin a more detailedstudyon WPLSsthan that of this
chaptermustread[Sbook].ThatmonographalsotreatsthecasewhereL2 signals
arereplacedby Lp signals

/
1 7 p 7 ∞ 0 andU , H andY areallowedto beBanach

spaces.Although mostresultsandproofson systemtheoryandfeedbacktheory
arethe samein this moregeneralcontext asin our L2 Hilbert spacesetting,the
latter seemsnecessaryfor fruitful optimization theory and henceit is the one
usuallytreatedin theliterature;thishasalsomotivatedourchoice.
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6.2 Regularity ( 243576�8 ∞ 9 )
Thatis theusualmethod,but notmine–
My wayis to begin with thebeginning;
Theregularity of mydesign
Forbidsall wanderingastheworstof sinning.

— Lord Byron (1788–1824),"TheBride of Abydos"

learningor genius,reader,
In this sectionwe definecertainregularity conceptsfor anI/O mapandstudy

thebasicimplicationsof regularity, including theclassicalformulaey � Cx & Du
and fZ / s0Ø� D & C

/
s 3 A06" 1B. This sectiondoesnot contain essentially new

results. Furtherresultson regularity andthe relationsbetweena systemandits
generatorsaregiven in Section6.3.

If è A B
C D ê is a finite-dimensional system(cf. (1.7)), thenits transferfunction

D & C
/ uÍ3 A06" 1B has the limit D at infinity. In general,well-posedtransfer

functions having such a limit are called regular. For a mnemonic,we write
formally ZI TIC∞ is regular [;: fZ / & ∞ 0 ; (6.30)

seeDefinition6.2.3for exactdefinitions.
Mostsystemtheorycanbewrittenin termsof “integralmaps” � � �� I � , but part

of the theoryrequiresfeedthroughoperators.In particular, theRiccatiequations
usedto solve optimal control problemsare written in termsof the generators,
including the feedthroughoperator, of the systeminvolved. Suchproblemscan
besolvedin termsof factorizationof theI/O map,but thisapproachis lessuseful
in practicalapplicationsand thereforeusually only serves as a path to Riccati
equations. Fortunately, all transfer functions of practical interestseemto be
regular.

TheLaplacetransform,definedby fu : s �� * R e" stu
/
t 0 dt  U , mapsfunction

u  L2
ω ontoH2

ω, andis anisomorphismonto,isometric timesthefactor Õ 2π; see
AppendixD for details. Well-posedI/O mapscorrespondto transferfunctions
thatareboundedonsomeright half-planeC gω : �=� s  C �� Res m ω � , i.e., thatare
proper;we recallthis factfrom Theorem2.1.2:

Theorem6.2.1(Transfer functions) Letω  R. For each ZP TICω
/
U L Y 0 there

is a uniquefunction fZX H∞ / C gω ; ' / U L Y 0A0 , calledthetransferfunction(or symbol
or Laplacetransform) of Z , s.t. ëZ u ��fZ û on C gω for all u  L2

ω
/
R g ;U 0 . The

mappingZX��·fZ is an isometric isomorphism. E
We often identify functionsandcorrespondingmultiplication operators,i.e.,

weconsiderfZ bothasafunctionandasanoperatoronH2
ω. Notethat ZY +� TICω

if f fZI �� H∞
ω, in particular

ãZ " 1 � / fZn0 " 1 if ZI �� TICω.
Next we recallthelastclaimof Lemma3.3.8:

Lemma 6.2.2(Z dZ dZ d) Let Z$ TICω
/
U L Y 0 . Then Z d : � RZ z R TICω

/
U L Y 0 and/ Z d 0 d �.Z . Moreover, ëZ d

/
s0\� fZ / s̄0 z for s  C gω . E



6.2. REGULARITY ( : fZ / & ∞ 0 ) 169

GeorgeWeisshasgiveneightequivalentcharacterizationsof strongregularity
in [W94a, Theorem5.8] andfor weakregularity in [SW01a]; a morethorough
study on theseconceptsis given in [Sbook]. We have chosenthe simplest
characterizationsasthe definitions: the transferfunction shouldhave a limit at
infinity. However, someapplications requirethat this limit convergesin a very
strongsensewhereasothersallow for a weaker convergence,thereforewe define
twelvedifferent(combinationsof) attributesof regularity:

Definition 6.2.3(Regularity) Let ω  R, ZI TICω
/
U L Y 0 , and ZI %' / U L Y 0 .

Themap Z is called regular (R) with feedthroughoperator fZ / & ∞ 0 : � D  ' / U L Y 0 if fZ / s0\� D ass �¡& ∞ on
/
ω Lb& ∞ 0 .

If fZ / s0\� D asRes ��& ∞ onC gω , thenwecall Z line-regular(LR).
If Z is regular andthere is α m ω s.t. fZ / β & iy 0Æ� D asy �¬& ∞, for all β m α,

thenwecall Z vertically regular(VR).
If Z is stable(or ZÇ± L2

c ²ÈV L2) and fZ / s0l� D ass  C g and w s w�� ∞, thenwe
call Z half-planeregular(HPR).

In theabovedefinitions, wemodifytheword “r egular” with theword weakly
(W), strongly (S) or uniformly (U) according to the senseof convergence(offZ / s0\� D).

Thus,WR meansweaklyregular, SHPRmeansstrongly half-plane-regular,
ULR meansuniformly line-regular etc.

We call ( fZ and) Σ �¬� � �� I �  WPLS strongly regular and write “ Z$ SR”
if the I/O map Z is strongly regular, and we do analogously also for the other
regularity conceptsdefinedabove.

WhenΣ is WR,thegeneratorsof Σ refer to theoperators � A B
C D

� , wesaythat� A B
C D

� generateΣ andwefollow theclassicalconventionto denotea systemby its

generatorsasin “ Σ �¢è A B
C D ê ” (cf. Lemma6.1.16andDefinition6.3.8).

(Sometimesin theliterature,theterm“regular” means“stronglyregular”, and
nootherformsof regularityaredefined.TheoperatorD in “VR” refersto theone
in “R”, henceD is alwaysthesamefor differentformsof regularity.)

As above, we shall denotefeedthroughoperatorsby sameletters as the
correspondingWR operators(D : �ÖfZ / & ∞ 0 ). The samealso applies to the
generatorsof theothercomponentsof WPLSs,asin Lemma6.1.16.SeeLemma
2.1.13for moreon thecondition ZÇ± L2

c ²GV L2.
We shall now make a few remarkson thesedifferent forms of regularity.

Obviously, weak regularity is weaker than any other form of regularity. The
definitionof weakregularitymeanstheexistenceof D  %' / U L Y 0 s.t.Î

y0 LAfZ / s0 u0Ð � Î y0 L Du0Ð ass  / ω Lb& ∞ 0 ands ��& ∞ L for all u0  U L y0  Ye
(6.31)

It is apparentthat whenever Zc TIC∞
/
U L Y 0 and fZ / s0 u0 convergesweakly as

s � & ∞, for eachu0  U , then the limit is necessarilyDu0 for some(unique)
D  %' / U L Y 0 satisfying 5 D 5 8^~ U HY � 7 56Z�5 TICω ~ U HY � , hencethen(andonly then) Z
is WR.

Similarly, ZY ULR
/
U L Y 0 with feedthroughoperatorD  �' / U L Y 0 if f 5ÍfZ / s0?3

D 5Ç� 0 as Res ��& ∞. Most systemstreatedin the literatureare ULR; this
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includesthe systemsof [FLT], [LT00a] and [LT00b] (seealsoLemma6.3.16).
We notethat Z is HPRiff fZI H

/
C g ; '�0 and fZ+â φCayley hasa limit at 3 1.

Although weakregularitysufficesfor mostresultson regularity, only uniform
line-regularity makes the invertibility of a map equivalent to the invertibility
of its feedthroughoperator, as notedin Proposition6.3.1(c),and henceallows
for several resultssimilar to the finite-dimensional ones. Therefore,“WR” and
“ULR” arethemostimportantonesof thetwelveconceptsabove.

If n : � dimY q ∞, thenweak,stronganduniformconvergencecoincide(with

thecomponentwiseconvergenceof ZX� » I 1
...I n
¼ ).

A scalarexampleof anirregulartransferfunctionis fZ / s0 : � cos
/
logs0 (dueto

KirstenMorris), but wedonotknow any physically motivatedexamples(crossing
our fingersin hopethat therewerenone). On theotherhand,a boundedcontrol
operatorB or observation operatorC makesa systemULR, by Lemma6.3.16;
in particular, any Pritchard–Salamonsystemis ULR, by Lemma6.9.4. Further
examplesof assumptionsthatguaranteea certainamountof regularity aregiven
in Sections2.6,6.3and6.8.

We shalloftenwrite inclusionssuchas '�V ULR V TIC∞ or '$V H∞" 1 V H∞

withoutspecifyingtheinputandoutputspaces(recallthatT  �' is identifiedwithZ T  TIC definedby Z T u : � Tu for all u  L2); thedefinitionbelow makesthis
notationrigorous.(Weoftenapplyit with substitutions* : �I� all Hilbert spaces� ,-�� : � TIC∞ (or somesmaller class)and - equalto somesubclassof TIC.)

Definition 6.2.4(-£V
a
- �-�V

a
-��-�V

a
- � ) Letboth

/ -QL°*�0 and
/ - � L°*�0 beasin LemmaA.1.1(or

asin RemarkA.1.3).
If - / U L Y 0CV,-D� / U L Y 0 for all U L Y  n* , thenwecall - analgebraicsubclass

of -�� andwrite -¢V
a
-�� .

Thus, UHPR V
a

ULR V
a

SLR V
a

SR V
a

TIC∞ etc. Note that it follows that- / U L Y 0 is a subgroupof -�� / U L Y 0 and - / U 0 is a subringof -�� / U 0 , for each
U L Y  Ç* (where* is, e.g.,thecollectionof all Hilbert spaces).

Becauselimits commutewith mostbasicoperations,suchoperationspreserve
regularity:

Lemma 6.2.5(Regularity preserved) Anyformof regularity is preservedunder
sumsand scalar multiplication, under (left or right) multiplication by static
operators, andunderconvergencein TICω (ω  R).

All strong anduniformproperties are preservedundercomposition of maps.
All weak and uniform properties are preservedunder taking causal adjoints
( ZY��¸Z d : � RZ z R).

In general, uniformly J%�\# strongly J%�\# weakly J , when J is anythingsuit-
ablefromDefinition6.2.3;similarly, J half-plane-regular �\# J line-regular �\#J regular, J half-plane-regular �\# J vertically regular �\# J regular.

Furthermore, Z@K is WRwith feedthroughDE (but KlZ neednot beWR)if Z
is WRand K is SR(or Z d is SRand K is WR).
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Thus,TICω
/
U L Y 0N� WR is aclosedsubspaceof TICω (ω  R), thesameholds

for SR, UR, ULR or any otherregularity propertyin placeof WR, and ZY�� D is
aboundedlinearoperationonany suchsubspace.

Proof: Obviously, thelimits commutewith sums,scalarmultiplicationand
multiplication by staticoperators(e.g., for L  ¿' , the mapL Z or Z L has(at
least)thesameregularitypropertiesas Z has).

Clearly 5 D 5 7 5xfZ!5 H∞
ω �£56Z�5 TICω. Thus, if Z n ��Z in TICω

/
U L Y 0 , andZ n  WR for all n, then � Dn � convergesin ' / U L Y 0 , andoneeasilyverifiesthatZ is WR andDn � D weakly. An analogousclaimholdsfor any otherweakor

uniformregularityproperty.
Similarly strongand uniform limits commute with composition; e.g., ifZ�LtK. SR,then Z@K) SRwith feedthroughDE (seeLemmaA.3.1(j2)).
FromLemma6.2.2weobservethatweakanduniformlimitscommutewith

causaladjointing (e.g.,if Z is WR, then Z d is WR with feedthroughD z ).
Theclaimson Z@K andKlZ follow from LemmaA.3.1(j2)andExample6.2.6

(with ZX��¬Z d, K:��¬Z ). E
As theformulationof theabovelemmahints,strongregularity is not inherited

by adjoints, andweakregularity is notpreservedundercomposition:

Example 6.2.6 (ZCZ dZ@Z dZCZ d is not WR) Let N : �)� 0 L 1 L 2 L 3 LAeAeAeÏ� , U �.� 2 / N;C 0 , Y � C,
f
/
s0 : � s| / 1 & s0 2, and fZ / s0 u : � ∑

n Á N f
/
10" ns0 un e (6.32)

Then Z¢ TIC, D � 0, Z is strongly half-plane-regular, Z d  WR � SR andZCZ d � WR. $
(The above claimsareexplicitly or implicitly containedin the computations

of Example8.1of [SW01b].)
It follows that weak regularity is not preserved under feedbackor cascade

connection(seetheremarksbelow Proposition6.6.18).
We have calledD : ��fZ / & ∞ 0 thefeedthroughoperatorof Z . This is justified,

sincethestepresponseZ π g u0 is closeto Du0 neart � 0 (in theaverage):

Proposition6.2.7(“ Z t u0 � Du0Z t u0 � Du0Z t u0 � Du0”) A map ZI TIC∞
/
U L Y 0 is WRiff

w-lim
t - 0g 1

t

� t

0
Z χR Â u0dm � : Du0 (6.33)

existsfor all u0  U. If this is thecase, thenD � fZ / & ∞ 0 . Analogously, Z is SRiff
(6.33)convergesstrongly for each u0  U. E

(This is given in Theorem4.6 of [SW01a]andTheorem5.8 of [W94a]; it is
theoriginaldefinitionof regularity.)

To obtain the convergence
/ Z χR Â u0 0 / t 0p� Du0 (insteadof the above con-

vergencein the average),we seemto needa strongerassumption; e.g., forZ= SMTIC∞, Z χR Â u0 becomescontinuouswith valueDu0 at zero,by Theorem
2.6.4(i3).
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Recallfrom Lemma6.1.16andDefinition6.1.17thatH1 Vc HB Vc H V
c

H " 1 for

any � � �� I �  WPLS
/ JËL H LtJd0 , andthatH1 is thedomainof theoutputoperatorC.

When Z� TIC∞ is the I/O map of a WPLS, the weak regularity of Z is
equivalentto theexistenceof the(weak)WeissextensionCw of theoutputoperator
of thesystem, asshown below. This extremelyimportantoperatorallows oneto
write the outputof the systemin the form y

/
t 0U� Cwx

/
t 0?& Du

/
t 0 (a.e.),andthe

transferfunctionas fZ / s0�� D & Cw
/
s 3 A06" 1B, asshown laterin thissection.

Proposition6.2.8(Cw, Cs, CL H s, CL Hw, Bzw, . . .Cw, Cs, CL H s, CL Hw, Bzw, . . .Cw, Cs, CL H s, CL Hw, Bzw, . . . ) Let Σ � � � �� I �  
WPLSω

/
U L H L Y 0 havegenerating operators � A B

C z � (cf. Definition 6.1.17),and
let ω  R.

(a1) Σ is WR iff HB V Dom
/
Cw 0 : �£� x0  H �� : Cwx0 : � w-lims- g ∞Cs

/
s 3

A0 " 1x0 � .
If Σ is WR,thenCw  !' / HB L Y 0 .

(a2) Σ is SRiff HB V Dom
/
Cs 0 : �)� x0  H �� : Csx0 : � lims- g ∞Cs

/
s 3 A06" 1x0 � .

If Σ is SR,thenCs  !' / HB L Y 0 .
(a3)Σ is regular in a certainsenseiff Cwx0 : � lims- g ∞Cs

/
s 3 A0v" 1x0 converges

in the correspondingsense, for each x0  / α 3 A06" 1BU (here α  C gωA
is

irrelevant).

(b1)Weset 5 x0 5 Dom~ Cw � : ��5 x0 5 H & supsþ ωA g 1 5 Cs
/
s 3 A06" 1x0 5 Y.

Consequently, Dom
/
Cw 0 becomesaBanachspaceandDom

/
Cs 0 becomesits

closedsubspace. TheoperatorsCs : Dom
/
Cs 0�� Y andCw : Dom

/
Cw 0\� Y

arecontinuousandH1 V Dom
/
Cs 01V Dom

/
Cw 0UV H continuously.

(b2) Part (b1) holds for any operator C  �' / H1 L Y 0 and any C0-semigroup
generator A.

(c1) Σ is WR iff HB V Dom
/
CL Hw 0 : � � x0  H �� : CL Hwx0 : �

w-limt - 0g 1
t C * t

0
� r x0dr � .

(c2)Wehavex0  Dom
/
CL Hw 0 iff limt - 0g 1

t

Î Ã z χ � 0 H t � y0 L x0Ð H existsfor all y0  H;
if this is thecase, thenthis limit is equalto

Î
y0 L CL Hwx0Ð Y.

(c3)Wehavex0  Dom
/
CL Hw 0 iff w-limt - 0g 1

t * t
0
/ Ã x0 0 / r 0 dr exists;if this is the

case, thenthis limit is equaltoCL Hwx0.

(c4) The strong forms of (c1)–(c3) also hold; the corresponding(strong
Lebesgue)extensionofC is denotedbyCL H s.

(c5)Weset 5 x0 5 Dom~ CL <w � : ��5 x0 5 H & supt Á ~ 0 H 1= 5 C1
t * t

0
� r x0dr 5 Y.

Consequently, Dom
/
CL Hw 0 becomesa Banach space, and Dom

/
CL H s 0 be-

comesits closedsubspace. We haveCL Hw  Q' / Dom
/
CL Hw 09L Y 0 , andCL H s  ' / Dom

/
CL H s09L Y 0 . Moreover, H1 Vc Dom

/
CL H s 0CVc Dom

/
CL Hw 0CVc Dom

/
Cw 0V

c
H.

(c6) Dom
/
A042 1

t * t
0
� r x0dr � x0 in Dom

/
CL H s 0 , as t � 0& , for each x0  

Dom
/
CL H s0 . In particular, Dom

/
A0 is densein Dom

/
CL H s0 .

(d1)C V CL H s V Cs V Cw, C V CL H s V CL Hw V Cw, henceBz V BzL H s V Bzs V Bzw.
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(d2)Thedomainsof all operators of (d1)aredensein H.

(e) We haveB  Q' / U L Dom
/
BzL H s0 z 0 , and its adjoint is B zL H s (whenDom

/
BzL H s0 z

(notH " 1) is consideredastherangespaceof B andH (asalways)thepivot
space).

In particular, for any u0  U, the functionalBu0  Dom
/
B zL H s 0 z Vc H " 1 : �

Dom
/
A z 0 z is therestrictionof anyof

/
B zL Hw 0 z u0,

/
Bzs 0 z u0 and

/
B zw 0 z u0.

(f) A  !' / HB L Dom
/
B zL H s0 z 0 .

By C V Cs we meanthat Cs is an extension of C (i.e., H1 � Dom
/
C 0ÇV

Dom
/
Cs 0 andCsx0 � Cx0 for all x0  Dom

/
C 0 ). By Bzw (resp.Bzs, BzL H s, BzL Hw)

wealwaysreferto
/
Bz 0 w (resp.

/
Bz 0 s, / Bz 0 L H s, / Bz 0 L Hw).

Note that, by (a1), H zC V Dom
/
B zw 0 : �$� x  H �� : Bzwx : � w-lims- g ∞ Bz s/ s 3

Az 0 " 1x � if f Σd is WR, andin thatcase,B zw  %' / H zC L U 0 .
Obviously, Cw � Cs � CL H s � CL Hw � C if C is bounded(C  ¿' / H L Y 0 ), and

HB � H1 V Cs if B is bounded;henceΣ is SR if B or C is bounded. See
Example6.2.14for anontrivial exampleof Cw andBzw.

Note that we have equippedthe domainsof thesefour extensions of C with
specialnormsinsteadof graphnormsin orderto makethedomainsBanachspaces
(i.e., complete;it wasnotedin [W89b] that if dimY q ∞, thenCL H s cannotbe
closableunlessC is bounded).

FormoreinformationonthestrongWeissextensionCs (oronCL H s), see[W89b]
and [W94b, Section5] or [Sbook]; for more information on the weak Weiss
extensionCw (or onCL Hw), see[SW01a],[WW, Sections2 & 4] or [Sbook].

Proof: For the definitions of HB : � / α 3 A0B" 1 ±H & BU ² and H zC, see
Definition6.1.17.

(b) The SR counterpartof this is given on pp. 42–43 of [W94b]; the
sameproof appliesfor the WR claim mutatismutandis,by [SW01a],andthe
requirementsin (b2) areenoughfor this. (Thedetailsarein Proposition4.3of
[W89b], also[W94a,p. 848] is relevant.)OnecanreplaceωA & 1 by any other
value m ωA to obtainan equivalent norm, by the resolvent equation(Lemma
A.4.4(a)).

(a1)&(a2)This follows from [S97b,Proposition36], LemmaA.3.6and(b).
(a3) Let Z be WR. By (a1),LemmaA.4.4(a),andthe linearity of Cw, we

have

Cs
/
s 3 A0 " 1 / α 3 A0 " 1Bu0 � s

s 3 α
è Cw
/
α 3 A0 " 1Bu0 3 Cw

/
s 3 A0 " 1Bu0 ê� 1 u Cw

/
α 3 A0 " 1Bu0 L

(6.34)
ass �î& ∞, in the sensethatCw

/
s 3 A0 " 1Bu0 �TfZ / s0Æ3 D convergesto zero

(e.g.,weakly, strongly, vertically, ..., but not independentlyon α), hencethe
claim.

(c4) The strongversionof (c1) is Theorem5.8 of [W94a]. The proofsof
(c2)–(c3)applyin thestrongcasemutatismutandis.

(c1)SeeTheorem4.6of [SW01a].
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(c3)Wehave * r
0 Ã x0dm � C * r

0
�

x0dm for all x0  H, becausethisholdson
H1 andbothsidesarecontinuousH � Y. Thus,theextensionsin (c1)and(c3)
areequal.

(c2)Wehave
Î
y0 L 1t * R π � 0 H t � Ã x0Ð Y � 1

t * R Î y0 L π � 0 H t � Ã x0Ð Y � 1
t

Î
π � 0 H t � y0 LyÃ x0Ð L2,

hence(c2) follows from (c3) (useLemmaA.3.4(i3)).
(c5) It is shown in Proposition4.3 of [W89b] thatDom

/
CL H s0 is a Banach

space;the weak caseis analogous(see[WW] or [Sbook]). The continuity
of CL Hw andCL H s is obvious,andso are the inclusions (useLemmaA.3.6 for
continuity), exceptfor Dom

/
CL Hw 0UV Dom

/
Cw 0 , which is givenin (d1).

(c6) This is given in the proof of Theorem5.2 of [W94b]. It is an open
problemwhetherH1 is alwaysdensein Dom

/
Cs 0 .

(d1)SeeProposition4.2of [SW01a].
(N.B. V. Katsnelson [KW] hasconstructeda systemwhereDom

/
CL Hw 0@�

Dom
/
CL H s 04�� Dom

/
Cs 0U� Dom

/
Cw 0 . Example6.2.6shows that we may have

Dom
/
CL H s 0n�� Dom

/
CL Hw 0 andDom

/
Cs 0n�� Dom

/
Cw 0 . Thus,all inclusions in

(d1)maybestrict,asnotedin Proposition4.2of [SW01a].)
(d2) SetsDom

/
A0 andDom

/
A z 0 aredensein H, hencesoareany of their

supersets.
(e) Note first that Dom

/
A z 0SV

c
Dom

/
B zL H s0SVc H V

c
Dom

/
B zL H s 0 z Vc H " 1, and

thatthefirst two (andthelast)inclusionsaredense,by (c6)andLemmaA.3.24
(we neededthedensityof H1 in Dom

/
B zL H s0 to obtainDom

/
B zL H s0 z V H " 1 (one-

to-one)).For all x0  Dom
/
A z 0 , u0  U , wehaveÎ

x0 L Bu0Ð � H �1 HH � 1� � Î Bz x0 L u0Ð U � Î BzL H sx0 L u0Ð U � Î x0 L / BzL H s0Az u0Ð � Z H Z � � L (6.35)

whereZ : � Dom
/
BL H s0 . Thus, Bu0  H " 1 : � Dom

/
A z 0 z is continuousw.r.t.

to the 5UuN5 Dom~ B�L < s � norm, henceandelementof Dom
/
B zL H s 0 z . By (6.35) and

density, thiselementis equalto
/
B zL H s0 z u0.

Of course,wecanreplaceBzL H s by any of itsextensions(see(d1))in equationÎ
x0 L Bu0Ð H �1 HH �� 1

� Î BzL H sx0 L u0Ð U (x0  Dom
/
A z 09L u0  U ). (Notethatthisdoesnot

determineBu0 asanelementof Dom
/
B zL Hw 0 uniquelyunlessH1 happensto be

densein Dom
/
B zL Hw 0 ; situation is thesamefor B zs andBzw.)

(f) For any x0  HB, we have z0 : � Ax0 & Bu0  H for someu0  U ,
henceAx0 � z0 3 Bu0  Dom

/
B zL H s0 z , by (e). Thus, A ±HB ²SV Dom

/
B zL H s0 z .

But A  �' / H L H " 1 0 and HB Vc H, hence A  �' / HB L H " 1 0 . Therefore,
A  %' / HB L Dom

/
B zL H s0 z 0 , by LemmaA.3.6and(e). E

Next we presentfour lemmasthatexplore therelationbetweena systemand
its generators:

Lemma 6.2.9( � A B
C D

�� A B
C D

�� A B
C D

� ) LetΣ � � � �� I �  WPLS
/
U L H L Y 0 havegenerators � A B

C
�

(resp. � A B
C D

� , and ZI WR). Then

(a) Theoperators ¤ A B
C >I ~ s� § (resp. � A B

C D
� ) determineΣ uniquelyfor anys  C gωA

.

(b) Thegeneratorsof Σd are � A � C �
B � � (resp. � A � C �

B � D � � , andΣd is WR).
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(c) The generators of % ω � � �� I � are � A g ωI C
B z � (resp. � A g ωI C

B D
� , and % ωΣ is

WR).Moreover,
/
Cω 0 w � Cw and

/
Cω 0 L Hw � CL Hw.

SeeProposition6.6.18for thegeneratingoperatorsof closed-loopsystems.
Proof: (a) This follows from Lemma 6.1.16(d) (resp. and Theorem

6.2.13(a1)).
(b) Thisholdsby Lemma6.1.16(e)(resp.andLemma6.2.2).
(c) For generators,thesimpleproof is given in Example4.7.2of [Sbook].

Becauses
/
s 3 Aω 06" 1 � s

s" ω
/
s 3 ω 0 / s 3 ω 3 A06" 1, the Cw claim follows eas-

ily. The CL Hw claim as follows from the fact that (here f : �cÃ x0  L2
loc V

L1
loc

/
R g ;Y 0 ):

t " 1
� t

0

/
1 3 e" ωr f

/
r 0 dr � t " 1

� t

0
ωre" ωrξr f

/
r 0 dr � 0 (6.36)

(hereξr  / 0 L 10 for all r m 0 (usetheMeanValueTheorem)),ast � 0& . E
Weshallsoonneedthefollowing technicallemma:

Lemma 6.2.10(
�

u � / s 3 A0 " 1Bu0 L / Z u 0 / t 0�� est fZ / s0 u0
�

u � / s 3 A0B" 1Bu0 L / Z u 0 / t 0^� est fZ / s0 u0
�

u � / s 3 A0 " 1Bu0 L / Z u 0 / t 0\� est fZ / s0 u0) Let Σ � � � �� I �  
WPLS and let Res m ωA. Let u0  U and u

/
t 0@� estu0 (t  R), so that π " u  

L2
ωA

/
R;U 0 . Then

�
u � � π " u � / s 3 A0B" 1Bu0  HB V H,

�
τtu � est / s 3 A06" 1Bu0

and
/ Z u 0 / t 0�� est fZ / s0 u0 for all t  R. Moreover, wehave�

τtπ g esR u0 � / est 3 � t 0 / s 3 A0 " 1Bu0
/
t k 009L (6.37)Z π g esR u0 � π g esR fZ / s0 u0 3®Ã / s 3 A0 " 1Bu0  L2

loc
/
R g ;U 06e (6.38)

Proof: The claim about Z is Lemma2.1.15. Becauseë� τ � / s 3 A0B" 1B
(see Theorem6.2.11(b1)), claims on

�
u and

�
τu follow from this. But�

τtπ " � � t � , hence(6.37) follows; (6.38) is obtainedanalogously, by using
π g Z π " �YÃ � .

(An alternative proof of Lemma 2.1.15 would be to obtain
�

u �/
s 3 A06" 1Bu0 from (6.24) and Lemma A.4.4(f), and then

/ Z u 0 / t 0¿�
Cc
/
s 3 A06" 1Bestu0 & Dcestu0 � est fZ / s0 u0 from Lemma6.3.10(c).) E

Now we are readyto show that for any � � �� I �  WPLSβ
/
U L H L Y 0 , β  R,

s  C gβ , u  L2
β
/
R g ;U 0 andx0  H, wehave? fx / s0\� / s 3 A06" 1x0 & / s 3 A06" 1Bfu / s0fy / s0\� C

/
s 3 A06" 1x0 & Cw

/
s 3 A06" 1Bfu where

?
x � �

x0 & � τu L
y � Ã x0 &+Z u L (6.39)

(theformulafor fy requiresthat Z is WR or u � 0). This andfurther information
on theLaplacetransformsof thecomponentsof a systemaregiven below:

Theorem 6.2.11( f� Lbf� LAfÃ�LAfZf� L f� L fÃ L fZf� Lbf� LAfÃnLAfZ ) Let Σ �Ö� � �� I �  WPLS
/
U L H L Y 0 havegenerating

operators � A B
C z � andlet ω : � ωA 7 α q β.

(a) ô� / u×0 x0
/
s0\� / s 3 A0B" 1x0 for all x0  H, s  C gω .
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(b1)
ã�

τu
/
s0\� / s 3 A0B" 1Bfu / s0 for u  L2

α
/
R g ;U 0 ands  C gα .

(b2)
/
s 3 A06" 1B  H∞ / C gβ ; ' / U L H 0A0�� H

/
C gω ; ' / U L HB 0A0 .

(b3) 5 / s 3 A06" 1B 5 8^~ U HH � 7 5 � 5 8^~ L2
γ ~ R;U � HH � | Õ 2Õ Res 3 γ for s  C gγ , γ  R.

(c1)
ãÃ x0
/
s0\� C

/
s 3 A0v" 1x0 for s  C gω , x0  H.

(c2)C
/
s 3 A06" 1  H∞ / C gβ ; ' / H L Y 0A0 , andC

/
s 3 A06" 1x0  H2 / C gβ ;Y 0 for x0  H.

Moreover, 5 C / u93 A06" 1 5 H2
strong
~ C Âω ; 8^~ U HY � � � Õ 2π 59Ã45 8^~ H H L2

ω � .
(c3) 5 C / s 3 A06" 1 5 8^~ H HY � 7 59Ã45 8^~ H H L2

γ ~ R;Y � � | Õ 2 Õ Res 3 γ for s  C gγ , γ  R.

(d1) fZ / s0Ç� Cw
/
s 3 A06" 1B & D on C gω if Z is WR, 2 hencethen Cw

/
s 3

A06" 1Bu0 � 0 weaklyass �_& ∞, for all u0  H. Thesameholdsalsofor Cs

in placeofCw if Z is SR.

(d2)For sL s0  C gω wehavefZ / s0G3�fZ / s0 0
s 3 s0

��3 C
/
s 3 A0 " 1 / s0 3 A0 " 1B ��3 / ò ó / π g Z π " es0 R u0 0A0 / s09e

(6.40)

Proof: (a)This is LemmaA.4.4(f).
(b1)This is [W89a,Remark3.12].
(b2) By (c2) andLemma6.1.4,B z / s 3 Az 06" 1  H∞ / C gω ¾ ; ' / H L U 0A0 , from

which the“  H∞” claim follows.
Set F

/
s0 : � / s 3 A0B" 1B. Then F

/
α 0Ç :' / U L HB 0 (with 5 F / α 0 u0 5 HB 75 u0 5 U ), whereα is as in Definition 6.1.17,and F

/
s0^3 F

/
α 0S� / α 3 s0 / α 3

A0 " 1 / s 3 A0 " 1B  H
/
C gω ; ' / U L H1 0A0 , by LemmaA.4.4(a). But ' / U L H1 04V' / U L HB 0 continuously, henceF

/
s01 H

/
C gω ; ' / U L HB 0A0 , by LemmaD.1.2(b1).

(b3) Let � � � �  WPLS be s.t.
�

is stable,u0  U , Res m ωA. Set
u : � π " estu0  L2 / R " ;U 0 . By Lemma6.2.10,we have5 / s 3 A0 " 1Bu0 5@�c5 � u 5 7 5 � 5 8^~ L2;H � 5 u 5 2 ��5 � 5�5 u0 5 H |�Õ 2Rese (6.41)

By shifting,we obtainananalogousclaim for anarbitrary � � � �  WPLS
(notethat 5 � 5Çq ∞ at leastfor γ m ωA).

(The condition “ 5 / s 3 A09" 1Bu0 5 7 M | / Res0 1� 2 for all s  C g ” is also
suffient for given B  �' / U L H " 1 0 to generatea WPLS with A if, e.g., A is
left-invertible [W91b] or A generatesa contractionsemigroupandU is finite-
dimensional [JP]; however this is not the casein general,see[JZ00] for a
counter-example.

(c1) This is (3.6)onp. 26of [W89b].
(c2) By (c1) and the Paley–Wiener TheoremTheorem3.3.1(b),we have5xfÃ x0 5 H2 ~ C Âω ;Y � � Õ 2π 59Ã x0 5 L2 for all x0  H, hencethesecondandthird claim

hold. Thefirst claim followsfrom thethird claimandLemmaF.3.2(a).

2If @�A TICα for someα B ωA, then,by Cw C s D AE&F 1B G D for s A Cα H CωA, we meanthe
uniqueanalytic extension I@ CKJ E of this function (otherwisetheequation wouldnotalwayshold for
s A C Lα M σ C AE c H C LωA

, see[W94a,Remark4.8]).
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(c3)This is thedualof (b3).
(d1)This is [WW, Theorem4.4].
(d2)Thefirst identity is given in [Sal89](andin Theorem4.5.9of [Sbook];

it followsfrom (6.51)).For thesecond,wenotethat/ ò ó / π g Z π " es0 R u0 0A0 / s0�� / ò ó / Ã � es0 R u0 0A0 / s0�� / ò ó / Ã / s0 3 A0 " 1Bu0 0A0 / s0 (6.42)� C
/
s 3 A0 " 1 / s0 3 A0 " 1Bu0 L (6.43)

by Lemma6.2.10and(c1). E
Weshallneedseveraldifferentformsof theformula“ Ã(� C

�
” :

Lemma 6.2.12(Ã(� Cw
�Ã(� Cw
�Ã(� Cw
�

) Let � � �� I �  WPLS
/
U L H L Y 0 , ω m ωA, x0  H, u  

L2
ω
/
R g ;H 0 , x � � x0 & � τu. SetCr

L H sx1 : � C1
r * r

0
� sx1ds (x1  H). Then

(a)
/ Ã x0 0 / t 0^� CL H s� t x0 � Cw

� t x0 for a.e. t k 0 (for all t k 0 if x0  Dom
/
A0 ).

In particular,
� t x0  Dom

/
CL H s0 a.e.

(b1)WehaveCr
L H sx � CL H sx in L2

ω andpointwisea.e., asr � 0& , (in particular,
x  Dom

/
CL H s0 a.e.) if Z is SR.

(b2)WehaveCr
L H sx � CL Hwx weaklyin L2

ω andweaklypointwisea.e., asr � 0& ,
(in particular, x  Dom

/
CL Hw 0 a.e.) if Z is WR.

(c1)Assumethat Z is SR.Then,for any f  L2" ω
/
R g 0 , wehave�

R Â f
/
t 0 CL H sx / t 0 dt � CL H s �

R Â f
/
t 0 x / t 0 dt (6.44)

(in particular, * ∞
0 f
/
t 0 x / t 0 dt  Dom

/
CL H s 0 ). Thus,then * T2

T1
f
/
t 0 CL H sx / t 0 dt �

CL H s * T2
T1

f
/
t 0 x / t 0 dt for anyT1 L T2  R g , f  L2

loc

/
R 0 .

(c2)Claim(c1) alsoholdswith replacementsSR�� WRandCL H s �� CL Hw.

(c3) In (b1)–(c2), we may replaceR g by ±T LÛ& ∞ 0 , and allow for any u  
L2

ω
/ ±T Lb& ∞ 0 ;U 0 (T  R).

(c4) In (b1)–(c2),Z neednotberegular if u � 0.

Proof: (a) By [W89b, Theorem4.5], we have
/ Ã x0 0 / t 0l� CL H s� t x0 for any

(right-)Lebesguepoint t of Ã x0, hencefor a.e.t k 0. RecallthatCL H s V Cw.
(b1) The L2

ω claim is Lemma4.4 of [W94a]; the pointwise claim follows
from thefactthatx

/
t 01 Dom

/
CL H s 0 a.e.,by Theorem5.8of [W94a].

(b2)&(c2) The proofs of (b1) and (c1) apply mutatis mutandis(which
meanscorrespondingslight changesin theproofsof [W94a]; theseresultswere
containedin apreprintof [SW01a]andimplicitly usedin [SW01a]).

(c1) This is essentiallygiven in Theorem4.6 of [W94a] (substitute f ��
f χ �T1

H T2
� to obtainthesecondclaim).

(Alternatively, claim(c1) followsfrom (b1)(theproofof (c2) is analogous),
since fCr

L H sx � fCL H sx in L1 / R g ;Y 0 , f x L Cr
L H s f x L CL H sx  L1, andCr

L H s commutes
with theintegral (becauseCr

L H s  %' / H L Y 0 ).)
(c3) W.l.o.g., we assumethat x0 � 0 (substract(6.44) if necessary).Just

shift u (hencex too)and f , andusetheoriginalclaim.
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(c4) ReplaceB by 0 to obtaina SR(in fact,ULR) WPLSwith same
�

andÃ (seeLemma6.3.16(b)). E
Now we may extend Lemma 6.1.16 by presentingthe standardformulae

x��� Ax & Buandy � Cx & Du with certainlimitations:

Theorem6.2.13(x��� Ax & BuL y � Cx & Dux�N� Ax & BuL y � Cx & Dux�N� Ax & BuL y � Cx & Du) Let � � �� I �  WPLSω
/
U L H L Y 0

andeither

(i) x0  H, u  L2
loc

/
R g ;U 0 andJ � R g , or

(ii) x0 � 0, u  L2
ω
/
R;U 0 andJ � R.

Set ?
x � �

x0 & � τu L
y � Ã x0 &+Z u e (6.45)

Then

(a1)x�N� Ax & Bu  L2
loc

/
J;H " 1 0 (a.e.) andx  �o / J;H 0�� W1 H 2

loc

/
J;H " 1 0 .

(a2) If Z is WR, then the following formulae hold (in particular, x
/
t 0> 

Dom
/
CL Hw 0 ) for almostevery t  J, including thoset  J where u and y

are right-continuous:

y
/
t 0^� CL Hwx

/
t 0�& Du

/
t 0 (6.46)� CL Hw � t

0

� /
t 3 s0 Bu

/
s0 ds & CL Hw � x0 & Du

/
t 0 (case(i) only)

(6.47)� CL Hw lim
T - " ∞

� t" T

� /
t 3 s0 Bu

/
s0 ds & Du

/
t 0 (case(ii) only) e

(6.48)

If Z is SR,thenwecanuseCL H s in placeofCL Hw in (6.46)–(6.48).

Stricten(i) and(ii) asfollows:

(i) x0  H, u  W1 H 2
loc

/
R g ;U 0 , x�0 : � Ax0 & Bu

/
001 H andJ � R g , or

(ii) x0 � 0 � x�0, u  W1 H 2
ω
/
R;U 0 andJ � R.

Then,

(b1) x� � � x �0 & � τu� � Ax & Bu  �o / J;H 09L y� �PÃ x �0 &+Z u � L (6.49)

e" ω R x L e" ω R x�  �o b
/
J;H 09L e" ω R x  �o b

/
J;HB 09L and y  W1 H 2

ω e (6.50)

(b2) y  W1 H 2
loc and y� ��Z u � . If u  W1 H 2

ω , theny  W1 H 2
ω . Moreover, for any

s0  C gω wehave/ Z u 0 / t 0�� C
/
x
/
t 0?3 / s0 3 A0 " 1Bu

/
t 0A0�&(fZ / s0 0 u / t 0 /

t  J 09e (6.51)
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(c1) If x0  Hn : � Dom
/
An 0 , n  N, then

�
x0  �o k / R g ;Hn " k 0 (k � 0 L 1 LAeAeAetL n)

and y : ��Ã x0  Xo k " 1 / R g ;Hn " k 0 (k � 1 LAeAeAevL n) (y  Xo k / R g ;Hn " k 0 if C  ' / H L Y 0 ).
(c2)If u  Wn H 2

ω
/
R;U 0 , n  N, thenx : � � τu,e" ω R x  Qo n

b

/
R;H 0Í��o n " 1

b

/
R;HB 0Í�

Wn " 1 H 2 / R;HB 0 , y : �.Z u  Wn H 2
ω
/
R;Y 0UV)o n " 1, x

~ n� � � τu
~ n� , y

~ n� �.Z u
~ n� .

(d) If, instead,y  L2
ω
/
R;Y 0 is arbitrary, and ZI WR, then/ Zpz y0 / t 0^� D z y / t 0�& BzL Hw lim

T - ∞

� T

0

� z / s0 C z y / t & s0 ds (6.52)

a.e. and at every t  R at which y and Z z y are left-continuous. (We can
replaceBzL Hw byBzL H s if Z d  SR).

We concludethat ZP� D & C
�

τ whenC is bounded.Recallfrom Proposition
6.2.8thatCL H s V Cs V Cw andCL Hw V CL H s V Cw.

Proof: (a)&(b) This is well-known (see, e.g., Sections4.2 and 4.5 of
[Sbook]or combineSection4 of [WW] andPropositions 29 and33 of [S97b]
with Remark6.1.9andLemma6.1.16).

(c1) This follows from LemmaA.4.2(c5). (Recall that Ã x0 � C
�

x0 for
x0  Dom

/
A0 .)

(c2) (Ignore o n " 1 andWn " 1 H 2
ω for n � 0.) This follows by applying(b2)

subsequently, except for the HB claims. We have τu  Io n " 1 / R;W1 H 2
ω 0 , by

LemmaB.7.11, and
�  +' / W1 H 2

ω L HB 0 , by Lemma6.3.19. Therefore,
�

τu  o n " 1 / R;HB 0 .
Moreover, for u  Wn H 2

ω , n  N & 1, x : � � τu, we have
/
α 3 A0 x � αx 3

x�9& Bu, andαx 3 x�� L2
ω
/
R;H 09L u  L2

ω
/
R;U 0 , hencex  L2

ω
/
R;HB 0 , because/

α 3 A06" 1 � I B�  !' / H � U L HB 0 . By induction,wehavex  Wn " 1 H 2 / R;HB 0 .
(d) We have Z z y � RZ d Ry, so that this follows from (6.48) andLemma

6.2.9(b). E
Thefollowing standarddelayline example(to which we returnseveral times

later)illustratesthesymbolsdefinedin thissection:

Example 6.2.14 (CwCwCw and BzwBzwBzw) Let U � C � Y, H : � L2 / R g ;Y 0 , and

Σ : � « π g τ π � 0 H 1 � τ / 3 10
I τ

/ 3 10 ­  WPLS0
/
U L H L Y 09e (6.53)

Moredetailsof thissystemaregivenin [WZ], [S95]and[Sbook];thereadermight
alsowish to consultsometext bookon distributions(e.g.,[Rud73]) for H " 1 and
H z" 1, thedualsof H1 andH z1 w.r.t. L2.

Now fZ / s0l� e" s � 0, asRes � ∞, henceZ= ULR andD � 0 (in fact, Z= 
MTICd). By Proposition 6.2.8(a2),we haveCw V:' / HB L Y 0 andBzw V:' / H zC L U 0 .
(BecausedimU � 1 � dimY, wehave in factthatCw � Cs andBzw � Bzs.)
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By PropositionB.7.12,wehave

A � d
dθ
L H1 : � W1 H 2 /A/ 0 L ∞ 0A0 : �)� f  H �� f �  H � (6.54)

Az1��3 d
dθ
L H z1 � W1 H 2

0

/A/
0 L ∞ 0A0 : �)� f  W1 H 2 /A/ 0 L ∞ 0A0^�� f / 0&>0�� 0 ��e (6.55)

(Hereandbelow, θ  R g is theargumentof anelement(function)of H. Recall
W1 H 2 /A/ 0 L ∞ 0A0lV)o 0

/
R g 0 , continuously, by TheoremB.7.4andLemmaB.7.6.)

BecauseÃ(� I , wehavex0
/
t 0\� / Ã x0 0 / t 0^� Cπ g τtx0 for x0  H, andC � δ z0 :

f �� f
/
00 is theuniqueoperatorC  D' / H1 L Y 0 satisfyingthis. By Lemma6.2.9(b),

we have
/

R
� z f 0 / t 0�� B z � z / t 0 f for f  H z1 , hence

Bz τ / 3 t 0 π g f � Bz � z / t 0 f � / τ1π � 0 H 1 � f 0 / 3 t 0\� / π � 0 H 1 � f 0 / 1 3 t 09L (6.56)

henceBz � δ z1 : f �� f
/
10 . Summarizing,

Bu0 � u0δ1  H " 1 L C � δ z0 : x0 �� x0
/
001 Y � C L D � 0 � D z ; (6.57)

BzU� δ z1 L C z y0 � y0δ0 L /
u0  U L x0  H1 L y0  Y 09e (6.58)

By taking Laplacetransformsof
�

x0,
� z x0 and

�
τtπ g u0 for x0  H and

u0  U , we obtain

H1 2 / s 3 A0 " 1x0 : θ �� � ∞

θ
e" s~ r " θ � x0

/
r 0 dr L (6.59)

H z1 2 / s 3 AzB0 " 1x0 : θ �� � θ

0
e" srx0

/
θ 3 r 0 dr L (6.60)

HB 2 / s 3 A0 " 1Bu0 � π � 0 H 1 � / u×0 e" s~ 1 " R � u0
/
s  C g 09e (6.61)

Notethat“π � 0 H 1 � ” in (6.61)(insteadof “π � 0 H 1= ”) is just our choice— theelements
of H areknown justa.e.

By Definition6.1.17,thespaceHB V H is given by

HB � H1 & Cπ � 0 H 1 � / u×0 e" s~ 1 " R � �=� f  H �� f �  H & Cδ1 � (6.62)� W1 H 2 /A/ 0 L 10t0�& W1 H 2 / ± 1 L ∞ 0A0 (6.63)

(we usedherethechoicemadeabove; notethatelementsof HB areboundedand
continuousfrom theright on R g ). We canset,e.g.,α � 1, to make thenormon
HB equalto 5 / 1 3 A0 " 1 / x0 & Bu0 0x5 HB : ��5 / x0 L u0 0x5 H h U e (6.64)

However, thisnormservesonly asanexample,it is enoughfor usto know thatthe
inclusionsH1 V HB V H arecontinuous. TheoperatorCw  �' / HB L U 0 is givenby

Cwx0 � w-lim
s- g ∞

Cs
/
s 3 A0 " 1x0 � w-lim

s- g ∞
s
� ∞

0
e" srx0

/
r 0 dr � x0

/
0&>09L (6.65)

i.e.,Cw � δ z0g  !' / HB L U 0 . Fromthisand(6.61)wecanverify theidentityfZ / s0\� Cw
/
s 3 A0 " 1B � e" s (6.66)

asrequired,sincee" s � ôτ / 3 10 . Furthermore,
/
s 3 A z 0 C z y0 � e" sR y0  H zC V H for

s  C g , y0  C, hence
/
1 3 Az 0 C z y0 � y0e" R , henceH zC � H z1 & Ce" R � W1 H 2, by
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LemmaA.3.4(I1). Finally

Bz s/ s 3 A z60 x0 � s
� 1

0
e" srx0

/
1 3 r 0 dr � x0

/
1 3Ç09L ass ��& ∞ L (6.67)

for x0  H zC, henceBzw � δ z1 : x0 �� x0
/
10 , so thatB zw  
' / H zC L U 0 asrequired.In

fact,Bzwx0 � x0
/
1 3Ç0 for any x0  H thatis weaklycontinuousto theleft (or hasa

weakleft Lebesguevalueat 1, by LemmaB.5.10). $
Notes
Strongandweakregularityandtheir coretheoryaredueto G. Weiss[W89c],

[WW]. TheconceptULR is dueto [Helton76a],p. 155.
Vertical and half-plane-regularity seemto be the most reasonabletrans-

fer function propertiesthat connectthe I/O map equalitiesto corresponding
feedthroughoperatorequalities. Their main advantageis that they canbe used
to guaranteethat thesignatureoperatorof anoptimalcontrolproblemequalsthe
classicalone(see,e.g.,Lemma6.3.6(b)andProposition9.11.3(c)).

Except for Lemma 6.2.2 (in this generality)and Proposition6.2.8(e)&(f),
almostall resultsof thissectioncanbefoundin someform in theliterature,mostly
dueto G. Weiss.TheLemma6.2.10,thecomposition partof Example6.2.6and
someminor resultsarefrom theworksof O. Staffans.

Further resultson regularity are given in the next sectionand in [W94a],
[W94b], [SW00], [SW01a] and [Sw01b] among others; see [Sbook] for an
extensive treatmenton the subject and for historical remarks(the notes for
Chapters4 and5).
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6.3 Further regularity and compatibility

Be regular and orderly in your life, so that you maybe violent and
original in yourwork.

— GustaveFlaubert(1821–1880)

We startthissectionby studyingseveraltypesof regularI/O maps(regularity
andinvertibility, Hp transferfunctionsandconvolution I/O maps).

Not every WPLS is regular, but the outputoperatorC of any WPLS hasan
extensionCc s.t.Dc : � fZ+3 Cc

/ uA3 A0v" 1B is constant;suchpairs
/
Cc L Dc 0 arecalled

compatibleoutputoperator pairs for thesystem. Also theformulay � Ccx & Dcu
holdsif theinput is smooth enough.Wegivea few basicresultsonsuchpairs.

Furtheron, we give necessaryandsufficient conditionsfor certainoperators
to generateaWPLS.Thenwepresentseveralauxiliary lemmasontheconnection
betweenthegeneratorsandcomponentsor signalsof asystemuntil wefinish this
sectionby abrief treatmentof reachabilityandobservability.

In connectionwith feedback,it is oftenimportantto know whethertheinverse
of anI/O mapis regularandwhetherits feedthroughoperatoris invertible; we list
herethebasicfactson this:

Proposition6.3.1(Regularity of º�" 1) (a) Let ºI �� TIC∞ beSR.Then

(a1)Thefeedthroughoperator X : �.º / & ∞ 0 is left-invertible.
(a2) If º d is SR,thenX is invertibleand ºn" 1 is SR.
(a3) º<" 1 is SRiff X is invertible. If ºn" 1 is SR,then º�" 1 / & ∞ 0�� X " 1.

(b1) If ºI �� TIC∞ is UR,then º�" 1 is UR,X  ��<' , and º�" 1 / & ∞ 0�� X " 1.

(b2) Let º� ]� TIC∞ andX  :��' . Then º is SR(resp.UR, SVR,UVR,SLR,
ULR) iff º�" 1 is SR(resp.UR,SVR,UVR,SLR,ULR).

(b3) Let º= �� TIC. Then º is strongly (resp.uniformly)half-planeregular iffº<" 1 is.

(b4)Let ºP +� TIC∞ andX  +��' . ThenZ and º areSR(resp.UR,SVR,UVR,
SLR,ULR) iff ZCº " 1 and º areSR(resp.UR,SVR,UVR,SLR,ULR).

(c) Let ºI TIC∞ beULR. ThenºI �� ULR [¡ºI �� TIC∞ [ X  ��<' .

Due to (c), onecanwork with ULR mapsin the sameway aswith rational
maps: a map is invertible if f its feedthroughoperatoris invertible. Moreover,
theclassULR is alsoclosedunderinverses,compositions, linearoperationsand
causaladjoints(seeLemma6.2.5).Thesepropertiesmakeuniformline-regularity
themostimportantregularitypropertyin theoptimalcontroltheoryof Part III.

Proof: (a)–(c)W.l.o.g.(seeLemma2.2.1(c4)),we assumethatY � U .
(a1–3) follow from [W94b, Theorems4.7 & 4.8] (with H : � I 3=fº and

K : � I ).
(b1) Now fº<" 1 / s0l��fº / s06" 1 is boundedon someC gω and fº / s0l� X, hence

X  ��<' , by LemmaA.3.3(A3). Therestfollowsasin theproofof (b2).
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(b2)Let a  U bearbitraryandsetb : � X " 1a. Nowfº " 1 / s0 a 3 X " 1a ��fº " 1 / s0 Xb 3 b ��fº " 1 / s0j±Xb 3]fº / s0 b²Ë� 0 (6.68)

as s � ∞ (along R g or ω & iR g or Res � & ∞), because 5`fº<" 1 / s0x5 8 756º<" 1 5 TICω on C gω . Therefore, ºØ" 1 is SR (resp.SVR, SLR) if º is. The
uniform propertiesfollow by removing a and replacingb by X " 1 in (6.68).
Theconversesfollow by exchangingtherolesof º and ºÇ" 1.

(b3)Theproofof (b2)appliesheretoo.
(b4) This follows from (b2) and Lemma6.2.5 (thesepropertiesare pre-

servedundercompositions).
(c) This follows from (b1)–(b2). E

Theobviousfacts(a1)–(b)below areoftenneeded,(c) and(d) lessso:

Lemma 6.3.2(Regular I/O maps) Let ZI TIC∞
/
U L Y 0 .

(a1) If dimY q ∞, then Z is WR(resp.WLR,WVR)iff Z is SR(resp.SLR,SVR).

(a2) If dimU q ∞, then Z is UR(resp.ULR,UVR)iff Z is SR(resp.SLR,SVR).

(b) Z d is WR(resp.anyotherweakor uniform propertyfrom Definition6.2.3)
iff Z is.

(c) If Z� TIC∞
/
U L Y 0 is uniformly (resp.strongly, weakly)regular and fZ is

holomorphic and boundedon the sector � s  C �� w args wNq π
2 & ε � for some

ε m 0, then fZ is uniformly (resp.strongly, weakly)half-plane-regular.

(d) If Z is URandD  ��<' , thenthere is R m 0 s.t. fZ / s01 ��<' for s m R.

(e) If ZI TICω � WR, then 5 D 5 8^~ U HY � 7 56Z�5 TICω .

Proof: (a1)&(a2)SeeLemmaA.3.1(k1)–(k2).
(b) This is obvious.
(c) By [HP, Theorem3.14.3], 5xfZ�3 D 5 8^~ U HY ��� 0 as w s wB� ∞, onany closed

subsectorof � s  C �� w args w}q π
2 & ε � , in particular, on C g . (By [HP], we have

theaboveconvergenceevenif adisc ��w s w 7 R� wereexcludedfrom thesector.)
Thestrong[weak] claim is provedby replacing fZ by fZ u0 [by

Î fZ u0 L y0Ð ] for
u0  U [andy0  Y].

(d) This follows from Lemma A.3.3(A2) and the continuity of fZ on/
ω Lb& ∞ ² , whereω is s.t. Z) TICω.

(N.B. Thereis ZP�YZ d  SR � TIC s.t.D � I but fZ / n0 en � 0 (n  N): Let
U : ��� 2 / N 0 anddefineZ by fZ / s0 en : � / 1 3 2e" slog2� n 0 en (n  N, s  C g ) (obvi-
ously, 5 fZ%5 8^~ U � 7 1; by LemmaD.1.1(b)wehave fZ. H∞ / C g ; ' / U 0A0 ).) E
Recall that Hp

ω : � Hp / C gω ; Jd0<� τ
/ 3 ω 0 Hp /

1 7 p 7 ∞, ω  R 0 and that
Hp

∞ : � � ω Á RHp
ω. By Theorem6.2.1,thesetof transferfunctionsof WPLSs(or of

TIC∞ maps)equalsH∞
∞. If a transferfunctionbelongsto Hp

∞ (or to weakHp
∞, see

Definition F.3.1),for any p q ∞, thenit is necessarilyuniformly line-regularand
muchmore:
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Proposition6.3.3( fZ) Hp� strong=fZI Hp� strong=fZ) Hp� strong= ) Let 3 ∞ q ω q α q ∞, 1 7 p q ∞.

(a) (Hp
weakH∞ V ãULRHp
weakH∞ V ãULRHp
weakH∞ V ãULR) Let fZT Hp

weak

/
C gω ; ' / U L Y 0A0 . Then ZT TICα

/
U L Y 0Æ�

ULR � WVR, andD � 0. If ω q 0, then ZI WHPR.

The above claim also holds with replacementsHp
weak �� Hp

strong and
“W” �� ”S”, aswell aswith replacementsHp

weak �� Hp and“W” �� ”U”.

(b1) (',& Hp
strongH∞':& Hp
strongH∞':& Hp
strongH∞ is inverse-closed in H∞

∞H∞
∞H∞
∞) Let fZÿ �' / U L Y 0�&

Hp
strong

/
C gω ; ' / U L Y 0A0 . Then fZ� P� H∞

∞ [ fZ� I� / ')& Hp
strongH∞ 0 . More-

over, if fZI �� H∞
ω, then5 fZ " 1 3 D " 1 5 Hp

strong
~ C Âω ; 8^~ YHU � � 7 5 fZ " 1 5 H∞

ω 5 fZ%5 Hp
strong
~ C Âω ; 8^~ U HY � � 5 D " 1 5xe

(6.69)
Part (b1)alsoholdswith “strong” removed.

(b2) If fZ / ū°0 z  ]' / U L Y 0\& Hp
strong

/
C gω ; ' / U L Y 0A0 , then fZ¢ )� H∞

∞ [ fZ / ū×0 z  � / '(& Hp
strongH∞ 0 etc.,asin (b1),byduality.

(c) If fZ  ' / U L Y 0®& H2
strong

/
C gα ; ' / U L Y 0A0 and f¨  ' / Y L Z 0�&

H2
strong

/
C gω ; ' / YL Z 0A0 , then f¨pfZI %' / U L Z 0�& H2

strong
/
C gα ; ' / U L Z 0A0 .

(Thisalsoholdswith “strong” removed.)

(d) Let fZ$ Hp / C gω ; ' / U L Y 0A0 , p  .± 2 L ∞ ² . Then 56Z u 5 L2
ω
7 M I H p H ε 5 u 5 L2

ω � ε
for

anyε m 0, u  L2
ω " ε
/
R g ;U 0 . In particular, ZÇ± L2

c ²�V L2
ω.

(e)Let fZ / ū°0 z  H2
strong

/
C gω ; ' / YL U 0A0 . ThenZ u  �o / R;U 0 and

sup
R
5 e" ω R Z u 5 Y 7 5xfZ / ū×0AzÍ5 H2

strong
~ C Âω ; 8^~ YHU � � 5 u 5 L2

ω

/
u  L2

ω
/
R;U 0t09e

(6.70)

Notefor (e) that 5xfZ / ū°0 z 5 H2
strong
~ C Âω ; 8^~ YHU � � 7 5xfZ%5 H2 ~ C Âω ; 8^~ U HY � � for any fZ) H2

ω.

By (c), ':& H2
strongH∞ is asubalgebraof H∞

∞ whenU � Y.

In Theorem6.9.1we shallshow that fZ / u93 ω 0C H2
strong for someω  R if f Z

hasarealizationwith aboundedB andD � 0 (andadualclaimholdsfor bounded
C).

Proof: (a) 1acZ� ULR � TICα
/
U L Y 0 : By Lemma F.3.2(a), fZ� 

H∞ / C gα ; ' / U L Y 0A0 , henceit is the transferfunction of some Zé TICα. By
LemmaF.3.2(b), Z is ULR.

2a Half-plane-regularity: Wegivetheprooffor fZX Hp / C gω ; ' / U L Y 0A0 ; (add
u0  U [andΛ  Y z ] for Hp

strong [or Hp
weak]).

Assumethat ω q 0. Then Z is uniformly half-plane-regular, by Theorem
6.4.2of [HP] (useα : � ω | 2 � : 3 δ q 0; notethat fZY Hp / Cω � 2; '�0 in thesense
of [HP], i.e.,theextraassumption (iii) of Definition6.4.1of [HP] is satisfiedfor
α � ω | 2).

3a Vertical regularity: This follows from thehalf-plane-regularityof fZ / u93
ω 3 10 .

(b1) This follows from Theorem4.1.1(j).Thenormestimateis obtainedas
in theproofof Lemma4.1.2.
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(b2) Apply (b1) to fZ / ū°0 z , andnotethat fZP��îfZ / ū°0 z is an isometricisomor-
phismof H∞

α ontoH∞
α .

(c) Set g : �ñfZ)3 D, f : �¢f¨�3 F. Obviously, we have FD  ,' / U L Z 0
and Fg L f D  H2

strong
/
C gα ; ' / U L Z 0A0 . But f  H∞

α , by (a), hence f g  
H2

strong
/
C gα ; ' / U L Z 0A0 . (We canalsoremove “strong” from the statementand

theproofof (c).)
(d) In fact, it suffices that u  Lq

ω
/
R g ;U 0 , where q � / 1| 2 & 1| p0 " 1.

Indeed,q  :± 1 L 2² , henceq� : � / 1| 2 3 1| p0B" 1  :± 2 L ∞ ² and 5 fu 5 Hq¾
ω
7 Mq 5 u 5 Lq

ω
,

by TheoremE.1.7. On the otherhand, 5 fZ fu 5 H2
ω
7 5 fZ%5 Hp

ω
5 fu 5 Hq¾

ω
, by Lemma

B.3.13.
Thus, 56Z u 5 L2

ω
7 M �p 5xfZ%5 Hp

ω
5 u 5 Lq

ω
, whereM �p : � Õ 2πMq. Because5 u 5 Lq

ω
7

M �q H ε 5 u 5 L2
ω � ε

, by LemmaD.1.4(b4),wecansetM I H p H ε : � M �q H εM �p 5xfZ%5 Hp
ω
.

(e) SeeLemmaF.3.7(b2). (N.B. although ZT TICα and ZT �' / L2
ω L6oC0

(where Z stands for its unique continuous extension), we do not haveZI !' / L2
ω L L2

ω 0 unlessfZI H∞
ω.) E

If F  L1 / R g ; ' / U L Y 0A0 , then Z u : � F J u definesa TIC map,andwe havefZ fu � fF fu (seeLemmaD.1.11(c’)). If merelyF  L1
strong

/
R g ; ' / U L Y 0A0 (Definition

F.1.4),i.e.,F : R g �¸' / U L Y 0 is s.t.Fu0  L1 / R g ;Y 0 / u0  U 0 , then Z u : � F J u
canin generalbewrittenasanintegral for finite-dimensionalu  L2 / R g ;U 0 only,
but still fF  H∞ / C g ; ' / U L Y 0A0 , hencefZ fu : � fF fu still definesamapZ. TIC

/
U L Y 0 .

We list below furtherpropertiesof convolution maps:

Proposition6.3.4(Z) L p� strong= JZI Lp� strong= JZI Lp� strong= J ) Let 3 ∞ q ω q α q ∞ and1 7 p 7 ∞.
(a1)LetF  Lp

ω
/
R g ; ' / U L Y 0A0 . DefineZ by fZ : � fF.

ThenZP MTICL1

α V ULR � UVR, Z u : � F J u for all u  L2
α & π g L2

loc, andëZ d � ëF z .
If ω q 0, then Z is UHPR. If E  ]' / U L Y 0 and E &(Z¢ I� TICα, then/
E &:Zp0`" 1  X�<' / YL U 0È& L1

α � Lp
α
/
R g ; ' / YL U 0A0 . Finally, 1

r Z χ � " r H 0� � F
in ' / U L Y 0 at everyLebesguepoint of F, hencea.e. (See(a2) and(a3) for
further results.)

(a2)Let e" ω R F  Lp
strong

/
R g ; ' / U L Y 0A0 . DefineZ by fZ : � fF. Then Z d � ëF z on

C gω , and(a3)applies.

(a3)LetF  %' / U L Lp
ω
/
R g ;Y 0A0 . DefineZ by fZ : � fF.

Then Z$ TICα � SLR � SVR (and Z$ ULR if p m 1). If ω q 0, then Z
is strongly half-plane-regular. Moreover, Z u � F J u for finite-dimensional
u  L2

α & π g L2
loc.

If 1 7 p 7 2 and 1| p & 1| q � 1, then fZ� Hq
strong

/
C gω ; ' / U L Y 0A0 ; if p k 2,

then fZ$ H2
strong

/
C gα ; ' / U L Y 0A0 . Finally, 1

r Z χ � " r H 0� u0 � Fu0 in Y at every
Lebesguepointof Fu0, hencea.e. (u0  U).

(a4) Let e" ω R F  Lp
weak

/
R g ; ' / U L Y 0A0 . Define Z by fZ : � fF. Then Z d � ëF z on

C gω , and(a5)applies.
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(a5)LetF  %' / U LO' / YB L Lp
ω
/
R g 0A0A0 . DefineZ by fZ : � fF.

ThenZP TICα � WLR � WVR (and ZP ULR if p m 1). If ω q 0, then Z is
weaklyhalf-plane-regular. Moreover, Λ Z u � ΛF J u for finite-dimensional
u  L2

α & π g L2
loc andall Λ  Y z .

If 1 7 p 7 2 and 1| p & 1| q � 1, then fZ� Hq
weak

/
C gω ; ' / U L Y 0A0 ; if p k 2,

then fZP H2
weak

/
C gα ; ' / U L Y 0A0 . Finally, Λ1

r Z χ � " r H 0� u0 � ΛFu0 in C at every
Lebesguepointof ΛFu0, hencea.e. (u0  U, Λ  Y z ).

(b) For p � 1, wecantake α � ω in (a1)–(a4).

SeeTheorem2.6.4 for more on the classesin (a1) and (a3). SeeLemma
F.2.2(a) for the “strong convolutions” appearingin (a3); they coincide with
ordinaryoneswhenF  L p

ω.
A convolutionkernel(“F” above)correspondingto anI/O mapof asystemis

oftencalledtheimpulseresponse(sinceit equals“F J δ0 �]Z δ0”) or theweighting
patternof thesystem.

Proof: (a1) We have F  L1
α, hence Z¶ MTICL1

α , by definition, andã
F J u � fF fu �IfZ fu � ëZ u for u  L2

α, by LemmaD.1.11(c’).By causality(replace
u by π � 0 H T � u, for arbitraryT m 0), wehaveF J u �XZ u alsofor u  L2

loc

/
R g ;U 0

(cf. LemmaD.1.7).

By LemmaD.1.12(d),wehave ëZ d � ëF z (henceZ d � F z J ).
If ω q 0, thenwe cantake α � 0 to seethat Z= MTICL1

(andhencefZ is
uniformly half-plane-regular, by Theorem2.6.4). By LemmaD.1.11(b’), we
have ZP ULR � UVR (and Z is uniformly half-plane-regularif ω q 0 or ω � 0
and p � 1). Apply Theorem4.1.1(b)to % " α

/
E & F Jd0 to obtainthat also the

inverselies in ':& / L1
α � Lp

α 06J (recallthatF  L1
α � Lp

α).
At eachLebesguepoint t of F, wehave

1
r
Z χ � " r H 0� u}� 1

r

� 0" r
F
/
t 3 s0 ds � 1

r

� r

0
F
/
t & s0 ds � F L (6.71)

as r � 0& . (N.B. 1
r * r

0 F
/
t & s0 ds is a continuous function of r and t, by

CorollaryB.3.8.)
(a2) (Note that if, instead,e" ω R F z  Lp

strong, then Z is “strongz half-plane-
regular” etc.,by duality.)

As in (a1),onecanshow that Z� SLR � SVR andthat Z is stronglyhalf-
plane-regularif ω q 0 (or ω � 0 andp � 1).

By LemmaF.3.4(c2)&(a1),we have fF  Hq
strong

/
C gω ; ' / U L Y 0A0^� H∞

α for

p  ,± 1 L 2² ; for p m 2 we have e" ω ¾ R F  L2
strong for any ω �Èm ω. It follows thatZI ULR if p m 1, by Proposition 6.3.3(a1).

For u � φu0, φ  L2
α
/
R 0 , u0  U , we have

ã
F J u � ôFu0 J φ � fFu0fφ �cfZ fu,

i.e., F J u �)Z u; hencethe sameholdsfor finite-dimensional u (seethe proof
for π g L2

loc).

By Lemma 6.2.2, we have ëZ d �ÄfZ / s̄0 z � fF / s̄0 z ; by Lemma F.3.3(c),fF / s̄0 z � ëF z / s0 , for s  C gω .
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(a3) Most of this follows from Lemma F.2.2(d1)–(d3);the rest can be
obtainedasin (a2).

(a4)Theproofsof (a1)–(a3)applymutatismutandis. (Recallfrom Remark
A.3.22 that YB refersto the “linear” dual, wherethe scalarmultiplication is
definedby

/
βΛ 0 y0 : � β

/
Λy0 0 α  C L Λ  Y z , y0  Y, asin TheoremF.2.1(f).)

(Obviously, ' / U LO' / YB L Lp
ω
/
R g 0A0A0 is the spaceof bilinearmappingsU �

YB � Lp
ω
/
R g 0 , i.e., thespaceof sesquilinearmappingsU � Y � L p

ω
/
R g 0 , with

norm 5 T 5 7 sup1 u 1 H 1 y 1ON 1 5 T / u0 L y0x5 Lp
ω
.)

(a5)Onecanobserve this from theproofsof (a1)–(a3). E
In classicalRiccati equationtheory, one often needsto make conclusions

such as Z z Zé�éº z º¡�\# D z D � X z X. This may fail even if Z�LAº£ ULR
(Example 6.3.7), but the following two lemmasgive us important sufficient
conditions:

Lemma 6.3.5(Z z J ZX�.º z SºT�\# D z JD � X z SXZ z J ZX�Xº z SºT�\# D z JD � X z SXZ z J ZX�Xº z SºT�\# D z JD � X z SX) Let fZ k  
Hpk

strong
/
C g ; ' / U L Yk 0A0�&®' / U L Yk 0 , pk  �± 2 L ∞ 0 (k � 1 L 2 L 3 L 4) andY1 � Y2, Y3 � Y4.

Assumethat
Î Z 1u LýZ 2uÐ k Î Z 3u LýZ 4uÐ for all u  L2

c
/
R g ;U 0 . ThenD z1D2 k D z3D4.

In particular,
Î Z 1u LýZ 2uÐ � Î Z 3u LýZ 4uÐ (u  L2

c) implies that D z1D2 � D z3D4.
We may allow for any pk  Y± 1 L ∞ 0 underslightly strongerstability, by Lemma
F.3.2(a2).

For Z k  MTICL1
(or L1

strong J\&4' ), weobtainthesamefrom Lemma6.3.6(b).

Proof: By Proposition6.3.3(a)&(d),wehave fZ k  %' / L2" δ L L2 0 , Z k  ULR,
hence

Î Z 1u LýZ 2uÐ k Î Z 3u LýZ 4uÐ (use continuity and Corollary B.3.8) for all
u  L2" δ

/
R g ;U 0 , k � 1 L 2 L 3 L 4, δ m 0.

Weshallassumethat Z 3 � 0 �(Z 4 to simplify thenotation;thegeneralcase
is analogous(just thenumberof termsis doubled).

Let u0  U . Set α : � Î D1u0 L D2u0Ð Y  C, F : ��fZ 1 3 D1, G : �éfZ 2 3 D2.
BecauseFu0  Hp1

/
C g ;Y1 0 andGu0  Hp2

/
C g ;Y1 0 , they have Lpk boundary

functions, by Theorem3.3.1(a2). Moreover, g1 : � Î Gu0 L Fu0Ð Y1
 Lq / iR 0 ,

whereq " 1 � p " 1
1 & p " 1

2  �± 1 L ∞ 0 , by LemmaB.3.13.
Givenε m 0, thereR1 m 0 s.t. fr : � f1 H r  L2" 1� 2 / R g 0 satisfies5 fr 5 2 � 1 and* iR w ffr w 2 wg1 w dm q ε | 3 for all r m R1, by LemmaD.1.24. Choose,analogously,

numbersR2 and R3 for functions g2 : � Î Fu0 L D2u0Ð Y  Lp1
/
iR 0 and g3 : �Î

D1u0 L Gu0Ð Y  Lp2
/
iR 0 , respectively, in placeof g1. Setrε : � max� R1 L R2 L R3 � ,

βε : � Î Z 1 fru0 LýZ 2 fru0Ð Y k 0. Then,by (D.36),wehave

2π wβε 3 α w�� Î fZ 1 frεu0 LAfZ 2 frεu0Ð L2 ~ iR;Y1
� 3 Î D1 frεu0 L D2 frεu0Ð L2 ~ iR;Y1

� (6.72)7 �
iR
w frε w 2 / wg1 wy&Ywg2 wy&Ywg3 w 0 dm q 3ε | 3 L (6.73)

hence wβε 3 α wÍq ε | 2π. Becauseε wasarbitrary, we have infβ Á R Â wβ 3 α w`� 0,
i.e., α  R g . Becauseu0 was arbitrary, we have

Î
D1u0 L D2u0Ð Y k 0 for all

u0  U . E
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Sinceconvolutionswith L1 areuniformly half-plane-regular(UHPR),we can
oftenusethefollowing lemmafor thepurposedescribedabove:

Lemma 6.3.6(Half-plane-regularity) Assumethat ZY TIC
/
U L Y 0 andJ � J z  ' / Y 0 .

(a1) Let ZT TIC
/
U L Y 0 be SHPR.Thenfor each u0  U there is a null set

NI H u0 V R s.t. fZ / ir 0 u0 � Du0 asNcI H u0
2 r ��ç ∞.

(a2)Let Z) TIC
/
U L Y 0 beUHPR,andlet U beseparable. Thenthere is a null

setNI V R s.t. 5}fZ / ir 0G3 D 5U� 0 asNcI 2 r ��ç ∞.

(b) (Z z J ZX�Xº z SºX# D z JD � X z SXZ z J ZX�.º z Sº.# D z JD � X z SXZ z J ZX�Xº z SºX# D z JD � X z SX) Let Z�LvK¸ TIC
/
U L Y 0 and º4LAüÄ 

TIC
/
U L H 0 be strongly half-plane-regular. Then K z Z���ü z º¶�\# E z D �

Z z X, and K z ZIk,ü z ºT�\# E z D k Z z X.

(c1) ( : / π g Z z J Z π g 06" 1 #P: / D z JD 06" 1: / π g Z z J Z π g 06" 1 #P: / D z JD 06" 1: / π g Z z J Z π g 06" 1 #P: / D z JD 06" 1) Let Z�LAZ d LOKMLtK d  SHPR � TIC and
π g Z z K π g  ��<' / L2 / R g ;U 0A0 . ThenD z E  ��<' / U 0 .

(c2) (Z z J Z Å 0 # D z JD Å 0Z z J Z Å 0 # D z JD Å 0Z z J Z Å 0 # D z JD Å 0) Let Z�LvK) SHPR� TIC
/
U L Y 0 and Z z K Å 0.

ThenD z E Å 0.

(d1) (: / π g Z z J Z π g 06" 1 #Q: / D z JD 06" 1: / π g Z z J Z π g 06" 1 #P: / D z JD 06" 1: / π g Z z J Z π g 06" 1 #P: / D z JD 06" 1) Let � � �� I �  WPLS
/
U L H L Y 0 be s.t.�

τ  UHPR � TIC and Zé ULR � TIC (or
�

τ LyÃ dτ  SHPR� TIC andZ�LAZ d  SLR � TIC). If π g Z z J Z π g  ��<' / L2 / R g ;U 0t0 , then D z JD  �<' / U 0 .
(d2) (Z z J Z Å 0 # D z JD Å 0Z z J Z Å 0 # D z JD Å 0Z z J Z Å 0 # D z JD Å 0) Let � � �� I �  WPLS

/
U L H L Y 0 be s.t.

�
τ  

SHPR� TIC and ZI SLR � TIC. If Z z J ZIk εI , ε m 0, thenD z JD k εI .

Parts(d1)and(d2)aremainlyappliedto exponentially stable(or stabilizable)
systemsof the type studiedin Sections6.8 and9.2. SeeLemma9.2.17for the
unstablecase.

Proof: (a1) For any ε m 0 chooseRε m 0 s.t. 5Í± fZ / s0^3 D ² u0 5nq ε for all
s  C g with w s w�m Rε. Then 5Í±ÏfZ / ir 0�3 D ² u0 51� limt - 0g 5Í±ÏfZ / ir & t 0�3 D ² u0 5 7 ε,
whenr  R � NI H u0 and w r wjm Rε, for somenull setNI H u0, by Theorem3.3.1(c1).

(a2)Modify theproofof (a1)suitably(useTheorem3.3.1(c2)).
(b) We only prove that K z Zck 0 �\# E z D k 0, becausethe latter claim

follows by applyingthis to � K 3�ü � z � I Ú � k 0, andthe former claim follows
from thelatter.

We have
Î fK u0 LAfZ u0Ð k 0 a.e., by Theorem3.1.3(e2). Letting

/
NI H u0 �

Nµ H u0 0 c 2 r � & ∞, we get that
Î
Eu0 L Du0Ð U k 0, by (a). Becauseu0 was

arbitrary, we haveE z D k 0.
(c1) (N.B. Zé UHPR # Z�LAZ d  UHPR V SHPR.) Chooseη m 0 s.t.5 π g Z z K u 5 2 k η 5 u 5 2 for all u  L2 / R g ;U 0 .
Let 5 u0 5 U � 1 andε m 0 be arbitrary. By (a), thereareR m 0 anda null

setN s.t. 5 / fK / ir 0^3 E 0 u0 5xL�5 / fZ z / ir 0Æ3 D z 0 Eu0 54q ε for r m R s.t. r  N. By
LemmaD.1.24(a),thereareδ m 0 andR�Gm 0 s.t. for all r m R� andt  / 0 L δ 0
we have 5 fft H r 5 H2 ~ C Â � � Õ 2π and 5 χi � " RHR= ff 5 H2 is arbitrarily small, hencefor
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suitableδ m 0 andR��m 0 wehavew Î fZ fv LbfK ff1 H ru0Ð w 7 w Î fZ fv LbfK ff1 H ru0Ð 3 Î fv L D z E ff1 H ru0Ð wy&]Õ 2π 5 fv 5 H2 5 D z Eu0 5 U (6.74)7 / 2π 0 ε & / 2π 0x5 v 5 2 5 D z Eu0 5 U /
v  L2 / R g ;U 0t09e (6.75)

But for a fixed r, thereis v s.t. 5 v 5 2 � 1 and w Î fZ fv L fK ff1 H ru0Ð wÍm 2πη, by Lemma
A.3.1(c1)(xi),hence5 D z Eu0 5Mm η 3 ε. Sinceε andu0 werearbitrary, we have5 D z Eu0 5Mk η whenever 5 u0 5 U � 1.

By exchangingtherolesof fK and fZ , weobtainthat 5 E z Du0 5Sk η 5 u0 5 U for
all u0  U . Consequently, D z E  ��<' / U 0 , by LemmaA.3.1(c3)(v)&(i).

(c2)Now Z z K Å εI for someε m 0, henceD z E Å εI , by (b).
(d1) By Lemma6.3.23,we have ZT UHPR (or Z�LAZ d  SHPR), henceZ d L J Z�LvZ dJ  UHPR V SHPR(or J Z�L J Z d  SHPR), hencethis follows from

(c1).
(d2) By Lemma6.3.23,we have Z�LAZ d  SHPR, hencethis follows from

(c2). E
For non-half-plane-regular Z andº (evenfor Z�LAº. MTIC V ULR), wereally

mayhaveD z D �� X z X althoughZ z ZX�Xº z º :

Example 6.3.7 (S �� D z JDS �� D z JDS �� D z JD) In thesystemof Example6.2.14,we haveU � C �
Y, ZP� τ

/ 3 10 . Take J � I , sothat Z z J ZY� I hasthespectralfactorizationº z Sº
with S � I �.º) �� TIC

/
U 0 (or ºX� E L S � / EE z 06" 1 with E  !' / U 0 ).

ClearlyD � 0 andX � I , henceD z JD � 0 �� I � X z SX. Notethat Z�Lvº. ULR,
but, of course,Z is not (evenweakly)half-plane-regular. Moreover, for s � iω  
iR we have Z z / s0 J Z / s0C�¢we" s w 2 � 1 �=º z / s0 Sº / s0 , but Z / iω 0C� e" iω �� D as
ω �¡ç ∞). $

(In Example9.13.8(with Σ dividedby Õ 2), wehaveX z X �� D z D eventhoughZ z ZX�.º z º , C is boundedand ºX� I .)
This unfortunatefactmakestheWPLSRiccati theorymorecomplicatedthan

theearliertheoriesfor smoother classesandforcesus to introducethesignature
operatorS (in general,X z SX) that replacesthe standardterm D z JD in Riccati
equationsin thegeneralcase,cf. (9.3).

Weshallshow in Theorem6.3.9thattheoutputoperatorof anarbitraryWPLS� � �� I � hasan extensionCc  Q' / HB L Y 0 s.t. fZ / s0U� Dc & Cc
/
s 3 A06" 1B for some

Dc. Suchoperatorsarethecompatiblegeneratorsof Σ:

Definition 6.3.8(Compatibility) Wecall
/
Cc L Dc 0 a compatible(outputoperator)

pair for Σ (or for � � � � ), andwecall ¤ A B
Cc Dc § compatiblegeneratorsof Σ  

WPLSω
/
U L H L Y 0 if � A B

C
� arethegeneratorsof Σ,Cc  >' /WL Y 0 isanextensionof

C, whereW is a Banach spaces.t.HB V W V
c

H, andDc �=fZ / α 0�3 Cc
/
α 3 A06" 1B

for someα  C gω .

As before, “generate”means“are the generatorsof”. We considerpairs/
Cc L Dc 0 and

/ WCc L Dc 0 for � � � � equal if f �SÃ Z � ��¤ WÃ WZ § , i.e., if f
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Cc � WCc onHB (theextensionof Cc outsideHB is irrelevant,seebelow); cf. Lemma
6.3.10(d3).

TheoperatorDc  
' / U L Y 0 is independentof α, by (6.40)andtheResolvent
Equation. By Corollary A.3.7, we have HB Vc W, henceCc wHB

 �' / HB L Y 0 , so
that we could always replaceW by HB (or by any other BanachspaceV V

c
W s.t. HB V V), andso we usuallydo. However, sometimeswe wish to choose
W s.t. H1 is densein W (it neednot be densein HB even if Z=� 0, by Lemma
6.3.10(f)),andthiscanbedoneby takingW : � Dom

/
CL H s0 whenever Z is SR,by

Lemma6.3.10(e)andProposition6.2.8(c6).Also physicalconsiderationsmight
sometimesmakesomeotherW moreconvenient.

Theorem6.3.9 EveryWPLShasa compatiblepair.

In theproofwe show thatC is boundedin theHB norm,henceit hasa unique
boundedextension to the closureof Dom

/
A0 in HB. We could take the zero

extensionof this to extendC to HB, but this is notalwaysthemostnaturalchoice.
E.g., if C is bounded(i.e., it coincideswith someC0  {' / H L Y 0 ), thenCw � C is
in generaldifferentfrom thezeroextension.

Proof: Let Σ : � � � �� I �  WPLS
/
U L H L Y 0 . Let H1B beH1 with thetopology

inheritedfrom HB. Assume,w.l.o.g., thatα m ωA (in Lemma6.1.16).
1a If zn � 0  H1B, thenCzn � 0 in Y: Assumethat � zn �nV Dom

/
A0 is s.t.5 zn 5 HB � 0 asn � ∞. By definitionof 5 zn 5 HB, theremustbe � xn ��V H1 and� un �4V U s.t.

zn � xn & / α 3 A0 " 1Bun LÖ5 xn 5 H1 � 0 L]5 un 5 U � 0 e (6.76)

It followsthatCxn � 0. Now zn L xn  H1 imply that
/
α 3 A09" 1Bun  H1. Choose

ω m ωA andsetM : ��5}fZ%5 H∞
ω q ∞. ThenfZ / s0 un �YfZ / α 0 un 3 C

/
s 3 α 0 / s 3 A0 " 1 / α 3 A0 " 1Bun �_fZ / α 0 un 3 C

/
α 3 A0 " 1Bun � : yn L

(6.77)
and 5 yn 5 Y 7 M 5 un 5 U , hance 5 C / α 3 A06" 1Bun 5 Y 7 2M 5 un 5 U . Consequently,
Czn � 0 asn � ∞.

2a Σ is compatible: By density(seeLemmaA.3.10),C hasa continuous
extensionto theclosureH̄1B of H1B in HB. BecauseHB is a Hilbert space,this
extensionhasan extension Cc  ¿' / HB L Y 0 , by LemmaA.3.11. Thus,Cc and
Dc : ��fZ / α 0G3 Cc

/
α 3 A06" 1B form acompatiblepair for Σ. E

Next we list thebasicpropertiesof compatiblepairs:

Lemma 6.3.10 Let Σ, Cc andDc beasin Definition6.3.8.Then

(a) fZ / s0\� Dc & Cc
/
s 3 A06" 1B for all s  C gω .

(b) If x0  H, u  W1 H 2
loc

/
R g ;U 0 , and Ax0 & Bu

/
00Ç H, then Ã x0 &.Z u �

Ccx & Dcu  W1 H 2
loc

/
R g ;Y 0 , wherex : � � x0 & � τu.

(c) If u  W1 H 2
ω
/
R;U 0 , then Z u � Ccx & Dcu  W1 H 2

ω
/
R;Y 0 , where x : � � τu.
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(d1) Σ is uniquelydeterminedby ¤ A B
Cc Dc § (theconverseholdsiff H1 is densein

HB).

(d2)Conversely, Σ determines� A B
C z � uniquely, andCc canbechosento beany

continuousextensionof the closure of C (on the closure of H1 in W); this
choicedeterminesDc uniquely.

(d3) Let also
/ WCc LSRDc 0 be a compatible pair for Σ. Then oY� WCc on HB iff

Dc � RDc.

(e) If Z is WR (resp. SR), then
/
CL Hw L D 0 and

/
Cw L D 0 (resp.

/
CL H s L D 0 and/

CL H s L D 0 ) arecompatiblepairs for Σ.

(f) Cc andDc maybenonuniqueevenif Σ is veryregular (e.g., ZY� 0 �PÃ ).

(g)
/
α 3 A06" 1B  %' / U L HB 01V:' / U LW 0 for anyα  σ

/
A0 c, andHB Vc W.

By causality, in (c) it is enoughthatπ ~ " ∞ H T � u  W1 H 2
ω
/
R;U 0 for eachT m 0.

Proof: (a) This followsfrom (6.40)andtheResolventEquation.
(b) (Note that, given just u, we can always take x0 : � / s 3 A0B" 1Bu

/
00 .)

Assumethat u  W1 H 2 / R g ;U 0 (for the generalcase,choosesomeT m 0 and
extendu on

/
T Lb& ∞ 0 so thatu  W1 H 2; thevaluesof x and Ã x0 &�Z u on ± 0 L T ²

remainunchanged,by thecausalityof Z ).
Becausee" ω R x  .o b

/
R g ;HB 0 , by Theorem6.2.13(b1),the Laplacetrans-

form of f : � Ccx & Dcu is

f̂
/
s0\� Cc fx / s0�& Dc fu / s0\� Cc ± / s 3 A0 " 1x0 & / s 3 A0 " 1Bfu / s0b²`& Dc fu / s09L (6.78)

which equalstheLaplacetransformof Ã x0 &�Z u. Both functionsarecontinu-
ous,henceequal.

(c) Seetheproofof (b).
(d2) The first claim follows from Lemma6.1.16(d). Conversely, let H �

be the closureof H1 in W, and let H � � be its orthogonalcomplement in W.
Obviously, Cc is uniquelydeterminedonH � , andCc wH ¾ ¾ canbechosento beany' / H � � L U 0 operator;thischoicedeterminesDc uniquely, by Definition6.3.8.

(d1) The uniquenessfollows from (a) andLemma6.2.9(a). The converse
holdsif f H1 is densein W, by (d2).

(d3) If Cc � WCc onHB, thenDc � RDc, by definition.Conversely, let Dc � RDc.
ThenCc � WCc on

/
α 3 A0B" 1B ±U ² . But Cc � C � WCc on H1, henceCc � WCc on

H1 & / α 3 A06" 1B ±U ²�� HB, by linearity.
(e) This follows from Proposition6.2.8.
(f) Let Ã)� 0 �=Z (so that Z is uniformly half-plane-regular etc.), BU �

H �c� 0 � andKer
/
B0C�c� 0 � (so that

/
α 3 A0B" 1B  ®' / U L H � � 0 is an isometric

isomorphismonto,in termsof theproofof (d2);hereα is asin Lemma6.1.16).
Thenwe canchooseanarbitraryDc  
' / U L Y 0 , anddefineCc on H ��� H1

by Cc wH ¾ � C, andon H � � by Cc
/
α 3 A06" 1B : �cfZ / α 0Æ3 Dc  ¿' / U L Y 0 , so that

Cc  %' / H �N� H � � L Y 0 , and
/
Cc L Dc 0 is a compatible outputoperatorpair for Σ.

(g) By Corollary A.3.7, we have HB Vc W, hence ' / U L HB 04V=' / U LW 0 .
Trivially, 5 / alpha 3 A0�" 1Bu0 5 HB 7 5 u0 5 U for all u0  U if α is asin Defini-
tion 6.1.17.Sincea differentα leadsto anequivalentnormon HB, asnotedat
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theendof Definition6.1.17,wehave
/
α 3 A09" 1B  D' / U L HB 0 for any α. E

If B is bounded,thenHB � H1, sothatCc � C is essentially theonly possible
choiceof Cc. If B is unboudedandU � C (evenif C werebounded),thenDc can
bechosenarbitrarily:

Lemma 6.3.11 LetΣ  WPLS
/
C L H L Y 0 haveB unbounded,i.e., B1 � H. Choose

r m ωA and setxB : � / r 3 A0B" 1B1. Then 5 x1 & αxB 5 H ¾B : ��wα w 2 &=5 x1 5 2H1
is an

equivalentnormfor HB �=� x1 & αxB �� x1  H1 L α  C � .
Let y0  Y be arbitrary. Define, Cc

/
x1 & αxB 0 : � Cx1 & αy0, so that Cc  ' / HB L Y 0 becomesan extensionof C  %' / H1 L Y 0 andhence

/
Cc L Dc0 are compat-

ible generators of Σ, where

Dc : �=fZ / r 0�3 Cc
/
r 3 A0 " 1B ��fZ / r 0�3 CcxB ��fZ / r 0�3 αy0  �' / C L Y 0\� Y e (6.79)

Thus,Dc  %' / C L Y 0 canbechosenarbitrarily. E
(All this is straightforward.)
In particular, the“compatiblefeedthroughoperator”Dc  D' / C 0 canbechosen

arbitrarily in Example 6.2.14.If we takeDc �� 0, thenit becomescompensatedin
Cc. If we replaceC by 0 in Example6.2.14,thenDc �� 0 implies thatCc �� 0 —
thus,thecompatiblegeneratorsarenotuniqueevenfor boundedC.

How to recognizea suitablepair
/
Cc L Dc 0 ? Quiteeasily:

Lemma 6.3.12 Let Σ � � � �� I �  WPLSω
/
U L H L Y 0 . If (1.) or (2.) holds, then/

Cc L Dc 0 is a compatible pair for Σ.

(1.) Cc : HB � Y is linear, Dc  �' / U L Y 0 , C V Cc and fZ / s0Æ� Dc & Cc
/
s 3 A06" 1B

for somes  C gω ;

(2.) Cc  �' /WL Y 0 , Dc  �' / U L Y 0 , C V Cc, and
/ Z u 0 / 00M� Dcu

/
00G& Ccx

/
00

whenever u � φu0, u0  U andφ  �o ∞
c
/
R 0 .

Recallthat“C V Cc” meansthatCc is anextension of C.
Proof:
(1.) Now Cc

/
α 3 A06" 1 / x0 & Bu0 0Ç� C

/
α 3 A06" 1x0 &$±ÏfZ / α 0U3 Dc ² u0 7

M ± 5 x0 5n&Ö5 u0 56² for all x0  H, u0  U , where M : � max��5 C / α 3
A06" 1 5xL�5xfZ / α 0�3 D 5`� , henceCc  �' / HB L Y 0 , hence

/
Cc L Dc 0 is acompatiblepair

for Σ.
(2.) Becauseo ∞

c
/
R 0 is densein W1 H 2

ω
/
R 0 , by TheoremB.7.3 andLemma

B.7.10,we may chooseany φ  W1 H 2
ω
/
R 0 , by continuity (indeed,by Lemma

6.3.19,we have
�  Q' / W1 H 2

ω ;HB 0 ; by TheoremB.7.4 andLemmaB.7.10,we
also have

/
φu0 �� φ

/
00 u0 0� �' / W1 H 2

ω L U 0 ; by Theorem6.2.13(b1),y  W1 H 2
ω ,

hencealsoy �� y
/
00 is continuous).

By causality, we maytake φ � est for any s  C gω (sinceπ ~ " ∞ H 0= φ  W1 H 2
ω ).

FromLemma6.2.10weobtainthatfZ / s0 u0 � Dcu0 & Cc
�

u � / Dc & Cc
/
s 3 A0 " 1B0 u0 e (6.80)

Sinceu0  U wasarbitrary, wehaveDc � fZ / s0G3 Cc
/
s 3 A06" 1B. E
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Next few lemmaswill give necessaryand sufficient conditions for given
operatorsto bethegeneratorsof aWPLS:

Lemma 6.3.13(Generatinga WPLS) Operators ¤ A B
Cc Dc § are compatible gen-

eratorsof a WPLS � � �� I �  WPLS
/
U L H L Y 0 iff thefollowingconditions hold:

(1.) A is thegenerator of a C0-semigroup
�

onH.

(2.) B  !' / U L H " 1 0 , andthere is T m 0 s.t.for all u  L2 / ±Ï3 T L 00 ;U 0 wehave�
u : � � 0" T

� / 3 s0 Bu
/
s0 ds  H e (6.81)

(3.) Cc  %' /WL Y 0 , Dc  %' / U L Y 0 andHB V W V
c

H.

(4.) Themap Ã : H1 �·o / R g ;Y 0 definedby/ Ã x 0 / t 0 : � Cc
� /

t 0 x L / x  H1 L t k 00 (6.82)

canbeextendedto a continuousmapH �� L2 / ± 0 L T 0 ;Y 0 for someT m 0.

(5.) For someω m ωA andT m 0, the map Z : o ∞
c
/A/

0 L T 0 ;U 0l� o b
/A/

0 L T 0 ;Y 0
definedby / Z u 0 / t 0 : � Cc

�
τ
/
t 0 u & Dcu

/
t 0 / t  R 09L (6.83)

canbeextendedto a continuousmapL2
ω
/ ± 0 L T 0 ;U 0�� L2

ω
/ ± 0 L T 0 ;Y 0 for some

T m 0.

If this is the case, then � � �� I �  WPLSω
/
U L H L Y 0 for any ω m ωA; conse-

quently, fZ / s0\� Dc & Cc
/
s 3 A06" 1B for s  C gωA

. (Here
�

, Ã and Z are theunique
continuousextensionsof operators definedin (6.81)–(6.83).)

By thelastclaim, � � �� I � is WR iff Cc
/
s 3 A06" 1B convergesweaklyass �¬& ∞

(thelimit is thenD 3 Dc, whichneednotbezero,cf. Lemma6.3.10(e)).
If we know that � � � �  WPLS, then (1.) and (2.) are redundant;if� � � �  WPLS, then(1.) and(4.) areredundant.

Proof: 1a “Only if ”: This follows from Lemma 6.1.16 and Lemma
6.3.10(c).

2a “If ”: Let ωA q α q ω, and chooseM s.t. 5 � / t 0j5 7 Meαt (t k 0).
Note first that � � � �  WPLSω

/
U L H " 1 Lv� 0 �Í0 , which follows from the α-

boundednessof
�

andtheextended
�

definedby
�

u : � * R � � / 3>u×0 Bu. But the

rangeof
�  !' / L2 / ±Ï3 T L 00 ;U 09L H " 1 0 is in H, hence

�  !' / L2 / ±Ï3 T L 00 ;U 09L H 0 ,
by LemmaA.3.6.

Then T � T �� IVU generatea eω-stablewpls, say ∆SWΣ (see Section 13.4);

let ¤ ³� ³�³� ³I § : � ∆S " 1 / ∆SWΣ 0 be the corresponding“WPLS”. Thenthe quadruple¤ ³� ³�³� ³I § is “ω-stable”,by Lemma13.3.8.
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Oneeasilyverifiesthatthisquadrupleis aWPLSandhasgenerators� A B
C z �

(hencecompatiblegenerators¤ A B
Cc Dc § ).

3a Thelasttwo claimsfollow from Lemma6.1.10andTheorem6.2.11(d1).E
Corollary 6.3.14( « � Ã ­« � Ã ­« � Ã ­ ) Assumethat

�
is a C0-semigroup and that C  ' / H1 L Y 0 . Then ± AC ² generate a WPLS iff there are T m 0, M q ∞ s.t.5 C� x0 5 L2 ~ � 0 H T � ;Y �\7 M 5 x0 5 H for all x0  H1. E

(Apply Lemma6.3.13with B � 0, D � 0 andW � H1.)
Wesometimesneedthefollowingfrequency-domainvariantof Lemma6.3.13:

Lemma 6.3.15(Generatinga ôWPLSôWPLSôWPLS) Operators � A B
C D

�  P' / H1 � U L H � Y 0
generatea WPLSiff (1.) A generatesa C0-semigroupon H (seeTheoremA.4.3),
andthereare ε m 0 andω m ωA ands0  C gωA

s.t.for each x0  H wehave

(2.) Bz / u93 Az 06" 1x0  H2 / C gω ;U 0 ;
(4.) C

/ u93 A0v" 1x0  H2 / C gω ;Y 0 ;
(5.)

/ u93 s0 0 C / u93 A06" 1 / s0 3 A06" 1B  H∞
∞

For � A B
C D

� to generatea WRWPLS,we mayreplace(5.) by theassumption
that D & Cw

/ u�3 A06" 1B  H∞ / C gω ; ' / U L Y 0A0 , but we must require that HB V
Dom

/
Cw 0 , i.e., thatCr

/
r 3 A09" 1 / ω 3 A06" 1Bu0 convergesweaklyfor all u0  U.

One may replace(5.) by the assumption that the map (6.51) extendsto a
continuousoperatorL2 / ± 0 L T 0 ;U 0S� L2 / ± 0 L T 0 ;Y 0 . Naturally, the WPLS is ω-
stablefor any ω m ωA.

Proof: (Analogousresultsaregiven in Chapter9 of [Sbook], so we only
sketcha proof.) Necessityfollows from Theorem6.2.11. For the converse,
assume(1.)–(5.). The operator Ã of (6.82) satisfies

ãÃ x0
/
s0S� C

/
s 3 A06" 1x0

for all x0  H1, hence(1.), (4.) andLemma6.3.13apply that � � � �  WPLS.

Analogously, ¤ � d� d §  WPLS, hence � � � �  WPLS. By (d2) (seealso

(d1)) of Theorem6.2.11, LemmaD.1.26 and Lemma 6.2.10, we have that
π g Z π " �PÃ � , hence � � �� I �  WPLS. E
A boundedoperatorwill alwaysdoasa generator:

Lemma 6.3.16(Bounded BBB or CCC)

(a) Let B  {' / U L H 0 , C  
' / H L Y 0 andD  {' / U L Y 0 , and let A generate a C0-
semigroup on H (e.g., A  ®' / H 0 ). Then � A B

C D
� generate a WPLSthat is

ULR.
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(b) (BoundedBBB) Let � AC � generate � � � �  WPLS
/ � 0 ��L H L Y 0 , i.e., let A generate

aC0-semigroup
�

, andletC  D' / Dom
/
A09L Y 0 bes.t. themap Ã : Dom

/
A0G�o / R g ;Y 0 definedby/ Ã x 0 / t 0 : � C

� /
t 0 x L / x  Dom

/
A09L t k 00 (6.84)

canbeextendedto a continuousoperator H �� L2 / ± 0 L ε 0 ;Y 0 for someε m 0.

AssumethatB  �' / U L H 0 andD  !' / U L Y 0 . Then � A B
C D

� generatea WPLS,Z is ULR,andHB � Dom
/
A0 with equivalentnorms.

If ωA q 0, then Z is strongly half-plane-regular. If Ã is ω-stable, thenfZ]3 D  H2
strong

/
C gω ; ' / U L Y 0A0 .

(c) (BoundedCCC) Let � A B � generate � � � �  WPLS
/
U L H Lv� 0 �Í0 , i.e.,

let (1.)–(2.)of Lemma6.3.13hold.

AssumethatC  {' / H L Y 0 andD  %' / U L Y 0 . Then � A B
C D � generatea WPLS

Σ, and Z is ULR.

(d) In (a)–(c), Σ and Σd are ULR and ω-stablefor any ω m ωA, and fZ / s0C�
D & C

/
s 3 A06" 1B (s  C gωA

). If ωA q 0, then Z and Z d are weaklyhalf-
plane-regular.

Thus,any WPLS with a boundedB or C is ULR; in particular,
�

τ is always
ULR (with zero feedthrough!),since it has the realization è A B

I 0 ê . Since any
boundedA (  �' / H 0 ) generatesthe(uniformly continuous)C0-semigroupeAt with
H1 � H � H " 1, theoperatorsB, C andD arenecessarilyboundedif A is bounded.

Proof: (a) It follows from, e.g., (c), that � A B
C D � generatea WPLS. By

LemmaA.4.4(c3),thisWPLSis ULR.
(b) Apply (c) to Σd (seeLemma6.1.4) to seethat Σd  WPLS andΣd is

ULR (hencesois Σ). If ωA q r q 0, thenC
/
s 3 A0B" 1B  H2

strong
/
C gr ; ' / U L Y 0A0 ,

by Theorem6.2.11(c2),henceZ
3 D is strongly half-plane-regular(hencesoisZ ), by Proposition6.3.3(a).
Obviously, HB ��� x0  H �� Ax0  H �>� Dom

/
A0 . BecauseHB V H and

Dom
/
A0UV H, continuously, their topologiescoincide,by CorollaryA.3.7, i.e.,

they haveequivalentnorms.
If Ã is ω-stable, then C

/
s 3 A0B" 1  H2

strong
/
C gω ; ' / H L Y 0A0 , by Theorem

6.2.11(c2),hencealsothelastclaimholds.
(c) 1a WPLS:Let ω m ωA sothat � � � �  WPLSω, by Lemma6.1.10.

Set Ã x0 : � π g C� / u×0 x0 for x0  H. Obviously, Ã) Q' / H L L2
ω 0 , hence(1.)–(4.)

of Lemma6.3.13hold.
Set

/ Z u 0 / t 0 : � D & C
�

τ
/
t 0 u (i.e., “y � Cx & Du”) for u  L2

ω, t  R. By
Theorem6.2.11(a)&(b1),wehave ëZ u � D fu & C

/
s 3 A06" 1Bfu for u  L2

ω
/
R g ;U 0 .

ButC
/ uA3 A06" 1B  H∞ / C gω ; ' / U L Y 0A0 , by Theorem6.2.11(b2),henceD & C

/
s 3

A06" 1B definessomeZS�G TICω
/
U L Y 0 . By theobvioustime-invarianceof Z , we

have Z u �,ZC� u for u  L2
ω
/
R g ;U 0 , hencealso(5.) of Lemma6.3.13is satisfied.

2a ULR: By Theorem 6.2.11(b3), we have 5 C / s 3 A06" 1B 5 8^~ U HY � 7
M | Õ Res 3 γ for γ m ωA, s  C gγ , M : ��5 � 5�5 C 5�| Õ 2, henceZI ULR.

(d) Seetheproofsof (b) and(c) (anduseduality). E
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The statefeedbackoperatorcorrespondingto a Riccati operatoris of the
following form (exceptthatT is notalwaysbounded):

Lemma 6.3.17 Let � � �� I �  WPLS
/
U L H L Y 0 , K � SC & T, S  ]' / YL Z 0 , T  ' / H L Z 0 .

Then « A B

K ­ generate � � �W ¥ �  WPLS
/
U L H L Z 0 . Moreover, ¨(� SZ,&

T
�

τ & E, whereE  !' / U L Z 0 is arbitrary, andH zC HK � H zC.
If Z is WR (resp. SR, UR, WLR, SLR, ULR, WVR), then so is ¨ , and

F � SD & E, i.e., ¨(� S
/ Z.3 D 0Æ& T

�
τ & F. In particular, if Zc ULR, then

I 3
¨� �� TIC∞ [ I 3 F  ��<' / U 0 ,
Thus, if Z$ ULR andZ � U , thenK is an ULR admissible state-feedback

operator(seeDefinition6.6.10).
Proof: 1a{� � �W ¥ �  WPLS: Now K

�
x0 � SÃ x0 & T

�
x0 for x0  H1, hence� �W �  WPLS. But if weset ¨®� SZ{& T

�
τ  TIC∞

/
U L Z 0 , then¯ � � π g / SZ%& T

�X� 0 π " � π g / SZ%& T
�

τ 0 π " � π g ¨ π " L (6.85)

hence � � �W ¥ � is a WPLS.By Lemma6.1.16(d),̈ is uniquemoduloa constant
E  %' / U L Z 0 .

2a Now Ran
/
K z 0G� Ran

/
C z Sz & T z 0ÆV H & Ran

/
C z 0 , hence

/
ᾱ 3 Az 06" 1K z V

H zC (seeDefinition6.1.17).
3a Because

�
τ  ULR � WVR with feedthrough zero, by Lemma

6.3.16(c)&(d), ¨ inheritsthe regularity propertiesof Z up to ULR andWVR,
andF � SD & E. Thelastclaim follows from Proposition6.3.1(c). E
We still needseveral moreauxiliary technicallemmason generatorsfor the

needsof laterchapters.Thefollowing equivalentnormonHB makestheir proofs
simpler:

Lemma 6.3.18( 5 x0 5 HB5 x0 5 HB5 x0 5 HB) Thenorm 5\ux5 �HB
, definedby5 x0 5 �HB

: ��5 x0 5 H & inf
u0 Á U / 5 Ax0 & Bu0 5 H &Y5 u0 5 U 0ËL (6.86)

is equivalentto 5\ux5 HB.
In particular, if un � u∞ in U, xn � x∞ in H andAxn & Bun � Ax∞ & Bu∞ in

H, asn � ∞, thenxn � x∞ in HB.

Even 5 x0 56� �HB
: ��5 x0 5 H & infu0 Á U / 5 Ax0 & Bu0 & sx0 5 H &Y5 u0 5 U 0 , wheres  C

is fixed,is equivalent to 5 x0 5 HB, asonecanseefrom theproofbelow.
Proof: (Recall that 5 x1 5 H : � ∞ for x1 � H etc.) Let α be asin Definition

6.1.17.
1a Theequivalence:Onecanrewrite thedefinitionof 5 x0 5 HB by5 x0 5 HB : � inf � / 5 Ax0 & Bu0 3 αx0 5 2H &Y5 u0 5 2U 0 1� 2 �� u0  U L Ax0 & Bu0  U ��e

(6.87)
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Thus, 5 x0 5 HB 7 max��wα w°L 1 ��5 x0 56�HB
. It follows that 5 x0 56�HB

� 0 # x0 � 0. Now
thereadercaneasilyverify that 5\ux56�HB

is a norm.
ChooseM s.t. 5ØuG5 H 7 M 5ØuG5 HB. Assume that 5 x0 5 HB q 1, so that5 Ax0 & Bu0 3 αx0 5 H q 1 and 5 u0 5 U q 1 for someu0  U , by (6.87).It follows

that 5 x0 56�HB
q M & / 1 & αM & 10 . Thus, 5Cu�5B�HB

7 / 2 & / wα w6& 10 M 0x5@u�5 HB.
Consequently, thetwo normsareequivalent.

2a “x n � x∞”: Obviously, 5 xn 3 x∞ 56�HB
7 5 A / xn 3 x∞ 0G& B

/
un 3 u∞ 0x5 H &

γ 5 xn 3 x∞ 5 H &Y5 un 3 u∞ 5 U � 0 asn � ∞. E
By definition,an input map

�
mapsL2

ω � H continuously. Smootherinputs
give “smoother states”,asnotedin Theorem6.2.13(c1)&(c2)andbelow:

Lemma 6.3.19(
�

: W1 H 2
ω � HB

�
: W1 H 2

ω � HB
�

: W1 H 2
ω � HB) Let � � � �  WPLSω

/
U L H Lv� 0�Í0 . Then

there is M q ∞ s.t. 5 � τtu 5 HB 7 Meωt 5 u 5 W1 < 2
ω ~ ~ " ∞ H t � ;U � and 5 / � τu0 ~ n� / t 0x5 H 7

Meωt 5 u 5 WnÂ 1 < 2 for all u  Wn H 2
ω
/A/ 3 ∞ L t 0 ;U 0 , n  N. Moreover, 5 / α 3

A06" 1 � I B� 5 8^~ H h U HHB
� 7 1.

Proof: Thelastclaim follows from thedefinitionof HB. For theothers,we
take t � 0 w.l.o.g.(notethat 5 τtu 5

WnÂ 1 < 2
ω ~ ~ " ∞ H 0 � ;U � � eωt 5 u 5

WnÂ 1 < 2
ω ~ ~ " ∞ H t � ;U � ). Let

x : � � τu, sothaton
/ 3 ∞ L t 0 wehavex�N� Ax & Bu, i.e.,

x � / α 3 A0 " 1 / αx 3 x� & Bu09L (6.88)

(let α bethenumberin Definition6.1.17).Therefore,5 x / t 0j5 HB 7 5 u / t 0x5 U &Ywα wÌ5 x / t 0j5 H &Y5 x� / t 0j5 H e (6.89)

In particular, 5 x / 00x5 HB 7 M1 5 u 5 W1 < 2
ω
&.wα wÌ5 � 5G5 u 5 L2

ω
&.5 � 5G5 u�Û5 L2

ω
, by Theorem

B.7.4(recall that
�  {' / L2

ω L H 0 andthatx� � � τu� ). Useinduction for thenth
derivative. E
If A is not exponentially stable,then

/
s 3 A0j" 1 might not exist for s  iR.

Nevertheless,equations fx � / u�3 A0 " 1Bfu and fy � Cfx & D fu can be partially
recoveredon iR whenu, x andy arestable(take ω � 0):

Lemma 6.3.20 Let
/
Cc L Dc 0 be a compatiblepair for � � �� I �  WPLS

/
U L H L Y 0 .

Letω  R, u  L2
ω
/
R g ;U 0 andx : � � τu  L2

ω
/
R g ;H 0 . Then

/
s 3 A0 fx / s0G� Bfu / s0^ 

H " 1 (in particular, fx / s01 HB) for a.e. s  ω & iR.
Assume, in addition, that y : ��Z u  L2

ω. Then fy � Cc fx & Dc fu  Y a.e. on
ω & iR. In particular, for ω � 0 andJ  %' / Y 0 wehaveÎ Z u L J Z uÐ L2 ~ R;Y � � / 2π 0 " 1 Î « fxfu­ L κ « fxfu­ Ð L2 ~ iR;Y � L (6.90)

where κ : �¶�Cc Dc � z J �Cc Dc � .
Notethatwehave

Î Z u L J Z uÐ � Î ± xu ²jL κ ± xu ² Ð wheneveru  W1 H 2 / R g ;U 0 , u
/
00\�

0, Z u  L2, by Lemma6.3.10(b)(for generalu  L2 having ZP L2, ananalogous
resultholdswhen Z is WR). Herethe integrandsarecontinuous,whereasthose
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of (6.90)aredefinedonly a.e.In Lemma6.7.8,weshallshow thattheassumption
thaty  L2

ω is redundant.
Proof: 1a “

/ u}3 A0 fx � Bfu a.e. on ω & iR”: Recall that A  �' / H L H " 1 0
andB  
' / U L H " 1 0 . We have

/ uj3 A0 fx � Bfu on C gωA
, by Theorem6.2.11(b1),

henceonC gω , byLemmaD.1.2(e)(bothfunctionsareholomorphicC gω � H " 1).
Becauseboth fx and fu converge a.e.to their boundaryfunctions,by Theorem
3.3.1(a),alsotheboundaryfunctionsmustsatisfy

/ u93 A0 fx � Bfu a.e.
2a “ fy � Cc fx & Dc fu  Y a.e. on ω & iR”: Choosea null set N V R s.t.fx / ω & ir & t 0�� fx / ω & ir 0 , fy / ω & ir & t 0�� fy / ω & ir 0 and fu / ω & ir & t 0��fu / ω & ir 0 , ast � 0& , for all r  R � N. Let r  R � N. Then

Afx / ω & ir & t 0�& Bfu / ω & ir & t 0^� / ω & ir & t 0 fx / ω & ir & t 0 (6.91)� /
ω & ir 0 fx / ω & ir 0�� Afx / ω & ir 0�& Bfu / ω & ir 09L

(6.92)

as t � 0& . Therefore, fx / ω & ir & t 0S� fx / ω & ir 0 in HB, by Lemma6.3.18.
Analogously, weseethat fx  �o / C gω ;HB 0 .

But fy � Cc fx & Dc fu on C gωA
, by Lemma6.3.10(a),hencefy � Cc fx & Dc fu on

C gω , by continuity. Consequently, fy � Cc fx & Dc fu on ω & i
/
R � N 0 .

3a Weget(6.90)from (3.34). E
In thesettingof theabove lemma,thefollowingestimateis oftenuseful:

Lemma 6.3.21( 5 Ccx0 5 7 M
/ 5 x0 5È&Y5 u0 5�05 Ccx0 5 7 M
/ 5 x0 5È&Y5 u0 5�05 Ccx0 5 7 M
/ 5 x0 5È&Y5 u0 5�0 ) Let

/
Cc L Dc 0 bea compatiblepair for

Σ  WPLS
/
U L H L Y 0 . For each ω  R, there is Mω � Mω H Σ HDc q ∞ s.t. for all

x0  H L u0  U L s  C gω wehave5 Ccx0 5 Y 7 Mω
/ 5 x0 5 H &Y5 u0 5 U &Y5 / s 3 A0 x0 3 Bu0 5 H 09L in particular L (6.93)

r  R &
/
ir 3 A0 x0 � Bu0 �\# 5 Ccx0 5 Y 7 M0

/ 5 x0 5 H &Y5 u0 5 U 09e (6.94)

Proof: Chooseα m ωA. Choosez  C gα " ω, so that s & z  C gα . Set
x1 : � sx0 3 Ax0 3 Bu0.

Then
/
s & z 3 A0 x0 � zx0 & x1 & Bu0, i.e.,x0 � / s & z 3 A0B" 1 / zx0 & x1 0N& / s &

z 3 A0 " 1Bu0. Thus,by Lemma6.3.10(a),

Ccx0 � C
/
s & z 3 A0 " 1 / zx0 & x1 0�& / fZ / s & z0G3 Dc 0 u0 e (6.95)

Consequently, we can take Mω : ��5xfÃ�5 H∞ ~ C Âα ; 8^~ H HY � � / w z wj& 101&é56Zn5 TICα &5 Dc 5 8^~ U HY �^q ∞, by Theorem6.2.11(c2).
(NotethatMω � MΣ HDc

H z, wherewe canfix, e.g.,z : � ωA & 1 3 ω to obtain
Mω � MΣ HDc

Hω.) E
If Z is ULR (or SLR), thenwecanimprove theaboveestimate:

Lemma 6.3.22( 5 Cwx0 5 7 M 5 x0 5È& ε 5 u0 55 Cwx0 5 7 M 5 x0 5È& ε 5 u0 55 Cwx0 5 7 M 5 x0 5È& ε 5 u0 5 ) Let � � �� I �  WPLS
/
U L H L Y 0 . If Z is

ULR, then,for each ω  R andε m 0, there is Mω H ε q ∞ s.t.5 Cwx0 5 Y 7 ε 5 u0 5 U & Mω H ε / 5 x0 5 H &Y5 / s 3 A0 x0 3 Bu0 5 H 09L (6.96)
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for all x0  H, u0  U ands  C gω . If Z is merely SLR,thenwecanstill choose
Mu0
Hω H ε q ∞ satisfying (6.96)for any(fixed)u0  U, ω  R andε m 0.

Proof: Assumethat Z is ULR. Given ε m 0, chooseα m ωA s.t. 5}fZ / z0Æ3
D 598¿q ε for all z  C gα . Work otherwiseasin theproofof Lemma6.3.21(with
Dc : � D, Cc : � Cw). Thenthenormof thelasttermin (6.95)is at mostε 5 u0 5 ,
henceweobtainMω H ε asabove.

If Z is SLR, thenthe above proof appliesexcept that we have to choose
R m ω s.t. 5}fZ / s0 u0 3 Du0 5 8 q ε for all s  C gR. E
Fromtheaboveestimate,weobtainthefollowing implications:

Lemma 6.3.23(
�

τ  SHPR& ZI SLR #¬ZI SHPR
�

τ  SHPR& ZI SLR #¬ZI SHPR
�

τ  SHPR& ZP SLR #¸ZI SHPR) If
�

τ is UHPR and Z is
ULR, then Z is UHPR.If

�
τ is UVRand Z is ULR, then Z is UVR.This lemma

alsoholdswith Sin placeof U.

Proof: 1a � τ  UHPR: Let
�

τ be UHPR.Then
�

τ  TICω
/
U L H 0 for all

ω m 0,henceZ. TICω
/
U L Y 0 for all ω m 0,by Lemma6.1.10(b2).Given ε m 0,

chooseM : � M0 H ε � 2 asin Lemma6.3.22. ChooseR m 0 s.t. 5 / s 3 A0j" 1B 54q
ε | 2M for s  C g s.t. w s w`m R.

Let u0  U and 5 u0 5 U � 1. Setu : � u0χR Â , x : � � τu, y : �=Z u, so that
u L x L y  L2

ω for all ω m 0. Obviously, fu / s0\� u0 | s / s  C g10 .
By Lemma6.3.20,wehave

/
s 3 A0 fx / s0^� Bfu / s0 (hence

/
s 3 A0 sfx / s0^� Bu0)

and fy � Cw fx & D fu on C g (even if
/
s 3 A06" 1 doesnot exist for all s  C g ).

Therefore,fZ / s0 u0 � sfy / s0�� Cwsfx / s0�& Bu0 for s  C g , hence5 / fZ / s0G3 D 0 u0 5 Y �c5 Cwsfx / s0x5 7 ε
2
5 u0 5È& M 5 sfx / s0x5 /

s  C g 09e (6.97)

But sfx / s0S� ë� τ
/
s0 u0 (sinceboth sidesare holomorphic on C g and equal to/

s 3 A06" 1Bu0 onC gmax' ωA
H 0 ( ), hence5 / fZ / s0�3 D 0 u0 5 7 ε | 2 & Mε | 2M � ε whenw s w`m R.

2a � τ  UVR: This goesas in 1 a , except that now we chooseR m 0 for
given β m α I : � max� α � τ L ωA � (cf. Definition6.2.3).

3a CasesSHPRand SVR:Work asin 1 a or 2a but chooseR andM for a
fixedu0  U (alternatively, replace

�
by
�

P and Z by Z P, wherePα : � αu0 for
all α  C, sothatΣ  WPLS

/
C L H L Y 0 (cf. Lemma6.7.17)andstrongbecomes

equivalent to uniform,sothatwecanapply1 a or 2a ). E
CurtainandWeiss[CW89] have shown that even if bothB andC “fit to A”,

they neednot “fit” simultaneously(by Lemma6.3.16,this cannothappenif B or
C is bounded):
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Example 6.3.24 ( � A B
C

� � WPLS� A B
C

� � WPLS� A B
C

� � WPLS) Let H : �)� 2 / N andU : � Y : � C. Then the
systemdefinedby

A : �ZY[[[\ 3 1 3 2 3 3
...

]_^^^` L B : �ZY[[[\ 111...
]_^^^` C : � � 1 1 1 eAeAe � (6.98)

(andany D  !' / C 0 ) is notwell posed,but if we replaceC by� 1 3 1 1 3 1 1 eAeAe � L (6.99)

thenthesystembecomeswell-posed(andUR). (SeeExample6.1of [CW89] for
proofs.) $

Given any WPLSs � � � � and � � � � , theoperators� A B
C

� arethegenerators
of aWPLSiff /

α 3�u×0 C / u93 A0 " 1 / α 3 A0 " 1B  H∞
∞ (6.100)

for some(henceall) α  C gωA
(see,e.g.,Theorem9.4.6(iv) of [Sbook];in thiscase,

thetransferfunctionof thesystemis (6.100)plusanarbitraryconstantin ' ).
Reachabilitymeansthatwecancontrolany initial stateapproximatelyto zero

andobservability meansthatany initial statecanbeobservedfrom theoutput:

Definition 6.3.25(Reachability and observability) The reachability subspace
H� and observability subpaceH � of Σ � � � �� I �  WPLS

/
U L H L Y 0 are defined

by
H� : � � ± L2

c
/
R;U 0b²?V H L H � : � Ker

/ ÃS0 ´ V H e (6.101)

We call Σ (approximately)reachableif H� � H, and (approximately) observable
if H � � H. We call Σ exactly ω-reachable(in infinite time) if

�
is ω-stableand� ± L2

ω
/
R;U 0Û²d� H; wecall Σ exactlyω-observable(in infinitetime)if Ã is ω-stable

and ÃP %' / H L L2
ω 0 is coercive(wemaydrop ω for ω � 0). If Σ is bothreachable

andobservable, thenΣ is calledminimal.

By exact reachabilityonesometimesmeansexact reachabilityin finite time
(i.e., thatRan

/ � T 0�� H for someT m 0, seeDefinition4.6of [WR00]).
By (d) below, reachabilityandobservability areextensionsof thecorrespond-

ing classical(finite-dimensional) concepts:

Lemma 6.3.26 Let Σ � � � �� I �  WPLSω
/
U L H L Y 0 , α  R. Thenthe following

hold:

(a1) Σ is [exactlyα-]reachableiff Σd is [exactlyα-]observable.

(a2)H� � H� d � Ran
/ � 0 , andH � � H � d � Ran

/ Ã z 0 .
(b1)H� is theclosurein H ofanyof

� ± L2
ω
/
R;U 0b² , � ±ýo ∞

c
/
R " ;U 0b² , � t þ 0Ran

/ � t 0 .
(b2)H ´� �I� t þ 0Ker

/ Ã t 0 .
(b3) Let Σ �Æ WPLS. If

� ��� � � for some�  (� TIC∞, thenH� ¾ � H� . IfÃU�G�(�]Ã for some�� �� TIC∞, thenH � ¾ � H � .



6.3. FURTHER REGULARITY AND COMPATIBILITY 201

(c1) Let Σ bestable. ThenΣ is [exactly] reachableif
��� z m 0 [

��� z Å 0] on
L2; Σ is [exactly] observableif Ã z ÃYm 0 [ Ã z Ã Å 0] onL2.

(c2) If Σ is exactlyω-observable(resp.exactlyω-reachable),thenΣ is observ-
able(resp.reachable).

(d) LetA  !' / H 0 . Then,for anyt m 0, wehave

H� � Ran
/ � t 0�� span

/ � n Á N Ran
/
AnB0A0BL (6.102)

Ker
/ ÃS0S� Ker

/ Ã t 0��P� n Á N Ker
/
CAn 09e (6.103)

(e) If we replaceH by H� (with the topology inherited from H), we get a
reachablerealization« P

�
P z P

�Ã P z Z ­  WPLS
/
U L H� L Y 0 (6.104)

of Z , where P  .' / H L H� 0 is the orthogonal projection H � H � . If
B  %' / U L H 0 , thentheinputoperator of (6.104)is PB  !' / U L H � 0 .
By taking, instead,P to be the orthogonal projectionH � H � , we get an
observablerealization of Z ; if C is bounded,thenCP z  ¿' / H � L Y 0 is the
(bounded)output operator of (6.104).

(f) If C is boundedandinjective, thenΣ is observable.

(g)
� t ±H� ²GV H� and

/ � z 0 t ±H � ²GV H � for all t k 0.

By (b3), statefeedbackpreservesreachabilityandoutputinjectionpreserves
observability; seeSection6.6 for details. Relationsto stabilizability and de-
tectabilityareexplainedonp. 241.

Part (d) doesnot hold for unboundedA in general,e.g., if Σ is the exactly
reachablerealizationof Z�� τ " 2 (seep. 159), then χ � " 1 H 0 � u0  Ker

/
π � 0 H 1 �OÃS0U�

Ker
/ ÃS0 , (andCAnχ � " 1 H 0 � u0 is notdefined).

Proof: (b1)By definition,H� is theclosureof� t þ 0Ran
/ � t 0�� � t a 0Ran

/ �
π � " t H 0�Û0�� Ran

/ � � t a 0 L2 / ±Ï3 t L 00 ;U 0t09e (6.105)

But � t a 0L2 / ±Ï3 t L 00 ;U 0t0\� L2
c
/
R " ;U 0 and o ∞

c
/
R " ;U 0 aredensein L2

ω
/
R " ;U 0 ,

by TheoremB.3.11,hence(b1)holds(notethat
� ± L2

ω
/
R;U 0Û²�� � ± L2

ω
/
R " ;U 0Û² ).

(b2)Trivially, Ker
/ ÃS0pV Ker

/ Ã t 0 for any t m 0. Conversely, if Ã x �� 0, thenÃ t x �� 0 for somet m 0.
(a2) Now Ran

/ Ã d 0S� Ran
/ Ã z 0C� Ran

/ Ã H 0 (see(6.2)), andRan
/ Ã H 0v´��

Ker
/ ÃC0 , by Lemma A.3.1(c7). Therefore,H � � Ran

/ Ã d 0Ø� H � d , by (b1).
ExchangeΣd andΣ � / Σd 0 d to obtainthatH � d � H� .

(a1)Thereachabilityclaim follows from (a2).Theexactreachabilityclaim
follows from theidentityRan

/ Ã d 0�� Ran
/ Ã H 0 (from (a2)).

(b3) We have � t : � π � 0 H t � � π � 0 H t �  P�<' / π � 0 H t � L2 0 , by Lemma2.2.8, and/ � �Û0 t : � � � τtπ g � � t � t , henceH� ¾ � H� . Apply this for
/
Σ �Ì0 d to obtainthe

H � ¾ � H � claim.
(c1)This follows from (c1) and(c9) of LemmaA.3.1and(a2)above.
(c2)This follows from (b1)and(a1).
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(d) SetX : �$� n Á N Ker
/
CAn 0 . Now

� t � eAt : � ∑n Á N Antn | n!, hencex  
X # / Ã x 0 / t 0l� C

� t x � 0 for all t k 0, henceX V Ker
/ ÃC0 . Let t m 0. By (b2),

we have Ker
/ ÃS04V Ker

/ Ã t 0 . Let x  Ker
/ Ã t 0 , so thatCeAsx � 0 for s  ,± 0 L t 0 .

Dif ferentiatethis n timesandsets � 0 to obtainthatCAnx � 0; becausen  N
wasarbitrary, wehavex  X. Thus,Ker

/ Ã t 01V X, andhence(6.103)holds.
Therefore,H ´� � H ´� d � Ker

/ � d 0��I� n Á N Ker
/
Bz / Az 0 n 0 , hence

H� � / � n Á N Ran
/
AnB0 ´ 0 ´ � /A/ � n Á N Ran

/
AnB0A0 ´ 0 ´ � span

/ � n Á N Ran
/
AnB0A0Be
(6.106)

Set WÃ : � � d. Then Ran
/ � t 0v´X� Ker

/A/ � t 0 z 04� Ker
/
π " τ " t � 0D� Ker

/ WÃ t 04�
Ker
/ WÃ40\� Ran

/ � 0j´Q� H ´� , hencealso(6.102)holds.
(e) By (g), we have Pz P� P z P � � P z P (note that P z  �' / H� L H 0 is the

embeddingH� � H, Pz P  Q' / H 0 is the orthogonalprojectionH � H � with
rangespaceH, andPPz � IHb ).

BecausePz P� � � , alsothenew systemis anω-stableWPLS,by Lemma
6.7.17.

An analogousclaimholdsfor H � . If C  D' / H L Y 0 , thenCx0 � / Ã x0 0 / 00È� 0
for all x0  H ´� , hencethen(hereP  
' / H L H � 0 is theorthogonalprojection)
CP
�

P z � C
�

P z �=Ã P z , i.e.,C is the (unique)generatorof Ã P z . By duality,
wegettheclaim onB  %' / U L H 0 .

(f) Obviously, now Ker
/
C
� 0S�)� 0 � .

(g) Let t k 0. We have
� t x0  H� for all x0  � L2

ω, by “2.” of Definition
6.1.1,hence

� t x0  H� for all x0  H� , by continuity. Thus,
� t ±H� ²GV H� .

Apply this to Σd to observe that
/ � d 0 t ±H � d ²\V H � d ; which by (a2) means

that
/ � z 0 t ±H � ²GV H � . E

Notes
Partsof Proposition6.3.1andLemma6.3.2arefoundin theliterature,asstated

in theproofs;therestis ratherobvious.
Theorem6.3.9is dueto G. Weiss[SW01a](with a somewhatdifferentproof)

andLemma6.3.13is from [Sbook],whichalsocontainsmethodssimilar to those
in Lemma6.3.11.Corollary6.3.14is well known.

An implicit form of Lemma6.3.22for boundedB andx0  H1 is containedin
[Keu],p. 96. Example6.3.24is asimpleconclusionof [PW]. Definition6.3.25is
essentiallyfrom [Sbook],which containsfurther resultson mostsubjectsof this
section(its final versionprobablyoverlapsmorethanexplainedabove).

The regularity theory is usuallymore fruitful thancompatibility theory, but
the latter covers all WPLSs. In someapplications,anotherapproachthat also
coversall WPLSs,namelytheuseof acombined“C&D” operator, mightbemore
practical,see[AN] and[Sbook]for details.Next weshallmotivatetheconceptof
a compatible pair andexplain thehistoryof thisnotion.

The Riccati equationtheoryof [WW] andof several articlesby O. Staffans
is basedon theassumption that thesystemis regularandthat thespectralfactor
of an optimation problemis SR andhasan invertible feedthrough,so that also
the corresponding(optimal) closed-loopsystemis regular (this correspondsto
Proposition6.6.18(d4)).
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If the spectralfactor is merely WR with invertible feedthrough,then the
optimal closed-loopsystemmay be irregular (i.e., not even WR). Nevertheless,
we foundthatonecanstill find closed-loop“generators”thatproducetheoutput
pointwisefrom theinputandthestate(“y � Ccx & Dcu”), andthatbysuchmethods
one can extend most of Riccati equationtheory for arbitrary control problems
(regardlessof regularity, we only needcompatible outputoperators)as long as
some“compatiblefeedthroughoperator”of the spectralfactor is invertible. It
alsoappearedthatby usingthesemethods,thecompleteRiccati equationtheory
for optimal controlcanbeextendedto thecaseof a WR systemandWR spectral
factorwith invertiblefeedthrough.

This fact leadus to definetwo weaker “regularity properties”for a WPLS in
[Mik97a], the moregeneralof which (“infraregular outputoperators”)is equiv-
alent to compatible outputoperators. We thendevelopeda brief compatibility
theory (including early versionsof Lemmas6.3.10and 6.3.12and Proposition
6.6.18)andusedit to derive this extendedRiccatiequationtheory. (We usedthe
theoryin themanuscriptof [Mik97b] for theWR case,but in thefinal versionof
[Mik97b] thetheoryis usedonly implicitly, for briefness.)

After finding thatWilliam Heltonuseda similar conceptfor ULR systemsin
[Helton76a],O. Staffansdevelopedthetheoryto a rathermaturestatein [Sbook].
StaffansandWeissalsopresentedthis theory in [SWcompatible]and[SW01a],
the formerof which treatstherelationsbetweenthe threeapproachesmentioned
above (compatibility, regularityand“C&D”; notethatat thattime notall WPLSs
wereknown to have compatible pairs). We refer the readerto theseworks for
furtherinformationoncompatibility.
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6.4 Spectral and coprime factorizations (
5 cdfe 3 1)

Scienceis spectral analysis.Art is light synthesis.

— Karl Kraus(1874–1936)

In this section,we shall definespectralfactorization,right, left anddoubly
coprimefactorization,weak forms of coprimeness(quasi-,pseudo-),and inner
andlosslessfactorization.We thenexplain thebasicpropertiesof theseconcepts
to thedegreerequiredby thenext two sectionsandChapter7.

Thereaderswhowishto haveadeeperunderstandingof thesubject,maywish
to readalsoSection6.5,which is a furtherstudyoncoprimeness,or Chapter5 on
spectralfactorization. Other readersmay skip the next sectionandvisit it only
whenpointedby a reference.

The importance of the factorizationsmentionedabove is due to several
reasons.For example,dynamicstabilization is intimately connectedwith coprime
factorizationsof the I/O map of the plant (see Chapter7), and so is joint
stabilizability anddetectability (Theorem6.6.28).

Stablecontrolproblemscanbesolvedby usinga spectralfactorizationof the
correspondingPopov operator( Z z J Z , where

Î
yL JyÐ L2 ~ R Â ;Y � is the cost function

of the problem),and unstableproblemsby usinga coprime,inner-right/left or
losslessfactorization(dependingon the problem) of the I/O map ( Z ) of the
system;thiswill beexplainedin Part III.

We shallstartthis sectionby definingthreeformsof coprimeness.In number
theory, the word “coprime” meanshaving no commondivisors (except units).
Thus,numbersn L m  Z arecoprimeiff n � n0k L m � m0k, n0 L m0 L k  Z implies
thatk is aunit (i.e., invertible,hencek �Iç 1). It is well known thatanequivalent
conditionis thatxm& yn � 1 for somex L y  Z, i.e.,that ± nm ² hasaleft inverse(e.g.,� x y�  Z � Z).

If f�>LNf�· {; : ��� rationalboundedscalarfunctionsC g � C � , then f� and f�
have no commondivisor (exceptunits,i.e., elementsof �<; ) if f ¤ >� >� § hasno left

inversein ; (equivalently, in H∞ / C g10 ), by pp.70and386of [Vid] (ananalogous
claim holdsfor any otherprincipalidealdomainin placeof ; ).

For H∞ / C g10 in placeof ; , the lattercondition(traditionally calledcoprime-
ness)becomesstrictly strongerthantheformer(which is sometimescalledweak
coprimeness;we shallnot needit). For matrix- or operator-valuedfunctions,we
mustdistinguishbetweenright andleft coprimeness(whichimply having nocom-
monright or left divisors,respectively; seethecommentsbelow Lemma6.5.2for
furtherinformation).Therefore,weshallusethetraditionaldefinitionof coprime-
ness;wesupplementit by two weaker concepts:
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Definition 6.4.1(Coprime)

(a) Theoperators �X TIC
/
U L Y 0 and �� TIC

/
U 0 are right coprime(r.c.), if �

and � togetherwith someW¹DL WºP TIC satisfythe(right) BezoutidentityWºØ��3 W¹4�.� IU e (6.107)

(b) Theoperators W�) TIC
/
U L Y 0 and W�· TIC

/
Y 0 are left coprime(l.c.), if W�

and W� togetherwith some¹ÇLbºI TIC satisfythe(left) BezoutidentityW�.º®3 W�<¹X� IY e (6.108)

(c) Theoperators �<Lt�.L W�>L �� TIC are doublycoprime(d.c.), if they together
with some¹ÇLtº4L W¹DL WºP TIC satisfythedoubleBezoutidentity« � ¹� º ­ » Wº 3 W¹3 W� W� ¼ � « IU 0

0 IY ­ � » Wº 3 W¹3 W� W� ¼ « � ¹� º ­ e (6.109)

In (a)–(c),weaddthewords“ over - ”, if -éV TIC andtherequirementsare
metwith - in placeof TIC. Theword exponential, e.g., in “exponentiallyd.c.”
will referto “o verTICexp”.

(d) Theoperators �= TIC
/
U L Y 0 and �î TIC

/
U 0 are pseudo–rightcoprime

(p.r.c.) if f� z f�®&�f� z f��k εI onC g for someε m 0.

We call � d L � d pseudo–left coprime (p.l.c.) if �<Lt� are p.r.c. (i.e., ifff�>f� z &�f�¶f� z k εI onC g for someε m 0).

(e) The operators �� TIC
/
U L Y 0 and �Ê TIC

/
U 0 are quasi–rightcoprime

(q.r.c.) if �9�� � u � L2 wheneveru  L2
∞
/
R g ;U 0�� L2.

Wecall � d L � d quasi–left coprime(q.l.c.) if �<Lt� areq.r.c.

(f) By the coprimenessof f�� H∞ / C g ; ' / U L Y 0A0 and f�  H∞ / C g ; ' / U 0A0 we
refer to the coprimenessof � and � (in any of the above senses). An
analogouscommentappliesto Definition6.4.4.

(RecallthatL2
∞ : � � ω Á RL2

ω; seeTheorem6.2.1for (f).) Beforemotivatingthe
abovedefinitions,weobservesomebasicfacts:

Lemma 6.4.2 D.c. impliesr.c. andl.c., r.c. impliesp.r.c.,andp.r.c. impliesq.r.c.
Themaps�( TIC

/
U L Y 0 and �_ TIC

/
U 0 are[p.]r.c. iff �9�� � is [pseudo-]left-

invertiblein TIC
/
U 0 , or equivalently, iff � d and � d are [p.]l.c. Themaps� and� areq.r.c. iff �9�� � is quasi-left-invertiblein TIC

/
U 0 .

(Seepp.128and131for pseudo/quasi-left-invertibility.)
The above facts will be used in the sequelwithout further mention; the

sameappliesto theobvious fact that if �· ]� TIC
/
U 0 and �) TIC

/
U LtJd0 (resp.�� TIC

/ JËL U 0 ), then � and � arer.c. (resp.l.c.). (Analogousclaimshold for
pseudo-or quasi-left-invertible �  TIC

/
U 0 ; e.g., τ " 1 and � are q.r.c. (resp.

q.l.c.).)



206 CHAPTER6. WELL-POSEDLINEAR SYSTEMS(WPLS)

The useof any “left” resultsis minimal in this monograph,we preferusing
“right” 3 resultsandtheduality statedin thelemma.Explicit formsof many such
“left” resultscanbefoundin [Sbook].

Proof of Lemma 6.4.2: Trivially, d.c. implies r.c. andl.c.; the othertwo
implicationsfollows from Lemma 6.5.2(ii)&(b1). The equivalencefollows
directly from thedefinitions. E
It is instructive to observe the meaningof coprimenessin the caseof scalar

transferfunctions:

Lemma 6.4.3 Let �<Lt�� TIC
/
C 0 . Thenthefollowing areequivalent:

(i) � and � are [p.]r.c.

(ii) � and � are [p.]l.c.

(iii) w×f�!wy&YwÛf�$wxk ε onC g for someε m 0.

If f� and f� arecontinuousonC g4� � ∞ � (e.g., they arerational or in ôMTICL1
),

then(iii) holdsiff f� and f� havenocommonzerosonC g>� � ∞ � . E
(This followsfrom Lemma6.5.3(a)&(c)andthecompactnessof C g>� � ∞ � .)
Thus,if � and � arescalarandcoprime,and �î ]� TIC∞, then“ � cancels

nopolesof �(" 1”, i.e., “ �," 1 and �1�I" 1 have thesamepoles”.SeeLemma6.5.4
for thegeneralcase.

Classicalcoprimenesshasits advantages,especiallyin dynamicfeedback(see
Chapter7) including the H∞ four-block problem. However, the most useful
propertiesof coprimenessare the onesgiven in (b1) and(c1) of Lemma6.5.1,
hencefor mostresultsusingcoprimeness,alsoquasi-coprimenessis a sufficient
assumption.

Furthermore,quasi-coprimenesshas two important advantagesto coprime-
ness:it canoftenbemoreeasilyverifiedandit is preservedin inversediscretiza-
tion (seeTheorem13.4.4(e1);we do not know if this is the casefor pseudo-
coprimeness),thusallowingusto proveseveralimportantresultsin discretetime.
Indeed,theverificationof pseudo-coprimenessis a simple,nonconstructive pro-
cess,and“p.r.c.” implies“q.r.c.”. Moreover, theI/O mapof anexponentially sta-
bilizableanddetectablesystemhasa q.r.c. factorization,by Theorem6.7.15(c2)
(seeCorollary6.7.16for similar implications).

For the above reasons,we usually usecoprimenessin connectionwith dy-
namic stabilization and quasi-coprimenessfor other occasions,including state
feedback. Pseudo-coprimenessseldom implies anything useful that quasi-
coprimenesswouldnot imply, hencewemostly neglectit.

Next we defineseveralnotionsthatareusedin connectionwith feedbackand
optimalcontrol:

3This is notanideological statement.
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Definition 6.4.4(Factorizations) LetJ � J z  �' / Y 0 , S  +��' / U 0 , and -�V TIC.

(a) Anoperator �P TIC
/
U L Y 0 is

/
J L S0 -inner, if � z J �.� S.

(b) An operator �) TIC
/
U L Y 0 is

/
J L S0 -lossless, if � z J �Y� Sand � z π " J � 7

π " S.

(c) (SpF) A factorization K=��º z Sº is a spectralfactorization[over - ] ofKY�IK z  TI
/
U 0 , if º$ ,� TIC

/
U 0 [ º$ ,�<- / U 0 ]. In this casewe call º

anS-spectralfactorof K]�Xº z Sº .

(d1) (r.c.f.) A factorization Z����1�=" 1 is a [quasi–]rightcoprimefactoriza-
tion ([q.]r.c.f.) of Zé TIC∞

/
U L Y 0 , if �<Lb�  TIC are [q.]r.c. and �  � TIC∞

/
U 0 .

If, in addition, � is
/
J L S0 -inner (resp.

/
J L S0 -lossless),then ZP�I�1��" 1 is a/

J L S0 -inner[q.]r.c.f. (resp.
/
J L S0 -lossless[q.]r.c.f.).

(d2) A factorization Z)�)�1��" 1 is a right factorizationof Z� TIC∞
/
U L Y 0 , if�<Lt�� TIC and �� �� TIC∞

/
U 0 .

If, in addition, � z J �Y� S, then ZP�P�1�I" 1 is a
/
J L S0 -inner-right factoriza-

tion

(e)A factorization Z.� W�," 1 W� is a [quasi–]leftcoprimefactorization([q.]l.c.f.)
of ZI TIC∞

/
U L Y 0 , if W�>L W�� TIC are [q.]l.c. and W�� �� TIC∞

/
Y 0 .

(f) (d.c.f.) A factorization ZY�P�1�=" 1 � W�," 1 W� is a doublycoprimefactoriza-
tion (d.c.f.) [over - ] of Z. TIC∞

/
U L Y 0 , if �<Lt�.L W�>L W� ared.c.[over - ] and�.L W�� �� TIC∞.

If (6.109)is the corresponding doubleBezoutidentity, we say that Z and¹MºÇ" 1 (equivalently, Z and Wº<" 1 W¹ ) havea joint d.c.f. [over - ].4

As in (f), we add the words “ over - ” in (d) and (e) too, if the factors are
coprimeover - insteadof TIC. For example, the factorization Z)�)�1�$" 1 is a
r.c.f. over - , if �� �� TIC∞ and �.L6�<L WºDL W¹I %- satisfy(6.107).

Wealsousetheabovedefinitionswith “pseudo” in placeof “quasi” and“p.”
in placeof “q.”.

Thewords exponentially stable, e.g., in “an exponentially stabled.c.f.”, will
referto “o verTICexp”.

In parts(a)–(d2),wecall Sa signatureoperator(notethatnecessarilyS � Sz ).
By “

/
J LtJd0 ” wemean“

/
J L S0 for someS  ��<' ”.

Thus,ad.c.f.containsar.c.f.andal.c.f.; theconverseis givenin Lemma6.5.8;
moreover, a r.c.f. is a right factorization.Thesefactorizationsareuniqueup to a
unit, seeLemmas6.4.5and6.5.9. In (d)–(f), the operators� and W� arecalled
numerators and � and W� denominators.

Inner-right factorizationsareoftencalledinner-outerfactorizationsif theright
factorhasastableinverse.Losslessnessis furthertreatedin Section2.5.

4If g is not invertible in a reasonable sense(e.g., in TIC∞), this will beconsidered merelyasa
formal definitionuntil Section7.3.Notethat hg�ikjlhi�g .
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Note thatwe have requiredº andS to be invertible unlike someauthorsdo.
Thisway(c) coincideswith Definition5.1.1,by Lemma5.2.1(d),andthesestrong
definitionsaremoreusefulfor theresultspresentedin thismonograph.

Weremarkthat,by Lemma6.5.9(a2),any operatorssatisfying(6.109)consti-
tutea d.c.f. of �1�I" 1 if(f) �î ]� TIC∞. In thefinite-dimensionalcase,on often
constructsa d.c.f. of a mapby choosinga minimal, hence(exponentially) jointly
stabilizableanddetectablerealization. The sameapproachcanbe usedfor the
I/O mapfor any WPLS having SR jointly stabilizingstatefeedbackandoutput
injectionoperators,asnotedbelow Theorem6.6.28.

WhendimU q ∞, onesometimesdoesnot requirethat �P" 1  TIC∞, just that
det f� �À 0, andthus(d1) becomesthedefinitionof a r.c. “H ∞ | H∞ factorization”.
By Lemma6.5.4(d2),this is equivalentto ourdefinitionwhen ZI TIC∞.

Observe from Lemma6.4.3 that a scalarright factorization Z����1��" 1 is
coprimeiff � doesnot cancelany polesof �." 1, i.e., if f �," 1 and Z have the
samepoles. In a sense,the sameholdsalsoin the infinite-dimensional case,by
thecommentsbelow Lemma6.5.4.

Coprimeandspectralfactorizationsareuniqueup to unit:

Lemma 6.4.5(Uniquenessof factorizations)

(a) Let º z0S0 º 0 be a spectral factorization of K��cK z  TI
/
U 0 . Then all

spectral factorizationsof K are givenby ºI� E º 0, S � / E z 06" 1S0E " 1 with
E  ��<' / U 0 .

(b) Let
/ � 0 L � 0 0 be a right factorization of Z� TIC∞

/
U L Y 0 . Thenall right

(not necessarilycoprime) factorizationsof Z����l��" 1 with �<Lb�  TIC
are given by ���$� 0 m , � �=� 0 m with m  X� TIC∞

/
U 0 ( m  TIC

/
U 0G�� TIC∞

/
U 0 if ZX�Y� 0 � " 1

0 is a q.r.c.f.).

(c) Let
/ � 0 L � 0 0 bea q.r.c.f. of ZX TIC∞

/
U L Y 0 . Thenall q.r.c.f.’sof Z aregiven

by �.�Y� 0 m , �¡�(� 0 m with m  �� TIC
/
U 0 .

Moreover, if oneof themis a [p.]r.c.f., thenall of themare [p.]r.c.f.’s.

(d) Let
/ W� 0 L W� 0 0 bea [q.]l.c.f. of ZI TIC∞

/
U L Y 0 . Thenall [q.]l.c.f.’s of Z are

givenby W�.� m W� 0, W�¡� m W� 0 with m  �� TIC
/
U 0 .

(e)Let
/ � 0 L � 0 0 bea

/
J L S0 0 -inner [q.]r.c.f. of ZP TIC∞

/
U L Y 0 . Thenall

/
J LtJ}0 -

inner [q.]r.c.f.’s of Z are givenby �)�=� 0E, ���P� 0E (and S � E z S0E)
with E  ��<' / U 0 .
Moreover, all

/
J LtJd0 -inner-right factorizationsof Z are [q.]r.c.f.’s, henceof

theaboveform. (Seealso(c).)

(f) Parts (a) and(e)holdevenif thesignatureoperators (SandS0) are required
to bemerelyone-to-one(notnecessarilyinvertible).

Note that for K Å 0 one can take E : � Õ S0 to get K z ��º z º in (i), as is
often done(e.g.,in [WW]). For WR º 0 with an invertible feedthroughoperator
X0 : � fº 0

/ & ∞ 0 , anothercommon normalizationis to take E : � X " 1
0 (i.e., X � I ;
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this correspondsto zerofeedthroughwhen ¨ : � I 3Qº is usedto constructa state
feedbackpair, asin Theorem9.9.10(g1)andCorollary9.9.11).

Proof: (a) This followsfrom Lemma5.2.1(d)&(f).
(b) Set m : �X� " 1

0 �  :� TIC∞ to obtain �I�)� 0 m , ���Y� 0 m . If � 0 and� 0 areq.r.c., then m  TIC, by Lemma6.5.1(c1).
(c) The parametrizationfollows from (b) (interchangethe rolesof

/ �<Lb�:0
and

/ � 0 L � 0 0 to seethat m " 1  TIC).
If � 0 L � 0 arer.c.,i.e., Wº4� 0 3 W¹Ø� 0 � I for someWºDL W¹. TIC, then Wm " 1 Wº4�!3Wm " 1 W¹Ø� � I , hencethen �<Lt� are r.c. The p.r.c. claim follows analogously

from, e.g.,Lemma6.5.2(ii).
(d) Apply (c) to Z d. (Of course,theotherclaimsin (c) alsohavetheirduals

for (d).)
(e) It is obvious that Z$� / � 0E 0 / � 0E 06" 1 is a

/
J L E z S0E 0 -inner [q.]r.c.f.

for eachE  X�<' / U 0 (see(c)), hencewe only have to study the (extended)
converse.

Let Z,�,�1�I" 1 bea
/
J L S0 -inner-right factorizationof Z . SetE : ��� " 1

0 �¡ 
TIC

/
U 0��
� TIC∞

/
U 0 asin (b), sothat �.�X� 0E. Then

E z S0E � E zA�Mz0J � 0E �X�Mz J �.� SL (6.110)

henceE  ���' , by Lemma6.5.5(a);in particular, �1� " 1 is a [q.]r.c.f., by (c).
(f) For (a) we note that º z Sº=��º z0S0 º 0 implies that E z SE � S0, where

E �]ºSº " 1
0  Q� TIC, henceE  Q�<' , by Lemma6.5.5(a).Theconverseis trivial.

Theproofof (e)aboveappliesfor noninvertibleS too. E
Next we recalltwo importantfactsfrom Lemma2.2.2(a1)&(d):

Lemma 6.4.6 Let K� TI
/
U 0 . We have K Å 0 iff π g K π g Å 0. Moreover, if

π g K π g is invertible (on π g L2), thensois K (onL2, i.e., in TI
/
U 0 ). E

Theconverseto thelatterclaim is not true(e.g.,take K:� τ
/
10 ).

We repeatheresomeresultsfrom Lemma5.2.1:

Lemma 6.4.7(SpF) Let K]�.K z  TI
/
U 0 . Thenwehavethefollowing:

(a) K Å 0 iff K hasthespectral factorization K��,º z º for someºY +� TIC
/
U 0 .

Assumenowthat KX TI
/
U 0 hasa spectral factorization K,�Yº z Sº for someºI �� TIC

/
U 0 , S � Sz  ��<' / U 0 . Thenwehavethefollowing:

(b) The Toeplitz operator π g K π g is invertible on π g L2, and
π g º " 1π g S" 1 º " z π g is its inverse.

(SeeTheorem8.4.12for theconversefor K( MTI .)

(c) If, in addition, K. TIω
/
U 0 for someω �� 0, then ºI �� TICexp

/
U 0 .

(d) The map K d : � RK R TI
/
U 0 has the co-spectralfactorization K d �º dS

/ º d 0 z (where º d  �� TIC
/
U 0 ). E
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(This is a direct consequenceof Lemma5.2.1.) Clearly K d hasa co-spectral
factorizationif f K hasaspectralfactorization,i.e., theconverseto (d) is alsotrue.

Section8.4 containsa studyon theequivalencebetweenspectralor coprime
factorizationsand the coercivity of the cost function of a control problem;see
especiallyTheorem8.4.12for MTIC classes.In Section9.1,we establisha third
equivalentconditionin termsof Riccatiequations. For very regularsystems,we
givemoreneatresultsin Theorem9.2.14andCorollary9.2.15.SeealsoChapter5
onspectralfactorization.

We finish this sectionby notingthat thesearchfor a
/
J L S0 -inner r.c.f. canbe

reducedto aspectralfactorizationproblem:

Lemma 6.4.8(
/
J L S0/
J L S0/
J L S0 -inner r.c.f. vs.SpF) Thefollowinghold:

(a) Let ZX TIC
/
U L Y 0 andJ � J z  D' / Y 0 . If º z Sº is a spectral factorization ofZ z J Z , then
/ Z@º�" 1 Lýº<" 1 0 is a

/
J L S0 -inner r.c.f. of Z . Conversely, if

/ �<Lt�:0
is a

/
J L S0 -inner q.r.c.f. of Z , then � " 1S� " 1 is a spectral factorization ofZ z J Z .

(b) Let ZY�P�l�)" 1 bea [q.]r.c.f., let J � J z  {' / Y 0 , andlet S � Sz  ��<' / U 0 .
ThenZ hasa

/
J L S0 -inner [q.]r.c.f. iff � z J � hasanS-spectral factor.

(c) Let K( �� TI
/
U � W 0 . ThenK z J1 K:� J1 [_K J1 K z � J1 [_K " z J1 K " 1 � J1.

Proof: (a) The first claim follows from (denote � : �¢º4" 1) º z Sº£�Z z J Z,[ S � / Z1�I0 z J / Z1�P0 andfrom 0 &®º@�î� I . Theconversefollows from
thefactthat º : �(�(" 1  �� TIC, by Lemma6.5.6(b).

(b) If � � � � " 1 is a
/
J L S0 -inner [q.]r.c.f., then � � �I�@º " 1, � � �X��º " 1 for

some ºc .� TIC, by Lemma6.4.5(c),and
/ �@º>" 1 0 z J �Uº�" 1 � S implies thatº SºX�X� z J � . By goingbackwardswegettheconverseimplication.

(c) The first equivalencefollows from LemmaA.1.1(h1); the secondis
obvious (recallthatJ1 : �¶� I 0

0 " I � ). E
Notes
Definition 6.4.1(a)–(c),Lemma 6.4.6, Lemma 6.4.7(a)&(b), and most of

Definition 6.4.4 and Lemmas6.4.5 and 6.4.8 are from [S98a] and [S98c] (see
also[Sbook]); mostof theseareclassicalresults/definitions(exceptpossibly for
signs).Also Lemma6.4.2and6.4.3arewell known.

Naturally, from eachresult of this sectionon coprimeness,one can obtain
a correspondingresult on “ω-coprimeness”or on exponential coprimeness,by
shifting (seeRemark6.1.9); an analogousclaim appliesto most other results
concerningstability.

Theclassn : �Y�Ëf�+f�," 1 �� f�>LNf�¡ H∞ / C g ;C z h m 09L det f�î�À 0 � of matrix-valued
“H∞ | H∞ transferfunctions”has beenstudiedextensively in the literature. This
classis notcontainedin, nordoesit containtheclassof matrix-valuedwell-posed
transferfunctions.Wecanapplyourtheorytoany Z( TIC

/
Cn L Cm 0 havingaright

factorization(suchafactorizationis impliedby any kind of stabilizability), dueto
Lemma6.5.4(d2).Conversely, mostproofsin thisandthenext sectionalsoapply
(mutatismutandis) to the n settingor to its generalizationto infinite-dimensional



6.4. SPECTRAL AND COPRIME FACTORIZATIONS ( ZX�Y�1�X" 1) 211

input andoutputspaceswith f� requiredto be invertibleat leastat onepoint of
C g .

The monograph[Vid] is an excellentreferenceto coprimefactorization. Its
emphasisis on rationalmatrix-valuedtransferfunctions(equivalently, on theI/O
mapshaving afinite-dimensionalrealization),but it alsocontainssomeresultson
several moregeneralclasses.Also [Logemann93]treatscoprimefactorizations
in varioussubclassesof n (cf. Remark6.5.11),and[Smith] is instructive in the
generaln setting.

During the preparationof this book, we have received several articles on
coprimefactorizationand dynamicfeedbackin a WPLS setting, theseinclude
[CWW96], [WC] and[CWW01]. Also [Sbook]containsfurtherresults.

The notionsof quasi-and pseudo-coprimenessmay be new. Ruth Curtain
[Curtain02]haslately studiedthe latter usingso calledreci-procal systems; one
of herresultsis statedbelow Lemma6.5.10.
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6.5 Further coprimenessand factorizations

I tell themto turn to thestudyof mathematics,for it is only there that
they mightescapethelustsof theflesh.

— ThomasMann(1875–1955),"TheMagicMountain"

In this sectionwe give deeperexplanationsof thenatureof classical,pseudo-
and quasi-coprimenessand their relationsto eachother. We also give certain
furtherresultsoncoprimefactorizationsandinnermaps.

We first deducethe basicfactson quasi–rightcoprimemapsfrom thoseof
quasi-left-invertible ones:

Lemma 6.5.1(q.r.c.) Assumethat �é TIC
/
U L Y 0 and �  TIC

/
U 0 are q.r.c.

Then,for anyω k 0, wehave

(a) � z �%&:� z � Å 0.

(b1) � u L � u  L2 [ u  L2 for all u  L2
ω
/
R;U 0�& L2

∞
/
R g ;U 0 .

(b3) There is ε m 0 s.t. s.t. ε 5 u 5 L2 7 5B� u 5 L2 &�5v� u 5 L2 7 ε " 1 5 u 5 L2 for all
u  L2

ω
/
R;U 0�& L2

∞
/
R g ;U 0 .

(c1) We have �@ZDLb��Z¸ TIC [ Z£ TIC (and 56Z�5 TIC 7 ε " 1 / 5B�UZ%5 TIC &5v��Z%5 TIC) whenZI TIC∞
/
H L U 0 .

(c2) We have �CÃ�Lt�]Ãc 
' / X L L2 0l[�Ã) 
' / X L L2 0 (and 59ÃÇ5 7 ε " 1 / 5B�SÃ�5@&5v�]Ã�5d0 ) whenX is a normedspaceand ÃY !' / X L L2
ω
/
R g ;U 0A0 .

(d) If � and � are [q.]r.c. and ¤ I 1I 2 §  TIC
/
Y � U 0 is [quasi–]left invertible

(over TIC), then Z 1 �9�� � and Z 2 �9�� � are [q.]r.c.; in particular, � and�T& m � are [q.]r.c. for any m  TIC.

(e) For each u0  U �n� 0 � , we have 5xf� u0 5 Y &T5Èf� u0 5 U �� 0 on C g and5xf� / ir 0 u0 5 Y &Y5Èf� / ir 0 u0 5 U k ε 5 u0 5 U for a.e. r  R andsomeε m 0.

(f) If �9�� � �ñ¤ � 0�
0 § m , and m LA� 0 L � 0  TIC, then m is quasi–left-invertible (left-

invertibleoverTIC if �<Lb� are r.c.).

Proof: This follows from correspondingclaims in Lemma 4.1.8. (SetZX� � I 0o
I � in (d). The“non-quasi”claimsin (d) and(f) areobvious.) E

Wegoon to list somepropertiesof p.r.c.maps(henceof r.c.mapstoo):

Lemma 6.5.2(p.r.c.) Let �$ TIC
/
U L Y 0 and �� TIC

/
U 0 . The following are

equivalent:

(i) � and � arep.r.c.;

(ii) fWº�f�Ä3 fW¹�f�.À I onC g for someboundedfWºDL fW¹ : C g¿�Ö' ;

(iii) There is M q ∞ s.t. for each ω k 0 there are WºDL W¹� TIω
/
YL U 0 satisfying5 Wº%5 TIω 7 M, 5 W¹%5 TIω 7 M, and WºØ��3 W¹��.� ITIω;

(iv) Thereis ε m 0s.t. 5v� u 5 L2
ω
&:5B� u 5 L2

ω
k ε 5 u 5 L2

ω
(u  L2

ω
/
R;U 0 ) for all ω k 0.
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Moreover, if � and � arep.r.c.,α k ω k 0, andT L β  R, then

(a) Condition (ii) holdswith somefWºDL fW¹I �o b
/
C g ; '�0 .

(b1) � u L � u  L2
ω [ u  L2

ω for all u  L2
α
/
R;U 0 .

(b2) � u L � u  π �T H∞ � L2
ω [ u  π �T H∞ � L2

ω for all u  L2
α
/
R;U 0 .

(b3)There is ε m 0 s.t.

ε 5 u 5 L2
ω
7 5v� u 5 L2

ω
&Y5B� u 5 L2

ω
7 ε " 1 5 u 5 L2

ω
L / u  L2

α
/
R;U 0t09e (6.111)

(c1)Let ZI TIC∞
/
H L U 0 . Then �@ZDLb��Z� TICω [¡ZI TICω.

(c2)Let ÃY %' / H L L2
β
/
R g ;U 0A0 . Then �SÃ�Lt�]Ã� %' / H L L2

ω 0Æ[½ÃY %' / H L L2
ω 0 .

(d) If � and � are [p.]r.c., thensoare � and �c& m � for any m  TIC.

(e)Wehave � z �!&:� z � Å 0.

(f) If �9�� � �Ö¤ � 0�
0 § m , and m L6� 0 L � 0  TIC, then m is pseudo–left-invertibleon

TIC (left-invertible if �<Lt� are r.c.).

Note that if dimU q ∞, then m  (� TIC
/
U 0 in (f), by Proposition2.2.5(3).

Thus,whendimU q ∞, all commonright divisorsof [p.]r.c. mapsareinvertible.
We concludethat “p.r.c.”, is a strongerproperty than “weakly r.c.”; in fact,
it is strictly stronger(e.g., take f

/
s04� se" s | / s & 10 , g � 1| / s & 10 , so that

f L g  H∞ / C g ;C 0 are“weakly r.c.” but not [p.]r.c.,becausef
/ & ∞ 0\� 0 � g

/ & ∞ 0 ;
this is Exampleof [Smith]).

On the otherhand,“weakly r.c.” is not implied by “q.r.c.”: τ " 1 andτ " 1 are
q.r.c.but not“weakly r.c.”, becauseτ " 1 (or τ " r for any r  / 0 L 1² ) is theircommon
divisor andnot a unit (in TIC). We notethatalsothe definitionof “weakly r.c.”
usedin partIII of [Smith] is weaker thanr.c.(=p.r.c.,by Lemma6.5.3),by Lemma
4 of [Smith]. However, weshallnotusetheconcept“weakly r.c.”.

Proof of Lemma 6.5.2: The equivalenceand(a)–(c2)follow by settingZ : � � � � � , ± >³Ú " >³� ² : �Tfi in Proposition4.1.7(for (iv) and(b3) we use
/ w r wv&w s w 0t| 2 5^± rs ²d5 7 / w r wy&Yws w 0 ) whichalsogivesadditionalequivalent conditions.

(d) If WºØ�£3 W¹4�I� I , then Wº / �é& m �Ç0U3 / Wº m & W¹n0t�P� I ; use(ii) for the
p.r.c. case.

(e) By (v) (with ω � 0), wehave � z �c&(� z �Pk εI .

(f) Now
/ fWº�f� 0 3 fW¹Df� 0 0 m � I , by (ii). E

Dueto (a)and(c) below, onedoesnotmeetthenotions“p.r.c.” and“q.r.c.” in
thefinite-dimensionaltheory:

Lemma 6.5.3 Let �� TIC
/
U 0 and �P TIC

/
U L Y 0 . Then

(a) If dimU q ∞, then � and � arep.r.c. iff they are r.c.

(b) If dimU � ∞, then � and � maybep.r.c.evenif they arenot r.c.

(c) If dimU q ∞ and f�=LAf�) H∞ / C g ; ' / U LtJd0A0 are rational andM  ]��' / U 0 ,
then f� , f� are q.r.c. iff they are r.c. (iff 5�f� u0 5 U &I5xf� u0 5 Y �� 0 on C g for
all u0  U �C� 0 � ).
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(d) A rational q.r.c.f. is a r.c.f.

See(theCorona)Theorem4.1.6for furtherresultsin casedimU q ∞.
EvenwhenU � C � Y, we mayhave f��� e" s, f�I� 0 so that � and � are

q.r.c. but not p.r.c. We do not know whether� and � canbeq.r.c. withoutbeing
p.r.c. if we requirethat �� �� TIC∞

/
U 0 .

Proof: (a)Thisholdsby Theorem4.1.6(b).
(b) Let � be the map Z of Lemma4.1.10,andset �I� 0. Then f� z f�Ä&

0z 0 k I onC g , hence� and � arep.r.c.,but � � � � is not left-invertibleonTIC,
i.e., � and � arenot r.c.

(c) (In fact, f�=LAf� neednot be rational,it sufficesthatdimU q ∞, f�=LAf�= o / C g>� � ∞ � ; ' / U LtJd0A0�� H∞ / C g ; ' / U LtJd0t0 andM  ��<' / U 0 .)
Setε : � min 1 u0

1
U � 1 H sÁ C Â�p ' ∞ ( f

/
sL u0 0 (this exists, sinceC g�� � ∞ � is com-

pact),where f
/
sL u0 0 : ��5Èf� / s0 u0 5 2 &I5xf� / s0 u0 5 2. If ε m 0, then � and � are

p.r.c., hencer.c. (by (a)). If � and � arer.c., thenthey areq.r.c. It remainsto
show thatε � 0 impliesthat � and � arenotq.r.c.

Assumethat ε � 0. Thenthereare � sn � , � un � asabove s.t. f
/
sn L un 0@� 0

asn ��& ∞. Replacestheabovesequencesby subsequencessothatsn � sand
un � u for somes andu (sinceM  ��<' / U 0 we have s �� ∞). Usetheuniform
continuity of f on C g�� � ∞ �4�¿��5 v 5 U � 1 � to obtainthat f

/
sn L u01� 0, hence

f
/
sL u0\� 0, hence� and � arenotq.r.c.,by Lemma6.5.1(e).
(d) This follows from (c) (sinceM : �¡f� / & ∞ 0Ø ,�<' / U 0 , by Proposition

6.3.1(c)). E
By Lemma6.4.3,ascalarright factorizationZ.�X�1�=" 1 is coprimeiff � does

not cancelany polesof �(" 1, i.e., if f �," 1 and Z have thesamepoles.Claim (c)
above is anextensionof this,below we givesimilar claimsin thegeneralcase:

Lemma 6.5.4(R.c. mapsdo not havecommonzeros) Let �Ù TIC
/
U 0 and�T TIC

/
U L Y 0 be p.r.c. Let Ω : ��� s  C g �� f� / s0� Y�<' / U 0B�®�� /0 (this set is

open,by LemmaA.3.3(A2)). Let Ω �ÆV C g be openand connected,let Ω1 V Ω
bebounded,andlet Ω2 V Ω satisfy0 � Ω2. Thenthefollowinghold:

(a) f�," 1  H
/
Ω; ' / U 0t0 .

(b) Lets0 bea boundary pointof Ω in C g . Then 5�èvf�+f�," 1 ê / s0x51� ∞, ass � s0

ands  Ω.

(c1) Let s0  Ω and N  N. Then
/
s 3 s0 0 N èAf��f�," 1 ê / s0 is boundedon Ω1 iff/

s 3 s0 0 N f�," 1 / s0 is boundedon Ω1.

(c2) Let N  N. Thens" N èAf�+f�," 1 ê / s0 is boundedon Ω2 iff s" N f�," 1 / s0 is
boundedon Ω2.

(c3)Let Ω3 V Ω. Then f�+f�," 1 is boundedon Ω3 iff f�," 1 is boundedon Ω3.

(d1) If fZc H
/
Ω � ; ' / U L Y 0A0 (resp. fZ� H∞ / Ω � ; ' / U L Y 0A0 ) and fZ��éf�+f� " 1 on

someopen,nonemptysubsetof Ω � Ω � , thenΩ � V Ω, f� " 1  H
/
Ω � ; ' / U 0A0

(resp. f�," 1  H∞ / Ω � ; ' / U 0t0 and fZX� f� f�," 1 onΩ � .
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(d2) If someZ� TICω satisfies fZI��f�+f�," 1 on someopensubsetof C gω , then�� �� TICω and ZX�Y�1�)" 1.

In the finite-dimensional setting,a r.c.f. is often definedso that fZ=�Tf��f�(" 1

is requiredonly on the setwhere f� " 1 exists. By (d2), this is equivalentto our
definitionwhenever Z is well-posed(i.e., in TIC∞).

If a map Z� TIC∞ canbe written as Z)�)�1�I" 1, where � and � arep.r.c.
and �� �� TIC∞, thenthepolesof �(" 1 onC g � � ∞ � areexactly thoseof Z , and
thesepoleshave samemultiplicities, by (c1) and(c2) (the latter treatsthe point
∞).

In a sense,also the converseholds (if � and � are not p.r.c., then there
are � sn �
V C g , s∞  C g
� � ∞ � , � un �
V U s.t. 5 un 5�� 1

/
n  N 0 , sn � s∞,

and f� / sn 0 un LNf� / sn 0 un � 0, so that f� hasa zeroand f�," 1 hasa nonremovable
singularityat s∞.

Note that, by Lemma 3.3.9, for a map �  TIC
/
U 0 with U infinite-

dimensional, the setof singularities(“poles”) of f�," 1 canbe any closedsubset
of C g (excluding C gω if we wish that �Ê TIC ��� TICω; take, e.g., ��� I to
obtaina r.c.f.).

Proof: (a) This followsfrom LemmaD.1.2(b2).
(b) This followsfrom LemmaA.3.3(A3))andtheproofof (c1)with N � 0.

(c1) Let fWº�f�_3 fW¹Df�=� I on C g andM : � max
/ 5 fWº%5xL�5 fW¹!5xL d / Ω1 0A0pq ∞, as

in Lemma6.5.2(ii). Assumethat
/
s 3 s0 0 N f� " 1 / s0 is unboundedon Ω1, i.e.,

that there is � sn �%V Ω s.t. 5 f� / sn 06" 1 5>m n (n  N). Choose � un �%V U s.t.5 vn 5nm n and 5 un 5nq 1 for n  N, wherevn : � / sn 3 s0 0 N f� / sn 06" 1un. Note
that 5 f� / sn 0 vn 5Mq�w sn 3 s0 wN 7 MN. Now

M 5 / sn 3 s0 0 N f� / sn 0�f� / sn 0 " 1un 5@� M 5xf� / sn 0 vn 5Mk�5 fW¹ / sn 09f� / sn 0 vn 5 (6.112)k�5 Ivn 5\3(5 fWº / sn 0�f� / sn 0 vn 5Mm n 3 M w sn 3 s0 wN � ∞ L (6.113)

asn � ∞, asdesired.
(c2) Replace

/
s 3 s0 0 by 1| s in the proof of (c1) (and let ∞ m M k

supsÁ Ω2
w1| s w ).

(c3)This follows from theproofof (c1)with N � 0, w sn 3 s0 wN � 1.
(d1) By LemmaD.1.2(e),we have fZ�� f� f�," 1 on Ω � Ω � , If therewere

somes0  Ω �x� ∂Ω, then we would have 5}fZ / s0x5<� ∞ as s � s0 in Ω �x� Ω,
by (a), henceΩ ��� Ω � / Ω ��� Ωc 0 . BecauseΩ � is connected,this impliesthat
Ω �B� Ωc � /0, henceΩ �ËV Ω; consequently, f�," 1  H

/
Ω � ; ' / U 0A0 . If fZX��f��f�(" 1

is boundedon Ω � , thensois f�," 1, by (c3).
(d2) If some Z� TICω satisfiesfZ=�cf�+f�," 1 on someopensubsetof C gω ,

then f�  )� H∞ / C gω ; ' / U 0A0 , by (d1), hence �  )� TICω and Zé�é�1�I" 1.
Conversely, if �," 1  TICω, then �1�)" 1  TICω. E
We take now a look at the approachof Frank Callier, CharlesDesoerand

othersto obtaina d.c.f. Assumethat �= TIC " ε
/
Cm L Y 0 and �  TIC " ε

/
Cm 0��� TIC∞ for somem  N & 1, ε m 0. Then fZ : � f� f�," 1 is meromorphic onC g " ε.
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By LemmaD.1.2(e),thesetZ : �)� s  C g " ε �� det f� / s0\� 0 � hasno limit points

onC g " ε. Assumenow that w det f��w�k ε whens  C g and w s w�m R, for someRL ε m 0
(e.g., �  UHPR). Then ∞ is not a limit point of Z � C g (seealso Lemma
6.3.6(a2)),hencethenZ � C g is finite.

It hasbeenshown for severalsubclassesof suchtransferfunctionsthat from
thesezerosonecanconstructa rational(exponentially stable)denominatorf� 0  
H∞ / C g ;Cn 0 s.t. Z��$� 0 � " 1

0 is a r.c.f., where � 0 : ��ZU� 0  TICexp, and thatZ��=Z 1 &]Z 2, where Z 1  TICexp and fZ 2  H∞
∞ is rational. See,e.g., [CD78],

[CD80], [Logemann93]or [Logemann87] for furtherdetailsandinformation.
Thefollowing is ageneralizationof astandardresult:

Lemma 6.5.5(Inner–outer is constant)

(a) If J L S  !' , Sis one-to-one, � z J �.� Sand �I �� TIC, then �P ��<' .

(b) Let J � J z  %' andS � Sz  ��<' . If �P is
/
J L S0 -innerand � is outer(i.e.,� π g L2 is densein π g L2), then �P ��<' .

Proof: (a) Now TIC 2 S�S" 1 ��� z J  TIC z , henceL : � S�p" 1  �' , by
Lemma 2.1.7, BecauseSf�p" 1 À L on C g (see Theorem6.2.1), f�p" 1 is a
constant !' , hencesois � .

(b) Becauseπ g / S" 1 � z J 0 π g � π g � π g (recall that π g � π g �¬� π g ),
the range � π g L2 is closed in π g L2, by Lemma A.3.1(v)&(iv), hence
π g � π g L2 � π g L2. Being coercive and onto on π g L2, � is invertible on
π g L2, by LemmaA.3.1(c3)(ii)&(i), hence�) ]� TIC, by Lemma2.2.3. Con-
sequently, �P ��<' , by (a). E
As notedabove, “ Z is as stableas � " 1” if Z����1� " 1 is a [p.]r.c.f. This

impliesseveralusefulfacts:

Lemma 6.5.6(ZY�X�1�I" 1ZX�Y�l�)" 1ZX�Y�1�I" 1) Let Z¶ TIC∞
/
U L Y 0 and α k ω k 0. Then the

followinghold:

(a1)Let ZX�Y�1�I" 1 bea p.r.c.f. andu  L2
α. Thenu LýZ u  L2

ω [¬�," 1u  L2
ω.

(a2)Let ZX�Y�1�I" 1 bea p.r.c.f. Thenthere is ε m 0 s.t.

ε 5v� " 1u 5 L2
ω
7 5 u 5 L2

ω
&Y56Z u 5 L2

ω
7 ε " 1 5v� " 1u 5 L2

ω

/
u  L2

α
/
R;U 0t09e

(6.114)

(b) Let Z,�,�1�I" 1 bea [p.]r.c.f. and �� TIC
/
H L U 0 . ThenZ. TICω [ñ�," 1  

TICω, and Zq�I TICω [¸�," 1 �, TICω.

(c) �1� " 1 is a [p.]r.c.f. of Z iff � " d � d is a [p.]l .c.f. of Z d.

(d) If Z(�.�1�I" 1 is a [p.]r.c.f.,U � U1 � U2, and � 22  ®� TIC
/
U2 0 , then Z has

a [p.]r.c.f. of theform ZX�X� � « ���11 ���12
0 I ­ " 1 e (6.115)

If -TV TIC and �<Lt�.Lt� " 1
22  {- , thenwecantake �@�bL ���� %- ; if � " 1

22  {-
and �1�)" 1 is a [p.]r.c.f. over - , thenalso �M� / ���Û06" 1 is a [p.]r.c.f. over - ,.
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(e) Let Z$���1�P" 1 be a [p.]r.c.f. Then Z has a (normalized) [p.]r.c.f. Z$��@� ��� " 1 s.t. �C� z �@�Í&¿��� z ����� I .

(f) For ω � 0, wecanreplace“p.” by “q.” in (a1)–(e).

Proof: (a1)&(a2)Apply Lemma6.5.2(b1)&(b3) to u
+

: �,�," 1u.
(b) Apply Lemma6.5.2(c)to �." 1 �, TIC∞.
(c) This is trivial (recall that Z d : � RZ z R TIC∞).

(d) Now m : ��¤ I 0" � � 1
22
�

21
� � 1

22 §  Y� TIC
/
U1 � U2 0 , by LemmaA.1.1(b1),

hence Z¡� / � m 0 / � m 0`" 1 is obviously an [p.]r.c.f. too. But � m �¤ � 11 " � 12
� � 1

22
�

21
�

12
� � 1

22
0 I § , asdesired.

The - caseis obvious(if m L WºDL W¹I !- , thensoare m " 1 Wº and m " 1 W¹ ).
(e) By Lemma6.5.2(e)andLemma6.4.7(a),we have º z ºY�Y� z �{&]� z �

for someºI �� TIC. Set �1� : �Y�@ºn" 1, ��� : �,��º�" 1.
(f) Use Lemma6.5.1 insteadof Lemma6.5.2 in the proofs of (a1)–(e).E

See Theorem4.1.6(d) on the connectionbetweenright and left coprime
factorizations.

A coprimefactorizationof aperturbedmapis obtainedasfollows:

Lemma 6.5.7(D.c.f.& TIC& TIC& TIC) Let Z$ TIC∞
/
U L Y 0 and WZ$ TIC

/
U L Y 0 . Thenthe

followinghold:

(a) If Z hasthed.c.f. (6.109),then« I 0WZ I ­ « � ¹� º ­ � Ñ » Wº 3 W¹3 W� W� ¼ « I 03 WZ I ­ Ó " 1

(6.116)

is a d.c.f. of Z%& WZ .

(b) Similarly, WZ�&��1�I" 1 � / �!& WZp�:06�," 1 is a [q.]r.c.f., whenever �1�)" 1 is.

(c) � I I � � W�p� " 1 is a [q.]r.c.f. iff W�.� �9�� � for a [q.]r.c.f. ZX�X�1� " 1.

Thus,whenfactorizingof a regular transferfunction fZ , we mayassumethat
D : ��fZ / & ∞ 0�� 0.

Proof: (a) This is obvious.
(b) This follows from Lemma6.5.1(e).
(c) Let �� (� TIC∞

/
U 0 . We have � I I � � W�p�," 1 if f W�=� � I I � �·� : �B�� � .

Obviously, �9�� � and � are[q.]r.c. if f � and � are[q.]r.c. E
A maphasad.c.f. if f it hasa r.c.f. anda l.c.f.:

Lemma 6.5.8(D.c.f. [ r.c.f. & l.c.f.) Let Z¶ TIC∞
/
U L Y 0 have the r.c.f. Z¢��1�I" 1 [over - ] and the l.c.f. Z�� W�," 1 W� [over - ]. Thenthesefactorizations

canbeextendedto a d.c.f.« � ¹� º ­ » Wº 3 W¹3 W� W� ¼ � I � » Wº 3 W¹3 W� W� ¼ « � ¹� º ­ L (6.117)
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[over - ] of Z . Moreover, if º4Lv¹$ TIC satisfying (6.108)are given, there areWºDL W¹T TIC satisfying (6.117) (the dual claim with left and right interchanged
holdsaswell).

SeeTheorem6.6.28for theequivalenceof joint stability anddetectabilityand
theexistenceof ad.c.f.

By Lemma6.5.6(e)(and its dual), we canabove requirethe normalizations� z �%&]� z �¡� I and W� W� z & W� W� z � I .
Proof of Lemma 6.5.8 LemmaA.1.1(e1)showsthatif º 0 Lý¹ 0 L WºDL W¹I TIC

satisfying(6.108)and(6.107),respectively, aregiven, thenº : �]º 0 &
� / W¹�º 0 3Wº�¹ 0 0 and ¹ : ��¹ 0 &�� / W¹�º 0 3 Wº�¹ 0 0 satisfy the secondequality in (6.117)

[note that also º4Lt¹� ®- ]. The equation � � �� Ú � ¤ ³Ú " ³�" ³� ³� § � I holds in TIC∞,

by LemmaA.1.1(e5),hencein TIC (by analyticextensionon C g ). By taking
(causal)adjoints,onegetsthedualclaim. E
(The invertibility of � was used in the above proof; the corresponding

assumptionin LemmaA.1.1(e5)is notsuperfluous.)
Given a d.c.f. of a TIC∞ map,all d.c.f.’s of that mapareobtainedfrom (d)

below:

Lemma 6.5.9(All d.c.f.’s) Let« � ¹� º ­ » Wº 3 W¹3 W� W��¼ � I �¡» Wº 3 W¹3 W� W�½¼ « � ¹� º ­ (6.118)

in TIC
/
U � Y 0 . Thenwehavethefollowing:

(a1) �� �� TIC∞ [ W�� �� TIC∞.

(a2) If �� �� TIC∞, then(6.118)is a d.c.f. of �1��" 1 � W�(" 1 W� .

(b) All possiblechoices º4Lv¹ÇL WºDL W¹� TIC in (6.118) (for fixed �.L6�<L W�=L W� ) are
parametrizedby« � ¹Q&�� m� º
&,� m ­ " 1 ��» Wº+& m W� 3 / W¹�& m W�$03 W� W� ¼ / m  TIC 09e (6.119)

(c) All completionsof � � � � to an invertible operator in TIC
/
U � Y 0 are

parametrizedby« � ¹� º ­ « I m
0
i ­ �_« � ¹ i &]� m� º i &(� m+­ / m  TIC L i  �� TIC 09e (6.120)

(d) If (6.118)is a d.c.f. (i.e., if �� ®� TIC∞), thenall d.c.f.’sof �1� " 1 aregivenby« � ¹� º ­ « � m
0
i ­ � Ñ « � m

0
i ­ " 1 » Wº 3 W¹3 W� W�½¼ Ó " 1 / m  TIC L i Lr�î +� TIC 09e

(6.121)
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(e) Let (6.118)be a d.c.f., and let �·�T± z@z0 I ² , W��� � I z0 z � , º)� � I z0 z � , Wº=�T± z@z0 I ² .
Thenall d.c.f.’s of �1�=" 1 with such �XL W�=Lýº4L Wº are givenby (6.121)with extra
requirements�·�$± z@z0 I ² , m � � 0 z0 0 � , i � � I z0 z � .

Proof: (a) Part (a1)followsfrom LemmaA.1.1(c1)and(a2)is trivial.
(b) This follows from (c), becausefixing W� and W� forces

i
to beI .

(c) Clearly � � �� Ú � � I o0 s �  ®� TIC whenever m  TIC and
i  ®� TIC. For the

converse,assumethat � �  ��t �  �� TIC
/
U � Y 0 . Set« I m

0
i ­ : �¡» Wº 3 W¹3 W� W�½¼ « � �� � ­  �� TIC e

We must have
i  I� TIC, hencewe get (6.120) by multiplying the above

equationby � � �� Ú � to theleft.
(d) Clearly � � 
��� 
 Ú � �£� � �� Ú � � 
 0

0 I �  ¿� TIC. By (b), all d.c.f.’scorrespond-
ing to thepair

/ �u��Lt�v��0 aregivenby � � �� Ú � � 
 0
0 I � � I o0 s � , andtheseareof the

form (6.121)(with � m in placeof m ). On theotherhand,all r.c.f.’s of �1��" 1

areof theform
/ �w�cLb�x��0 for some�  �� TIC, by Lemma6.4.5.

(e) This follows by writing (6.121)out (the equationm 11 � 0 is obtained
from theright-hand-sideandtheequation�·� 0 z0 z � i �Ö� 0 z0 z � , or, alternatively,
from thefactthat � 11 is injective). E
An operatornothaving a d.c.f. is somewhatpathological,asshown below:

Lemma 6.5.10 Let ZY TIC∞
/
U L Y 0 . Theexistenceof a d.c.f. is guaranteedin the

followingcases:

(a) If Z is stable, thenit hasthed.c.f. � I 0I I � " 1 �¶� I 0" I I � .
(b1) If fZ is rational, i.e., Z hasa finite-dimensional realization, then Z hasa

d.c.f.

(c) If fZ belongsto theCallier–Desoerclass“
� /

00 n h m”, then Z hasa d.c.f. withf� and fW� rational.

(d) If Z hasa jointly stabilizableanddetectablerealization, thenit hasa d.c.f.

(e1) Assumethat Z is DF-stabilizable(stabilizableby dynamic(output)feed-
back; seeSection7.1). If dimU L dimY q ∞ or someDF-stabilizing con-
troller of Z hasa d.c.f., then Z hasa d.c.f.

(e2)If Z DF-stabilizablebya stablecontroller, then Z hasa d.c.f. In particular,
this is thecaseif Z is stabilizablebystatic outputfeedback.

(e3) If Z hasan exponentially DF-stabilizablerealization with boundedinput
and outputoperators (or as a WPLSof the form of Lemma6.8.5),then Z
hasanexponentiald.c.f. in MTICL1

exp.

By (e1), the mapsnot having a d.c.f. are not interestingfrom the point of
view of DF-stabilizationand optimization, at leastnot in the casewith finite-
dimensional inputandoutputspaces.
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In cases(b) and (c), the d.c.f. can, in fact, be chosento be exponentially
coprime(andwith rational � and W� ).

Accordingto [Curtain02],ad.c.f.alsoexistsif Σ andΣd areSOS-stabilizable,
or Σ andΣd arestate-and-output-stabilizable,providedthatdimU L dimY q ∞ (or
thatweacceptpseudo-coprimeness)andthatσ

/
A0 satisfiescertainassumptions.

Proof: (a)This is clear.
(b) By [Vid, p. 387], the setC ± s² of (complex) rationalfunctionsover the

field C (or any other field) is a proper Euclideandomain, hencea Bezout
domain[Vid, Fact A.4.6], so every fZT C ± s² n h m hasa r.c.f. and a l.c.f., by
[Vid, Corollary 8.1.8]. (Take a minimal realization(see,e.g.,Section6.4 of
[LR]) anduseTheorem6.6.28to obtainanalternativeproof.)

(c) This is containedin Theorem2.1 of [CD80]. The class“
� /

00 n h m”
refersto Cn h m-valued(matrix) functionswith elementsof form ff | fg s.t. f L g  
MTICL1

exp
/
C 0 andg  �� TIC∞

/
C 0 .

(d) This is provedin Theorem6.6.28.
(e1) The first claim is Lemma 7.1.4 and the secondone is Proposition

7.1.6(d)andcontains(e2)asaspecialcase,by (a).
(e3)This follows from Theorem7.2.4(a)andCorollary9.2.13(c). E

Thefactorizationresultsover TIC (aswell asmostresultsof Chapter7 among
others)could aswell have beenstatedover MTIC or over any otherstructures
whereTIC

/
U 0 is replacedwith a ring with identity etc. (cf. LemmaA.1.1) we

statethisnotionin a form thatwill beappliedin Section7.1:

Remark 6.5.11 Let * , -�� and -£VX-�� be as in Definition 6.2.4. Definer.c.f.’s,
l.c.f.’s andd.c.f.’s asabove, with - in placeof TIC and -{� in placeof TIC∞ (i.e.,
consider-�� astheclassof all admissible I/O mapsand - astheclassof “stable”
I/O maps).

ThenLemma6.4.5(b)–(d),Lemmas6.5.9and6.5.7,andmostof Lemmas6.5.8
and 6.5.6(and almostall I/O resultsof Section6.6 and mostof Chapter7; cf.
Remark7.0.1)hold with - in placeof TIC, -!� in placeof TIC∞ and “q.” and
“p.” removed.

This is particularly usefulwhenwelet - beMTIC or someof its subclasses,
and take * : ��� all Hilbert spaces� and -{� : � TIC∞, or when -Ä� tic and- � � tic∞.

Notes
Lemma6.5.8is essentiallyfrom [S98a]. Lemmas6.5.5,6.5.7and6.5.9are

known at least to someextent. Probablyalso many of the other resultsare
known at least in the casewhere “pseudo-” or “quasi-” is droppedfrom the
assumptions anddimU L dimY q ∞. Seealso the referencesin the text and the
notesto Section6.4.
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L

Σ ΣL� x0� x� y
x � � x0 & � τu
y �PÃ x0 &+Z u
u � Ly & uL� uL

{ | |
Ly }g g~ u

Figure6.2: Staticoutputfeedback

6.6 Feedback and Stabilization (ΣL, Σ � , Σ � )
TheUniverseis populatedbystable things.

— RichardDawkins

Oneoften wantsto stabilizeandpossibly alsoregulateor optimize a system
by feedingits stateor outputbackinto thesystemthroughsomekind of controller,
asin, e.g.,Figure6.2.All controlproblemsof Chapters8–12areof this form.

In this section,we shall introducestaticoutput feedback(Figure6.2), state
feedback(Figure6.3) andoutputinjection (Figure6.5), hencealsotheconcepts
“stabilizability” and“detectability” in their variousforms.

In finite-dimensional control theory, optimization is usuallyrestrictedby the
requirementthat the (controlled) closed-loopsystemshould be exponentially
stable. However, sometimesstrongstability or someotherform of stability has
beenallowed,andfor infinite-dimensionalsystemsthis hasbecomeincreasingly
popularduring recentyears. Therefore,we have decidedto studyall forms of
feedbackw.r.t. all formsof stability in thissection.

Most of our definitionsand someof the resultsfollow [S97b], [S98a] and
[Sbook]; in particular, we reduceall formsof feedbackto staticoutputfeedback.
Wenotethatby shifting(seeRemark6.1.9)any resultonstabilization,oneobtains
a resulton exponential stabilization, but the converseis not true, andresultson
(nonexponential) stabilizationareoftenweaker or harderto prove.

In Section6.7,we shallpresentfurtherresultsandrelatedconcepts.Different
formsof dynamic [partial] outputfeedbackarethesubjectof Chapter7. Wehave
collectedthedefinitionof all formsof feedbackto Summary6.7.1.

Now we shall introducestaticoutput feedback,wherewe feeda part Ly of
theoutput y of Σ backinto the input, asFigure6.2 shows; hereL  {' / YL U 0 and
Σ � � � �� I �  WPLS

/
U L H L Y 0 . Underan externaloutputuL : R g � U (external

input, control,disturbanceor analogous),theeffective input u becomesequalto
Ly & uL. In theinitial valuesetting(6.3)with initial valuex0  H, thesignalsin the
resultingdashedclosed-loopsystemΣL of Figure6.2clearlysatisfythefollowing
equations:
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x
/
t 0\� � / t 0 x0 & � τ

/
t 0 u /

t k 009L (6.122)

y �PÃ x0 &+Z u L (6.123)

u � Ly & uL e (6.124)

Obviously, this canbe uniquelysolved in termsof x0 anduL if f
/
I 3 L ZØ0 is

invertible (the correspondingsolution is given by (6.125)). We call suchan L
admissible:

Definition 6.6.1(Admissible static output feedback) Let Σ � � � �� I �  
WPLS

/
U L H L Y 0 . An operator L  X' / YL U 0 is called an admissible (static)

outputfeedbackoperatorfor Σ (or for Z ) if I 3 L Z) �� TIC∞
/
U 0 , or equivalently,

if I 3QZ L  �� TIC∞
/
Y 0 .

Thisis thecaseif f I 3%Z L is locally invertible, by Lemma2.2.8.For ZX ULR,
this is equivalentto I 3 DL  ]��' / Y 0 , by Proposition 6.3.1(c).A morethorough
motivationof admissibility is givenin [W94b,Proposition3.6].

As shown in [W94b,Section6], thesignalsx andy in (6.122)–(6.124)canbe
interpretedasthestateandoutputof anotherwell-posedlinearsystem:

Proposition6.6.2(ΣL) LetL  !' / YL U 0 beanadmissibleoutputfeedback opera-
tor for Σ � � � �� I �  WPLS

/
U L H L Y 0 .

ThenΣL  WPLS
/
U L H L Y 0 , where

ΣL : �_« � L
�

LÃ L Z L ­ : ��» � & � τL
/
I 3QZ L 0 " 1 Ã � /

I 3 L Zp0 " 1/
I 3QZ L 0 " 1 Ã Z / I 3 L ZØ0 " 1 ¼ (6.125)� Σ « I 03 L Ã I 3 L Z ­ " 1 � Σ « I 0/

I 3 L ZØ0 " 1L Ã /
I 3 L ZØ0 " 1 ­ : « x0

uL ­ �� « x
y­ e

(6.126)

We call ΣL theclosed-loopsystemwith outputfeedback operator L. In theinitial
valuesetting(6.3) with initial valuex0 and control uL, the controlled statex

/
t 0

at time t and the outputy of ΣL form the uniquesolution of equations(6.122)–
(6.124). E

Notethat(6.126)followseasilyfrom« x0

uL ­ � « I 03 L Ã I 3 L Z ­ « x0

u ­ [ « x0

u ­ � « I 0/
I 3 L ZØ0`" 1L Ã /

I 3 L ZØ0`" 1 ­ « x0

uL ­(6.127)

(hereu L uL : R g � U andΣ refersto � � � τ� I � ; cf. (6.123)–(6.124)).
Repeatedfeedbackbehavesin theexpectedway:

Lemma 6.6.3(ΣL g K � / ΣL 0 KΣL g K � / ΣL 0 KΣL g K � / ΣL 0 K) Let L be admissible for Σ as above. ThenK  ' / Y L U 0 is admissible for ΣL iff K & L is admissible for Σ; and in that case
ΣL g K � / ΣL 0 K (in particular,

/
ΣL 0 " L � Σ). E
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(See[W94b,Remark6.5] for theproof.)

Definition 6.6.4(Stabilizing LLL) Let L  +' / Y L U 0 be an admissible output feed-
back operator for Σ � � � �� I �  WPLS

/
U L H L Y 0 . Theoperator L is stabilizing for

Σ if thecorrespondingclosedloopsystemΣL is stable.
Thesameappliesto all stability concepts(preficesfor “stabili zing”) defined

in Definition 6.1.3. E.g., L is strongly internally ω-stabilizing if ΣL is strongly
internally ω-stable, i.e., if

�
L is strongly ω-stable.

Analogously, wecall L
�

-stabilizingif
�

L is stable;thesameappliesto other
componentsof ΣL.

We call L [exponentially] stabilizing for Z if L is admissible and makesZ L �XZ / I 3 L ZØ0`" 1 [exponentially]stable.
Stabilizesmeansis stabilizing for.

Thus, an admissible output feedback operator L I/O-stabilizes Σ  
WPLS

/
U L H L Y 0 if f y  L2 for all x0  H anduL  L2 / R g ;U 0 , andL stabilizes

Σ [strongly] if f x is bounded[and x
/
t 0U� 0 ast � ∞] andy  L2 / R g ;Y 0 for all

x0  H anduL  L2 / R g ;U 0 . The operatorL is exponentially stabilizing for Σ
if f x  L2 / R g ;H 0 for all x0  H (anduL � 0); or equivalently, if f x L y  L2 for
all x0  H anduL  L2 / R g ;U 0 , by Lemma6.1.10(a1)andLemmaA.4.5. (Here
x : � � Lx0 & � LτuL andy : �)Ã Lx0 &�Z LuL arethestateandoutputof theclosed-
loopsystemΣL with initial statex0 andinputuL.)

Usuallyweshallonly needthedefinitionsof two first paragraphsof Definition
6.6.4. Termslike “

�
-stabilizing” are useful only when referring to a part of a

componentof Σ (abovewe couldsay“input-stabilizing”). Thelastdefinitionwill
beneededin connectionwith dynamicoutputfeedback(whenonly I/O mapsare
specified).

Note thatL is admissible for Z if f L is admissible for Σ, but L maystabilizeZ evenif L doesnot stabilizeΣ. Thesame,of course,holdsfor theadmissibility
andstability conceptsderivedfrom this later.

ThemapsuL L yL �� u L y in astabilizingfeedbackinducead.c.f.:

Lemma 6.6.5 Theoperator L  D' / Y L U 0 is a stabilizing outputfeedback operator
for ZI TIC∞

/
U L Y 0 iff« � ¹� º ­ : � « / I 3 L ZØ0j" 1 LZ L I ­ ��» Wº 3 W¹3 W� W�½¼ " 1

: � « I 3 L3<Z L
/
I 3QZ L 0A" 1 ­ " 1

(6.128)
definesa d.c.f. of Z (still Z L : �(Z / I 3 L ZØ0x" 1), i.e., iff theoperators in (6.128)are
(well-posedand)stable.

If we input an extra signal yL to the output y (as y is output from Σ in
Figure6.2),thentheclosedloopmap ± uL

yL ²���î± uy ² is thestablemapping« u
y­ �¡» � W�� W�(¼ « uL

yL ­ e (6.129)
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This is basedon theusefulformula
/
I 3 L Zp0d" 1 � I & L Z L .

Proof: Obviously, (6.128) is sufficient for L to stabilize Z (becausethenZ L is well-posedandstable),sowe will assumethatL stabilizesZ andprove
(6.128).

We have � : � / I 3 L ZØ0 " 1 � I & L Z / I 3 L ZØ0 " 1 � I & L Z L  TIC, andW� : � / I 3
Z L 06" 1 � I & / I 3
Z L 0A" 1 Z L � I &®Z LL  TIC (becauseZ L : �.Z / I 3
L ZØ0`" 1 � / I 3!Z L 0A" 1 Z , by LemmaA.1.1(f6));clearly(6.128)followsfrom this.

Equation(6.129)is obviouslythesolutionof equations

y � yL &+Z u (6.130)

u � uL & Lye (6.131)E
If Z hasa r.c.f., thenit is enoughto stabilizeuL �� u:

Lemma 6.6.6 Let ZX�X�l� " 1 bea r.c.f. of ZP TIC∞
/
U L Y 0 . ThenL  !' / U L Y 0 is

anadmissibleoutputfeedback operator for Z iff ��3 L �I �� TIC∞
/
U 0 .

An admissible L is Z -stabilizing (i.e., Z L �¢� / ��3 L �p0x" 1 is stable) iff/ ��3 L �p0x" 1  TIC is stable. Notethatthen
/
I 3 L ZØ0Í" 1 ��� / �$3 L �p0`" 1 : uL �� u.

Proof: Now I 3 L Zé� / �½3 L �p0A�," 1, so admissibility is equivalent to�£3 L �� ]� TIC∞
/
U 0 , andwe have

/
I 3 L ZØ0`" 1 �Y� / �£3 L �M0x" 1 � : � L andZ L : �.Z / I 3 L ZØ0x" 1 �Y� / �¢3 L �M0x" 1.

If L is stabilizing, then � L and Z L are(stableand)r.c., by Lemma6.6.5,
andthis in turn impliesthat

/ �c3 L �p0 " 1 �,º@� L 3%¹MZ L is stable,if º4Lv¹X TIC
ares.t. º@�Ö3:¹p�=� I . On theotherhand,if

/ �£3 L �M0}" 1 is stable,thenso isZ L �Y� / ��3 L �M0x" 1. E
Lemma 6.6.7(

� & � τ WÃ� & � τ WÃ� & � τ WÃ [strongly] stable) Assume that � � � �  
WPLS

/
U L H Lv� 0�Í0 and WÃ( �' / H L L2 / R;U 0t0 , andthat

� & � τ WÃ is aC0-semigroup.

If � � � � is [[exponentially] strongly] stable, then
� & � τ WÃ is [[exponen-

tially] strongly] stable.

Proof: Since
�

τ WÃ is bounded,the stablecaseis obvious. If � � � � is

stronglystable,thensois
�

, by Lemma6.1.13,hencethen
� & � τ WÃ is strongly

stable.
If � � � � is exponentially stable, then

�
τ is stable, by Lemma

6.1.10(a2),hencethen
/ � & � τ WÃ40 x0  L2 for all x0  H, so that

� & � τ WÃ
is exponentially stable,by LemmaA.4.5. E
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u ��� I �
¨���� 1uy � � I �
¨���� 1

¯
x0{ ~

Figure6.3: Statefeedbackconnection

Fromtheabove lemmaweconcludethefollowing:

Lemma 6.6.8(� � � iff � L� L� L stable) LetL, Σ, andΣL beasin Proposition 6.6.2.

(a) Assumethat � and L � L are stable. If � is [strongly] stable, then � L is
[strongly] stable.

(b) Assumethat � LL and � arestable. Then� is stable iff � L is stable.

(c) Assumethat � LL or L � L is stable. If � is exponentially stable, then � L is
exponentiallystable.

Proof: (a) By (6.125), � L �4����� τL ��� , hencethis follows from Lemma
6.6.7.

(b) By (6.125), � L �v����� τ � I � L �,��� 1L ����� LLτ � , which is bounded,
hence(b) holds.

(c) If L � L is stable,thenthis follows from Lemma6.6.7asin (a). If � LL is
stable,thenweapplythesamefor Σd andLd. �
WhenΣ andΣL areI/O-stable,their stabilitiesareequivalent:

Corollary 6.6.9(ΣΣΣ iff ΣLΣLΣL stable) Let the assumptions of Proposition 6.6.2hold.
Let I � L ���v� TIC. ThenΣ is [SOS-/strongly/exponentially] stableiff ΣL is.

Notethat ���!� L � TIC � I � L ���x� TIC, becauseI � L � L ��� I � L ����� 1.
Proof: “Only if ”: ThestableandSOS-stablecasefollow from (6.125);the

strongly[exponentially] stablecasefollows from the stablecaseandLemma
6.6.8(a)[(c)].“If ” : Exchangetherolesof Σ andΣL. �
Next we shall formulateandstudystabilizability anddetectability. A reader

more familiar with matrix presentationsof systems than (abstract)integral op-
eratorsmight wish to still think the systemsas groupsof generatingoperators
( � A B

C D � ), whichcanbedonein theregularcase(andtheformulaelook thesame,
just “the font is changed”,from � to A etc.,asin Proposition6.6.18).

A state feedbackcan be reducedto an output feedbackas follows. The
appropriateconnectionhasbeendrawn in Figure6.3.
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Definition 6.6.10(Admissible statefeedback) 1. A pair ��� � � is calledan
admissible statefeedbackpair for Σ �Q�&¡ ¢£ ¤ �¥� WPLS� U � H � Y � if the extended
system

Σext : �Z¦§ � � τ� �� � ¨©
(6.132)

is a WPLS and I � � ��� TIC∞ � U � , i.e., L : �ª� 0 I � is an admissible output
feedback operator for Σext.

We often denotethe corresponding closedloop systemby (here « : �¬� I �� ��� 1)

Σ ­®� ¦§ � ­ � ­ τ� ­ � ­��­ �¯­ ¨© � ¦§ � � � τ « � ��« τ� � �u« � �w«« � «°� I

¨©
(6.133)� Σext ± I 0� � I � ��² � 1 � Σext ± I 0« � « ² : ± x0

u­�²´³µ ¦§ x
y

u � u­ ¨©l¶ (6.134)

2. Thepair ��� � � is a stabilizing statefeedbackpair if, in addition, L is
a stabilizing outputfeedback operator for Σext; we usepreficesas in Definition
6.6.4above, and add, in addition, the prefix “ [q.]r.c.” (resp.suffix “ in · ”), if¸

: ¹º�u« and « are [q.]r.c. (resp.
¸ �»«¼�½· ; cf. Definition 6.2.4). The pair� � � � is exponentially [q.]r.c.-stabilizingfor Σ if � � � � is exponentially

stabilizing and
¸

and « are exponentially[q.]r.c.; equivalently, if there is ω ¾ 0
s.t. ¿ ω ��� � � is [q.]r.c.-stabilizing for ¿ ωΣ (seeRemark6.1.9).

3. ThesystemΣ � WPLS is stabilizable if it hasa stabilizing feedback pair;
weuseherepreficesandsufficesasabove(e.g., stronglyr.c.-stabilizable).

4. We call � � � � stableiff � and � are stable. We call � � � � WR
(resp.SR,UR,...) iff � is WR(resp.SR,UR,...).

5. Wecall Kc anadmissible compatiblestatefeedbackoperatorfor Σ if À Kc � 0Á
is a compatiblepair for � A B

K F � . We call Kw an admissible WR statefeedback

operatorfor Σ if � is WRand Â A B
Kw 0 Ã generate � A B

K F � . We usehere preficesand

sufficesasabove(see2. and4.).

Thus,e.g.,a stabilizing � � � � is stabilizing in MTIC for Σ if f «��!�u«Ä�
MTIC, equivalently, if f Â ¤�ÅÆ Å Ã � MTIC; an admissible � � � � is � � � � -
stabilizingfor Σ if f �V­ and �V­ arestable. Of course,Σext � WPLS iff �S¡ ¢Ç Æ �È�
WPLS. Thus, ��� � � is admissible for Σ if f ��� �º� is admissible for� � � � .

In the literature,notion “K is admissible for A (resp.Σ)” often meansthat� AK � (resp. Â A B
C É
K É Ã ) generatea WPLS, i.e., that K “fits” to A (resp.to Σ). To

avoid misinterpretation,weneverusethisconvention,henceadmissibility always
containsthe requirementthat the correspondingfeedbackis well-posed,e.g.,��� � � is admissible for Σ if f it “fits” to Σ and I Ê � ��� TIC∞. Thus, we
follow theconventionof [S95]–[S98d].
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If dimH Ì ∞, thena reachablesystemis exponentially stabilizable,by p. 91
of [LR]. This is not thecasein general:if ��� TIC À U � Y Á , thenthedualof (6.11)
is stableandexactly0-stabilizable(in infinite time)but notevenoptimizable(see
Definition6.7.3),hencenotexponentially stabilizable.

Any boundedK is anadmissible ULR statefeedbackoperator:

Lemma 6.6.11(BoundedKKK) Let Σ ¹Q�&¡ ¢£ ¤ �Í� WPLSÀ U � H � Y Á and � K F �Í�Î À H Ï U � U Á .
Then � K F � generate an admissible statefeedback pair for Σ iff I Ê F �� Î À U Á . If I Ê F �Ð� Î À U Á , then À I Ê F ÁÒÑ 1K � Î À H � U Á is an ULR admissible

statefeedback operator for Σ, andcorrespondingclosed-loopsystemsare identi-
cal moduloE : ¹ À I Ê F ÁÓÑ 1 (see(6.136)).

By Proposition6.6.18(d),for � � � �,� WPLSÀ U � H �rÔ 0 ÕÖÁ , theclosed-loop
systemcorrespondingto K � Î À H � U Á is generatedby � A × BK B

K 0 � .
Proof: By Lemma6.3.16(c), � ¡ ¢Ç Æ ��� WPLSÀ U � H � U Á and � is ULR. By

Proposition6.3.1(c), ��� �º� is admissible if f I Ê F �x� Î À U Á .
Assumethat I Ê F �Ø� Î À U Á . SetK Ù : ¹ EK, whereE : ¹ÚÀ I Ê F ÁÒÑ 1. Then

K Ù is admissible andULR, by theabove. If � qK Ù � Ù � is thecorresponding
statefeedbackpair, then� Ù ¹ K Ù � τ ¹ E À K � τ Û F Á®Ê EF ¹ E � Û I Ê E � (6.135)

becauseEF ¹ E Ê I , hencethenLemma6.6.12applies. �
A coordinatetransformin the feedbacksignaldoesnot essentiallyaffect the

system:

Lemma 6.6.12(Making FFF zero) Let ��� �º� , Σ and Σ ­ be as in Definition
6.6.10. Let E ��� Î . Then also � E �ÐÜÜ E � Û I Ê E � is an admissible state
feedback pair for Σ (havingsamepreficesand sufficesas ��� �º� does),and
thecorresponding closed-loopsystemis givenby¦§ �V­ �w­ E Ñ 1τ� ­ � ­ E Ñ 1�¥­ �¯­ E Ñ 1 Û E Ñ 1 Ê I

¨©
(6.136)�

(We leave the easyverificationof this andthe following two lemmasto the
reader.)

Thus,if � is WR andE : ¹ I Ê F �Ð� Î À U Á (this is necessaryif � is UR or� � � É � SR, by Proposition6.3.1(a1)&(b1)),thenwe cantake F ¹ 0 w.l.o.g. In
particular, any UR statefeedbackis equivalent (in the senseof the lemma)to a
UR statefeedbackoperator. Weshalloftenusethis fact.

Thefollowing is obvious:

Lemma 6.6.13(Stableis stabilizable) The pair � 0 0 � is [IO-
/SOS-/strongly/exponentially] r.c.-stabilizing for Σ iff Σ is [IO-/SOS-
/strongly/exponentially] stable.



228 CHAPTER6. WELL-POSEDLINEAR SYSTEMS(WPLS)

Thus, an [IO-/SOS-/strongly/exponentially] stable system is [IO-/SOS-
/strongly/exponentially] r.c.-stabilizable(but notviceversa). �

Naturally, analogousclaimsalsohold for detectability andfor joint stabiliz-
ability anddetectability(Definition6.6.21).

Wecanalwaysusenegative feedbackto recover theoriginalsystem:

Lemma 6.6.14( � Ê �¥­ Ê �¯­Ý�� Ê �¥­ Ê ��­´�� Ê �¥­ Ê �¯­Ý� for Σ ­Σ ­Σ ­ ) Let ��� � � , Σ and Σ ­ be as in Defi-
nition 6.6.10. Then � Ê �¥­ Ê �¯­Ý�,¹Þ� Ê,« � I Êß« � is an admissible state
feedback pair for Σ ­ , and the correspondingclosed-loopsystemis Σext with the
addedrow � Ê � Ê � � . �
Remark 6.6.15(Historical definitions of exponential stabilizability) In most
infinite-
dimensionalclasses,one traditionally definesonly exponential stabilizability
(not stabilizability, strong stabilizability etc.) and usesa stronger definition:
onerequirestheexistenceof a bounded(K � Î À H � U Á ) exponentiallystabilizing
state-feedback operator (see, e.g., [CZ]).

For Pritchard–Salamon-systems(see Section 6.9), the definition is even
stronger: Σ ­ mustbe exponentially stable also in the larger statespace“ à ”,
notmerely in H : ¹ á .

Our definition was adoptedfrom [S98a]. However, in somearticles on
regular WPLSs(e.g., in [WR00]),onerequirestheexistenceof a SRexponentially
stabilizing state-feedback operator; also this definition is stronger than our
definition of exponentialstabilizability (we do not know whether it is strictly
stronger).

In the worksof I. Lasiecka, R. Triggiani and others (e.g., in [FLT]), some-
timesalso“non-admissible” feedback is accepted,i.e., themapu ³µ uL neednot
be well-posed;this is a specialcaseof the settingof Definition 8.3.15and Sec-
tion 9.7(seealso(8.34)),Therefore, underthatconventiononeusually treatsonly
“the left columnof Σ ­ ”, which is well posed;anyexternalinput(“u ­ ”; e.g., distur-
banceor modelingerror) might“explode” thesystem.Thisconventionmakesop-
timizability equivalentto exponentialstabilizability. (Optimizability is theweak-
estreasonableextensionof theclassicalconcept“exponentialstabilizability”; see
Definition6.7.3.)

By Theorem9.2.12,all thesedefinitions of exponentialstability coincidefor
systemshavingB bounded(or � Bu0 � L1

loc À R × ;H Á for each u0 � U). Notealso
thatby “stabilizability” oneoftenmeansexponentialstabilizability. �

All this appliesalso to (exponential) detectability (Definition 6.6.21) and
estimatability, mutatismutandis.

A statefeedbackpair inducesafactorization��¹ ¸ «�Ñ 1 of � . However, most
suchfactorizationsdonotcorrespondto statefeedback.

It is not enoughto find a right factorization ��¹ ¸ « Ñ 1 to obtain an I/O-
stabilizing feedbackpair, theremust alsoexist a suitable � for � : ¹ I Ê½«fÑ 1.
Therefore, â� must be analytic outsidethe spectrumof A (this is most obvious
when â� ¹ K À s Ê AÁÒÑ 1B Û F is rational;in thegeneralcaseoneshoulduse(6.40)
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with â� ³µ â� andC ³µ K onsomeright half-planeand(possibly)analyticextension
elsewhere).Hence,in thefinite-dimensionalcase,theMcMil landegreeof � must
not exceedthedimensionof thestatespaceH. Thus,only a small fractionof all
right factorizationsof � correspondto I/O-stabilizing statefeedbackpairs.

The concept“[q.]r.c.-stabilizability” is equivalent to stabilizability by such
a pair ��� � � that the right factorization ��¹ ¸ «0Ñ 1 mentioned above is a
[q.]r.c.f. Sincethisconceptis new, weshalllook at it morecloselybelow.

In Chapters8.3–12.3, the importanceof this conceptwill becomeobvious;
e.g., the Popov operatorof a sufficiently regular strongly stablesystemhasa
spectralfactorizationif f thecorrespondingRiccatiequationhasaq.r.c.-stabilizing
solution,andundersuitableassumptionssuchsolutionsleadtosolutionsof several
control problemsalso in the unstablecase. Also Remark9.9.9 explains the
advantagesof q.r.c.-stabilizability in optimal control; somesufficient conditions
for q.r.c.-stabilizability aregiven in Corollary6.7.16.

By definition, [q.]r.c.-stabilization meanssucha stabilization that the map�Óãä � : u­ ³µ;å yu æ (see(6.133)–(6.134)or Figure6.3)becomes[quasi–]leftinvertible
overTIC. In particular, for suchapair themap å yu æ ³µ u­ is well-definedandstable.

Therefore,to constructa systemthat is stabilizablebut not q.r.c.-stabilizable,
we let â� haveapole(at1) thatis notsharedby â� , sothatwemusthave â« À 1Á�¹ 0
to make � ­ : ¹���« stable,in whichcaseâ¸ : ¹0â�vâ« alsohasazeroat1, i.e.,

¸
and« arenotq.r.c.:

Example 6.6.16 (Exponentially stabilizablebut not q.r.c.-stabilizable)For the
systemΣ : ¹ç�&¡ ¢£ ¤ � generatedby � 1 1

0 1 � , a statefeedbackoperatorK � C results

in â« À sÁè¹0À s Ê 1Á!éêÀ s Ê 1 Ê K Á�¹�â¸ À sÁ , A Û BK ¹ 1 Û K, henceonly K ¹ 0 is q.r.c.-
I/O-stabilizing (even q.r.c.-SOS-stabilizing),whereasK ÌëÊ 1 is exponentially
stabilizing, K ¹�Ê 1 is �&¡ £ � -stabilizing (butnotI/O-stabilizing),andK ¾�Ê 1,K ì¹ 0
is only output-stabilizing. In particular, this systemis not q.r.c.-stabilizable(see
Example8.4.4of [Sbook] for a lesstrivial example). This follows from the fact
that � hasanunobservablepole. í

As above, lack of q.r.c.-stabilizability typically correspondsto situations
wherethe semigrouphasunobservablepoles. Conversely, onecanoften make
a stabilizing pair r.c.-stabilizing by cancelingthe commonzerosof â¸ and â« .
Indeed, from Lemma 6.5.4 one observes that in the finite-dimensional case,�0¹ ¸ «�Ñ 1 is a (q.)r.c.f. if f the zerosof â« coincidewith the polesof â� , up to
themultiplicity. Thus,then(q.)r.c.-I/O-stabilization meansI/O-stabilizationwith
a minimal numberof zeros.(SeealsoLemma6.5.3(d).)Theinfinite-dimensional
situationis similar.

For anexponentially stabilizableanddetectablesystem(e.g.,aminimalfinite-
dimensional system),any I/O-stabilizing state feedbackpair is exponentially
q.r.c.-stabilizing, by Theorem6.7.15(c1).This is oneof thereasonswhy [q.]r.c.-
stabilizability is notasimportantin thefinite-dimensionalcase.

We do not know whetherthereis a SOS-stabilizablesystemthat is not q.r.c.-
SOS-stabilizable(or a (well-posed)right factorizationthatcannotbereducedto a
q.r.c.f.).
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For a stablesystem, any stable,stabilizing statefeedbackpair is [q.]r.c.-
stabilizing(andconversely, see(c)). Thisandrelatedresultsaregivenbelow:

Lemma 6.6.17(Stablecase:� � TIC î� � TIC î� � TIC î r.c.-stab.) Let Σ ¹ �&¡ ¢£ ¤ � � WPLS.

(a) Let � bestable, and let ��� �º� I/O-stabilizeΣ. Thenthe following are
equivalent:

(i) � is stable;
(ii) ��� � � is r.c.-I/O-stabilizingfor Σ;
(iii) ��� �º� is q.r.c.-I/O-stabilizing for Σ;
(iv) I Ê � �x� TIC.

Moreover, ��� �º� is [q.]r.c.-SOS-stabilizing iff it is stable(i.e., iff � and� arestable)andΣ � SOS.

(b) If Σ � SOS, then a SOS-stabilizing feedback pair for Σ is stable iff it is
[q.]r.c.-SOS-stabilizing.

(c) Let ��� � � bea stable I/O-stabilizing feedback pair for Σ, andlet � be
stable.

Then � � � � is r.c.-I/O-stabilizing. Moreover, it is r.c.-SOS-stabilizing
iff Σ � SOS, and it is [strongly/exponentially] r.c.-stabilizing iff Σ is
[strongly/exponentially]stable.

(d) Let ��� �º� be admissible for Σ � SOS. Then ��� � � is r.c.-SOS-
stabilizing iff it is stableand À I Ê � ÁïÑ 1 � TIC.

Proof: (a) If � � TIC, then « : ¹�À I Ê � Á�Ñ 1 �Ð� TIC, which makes
¸

: ¹�ÈÀ I Ê � Á Ñ 1 � TIC and « : ¹ðÀ I Ê � Á Ñ 1 � TIC r.c. (seeDefinition 6.6.10).
Conversely, if « and

¸
areq.r.c., then «�Ñ 1 � TIC, by Lemma6.5.6(b),hence

then � � TIC.
Let � bestable.Thepair � � � � is [q.]r.c.-SOS-stabilizingif f �¥­ : ¹x« �

and � ­ ¹��ñÛ ¸ � arestable.But « � is stableif f � : ¹ò«�Ñ 1« � is (because«;�x� TIC). If � is stable,then � is stableif f � ­ is.
(b) This follows from (a).
(c) The first two claimsare from (a), the last onefollows from Corollary

6.6.9.
(d) This follows from (a) and(b). �

If B andC arebounded,thenit easyto verify that the generatorsof (6.125)

are given by Â A × BL ó I Ñ DL ô�õ 1C B ó I Ñ LD ôKõ 1ó I Ñ DL ô õ 1C D ó I Ñ LD ô õ 1 Ã , i.e., formally we just (remove τ and)

replaceeachoperatorby its feedthroughoperator;ananalogouscommentapplies
to otherformsof feedbacktoo. For unboundedB andC, the situation is similar
but muchtrickier, asobviousfrom thefollowing importantresults:

Proposition6.6.18(Generators Â ALLL BLLL
CLLL DLLL Ã of ΣL) Make the assumptions and use

thenotation of Proposition6.6.2.Then(a1)–(c4)hold:
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(a1)DomÀ AL Áuö HBL ¹ HB andH ÉCL
¹ H ÉC.

(a2)For Res ¾ maxÔ ωA � ωAL Õ wehaveÀ s Ê AL Á Ñ 1 Ê÷À s Ê AÁ Ñ 1 ¹ À s Ê AÁ Ñ 1BLCL À s Ê AL Á Ñ 1 (6.137)¹ À s Ê AL Á Ñ 1BLLC À s Ê AÁ Ñ 1 � Î À H � HB Á ¶ (6.138)

(a3)Thegenerators A andAL aregivenby

AL ¹ A Û BLCL : DomÀ AL Á µ H � (6.139)

A ¹ AL Ê BLLC : DomÀ AÁ µ H

¶
(6.140)

(b1) (ΣLΣLΣL) Let Σ havecompatible output operator pair À Cc � D Á s.t. I Ê LD or
I Ê DL is left-invertible.

ThenbothI Ê LD andI Ê DL are left-invertible, ΣL hascompatiblegenera-
tors (here À I Ê DL Á Ñ 1

left maybeanyleft inverseof I Ê DL)± AL BLÀ CL Á c À DL Á c ² ¹ ± A Û BLCL BLÀ I Ê DL Á Ñ 1
leftCc À I Ê DL Á Ñ 1

leftD ² on DomÀ AL Á�Ï U �
(6.141)

A ¹ AL Ê BLLCc � Î À HB � V ÁøÀ CL Á c ¹¬À I Ê DL Á Ñ 1
leftCc � Î À HB � Y Á and B ¹

BL À I Ê LD Á�� Î À U � V Á (seethe proof for the identification of BLU ö HLÑ 1
and BU ö H Ñ 1; here V is a Banach spaces.t. H ö

c
V ö

c
H Ñ 1 and V ö

c

HLÑ 1).

If I Ê LD ��� Î , thenBL ¹ B À I Ê LD Á Ñ 1 � Î À U � V Á andAL ¹ A Û BL À CL Á c �Î À HB � V Á .
(b2)Let Σ beWRandlet I Ê LD or I Ê DL beleft-invertible. Then(b1)applies

with À Cc � D Á�¹�À Cw � D Á .
If, in addition, I Ê LD �x� Î , thenB ÉL ¹ À I Ê D É L É Á Ñ 1BÉw onDomÀ AL Á .

(b3)Let Σ beSR.ThenI Ê LD andI Ê DL are left-invertible, and(b1)and(b2)
applywith À Cc � D Á�¹�À Cs � D Á . Moreover, thenΣL is SR iff I Ê LD �x� Î .

If I Ê LD �x� Î , then± AL BL

CL DL ² ¹Pù A Û BLCL B À I Ê LD ÁÒÑ 1À I Ê DL ÁÒÑ 1Cs À I Ê DL ÁÒÑ 1D ú � Î À HB Ï U � V Ï Y Á ¶
(6.142)

(seethe proof for the identification of BL åU æ and B åU æ ), AL ¹ A Û B À I Ê
LD ÁÒÑ 1LCs � Î À HB � V Á , B � BL � Î À U � V Á , whereV is a Banach spaces.t.Hö

c
V densely, V ö

c
H Ñ 1, V ö

c
HLÑ 1. Seealso(c4).

(b4)Let Σ beUR.ThenI Ê LD �x� Î , ΣL is URand(6.142)holds.

(c1)Let � beSR.Then � L is SRiff I Ê DL �v� Î À Y Á .
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(c2) Let � L be WR and let I Ê DL have a left inverse À I Ê DL Á Ñ 1
left. ThenÀ CL Á s ö0À I Ê DL Á Ñ 1

leftCw.

(c3) Let � L be SR.ThenI Ê DL hasa left inverse À I Ê DL Á Ñ 1
left, and À CL Á s öÀ I Ê DL Á Ñ 1

leftCs.

(c4) Let � be SRand I Ê DL �f� Î À Y Á . Then À CL Á s ¹ûÀ I Ê DL ÁÒÑ 1Cs, andÀ BÉL Á s ¹ À I Ê D É L É ÁÒÑ 1BÉs.

In particular, DomÀ!À CL Á s ÁX¹ DomÀ Cs Á and DomÀ!À B ÉL Á s ÁX¹ DomÀ B És Á (with
equivalentnorms).

(c5) Let ÀK� L Á d beSRandlet I Ê DL havea left inverse. ThenI Ê DL �x� Î À Y Á
and À CL Á w ¹�À I Ê DL ÁÒÑ 1Cw.

(c6)Let � beSR.Assumethat � L � MTIC∞. ThenI Ê DL �v� Î À Y Á , À CL Á L ü s ¹À I Ê DL ÁÒÑ 1CL ü s, and À B ÉL Á L ü s ¹ À I Ê D É L É ÁÒÑ 1BÉL ü s.
In particular, DomÀ!À CL Á L ü sÁu¹ DomÀ CL ü sÁ andDomÀ!À B ÉL Á L ü sÁw¹ DomÀ B ÉL ü s Á
(with equivalentnorms).

Make theassumptionsandusethenotationof Definition6.6.10.Then

(d1) (Σ ­Σ ­Σ ­ ) Let À Â Cc
Kc Ã �ï� DF ��Á bea compatible pair for Σext. AssumethatX : ¹ I Ê F

hasa left inverseM. ThenΣ ­ is compatible with¦§ A­ B­
C­ D ­
K ­ F­ ¨© ¹ ¦§ A Û B­ Kc B­

Cc Û DMKc DM
MKc M Ê I

¨©
onHB Ï U � (6.143)

A­ ¹ A Û BMKc onDomÀ AÁ , andB ¹ B ­ X onU (theremarksof (b1)apply).
By (a), DomÀ A­ Áuö HB

Å ¹ HB.

Moreover, âý À sÁ�¹ X Ê Kc À s Ê AÁÒÑ 1B, and â« À sÁ�¹ M Û MKc À s Ê A­ ÁÒÑ 1B­ .
If
ý

is WR, then � � x0 ¹ MKw �V�þÀ»ÿ_Á x0 a.e.; if
ý

is SR, then � � x0 ¹
MKs�V�þÀ»ÿ_Á x0 a.e., for anyx0 � H.

If X �v� Î , thenB­ ¹ BM onU, andA­ ¹ A Û BMKc onHB.

(d2) ( À Kc � 0ÁÀ Kc � 0ÁÀ Kc � 0Á ) Let À Â Cc
Kc Ã �ï� D0 ��Á be a compatiblepair for Σext. Then Σ ­ is

compatiblewith¦§ A­ B­
C­ D ­
K ­ F­ ¨© ¹ ¦§ A Û BKc B

Cc Û DKc D
Kc 0

¨©
onHB Ï U � (6.144)

(theremarksof (b1)apply).Moreover, (d1)applies(with M ¹ I ¹ X).

In particular, Ê Kc is admissible for Â ¡ Å ¢ Å£ Å ¤ Å Ã , andtheresultingclosed-loop

systemis Â ¡ ¢£ ¤Ñ Ç Ñ Æ Ã .
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Σ���� � � � � ����Σ ­ Σ �V�w¦§ �V� �u���� �V�� Ù � � Ù � ¨©
K

K � �
K �

K	
w

K 

Figure6.4: Thesettingof Proposition6.6.18(f)

(d3)Assumethat ��� � � WR andF ¹ 0. ThenΣ ­ hascompatible generators¦§ A­ B­
C­ D ­
K ­ F­ ¨© ¹ ¦§ A Û BKw B

Cw Û DKw D
Kw 0

¨©
onHB Ï U

¶
(6.145)

Moreover, then À C­ Á s ö Cw Û DKw, À K ­ Á s ö Kw, âý À sÁu¹ I Ê Kw À s Ê AÁÒÑ 1B,â« À sÁ�¹ I Û Kw À s Ê A Ê BKw ÁÒÑ 1B, and � � x0 ¹ Kw �V� À»ÿ_Á x0 a.e.

(d4) ( À Ks � 0ÁÀ Ks � 0ÁÀ Ks � 0Á ) Assumethat ��� WR, � � SRandF ¹ 0. Then��­ is SR,Σ ­ is WR
with generators(6.145)(which holdsalsowithKs in placeof Kw). Moreover,
then À C­ Á w ¹ Cw Û DKs onHB, and À K ­ Á s ¹ Ks.

If D ¹ 0, then À C­&Á w ¹ Cw. If � is SR,thenΣ ­ is SRand À C­ Á s ¹ Cs Û DKs.

(e)Assumethat � � � � is SRandthat � ¡ Å ¢ Å� � � � WPLSÀ U � H � Z Á . If 
 is WR
(resp.SR),thentheweak(resp.strong) Weissextensionsof S: DomÀ A ­ Á µ Z
andSw �Domó Aô : DomÀ AÁ µ Z are identicalonHB.

(f) Let ��� �º� beSRandF ¹ 0. Let ��� 
 � 
 � beWRandadmissible for
Σ ­ with closed-loopsystemΣ � andF
 ¹ 0.

Then K Ù : ¹ K Û K 
 w �Domó Aô is WR and admissible for Σ, and Â ¡�� ¢��£ � ¤ � Ã
formsthetop two rowsof thecorresponding closed-loopsystem(andK Ùw ¹
Ks Û K 
 w onHB, by(e)). Thepair generatedbyK Ù andcorrespondingclosed-
loopmapsaregivenby��� Ù � Ù �q¹û��� 
 Û ý 
 � � Û � 
êÊ � 
 � �¯� (6.146)� � Ù � � Ù � � ¹ � « � �lÛ ��­ «½«�
êÊ I � ¶ (6.147)

Thus,if K andK 
 havesomestrongor uniform regularity property, thenso
doK Ù andK Ù� .

(g) WehaveK Ù ¹ K Ù Ù (onHB) î � Ù ­ ¹ � Ù Ù­ î ��� Ù � Ù �u¹ ��� Ù Ù � Ù Ù � for any
compatibleadmissiblestatefeedback operators K Ù andK Ù Ù .

Recall that À CL Á s ö°À I Ê DL Á Ñ 1
leftCw meansthat the latter is an extension of

the former, i.e., that DomÀ!À CL Á sÁþö DomÀ!À I Ê DL Á Ñ 1
leftCw Á and À CL Á sx0 ¹7À I Ê

DL Á Ñ 1
leftCwx0 for all x0 � DomÀ!À CL Á s Á . In (c2)–(c5),“DL” denotesthefeedthrough



234 CHAPTER6. WELL-POSEDLINEAR SYSTEMS(WPLS)

operatorof � L � WR; obviously, “DL” ¹ D ÿ L whenever ��� WR (so that “D”
exists).

By (c4),wehaveDomÀ!À CL Á s Á�¹�À I Ê DL Á Ñ 1DomÀ Cs Á despitethefactthatthe
strongextensions arecomputedw.r.t. differentsemigroup generators(AL andA,
respectively); therefore, À K ­ Á s ¹ Ks in (d4) (seethe proofsof (c3) and(c2) for
details;also(e) relatesto this).

It is notknown, whether, e.g.,(c4)holdswith CL ü s in placeof Cs etc.(with the
exceptionof (c6); do not mix the generatorCL of � L with the strongLebesgue
extensionCL ü s of C). However, when � is SR, we have Cs ¹ CL ü s on HB, by
Proposition6.2.8(c1)&(c4)&(d1). Analogously, most of the above proposition
canbewrittenwith Lebesgueextensions.

Recallalsothat compatible outputoperators(e.g., À CL Á c and À DL Á c) arenot
uniquein generalandmay differ from À CL Á w and À DL Á w even if ΣL is WR (butÀ CL Á w and À DL Á w areunique).

Theclosed-loopsystemΣL neednotbeWR in (b2):

Example 6.6.19 If we set �� : ¹ Â 0
¤¤ d 0 Ã � TIC � WHPR andL : ¹ç� 0 0

0 I � , where� � TIC � SHPRis as in Example6.2.6, then �� L ¹ªÂ ¤Ö¤ d ¤¤ d 0 Ã ì� WR, although

I Ê L �D ¹ I �x� Î . Thus,if Σ is any realizationof �� , then(b1) and(b2) applybut
ΣL is not regular. í

This factandtheneedfor closed-loopgeneratorsfor Riccati equationtheory
wasourmainmotivationto introducecompatiblegeneratorsin [Mik97a]. Cf. also
Lemma6.3.11.

Proof of Proposition 6.6.18: (a1) By [S97b, Proposition37], we have
HB ¹ HBL : ¹�À s Ê AL Á Ñ 1 åH Û BU æ�� DomÀ AL Á , andH ÉCL

¹ H ÉC (for the stable
case;the proofsapply in the generalcasetoo; alternatively, useshifting (see
Remark6.1.9)or see[Sbook]for thegeneralcase).

(a2) This is Proposition 6.6 of [W94b] (just take theLaplacetransformof
theidentity � L Êl�ò¹�� τL � L ¹�� LτL � , which followsfrom (6.125)).

(b1) The (left-)invertibility of I Ê DL is equivalent to that of I Ê LD, by
LemmaA.1.1(f6). The other claimsare given in Theorem6.5.1of [Sbook]
(originally mostly from [Mik97a] exceptfor BL). Wesketchtheproofbelow.

1� AL, À CL Á c and À DL Á c: The formula for A was given in (a3). Set
ω : ¹ maxÔ ωA � ωAL Õ . By Theorem6.2.11(c1),Lemma6.3.10(a)and(6.125),
wehaveâ�´À sÁ�¹ C À s Ê AÁÓ� â� L À sÁ�¹ CL À s Ê AL Á Ñ 1 � (6.148)â�øÀ sÁ�¹ D Û Cc À s Ê A Ñ 1 Á B and À I Ê â� L ÁÓâ� L ¹ºâ� À s � C ×ω Á ¶ (6.149)
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Thus,for any s � C ×ω , wehaveÀ I Ê DL Á CL À s Ê AL Á Ñ 1 ¹ Cc �ÒÀ s Ê AÁ Ñ 1 Û�À s Ê AÁ Ñ 1BLCL À s Ê AL Á Ñ 1 � (6.150)¹ Cc À s Ê AL Á Ñ 1 � Î À H � Y ÁÓ� (6.151)

by (a3), henceCL ¹¬À I Ê DL Á Ñ 1
leftCc on RanÀ s Ê AL Áq¹ DomÀ AL Á . Since À s Ê

AL Á Ñ 1BL ¹ÞÀ s Ê AÁ Ñ 1B À I Ê L â�kÀ sÁ!Á Ñ 1, by (6.125) and Theorem6.2.11, we
obtainthat

D Û Cc À s Ê AL Á Ñ 1BL À I Ê L â�kÀ sÁ!Á�¹�À I Ê DL Á â�kÀ sÁÓ� hence (6.152)À I Ê DL Á Ñ 1 À D Û Cc À s Ê AL Á Ñ 1BL Á�¹ºâ�ÝÀ sÁ�À I Ê L â�kÀ sÁ!Á Ñ 1 ¹0â� L À sÁÓ� (6.153)

by (6.125),sothat À I Ê DL Á Ñ 1 À Cc � Dc Á is a compatiblepair for ΣL (we canuse
for À CL Á c : ¹ëÀ I Ê DL ÁÒÑ 1Cc the sameW asfor Cc), by Definition 6.3.10. (An
alternativeproofwouldhaveusedLemma6.3.12.)

2� BL: Chooseα � σ À AÁ c � σ À AL Á c, sothat À α Ê AÁ��4� Î À H � H Ñ 1 Á and À α Ê
AL Á	� Î À H � HLÑ 1 Á , where H Ñ 1 : ¹ DomÀ A É Á É , HLÑ 1 : ¹ DomÀ A ÉL Á É , by Lemma
A.4.6. Set

V : ¹�À α Ê AÁ W���ÖÀ α Ê AÁ x0 � V : ¹�� x0 � W � (6.154)

VL : ¹�À α Ê AL Á W���ÖÀ α Ê AL Á x0 � VL : ¹�� x0 � W �ØÀ x0 � W Á ; (6.155)

J : ¹�À α Ê AL Û BLLCc Á�À α Ê AÁ Ñ 1 � Î À V � VL Á (6.156)

JL : ¹�À α Ê A Ê BL À CL Á c Á�À α Ê AL Á Ñ 1 � Î À VL � V Á ¶ (6.157)

It follows that H ö
c

V ö
c

H Ñ 1, H ö
c

VL ö
c

HLÑ 1, andthatV andVL areinde-
pendentof α (obviously, H ¹ëÀ α Ê AÁ H1 ö V andV ö

c
H Ñ 1; by the resolvent

equation,V is independentof α asaset;by LemmaA.3.6,alsothetopologyof
V is independentof α, by LemmaA.4.6).

Assuming that À I Ê DL Á is left-invertible,adirectcomputation(see[Sbook])
shows thatJLJ ¹ I � Î À V Á , i.e., that À α Ê AÁ Ñ 1JLJ À α Ê AÁ�¹ I � Î ÀW Á . Since
J is boundedlyleft-invertible,we have J �÷� Î À V � V Ù Á , wereV Ù : ¹ J åV æ ö VL.
Thus,J definesanembeddingV µ VL with rangeV Ù . By (a3),J �H ¹ I ¹ JL �H ,
hencewe canandwill identify V to V Ù (notethat this mayalter thenormof V
from theonedefinedabove, but thenew normis equivalent, i.e., the topology
of V is unchanged).

Then J becomesthe identity on V, henceα Ê A ¹ α ÊfÀ AL Ê BLLCc Á��Î ÀW� V Á (usethe definition of J). By Lemma6.3.10(g),it follows that B �
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one can compute that BL À I Ê LD Á´¹ B (and BL � Î À U � VL Á , by Lemma
6.3.10(g)).

If I Ê LD ��� Î À U Á , thenwe get the final two claimsby exchangingthe
rolesof ΣL andΣ (notethatthenJJL ¹ IVL, hencethenV Ù�¹ VL, i.e.,V ¹ VL).

3� Remark: We do not know whethernecessarilyÀ CL Á w ¹°À CL Á c : ¹°À I Ê
DL Á Ñ 1

leftCc, or equivalently(by Lemma6.3.10(d3)),DL ¹ À DL Á c, whenΣ andΣL

areWR andI Ê DL �x� Î À Y Á . Of course,this is not thecasein (6.142),where
“WR” is replacedby “SR”.

(b2)Thisfollowsfrom (b1),exceptfor B ÉL ¹�À I Ê D É L É ÁÒÑ 1BÉw, whichis from
(c2) appliedto Σd � WR À Y � H � U Á andL É , giving À B ÉL Á s ¹ëÀ I Ê D É L É ÁÒÑ 1BÉw on
DomÀ!À B ÉL Á s Á .

(As notedbelow theproposition, ΣL neednot beWR evenif Σ is WR and
I Ê LD �x� Î À U Á .)

(b3) (NotethatDomÀ AÁ ¹ : H1 andDomÀ AL Á arein generalpropersubsets
of HB; the notion “A � Î À HB � V Á ” in (b3) refersto A �HB

, whereA standsfor,
e.g.,its extension to H (seeLemma6.1.16(a)).Thesameappliesfor AL.)

We prove thecaseI Ê DL � � Î À Y Á below; therestfollows from (b2) and
Proposition6.3.1(a1).

1� Theproof: We fix α � σ À AÁ c � σ À AL Á c, sothat À α Ê AÁX�x� Î À Hk � Hk Ñ 1 Á
(k � Z). Let W betheclosureof H1 in DomÀ CsÁ (equivalently, in DomÀ!À CL Á s Á ,
by (c4)). SinceH1 is densein DomÀ CL ü sÁ , andDomÀ CL ü sÁqöc DomÀ Cs Á , wehave

H1 öc HB öc DomÀ CL ü s Á�öc W ö
c

DomÀ Cs Áqöc H ö
c

V : ¹ À α Ê AÁ W ö
c

H Ñ 1

¶
(6.159)

Analogously, we see that W is the closure of DomÀ AÁ in DomÀ!À CL Á s ÁÈ¹
DomÀ Cs Á . Now H is densein V, becauseH1 is densein W. Therefore,J in
(b1)becomestheuniquecontinuousextensionof I : H µ H to V µ VL.

This way, we have Cc : ¹ Cs �W, À I Ê DL ÁÒÑ 1Cc ¹7À CL Á s �W, À I Ê DL ÁÒÑ 1D
becomesthefeedthroughoperatorof � L , andweobtain(b3) from theformulae
of (b1) and (c4) (note from the proof of (b1) that now V ¹ VL and B � BL �Î À U � V Á ).

2� An equivalentconstruction from [W94b], pp. 52–56: G. Weissshows
that,for eachx0 � V, theelementJx0 : ¹ VL-limr �þ× ∞ r À r Ê AÁ Ñ 1x0 � VL exists.
ConverselyJLx0 : ¹ V-limr �þ× ∞ r À r Ê AL Á Ñ 1x0 � V exists for eachx0 � VL and
J ¹�À JL ÁÒÑ 1 �x� Î À V � VL Á . He thenshows thatJ andJL are(unique)continuous
extensionsof I : H µ H. By density, they mustbeequalto theextensionsof 1 �
(i.e.,of (b1)). It follows that

x0 ¹ lim
r �þ× ∞

r À r Ê AÁ Ñ 1x0 ¹ lim
r �þ× ∞

r À r Ê AL Á Ñ 1x0 À x0 � V ¹ VL Á (6.160)

(bothlimits convergein bothH Ñ 1 andHLÑ 1).
By Proposition6.2.8(e),we alsohave B � Î À U � DomÀ B ÉL ü sÁ!Á . We do not

know whetherDomÀ B ÉL ü sÁ É (andDomÀ!À B ÉL Á L ü s Á É ) is alwayscontainedin V.
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(b4) By Proposition6.3.1(b1), the admissibility of L implies that ΣL is
uniformly regularandI Ê DL �v� Î ; therestfollowsfrom (b3).

(c1)This follows from Proposition6.3.1(a3)(andLemma6.2.5).
(c2) (Here“DL” denotesthefeedthroughoperatorof � L; if ��� WR, then,

obviously, DL ¹ D ÿ L).
Weusetheargumentof Proposition 7.1of [W94b] (whichcontains(c3)and

(c4)):
For x0 � DomÀ!À CL Á s Á , by Lemma6.2.12,thelimit

Cwx0 ¹ w-limCsÀ s Ê AÁ Ñ 1x0 ¹ w-lim s�� x0 À sÁ (6.161)¹ w-lim s �À I Êl� L Ár� Lx0 À sÁ�¹ w-lim sÀ I Ê â�øÀ sÁ L Á! � Lx0 À sÁ (6.162)¹ w-lim À I Ê÷â�øÀ sÁ L Á CLsÀ s Ê AL Á Ñ 1x0 ¹ À I Ê DL Á�À CL Á sx0 (6.163)

exists as s µ Û ∞ (becauseCLsÀ s Ê A�uÁÒÑ 1x0 µ À CL Á sx0 strongly and À I Êâ�øÀ sÁ L Á µ I Ê DL weakly;seealsoLemmaA.3.1(j2)),henceCw is anextension
of À I Ê DL Á�À CL Á s. BecauseI Ê DL is left-invertible,we obtain(c1).

(c3) By Proposition6.3.1(a1),I Ê DL hasa left inverse.Thesecondclaim
is obtainedexactlyasin (c2) (with stronglimits).

(c4) The À CL Á s formula follows from (c3) and(c1) (andLemma6.6.3); in
particular, DomÀ!À CL Á s Á�¹ DomÀ Cs Á . By LemmaA.3.6, thedomainsmusthave
equalnorms(sinceboth ö

c
H). The À BÉL Á s formulafollows from this (asin the

proofof (b2)).
(c5) By Proposition 6.3.1(a1),À I Ê DL Á É hasa left inverse,i.e., I Ê DL has

a right inverse,henceI Ê DL ��� Î À Y Á . Now the proof of (c2) shows that
Cwx0 ¹ À I Ê DL Á�À CL Á wx0 for all x0 � DomÀ!À CL Á w Á , henceÀ CL Á w ö Cw.

But À!À I Ê4� L Á!Ñ 1 Á d ¹ÚÀ!À I Ê4� L Á d ÁÒÑ 1 � SR,by Proposition6.3.1(a3),hence
onecananalogously verify thatCw ö0À CL Á w.

(c6) By Theorem2.6.4(c2)(shifted), � L � MTIC∞ î#" : ¹ëÀ I Ê�� L ÁÒÑ 1 �
MTIC∞; assumethatthisholdsandthat � is SR.

It follows that "��f� ULR, E �f� Î À Y Á and I ÊØ� L ¹$" Ñ 1 � ULR, by
Proposition6.3.1(c)&(a3),so that I Ê DL ¹ E Ñ 1 � � Î À Y Á and � L � SR. Set
g % : ¹&"kÊ E. Notethat � L ¹'"w��¹ E �kÛ g % � .

Choosex0 � DomÀ CL ü sÁ . Then f : ¹ò� x0 � L2
∞ and1

t ( t
0 f dm ¹ : y0 Û ε À t Á µ

y0 as t µ 0Û , wherey0 : ¹ ECL ü sx0 � Y, by Proposition 6.2.8(c4)&(c3). If
g � L1

∞, then,by theFubiniTheorem,wehave

1
t

) t

0
g % � x0dm ¹ 1

t

) t

0

) s

0
g À r Á f À s Ê r Á dr ds ¹ 1

t

) t

0
g À r Á ) t

r
f À s Ê r Á dsdr

(6.164)¹ ) t

0
g À r Á t Ê r

t
À y0 Û ε À t Ê r Á!Á dr µ 0 � (6.165)
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ast µ 0Û . Analogously, if ∑k � Ek �+* ó Y ô Ì ∞, andTk ¾ 0 for all k � N, then� 1
t

) t

0
∑
k

Ekτ Ñ Tk f � Y , ∑
k

� Ek �-� t Ê Tk

t
À y0 Û ε À t Ê Tk Á!Á.� Y µ 0 � (6.166)

ast µ 0Û , wherethesumrunsover Ô k � N ÜÜ Tk Ì t Õ . From(6.164)and(6.166)
we obtainthat 1

t ( t
0 À/"ßÊ E Á f dm µ 0, ast µ 0Û . Because1

t ( t
0 E f dm µ Ey0,

ast µ 0Û , this implies that À CL Á L ü sx0 existsandis equalto y0 ¹ ECL ü sx0, by
Proposition6.2.8(c4)&(c3).

Sincex0 � DomÀ CL ü sÁ wasarbitrary, we have CL ü s ö E À CL Á L ü s. Exchange
therolesof Σ andΣL to obtainthat À CL Á L ü s ö E Ñ 1CL ü s. TheclaimonB ÉL follows
by duality.

(d1) This follows from (b1), except for the âý , â« and � � formulae,
which are from Lemma6.3.10(a)and Lemma6.2.12 (we have À K ­ Á s ö Kw

[ À K ­ Á s ¹ Kw], by (c2) [(c4)]). Note that the “ À I Ê DL Á Ñ 1
left” of (b1) is given byÀ I Êº� DF ��� 0 I ��Á Ñ 1

left ¹û� I DM
0 M � .

(d2)This follows from (d1).
(d3) If

ý � SR, then « � SR, by Proposition6.3.1(a3),hencethen � ­ ¹�u« � WR. The rest follows from (b1), (c2) and (d1). (Note that (6.145)�Î À HB Ï U � V Ï Y Ï U Á , by (b1).)
(d4) Now KsÀ s Ê AÁ Ñ 1 ¹ sâý À sÁ K ­ À s Ê A­ ÁÒÑ 1 andC­ sÀ s Ê A­ ÁÒÑ 1 ¹ CsÀ s Ê

AÁÒÑ 1 Û â�kÀ sÁ â«ºÀ sÁ KsÀ s Ê AÁÒÑ 1 (cf. (c2)); theclaimsfollow from theseequations
andProposition6.3.1(a3)(becauseHB ö DomÀ Ks Á etc.).

(e) (In fact,without any regularity assumptionson ��� � � , we have the
equalityon DomÀ!À K ­ Á s Á ; i.e., for x0 � DomÀ!À K ­ Á s Á we have x0 � DomÀ Ss Áwî
x0 � DomÀ SA

s Á with equalvalueson domains,asoneeasilyobservesfrom the
proof.)

SetSw : ¹ w-lims�þ× ∞ SsÀ s Ê A­ ÁÒÑ 1, SA
w : ¹ w-lims�þ× ∞ SwsÀ s Ê AÁ!Ñ 1.

Let x0 � HB. Then,by (a2),wehave

SwsÀ s Ê AÁ Ñ 1x0 ¹ SsÀ s Ê A­ Á Ñ 1x0 Û Sw À s Ê AÁ Ñ 1BK­ sÀ s Ê A­ Á Ñ 1x0 0 Swx0 Û 0 �
(6.167)

becauseSw À s Ê AÁÒÑ 1B 0 0 andK ­ sÀ s Ê A­ ÁÒÑ 1x0 µ À K ­ Á sx0 (seealsoLemma
A.3.1(j2)). Therefore,x0 � DomÀ SA

w Á and SA
wx0 ¹ Swx0. The SR caseis

analogous.
(f) Recallfrom (a1)that“HB” is thesamefor all four systems.FromLemma

6.7.12weobtain(6.146)and(6.147).
Becausesâ� Ù!À sÁ x0 0 À K 
KÁ wx0 Û IKsx0 Á , ass µ Û ∞, for all x0 � HB (evenfor

all x0 � DomÀ Ks Á1� DomÀ!À K 
KÁ w Á ), theoperator� Ù is WR andK Ùw ¹ Ks Û�À K 
&Á w
on HB (even on DomÀ Ks Á�� DomÀ!À K 
 Á w Á ). Thus, K Ù�¹7À K Ùw Á �Domó Aô ¹ K ÛÀ K 
 Á w �Domó Aô .

By (6.146)andLemma6.2.5,we have F Ù ¹ F Û F
 Ê F
 F ¹ 0 (since � is
SR).Recallfrom Lemma6.2.5thatstronganduniformregularitypropertiesare
preservedundercomposition andvectoroperations.
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(g) By Lemma6.3.10(d3), ��� Ù � Ù ��¹Þ��� Ù Ù � Ù Ù � if f K Ù ¹ K Ù Ù on HB.
Obviously, eitherimpliesthat � Ù ­ ¹ � Ù Ù­ .

Assume then that � Ù ­ ¹ � Ù Ù­ . Then ��Ù­ ¹P�ÚÛ�� τ � Ù ­ ¹ª��Ù Ù­ , and�uÙ­ ¹ � Û÷� τ � Ù ­ ¹Ú�uÙ Ù­ , henceAÙ ­ ¹ AÙ Ù­ , CÙ­ ¹ CÙ Ù­ and K Ù­ ¹ K Ù Ù­ . By (6.144),
we have Σ Ù ­ ¹ Σ Ù Ù­ . Since Ê K Ù­ ¹ Ê K Ù Ù­ is admissible for Σ Ù ­ , we obtain that��� Ù � Ù ��¹7��� Ù Ù � Ù Ù � , by Lemma6.6.14. �
Theformulaebetweendifferentoperatorsin Proposition 6.6.18arestraightfor-

wardaslongaswestayin H (whichobviously includesthedomainsandextended
domainsof C, K andB É ). However, whenwrite formulaefor B andBL, or for A
andAL with input spacesuchasHB, largerthanthedomainof theoriginal opera-
tor, we facethefactthatH Ñ 1 ì¹ HLÑ 1 in general.

Thus, theseformulaedependon how we identify a part of H Ñ 1 (containing
H Û B åU æ ) toapartof HLÑ 1 (containingH Û BL åU æ ). Wemakethefollowingremark
on this:

Remark 6.6.20(B ¹ B­B ¹ B­B ¹ B­ ) (1.) Theidentification betweenB andB ­ in Proposition
6.6.18(d2)(thecompatible casewithout feedthrough,dueto O. Staffans[Sbook]
(or [SW00])) is basedon an isometric isomorphismJ : À α Ê AÁ W µ À α Ê A ­ Á W
(seetheproofof (b1)),which is a continuousextensionof I : H µ H; hereW � HB

is thedomainof Â Cc
Kc Ã .

If H1 is densein W, thenH is densein À α Ê AÁ W and À α Ê A ­ Á W, and thus
this extensionis unique. If this is not the case, then Σ hasseveral compatible
pairs for the sameW, and the identification dependson the pair chosen.Thus,
whenapplying the formula B ¹ B ­ , oneshouldwrite out the spacesÀ α Ê AÁ W
and À α Ê A­ Á W for thesystemunderstudy;in several applications it is completely
natural to identifythem.

If I Ê F is merely left-invertible, then we can still embed À α Ê AÁ W intoÀ α Ê A­ Á W, still so that the embeddingis a continuousextensionof I : H µ H,
andweobtaina weaker connectionbetweentheoperators, asshownin (d1) (or
(b1)).

(2.) Theidentification in theSRcase(e.g., Proposition 6.6.18(d4)),dueto G.
Weiss[W94b], is basedon a rathernatural identification; thespaceW hasbeen
chosenso that H1 is densein W. Of course, insteadof V, onecould chooseto
closeH w.r.t. a differentnormthanthatof V andtry to obtaina spacecontaining
H Û BU andembeddableinto H Ñ 1.

Still, we recommendthe reader to always check the meaningof V before
applyingtheformulaB ¹ B ­ (or theformula for A ­ outsideDomÀ A ­ Á ).

Naturally, thecasefor static output feedback is analogous. Seetheproofsof
(b1)and(b3) for details on thetwo identificationsmentionedabove.

Asobservedin theproofof (b3),theidentification of Weissis a specialcaseof
theidentification of Staffans. �

If Σ canbestabilizedby outputinjection(i.e., by feedingthe outputbackto
the systemthroughan extra input, as in Figure 6.5, then we call Σ detectable
(we useduality to avoid a longertreatmentanalogousto that for statefeedback
stabilizability):
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� 2 τ � τ� 3 �4
x0

5 x5 y

5 v 6 7
y

48 ××5 π × vË
4

π × u

Figure6.5: Outputinjectionconnection

Definition 6.6.21(Detectability) Let Σ ¹ �&¡ ¢£ ¤ � � WPLSÀ U � H � Y Á . A pair �:9;V�
is an admissible outputinjection pair for Σ if the extendedsystem � ¡ 9�¢£ ; ¤ � is a

WPLSandI Ê<3º�x� TIC∞ (i.e., L ¹7� I0 � is admissible for � ¡ 94¢£ ; ¤ � ).
Such a pair �=9;V� is stabilizingif theresultingclosedloopsystem

Σ Ë : ¹ ù �ßÛ&2 τ �«�� 2&�« �´Û>2&�«0��«�� �«ðÊ I �«�� ú (6.168)

(here �« : ¹°À I Ê?3¥Á�Ñ 1) is stable, i.e., if L is stabilizing; in this case, we call Σ
detectable.

If � A @
C 0 � generate a WR WPLS � ¡ 9£ ;V� and �:9;V� is an admissible (resp.

stabilizing) output injection pair for Σ, then A is called a WR admissible (resp.
stabilizing)outputinjectionoperatorfor Σ.

Admissible outputinjectionandstatefeedback pairs �:9;V� and � � � � are
called jointly admissible for Σ if they arepartsof a singleWPLS

ΣTotal : ¹ ¦§ � 2 �� 3 �� " � ¨© � WPLSÀ Y Ï U � H � Y Ï U Á (6.169)

(with someinteractionoperator"�� TIC∞ À Y� U Á ). If the closed-loopsystemsof
ΣTotal correspondingto L ¹;� 0 0

0 I � and �L ¹Q� I 0
0 0 � are stable, then the pairs are

jointly stabilizing andΣ is jointly stabilizableanddetectable.

We usepreficesand sufficesas in Definitions6.6.10and 6.6.4 above (e.g.,
strongly l.c.-detectablemeanshaving a admissible pair �=9;,� s.t. Σ Ë is strongly

stableand �« and �«�� are l.c.). Preficesprecedingthe word “jointly” apply to
bothclosed-loopsystems(henceto bothpairs).

The two closed-loopsystems correspondingto jointly admissible pairs are
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� 2 τ � τ� 3 �� " �4
x0

Bx By Bz6 78× Ñ Bπ × u Bu­6 4
y

48 ×Ñ5 vË 5 π × v6 7

Figure6.6: TheextendedsystemΣTotal

� 2 τ � τ� 3 �� " �4
x0

Bx By Bz6 78 ××5 u 5 π × u­6 4
y

48 ×Ñ5 vË 5 π × v6 7

Figure6.7: Theclosed-loopsystemÀ ΣTotalÁ L
easilyseento begiven byÀ ΣTotal Á L ¹ ¦§ �ßÛ÷� τ À I Ê � Á�Ñ 1 � 2vÛ÷�,À I Ê � Á�Ñ 1 " �,À I Ê � Á�Ñ 1�kÛÐ�ÈÀ I Ê � Á�Ñ 1 � 3�ÛÐ�ÈÀ I Ê � Á�Ñ 1 " �ÈÀ I Ê � Á�Ñ 1À I Ê � Á�Ñ 1 � À I Ê � Á�Ñ 1 " À I Ê � Á�Ñ 1 Ê I

¨© �
(6.170)À ΣTotalÁ:CL ¹ ¦§ �ßÛ>2 τ À I Ê<3�Á�Ñ 1 � 2øÀ I Ê<3¥Á�Ñ 1 �ÝÛ>2ÝÀ I Ê<3¥Á�Ñ 1 �À I Ê<3¥Á�Ñ 1 � À I Ê<3¥Á�Ñ 1 Ê I À I Ê<3¥Á�Ñ 1 �� ÛD",À I Ê<3¥Á�Ñ 1 � ",À I Ê<3�Á�Ñ 1 � Û>",À I Ê<3�Á�Ñ 1 � ¨©l¶
(6.171)

Any [strongly/exponentially] stableΣ is [strongly/exponentially] jointly r.c.-
stabilizableandl.c.-detectable(take � ¹ 0 ¹E3 ¹ � ¹�2Ú¹F" ). Becauseof the
dualityexplainedin Lemma6.7.2,weomit mostleft definitionsandleft results.

Detectability meansroughly that the unstableparts of the systemcan be
detectedin the output. Observability meansthat the whole statespacecan be
observed in the output. The latter condition soundsstronger, and, indeed,an
observablesystemis exponentially detectable,by p. 91 of [LR], if dimH Ì ∞.
In general this is not the case (recall the word “roughly” above): for any� � TIC À U � Y Á , the (infinite-dimensional) system(6.11) is stableandexactly 0-
observable(in infinite time)but notevenestimatable (seeDefinition6.7.3).

Detectability doesnot imply observability evenfor dimH Ì ∞ (just take any
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exponentiallystable� with �Ð¹ 0). By duality, therelationsbetweenreachability
andstabilizability areanalogous.

Next weshalllist a few factson joint stabilizability anddetectability. Westart
with a ratherobviousremark:

Lemma 6.6.22(Jointly stabilizing � � � separately) If � 9 ; � and ��� � � are

jointly admissible [stabilizing] for someWPLSΣ, then �=9;,� and � � � � are
admissible [stabilizing] for Σ; all preficesandsufficesapply.

Proof: 1� Admissibility: Joint admissibility is obviously equivalent to the
invertibility of I Ê � andI Ê<3 in TIC∞, hencetheadmissibility claim holds.

2� Stabilization: Compare(6.170) to (6.133) and (6.171) to (6.168) to
obtain the claim in brackets and the claim on preficesand suffices (note
that by “r.c.-” we refer to « : ¹ûÀ I Ê � Á�Ñ 1 and

¸
: ¹Ú�u« and by “l.c.-” to�« : ¹�À I Ê<3¥Á�Ñ 1 and �¸ : ¹G�«�� , is in Definitions6.6.10and6.6.21). �

Theconverseis not true:

Example 6.6.23 (Stabilizing but not jointly stabilizing) If A, B and C are
as in Example6.3.24, then the output injection pair (right column) in � A B

0 0 �
and the statefeedbackpair (lower row) in � A 0

C 0 � areadmissible for � A 0
0 0 � , by

Lemma6.3.16andProposition6.3.1(c),but they arenot jointly admissible, by
Example6.3.24(thereis nosuitable interactionoperator" ).

By replacingA by A Û ω for a suitableω � R (seeRemark6.1.9), we can
make the two pairs stabilizing but yet not jointly stabilizing (not even jointly
admissible). í

Nevertheless, we do not know whetherthere is a systemthat is [exponen-
tially] stabilizableanddetectablebut not [exponentially] jointly stabilizableand
detectable.[Neither do we know whetheroptimizability andestimatability (see
Definition 6.7.3)is strictly weaker thantheabove two conditions. All thesecon-
ditionsareequivalentif thesystemis sufficiently regular, by Theorem7.2.4(c).]

Lemma 6.6.24 We have “exponentiallyjointly stabilizable and detectable” =
“jointly exponentiallystabilizable and detectable”and “strongly jointly stabi-
lizableanddetectable”= “jointly strongly stabilizableanddetectable”.

Proof: Let ��� �º� and �=9;V� be jointly stabilizing, so that

I ÊfÀ �L Ê L ÁS� Total ¹ � ä�Hã?I � �f� TIC in terms of (6.172). By Lemma 6.6.3,À!À ΣTotalÁ L Á:CL Ñ L ¹ÚÀ ΣTotal Á:CL, henceÀ ΣTotal Á L is [exponentially] stronglystableif fÀ ΣTotal Á:CL is [exponentially]strongly stable,by Corollary6.6.9. �
If C is boundedlyleft-invertible, thenonecandetecteverything aboutthestate

from theoutput; in particular:

Lemma 6.6.25 Let Σ ¹Þ�&¡ ¢£ ¤ ��� WPLSω À U � H � Y Á bes.t.TC ¹ I for someT �Î À Y � H Á . ThenΣ is exponentially detectable.
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In standardstabilizationproblemswe have C ¹ å IÉ æ , so that onecanchoose
T : ¹ � I 0� .

Proof: Take A : ¹°Ê rT � Î À Y � H Á , G ¹ 0, r ¾ ω. Then � ¡ 9£ ; � is well-
posed,by Lemma6.3.16(b),henceso is � ¡ 9�¢£ ; ¤ � , and 3 is ULR. Moreover,
thegeneratorof � Ë is A ÛJA Cs ¹ A Ê rI , by Proposition6.6.18(b3),hence� Ë is
exponentially stable,by LemmaA.4.2(g2). �
In theclassicalcase,any admissible statefeedbackandoutput-injectionpairs

arejointly admissible:

Lemma 6.6.26(KKK and A A A jointly) Let ��� �º� and �=9;V� be admissible (resp.
exponentiallystabilizing)pairs for Σ.

If K or A is bounded,then � � � � and �:9;V� are jointly admissible (resp.
jointly exponentially r.c.- andl.c.-stabilizing).

Proof: Let K bebounded(theothercaseis analogous).Then � K 0 F �
extends � ¡ 9�¢£ ; ¤ � to a WPLS,by Lemma6.3.16(c),hence � � � � and �=9;,�
arejointly admissible (resp.and � � � � is exponentially r.c.-stabilizingand� 9 ; � is exponentially l.c.-stabilizing, by Theorem6.6.28(andRemark6.1.9).�
In the uniformly regular case,jointly stabilizing pairs can be replacedby

jointly stabilizingK and A :
Lemma 6.6.27 If ��� � � and �=9;V� are jointly stabilizing for Σ ¹ �&¡ ¢£ ¤ �´�
WPLSÀ U � H � Y Á with interaction operator " , thenso are � R� I Ê RÀ I Ê � Á �
and �:9;V� with R" , andsoarealso ��� �º� and � 2 S I Ê÷À I Ê<3¥Á S � with " S,
for anyR �x� Î À U Á , S �x� Î À Y Á . All preficesandsufficesapply.

In particular, if ΣTotal is UR,thenwecanhaveF ¹ 0, G ¹ 0 andE ¹ 0.

Proof: 1� We observe from equations(6.170)–(6.171)that corresponding
closed-loopsystemsare equalexcept that � L ³µ � LRÑ 1, � L ³µ � LRÑ 1 and« L ³µ « LRÑ 1 (hence� L ³µ I ÊØÀ I Ê � L Á RÑ 1 ¹ � LRÑ 1 Û I Ê RÑ 1), and À ΣTotal Á:CL
is affectedanalogously.

2� If ΣTotal is UR, thenI Ê F � I Ê G �Ø� Î , by Proposition 6.3.1(b1),hence
wecanhaveF ¹ 0 andG ¹ 0 (takeR ¹ºÀ I Ê F ÁÒÑ 1, S ¹ºÀ I Ê GÁÒÑ 1 in 1� ). More-
over, if we replace" by "ßÊ E, thenwe addtheelementsof the third column
of (6.170)plus å 0 0 I æ T, times Ê E, to thesecondcolumnof (6.170),hencethe
stability of (6.170)is notaffected.An analogousclaimholdsfor (6.171).Thus,
thenew pairs(thosewith F ¹ 0, G ¹ 0) with " Ê E arestabilizing exactly in
thesamesenseastheold ones. �
Werecallthemainresultof [S98a]:

Theorem 6.6.28(d.c.f. î î î jointly) Let �0� TIC∞ À U � Y Á . Thenthe following are
equivalent:

(i) � hasa d.c.f.;
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(ii) � hasa jointly I/O-stabilizableandI/O-detectablerealization;

(iii) � hasa strongly jointly r.c.-stabilizableandl.c.-detectablerealization.

Moreover, anyjointly I/O-stabilizingpairs(if any)for anyrealizationof � are
jointly r.c.- andl.c.-I/O-stabilizing.

Recall from the definition that (iii) meansthat both (6.170) and (6.171)
becomestrongly stableandthat ��¹ ¸ «ºÑ 1 is a r.c.f. and ��¹K�«ÐÑ 1 �¸ is a l.c.f.,
where �¸ : ¹L�«�� , �« : ¹ À I Ê<3¥Á�Ñ 1.

If Σ is thecorrespondingrealizationand � � � � correspondstoastabilizing

SRK � Î À H1 � U Á , then â« À sÁ�¹ I Û Ks À s Ê AÁÒÑ 1B and â¸ À sÁ�¹ D Û�À Cs Û DKs Á�À s Ê
AÁÒÑ 1B areSR, by Proposition 6.6.18(b3). An analogousclaim obviously holds
for thewholed.c.f.whenalso �=9;V� correspondsto a SRoperator. (If K andH are
merelyWR, thenthesameformulaecanbeappliedbut thefactorizationneednot
beWR.) SeeSection5 of [WC] andSection3 of [CWW96] for analogousresults
(in the SR exponentially stabilizing case,which canbe obtainedby shifting the
aboveresult).

Proof: Thisfollowsfrom theproofof Theorem4.4of [S98a];wesketchthe
proofbelow.

1� “(iii) � (ii)”: This is trivial.
2� “(ii) � (i)”: Assume (ii) anddenotetheI/O mapsof (6.170)and(6.170)

by Â ; L
¤

LM
L
Æ

L Ã and Â ;ONL ¤ NLM N
L

Æ N
L Ã , respectively. ThentheTIC À U Ï Y Á maps± « P¸ ý ² ¹ ± I Û � L ÊQ" L� L I Ê<3 L ² and ù �ý ÊR�PÊR�¸ �«ªú ¹ ± I Ê � CL "SCLÊ �TCL I ÛU3VCL ² (6.172)

areinversesof eachother;hereΣ Ë is thesystem(6.168)(see[S98a]for details
(or usedirect computation);note that there P ¹ ” "q­ ” ¹�ÊQ" L and Pº¹ ” " Ë ” ¹ÊQ"SCL becauseof different signs in the Bezout equationsof [S98a]). Thus,
if the pairsare jointly I/O-stabilizing, then(6.172)definesa d.c.f. of � (and��� � � and �=9;,� arejointly r.c.- andl.c.-I/O-stabilizing). Consequently, we
have (i) holds.

2� “(i) � (iii)”: We work asin Lemma6.6.29:Let (6.109)bea d.c.f. of � .
Startwith, e.g.,astronglystablerealization(say, ΣL) of± 3 L � L" L � L ² : ¹ ± I Ê ý ¸ÊWP «°Ê I ² (6.173)

(cf. Definition 6.1.6),whereCloseit with the outputfeedbackoperatorL Ù : ¹± 0 0
0 Ê I ² (which is admissible since «Z� � TIC∞) to obtaina WPLS ΣTotal : ¹À ΣL Á L X ; drop the middle column and bottom line of ΣTotal to obtain Σ �

WPLSÀ U � H � Y Á .
Theadditionaloperatorsin ΣTotal constitutestronglyjointly stabilizingand

detectingpairs and an interactionoperatoras in Definition 6.6.21: indeed,À ΣTotal Á Ñ L X ¹ ΣL, and,by Lemma6.6.3,(6.171)is stronglystableif f± I 0
0 I ² Ê ± I 0

0 Ê I ² ± I Ê ý ¸ÊWP «°Ê I ² ¹ ± ý Ê ¸ÊWP «ª² (6.174)
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is in � TIC, by Corollary6.6.9,andthisis thecase,by assumption (see(6.109)).�
By samemethods,weobtainthefollowing:

Lemma 6.6.29 If(f) � � TIC∞ hasa right factorization [[q.]r .c.f.] ��¹ ¸ « Ñ 1,
then � hasa strongly [[q.]r .c.-]stabilizablerealization.

Theconverseis alsotrue,by Definition 6.6.10.If «Z� UR or «��»«òÑ 1 � SR,
we cantake M ¹ I above, by Proposition6.3.1(a3)&(b1)andLemma6.4.5,i.e.,
thenthe feedbackpair � � I Êß«ÐÑ 1 � in the proof below hasno feedthrough:� K I Ê M Ñ 1 � ¹ � K 0 � .

Proof: Take a strongly stable realization Σ ­ of � ãä Ñ I � (e.g. Σ ­ : ¹ù π Y τ π Y[Z ãä]\ π õ
I Z ãä Ñ I

\ ú � WPLS0 À U � L2
ω À R × ;Y ÁÓ� Y Á ), andcloseit with L : ¹ç� 0 Ê I �

to geta realization

Σext : ¹Z¦§ � �� �� I Êß«�Ñ 1

¨©
: ¹ À Σ ­ Á L � WPLS

¶
(6.175)

By Lemma 6.6.3, � � I Êß«ÐÑ 1 � is strongly [[q.]r.c.-]stabilizing for
Σ : ¹û� ¡ ¢£ ¤ � . �
Notes
All definitionsarebasicallyfrom [S98a];thesuffices,someprefices(suchas

r.c.-stabilization) andtheconcept“compatiblestatefeedback(or outputinjection)
operator” are new. The definition of stabilizability in [WC] and [CWW96]
is equivalent to the existenceof a SR exponentially stabilizing statefeedback
operator;adualremarkappliesto detectability.

Proposition 6.6.2 is [S98a, Proposition3.2], which is a variant of [W94b,
Proposition3.6] (thesemigrouppartof thiswascontainedalreadyin [Sal87]).

Lemma6.6.3 is [W94b, Remark6.5]. Part of Lemmas6.6.7and6.6.8and
Corollary6.6.9arebasedonLemma21of [S97b]andon its proof.

Most of parts(a1)–(a3),(b3), (c1)–(c5)and (d4) of Proposition6.6.18are
basedon [W94b] or on the methodsused in its proofs. Most of (b1) and
(d1) are from [Mik97a]; the claimson BL (including V and the corresponding
identification)wereaddedin [Sbook].

Example6.6.19is basedon [SW01b].Theorem6.6.28is essentiallyTheorem
4.4of [S98a](Theorems3.2and3.4of [CWW96] presentanindependentvariant
for regularWPLSs);theproofof Lemma6.6.29is analogous.

A classicalWPLSreferencefor output feedbackis [W94b],whichcontainsthe
rudimentsof staticfeedbackandstatefeedback;the mostcompletereferenceat
presentis [Sbook,Chapters7&8], whoseresultsarepartiallycontainedin [S98a].
Most existing literaturetreatsexponential stability ratherthanstability; however,
the resultson the latter always imply analogousresultson the former, but the
conversedoesnothold.
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6.7 Further feedback results

Stability itself is nothingelsethana moresluggishmotion.

In this section,we presentfurther resultson feedback;especiallyon stabiliz-
ability. Wealsodefineandstudyoptimizability andestimatability, whichareweak
formsof exponential stabilizability andexponentialdetectability, respectively.

For thereaderto distinguishbetweentheseveralstabilityconceptsintroduced
aboveandin thenext chapter, wegivehereasummaryof all suchconcepts:

Summary 6.7.1(Stabizability concepts) Let Σ ¹ � ¡ ¢£ ¤ �,� WPLSÀ U � H � Y Á and
ω � R.

(a) [6.6.4] An operator L � Î À Y� U Á is called a stabilizing (static) output
feedbackoperatorfor Σ if L is admissible (I Ê L � ��� TIC∞ À U Á ) and the

resultingclosed-loopsystemΣL ¹ Â ¡ L ¢ L£
L
¤

L Ã is stable.

If such anL exists,wecall Σ stabilizableby staticoutputfeedback.

Whenever L is s.t. � L is stable, L is called � -stabilizing for Σ; the applies
alsoto theothercomponentsof Σ.

Evenwithoutreferenceto Σ, wesaythatL is stabilizing for ��� TIC∞ À U � Y Á
whenL is admissible and � : ¹��ÈÀ I Ê L ��ÁÖÑ 1 is stable.

(b) [6.6.10] A pair � � � � is calleda stabilizing statefeedbackpair for Σ if
theextendedsystemΣext is a WPLSandL : ¹7� 0 I � stabilizesΣext.

If such a pair ��� �º� exists,wecall Σ stabilizable.

Whenweaddtheprefix“ [q.]r.c.-” (resp.suffix “ in · ”) (e.g., “ ��� � � is
[q.]r.c.-stabilizing”), wemeanthat

¸
and « are [q.]r.c. (resp.

¸ �S« � · ),
where « : ¹�À I Ê � Á�Ñ 1,

¸
: ¹��u« .

The pair ��� � � is exponentially [q.]r.c.-stabilizing for Σ if ��� � �
is exponentially stabilizing and

¸
and « are exponentially [q.]r.c.; equiv-

alently, if ¿ ω � � � � is [q.]r.c.-stabilizing for ¿ ωΣ for someω ¾ 0 (see
Remark6.1.9).

(c) [6.6.21] A pair �=9;,� is an stabilizing output injection pair for Σ if� 2 d 3 d � is a stabilizingstatefeedback pair for Σ.

If such a pair � 9 ; � exists, we call Σ detectable. We use prefices(e.g.,
“[q.]l.c. ”) asin (b).

(d) [6.6.21] Theoutputinjectionandstatefeedback pairs � 9 ; � and ��� � �
are called jointly stabilizingfor Σ if they are part of a singleWPLS(6.169)
andbothL ¹7� 0 0

0 I � andL ¹û� I 0
0 0 � stabilize thisWPLS.

If such pairsexist,wecall Σ jointly stabilizableanddetectable.

By dynamicfeedback (DF) we meanoutput feedback similar to that defined
in (a) but with a dynamiccontroller L, i.e., L � TIC∞ À Y� U Á neednot be static.
In dynamicpartial feedback (DPF, aka. measurementfeedback) we meanthe
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situation where the input and output of the controller are connectedonly to
a part of the output and input of the systemto be controlled. Maps with
internal loop are a generalized conceptof TIC∞ maps. This conceptmakes
the algebraic stabilization theorymore complete, and it hasalso a reasonable
physicalinterpretation.

Theseconceptsarestudiedin Chapter7, but weincludethemin thissummary
for easycomparison;herealsoΞ is anarbitrary Hilbert space:

(e) (DF) [7.1.1] A map ^ � TIC∞ À Y� U Á is a stabilizing (DF-)controller for��� TIC∞ À U � Y Á if L ¹ I is stabilizing for � 0 _¤ 0 � .
If such a ^ exists,wesaythat � is DF-stabilizableandthat ^ DF-stabilizes� .

(e’) (DF-IL) [7.2.1] A map̀�¹ Â�a 11 a 12a 21 a 22 Ã � TIC∞ À Y Ï Ξ � U Ï Ξ Á isastabilizing

(DF-)controllerfor with internalloop �f� TIC∞ À U � Y Á if L ¹ I is stabilizing
for (7.20).

If such an ` exists,wesaythat � is DF-stabilizablewith internalloop and
that ` DF-stabilizes� with internalloop.

(f) (DPF) [7.3.1] A map ^¬� TIC∞ À Y� U Á is a stabilizingDPF-controllerfor��� TIC∞ À U Ï W � Z Ï Y Á if � 0 _0 0 � is a stabilizingDF-controller for � .

(f ’) (DPF-IL) [7.3.1] A map `Þ¹ Â�a 11 a 12a 21 a 22 Ã � TIC∞ À Y Ï Ξ � U Ï Ξ Á is a

stabilizing (DPF-)controllerwith internalloop for ��� TIC∞ À U Ï W � Z Ï Y Á
if (7.58) is an admissible [stabilizing] (DF-)controller for � with internal
loop.

If such an ` exists,wesaythat � is DPF-stabilizablewith internalloopand
that ` DPF-stabilizes� with internalloop.

In (e)–(f’), one can make analogous definitions with � replacedby its
realization [and ^ or ` replacedby its realization], seeDefinitions7.1.1,7.2.1
and7.3.1.

WhenwesaythatL is stronglyinternallyω-stabilizingfor Σ, wemeanthatwe
do not require thecorrespondingclosedloop systemΣL, to bestablebut strongly
internally ω-stable; the sameappliesto all other stability concepts(prefices)of
Definition6.1.3.

Samepreficesare usedfor stabilizability by static outputfeedback (e.g., “ Σ
is strongly internally ω-stabilizable by static output feedback”), and theseare
inheritedby definitions(b)–(f’), where also further preficesand sufficescan be
used(see2. and 4. of Definition 6.6.10). In (d), preficesprecedingthe word
“jointly” applyto bothpairs.

In (a)–(f’), we usethe word admissible insteadof stabilizing if L is (merely)
admissible. Theword stabilizesmeans“is stabilizing for”. SeeRemark6.7.19for
ω-stabilization (ω � R).

SeeDefinition 7.2.11for mapswith a coprime (that is, a d.c., r.c., or l.c.)
internal loop. Remark6.7.19explains ω-stabilizationfurther. We usually say
“stabilizing” insteadof “admissiblestabilizing”.
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Theconceptsof Summary6.7.1areinvariantunderduality:

Lemma 6.7.2(Duality) Make theassumptions of Summary6.7.1.
Thenthe properties (a)–(f’) of the summaryare invariant to the following

extent:

(a) L is admissible for Σ iff Ld is admissible for Σd.

If L is admissible, then À Σd Á Ld ¹ À ΣL Á d. Thus,e.g., L is [exponentially]
stabilizing for Σ iff L is [exponentially] stabilizing for Σd, etc.

(b)&(c) A pair � 9 ; � is anadmissibleoutputinjectionpair for Σ iff � 2 d 3 d �
is anadmissiblestatefeedback pair for Σd.

Moreover, thecorrespondingclosed-loopsystems(see(6.168)and(6.133))
are dualsof each other, hence � 9 ; � is [exponentially / exponentially[q.]l.c.-
/ [q.]l.c.-]stabilizing for Σ iff � 2 d 3 d � is [exponentially / exponentially
[q.]r.c.- / [q.]r.c.-]stabilizing for Σd.

Thus,Σ is stabilizableiff Σd is detectable, etc.

(d) Thepairs � � � � and �=9;V� are jointly admissible (resp.[exponentially]

jointly stabilizing) for Σ iff � 2 d 3 d � and Â Ç dÆ d Ã are jointly admissible

(resp.[exponentially]jointly stabilizing) for Σd. Thecorrespondingclosed-
loop systemsare dualsof each other modulopermutations of the two I/O
rowsandcolumns.

Thus,Σ is jointly stabilizableanddetectableiff Σd is jointly stabilizableand
detectable, etc.

(e)–(f’) Analogously, ^ is admissible for � in the senseof (e) (resp.(e’), (f),
(f ’)) iff ^ d is admissible for � d in thesenseof (e) (resp.(e’), (f), (f ’)).

Moreover, the correspondingclosed-loopsystemsare dualsof each other
modulopermutationsof I/O rowsandcolumns.Thus, ^ is [exponentially]
stabilizing for � in thesenseof (e) (resp.(e’), (f), (f ’)) iff ^ d is [exponen-
tially] stabilizing for � d in thesenseof (e) (resp.(e’), (f), (f ’)).

Analogousremarksapplyto realizationsof � (and ^ ).

By � d we mean � d in caseof (e) or (e’) and Â ¤ d
22
¤ d

12¤ d
21
¤ d

11
Ã in caseof (f) or (f ’)

(notethat thesecorrespondto ` d, not to ` d, in Definitions7.2.1and7.3.1). Cf.
alsoProposition7.2.5(d),Lemma7.2.6andProposition 7.3.4(d).

Becauseof the duality betweenthe closed-loopsystems,alsomostprefices
andsuffices(e.g.,“internally”, “I/O-”, “weakly”, “ω-”, and“in · ” if ·º¹Ð· d) are
preserved(although“output” becomes“input”, “[q.]r.c.” becomes“[q.]l.c.” etc.).
However, the “strong” properties(e.g., “strongly detectable”)areexceptionsto
this duality, becausetheadjointof a stronglystablesystemneednot bestrongly
stable.In thefollowing wewill applythesefactswithout furthermention.

Proof: (a) À I Êv� L Á d ¹ I Ê Ld � d ��� TIC∞ if f I Ê½� L ��� TIC∞ (becauseÀ»ÿ_Á d �Ð� Î À TICω Á for any ω � R) but alsoif f I Ê½� dLd �Ð� TIC∞. Thus,L is
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admissible if f Ld is. Obviously, À Σd Á Ld ¹ À ΣL Á d. Theremainingclaimsfollow
from this.

(b)–(d) Thesefollow from (a), becausethe extendedsystemsaredualsof
eachothermodulo thepermutationof I/O rows and/orcolumns(rows for (b),
columnsfor (c) andbothfor (d)).

(e)–(f’ ) (Here ^�� TIC∞ À Y� U Á or TIC∞ À Y Ï Ξ � U Ï Ξ Á .)
Thesefollow from (a),becausethedualof (7.21)is equalto its counterpart

for Σd and �Σd modulothe permutation of its two first I/O rows andcolumns.
The well-posedcase(i.e., the casewithout internal loop) is a specialcaseof
this (alternatively, usethesameproofwith (7.4 in placeof (7.21)).

(This appliesto “ ^ stabilizes� ” , “ ^ stabilizesΣ” and“ �Σ stabilizesΣ”, in
thesenseof any of Definitions7.1.1,7.2.1and7.3.1,with or without internal
loop.)

(SeeProposition7.2.5(d)and Proposition7.3.4(d) for alternative partial
proofs.) �
Optimizability is the weakestreasonableextensionof the finite-dimensional

conceptexponentialstabilizability. In theinfinite-dimensionaltheory, theformer
conceptoften takes the place of exponentialstabilizability (as formulated in
Definition6.6.10),hencewe shallstudythisconceptbriefly:

Definition 6.7.3(Optimizability and estimatability) Let Σ ¹ � ¡ ¢£ ¤ � �
WPLSÀ U � H � Y Á .

If for each x0 � H there is u � L2 À R × ;U Á s.t.x : ¹�� x0 Û4� τu is in L2, thenwe
call Σ optimizable. Wecall Σ estimatable if Σd is optimizable.

Obviously, Σ is optimizableif f � � � � is optimizable(oneoftensaysthatÀ A � BÁ is optimizable).
It follows from thedefinitionthatΣ is optimizableif f thecost � x � 22 ÛF� u � 22 is

finite for eachx0 � H thereis u � L2 À R × ;U Á . Therefore,the assumption that
a systemis optimizable is often called the finite cost condition. The concept
“ b Σ

exp À x0 Á,ì¹ /0 for all x0 � H” of Section8.3 is alsoequivalentto optimizability.
Exponential stabilizability (by statefeedback)impliesoptimizability. In fact,

even exponentialstabilizability by (static or dynamic,even partial and/orwith
internalloop) outputfeedbackimpliesoptimizability, by Lemma6.7.6,Theorem
7.2.3(c1) and Theorem7.3.11(c1). Therefore, optimizability is a necessary
conditionfor the solvability of any standardcontrolproblemover exponentially
stabilizingstateor outputfeedbackcontrollers.

If, e.g.,B is bounded(seeTheorem9.2.12for weaker sufficient conditions),
thenoptimizability is equivalentto exponential stabilizability (this is alsothecase
for any discrete-timesystems,by Proposition13.3.14). However, it is not known
whetherthis equivalenceholdsfor generalWPLSs(or equivalently, by Remark
6.9.5,for generalPritchard–Salamonsystems). The situationis analogouswith
thedualproperties,estimatabilityandexponential detectability.

Thefollowing is obvious:

Lemma 6.7.4 If � � � 1 � 2 � � WPLS is s.t. � � � 1 � is optimizable, then
sois � � � 1 � 2 � . �
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By duality, if ± ¡£ 1£
2 ² � WPLSis s.t. Â ¡£

1 Ã is estimatable,then ± ¡£ 1£
2 ² estimatable.

Next weprove thetwo lemmasmentionedabove.

Lemma 6.7.5 Anyexponentially stabilizablesystemis optimizable.

Henceany exponentially detectablesystemis estimatable,by duality.
Proof: Let ��� � � be exponentially stabilizing for Σ. By Lemma

6.1.10(c1),L2 c �VË x0 ¹ � x0 ÛÐ� τ ��­ x0 and �¥­ x0 � L2 for all x0 � H (see
(6.133)),henceΣ is optimizable.(A secondproof: applyLemma6.7.6to Σext.)�

Lemma 6.7.6(ΣLΣLΣL exp.stable ¹�� Σ¹�� Σ¹�� Σ is opt. & est.) If there is an exponentially
stabilizing output feedback operator for Σ � WPLS, then Σ is optimizable and
estimatable.

We extendthis (andpartially the converse)for dynamicoutput feedbackin
Theorem7.2.3(c1)andTheorem7.3.12.

Proof: Now (6.125) is exponentially stablefor someL, hence,for any
x0 � H, the function u : ¹ L � Lx0 � L2 satisfies� x0 ÛØ� τu ¹�� L � L2. Thus,
Σ isoptimizable.By duality(seeLemma6.7.2(a)),Σ isalsoestimatable. �
Wehave “u � y � L2 � x � L2” for estimatablesystems:

Theorem6.7.7(u � y � L2 � x � L2u � y � L2 � x � L2u � y � L2 � x � L2) Let Σ ¹P� ¡ ¢£ ¤ �´� WPLSÀ U � H � Y Á be esti-
matable. Thenthere is M Ì ∞ s.t.if u � L2 À R × ;U Á andx0 � H ares.t.y : ¹ò� x0 Û� u � L2, thenx : ¹�� x0 Û�� τu � L2 �ed 0 and � x � 2 , M À!� x0 � H Ûf� u � 2 Ûf� y � 2 Á .

Proof: Theproof will begiven in Section8.3,seeLemma8.3.20.(Except
for the d 0 property, this would follow from Theorem13.3.15and Theorem
13.4.4(a3)&(e3)). �
Weneedtwo moreimplicationsbetweenthesignals:

Lemma 6.7.8(u � x � L2 � y � L2u � x � L2 � y � L2u � x � L2 � y � L2) Let �&¡ ¢£ ¤ � � WPLSÀ U � H � Y Á . If u � x � π × L2,

theny � π × L2, where x0 � H is arbitrary and å xy æ : ¹ �&¡ ¢ τ£ ¤ � å x0
u æ . In fact, there is

M ¹ MΣ Ì ∞ s.t. � y � 2 , M À!� u � 2 Ûf� x � 2 Ûf� x0 � H Á .
Conversely, if u � L2

ω À R × ;U Á , ω � R, x � y � L2 and ���x� TIC∞, thenu � L2.

By combining the above lemma with Theorem6.7.7, we seethat “u � x �
L2 � y � L2” holdsfor arbitraryWPLSs,“x � y � L2 � u � L2” for WPLSswith���v� TIC∞, and“u � y � L2 � x � L2” for estimatableWPLSs.

Proof: By thesecondinequalityof Theorem13.4.4(a3),wehave� x �hg 2
r X ó N;H ô Ûf� ∆Su �hg 2

r X ó N;U ô , M Ù À!� x0 � H Ûf� x � L2
ω X ó J;H ô Ûf� u � L2

ω X ó J;U ô Á (6.176)

for someM Ù ¹ M ÙΣ Ì ∞. Combinethis with Lemma13.3.18to obtainthefirst
claim(thus,ourM dependson Σ only).
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Theconversefor ���½� TIC∞ followsfrom thefactthatx andu arethestate

andoutputof theclosed-loopsystem Â ¡ ¢£ ¤ Ñ I Ã Ñ I
(the“flow-invertedsystem”)

with inputy andinitial statex0 (it is straightforwardto verify this,seeExample
6.2.4of [Sbook]). �
For an exponentially detectablesystem, output-stabilization is equivalent to

exponentialstabilization:

Lemma 6.7.9 Let Σ ¹7�&¡ ¢£ ¤ �,� WPLSÀ U � H � Y Á beestimatable.

If a statefeedback pair ��� � � or an outputinjectionpair �:9;V� or a static
outputfeedback operator L output-stabilizesΣ, thenit stabilizesΣ exponentially.

Proof: 1� Output feedback: Let L output-stabilize Σ. Let x0 � H. Set
u : ¹ L � Lx0 � L2, x : ¹�� Lx0, å y1

y2 æ : ¹ y : ¹�� Lx0 � L2, sothat

x ¹ò� x0 Û�� τu � y ¹f� x0 Û½� u � y1 ¹�� 1x0 Û½� 1u � (6.177)

by (6.126).Consequently, x � L2, by Theorem6.7.7.Becausex0 wasarbitrary,� L is exponentially stable,by LemmaA.4.5.
2� Statefeedback or outputinjection: Apply 1 � with theextendedsystem

(which is alsoestimatable,by Lemma6.7.4)in placeof Σ. �
Next we explore the connectionbetweenstability and stabilizability (see

Definitions6.1.3,6.6.10and6.6.21):

Theorem 6.7.10 Let Σ ¹ � ¡ ¢£ ¤ � � WPLS.

(a) (Stability) Thefollowingareequivalent:

(i) Σ is stable(i.e., Σ � WPLS0);
(ii) � is stableandΣ is detectableandoutput-stabilizable;
(iii) � is stableandΣ is q.r.c.-stabilizable;
(iv) � is stable andΣ is q.l.c.-detectable.

(b) (SOS-Stability) Thefollowing areequivalent:

(i) Σ is SOS-stable(i.e., Σ � SOS);
(ii) � is stableandΣ is output-stabilizable;
(iii) � is stableandΣ is q.l.c.-output-detectable.

(c) (Strong stability) Thefollowingareequivalent:

(i) Σ is strongly stable;
(ii) Σ is stableandstrongly detectable;
(iii) � is stable, Σ is output-stabilizable, andstrongly detectable;
(iv) � is stable andΣ is strongly q.r.c.-stabilizable;
(v) � is stableandΣ is strongly q.l.c.-detectable.

(d) (Exponential stability) Thefollowingareequivalent:
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(i) Σ is exponentially stable(i.e., Σ � WPLSω for someω Ì 0);
(ii) � is stable(or À s Ê AÁÓÑ 1B � H∞) andΣ is optimizable;
(iii) � is stable(or C À s Ê AÁÒÑ 1 � H∞) andΣ is estimatable;
(iv) � is stable, andΣ is optimizableandinput-detectable;
(v) � is stableandΣ is output-stabilizableandestimatable;
(vi) � is stableandΣ is optimizable andq.r.c.-stabilizable;
(vii) � is stableandΣ is estimatableandq.l.c.-detectable;
(viii) � is stableandΣ is optimizableandestimatable.

Proof: In (a)–(d),obviously (i) alwaysimpliesall theotherconditions(use,
e.g., ��� �º�q¹û� 0 0 � ), henceweonly prove theconverseclaims.

We givemoredetailedproofsfor part(b); theotherproofsaregiven briefly
(andthey aremoreor lessanalogousto thosein (b)).

(b) “(ii) � (i)”: Assume(ii), i.e., that � , � ­ and ��­ arestablein (6.133)(for
some � � � � ). Thenalso ��¹f� ­ Êl� �´­ is stable,hence(i) holds.

“(iii) � (i)”: Assume (iii), i.e., that � is stableand thereis an admissible
outputinjectionpair � 9 ; � for Σ s.t. �«�� is stable,where �« : ¹ À I Êi3¥Á�Ñ 1, and�¸ : ¹j�«�� and �« are q.l.c. Then also ��¹ I Ñ 1 ÀK�VÁ is a q.l.c.f. of � , hence�«ç¹k�« I ��� TIC, by Lemma6.4.5(d).Consequently, �÷¹L�«ÐÑ 1 À��«ò�qÁ is stable,
hence(i) holds.

(a) “(ii) ¹�� (i)”: Assume(ii). Then � is stable,by (b). From (6.168)we
seethatalso �÷¹�� Ë Êl2 Ë � and �ò¹ò� Ë Êl2 Ë τ � arestable.

“(iii) � (i)”: This follows from Lemma6.6.17(a)&(c). “(i v) � (i)” is the
dualresultof this.

(c) “(ii) � (i)”: This follows from Lemma6.6.8(where“Σ”: ¹ (6.168)and
L : ¹ � Ê I 0� ). (Note thatananalogousstabilizability resultwould require �
to be stable.) “(iii) � (ii)” & “(v) � (ii)”: Thesehold by (a). “(i v) � (i)”: This
followsfrom Lemma6.6.17(a)&(c).

(d) “(iii) � (i)”: If Σ is estimatableand C À s Ê AÁÓÑ 1 � H∞, then Σ is
exponentially stable,by Proposition 6.2 of [WR00] (use discretizationand
Theorem13.3.13for analternativeproof; thisalsoappliesto “(viii) î (i)”).

Assumethen that � is stableand Σ is estimatable. By Theorem6.7.7,� x0 � L2 for all x0 � H (take u ¹ 0 andnote that y : ¹ � x0 � L2), hence�
is exponentially stable,by LemmaA.4.5. An alternative proof (for the dual
claim (ii) � (i)) is obtainedby slightly modifying the proof of Proposition6.1
of [WR00] (combinedto thedualof Theorem6.2.11(c2)).

“(v) � (iii)”: Let ��� �º� beoutput-stabilizing for Σ. Then ��� � � is
exponentially stabilizing,by Lemma6.7.9,henceΣ is stable,by (a)(ii).

“(ii) � (i)”&“(i v) � (ii)”: Thesearethedualsof “(iii) � (i)” and“(v) � (iii)”
(notealsothat À s Ê AÁÓÑ 1B � H∞ î � τ � TIC).

“(vi) � (ii)”: [“(vii) � (iii)”]: This follows from implication (iii)[(i v)] � (i)
of (a).

“(viii) î (i)”: This is Theorem6.3of [WR00]. �
Any admissible state feedbackpair ��� �º� for a systemΣ preserves

stabilizability in thefollowing way: if Σ ­ is thecorrespondingclosed-loopsystem
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and �&¡ ¢£ ¤ � is stabilizablein somesense,thenthecomponents Â ¡ Å ¢ Å£ Å ¤ Å Ã of Σ ­ can

be stabilized exactly in the samesense(see(a) below). This only appliestwo
thetoptwo rowsof theclosed-loopsystems;weneedcoprimenessor exponential
stabilization in orderto guaranteethatalsothethird row of theclosed-loopsystem
The situation with outputinjection is analogous(see(b)), whereasstaticoutput
feedback(see(c)) preservesanything:

Lemma 6.7.11(Stabilizability preserved) Let Σ ¹ �&¡ ¢£ ¤ � � WPLSÀ U � H � Y Á .
(a) ( �q� �º���� � ���� �º� ) Optimizability, exponential stabilizability, and all � ¡ ¢£ ¤ � -

stabilizability properties (see (a’)) are invariant under admissible state
feedback. Moreover, if Σ is estimatable, thensois Σ ­ (of (6.178)).

(a’) The stabilizability of the “ � ¡ ¢£ ¤ � part” of a systemis invariant under
admissible statefeedback:

Let ��� �º� and � � 2 � 2 � be admissible statefeedback pairs for Σ,
andlet

Σ ­ : ¹ ¦§ � ­ � ­� ­ � ­�¥­ �¯­ ¨© and Σ ­ X : ¹ ¦§ � ­ X � ­ X� ­ X � ­ X� 2­ X � 2­ X ¨© (6.178)

bethecorresponding closed-loopsystems,respectively.

Thenthe statefeedback pair ��� 
 � 
 � definedby (6.180)is admissible
for Σ ­ , andthetwotoprowsof thecorrespondingclosed-loopsystemarethe

two top rows Â ¡ Å X ¢ Å X£ Å X ¤ Å X Ã of Σ ­ X .
Moreover, with additionalassumptions,thispair ��� 
 � 
 � stabilizeseven

more (here Σ1­ : ¹ Â ¡ Å ¢ Å£ Å ¤ Å Ã ):
(a1) Let � � � � be q.r.c.-I/O-stabilizing for Σ. Then ��� 2 � 2 � is

[q.r.c.-]I/O-stabilizing for Σ iff ��� 
 � 
 � is [[q]r .c.-]I/O-stabilizing
for Σ1­ [(if f I Ê � 
 �v� TIC)].

(a2) Let ��� �º� be q.r.c.-SOS-stabilizing for Σ. Then � � 2 � 2 � is
[q.r.c.-]SOS-stabilizing for Σ iff ��� 
 � 
 � is [stableand r.c.-]SOS-
stabilizing for Σ1­ .
Thus, ��� 2 � 2 � [q.r.c.-]stabilizes Σ (resp. weakly, strongly) iff��� 
 � 
 � [[q.]r .c.-]stabilizesΣ1­ (resp.weakly, strongly).

(a3)Thepair � � 2 � 2 � isexponentiallystabilizingfor Σ iff ��� 
 � 
 �
is exponentiallystabilizing for Σ1­ .

(a4) Let � � 2 � 2 � be exponentially [q.]r.c.-stabilizing for Σ, and let��� �º� beI/O-stabilizing for Σ.

Then ��� 
 � 
 � is exponentially r.c.-stabilizing for Σ1­ , and� � � � is exponentially [q.]r.c.-stabilizing for Σ.
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Σ���� � � � � ����Σ ­ Σ ­ X � Σ �mon p q rts
2 u

2v� � 
 � 
 �
Figure6.8: Thesettingof Lemma6.7.11(a’)

(a4’) Let ��� �º� be exponentially[[q.]r .c.-]stabilizing for Σ. Then��� 2 � 2 � is exponentially[[q.]r .c.-]stabilizing for Σ iff � � 
 � 
 �
is I/O-stabilizing (or input-stabilizing) for Σ1­ (in which case��� 
 � 
 � is exponentially stableand exponentially r.c.-stabilizing
for Σ1­ ).

(a5) Let � � 2 � 2 � be exponentially stabilizing and [q.]r.c.-stabilizing
for Σ, andlet ��� �º� beI/O-stabilizing for Σ.

Then ��� 
 � 
 � is exponentially r.c.-stabilizing for Σ1­ , and��� �º� is exponentiallystabilizingand[q.]r.c.-stabilizing for Σ.

(a6)Claims(a1)–(a5)alsoholdwith Σ ­ in placeof Σ1­ .
(b) ( �w9;V��:9;V��:9;V� ) Estimatability, exponentialdetectability, andall � ¡ ¢£ ¤ � -detectability

properties(cf. (a)) are invariant underadmissible outputinjection. More-
over, if Σ is optimizable, thensois Σ Ë (of (6.168).

(c) (ΣLΣLΣL) All differentversionsof stabilizability anddetectability listed in Sum-
mary6.7.1(a)–(d)(includingpreficesandsufficesexceptthosecorrespond-
ing to 4. of Definition6.6.10),as well as optimizability and estimatability
are preservedunderadmissible static output feedback, i.e., the systemsΣ
and ΣL of Proposition 6.6.2are output feedback stabilizable, stabilizable,
detectableor jointly stabilizableanddetectableexactlyin thesamesense.

Proof: (a) All �&¡ ¢£ ¤ � -stabilizability propertiesof Σ and Σ ­ areequal,by
thefirst claim in (a’). By (a3),Σ is (equivalently, � � � � is) exponentially
stabilizableif f Σ ­ is (interchangetheir rolesfor theconverse).

In discretetime, optimizability is equivalent to exponentialstabilizabil-
ity, by Proposition13.3.14,henceinvariantunderstatefeedback. By Theo-
rem13.4.4(e3)&(e1),optimizability andstatefeedbackareinvariantunderdis-
cretization,henceoptimizability is invariantunderstatefeedbackin continuous
time too.

Finally, for estimatability (of Σ ­ , not �&¡ ¢£ ¤ � ), we canusediscretizationas
above (sinceexponentialdetectabilityis preserved in discretetime: A ÛUA C ¹
A Û BMK Û°� A �H ��� C × DMK

MK � , where �H : ¹ëÊWA D Ê B). Alternatively, we can
establishthedualclaimby notingthatif u � L2 is s.t.x : ¹÷� x0 Û � τu � L2, then
y : ¹�� x0 Ûx� u � L2, by Lemma6.7.8. But � Ë x0 Ûv� Ë τu ÛU2 Ë τ À»Ê yÁw¹ x � L2.
Consequently, if Σ is estimatable,thenso is Σ Ë , for any output injection pair�:9;V� .
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(a’) ExtendΣ to ΣExt2 with thesetwo statefeedbackpairs,andlet Σ ­ 2 bethe
closed-loopsystemof ΣExt2 correspondingto L : ¹ � 0 I 0� , i.e.,

ΣExt2 : ¹ ¦xx§ � �� �� �� 2 � 2

¨zyy© � Σ ­ 2 : ¹ ¦xx§ � ­ � ­� ­ � ­� ­ � ­� 2­ � 2­
¨zyy© ¹ ¦xx§ �ßÛÐ� τ « � ��«�kÛ��w« � �u«« � «°Ê I� 2 Û � 2 « � � 2 «

¨zyy© �
(6.179)

where « : ¹ ý Ñ 1 : ¹ À I Ê � Á�Ñ 1 � � TIC∞. BecauseL Ù : ¹ � 0 0 I � makesthe
first, secondandfourth rows of ΣExt2 equalto Σ ­ X , it follows from Proposition
6.6.3thatL Ù�Ê L doesthesamefor Σ ­ 2. Therefore,thestatefeedbackpair (here« 2 : ¹ À I Ê � 2 Á Ñ 1)��� 
 � 
 � : ¹û� � 2­ Ê � ­ � 2­ Ê � ­´�q¹7� � 2 Ê ý 2 « � I Ê ý 2 « � (6.180)

also does the samefor Σ ­ 2, in particular, it is admissible for Σ ­ , and the
correspondingclosed-loopsystem

Σ � : ¹ ¦xx§ � ­ X � ­ X��­ X �V­ X��­ � �¯­ �� � � �
¨ yy©

: ¹ ¦xx§ � ­ Û�� ­ τ � � � ­ «&
��­ Û½�V­ � � �V­O« 
�¥­ Û �¯­r� � �¯­ « 
«>
 � 
 «>
êÊ I

¨ yy© � (6.181)

where« 
 : ¹ÚÀ I Ê � 
 Á Ñ 1. In particular, thetwo top rows of Σ � areequalto the
two top rows of À Σ ­ 2 Á ó L X Ñ L ô , i.e., to thoseof Σ ­ X .

Indeed, the å x0
uL æ ³µ å x0

u æ map “ � I 0Ñ L
£

I Ñ L
¤ � Ñ 1

” (cf. (6.127)) of this state
feedbackconnectionis equalto that correspondingto L Ù Ê L with Σ ­ , i.e., toÂ I 0ä|{�Ç}{èäV{ Ã ¹ Â I 0Ç � äV{ Ã seealsoformula(6.134).

Thefourth row of Σ � is given by��� � � � �q¹û��� 
 � 
 � ± I 0« 
 � 
 « 
 ² ¹û�w« 
 � 2 Ê � « 
 Ê I � (6.182)¹û� ý « 2 � 2 Ê � ý « 2 �¯� (6.183)

since«&
�¹ À I Ê � 
rÁÒÑ 1 ¹ À ý 2 «ÐÁ�Ñ 1 ¹ ý « 2.

(a1) Now �0¹0� ­ «ÐÑ 1 is a q.r.c.f. The maps � ­ X and « 2 are [q.r.c. and]
stable, if f «&
 ¹�«ÐÑ 1 « 2 � TIC À U Áo�Ø� TIC∞ À U Á [ ��� TIC À U Á ], by Lemma
6.4.5(b)[(c)].But � � Û I ¹Ð« 
 � TIC À U Á [ ��� TIC À U Á ] if f ��� 
 � 
 � is [r.c.]-
I/O-stabilizing [(equivalently, [q.r.c.]-I/O-stabilizing), by Lemma6.6.17(a)].

(Actually � � 
 � 
 � will then[r.c.-]I/O-stabilizethe whole Σ ­ 2, because
alsotheadditionalrow � � 2­ � 2­ � � I 0ä|{ Ç}{®ä|{ � is equalto � � 2­ X � 2­ X � , hence
I/O-stable,by assumption. A similar commentappliesto (a2).)

(a2) Becausethe secondrow of Σ � (i.e., of Σ ­ X ) is now stable, and��� 
 � 
 � is [r.c.-]I/O-stabilizing for Σ ­ undereitherassumption, by (a1),we
only have to show that � � is stableif f �¥­ X is stable(since ��� 
 � 
 � is q.r.c.-
SOS-stabilizingif f it is stableandr.c.-SOS-stabilizing,by Lemma6.6.17(b)).
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Wehave¸ � �÷¹ ÀK�u«fÁ�À�«>
 � 2 Ê � Áq¹ò�u« 2 � 2 Êl�u« � ¹�� ­ X Ê�� ­ � and (6.184)« � �÷¹Ð«v« 
 � 
 ¹Ð«½« 
 À � 2 Ê÷À�« 2 Á Ñ 1 « � Áq¹�« 2 � 2 Êß« � ¹ � 2­ X Ê � ­ ¶
(6.185)

Since ��­ X , ��­ and � ­ arestableundereitherassumption, it follows that « � �
and

¸ � � arestableif f � 2­ X is stable.But thisholdsif f � � is stable,by Lemma
6.5.2(c2),asrequired.

(The“Thus” commentfollows from thefactthatthefirst row � �V­ X �w­ X �
is thesamefor Σ � andΣ ­ X .)

(a3) Now Σ ­ X is exponentially stable,henceso are � ­ X ¹0�V� andΣ � , by
Lemma6.1.10.

(a4) 1� “Only if ”: By (a3), « 
 ¹ � �vÛ I , Σ ­ X and Σ � are exponentially
stable.But « Ñ 1
 ¹ À�« 2 ÁÒÑ 1« is stable,by Lemma6.4.5(b)(with ~ : ¹ò« Ñ 1
 ).
Therefore,by Lemma2.2.7, thereis ε ¾ 0 s.t. «�
���� TIC Ñ ε À U Á and Σ �ò�
WPLSÑ ε.

It followsthat « ¹÷« 2 « Ñ 1
 and � ­ ¹�� ­ X « Ñ 1
 areexponentially [q.]r.c.,by
Lemma6.4.5(c)(shiftedby Ê ε; cf. Remark2.1.6).

Moreover, «>
 is exponentially r.c.with any TIC Ñ ε À U ��% Á operator(in partic-
ular, with theotherI/O componentsof Σ � ), hence �X� 
 � 
 � is exponentially
r.c.-stabilizing for Σ ­ .

By Theorem6.7.10(d)(vi),Σ ­ is exponentially stable,hence � � � � is
exponentially [q.]r.c.-stabilizing for Σ.

2� “If ”: Since ��� 
 � 
 � is exponentially stable(since � ­ is), it follows
that «'
w�v� TIC (evenexponentially, asin 1� ). Therestfollows asin 1 � .

(a4’) Since � ­ X ¹f�V� is commonfor Σ ­ X andΣ � , oneof themis exponen-
tially stabilizing if f theotheris. By Theorem6.7.15(b1), ��� 
 � 
 � is expo-
nentiallyr.c.-stabilizingif f it is I/O-stabilizing(or input-stabilizing)(sinceΣ ­ is
exponentially stable).

Assumethat this is the case.Then « 
 �Ð� TIC Ñ ε À U Á for someε ¾ 0, so
that � � 2 � 2 � isexponentially [q.]r.c.-stabilizingif f ��� �º� is,byLemma
6.4.5(c).

(a5)Theproofof (a4)applies,exceptthatnow wehaveto applytheoriginal
(unshifted)versionof Lemma6.4.5(c).

(a6) Equation(6.181)shows that also ���¥­ � �¯­ � � of (6.181) is stable
(resp.I/O-stable)whenever � �¥­ �è­ � and � � � «>
 � arestable(resp.I/O-
stable).

Therefore,(a3)–(a5)and the “only if ” partsof (a1)–(a2)hold for Σ ­ in
placeof Σ1­ (for the[q.]r.c. claimsthis is trivial sincein thosecaseswe always
have (exponentially in (a4)) « 
 �x� TIC, asshown in theproof of (a1),sothat
in thosecases ��� 
 � 
 � is r.c.-I/O-stabilizingwhenever it is I/O-stabilizing
(exponentially r.c.-stabilizing in (a4))). For the“if ” partsof (a1)–(a2),we note
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that ¦§ � ­ X�¯­ X �« 
 ¨© ¹ ¦§ � ­ XÀ�«°Ê I Á «D
« 
 ¨©
(6.186)

is [quasi-]left-invertible overTIC iff ± �V­ X«>
 ² is [quasi-]left-invertible overTIC.

(b) This followsfrom (a)by duality, i.e.,by takingcausaladjoints(notethat
“stronglystable”mapsto “stronglyÉ stable”).

(c) Thepreservationof optimizability andestimatability is shown in Theo-
rem7.3of [WR00]; for therestwededuceasfollows:

Let L beanadmissiblestaticoutputfeedbackoperatorfor Σ.
1� For (a)of Summary6.7.1,theclaimfollows from Lemma6.6.3(whatK

is for Σ, thatK Ê L is for ΣL).
2� Part (b) of Summary6.7.1: Use the notationof Proposition6.6.2and

Definition6.6.10andL andlet � � � � beadmissible for Σ. Set��� L � L � : ¹û��� � ��� I 0
L
£

L ó I Ñ L
¤ ô õ 1 � (6.187)

(cf. (6.126); thusthis is the bottomline of À Σext Á+� L 0 � ). Then ��� L � L � is
admissible for ΣL. Now (we leave thedetailsto thereader)��� 
 � 
 � : ¹û��� L Ê L � L � L Ê L � L � (6.188)

is admissible for ΣL, becauseÀ I Ê � 
 Á Ñ 1 ¹�À ý À I Û L � L Á!Á Ñ 1 ¹�À I Ê L ��ÁÒ«;�x� TIC∞ À U Á ¶ (6.189)

Therefore, Â I 0Ñ Ç}{ I Ñ Æ�{ Ã Ñ 1 ¹ Â I 0ó I Ñ L
¤ ô äXÇ ó I Ñ L

¤ ô ä Ã . Consequently, the com-

bined å x0
u
Å æ ³µ å x0

uL æ ³µ å x0
u æ mapis givenby± I 0

L � L À I Ê L ��Á Ñ 1 ² ± I 0À I Ê L ��ÁÒ« � À I Ê L ��ÁÒ«Ð² ¹ ± I 0« � � ² ¹ ± I 0Ê � I Ê � ² ¶
(6.190)

Consequently, the closed-loopsystemof ΣL with the statefeedbackpair��� 
 � 
 � is givenby¦§ � L � L� L � L� 
 � 
 ¨© � L 0 � ¹ ¦§ � ­ � ­� ­ � ­� ­èÊ L �q­ � ­èÊ L �,­ ¨©l¶ (6.191)

Thus, if Σ ­ is stablein somesense,then so is (6.191). Moreover, � ­ andÀ �è­ Û I ÁêÊ L � ­ are[q.]r.c. if f
¸

: ¹�� ­ and « : ¹ À �¯­ Û I Á are[q.]r.c.,by Lemma
6.5.1(d).Obviously, � ­	� � ­�Û I � �· if f �V­	� À � ­ïÛ I Á Ê L �,­ � �· . Thus,all prefices
andsufficesarepreservedexceptthoseof 4. of Definition6.6.10.

(Remark: the preficesin 4. of Definition 6.6.10neednot preserve, i.e.,��� �º� might be,e.g.,SRor exponentially stableevenif ��� 
 � 
 � were
not. Our claim concernsonly thestabilizability of Σ andΣL, includingprefices
andsufficesothersthanthoseconcerningthedirectpropertiesof � and � .)
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3� Part (c) of Summary6.7.1:this is analogousto 2 � (use Â 9 L Ñ ¢ L L;
L Ñ ¤ L L Ã ).

4� Part (d) of Summary6.7.1: Let Σ and (6.169) be as in Definition

6.6.21,let L � Î À Y � U Á beadmissible for Σ andlet ± ¡ L 9 L ¢ L£
L
;

L
¤

LÇ
L
M

L
Æ

L ² betheclosed-

loop systemof (6.169)inducedby the outputfeedbackoperator � L 0
0 0 � . Then

onecaneasilyverify that ��� L Ê L � L � L Ê L � L � and Â 9 L Ñ ¢ L L;
L Ñ ¤ L L Ã arejointly

admissible (with the interaction operator "�ÙL : ¹�" L Ê L 3 L Û � LL Ê L � LL)

for ΣL : ¹ Â ¡ L ¢ L£
L
¤

L Ã (seethe proof of [Sbook, Lemma8.2.7] for a heuristic

derivation for theformulae).
Straightforward computations show that the closed-loopsystemcorre-

spondingto outputfeedbackoperator � 0 0
0 I � is¦§ � L 2 L Ê � LL � L� L 3 L Êl� LL � L� L Ê L � L " L Ê L � L ÛU3 LL � L

¨© Z 0 0
0 I
\ ¹Q¦§ �V­ 2È­èÊ �u­ L �w­� ­ 3 ­ Êl� ­ L � ­� ­èÊ L �q­ "w­èÊ L � ­èÊ<3�­ L � ­ ¨©l¶

(6.192)
Thus,if � 0 0

0 I � is stabilizingfor (6.169),thenit is stabilizingfor ΣL
ext; thesame

appliesall preficesandsuffices(exceptfor theonesconcerningthestability and
regularity of ��� �º� and �:9;V� ; cf. 2� above). A similar computationshows
thatthesameappliestheoutput feedbackoperator � I 0

0 0 � .
Therefore,the systemΣL inherits the joint stabilizability propertiesof Σ.�

We often needto apply part (a) of the above lemmawith Σ and Σ ­ inter-
changed.Let usmake thisexplicit:

Lemma 6.7.12 Let Â �� �� Ã be an admissible statefeedback pair for Σ with

closed-loopsystemΣ ­ , and let ��� 
 � 
 � be an admissible statefeedback pair
for Σ ­ with closed-loopsystemΣ � . Then��� Ù � Ù �q¹ Â � 
 Û ý 
 �� �� Û � 
 Ê � 
 �� Ã ¹7� ý Ù �¥­ Û � 
 � Ù � (6.193)

is anadmissiblestatefeedback pair for Σ with closed-loopsystem

Σ Ù � : ¹Z¦§ �V� �w���� �V�� Ù � � Ù � ¨© ¹Z¦§ � ­ Û���«�Ù τ � 
 ��«�Ù� ­ Û ¸ Ù � 
 ¸ Ù��­ Û4«xÙ � 
 «xÙ�Ê I

¨© � (6.194)

where
ý Ù : ¹ I Ê � Ù , «xÙ : ¹ºÀ ý Ù�ÁÒÑ 1,

¸ Ù : ¹��u«�Ùê¹��V­ ý Ñ 1
 ,
ý 
 : ¹ I Ê � 
 , �ý : ¹ I Êl�� .

Moreover,
ý Ùê¹ ý 
 �ý , � Ù � ¹ � ­ Û��« � � and «ØÙ®¹G�«Ð« 
 .

In particular, Σ Ù � isequalto Σ � exceptfor � Ù � and� Ù � . AlsoLemma9.12.3(a)–
(c) apply(with sameproofs);seealsoProposition6.6.18(f).

Proof: Apply Lemma 6.7.11(a)with substitutions Σ ³µ Σ ­ , Σ ­ ³µ Σ,
Σ ­ X ³µ Σ � , so that “ � � � � ” ¹ � Ê �¥­ Ê ��­ � , by Lemma 6.6.14,
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Σ���� � � � � ����Σ ­ Σ �V� Σ Ù ��t� n � p � r s � u �v� � 
 � 
 �
Figure6.9: Thesettingof Lemma6.7.12

“ ��� 2 � 2 � ” ¹ � � 
 � 
 � and“ � � 
 � 
 � ” ¹ � � Ù � Ù � . �
In optimization problems,one often first stabilizesa systemexponentially

and thenoptimizesthe exponentially stableclosed-loopsystemwith the aid of
aspectralfactorization.

Sinceoptimization shouldbe independenton preliminarystabilization, one
would expectthesamefor theexistenceof a spectralfactorization;this is indeed
thecase:

Lemma 6.7.13(Exp. stabilizedSpF) Let ��� �º� and � � 2 � 2 � be expo-
nentiallystabilizingstatefeedback pairsfor Σ � WPLSÀ U � H � Y Á with closed-loop
systemsΣ ­ andΣ � , respectively.

If � É� J �V�Ð¹ �ý É S�ý for someJ ¹ J É � Î À Y Á , S �Ø� Î À U Á and �ý �Ø� TIC À U Á ,
then � É­ J � ­ ¹�À ý Ù�Á É J ý Ù , where

ý Ù : ¹��ý À I Ê � 2 Á�À I Ê � Á�Ñ 1 �v� TICexp À U Á .
Proof: By Lemma6.7.11(a’), ��� 
 � 
 � : ¹ (6.180)is exponentiallystable

andexponentially stabilizingfor Σ ­ (since � ­ and �V� areexponentially stable;
seeLemma 6.1.10), and it leadsto closed-loopsystemwith sametop two
rows. In particular,

ý 
 : ¹ I Ê � 
 ¹7À I Ê � 2 Á�À I Ê � Á�Ñ 1 ��� TICexp À U Á , and�V�÷¹�� ­ ý Ñ 1
 .

Consequently, � É­ J � ­ ¹ ý É 
 � É� J �V� ý 
u¹ëÀ ý Ù&Á É J ý Ù , where
ý Ù : ¹��ý�ý 
 . By

Lemma6.4.7(c), �ý �v� TICexp, hence
ý Ù¯�v� TICexp. �

By combining Lemma6.7.11and Theorem6.7.10we obtain the following
result:

Proposition6.7.14(An I/O-stabilizing LLL is stabilizing) Let Σ � WPLS.

(a) (SOS) If Σ is SOS-stabilizable, then any I/O-stabilizing static output
feedback operator L for Σ is SOS-stabilizing.

(b) ([Strong] stability) Supposethatanyof thefollowingconditionsholds:

(1.) Σ is [[exponentially] strongly] q.r.c.-stabilizable.
(2.) Σ is [[exponentially] strongly] q.l.c.-detectable.
(3.) Σ is SOS-stabilizableand[[exponentially] strongly] detectable.
(4.) Σ is detectableand[exponentially] stabilizable.

Thenany I/O-stabilizing staticoutputfeedback operator L for Σ is [[expo-
nentially] strongly] stabilizing.
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(c) (Exponential stability) Supposethatanyof thefollowingconditionsholds:

(1.) Σ is optimizableandestimatable;
(2.) Σ is optimizableandinput-detectable;
(3.) Σ is estimatableandoutput-stabilizable;
(4.) Σ is optimizableandq.r.c.-stabilizable;
(5.) Σ is estimatableandq.l.c.-detectable.

Thenany I/O-stabilizing static output feedback operator L for Σ is expo-
nentially stabilizing. Conversely, if someI/O-stabilizing output feedback
operator for Σ is exponentially stabilizing, then(1.) holds.

Note the “missing strongstabilizability result” in (4.) correspondingto the
analogous“results” missing in Theorems6.7.10(c),7.2.3and7.3.11(we do not
evenknow whethersuch“results”aretrue).

Of course,onecananalogouslydeducefrom Theorem6.7.10,that,e.g.,if Σ is
estimatable,thenanoutput-stabilizingL is exponentially stabilizing, but theabove
resultswill beappliedto the I/O-stabilizationtheoryof Chapter7, hencewe are
only interestedof consequencesof I/O-stabilization only.

Proof: (a)&(b)(1.) By Lemma6.7.11(c),the resulting closed-loopsystem
ΣL is also [SOS-/strongly/exponentially] q.r.c.-stabilizable. Becauseit is
I/O-stable,by the assumption, it is [SOS-/strongly/exponentially] stable,by
Theorem6.7.10(notethat“q.r.c.” is notneededin theSOScase).

The proofs of (b) assuming(2.), (3.) or (4.) are analogous. (We do
not know whetherthe (mere) “strong” version of (4.) holds; cf. Theorem
6.7.10(c)&(d)(iv).)

(c) Theproof of (c) is analogousto thatof (b), exceptfor thenecessityof
(1.): If L � Î À Y� U Á isexponentially stabilizing for Σ, thenu : ¹ L À I Êø� L Á	Ñ 1 � x0

is in L2 and satisfies� x0 ÛÐ� u � L2, by (6.125). By duality (seeLemma
6.7.2(a)),alsoΣd is optimizable,i.e.,Σ is estimatable. �
Wenow list similar (oftenweaker) resultsonstatefeedbackstabilization:

Theorem6.7.15(An I/O-stabilizing ��� �º���� � ���� �º� is stabilizing) Let Σ � WPLS,
let ��� �º� beanadmissiblestatefeedback pair for Σ.

(a1) Let Σ be [q.]r.c.-stabilizable. Then ��� � � is [q.]r.c.-stabilizing for Σ
iff ��� �º� is q.r.c.-SOS-stabilizing for Σ.

(a2) Let Σ bestrongly [q.]r.c.-stabilizable. Then �X� �º� is strongly [q.]r.c.-
stabilizing for Σ iff ��� �º� is q.r.c.-SOS-stabilizing for Σ.

(b1) Let Σ be exponentially[q.]r.c.-stabilizable. Then ��� �º� is exponen-
tially [q.]r.c.-stabilizing for Σ iff it is I/O-stabilizingor input-stabilizing.

(b2)LetΣ haveaexponentiallystabilizingand[q.]r.c.-stabilizing statefeedback
pair. Then ��� �º� is exponentiallystabilizing and[q.]r.c.-stabilizing for
Σ iff it is I/O-stabilizingor input-stabilizing.
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(b3) Let Σ beoptimizable. Then ��� �º� is exponentially stabilizing for Σ iff� � � � is input-stabilizing for Σ.

(c1) Let Σ be output stabilizable (or optimizable) and estimatable. Then� � � � is exponentially q.r.c.-stabilizing for Σ iff it is I/O-stabilizing,
output-stabilizing or input-stabilizing.

(c2)LetΣ beestimatable. Then � � � � is q.r.c.-I/O-stabilizingiff � � � �
is I/O-stabilizing.

Moreover, � � � � is exponentially q.r.c.-stabilizing iff � � � � is
output-stabilizing.

(c3) Let Σ be input-detectable. Then � � � � is exponentially q.r.c.-
stabilizingiff �X� �º� is exponentially stabilizing.

(d) Let � � � � be[strongly] stable. If � � � � is output-stabilizing, then��� � � [strongly] stabilizes � .

(e) If Σ is exponentiallystable, thenthefollowing areequivalent:

(i) ��� � � is I/O-stabilizing
(ii) ��� �º� is input-stabilizing
(iii) ��� �º� is output-stabilizing
(iv) ��� � � is exponentially r.c.-stabilizing;

(v) À I Ê � Á�Ñ 1 � TIC.

We leave the dual results(concerningoutput injection) to the reader(see
[Sbook,Theorem8.4.11]).Notethat ��� �º� is I/O-stabilizing if f

¸ �S«;� TIC,
where«Q¹ À I Ê � Á�Ñ 1,

¸
: ¹ò�w« (hence�ò¹ ¸ «�Ñ 1).

Theconclusionof part (b1) is quitestrong:any I/O-stabilizing feedbackpair
for Σ is exponentially q.r.c.-stabilizing (notethattheq.r.c.f. �÷¹ ¸ «�Ñ 1 mentioned
above is exponentially q.r.c.); thisconclusionis basedonLemma6.1.10(a1).

Recall from Lemma6.6.13that an exponentially stablesystemis obviously
exponentially r.c.-stabilizableand estimatable,and a strongly stablesystemis
stronglyr.c.-detectable.

The results in (a) are not as strong as their counterpartsfor static output
feedback. The reasonis that we had to assumethat ��� � � is q.r.c.-SOS-
stabilizing, becausean I/O-stabilizing pair would only guaranteethat somepair

wouldstabilize Â ¡ Å ¢ Å£ Å ¤ Å Ã , by Lemma6.7.11(a),andthatis notenoughfor Theorem

6.7.10.
Proof of Theorem6.7.15: The“only if ” partsaretrivial, soweonly prove

the“if ” parts,with thenotationof Definition6.6.10.
(a1)[&(a2)] By Lemma 6.7.11(a2),some stable pair � � 
 � 
 � r.c.-

stabilizesΣ ­ . By Lemma6.7.10(a)(iii)[(c)(iv)], Σ ­ is [strongly]stable.
If Σ hasa r.c.f., thentheq.r.c.f. �ò¹ ¸ «�Ñ 1 is a r.c.f., by Lemma6.4.5(c).
(b1)&(b2)Thesefollow from Lemma6.7.11(a4)&(a5).
(b3) If Σ is exponentially stabilizable, then, by Lemma 6.7.11(a3),Σ ­

is exponentially stabilizable, henceit is exponentially stable, by Theorem
6.7.10(d)(ii).
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Assumethenthat Σ is optimizable. Then∆SΣ ­ is exponentially stable,by
thediscrete-timeversionof thisclaim,henceΣ ­ is exponentially stable.

(c1) By (c2),Σ is exponentially q.r.c.-stabilizable.Therefore,theclaimson
input- andI/O-stabilization follow from (b1); theclaim on output-stabilization
followsfrom (c2).

(If Σ is optimizableandestimatable,then ��� �º� is exponentially q.r.c.-
stabilizing by discretizationof Σ, �X� �º� and this result (seeProposition
13.3.14).)

(c2) 1� Let ��� � � be output-stabilizing. By Lemma 13.3.17(b),
∆S ��� �º� is exponentially r.c.-stabilizing for ∆SΣ, hence ��� �º� is ex-
ponentiallyq.r.c.-stabilizing for Σ, by Theorem13.4.4(e1).

2� Let � � � � beI/O-stabilizing. By Lemma13.3.17(c), ∆S � � � � is
exponentially r.c.-stabilizingfor ∆SΣ, hence ��� �º� is exponentially q.r.c.-
I/O-stabilizing for Σ, by Theorem13.4.4(e1).

(c3) By thedualof (c1), any input-stabilizable �:9;V� is exponentially q.l.c.-
stabilizing, henceΣ is exponentially detectable.Therefore,(c3) follows from
(c1).

(d) This follows from Lemma 6.6.8. (Note that if ��� � � is SOS-
stabilizing, thenit is [strongly]stabilizing.)

(e) This follows from (c1) andthefact that � and � arenecessarily(expo-
nentially)stable(by Lemma6.1.10(a1)). �
SinceSOS-q.r.c.-stabilizability is ratherimportantfor optimizationtheory(un-

lesswe requiretheclosed-loopsystemto beexponentially stable),wesummarize
below threecasesin whichthispropertycanbededucedfrom otherstabilizability
anddetectabilityproperties:

Corollary 6.7.16(q.r.c.-stabilizable) If Σ is [strongly/SOS-]stable, or Σ is jointly
[strongly/SOS-]stabilizable and I/O-detectable, or Σ is output-stabilizable and
estimatable, thenΣ is [strongly/SOS-]q.r.c.-stabilizable. �

(This follows from Lemma6.6.13(r.c.), Theorem6.6.28(r.c.) andTheorem
6.7.15(c1)(exponentially q.r.c.).)

We notethatcertainkind of similarity transformsdo not affect theproperties
of asystem:

Lemma 6.7.17(Permutations) Let Σ ¹ � ¡ ¢£ ¤ � � WPLSÀ U � H � Y Á . Let also
U Ù , H Ù and Y Ù be Hilbert spaces,F �f� Î À U Ù � U Á , E �f� Î À H Ù � H Á , and G �� Î À Y ÙK� Y Á . Thenthe following systemsare also WPLSsand havethe exactly
thesamestability, stabilizability anddetectabilityproperties(thoselistedin Sum-
mary6.7.1,including preficesandsufficesandoptimizability andestimatability)
asΣ has: ù E Ñ 1 � E E Ñ 1 �� E � ú � ± � � F� � F ² � ± � �

G� G� ² ¶ (6.195)

If, instead,wedonot requireF andG to beinvertible, thentheabovesystems
are still WPLSsandhavesamestability propertiesand Σ (but the stabilizability
anddetectability propertiesmaybeweaker or stronger in general).
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Thesameholdsfor ± L � R L �� R � ² (6.196)

if R � Î À H ÙK� H Á andL � Î À H � H Ù Á ares.t.LR ¹ IH X and � P � P ¹f�u� P� P� P �÷¹
P�X� andP� P � P ¹ P� P, where P : ¹ RL � Î À H Á .

Obviously, invertibleE, F andG do notessentially affect theotherproperties
of a systemeither. In particular, permutations(of the above form) of rows and
columnsdonotaffect thepropertiesof asystem(matrix).

Proof: (We will use this lemma only for properties(a)–(d) of Sum-
mary 6.7.1, so the readerneednot worry about that (e)–(f’ ) have not been
studiedthis far.)

We only prove the “if ” claims; the converseswill follow from this by
applyingE Ñ 1 (resp.F Ñ 1, G Ñ 1) in placeof E (resp.F, G).

It is obviousthatthethreesystemsof (6.195)arein WPLSω if Σ is (for any
ω � R).

For E, the operatorsstabilizing/detectingΣ will stabilize/detectthe first
systemin (6.195)in any case.

For F, we may useF Ñ 1L in (a) to obtain Â ¡ L ¢ L F£
L
¤

L F Ã as the closed-loop

system; similar remarksprove the other casestoo (with the notationsof
the correspondingdefinitions,use � F Ñ 1 � F Ñ 1 � F � in (b), F Ñ 1 ^ in (c),

multiply (7.20)by H : ¹ªÂ F 0
0 IY � Ξ Ã to the right andby its inverseto the left (so

thatL ¹ I ¹ H Ñ 1IH is stabilizing for theresultingsystem, by (a)) to prove(e’),
andsoon.

Oneeasilyverifiestheclaimon(6.196)by usingLemmaA.4.2(h2). �
In the dynamicoutputfeedbacktheoryof Chapter7, we will often combine

a plant Σ1 � WPLSÀ U � H � Y Á and its controllerΣ2 � WPLSÀ Y� H2 � U Á to form a
larger systemin the following way (with the third andfourth rows interchanged
for convenience):

Lemma 6.7.18 Let Σi ¹ª�&¡ ¢£ ¤ �´� WPLSÀ Ui � Hi � Yi Á for i ¹ 1 � 2. If Σ1 and Σ2

havesomeproperty(with someallowablepreficesandsuffices)listedin (a)–(d)of
Summary6.7.1,thensodoestheir parallelconnection

Σ : ¹ ¦xx§ � 1 0 � 1 0
0 � 2 0 � 2� 1 0 � 1 0
0 � 2 0 � 2

¨ yy© ¶
(6.197)

Moreover, Σ1 and Σ2 are optimizable (resp.estimatable)iff Σ is optimizable
(resp.estimatable).

Proof: This is obvious,becausetherequiredstabilizing/detectingoperators

for Σ canbe combinedfrom thosefor Σi (i ¹ 1 � 2); e.g.,we useL : ¹ Â L1 0
0 L2 Ã
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and ��� �º� : ¹ � Ç 1 0
Æ

1 0
0
Ç

2 0
Æ

2
� (the symbolscorrespondto thosein Sum-

mary6.7.1). �
The concept“ω-stabilization” is sometimes usedin the literature. All our

stabilizationresultscanbeshiftedto ω-stabilizationresults:

Remark 6.7.19(ω-stabilization) It followsfromRemark6.1.9thatanyfeedback
or injection X (seeSummary6.7.1) is ω-stabilizing for Σ � WPLS iff ¿ Ñ ωX is
stabilizing for ¿ Ñ ωΣ (all preficesandsufficesapply).

In particular, onegetsdirectlya corollary aboutω-stabilization of anyof the
resultsin thissection(or in thoseto follow).

For example, if � ¹ ¸ «0Ñ 1 is a r.c.f. over TICω, then L ω-stabilizes� iffÀ�« Ê L
¸ Á Ñ 1 � TICω, by Lemma6.6.6. Thesecorollariescanbeusedto deduce

resultsonexponentialstabilization. �
Recallthat“exponentially” means“for someω Ì 0” andthathence“exponen-

tially strongly” is equivalentto “exponentially”.

Notes
Most of Lemma6.7.2 is well known. Optimizability hasbecomepopular

since(or before)[FLT], estimatability is from [WR00]. Lemmas6.7.5and6.7.6
are from [WR00] (in fact, from earlierconferenceversionsof [WR00]). While
writing thesenotes,we found an independentcopy of Lemma6.7.8in [WR00].
The implicationu � y � L2 � x � L2 of Theorem6.7.7wasgiven in Lemma14.1
of [ZDG] for finite-dimensionalexponentially detectablesystems.

In the springof 1999, the manuscriptof this monograph contained(a) and
the q.r.c. and q.l.c. partsof Proposition6.7.14; partsof Theorem6.7.10and
Lemma6.7.11(c)wereimplicitly containedin its proof. O. Staffansadoptedthese
into [Sbook] andexpandedthemto early variantsof Theorem6.7.10(including
(c)(ii)&(iii) andweaker variantsof (a)(ii) and(d)(ii)&(iii)) andof Lemma6.7.11.
We thenadoptedtheseandexpandedthemto Theorem6.7.10by addingfurther
resultsand(d)(iii) from Theorem7.4 of [WR00] (which extendedCorollary 1.8
of [Rebarber]), and the H∞ partsof (d)(ii)&(iii) from Propositions6.1&6.2 of
[WR00].

Theclaimson optimizability andestimatability in Lemma6.7.11(c)arefrom
Theorem7.3of [WR00]; mostof therestis from Lemma8.2.7of [Sbook].Much
of Lemma6.7.11(a)&(b)andLemma6.7.12is basedonLemma4.5of [S98a].

Ther.c.partsof (a1)and(a2)andthe(r.c.) I/O partof (b1)of Theorem6.7.15
arefrom Theorem8.4.11of [Sbook].

Severalof theabove resultscanbefound in [Sbook] (probablyevenmorein
its final version)with a moredetailedproof; see[Sbook]alsofor further results.
Thearticle[WR00] includesfurtherresultsonoptimizability andestimatability.
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6.8 Systems with � Bu0 � Lp �o� 0 � 1� ;H �
I mustCreatea System,or beenslav’d byanotherMan’s;
I will notReasonandCompare: mybusinessis to Create.

— Willi amBlake (1757–1827),"TheWordsof Los"

In this sectionwe shall studythe propertiesof systemswhosesemigroup is
smoothingin thesensedescribedbelow. In Section9.2,weshallestablisharather
completeRiccatiequationtheoryfor suchsystems.

If B is bounded(B � Î À U � H Á ) or A is smoothing,thenwemayhave �ÈÀ t Á Bu0 �
H for a.e.t ¾ 0 whenever u0 � U (this is typical for parabolic-typesystems), in
which caseactually � B �Ud À!À 0 � ∞ Á ; Î À U � H Á!Á , asshown in (b1) below. However,
unlessBu0 � H, we have �Ò�ÈÀ t Á Bu0 � H µ ∞ ast µ 0Û . Nevertheless,oneoften
has � Bu0 � Lp À!À 0 � ε Á ;H Á for some(henceall) ε ¾ 0; in that casewe actually
have � Bu0 � Lp

ω À R × ;H Á for any ω ¾ ωA. If the above conditionis satisfiedfor
all u0 � U , then � B � Î À U � L p

ω À R × ;H Á!Á for all ω ¾ ωA andwe have a number
of additional tools andregularity propertiesat hands,asoneobservesfrom the
resultsof this section.Naturally, ananalogousclaim appliesto thedualproperty� É C É y0 � Lp À!À 0 � ε Á ;H Á (y0 � Y).

As above, by “ � Bu0 � Lp À å 0 � T Á ; % Á ” we mean just that π � 0 ü T ô � Bu0 �
Lp À å 0 � T Á ; % Á (i.e., this expression doesnot sayanything aboutπ �T ü∞ ô � Bu0). The
readermightwish to recallProposition6.3.4beforegoingon.

Lemma 6.8.1(� B � Î À U � Lp Á� B � Î À U � Lp Á� B � Î À U � Lp Á ) Let Σ ¹û� ¡ ¢£ ¤ ��� WPLSÀ U � H � Y Á , ω ¾ ωA, T ¾
0 and p � å 1 � ∞ æ .

(a) Wehave� B � Î À U � Lp
ω À R × ;H Á!Á iff � Bu0 � Lp À å 0 � T Á ;H Á for all u0 � U.

Thisholdsfor p ¹ 2 iff À s Ê AÁ�Ñ 1B � H2
strongÀ C ×ω ;

Î À U � H Á!Á .
(b1)For anyt ¾ 0, thefollowingare equivalent:

(i) � t B åU æ ö H;
(ii) � t É åH æ ö DomÀ B Éw Á ;
(iii) � t É åH æ ö DomÀ B ÉL ü sÁ ;
(iv) BÉ � t É extendsto

Î À H � U Á .
If (i) holds, then � sB � Î À U � H Á , � s É � Î À H � DomÀ B ÉL ü sÁ!Á andÀK� sBÁ É ¹ BÉL ü s� s É for all s � t, � B ��d À å t � ∞ Á ; Î À U � H Á!Á and � É �d À å t � ∞ Á ; Î À H � DomÀ B ÉL ü sÁ!Á!Á .

(b2) � t Bu0 � H for a.e. t � å 0 � T Á , for all u0 � U iff B É � t É extendsto
Î À H � U Á

for a.e. t � å 0 � T Á .
Assume, in addition, that � Bu0 � H a.e. on å 0 � T Á for all u0 � U, and that

q � å 1 � 2æ , α � R.

(c) � B ��d�À!À 0 � ∞ Á ; Î À U � H Á!Á , � É ��d À!À 0 � ∞ Á ; Î À H � DomÀ B ÉL ü sÁ!Á!Á and
CL ü s� Bu0 �
Lq

loc À!À 0 � ∞ Á ;Y ÁS� Lq
ω À åT � ∞ Á ;Y Á (in particular, � Bu0 � DomÀ CL ü sÁ a.e. on

R × ) for all u0 � U.
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(d1) We haveCL ü s� B � Î À U � Lq
ω À R × ;Y Á!Á iff CL ü s� Bu0 � Lq À å 0 � T Á ;Y Á for all

u0 � U.

Thisholdsfor q ¹ 2 iff â� Ê D � H2
strongÀ C ×ω ;

Î À U � Y Á!Á .
(d2) We haveCL ü s� B � Î À U � Î À YB � Lq

ω À R × Á!Á!Á iff �CL ü s� Bu0 � y0� Y � Lq À å 0 � T Á!Á
for all u0 � U, y0 � Y.

Thisholdsfor q ¹ 2 iff â� Ê D � H2
weakÀ C ×ω ;

Î À U � Y Á!Á .
(e1) If Fu0 : ¹ CL ü s� Bu0 � Lq À å 0 � T Á ;Y Á for all u0 � U, then � � SLR � SVR

(and �Þ� ULR if q ¾ 1), â�û¹ âF Û D and � u ¹ F % u Û Du for all
finite-dimensional u � L2

ω À R;U Á�Û L2
loc À R × ;U Á (for all u � L2

ω À R;U Á�Û
L2

loc À R × ;U Á if F � L p À R × ;
Î À U � Y Á!Á ).

(e2)Conversely, if â�÷¹ âF Û D for someF � Î À U � L p
α À R × ;Y Á!Á , thenF ¹ CL ü s� B.

If, in addition, F � L À R × ;
Î À U � Y Á!Á , then � B � Î À U � DomÀ CL ü s Á!Á a.e.

and CL ü s� B ¹ F a.e., hence then CL ü s� B � eα � Lp
strongÀ R × ;

Î À U � Y Á!Á��
L À R × ;

Î À U � Y Á!Á .
(e3) Claims (e1)–(e2) also hold with replacements

Î À U � L p
α À R × ;Y Á!Á ³µÎ À U � Î À YB � Lp

α À R × Á!Á!Á , Lp
α ³µ Lp

weak, Lq ³µ Lp
weak, Lp

strong ³µ Lp
weak, SLR ³µ

WLR, SVR ³µ WVR (andCL ü s ³µ CL üw in the“in addition” paragraph).

(f) We have π × � π Ñ u ¹ π × À CL ü s� B % π Ñ uÁñ��d À!À 0 � ∞ Á ;Y Á for any finite-
dimensionalu � L2

ω À R;U Á .
Actually, in (a) we have � B � L p

strongüω À R × ;
Î À U � H Á!Á , by (c). Notealsothat

Lp À å 0 � T Á ;H Áuö LpX À å 0 � T Á ;H Á for pÙ � å 1 � pæ , hencethecasep ¹ 1 is theweakest
one(thisappliesto Lemma6.8.3(a)too).

Werephrasethemostimportantresultsof (d1), (e1)and(e2)asfollows:

Corollary 6.8.2(�ò¹ D Û CL ü s� B %�ò¹ D Û CL ü s� B %�ò¹ D Û CL ü s� B % ) Let � ¡ ¢£ ¤ �q� WPLSÀ U � H � Y Á beWRands.t.� Bu0 � H a.e. for all u0 � U. Then ��Ê D is a strong convolutioniff Cw � Bu0 �
Lq À å 0 � T Á ;Y Á for someq � å 1 � 2æ andall u0 � U.

If this is thecase, thenCw � B ¹ CL ü s� B � Î À U � Lq
ω À R × ;Y Á!Á , and ÀK�lÊ D Á u ¹

Cw � B % u ¹ CL ü s� B % u for each ω ¾ ωA andeach finite-dimensionalu � L2
ω. �

(Note that “Cw � Bu0 � Lq À å 0 � T Á ;Y Á ” includesthe assumption that � t Bu0 �
DomÀ Cw Á for a.e.t � å 0 � T Á . SinceLq À å 0 � T Á ;Y Áuö L2 À å 0 � T Á ;Y Á for q �ØÀ 2 � ∞ æ , we
could allow for any q � å 1 � ∞ æ in the above equivalence(but possibly not in the
latterparagraph).)

In deriving (b)–(f), we take advantage of the fact that � is “almost
L2

strongüω À R × ;
Î À U � H Á!Á ”, i.e., �÷� Î À U � L2

ω À R × ;H Á!Á . Since� neednotsatisfycor-
responding“uniform” condition,wecannotpresentcomplete“uniform” analogies
of (b)–(f) in Lemma6.8.3.

The readermight wish to consultLemmasF.2.2–F.2.4 (resp.LemmaD.1.7)
for convolutions correspondingto (a) (resp. to Lemma 6.8.3(a); the former
(“strong”) convolutionscoincidewith thesestandard(“uniform”) convolutionsfor
Lp

ω functions).
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Proof of Lemma 6.8.1: (The logical orderof the proof goesasfollows:
(a)–(b2),(c), (f), (d1)&(d2)1� , (e1)–(e3),(d1)&(d2)2� .)

(a) 1� Thefirst equivalence:“Only if ” is obvious, soassumethat � Bu0 �
Lp À å 0 � T Á ;H Á for all u0 � U .

Let u0 � U andchooset �÷À 0 � T Á s.t.xt : ¹f� t Bu0 � H (recall that � Bu0 �d À R × ;H Ñ 1 Á , sothat � t Bu0 is well-definedfor eacht � 0).
Then � t ×S�Bu0 ¹ � xt � Lp

ω À R × ;H Á��id À R × ;H Á , by LemmaA.4.5. Con-
sequently, � t ×S�Bu0 � Lp

ω À R × ;H Á . Because u0 � U was arbitrary, we
have � B åU æ ö Lp

ω À R × ;H Á . But, � B � Î À U � L p
ω À R × ;H Ñ 1 Á!Á , hence � B �Î À U � Lp

ω À R × ;H Á!Á , by LemmaA.3.6.
2� The claim on H2

strong: We have �ÖÀ s Ê AÁÒÑ 1Bu0 � H2 ó C Yω ;H ô ¹�
2π �Ò� Bu0 � L2

ω
, by (D.36).

(b1) Note first that � t B � Î À U � H Á follows from (i) and � t É �Î À H � DomÀ B ÉL ü sÁ!Á follows from (iii), by Lemma A.3.6. Because� � Ñ t ��d À å t � ∞ Á ; Î À H Á!Á , these imply that � B �Kd À å t � ∞ Á ; Î À U � H Á!Á and� É �Gd À å t � ∞ Á ; Î À H � DomÀ B ÉL ü sÁ!Á , and we have � sB � Î À U � H Á , � s É �Î À H � DomÀ B ÉL ü sÁ!Á for all s � t.
1� (i) î (ii), ÀK� t BÁ É ¹ BÉL ü s� t É : For eachx0 � H1, wehave� x0 �&� t Bu0��� H1 üH õ 1� ¹ lim

r � 0× � r À r Ê A É Á Ñ 1x0 �&� t Bu0� (6.198)¹ lim
r � 0× � BÉ r À r Ê A É Á Ñ 1 � t É x0 � u0� U ¹f� BÉw � t É x0 � u0� U ¶ (6.199)

If (i) holds,thentheabove limit existsfor all x0 � H, hencethen(ii) holds
and ÀK� t BÁ É ¹ BÉL ü s� t É .

Conversely, if (ii) holds,then(6.198)is boundedw.r.t. � x0 � H for all u0 � H,
i.e., � t Bu0 � H for all u0 � H (seeDefinitionA.3.23).

2� The rest: BecauseDomÀ BÉL ü sÁ�ö DomÀ B Éw Á , we have (iii) � (ii ). Obvi-
ously, (ii) � (iv). Finally, assume(iv), i.e., thatB É � t É � Î À H É1 � U Á hasanexten-
sionR � Î À H � U Á . Then

BÉ 1
r

) r

0
� s É � t É x0ds ¹ R� t É 1

r

) r

0
� s É x0ds µ R� t É x0 � (6.200)

by continuity, henceB ÉL ü s� t x0 ¹ R� t exists, for any x0 � H, i.e., (iii) holds.
(b2) “Only if ” follows from (b1). Assumethen that � t Bu0 � H for a.e.

t � å 0 � T Á , for all u0 � U . Let u0 � U bearbitrary. Then� t Bu0 � H for arbitrarily
small t ¾ 0, andfor sucht we have � t ×S�Bu0 ¹0� � � t Bu0 �>d À R × ;H Á . Thus,� sBu0 � H for all s ¾ 0.

Becauseu0 � U wasarbitrary, we have � sB åU æ ö H for all s ¾ 0, hence
BÉ � s É extendsto

Î À H � Y Á for all s ¾ 0, by (b1)(i)&(iv).
(c) Let u0 � U . For arbitrarily small t ¾ 0, we have � t Bu0 � H, hence� t ×S�Bu0 ¹f� � � t Bu0 ��d À R × ;H Á , i.e., π � t ü∞ ô � Bu0 ��d À å t � Û ∞ Á ;H Á , � t × rBu0 �

DomÀ CL ü sÁ for a.e. r ¾ 0, andCL ü s� t ×S�Bu0 ¹Ú��À»� t Bu0 Á�À»ÿ_Á � L2
ω À R × ;Y Á , by

Lemma6.2.12(a).
In particular, � t B åU æ ö H for any t ¾ 0, hence� B �id�À!À 0 �SÛ ∞ Á ; Î À U � H Á!Á ,

and � É �Ud À!À 0 � ∞ Á ; Î À H � DomÀ B ÉL ü sÁ!Á!Á , by (b1).
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Now we have established(c) for q ¹ 2. If q Ì 2, replaceω by some
α �ØÀ ωA � ω Á andrecallthatL2

α À åT � ∞ Á ;Y Áwö Lq
ω À åT � ∞ Á ;Y Á .

(d1)1� Thefirst claim follows from (c).
2� We have â�ºÊ D � H2

strongÀ C ×ω ;
Î À U � Y Á!Á if f â�û¹ âF for some F �Î À U � L2

ω À R × ;Y Á!Á , by LemmaF.3.4(d). Thus,“only if ” follows from (e1) and
1� , and“if ” from (e2).

(d2)Theproofof (d1)appliesmutatis mutandis.
(e1) We have F � Î À U � Lq

α À R × ;Y Á!Á for any α ¾ ωA, by (d1). Thus,â�� : ¹ âF definesan operator ��ë� TICω À U � Y Á with the propertiesclaimed in
(e1),by Proposition6.3.4(a3)(&(a1)).By (f), densityandcontinuity, we have
π × � π Ñ ¹ π × �� π Ñ , hence�ò¹���vÛ D, by Corollary2.1.8.

(e2) 1� By Proposition6.3.4(a3),we have ÀK��Ê D Á u ¹ F % u for finite-
dimensional u � L2

ω À R;U Á . Let u0 � U . Substitutef : ¹ 1
r χ � Ñ r ü 0ô to (6.204)

to observe that
1
r
ÀK�lÊ D Á χ � Ñ r ü 0ô u0 µ CL ü s� t Bu0 (6.201)

for each t s.t. � t Bu0 � DomÀ CL ü sÁ , hence a.e. By combining this with
Proposition6.3.4(a3),we obtain that Fu0 ¹ CL ü s� t Bu0 a.e. Becauseu0 � U
wasarbitrary, wehaveF ¹ CL ü s� t B aselementsof

Î À U � Lq
α Á .

2� Assume that, in addition, F � L À R× ;
Î À U � Y Á!Á . Then the limit

CL ü s� t Bu0 ¹ F À t Á u0 existsfor all u0 � U at eachLebesguepoint t of F, by the
computationsin 1 � . Therefore,� t Bu0 � DomÀ CL ü sÁ (henceCL ü s� t B � Î À U � Y Á )
andCL ü s� t B ¹ F À t Á for sucht, hencefor a.e.t � R × .

(e3)Theproofsof (e1)–(e2)applymutatismutandis: addΛ � YB to theleft
of suitableterms(i.e.,usew( insteadof ( etc.).

By (b1) (applied to Σd), we may useCL ü s insteadof CL üw everywhere
exceptpossibly in the “in addition” claim of (e2) (we only know that � B �Î À U � DomÀ CL üw Á!Á a.e.,henceCL üw � B � Î À U � Y Á a.e.;wedonotknow whether
CL ü s� t B is definedfor all u0 � U at any t � R × ).

(f) Let u ¹ f u0, f � L2
ω À R Ñ Á , u0 � U (thegeneralcasefollowsby linearity).

For a.e. t ¾ 0, we have (use2.&4. of Definition 6.1.1, (6.24) and Lemma
6.2.12(c1)&(c4),andnotethatx0 : ¹�� t Bu0 � H))ÀK� π Ñ uÁ�À t Á�¹�À&� � u Á�À t Á�¹ CL ü s ÀK� t � u Á�¹ CL ü s À � τtuÁ�¹ CL ü s ÀK� B % uÁ (6.202)¹ CL ü s ) 0Ñ ∞

� t Ñ sBuÀ sÁ ds ¹ CL ü s ) ∞

0
� s � t Bu0 f À»Ê sÁ ds (6.203)¹ ) ∞

0
CL ü s� s � t Bu0 f À»Ê sÁ ds ¹ À CL ü s� B % uÁ�À t Á ¶ (6.204)

(We did not have to write limT �þ× ∞ ( 0Ñ T in (6.203),sincewe had � Ñ � x0 f À»ÿ_Á��
L1 À R Ñ ;H Á , because� Ñ � x0 � RL2

ω ¹ L2Ñ ω.)
Since � t Bu0 �Kd À!À 0 � ∞ Á ;H Á , by (c), CL ü s� � ¹ �Z� Î À H � L2

ω Á and
f À»ÊÍÿ_Áß� L2Ñ ω, we have CL ü s� � � t Bu0 f À»ÊÍÿ_Áß��d À!À 0 � ∞ Á ;L1 À R × ;Y Á!Á , hence
(6.204)�id À!À 0 � ∞ Á ;Y Á . �
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Next we present“uniform” counterpartsof the “strong” claimspresentedin
theabove lemma:

Lemma 6.8.3(� B � Lp� B � Lp� B � Lp) Let Σ ¹ð� ¡ ¢£ ¤ � � WPLSÀ U � H � Y Á , ω ¾ ωA, T ¾ 0 and
p � å 1 � ∞ æ .

(a) Thefollowingareequivalent:

(i) � B � Lp
ω À R × ;

Î À U � H Á!Á ;
(ii) � B � Lp À å 0 � T Á ; Î À U � H Á!Á ;
(iii) � Bu0 ¹ Fu0 a.e. on å 0 � T Á for all u0 � U and some F �

Lp À å 0 � T Á ; Î À U � H Á!Á ;
(iv) � τTφu0 ¹�À Fu0 % φ Á�À T Á for all u0 � U andφ �Ud ∞

c À!À 0 � T Á!Á , andsome
F � Lp À å 0 � T Á ; Î À U � H Á!ÁïÛ L1

∞ À R × ;
Î À U � H Ñ 1 Á!Á .

(v) BÉw � É � Lp
ω À R × ;

Î À H � U Á»Á ;
(vi) BÉw � É � Lp À å 0 � T Á ; Î À H � U Á»Á ;
(vii) BÉ � É x0 ¹ Fx0 a.e. on å 0 � T Á for all x0 � H É1 and some F �

Lp À å 0 � T Á ; Î À H � U Á!Á ;
If (i) holds,then � É �<d À!À 0 � ∞ Á ; Î À H � DomÀ B ÉL ü sÁ!Á , hencethenwemayabove
replaceBÉw byBÉL ü s, BÉL üw or BÉs.

(b) If � x0 ¹ Fx0 a.e. on å 0 � T Á for all x0 � H1 andsomeF � L p À å 0 � T Á ; Î À U � H Á!Á ,
then ���id À!À 0 � ∞ Á ; Î À H � DomÀ CL ü sÁ!Á andCL ü s��� Lp

ω À R × ;
Î À U � H Á!Á .

(c) If Cw � � Î À H � Y Á and � B � Î À U � H Á a.e. on å 0 � T Á , and Cw � B �
Lp À å 0 � T Á ; Î À U � Y Á!Á , thenCL ü s� B � Lp

ω À R × ;
Î À U � Y Á!Á��Jd À!À 0 � ∞ Á ; Î À U � Y Á!Á

and ��� MTICL1

ω À U � Y Á .
Naturally, if weapply(a) to Σd, then(v)–(vii) turnto resultsonC and � . Thus,

wemayuseCL üw, Cs orCw insteadof CL ü s in (d) and(e). Sometimesonemayalso
wish to usethefactthatB ÉL ü s is thedualof B (seeProposition6.2.8(e)).

Notethat theassumptionsin (a)–(c)aresatisfiedby parabolicsystemsof the
typedescribedin Hypothesis 9.5.1.

Proof: (a) 1� (i) � (iv): This followsfrom (6.23).
2� (ii) î (i): Fix t ¾ 0 s.t. � t B � Î À U � H Á andwork asin theproofof Lemma

6.8.1(a).
3� (iii) � (ii ): For any t ¾ 0, we have � t B åU æ � H, by Lemma6.8.1(b),

hence � B �Fd À!À 0 � ∞ Á ; Î À U � H Á!Á , by (b). But F À t Á u0 ¹Ú� t Bu0 for all u0 at
every Lebesguepoint t of F , hence� B ¹ F a.e.on å 0 � T Á , henceπ � 0 ü T ô � B �
Lp À å 0 � T Á ; Î Á .

4� (iv) � (iii): By (6.23),wehave ( T
0 ÀK� Bu0 Ê Fu0 Á φdm ¹ 0 (theintegral is

taken in H Ñ 1) for all φ, hence� Bu0 ¹ Fu0 aselementsof L1 À å 0 � T Á ;H Ñ 1 Á , by
TheoremB.4.12(d),hencea.e.on å 0 � T Á , i.e., (iii) holds.

5� Therest: By Lemma6.8.1(b)&(c),any of (i)–(ii) and(v)–(vii) implies
that B É � t É extendsto

Î À H � U Á a.e., � É ��d À!À 0 � ∞ Á ; Î À H � DomÀ BL ü s Á!Á!Á , andÀ BÉL ü s� É Á É ¹�� B �Ud À!À 0 � ∞ Á ; Î À U � H Á!Á .
Therefore,BÉw andBÉL ü s areinterchangeableeverywherein (a),andwehave

theequivalencies“(i) î (v)”, “(ii) î (vi)”, and“(vi) î (vii)” (becausetheunique
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extensionF À t Á of B É � t É mustbe B Éw � t É wherever the equalityholds in (vii),
hencea.e.).

(b) BecauseC�Ð�ld À R × ;
Î À H1 � Y Á!Á , wehaveC� t x0 ¹ F À t Á x0 for all x0 � H1

at eachLebesguepoint t of F. Thus, C� t extendsto F À t ÁÈ� Î À H � Y Á at
thosepoints,sothat �f�Ud À!À 0 � ∞ Á ; Î À H � DomÀ CL ü s Á!Á!Á , by Lemma6.8.1(b),and
C� t ¹ F À t Á at thosepoints;in particular, CL ü s��� Lp À å 0 � T Á ; Î À U � H Á!Á .

Let α �òÀ ωA � ω Á . Set M : ¹L� eÑ ω �CL ü s� � Lp ó � 0 ü T ô ; * ô , Mα : ¹G� eÑ α � � � ∞. If
p ¹ ∞, then � eÑ ωtCL ü s� t � * , � eÑ ωTCL ü s� T �-� eÑ ω ó t Ñ T ô � t Ñ T ��� (6.205)

which is boundedfor t ¾ T. Thus, � eÑ ω �CL ü s� � * is thenbounded.Assume
thenthat p Ì ∞. Then) ∞

0
� eÑ ωtCL ü s� t � p* dt ¹ ∑

n ¡ N ) T

0
� eÑ ωtCL ü s� t � p* dt � eÑ ωTn � T n � p* (6.206), Mp ∑

n ¡ NMp
αeÑ p ó ω Ñ α ô Tn Ì ∞

¶
(6.207)

(c) By Lemma 6.8.1(b1) (applied to Σ and Σd), we have � B �d À!À 0 � ∞ Á ; Î À U � H Á!Á andCL ü s� �'d À!À 0 � ∞ Á ; Î À H � Y Á!Á . In particular, CL ü s� B �d À!À 0 � ∞ Á ; Î À U � Y Á!Á , CL ü s� T ¢ 2 � Î À H � Y Á and � T ¢ 2B � Î À U � H Á . Therefore,� eÑ αtCL ü s� T ¢ 2 � t � T ¢ 2B �+* ó U üY ô is boundedfor eachα ¾ ωA. Consequently,

CL ü s� T ¢ 2 � � � T ¢ 2B � Lp
ω À R × ;

Î À U � Y Á!ÁÓ� (6.208)

hence CL ü s� � B � Lp À å 0 � T Á ; Î À U � Y Á!Áj� τ Ñ TLp
ω À R × ;

Î À U � Y Á!Á ¹
Lp

ω À R × ;
Î À U � Y Á!Á . Consequently, �°� MTICL1

ω À U � Y Á , by Lemma 6.8.1(e1)
anddensity(seeTheoremB.3.11). �
TheL2

strongpropertiesandall L p propertiesdescribedaboveareunaffectedby
boundedstatefeedbackoperators:

Lemma 6.8.4(BoundedKKK) AssumethatΣ ¹7� ¡ ¢£ ¤ ��� WPLSÀ U � H � Y Á andK �Î À H � U Á , andlet Σ ­ bethecorresponding closed-loopsystem,sothat � � ­ � ­ �
is generatedby � A Û BK B � . Let p � å 1 � ∞ æ .

(a1) If � B � Lp À å 0 � 1æ ; Î À U � H Á!Á , then � ­ B �
Lp

ω À R × ;
Î À U � H Á!Á for all ω ¾ ωA

Å .
(a2) If � B � L1

ω À R × ;
Î À U � H Á!Á and « � TICω À U Á for someω � R, then� ­ B � L1

ω À R × ;
Î À U � H Á!Á and «;�v� MTICL1

ω À U Á .
(b) If � Bu0 � L2 À å 0 � 1æ ;H Á for all u0 � U, then � ­ Bu0 � L2

ω À R × ;H Á for all
ω ¾ ωA

Å andu0 � U.

(c1) If � B � L1 À å 0 � 1Á ; Î À U � H Á!ÁÓ� CL ü s��� L1 À å 0 � 1Á ; Î À H � Y Á!Á and CL ü s� B �
L1 À å 0 � 1Á ; Î À U � Y Á!Á , then � ­ � MTICL1

ω À U � Y Á for anyω ¾ ω ¡ Å .
(c2) If � B � L1 À å 0 � 1Á ; Î À U � H Á!Á andCL ü s� Bu0 � L1 À å 0 � 1Á ;Y Á for all u0 � U,

then � ­ Ê D � Î À U � L1
ω À R × ;Y Á!Á£% (i.e., À C­ Á L ü s� ­ Bu0 � L1

ω À R × ;Y Á for all
u0 � U) for all ω ¾ ωA

Å .
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(c3) If � Bu0 � CL ü s� Bu0 � L2 À å 0 � 1æ ; % Á for all u0 � U, then ¤� ­ Ê D �
H2

strongÀ C ×ω ;
Î À U � Y Á!Á for all ω ¾ ωA

Å .
(d) AssumethatωA

Å Ì 0. Then� ­ τ �K«ç� ULR � SHPR in (a1)–(c3);in (c1)–(c3)
wealsohave� ­ � SHPR(and � ­ � ULR in (c1) and(c3)).

Note that the assumption in (c2) holds if f � τ � MTICL1

∞ and �0Ê D �Î À U � L1
α À R × ;Y Á!Á£% for someα � R. As usual,« : ¹ÚÀ I Ê � Á Ñ 1, where ��� � �

is generatedby K.
Proof: (As in Definition 6.6.10,we have set « : ¹ I Ê � , where � � � �

is the statefeedbackpair correspondingto K. SeeProposition6.6.18(d3)for
thegeneratorsof Σ ­ .)

(a2) By Lemma 6.1.16(b),we have � τu ¹ � B % u; by (6.46), we have� ¹ K � τ ¹ K � B % . But K � B � L1
ω À R × ;

Î À U � H Á!Á , hence� � MTICL1

ω À U Áqö
TICω À U Á .

Thus,
ý

: ¹ I Ê � �û� TICω À U ÁV� MTICL1

ω À U Á , hence «ÐÑ 1 ¹ ý �� MTICL1

ω À U Á , by Theorem4.1.1(b)(i)&(ii) andRemark6.1.9.

But then � ­ τ ¹ � τ «Ä� MTICL1

ω À U � H Á (by LemmaD.1.7), i.e., � ­ B­ ¹�V­ B � L1
ω À R × ;

Î À U � H Á!Á (seeLemma6.8.3(a)(iv)&(i)).
(a1)Obviously, we mayreplaceL1 by L1 � Lp in (a2)andits proof.
Choosesome α ¾ maxÔ ω � ωA Õ . By Lemma 6.8.3(a), we have � B �

L1
α � Lp

α À R × ;
Î À U � H Á!Á . But Σ ­ is ω-stable,hence« � TICω. Consequently,� ­ B � L1

α � Lp
α À R × ;

Î À U � H Á!Á , by (a2)(modified,asnotedabove). By Lemma
6.8.3(a),�V­ B � L1

α � Lp
ω À R × ;

Î À U � H Á!Á .
(b) By Lemma6.3.3(b1),we have â« � Î Û H2

strongü∞, hence ¤� ­ τ ¹ ¤� τ â«Z�Î Û H2
strongü∞, by Lemma6.3.3(b1).But ¤� ­ τ À Û ∞ Áu¹ 0, hence ¤� ­ τ � H2

strongü∞.
By Lemma6.8.1(a),wehave � ­ Bu0 � L2

ω À R × ;H Á for all ω ¾ ωA
Å andu0 � U .

(c1) (As one observes from the proof, we have CL ü s�q­ B � Lp
ω if� B � CL ü s� B � Lp andCL ü s��� L1 on å 0 � 1Á .)

Wehave ��­ ¹f�kÛÐ� K �q­�� L1 Û Lp % L∞ ö L1 (6.209)

on å 0 � 1Á (becauseπ � 0 ü 1 ô L1 % π � 0 ü 1 ô L1 ö π � 0 ü 1 ô L1, by LemmaD.1.7, andK � ­ �d�ö L∞
loc). Therefore,CL ü s� � L1

∞, by Lemma6.8.3(b). But � ­ B � L1
∞ and«;� MTICL1

∞ À U � Y Á , by (a1),hence� ­ ¹��u« � MTICL1

∞ À U � Y Á . Consequently,� ­ � MTICL1

ω À U � Y Á , by Lemma6.8.3(c).

(c2) By (a1),we have K � ­ B � L1 À å 0 � 1æ ; Î À U Á»Á , hence« � MTICL1
∞ À U Á .

Since �0� SMTICL1
∞, by theassumption, hence� ­ : ¹��u«Ä� SMTICL1

∞ and
D ­ ¹ D, by Theorem2.6.4(a1)&(h1)&(d). Thus,we obtain(c2) from this and
Lemma6.8.1(e2)&(d1)

(c3)This follows from (b) andLemma6.8.1(d1).
(d) Choosesomeω � À ωA

Å � 0Á . In (a1)and(a2),we have �q­ B � K �q­ B � L1
ω,

hence� ­ τ �K« � MTICL1 ö ULR � UHPR. In (b), we have � ­ B � K � ­ B � L2
ω,

hence� ­ τ �K«ª� ULR � SHPR, by Proposition6.3.4(a3).
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The claim on � ­ follows analogously from (c1)–(c3): use Proposition
6.3.4(a1)&(a3)for (c1)&(c2), respectively, andProposition 6.3.3(a)for (c3).�
The systems describedin the following lemmaarein certainsensethe most

generalclassof systemsto which we can extend the full connectionbetween
optimalcontrolandexponentially stabilizingsolutions Riccatiequationswithout
any apriori factorizationor stabilityassumptions (see,e.g.,Theorem9.2.18):

Lemma 6.8.5(� B � Cw ��� Cw � B � L1
loc� B � Cw ��� Cw � B � L1
loc� B � Cw ��� Cw � B � L1
loc) Assume that Σ : ¹ � ¡ ¢£ ¤ � �

WPLSÀ U � H � Y Á , p � q � å 1 � ∞ æ , � B � Lp À å 0 � t Á ; Î À U � H Á!ÁÓ� Cw � �
Lq À å 0 � t Á ; Î À H � Y Á!Á , andCw � B � Lp À å 0 � t Á ; Î À U � Y Á!Á for somet ¾ 0.

(a) Then� B � Lp
ω, CL ü s��� Lq

ω andCL ü s� B � Lp
ω onR ×

(in particular, � τ �&��� MTICL1

ω À U ��% Áwö ULR � UVR) for anyω ¾ ωA.

(b) If L � Î À Y� U Á is an admissible output feedback operator for Σ, then� LBL � Lp
ω, À CL Á L ü s� L � Lq

ω and À CL Á L ü s� LBL � Lp
ω onR × for anyω ¾ ωAL.

(c) Let K ¹ SC Û T, S � Î À Y� U Á , T � Î À H � U Á . ThenK is a ULR admissible
statefeedback operator for Σ, andalso thecorresponding extendedsystem
Σext and hencethe closed-loopsystemΣ ­ satisfy the assumptions of this
lemma.

(d) If p ¹ q, thenalsoΣd satisfiestheassumptionsof this lemma.

(Naturally, we canreplacethe exponentsp andq in the conclusionpartsby
smallerones.)

We concludethat the above type of systemsare closedw.r.t. static output
feedbackandw.r.t. statefeedbackof kind describedin (c) (whichoftenappearsin
connectionwith Riccatiequationsandoptimalcontrol).Weobservefrom Lemma
9.5.4andProposition6.6.18(b3)thatananalogousclaimholdsfor systemsof the
(parabolic)typeof Hypothesis9.5.1aswell asfor thoseof thetypeof Hypothesis
9.5.7(3.).

Proof: (We shall use the facts that L p À å 0 � t Á ; % Áþö L1 À å 0 � t Á ; % Á and that�º��d¥� Ls
ω À R × ;

Î À H Á!Á for any s � å 1 � ∞ æ andω ¾ ωA. SeeLemmaD.1.7 for
convolutions. We observe from the proof that we could usea third exponent
r � å 1 � ∞ æ (insteadof p) for Cw � B andCL ü s� B, but then(b) and(c) would no
longerhold.)

(a) Let ω ¾ ωA. By Lemma6.8.3(a)(appliedto Σd andΣ), we canreplace
Cw byCL ü s andwehave � B � Lp

ω À R × ;
Î À U � H Á!Á andCL ü s�ò� Lq

ω À R × ;
Î À H � Y Á!Á .

By Lemma6.8.3(c),it follows thatCL ü s� B � Lp
ω À R × ;

Î À U � Y Á!Á (in particular,�ÈÀ t Á B � Î À U � DomÀ CL ü sÁ!Á for a.e.t � R × ). Weconcludethat � τ �&�f� MTICL1

ω ,

by Corollary 6.8.2. Recall from Proposition 6.3.4(a1)that MTICL1

∞ ö ULR �
UVR.

(b) Let α ¾ maxÔ ωA � ωA
Å Õ . Set

ý
: ¹ I Ê L �°��� TIC∞ À U Á . Then ���Î À U � Y Á Û�À L1

α � Lp
α Á£% , by (a),hence

ý � Î À U Á Û�À L1
α � Lp

α Á£% .
We have ��� ý �»� L � TICα. Since « : ¹ ý Ñ 1 ¹ I Û L � L � TICα, we obtain

from Proposition6.3.4(a1)that «Ä� Î À U ÁèÛ0À L1
α � Lp

α Á£% . Analogously, we
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concludethat À I Êñ� L Á�¦ 1 � Î À Y Á�Û÷À L1
α � Lp

α Á£% . Consequently, (seeProposition
6.6.18)� Lτ ¹�� L « τ ¹�� τ « � L p

α %VÀ I Û Lp
α % Á�¹ Lp

α � (6.210)� L ¹��u« �xÀ D Û�À L1
α � Lp

α Á£% Á�À M Û Lp
α % Áwö DM Û Lp

α % � and (6.211)� L ¹ À I Êl� L Á Ñ 1 ���ØÀ Î Û L1
α % Á Lp

α ¹ Lp
α

¶
(6.212)

Weconcludefrom Corollary6.8.2that � LBL � À CL Á L ü s� LBL � Lp
α À R × ;

Î À U ��% Á!Á .
Apply (a) to ΣL to obtaintherestof (b).

(c) By Lemma6.3.17,K is admissible andULR for Σ. Obviously, SCL ü s Û
T ö KL ü s (in particular, DomÀ CL ü sÁÈö DomÀ KL ü s Á ), henceKL ü s� ¹ûÀ SCL ü s Û
T ÁS�Þ� Lp À å 0 � t Á ; Î À H � U Á!Á (where the equality holds a.e.). Analogously,
KL ü s� B ¹ À SCL ü s Û T ÁS� B � Ls À å 0 � t Á ; Î À U Á!Á (sinceSCL ü s� B � Lr À å 0 � t Á ; Î À U Á»Á
andT � B � Lp À å 0 � t Á ; Î À U Á»Á ), wheres : ¹ min Ô p � r Õ . Thus,Σext (see(6.132))
satisfiestheassumptionsof this lemmawith s in placeof r, hencesodoesΣ ­ ,
by (b).

(d) By Lemma 6.8.3(a)(ii)&(vi), we have B Éw � É � Lp À å 0 � t Á ; Î À H � U Á!Á
and � É C É � Lp À å 0 � t Á ; Î À Y � H Á!Á . By Lemma 6.8.3(c), F : ¹ Cw � B �
Lp

ω À R × ;
Î À U � Y Á!Á , henceF É � Lp

ω À R × ;
Î À Y� U Á!Á , by LemmaB.3.6.

By Corollary 6.8.2, ��Ê D ¹ F % , hence � d Ê D É ¹ ÀK��Ê D Á d ¹ F É % ,
by Proposition6.3.4(a1),henceF É ¹ BÉw � É C É , by Corollary 6.8.2. Thus,
BÉw � É C É � Lp À å 0 � t Á ; Î À Y � U Á . �
Notes
Pritchard–Salamon(PS) systems often satisfy the assumptions of Lemma

6.8.5for p ¹ 2 ¹ q (cf. Lemma9.5.2),andin asensethelemmaallows for twice
asmuchunboundednessastheaxiomsof PS-systems,but in generalaPS-system
might violate the assumptions of the lemma(but not thoseof Hypothesis 9.2.2,
henceour complete“smoothRiccatiequationtheory”, which usestheproperties
establishedin thissection,coversalsoPS-systems).

In the control theoryof optimal control of partial differentialequations,one
oftenmakessimilar assumptionsonC� B with C bounded.E.g., in Section8 of
[LT00b],I. LasieckaandR. Triggiany donotposetheassumption on � Bu0 � Lp

locÀ u0 � U ) andcompensatedthis by a strongerassumption onC. They requirethe
originalsystemto beaWPLSbut donotstudythewell-posednessof closed-loop
systems.

The well-posednessof a closed-loopsystemmeansthat under any error,
disturbanceor otherexternalinput to thefeedbackloop (thesignaluL of (6.124),
thestate,effectivecontrolandoutputof thesystemremainwell definedandtheir
dependenceon this external input is continuous(from L2

loc to H, L2
loc andL2

loc,
respectively). In particular, finite inputenergy cannotleadto infiniteoutputenergy
(or to undefinedstateandoutput) underafinite periodof time. If, in addition,the
closed-loopsystemis stronglystable,then the effect of any externalL2 signal
vanishesasymptotically with time.
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6.9 BoundedB, boundedC, PS-systems

’And death’,saidThingol,’thoushouldsttaste,
hadI notswornanoathin haste
thatbladenor chain thyfleshshouldmar.
Yet captiveboundbynevera bar
unchained,unfetteredshaltthoube
in lightlesslabyrinths,endlessly.

— J.R.R.Tolkien (1892–1973),"TheLay of Leithian"

In this sectionwe shallshow thata transferfunction â� hasa realizationwith
a boundedinput operatorB if f â�ÐÊ÷â�øÀ Û ∞ Áq� H2

strong over someright half-plane.
We also establishanalogousresultsfor realizationswith a boundedC and for
Pritchard–Salamonrealizations.In additiontoU , H andY, also à and á denote
(arbitrary)Hilbert spacesin thissection.

By Proposition6.3.3(a),any â�0� H2
weakÀ C ×ω ;

Î À U � Y Á!Á is thetransferfunction
of some�0� TICω × ε À U � Y Á§� ULR with D ¹ 0 (for any ε ¾ 0). By strengthening
the assumption slightly, we get a necessaryandsufficient condition for â� being
thetransferfunctionof aWPLSwith aboundedB or C:

Theorem6.9.1( â��� H2
strong î Bâ� � H2
strong î Bâ��� H2
strong î B bounded) Letω � R and â�ò� H À C ×ω ;

Î À U � Y Á!Á .
(a) â� is thetransfer functionof theI/O mapofsomeΣ � WPLSω with abounded

B iff â� Ê D � H∞ À C ×ω ;
Î À U � Y Á!Á1� H2

strongÀ C ×ω ;
Î À U � Y Á!Á .

(b) â� is thetransfer functionof theI/O mapofsomeΣ � WPLSω with abounded
C iff â�øÀ ÿ̄ Á É Ê D É � H∞ À C ×ω ;

Î À Y� U Á!Á1� H2
strong À C ×ω ;

Î À Y� U Á!Á .
(c) Thecorrespondingrealizationscanbechosensothat they are minimaland

they satisfy � B �¨* ó U üH ô , ��â�©� H2
strong

in (a), (or � C �+* ó H üY ô , ��â�øÀ ÿ̄ Á.� H2
strong

in

(b)), whereH is thestatespaceof thecorrespondingrealization.

(d1) If wedrop theassumption â�÷Ê D � H∞
ω, then(a)–(c)still hold exceptthat� and � in (a) (or � and � in (b)) are only knownto be ω Ù -stablefor any

ω Ù ¾ ω.

(d2) We canreplace“ Σ � WPLSω” by “ Σ ¹7�&¡ ¢£ ¤ � � WPLSs.t. � and � are
ω-stable” in (a).

Analogously, in (b) it sufficesto require Σ ¹P�&¡ ¢£ ¤ ��� WPLSbes.t. � and� are ω-stable. Wemayrequire Σ to bestrongly ω-stablein (b).

Thus, � hasa realizationwith a boundedB andD ¹ 0 iff â�øÀ»ÿ�Ê ω ÁX� H2
strong

for someω � R (seeLemmaF.3.2(a));adualclaimholdsfor C.
Proof: (a) 1� “Only if ”: Let Σ ¹ � ¡ ¢£ ¤ � � WPLSω À U � H � Y Á and

B � Î À U � H Á (in fact, Σ � SOSω is enough). W.l.o.g., we assumethat
D ¹ 0 (see also Lemma 6.3.16(b)). We have â�P� H∞ À C ×ω ;

Î À U � Y Á!Á ,
by Theorem 6.2.1. Moreover, â� � H2

strongÀ C ×ω ;
Î À H � Y Á!Á , by The-

orem 6.2.11(c2), hence â�;¹ C À»ÿ�Ê AÁÒÑ 1B � H2
strongÀ C ×ω ;

Î À U � Y Á!Á (and��â�©� H2
strongó C Yω ; * ó U üY ô�ô , � 2π �Ó�ª�«� B �qÌ ∞).
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2� “If ”: Apply “2 � ” of (b) to � d. In fact,by applyingLemma6.7.17with
E ¹ Rfor the resultingrealizationof � , we seethat the input operatorof the
stronglyω-stableWPLS

Σ : ¹ ± π × τ π × � π Ñ
I � ² � WPLSω À U � L2

ω À R × ;Y ÁÓ� Y Á (6.213)

is bounded.
(b) 1� “Only if ”: Apply “1 � ” of (a) to � d.
2� “If ”: W.l.o.g.we assumethatω ¹ 0. It sufficesto show thestable(and

exactly reachable)realization± � �� � ² : ¹ ± τπ Ñ π Ñ
π × � π Ñ � ² � WPLS0 À U � H � Y Á (6.214)

onH : ¹ L2 À R Ñ ;U Á hasaboundedoutputoperatorC. By LemmaF.3.7(b2),the
map

C̄x0 : ¹ À&� x0 Á�À 0Á�¹�À π × � π Ñ x0 Á�À 0Á�¹ ÀK� x0 Á�À 0Á (6.215)

satisfiesC̄ � Î À H � Y Á , � C̄ � , ��â�øÀ ÿ̄ Á.� H2
strong

(recall from (6.26) that C̄ is an

extension of theoutputoperatorC � Î À H1 � Y Á of (6.214),andthatC is called
“bounded”if f it hasanextension to

Î À H � Y Á (which is necessarilyunique,by
density),and thatC is identifiedwith this extension (i.e., we write C ¹ C̄ �Î À H � Y Á )).

(c) We prove this for (a); use duality for (b): Let H¢ be the closure
of π × � π Ñ å L2

c æ in L2
ω À R × ;Y Á (i.e., the reachability subspace). Let P be

the orthogonal projection L2
ω À R × ;Y Á µ H¢ . By Lemma 6.3.26(e),Σ Ù : ¹± π × τ π × � π Ñ

I � ² � WPLSÀ U � H¢ � Y Á (notethat π × τ åH¢ æ ö H¢ ) is reachable

andalsoΣ Ù hasboundedinput operator. BecauseΣ Ù is (exactly ω-)observable,
it is minimal.

(d1)Weprove this for (b); useduality for (a):
Observefrom theproofthatC is boundedwhenever â�ÝÀ ÿ̄_Á�� H2

strong, but if we

do not assumethat â�0� H∞, thenwe only know that � (by LemmaF.3.7(b2))
and � (by LemmaF.3.2(a))areω-boundedfor any ω ¾ 0.

(d2) One observes from part 1� of the proof of (a) that Σ neednot be
ω-stable,it sufficesthat � and � areω-stable.Part2� of theproofof (a) shows
thatΣ canberequiredto bestronglyω-stablein (a) (andstronglyÉ ω-stablein
(b)). �
We shallsoonshow thata transferfunctioncanberealizedasa PS-systemiff

it hasa (WPLS)realizationwith boundedB andonewith boundedC. Beforethis
wemustdefinePS-systems:

Definition 6.9.2(PS-systems)A systemΣ ¹ �&¡ ¢£ ¤ � � WPLSÀ U �Òà½� Y Á is a
Pritchard–Salamonsystem(PS-system)iff B � Î À U �ÒàlÁ and there is a Hilbert
space á ö à s.t.1. theembeddingá µ à is denseandcontinuous,2. � �z¬
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is an ω-stableC0-semigroup on á , 3. � t � Î À L2 À å 0 � t Á ;U ÁÒ�Òá Á for some(hence
all) t ¾ 0, and4. someC Ù � Î Àráð� Y Á satisfiesC Ù_�ò¹�� on á .

If, in addition, ω � R is s.t. Σ � WPLSω À U �Òàv� Y Á}� WPLSω À U �Òáû� Y Á , then
Σ is called an ω-stablePS-system. If DomÀ AÁVö á , thenΣ is called a smooth
PS-system.

(WealsosaythatΣ is aPS-systemw.r.t.U, á , à andY.)

Remark 6.9.3 Definition 6.9.2 is equivalentto the standard definition of PS-
systems(see, e.g., [KMR] or Definition2.3of [Keu]).

(Notethatit is nota limitationthat[Keu]assumestheHilbert spacesto bereal
— any complex Hilbert spaceis alsoa realHilbert space.)

The above definition of ω-stability makes also “exponentialstability” (i.e.,
beingω-stablefor someω Ì 0) equivalent to thestandardone,by Lemma6.9.4.

Proof: Sufficiency is rather obvious. Conversely, if Σ is a PS-system,
thenthe axiomsof the above definition aresatisfiedasfollows: The mapsin
(2.4) and (2.5) of [Keu] definemaps � and � . By (2.6) of [Keu], we have� ¡ £ �Ý� WPLS; let � A

C X X � be its generators. Then � A B
C X X D � generatea WPLS

Σ � WPLSÀ U �Òà½� Y Á , by Lemma 6.3.13. Obviously, Σ is the original (PS-
)system. �
Thus,givenaPS-systemandaminimizationproblem,we“haveaboundedB”

(w.r.t. à , i.e.,B � Î À U �Òà4Á ). However, wedonotnecessarily“haveaboundedC”:
if, for example,we aregiven a function suchas ­ÍÀ x0 � uÁ : ¹�� x � 2L2 ó R Y ; ®qô Û¯� u � 22
to be minimized, we would more be interestedin C � Î Àràx� Y Á rather than in
C � Î Àrá7� Y Á in order to usethe tools correspondingto a “boundedC”, andC
neednot belongto

Î Àràx� Y Á . (To minimize, instead, � x � 2L2 ó R Y ; ¬ ô Û�� u � 22, one

couldusethesystemΣ � WPLSÀ U �Òá7� Y Á whichdoeshavea “boundedC”.)
Sometimesthefollowing characterizationof PS-systemsis moreuseful:

Lemma 6.9.4(PS-systems)A systemΣ ¹Z� ¡ ¢£ ¤ �k� WPLSÀ U �Òà½� Y Á is an ω-
stablePS-systemiff 1. Σ � WPLSω À U �Òà½� Y Á°� WPLSω À U �Òáû� Y Á , where á ö�à
denselyandcontinuously, 2. Σ � WPLSω À U �Òàv� Y Á hasa boundedinputoperator,
and3. Σ � WPLSω À U �Òáû� Y Á hasa boundedoutput operator.

Any PS-systemis ULR and ω-stable for someω � R; in particular, it is
exponentiallystable(i.e., ω-stablefor someω Ì 0) iff � is exponentially stableoná andon à .

Thesystemin 3. is obtainedfrom thatin 2. by just replacing à by á (asthe
domainand/orrangespaceof � , � and � ).

Proof: Thefirst claim is obviously true(theoperatorC Ù � Î Àráð� Y Á is the
outputoperatorof Σ � WPLSω À U �Òáû� Y Á ). By Lemma6.3.16(b)(or (c)), the
I/O mapof aPS-systemULR.

Assumethat Σ is a PS-system.Chooseω � R s.t. � is ω Ù -stableon á
and à for someω ÙêÌ ω. Oneeasilyverifies(cf. thereasoningon p. 158) that��� Î À L2

ω �Òá Á ; it follows thatΣ � WPLSÀ U �Òáû� Y Á . By Lemma6.1.10,both
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systemsareω-stableWPLSs,henceΣ is an ω-stablePS-systemw.r.t. U , á ,à andY. �
PS-systemsarea strict subsetof WPLSs;e.g.,any H∞

∞ transferfunctionhasa
realizationasa WPLS(seeDefinition 6.1.6),but thesamedoesnot hold for PS-
systems,by Theorem6.9.6. For a PS-system,the unboundednessof C severely
limits thepossible unboundednessof B, andviceversa:

Remark 6.9.5(BBB andCCC of PS-systemsmay be asunbounded asthoseof WPLSs)

If � � � � � WPLSÀ U � H �rÔ 0ÕÖÁ , then � A B
0 0 � (or � A B

C D � for any �C D � �Î À H Ñ 1 Ï U � Y Á ) is a PS-systemw.r.t. à : ¹ H Ñ 1 and á : ¹ H, by Lemmas6.9.4
and6.3.16.Ananalogous claimholdsfor any � ¡ £ �,� WPLSÀ U � H �rÔ 0 Õ�Á .

Thus, the input and output operators in a PS-systemmay be exactly as
unboundedasin a WPLS,but not simultaneously, sinceB mustbe“compatible”
with á andC with à . �

For example,any parabolicsystemof Hypothesis 9.5.1with “unboundedness
distanceof C andB” γ Ê β Ì 1 is a WPLS,but we mustrequirethatγ Ê β Ì 1é 2
in order to make surethat it is a PS-system.Note also the while B can be as
unboundedw.r.t. á asthe input operatorof any WPLS, theoperatorB mustbe
boundedw.r.t. à .

FromTheorem6.9.1weobservethat â� and â� d mustbeH2
strongoversomeright

half-planefor � to haveaPS-realization. Thisconditionis alsosufficient:

Theorem 6.9.6( â�´�!â� d � H2
strong îâ�´� â� d � H2
strong îâ�´�!â� d � H2
strong î PS-realization) Let ω � R and â� : C ×ω µÎ À U � Y Á . Then â� is the transfer function of the I/O mapof someω-stablePS-

systemwith D ¹ 0 iff â�0� H∞ À C ×ω ;
Î À U � Y Á!Á}� H2

strong À C ×ω ;
Î À U � Y Á!Á and â�øÀ ÿ̄ Á É �

H2
strongÀ C ×ω ;

Î À Y� U Á!Á .
Wenotetwo sufficientconditions:
1. if â�øÀ»ÿ Ê ω Á�� H2 À C × ;

Î À U � Y Á!Á for someω � R, then â� hasa(ω Û ε-stable)
PS-realization(with D ¹ 0).

2. By LemmaF.3.3(c2),± ² L2
strong ö H2

strong, hence� hasaPS-realization(with
D ¹ 0) whenever � u ¹ F % u (for all u), whereeÑ ω � F � eÑ ω � F É � L2

strong for some
ω � R (thishasalreadybeenshown in [KMR]).

Most PS theory (e.g., [Keu]) cover only smoothPS-systems,for which the
above theoremgivesonly necessaryconditions. In this monograph,a PS-system
satisfiesthe regularity assumptions of almostany result(seeTheorem8.4.9(γ)),
hencetheaboveconditions aremorethansufficient for our results.

TherequirementD ¹ 0 simplifiesthetheorembut doesnot restrictgenerality:
given an arbitrary â� , setD : ¹ëâ�øÀ Û ∞ Á (regularity is a necessarycondition) and
applyTheorem6.9.6to â�ØÊ D.

Proof of Theorem 6.9.6:
Part I —“only if ”: This follows from Lemma6.9.4andTheorem6.9.1.

Part II — “if ”: We shall show that conditions 1.–3. of Lemma 6.9.4
aresatisfied. SetH : ¹ L2

ω À R × ;Y Á , and let �&¡ ¢£ ¤ � � WPLSω À U � H � Y Á be the
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strongly ω-stable realization (6.11). Let á be the space“H”: ¹ë� å ³ æ of
Definition6.1.6.

1� Σ � WPLSω À U �Òáû� Y Á : This is shown in Lemma6.1.7.
2� There is CÙ®� Î Àráð� Y Á s.t.CÙ_��¹0� : As notedin theproof of Lemma

6.1.7, T : ¹º� � ´ : ³çµ á satisfiesT ��� Î À ³ �Òá Á , where ³ : ¹ RanÀ �XÁ¨µ .

Consequently, C Ù � HomÀrá7� Y Á becomeswell-defined by setting C Ù � u : ¹ÀK� u Á�À 0ÁqÀ u � ³ Á , becausethen� CÙ � u � Y , ��â�øÀ ÿ̄ Á É � H2
strongó C Yω ; * ó U üY ô�ô � u � L2

ω
À u � ³ ÁÓ� (6.216)

by Lemma F.3.7(b2), so that actually C Ù � Î ÀráÞ� Y Á (note that CÙ¥¹ÀK� T Ñ 1 ÿ_Á�À 0Á ). Now, for u � ³ , wehave

C� t � u ¹ C� τtu ¹ ÀK� τtuÁ�À 0Á�¹ ÀK� u Á�À t Á�¹ À π × � π Ñ uÁ�À t Á�¹ À&�w� u Á�À t Á (6.217)

for t � 0, i.e.,CÙ � x0 ¹f� x0 ( ¹ x0 �vá ) for all x0 �ñ� å ³ æ ¹ºá ,
(Now wehaveestablishedall claimsof Lemma6.9.4thatdonot include à ,

andwecancompletetheproofby establishing alsothepartconcerningà .)
3� Σ � WPLSω À U �Òàv� Y Á (with a boundedinput operator): Let à be the

closure of á in H (note also that á ö H continuously, hence á ö V
continuously). By 1 � , � t x0 � á for all x0 � á ; since � t � Î À H Á , it follows
that � t å ¯á æ ö ¯á , i.e., that � t x0 �Øà for all x0 �Øà , for any t � 0. Therefore,� is a (strongly)ω-stableC0-semigroupon à (since � is a (strongly) ω-stable
C0-semigrouponH, asnotedin Definition6.1.6).

Moreover, RanÀ �uÁk¹ á ö7à . Therefore, Σ � WPLSω À U �Òàv� Y Á (the
properties1.–4.of Definition6.1.1areinheritedfrom Σ � WPLSω À U � H � Y Á ).

By (the proof of) Theorem 6.9.1(a), the input operator B of Σ �
WPLSω À U � H � Y Á is bounded(B � Î À U � H Á ); by uniqueness(see Lemma
6.1.16(b))the input operatorof Σ � WPLSω À U �Òà½� Y Á is againB ( � Î À U �Òà4Á ,
i.e.,we restrictits rangespaceto à ). �
Thus,if dimY Ì ∞, thena systemwith a boundedC hasa realizationwith a

boundedB:

Corollary 6.9.7 Let � ¡ ¢£ ¤ � � WPLSω À U � H � Y Á . If C is boundedanddimY Ì ∞,
or B is boundedanddimU Ì ∞, then � hasanω-stablePS-realization.

In fact, it sufficesthatC is bounded,� and � are ω-stableanddimY Ì ∞.

Proof: As theproof of Theorem6.9.1shows,we only needtheω-stability
of � and � for boundedB, andtheω-stability of � and � for boundedC.

By Theorem6.9.1, we have â�øÀ»ÿÖÊ ω ÁwÊ D � H∞ � H2, hence � has an
ω-stablePS-realization, by Theorem6.9.6. �
Finally, we presentthesimplestcase:

Corollary 6.9.8 Let dimU � dimY Ì ∞, ω � R and � � TICω À U � Y Á . Thenthe
followingareequivalent:

(i) There is f � L2
ω À R × ;

Î À U � Y Á!Á s.t. � u ¹ f % u Û Du for all u � L2
ω À R × ;U Á ;
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(ii) � hasan ω-stablerealizationwith boundedB;

(iii) � hasan ω-stablerealization with boundedC;

(iv) � hasanω-stablePS-realization;

(v) â� Ê D � H2 À C ×ω ;
Î À U � Y Á!Á .

(Without the assumption �°� TICω we would lose an ε of stability in (i)
and(iv). E.g., for an arbitrary f � L2

ω À R × ;
Î À U � Y Á!Á we would only know that

u ³µ f % u hasanω Ù -stablePS-realizationfor any ω Ù ¾ ω.)
By analogousargumentsone observes that if m : ¹ dimU Ì ∞ (so thatÎ À U � Y ÁS¶¹ Ym), thenwehave(i) î (iii) î (iv); if dimY Ì ∞, then(i) î (ii) î (iv).
Thecondition“ � u ¹ f % u Û Du for somef : R × µ Î À U � Y Á s.t. f u0 � f É y0 � L2

ω
for all u0 � U andy0 � Y” is not necessaryfor generalU andY (seethe notes
below).

Proof of Corollary 6.9.8: (Naturally, in (i) it would suffice to assume� u ¹ f % u for all u �Ud c À å 0 � T æ ;U Á for someT ¾ 0.) We takeD ¹ 0 w.l.o.g.
By Corollary6.9.7andits proof, (ii)–(iv) areequivalent. Setm : ¹ dimU ,

n : ¹ dimY. By Theorem6.9.1, condition (ii) holds if f (v) holds, i.e., if fâ��� H2 À C ×ω ;Cn · m Á . But thelatterholdsif f â��¹ âf for somef � L2
ω À R × ;Cn · m Á ,

by Theorem3.3.1(b).On theotherhand, âf âu ¹ â� âu on C ×ω × 1 (henceon C ×ω ) if f� u ¹ f % u, by LemmaD.1.11(c’)(becausef � L1
ω × 1). �

Notes
The equivalence of (i)–(iii) of Corollary 6.9.8 is essentiallycontainedin

Theorem5.2 of [Sal89], andhis proof coveredthe caseswhereB wasbounded
anddimY Ì ∞ or C wasboundedanddimU Ì ∞, asnotedin [WW].

In [KMR] it wasstatedand“proved” that � hasaPS-realizationif f � u ¹ f % u
(u � L2), where f � f É � L2

strong, the convolution existing asa weak(i.e., Pettis)
integral. However, thatcondition is only sufficientbut notnecessary.

Thefault wasin theclaim thattheterm f : ¹f� B wouldbewell defined(a.e.)
asa function R × µ Î À U � Y Á (we do have f � Î À U � L2

loc Á sinceB is bounded).
Indeed,let U ¹'¸ 2 À N Á and â��� H2

strongÀ C × ;
Î À U Á!Á beasin ExampleF.3.6,sothatâ�øÀ ÿ̄ Á É � H2

strongÀ C × ;
Î À U Á!Á . By Theorem6.9.6,thereis anω-stablePS-realization� ¡ ¢£ ¤ � of � for any ω ¾ 0. Moreover, f : ¹�� B � Î À U � L2

ω Á satisfies âf ¹ â� , by
(e1)(or (e2))of Lemma6.8.1,hencef equalstheoperatorF of ExampleF.1.10,
hencef doesnot have a representationof form R × µ Î À U � Y Á (asshown in the
example,thiswould leadto thecontradiction� f À t Á.�¹* ó U üY ô ¹ ∞ for a.e.t � 0).

Nevertheless,thepaper[KMR] is anelegantintroduction to PS-systems,and
it inspiredusto write Theorem6.9.6.Moreover, thedefinitionof á in theproof
Theorem6.9.6is from [KMR] (the restof our techniquesaredifferentandkeep
anexacttrackonstability).

The existencepartsof the resultsof [Sal89], [KMR] andoursarebasedon
theshift semigroupsystem(seeDefinition6.1.6).Wedonotknow corresponding
conditionsfor smoothPS-realizations(this refersto theadditionalconditionthat
DomÀ A® Áuö�á ).
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Chapter 7

Dynamic Stabilization

Andwhenwindsareat war with theocean,
AsthebreastsI believedin with me,
If their billowsexciteanemotion,
It is that they bearmefrom thee.

— Lord Byron (1788–1824),"Stanzasto Augusta"

In thischapterweshallstudydifferentformsof dynamicstabilization,extend
standardclassicalresults(see,e.g.,pp.15–17and26–47of [Francis])for WPLSs
andsupplementthemwith new ones.

We assumethatwe aregivena fixedplant, e.g.,an I/O map �0� TIC∞ À U � Y Á
(alternatively, a WPLS) that we wish to control. In the caseof dynamicoutput
feedback (cf. pp.36–42of [Francis])theoutput(y) of theplant is fed backto the
input(u) throughaDynamicOutputFeedback Controller (DF-controller) in order
to stabilize andcontroltheplant,asin Figure7.1. HereuL is theactualinputand
y asthefinal output;yL canbeconsideredasthedisturbancein thefeedbackloop
andu as the controlleroutput. (In the literature,onesometimesusesthe word
“compensator”or “regulator” in placeof “controller”.)

By DF-stabilization of �Þ� TIC∞ À Y� U Á we mean that we choose ^P�
TIC∞ À U � Y Á sothatthemap å uL

yL æ ³µ å uy æ (equivalently, À IU · W Ê � 0 _¤ 0 ��ÁÒÑ 1 : å uL
yL æ ³µå uy æ ; cf. Figure7.1) becomesstable;oneoften alsowishesto minimize thenorm� uL ³µ y � * ó L2 ó R Y ;U ôKü L2 ó R Y ;Y ô�ô .

In Section7.1 we shall extendseveral classicalfinite-dimensional resultson
DF-stabilizationto generalWPLSs;theseresultsincludetheYoulaparametriza-
tion of all stabilizing controllers(Corollary 7.1.8) basedon a doubly coprime
factorization(d.c.f.) of � . However, it is notknown whethereachDF-stabilizable
map hasa d.c.f. (unlessdimU � dimY Ì ∞, seeLemma7.1.4), hencewe also
presenta theory for generalTIC∞ maps. (This appliesto Sections7.2 and7.3
too.)

In DF-stabilization, we require that the controller ( ^ ) is well-posed(or
proper, i.e., ^�� TIC∞). In finite-dimensionaltheory, onesometimesallows for
impropercontrollers(“ â^Ú� H∞ é H∞”, i.e., ^ is allowedto have a poleat infinity)
while the closed-loopmap ( À IU · W Ê�� 0 _¤ 0 ��ÁÒÑ 1) is always requiredto be well-
posed.Theinfinite-dimensionalcounterpartof thisconcept,a DF-controller with

281
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internal loop, wasintroducedin [WC], by GeorgeWeissandRuthCurtain. This
generalizationof theconceptof DF-controllerswill betreatedin Section7.2.1.

In the H∞ Four-Block Problem(H∞ 4BP) of Chapter12, the controllermay
useonly a part (y) of the of the output( å zy æ ) as its input and it cancontrol only
a part (u) of the input ( å uw æ ) of the plant, as in Figure7.8. Sucha controller is
calleda DynamicPartial OutputFeedback Controller (DPF-controller) (cf. pp.
26–36and42–47of [Francis]).We develop thetheoryfor DPF-controllers(with
or without internal loop) in Section7.3. However, if � � TIC∞ À U Ï W � Z Ï Y Á ,
thenany stabilizingDPF-controller for � is a stabilizingDF-controllerfor � 21,
andunderreasonableassumptions alsotheconverseholds, by Lemmas7.3.5and
7.3.6.Therefore,muchof this theoryis obtainedasacorollaryof Section7.2.

We have above treatedonly theI/O theory, while oneis oftenmoreinterested
in a systemstabilizinganothersystem(alsointernally); cf. Figures7.2 and7.9.
However, if Σ is a realizationof the plant ( � ) and �Σ is a realizationof the
controller ( ^ ), then �Σ stabilizesΣ exponentially if f ^ stabilizes � and Σ and�Σ are optimizableand estimatable(recall from Definition 6.7.3 and Corollary
9.2.13thatat leastif Σ is sufficiently regular, thenthis is equivalentto exponential
stabilizability anddetectability),by Theorems7.2.3and7.3.11.We alsopresent
somefurtherresultson “ �Σ stabilizingΣ”.

We give mostof our resultsfor (non-exponential)stabilization, becausethe
exponentialanalogiesof such resultscan be obtainedthrough shifting, as in
Remarks7.2.19and 7.3.24(but the converseis not true). However, thereare
someresultsthatseemto hold for exponential stabilizationonly; suchresultsare
givenexplicitly.

Remark 7.0.1 Almostall I/O resultsin this chapterare purely algebraic (and
do not assumecommutativity, neithera matrix structure over somecommutative
ring), hencethey are valid whenwereplaceTIC∞ by ·ÝÙ andTIC by · , where ·
and ·øÙ (and ³ ) areasin Remark6.5.11.

Thus,one can havea given plant � �½·kÙ&À U � Y Á (U � Y � ³ ) and seekfor a^Ú�ß·ÝÙ&À Y� U Á that makes � o
I �ß· , i.e., “stable”; seeDefinitions7.1.1,7.2.1,and

7.3.1for details.
This holdsfor the resultsconcerningthe I/O mapsonly, i.e., the frequency-

domain results; the generalization of state-spaceresults requires, of course,
further assumptions (which are oftensimple, cf. Chapter13 for a discrete-time
application).

7.1 Dynamic feedback (DF) stabilization

A fail-safe circuit will destroyothers.

— Klipstein

As explainedabove, in this sectionwe generalizeseveral classicaldynamic
outputfeedback(DF) results(cf. [Francis,Section4]) to theinfinite-dimensional
case(see,e.g.,Theorem7.1.7);mostothersaregeneralizedin Section7.2.
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Figure7.1: DF-controller̂ for ��� TIC∞ À U � Y Á
EveryDF-stabilizablerationaltransferfunctionhasa d.c.f.,andclassicalDF-

stabilization theoryis basedon d.c.f.’s. We believe thatnotevery DF-stabilizable� � TIC∞ has a d.c.f. (cf. Lemma 7.1.4), thereforewe also develop a DF-
stabilization theoryfor generalTIC∞ maps(andfor generalWPLSs).

In Figure7.1,wehave ± uy² ¹ ± 0 ^� 0 ² ± u Û uL

y Û yL ² � (7.1)

or, by setting �u : ¹ u Û uL � �y : ¹ y Û yL,± �u�y² ¹ ± 0 ^� 0 ² ± �u�y² Û ± uL

yL ² ; or equivalently, (7.2)± �u�y² ¹�º I Ê ± 0 ^� 0 ²«» Ñ 1 ± uL

yL ² (7.3)

providedthat ^ isanadmissibleDF-controllerfor � , i.e.,thatI Êº� 0 _¤ 0 �X� � TIC∞,
which is equivalentto I Êl�V^°�x� TIC∞ (by LemmaA.1.1(d1)).

Notethat this correspondsto L ¹ I in thesettingof Definition 6.6.1(applied
with substitutions � ³µ � o : ¹ � 0 _¤ 0 � , y ³µ å uy æ , uL ³µ å uL

yL æ ; compare(7.1) and
(6.123)–(6.124)with x0 ¹ 0), hencethe solvability (in TIC∞) of the above
equationsis, indeed, equivalent to the admissibility of L, i.e., to condition
I Ê � 0 _¤ 0 � � � TIC∞. Weconcludethatthecorrespondingclosed-loopmapisgiven
by � o

I . Analogously, for thesetting of Figure7.4, thecorrespondingclosed-loop

systemis given by the systemΣo
I : � x0 �x0 uL yL � T ³µ � x �x u y� T defined

below.
Therefore,wedefine:

Definition 7.1.1(DF-stabilization) We call ^ � TIC∞ À Y� U Á an admissible [sta-
bilizing] (DF-)controllerfor �º� TIC∞ À U � Y Á if L ¹ I is admissible [stabilizing]
for � o : ¹û� 0 _¤ 0 � .

We call �Σ ¹ Â C¡ C¢C£ _ Ã � WPLSÀ Y� �H � U Á an admissible [stabilizing] (DF-

)controllerfor Σ ¹ �&¡ ¢£ ¤ �¥� WPLSÀ U � H � Y Á [and we saythat �Σ (DF-)stabilizes
Σ] if L ¹ I is admissible [stabilizing] for the(permutated)parallel connection

Σo : ¹ ¦xx§ � 0 � 0
0 �� 0 ��
0 �� 0 ^� 0 � 0

¨ yy© � WPLSÀ U Ï Y� H Ï �H � U Ï Y Á (7.4)

(weusepreficesasin Definition 6.6.4).
We call � (resp.Σ) DF-stabilizableif it hasa stabilizing controller ^ (resp.
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¼
Σ

�� �� τ�� ^
8×Ä×�y 7 y5yL B

u B 8×Ä×5 uL

4 �ux0

4x5
�x0

4�x5
Figure7.2: DF-controller�Σ for Σ � WPLSÀ U � H � Y Á�Σ), andweusepreficesasin Definition6.6.4.

We usually say “stabilizing” insteadof “admissible stabilizing” (for any
meaningof thesetwo wordsusedin this monograph). Note that by “controller
for � ” wereferto a I/O map( ` ) andby “controller for Σ” wereferto system( �Σ).
In classicaltheoryoneoftendoesnotmakeany differencefor thesetwo concepts
(but wedo).

Thus, ^ is admissible [stabilizing] for � if f the closed-loopsystemin Fig-
ure7.1 is well-posed[andstable,i.e., u � y � L2 for all uL � yL � L2]. Analogously,�Σ is admissible [stabilizing] for Σ if f theclosed-loopsystemin Figure7.2is well-
posed[andstable,i.e.,u � y � L2 andx and �x areboundedfor all uL � yL � L2 À R × ; % Á ,
x0 � H and �x0 � �H]. By LemmaA.4.5andLemma6.1.10(a1),�Σ is exponentially
stabilizingfor Σ if f x � �x � L2 (andhenceu � y � L2) for all uL � yL � L2 � x0 � H and�x0 � �H.

Obviously, � o andhence� o
I arethesamein bothsettings(i.e., in thesetting

of Figure7.1 andin thatof Figure7.2). Thus, �Σ is I/O-stabilizingfor Σ if f ^ is
stabilizingfor � . An analogouscommentappliesto Definitions7.2.1and7.3.1
too.

Recallfrom Definition6.6.10thatwefollow thestandardconventiontousethe
word “stabilization” for state-feedbackstabilization. Therefore,we have chosen
theterm“DF-stabilization”for dynamicoutputfeedback,butwedrop“DF-” when
thereis nodangerof misinterpretation.

In someclassicaltexts, one loosely speaksof “ ^ stabilizing Σ”, but one
thenusuallymeansthe concept“ �Σ stabilizingΣ” for a suitablerealizationof ^ .
However, wepaysomeattentionto this “concept”in Remark12.5.8.

FromtheabovedefinitionandDefinition6.6.1weobservethat ^ is admissible
for � if f �Σ is admissible for Σ. We list here several additional equivalent
conditions:

Lemma 7.1.2(DF-admissibility) A map ^¬� TIC∞ À Y� U Á is admissible [stabi-

lizing] for � � TIC∞ À U � Y Á iff Â I Ñ _Ñ ¤ I Ã �ò� TIC∞ À U Ï Y Á [and Â I Ñ _Ñ ¤ I Ã Ñ 1 �
TIC À U Ï Y Á ]; or equivalently, if theclosed-loopI/O map � o

I : å uL
yL æ µ å uy æ , givenby
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(cf. Figure 7.1)� o
I ¹ ± 0 ^� 0 ² º I Ê ± 0 ^� 0 ²}» Ñ 1 ¹�º I Ê ± 0 ^� 0 ²«» Ñ 1 Ê I¹ ± I Êt^Ê � I ² Ñ 1 Ê I ¹ ± À I Ê½^ �þÁ�Ñ 1 Ê I À I Ê½^ �þÁ�Ñ 1 ^�ÈÀ I Ê½^ �þÁ�Ñ 1 À I Êl�¾^ÝÁ�Ñ 1 Ê I ² (7.5)

is well-posed[and stable(i.e., � o
I � TIC)].

Moreover, ^ is admissible for � (equivalently, �Σ is admissible for Σ) iff
I Ê<^ �ë�Ø� TIC∞ À U Á (equivalently, I Ê4�V^ �Ø� TIC∞ À Y Á ). For ���£^Ú� ULR this
is equivalentto I Ê DQ �x� Î À Y Á .

Proof: We have I Ê L � o ¹ Â I Ñ _Ñ ¤ I Ã , hencethe first paragraphfollows

from Definition 6.6.1andProposition6.6.2. UseLemmaA.1.1(d1)(notealso
(A.12)) andProposition6.3.1(c)for thesecondparagraph. �
Therolesof � and ^ (resp.Σ and �Σ), areidentical;e.g., ^ stabilizes� if f �

stabilizeŝ . Thiswill notbethecasein thedynamicpartial(output) feedback,in
Section7.3,wherethe input of ^ is only a partof theoutputof � , andthe input
of � consistsonly partiallyof theoutputof ^ .

Unlike for admissibility, �Σ beingstabilizingfor Σ is a strongercondition than^ beingstabilizing for � , sincein Figure7.2 thereare more signals(or maps
betweensignals)to bestabilized(by thechoiceof �Σ) thanin Figure7.1.

Indeed, �Σ I/O-stabilizesΣ if f ^ stabilizes � . In this chapter, we will
concentrateon I/O-stabilization, becausefor optimizable and estimatable Σ
and �Σ, I/O-stabilization is equivalent to exponentialstabilization, by Theorem
7.2.3(d)&(c1).(Seethetheoremfor severalanalogousresults.)

If � hasa d.c.f. and ^ stabilizes � , then � and ^ have jointly [strongly]
stabilizableanddetectablerealizations,by Theorem6.6.28andProposition7.1.6.

If Σ and �Σ aresuchrealizationsandweconnecttheir inputsandoutputs(asin
Figure7.2andDefinition 7.1.1),thentheresulting combinedclosed-loopsystem
becomes[strongly] stable,by Theorem7.2.3. (If � hasanexponential d.c.f. and^ stabilizes� exponentially, thenwe canchooseΣ and �Σ sothattheclosed-loop
systembecomesexponentially stable.)

Notethatwehaveassumed̂ to bewell-posed,thatis, in TIC∞ (i.e., â^0� H∞
∞).

SeeSection7.2for non-well-posedcontrollers.
A stablemap(or system) is stabilizedby any sufficiently smallstablepertur-

bation:

Lemma 7.1.3(Small Gain Theorem) Let �Ò� � TIC ó U üY ô �!^¿� TIC ó YüU ô Ì 1. Then ^
stabilizes� .

If Σ and �Σ are [SOS-/strongly/exponentially]stablerealizationsof � and ^ ,
respectively, then �Σ [SOS-/strongly/exponentially] stabilizesΣ.

Proof: 1�R^ stabilizes � : Now I Êx�¾^ ��� TIC, by LemmaA.3.3(A0),
hence(7.5) is stable.

2� Σ stabilizes�Σ: This followsfrom Theorem7.2.3(d)&(a)&(b). �
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Wewill oftenassumethat � hasad.c.f. If U andY arefinite-dimensional,then
thisdoesnot reducegenerality(wesuspectthatthis is not thecasein general):

Lemma 7.1.4(D.c.f.) If ��� TIC∞ À Cn � Cm Á is DF-stabilizable, then � hasa d.c.f.

However, not all distributed scalar systems (functions f é g, where f � g �
H∞ À C × Á and g ìÀ 0) have coprimefactorizations,becauseH∞ is not a Bezout
domain(see[Vid]), althoughwe do not know if this appliesalsoto well-posed
scalartransferfunctions(thosewith f é g boundedonsomeright half-plane).

If � hasa r.c.f., thenit hasat leasta DF-stabilizingcontrollerwith internal
loop,by Corollary7.2.13;seealsoProposition7.1.6(b1).

If �Ú� TIC∞ À C Á hasa r.c.f., then thereis a stablestabilizingDF-controller
for � . Indeed,if â¸ �ïâ« � H∞ À C × Á arecoprime,then â«çÊ�â^ßâ¸ �Ð� H∞ À C × Á , for
some â^Ú� H∞ À C × Á , by [Treil92], hencethen ^Ú� TIC À C Á is stabilizingfor � , by
Proposition7.1.6(b1).(This wouldnotbethecaseif thescalarfield wasreal,see
[S92].)

Naturally, possible extensions of this “stable (Bass)rank” result by Serge
Treil for multi- or infinite-dimensionalHilbert spaceswould extend the above
conclusioncorrespondingly.

Proof of Lemma 7.1.4: Now �f¹ ¸ «�Ñ 1, where
¸

: ¹��ÈÀ I Ê<^ �þÁ�Ñ 1 and« : ¹¬À I Ê?^��þÁ�Ñ 1 are stable,by (7.5). Thus, â�º¹°â¸ â«ÐÑ 1 � H∞ é H∞ (and â�
is DF-stabilizable),so by [Smith, Theorem1], â� hasa generalizedr.c.f. and

a generalizedl.c.f. in the sensethat â�º¹�â¸ 1 â« Ñ 1
1 and â�º¹ â�« Ñ 1

1
â�¸ 1 for some¸

1 �K« 1 �h�¸ 1 �-�« 1 � TIC with
¸

1 �K« 1 r.c. and �¸ 1 �-�« 1 l.c.
By Lemma 6.5.4(d2), « ��� TIC∞ and �ë¹ ¸ 1 « Ñ 1

1 — this is a r.c.f.
Similarly, � d ¹¯�¸ d

1 À��« d
1 ÁÒÑ 1 is ar.c.f., i.e., ��¹Á�« Ñ 1

1 �¸ 1 is a l.c.f.. Thus,they can
becompletedto a d.c.f.,by Lemma6.5.8. �

Lemma 7.1.5 Let �ð¹ ¸ «�Ñ 1 and ^ ¹ÂP ý Ñ 1 be r.c.f.’s. Then � 0 _¤ 0 �l¹� 0 Hã 0 ��� ä 0
0 I � Ñ 1

is a r.c.f. (of � 0 _¤ 0 � ). Moreover, wehavethefollowing:

(a) TheDF-controller ^ is admissible for � iff � äFHã?I ��� � TIC∞; if this is the
case, then � o

I : ¹ ± I Êt^Ê � I ² Ñ 1 Ê I ¹ ± 0 P¸
0 ² ± « ÊWPÊ ¸ ý ² Ñ 1

(7.6)

(b) TheDF-controller ^ stabilizes � iff � äFHã?I ���x� TIC; if this is thecase, and
weset ù �ý Ê �PÊR�¸ �«Pú : ¹ ± « P¸ ý ² Ñ 1 � (7.7)

then �«0� �ý �v� TIC∞, �«ÐÑ 1 �¸ is a l.c.f. of � , and �ý Ñ 1 �P is a l.c.f. of ^ .
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Theobviousdual resultsfor l.c.f.’sare trueaswell.

So if ^ stabilizes� andthesemapshave coprimefactorizationsfrom same
side,thenweactuallyhave thed.c.f. (7.7);cf. Proposition7.1.6(a).

Proof: Clearly � 0 _¤ 0 �w¹¬� 0 Hã 0 � � ä 0
0 I � Ñ 1

is ar.c.f.,so(a)andtheequivalence
in (b) hold by Lemma 6.6.6 (and Lemma A.1.1(c3)) (recall that L ¹ I in
Definition7.1.1).

Assumenow that ^ DF-stabilizes � Then �«0�h�ý ��� TIC∞, by Lemma
A.1.1(c1)(because«ò� ý do), and(7.7) shows that �«ÐÑ 1 �¸ ¹ ¸ «�Ñ 1, �ý Ñ 1 �P�¹P ý Ñ 1, andthatthesefactorizationsarecoprime.

By taking(causal)adjoints,onegetsthedualresults. �
Proposition7.1.6 Let ��� TIC∞ À U � Y Á .

(a) Anystabilizing DF-controller of � hasa l.c.f. (resp.r.c.f.) iff � hasa r.c.f.
(resp.l.c.f.).

(b) If � hasa r.c.f. �ò¹ ¸ «�Ñ 1, then(b1)–(b3)hold.

(b1) A map ^°� TIC∞ DF-stabilizes � iff ^ hasa l.c.f. ^ ¹Á�ý Ñ 1 �P s.t.�ý «°Ê��P ¸ ¹ I . If �ý and �P aresuch, then�ý ¹�À�«°Ê�^ ¸ Á Ñ 1 �i�Pò¹ À�«°Ê�^ ¸ Á Ñ 1 ^ � and (7.8)� o
I ¹Pù «'�ý Ê I «��P¸ �ý ¸ �P½ú : ± uL

yL ² µ ± uy² ¶ (7.9)

(b2) Let ^Ú¹��ý Ñ 1 �P be a l.c.f. Then ^ DF-stabilizes � iff �ý «çÊ>�P ¸ �� TIC.
(b3)Let ^0¹'P ý Ñ 1 bea r.c.f. Then ^ DF-stabilizes � iff � ä�Hã?I �,�v� TIC.

(c) If � hasa l.c.f. �ò¹Â�« Ñ 1 �¸ , then(c1)–(c3)hold.

(c1) A map ^¬� TIC∞ DF-stabilizes � iff ^ hasa r.c.f. ^ ¹EP ý Ñ 1 s.t.�« ý Ê'�¸ Pò¹ I . If
ý

and P aresuch, thený ¹ À��«ðÊ?�¸ ^¥Á Ñ 1 �©Pò¹�À��«7Ê��¸ ^¥Á Ñ 1 ^ ¶ (7.10)

(c2) Let ^Ú¹EP ý Ñ 1 be a r.c.f. Then ^ DF-stabilizes � iff �« ý Ê&�¸ P��� TIC.

(c3) Let ^�¹ �ý Ñ 1 �P be a l.c.f. Then ^ DF-stabilizes � iff Â CI Ñ CHÑ Cã Cä Ã �� TIC.

(d) Let ^ DF-stabilize � . Then� hasa d.c.f. iff ^ hasa d.c.f.

Notethat Â CI Ñ CHÑ Cã Cä Ã �x� TIC î Â CI CHCã Cä Ã �x� TIC, by LemmaA.1.1(c3).

In (b1),clearly Â I Ñ _Ñ ¤ I Ã ¹ Â ä CI ä CHã CI ä CI Ã : å uL
yL æ µ Â CuCy Ã .
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Proof: (a)This follows from (b1)and(c1),becausewecaninterchangethe
rolesof � and ^ .

(b1) 1� Let � have a r.c.f. À ¸ �»«÷Á and � Ã «çÊ��
 ¸ ¹ I , �
���� Ã�� TIC. Let ^
stabilize� , sothatI Ê©^ �f¹ I Ê©^ ¸ «0Ñ 1 �l� TIC∞ and � o

I � TIC, in particular,«°Ê�^ ¸ �v� TIC∞.
The stability of � å «�À «¼ÊE^ ¸ ÁÖÑ 1 æ ¹ �ÈÀ I ÊE^ �þÁ�Ñ 1 and � å «�À «¼Ê^ ¸ Á�Ñ 1 ^ æ ¹û�ÈÀ I Êf^��þÁ�Ñ 1 ^ç¹ªÀ I Êò�¾^øÁ�Ñ 1 Ê I , from (7.5) (and Lemma

A.1.1(f6)),impliesthatof �ý : ¹�À�« Êi^ ¸ Á�Ñ 1 ¹ «ÐÑ 1 å «�ÀO« Êi^ ¸ Á�Ñ 1 æ and �P : ¹À�« Ê>^ ¸ Á�Ñ 1 ^ , by Lemma6.5.6(b). Clearly �ý « ÊF�P ¸ ¹ À�« Ê>^ ¸ Á�Ñ 1 À�« Ê^ ¸ Á�¹ I , so �ý �v� TIC∞ and �P arel.c.
2� Conversely, if ^ò¹f�ý Ñ 1 �P isal.c.f. and �ý «�ÊD�P ¸ ¹ I , then À I Ê¿^,�þÁ�Ñ 1 ¹å �ý Ñ 1 À��ý «°Ê��P ¸ ÁÒ«ÐÑ 1 æ Ñ 1 ¹Ð«'�ý etc.,hence(7.9)holds,so � o

I � TIC, i.e., ^ is
stabilizing.

3� By Lemma 6.4.5(d), the �ý and �P constructedin 1� are uniquely
determinedby ^ .

(b2) By Lemma6.4.5, all l.c.f.’s of ^ are given by À�~ª�P �=~t�ý Á with ~ �� TIC, Therefore,̂ hasa l.c.f. of the form describedin (a) if f �ý «çÊ&�P ¸ �� TIC.
(b3)This follows from Lemma7.1.5.
(c) This is proved analogously (or by taking (causal)adjoints in (b)). Of

course,wecouldwrite adualformulafor � o
I too.

(d) Thisfollowsfrom (a)andfrom thefactthatawell-posedmaphasad.c.f.
if f it hasa r.c.f. anda l.c.f. [Lemma6.5.8]. �
In mostcontroltheoryonestudiesproperrationaltransferfunctions(i.e.,those

with a (WPLS) realizationwith dimU � dimH � dimY Ì ∞); they always have a
d.c.f. If dimU � dimY Ì ∞, then �Ú� TIC∞ À U � Y Á musthave a d.c.f. in order to
be DF-stabilizable,by Lemma7.1.4. SeeLemma6.5.10for further sufficient
conditionsfor theexistenceof ad.c.f.

For thesereasons,we shall often assumethe existence of a d.c.f. This
assumptionenablesusto generalizetheYoulaparameterizationof all stabilizing
controllers:

Theorem7.1.7(Stabilizing DF-controllers) Let �¬� TIC∞ À U � Y Á have a r.c.f.
anda l.c.f. �ò¹ ¸ «�Ñ 1 ¹G�«ÐÑ 1 �¸ . Then� hasthed.c.f.± « 
¸ Ã�² ù � Ã ÊÄ�
Ê �¸ �«çú ¹ I ¹Qù � Ã ÊÄ�
Ê �¸ �«çú ± « 
¸ Ã�² (7.11)

for some
V��Ãq���
���� Ãñ� TIC, andthefollowing areequivalent:

(i) ^ DF-stabilizes� .

(ii) � äFHã?I � �v� TIC,
ý �x� TIC∞ and ^0¹'P ý Ñ 1.

(iii) Â CI Ñ CHÑ Cã Cä Ã �x� TIC, �ý �x� TIC∞ and ^0¹Å�ý Ñ 1 �P .
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(iv) ^ hasa d.c.f. ^0¹'P ý Ñ 1 ¹��ý Ñ 1 �P s.t.± « P¸ ý ² Ñ 1 ¹Qù �ý ÊR�PÊ �¸ �«Pú ¶ (7.12)

(v) [Youla] ^�¹0ÀÆ
 Û4«U~þÁ ÀÆÃÈÛ ¸ ~þÁ�Ñ 1 for some~�� TIC s.t. ÃÈÛ ¸ ~º�4� TIC∞.

(vi) [Youla] ^�¹�À/� ÃqÛ¥~t�¸ ÁÒÑ 1 Àw�
´Û¥~i�«�Á for some~�� TIC s.t. � Ã�Û¥~Ç�¸ �l� TIC∞.

(vii) ^Ú¹¯P ý Ñ 1, where � H I � ¹ç� ä �ã � ���:È I � and ~ � TIC is s.t.
ý ¹¯ÃÈÛ ¸ ~¬�� TIC∞.

(viii) ^�¹E�ý Ñ 1 �P , where å CI CH æ ¹ å I È æ Â C � C�Cã Cä Ã and ~f� TIC is s.t. �ý ¹D�Ã�Û<~Ç�¸ �� TIC∞.

Moreover, for ~0� TIC wehave ÃÝÛ ¸ ~ë�Ø� TIC∞ îj�Ã�Ûi~Ç�¸ � � TIC∞, and
if eitheris true, thenÀÆ
ÝÛx«U~þÁ ÀÆÃÍÛ ¸ ~þÁ Ñ 1 ¹ ÀÉ� Ã ÛJ~Ç�¸ Á Ñ 1 Àw�
ñÛJ~U�«�Á ¶ (7.13)

Thus, any �ë� TIC∞ having a d.c.f. (denotedby (7.11)) is DF-stabilizable
if f ÃÈÛ ¸ ~¬�Ð� TIC∞ for some ~�� TIC, or equivalently, if f the Ã in (7.11)can
be chosenso that Ã��Ð� TIC∞ � TIC. Thosefactorizations(7.11), in which Ã÷ì�� TIC∞, can be thought as defining non-well-posed(improper)DF-controllers;
seeTheorem7.2.14for ageneralizationcontainingalsosuchcontrollers.

Onefacesthesameproblemin thefinite-dimensional theory(i.e., the theory
for rational transferfunctionswith dimU � dimY Ì ∞): unless â Ã Ûfâ¸ â~ ��� H∞

∞,
the controller ^ is ill-posed (i.e., not proper, that is, unbounded in any right
half-plane). If detÀ�â Ã Û�â¸ â~þÁ À 0, then â^ is not definedanywhere. However,
regardlessof detÀ â ÃþÛ â¸ â~ÈÁ , the combinedclosed-loopcondition (in Figure7.1)
is well-posed.This kind of non-well-posedcontrollers(“controllerswith internal
loop”) aretreatedin Section7.2.

Notethatall factorizationsof ^ (and � ) in thetheoremareobviouslycoprime.

Werecallfrom LemmaA.1.1(c3)that Â CI Ñ CHÑ Cã Cä Ã �v� TIC iff Â CI CHCã Cä Ã �v� TIC.

Proof: The d.c.f. (7.11) exists, by Lemma6.5.8. Thus, any stabilizing
controllerof � hasad.c.f.,by Proposition7.1.6(d).

“(i) î (ii)”: This follows from Lemma7.1.5(b). Note that � äFHã?I � �÷� TIC
impliesthat P and

ý
arer.c.

“(ii) î (iii)”: Theseareadjointsof eachother.
“(ii) î (vii) î (iv)”: By Lemma6.5.9(b),all completions � H I � suchasin (ii)

aregivenby Â �-Ê × ä CÈ�ËÊ × ã CÈ Ã with �~�� TIC andÌò�l� TIC. Thestabilizingcontrollers

are,by (ii), theonescorrespondingto ÃoÌñÛ ¸ �~ �½� TIC∞, so,by Lemma6.4.5,
we maytake Ì�¹ I (and ~ : ¹$�~QÌ�Ñ 1 � TIC arbitrary)without altering ^ , and
thusweobtaintheequivalentparametrization(vii). Moreover, in thiscase± « 
ÝÛx«U~¸ ÃÍÛ ¸ ~Ð² Ñ 1 ¹ ù � Ã�ÛJ~ �¸ ÊÝÀ �
ñÛJ~ �«�ÁÊR�¸ �« ú � (7.14)

by Lemma6.5.9(c).
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Claim (v) is a reformulationof (vii); claims(viii) and(vi) arethedualsof
(vii) and(v), respectively.

To prove the final claim about Youla parametrization,we note that, by
(7.14)andLemmaA.1.1(c1), ÃÝÛ ¸ ~��÷� TIC∞ îÍ�ÃÈÛU~t�¸ �÷� TIC∞. More-
over, (7.14)implies(7.13)if ÃÍÛ ¸ ~Ú�v� TIC∞. �
Directly from thetheoremweget:

Corollary 7.1.8(Youla-parametrization) Let �0� TIC∞ À U � Y Á havea r.c.f. and
a l.c.f. �ò¹ ¸ « Ñ 1 ¹G�« Ñ 1 �¸ . Then� hasthed.c.f.± « 
¸ Ã�² ù � Ã ÊÄ�
ÊR�¸ �« ú ¹ I ¹ ù � Ã ÊÄ�
ÊR�¸ �« ú ± « 
¸ Ã�² ¶ (7.15)

for some
V��Ãq���
���� Ãñ� TIC.
Moreover, thefollowingareequivalent:

(i) � is DF-stabilizable.

(ii) � äFHã?I ���v� TIC for some
ý ��P s.t.

ý �v� TIC∞.

(iii) Â CI Ñ CHÑ Cã Cä Ã �x� TIC for some�ý �h�P s.t. �ý �v� TIC∞.

(vi) [Youla] ÃÍÛ ¸ ~Ú�x� TIC∞ for some~�� TIC.

(vii) [Youla] � Ã ÛJ~t�¸ �v� TIC∞ for some~�� TIC.

Finally, if theseconditionsare satisfied,thenall DF-stabilizing controllers of� areparametrizedby^0¹ ÀÆ
ÝÛx«U~ÈÁ�ÀÆÃÍÛ ¸ ~þÁ Ñ 1 ¹�ÀÉ� Ã ÛJ~t�¸ Á Ñ 1 Àw�
ñÛJ~U�«�Á ¶ (7.16)

where ~ rangesover those ~�� TIC for which ÃÈÛ ¸ ~°�Ð� TIC∞ (equivalently,� Ã�ÛJ~ �¸ �v� TIC∞).
An alternative parametrization is ^°¹$P ý Ñ 1 s.t. � äFHã?I �´��� TIC and

ý �� TIC∞; a third oneis ^�¹ �ý Ñ 1 �P s.t. Â CI Ñ CHÑ Cã Cä Ã �x� TIC and �ý �v� TIC∞. �
Given certainregularity, we canmake thecontrollercorrespondingto a r.c.f.

well-posed:

Corollary 7.1.9 Let � havea r.c.f. �f¹ ¸ «ºÑ 1, �ý «¬Êf�P ¸ ¹ I s.t. �ý �K« � ULR.
Then� is DF-stabilizable.

Proof: Define� Ã : ¹ M Ñ 1 Û&�ý Ê M Ñ 1 «'�ý �k�
 : ¹E�P Ê M Ñ 1 «'�P (7.17)

to obtain that � Ã «çÊ �
ÎPº¹ I , � Ã½� ULR and �S ¹ M Ñ 1 Û �X Ê �X ¹ M Ñ 1 ��� Î
(by Proposition6.3.1(c)),hence� Ãl� � TIC∞. Thus, � ÃuÑ 1 �
 DF-stabilizes� , by
Proposition7.1.6(b1). �
Naturally, Youlaparametrizationcanbeappliedalsowhenoneonewishesto

work in asubclassof TIC:
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Proposition7.1.10 Assumethat
Î ö

a
·°ö

a
ULR � TIC (e.g., ·�¹ MTIC or ·Ú¹

ULR � TIC, seeDefinition6.2.4). Assumethat � hasa d.c.f. over · , i.e., (7.11)
holdswith «�� ¸ �£Ã��Ï
V�§�«0�h�¸ ��� Ã��Ð�
÷�k· .

Thenall stabilizing DF-controllers of � are parametrizedin Theorem7.1.7,
andtheonesthathavea d.c.f. over · areexactlythosewhoseparameter(s)are in· , i.e., which satisfyany(henceall) of thefollowingequivalentconditions:

(ii) ^ hasa r.c.f. ^0¹�P ý Ñ 1 s.t.
ý ��P��k· ;

(iii) ^ hasa l.c.f. ^0¹$�ý Ñ 1 �P s.t. �ý �h�P��k· ;

(v) ~��ñ· in (v), (vi), (vii) or (viii) of Theorem7.1.7.

If ·°ö
a

ULR, then � hasstabilizingDF-controllers.

Note that · ¹ MTIC and · ¹ ULR � TIC satisfyall above assumptions (cf.
Definition6.2.4).Seealso(theCorona)Theorem4.1.6(d)for suchd.c.f.’s.

Proof: Theorem7.1.7parametrizesall DF-stabilizingcontrollersof � , in
particular, by (vi’), (vi”) and(7.13)of Theorem7.1.7,they satisfy± « P¸ ý ² : ¹ ± « 
¸ Ã�² ± I ~

0 I ² and ù �ý ÊR�PÊR�¸ �« ú : ¹ ± I ÊW~
0 I ² Ñ 1 ù � Ã ÊÄ�
ÊR�¸ �« ú

(7.18)
for some ~�� TIC. If ~��x· , then clearly

ý ��PÈ�¨�ý �h�P��x· . Conversely, ifý ��Pò�´· , then � I È0 I �w¹ Â C � Ñ C�Ñ Cã Cä Ã � äFHãUI �X�´· (analogously, ~��´· if f �ý �h�P��´· ).

If ·¬ö
a

ULR, then the existenceof a stabilizing controller is guaranteed,

by Corollary 7.1.9. (Alternatively, we can take ~ : ¹�Ê M Ñ 1T, becausethenÀÉ� Ã Û>~Ç�¸ Á�À Û ∞ Á�¹ M Ñ 1 À M �S Ê T �N Á,¹ M Ñ 1 ��� Î À U Á , by (7.11)À Û ∞ Á 1 ü 1 and
Proposition6.3.1(c).) �
Notes
The connectionbetweencoprimefactorizationanddynamicstabilization (in

Theorem7.1.7 and Corollary 7.1.8) is well-known; see, e.g., pp. 36–42 of
[Francis]or Chapter12 of [ZDG] for classicalpresentationsand[CWW96] and
[CWW01] for resultsfor WPLSs.O. Staffanshasrecentlyincludedsomefurther
resultsin [Sbook].

The classof matrix-valued “H ∞ é H∞ transferfunctions” is not containedin,
nordoesit containtheclassmatrix-valuedwell-posedtransferfunctions.(Remark
7.2.20sketchesaninfinite-dimensionaltheorythatcoversbothclasses.)

ThedynamicI/O-stabilizationtheorybasedon fractionalrepresentationswas
first introduced in [DLMS] for rational functions. Also more generalcases
have beenstudiedextensively; see,e.g., [GS] for the generalcaseof matrix-
valued“H∞ é H∞ transferfunctions”,[CZ] for thespecialcaseof aCallier–Desoer
class(from [CD78]), and [Logemann93]for certain other specialcases(with
applicationsto PS-systems).An excellent classicalreferenceis [Vid], which
coversall theseclassesto someextent.Seethenotesto Chapters7 and9 of [CZ]
for furtherhistoricalnotes(thesealsocover theresultspostponedto Section7.2).
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Above we have presentedhereonly the coreresultsof the theoryandthose
resultsthat requirethecontroller to bewell-posed.In therestof this chapterwe
shallpresentfurtherresultsonDF-stabilization undermoregeneralassumptions.
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8×Ä×�y 7yL B 5 y Bu 8×Ä×5 uL

4 �uBξ 8×Ä× ξL5�ξ4
Figure7.3: DF-controller̀ with internalloop for ��� TIC∞ À U � Y Á

7.2 DF-stabilization with internal loop ( Ñ 0�
0

` 11
0` 21

` 12
0` 22 Ò )

It’ s notanoptical illusion, it just lookslikeone.

— Phil White

Therestriction
ý �l� TIC∞ (or Ã�Û ¸ ~0�l� TIC∞) in theYoulaparametrization

of Theorem7.1.7 might feel somewhat artificial: it is only neededin order to
have the open-loopmap ^ : �y ³µ u of the controllerwell-posed(or proper, i.e.,^Ú� TIC∞), but evenwithout thatcondition, all closed-loopmapsarewell-posed
(onceweconnectthecontrollerto theplant).

Therefore,in finite-dimensionaltheory, onesometimesallowsfor improper(or
non-well-posed)controllers. To cover suchcontrollersin additionto the proper
ones,G. WeissandR. Curtain introduced DF-controllers with internal loop in
[WC].

This conceptallows us to have mathematically more beautiful formulae
and offers a solution to certainproblemsthat cannotbe solved by well-posed
controllers(seetheexampleat thebeginning of [CWW01]). Nevertheless, in our
mostimportantresults,we alsopoint out whensucha controllercanbereplaced
by awell-posedcontroller.

Well-posedcontrollers, i.e., thoseof Section7.1, area subsetof controllers
with internalloop(andsoareall H∞ é H∞ fractionalcontrollers,seeRemark7.2.8),
hencemany resultsconcerningthemwereomittedin theprevioussectionandare
presentedhereunderwidergenerality.

Ontheotherhand,theproofsof mostresultsfor controllerswith internalloop
couldbereducedto thewell-posedcase,by Lemma7.2.6.

A map `º¹ Â�a 11 a 12a 21 a 22 Ã � TIC∞ À Y Ï Ξ � U Ï Ξ Á , whereΞ is anarbitraryHilbert

space,becomesa DF-controllerwith internal loop whenwe connectits second
output to its secondinput, as in Figure7.3. This resultingcontrollerneednot
be well-posed,i.e., closingthe internal(ξ) loop only neednot be an admissible
operation(when ` is uncoupledfrom � ); it is enoughthat thecombinedclosed-
loopsystemof Figure7.3becomeswell-posed.

As above, a DF-controller with internal loop has an internal signal ξ �
L2

loc À R;Ξ Á , whereΞ is someHilbert space.Notethatwhereasa givenplantfixes
thesignalspacesU andY of any of its controllers,thespaceΞ maybedifferent
for differentcontrollers.
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In Figure7.3,weobviously have¦§ uy
ξ

¨© ¹ ¦§ 0 ` 11 ` 12� 0 0
0 ` 21 ` 22

¨© ¦§ u Û uL

y Û yL

ξ Û ξL

¨© ¹ : � o ¦§ u Û uL

y Û yL

ξ Û ξL

¨©l¶
(7.19)

As under(7.1), we observe that the correspondingclosed-loopmapis given by� o
I ¹ºÀ I Êß� o ÁÒÑ 1 � o, andthatthecorrespondingclosed-loopsystemis givenby Σo

I
givenbelow. Therefore,wemake thefollowingdefinitions:

Definition 7.2.1(DF-stabilization with internal loop) Let � � TIC∞ À U � Y Á . A

map `Ú¹ Â�a 11 a 12a 21 a 22 Ã � TIC∞ À Y Ï Ξ � U Ï Ξ Á (where also Ξ is a Hilbert space)is

an admissible [stabilizing] (DF-)controllerwith internalloop for � if the output
feedback operator L ¹ I is admissible [stabilizing] for� o : ¹ ¦§ 0 ` 11 ` 12� 0 0

0 ` 21 ` 22

¨© � TIC∞ À U Ï Y Ï Ξ Á ¶ (7.20)

We call �Σ ¹ Â C¡ C¢C£ a Ã � WPLSÀ Y Ï Ξ � �H � U Ï Ξ Á an admissible [stabilizing]

(DF-)controller with internal loop for Σ ¹P� ¡ ¢£ ¤ �þ� WPLSÀ U � H � Y Á if L ¹ I is
admissible [stabilizing] for the(permutated)parallel connection

Σo : ¹ ¦xxxxx§
Ó

0 � 0 0
0 �Ó 0 �� 1 �� 2

0 �� 1 0 ` 11 ` 12� 0 � 0 0
0 �� 2 0 ` 21 ` 22

¨ yyyyy© � WPLSÀ U Ï Y Ï Ξ � H Ï �H � U Ï Y Ï Ξ Á ¶
(7.21)

Weusepreficesasin Definition6.6.4with Σo
I in placeof ΣL.

We call � (resp.Σ) DF-stabilizablewith internalloop if there is a stabilizing
controller with internal loop for � (resp.for Σ), andweusepreficesasabove.

We call two admissible DF-controllers for � (resp.for Σ) with internal loop
equivalent for � (resp.for Σ) if the corresponding À 1–2 � 1–2Á -blocks of � o

I : ¹À I Êl� o ÁÒÑ 1 Ê I areequal,i.e., if they determinesamemapsfromuL � yL to u � y.
If `�¹ � a 11 0

0 0 �¥� TIC∞ À Y Ï Ξ � U Ï Ξ Á , thenwe mayremove the words “with
internal loop” everywherein thisdefinition andidentify ` with ` 11 � TIC∞ À Y� U Á
(cf. Lemma7.2.7).

Naturally, “ [DF-]stabilizes” means“is stabilizing for”, in any of the above
settings.

Notethat � o
I mapsÀ uL � yL � ξL Á ³µ À u � y� ξ Á . SeealsoFigures7.3and7.4andthe

commentsbelow Definition7.1.1andSummary6.7.1.

Lemma 7.2.2(DF-Admissibility and equivalence) Let �f� TIC∞ À U � Y Á . A map`ò¹ Â�a 11 a 12a 21 a 22 Ã � TIC∞ À Y Ï Ξ � U Ï Ξ Á isanadmissible[stabilizing] controller with

internal loop for � iff theconnectionif Figure 7.3 is well-posed[and stable, i.e.,
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¼
Σ

�Ó �� 1τ �� 2τ�� 1 ` 11 ` 12�� 2 ` 21 ` 22

8×Ä×7�y 5 yyL B
Bu 8×Ä×5 uL

4 �ux0

4x5
Bξ 8×Ä× ξL5�ξ4�x0

4�x5
Figure7.4: DF-controller�Σ with internalloop for Σ � WPLSÀ U � H � Y Á

u � y� ξ � L2 for all uL � yL � ξL � L2], equivalently, iff I Ê�� o � � TIC∞ À U Ï Y Ï Ξ Á
[and À I Êl� o ÁÒÑ 1 � TIC].

Moreover, �Σ ¹ Â C¡ C¢C£ a Ã is admissiblewith internal loop for Σ ¹ � ¡ ¢£ ¤ � iff ` is

admissible with internal loop for � .
Finally, if two admissible controllers for Σ are equivalentfor Σ (i.e., their I/O

mapsare equivalentfor � ), thenthe mapsfromx0 � uL � yL to x � u � y are equalfor
thetwo closed-loopsystems.

Analogously, �Σ is admissible [stabilizing] for Σ if f theclosed-loopsystemin
Figure7.4 is well-posed[andstable,i.e.,u � y� ξ � L2 andx and �x areboundedfor
all uL � yL � ξL � L2 À R × ; % Á , x0 � H and �x0 � �H]. (Wenotethatexponentialstability
is equivalentto x � �x � L2 (andhenceu � y� ξ � L2) for all uL � yL � ξL � L2 � x0 � H and�x � �H, by LemmaA.4.5andLemma6.1.10(a1).)

We observe that only the mapsconcerning�x, �x0, ξ and ξL may differ for
equivalentcontrollersfor Σ; thus,thereis nodifferencefrom thepartof �Σ visible
for Σ.

Proof: Theclaim on I Ê4� o andthe“moreover claim” follow from Defini-
tions7.2.1and6.6.1.ThereferencetoFigure7.3isobvious(cf. (6.122)–(6.124)
and(6.127)).

The final claim (which could be observed from Figure 7.4) follows by
computing Σo

I from (6.125)andobservingthat its first, third andfourth rows

and columns dependonly on Σ and � I 0 0
0 I 0 � � o

I � I 0 0
0 I 0 � T (use the fact that� o

I : ¹ò� o À I Êl� o ÁÒÑ 1 ¹�À I Êl� o ÁÒÑ 1 Ê I ). �
The identificationof � a 11 0

0 0 � and ` 11 is natural: all open-loopand closed-
loop signalsin Figures7.3 and7.1 becomeequal(exceptthat in Figure7.3, we
have the additional, negligible signalsξ ¹ 0 and �ξ ¹ ξL). Thus,a (well-posed)
stabilizing controller (in the senseof Definition 7.1.1) is a specialcaseof a
stabilizingcontrollerwith internal loop (seealsoLemma7.2.7). The situation
with systemsis thesame(cf. Figures7.4and7.2).

We stressthat we mention the words “internal loop” explicitly whenever
we speakof such controllers; all other mapsare assumedto be well-posed,
i.e., � TIC∞ (which is alsostatedexplicitly in theoremsanddefinitions),so no
confusionshouldarise. The sameappliesto mapswith coprimeinternal loop
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(Definition7.2.11)andalsoelsewhereis thischapter.
In connectionwith the H∞ Four-Block Problem, however, the theory for

controllerswith internal loop becomesmorenaturalandbeautiful thanthe part
restrictedto well-posedcontrollers. Therefore,in Chapter12, contrary to the
practice of this chapter, a “[stabilizing] controller” is allowed to possessan
internalloop,and“well-posed”is alwayswrittenexplicitly, never tacitly.

Trivially, �Σ I/O-DF-stabilizesΣ if f ` DF-stabilizes� (i.e., if f � o
I becomes

stable). Under standardassumptions, this is also equivalent to the stronger
conditionthat �Σ DF-stabilizesΣ (i.e., thatthewholeΣo

I becomesstable):

Theorem7.2.3(�Σ�Σ�Σ stabilizesΣ îÍ`Σ îÍ`Σ îj` stabilizes� � � ) Let Σ ¹ � ¡ ¢£ ¤ � �
WPLSÀ U � H � Y Á and �Σ ¹ðÂ C¡ C¢C£ a Ã � WPLSÀ Y Ï Ξ � �H � U Ï Ξ Á .

(a) Supposethat Σ and �Σ are SOS-stabilizable. Then �Σ SOS-stabilizesΣ with
internal loop iff �Σ I/O-stabilizesΣ with internal loop.

(b) ([Strong] stability) Suppose thatanyof thefollowingconditionsholds:

(1.) bothΣ and �Σ are [[exponentially] strongly] q.r.c.-stabilizable;
(2.) bothΣ and �Σ are [[exponentially] strongly] q.l.c.-detectable;
(3.) both Σ and �Σ are SOS-stabilizable and [[exponentially] strongly]

detectable;
(4.) bothΣ and �Σ aredetectableand[exponentially]stabilizable.

Then �Σ [[exponentially] strongly] stabilizesΣ with internal loop iff �Σ I/O-
stabilizesΣ with internal loop.

(c1) (Exponential stability) The system �Σ stabilizes Σ exponentially with
internal loop iff �Σ I/O-stabilizesΣ with internal loop and Σ and �Σ are
optimizable andestimatable.

(c2)Supposethatanyof thefollowingconditionsholds:

(1.) bothΣ and �Σ areoptimizableandestimatable;
(2.) bothΣ and �Σ areoptimizableandinput-detectable;
(3.) bothΣ and �Σ areestimatableandoutput-stabilizable;
(4.) bothΣ and �Σ areoptimizableandq.r.c.-stabilizable;
(5.) bothΣ and �Σ areestimatableandq.l.c.-detectable.

Then �Σ stabilizesΣ exponentially with internal loop iff �Σ I/O-stabilizesΣ
with internal loop.

(d) (Well-posed controllers) Suppose that, instead, �Σ ¹ Â C¡ C¢C£ _ Ã �
WPLSÀ Y� �H � U Á . Then (a)–(c2) hold if we deletethe words “with inter-
nal loop” everywhere in this theorem.

Thus,all mapsbetweensignals(i.e., Σo
I : x0 � �x0 � uL � yL � ξL ³µ x � �x � u � y� ξ (and³µ �u � �y � �ξ)) in Figure7.4 are(SOS-/strongly/exponentially/...) stableif f themaps
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from uL, yL andξL to u, y andξ arestableandΣ and �Σ have the corresponding
stabilizability listedabove.

Therefore,we canoften concentrateon the I/O theory. E.g., if Σ is jointly
stabilizableanddetectable,andwe find a stabilizing controllerfor � , thenany of
its q.r.c.-stabilizablerealizations(cf. Theorems7.2.14and 6.6.28)stabilizesΣ.
Analogousclaimsholdunderotherassumptionsfor Σ.

Proof of Theorem 7.2.3: (a)&(b)&(c2) By Lemma6.7.18(andLemma
6.7.17with G ¹ç� 0 I

I 0 � ), Σo inheritsthestabilizability anddetectabilityproper-

tiesof Σ and �Σ. Thereforetheaboveassumptionsimply, by Proposition 6.7.14,
thatL ¹ I is (SOS-/strongly/exponentially, dependingon theassumptions)sta-
bilizing for Σo if f it is I/O-stabilizing.

(c1) This is Theorem7.4 of [WR00] (alternatively, “if ” follows from
Theorem6.7.10(d)(viii), andtheconversefrom (6.126)for optimizability (note
thatΣo is obviously optimizable if f Σ and �Σ areoptimizable)andby duality for
estimatability (seeLemma6.7.2(e’))).

(d) Theaboveproofsstill apply(usè0¹Þ� _ 0
0 0 � etc.). �

We can now extend the standardresult (cf. p. 303 of [ZDG] and Theorem
7.3.12)to infinite-dimensionalsystems(althoughtheconversein (b) is incomplete
andthosein (c) and(d) donot coverall WPLSs):

Theorem 7.2.4(Exp. DF-stabilizable î î î opt. & est.) Let Σ : ¹ � ¡ ¢£ ¤ � �
WPLSÀ U � H � Y Á .

(a) If Σ is exponentiallyDF-stabilizable[with internal loop], thenΣ is optimiz-
ableandestimatable.

(b) Conversely, if Σ is jointly [[exponentially] strongly] stabilizableand de-
tectable, thenΣ is [[exponentially] strongly] DF-stabilizablewith internal
loop.

(c) Assumethat
Ó

Bu0 � Ó É C É y0 � L1
loc À R × ;H Á for all u0 � U and y0 � Y, and

that � is ULR.Thenthefollowingareequivalent:

(i) Σ is exponentiallyDF-stabilizable;
(ii) Σ is exponentiallyDF-stabilizablewith internal loop;
(iii) Σ is optimizableandestimatable;
(iv) Σ is exponentially jointly stabilizableanddetectable;
(v) Σ is exponentiallyjointly stabilizableanddetectablebysomebounded

K andH.

Moreover, if (v) holds,then(d) applieswith thesameK andH (hence(6.169)
and(7.22)becomeULR).

(d) If K and H are [[exponentially] strongly] jointly stabilizing with (6.169)
beingSR,andI Ê<3 L �x� TIC∞ À Y Á (thisholdsif (6.169)is ULR), thenº A Û BKs Û HCs Û HDKs Ê H

K 0 » � WPLSÀ Y� H � U Á (7.22)
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is a [[exponentially] strongly] DF-stabilizing controller for Σ. Moreover,
(7.22) is SR and [[exponentially] strongly] jointly stabilizable and de-
tectable.

Note that the assumptions of (c) hold if B andC are bounded(or if
Ó

is
somewhat smoothing, e.g., if Hypothesis9.5.1holds),hencealwaysin discrete
time.

A weaker form of the exponentialpart of the theoremis well-known for
Pritchard–Salamonsystems; e.g.,Theorem2.30of [Keu] is a specialcaseof (d)
(sincePS-systemsareULR andstabilizability (anddetectability) aredefinedin
a very strongsensefor PS-systems;seeRemark6.6.15).However, theresult(c)
seemsto benew in thisgenerality

If wedroptherequirement“ I Êe3 L ì��� TIC∞” from (d), then“(7.22)” canstill
be formulatedasa controllerwith internalloop; seeProposition5.3 of [WC] for
anexponentialversionof thisclaim(or modify ourproof slightly).

Proof: (a)This followsfrom Theorem7.2.3(c1).
(b) By the proof of Theorem6.6.28,we have the d.c.f. (6.172),andΣ is

[strongly] r.c.-stabilizable.Consequently,ù �Ó ���� ` ú : ¹Z¦§ Ó
L 0 2 LÊ � L 0 ÊQ" L� L I 3 L

¨©
(7.23)

is anI/O-stabilizing controllerwith internalloop for Σ (i.e., ` DF-stabilizes�
with internalloop),by, e.g.,Theorem7.2.14(i) (or thedualof Lemma7.2.10(a);
wecoulduse(7.13)insteadif onewouldassumethatI Ê½3 L �v� TIC∞ À Y Á , i.e.,
that ^ werewell-posed).

But (7.23) is [[exponentially] strongly] stable, hence [strongly] r.c.-
stabilizable[[and optimizableandestimatable]], henceit DF-stabilizesΣ [[ex-
ponentially] strongly]with internalloop,by Theorem7.2.3(b)[(c1)].

(c) By Corollary9.2.13,(iii)–(v) areequivalent andthe “moreover”-claim
holds(with theULR-propertyfrom Lemma6.3.16(d));in particular, (v) implies
(i), by (d). Implication“(i) � (ii)” is trivial, and“(ii) � (iii)” wasgivenin (a).

(d) (Notethatwehaveadoptedthenotation of Definition6.6.21.Naturally,
thesignsof K andH canbeinterchanged.)

If (6.169) is ULR, UR, SLR, UVR or SVR, thenso are all systemsand
mapsappearingbelow (including (7.22)), by Proposition 6.3.1(b2); for the
samereason,all of themarealwaysSR.(SeealsoLemma6.6.27.)

1� When(6.169)is ULR: If (6.169)is ULR, then I ÊU3 L is invertible, by
Proposition6.3.1(c),sincethe I/O mapof (6.169)(andhenceof (6.170)and
(6.171))correspondingto K andH is givenby � 0 D

0 0 � ; in particular, GL ¹ 0 À ¹
GÁ .

2� DF-stabilizing ^ : By the proof of Theorem6.6.28,we have the d.c.f.
(6.172). By (6.172)andLemma6.5.9(a1),the invertibility of I ÊU3 L implies
thatof I Ê � CL . By (7.13)(with ~ò¹ 0), themap^ : ¹ºÊQ" L À I Ê<3 L Á Ñ 1 ¹ºÊÝÀ I Ê �§CL Á Ñ 1 " CL � TIC∞ À Y� U Á (7.24)
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is aDF-stabilizingcontrollerfor � and(7.24)is a [[exponential]]d.c.f.
3� (7.22)is a SRWPLSwith I/O map ^ : By Definition 6.6.21,L : ¹Q� 0 0

0 I �
is admissible for ΣTotal. Assumption I ÊU3 L �÷� TIC∞ saysthat �L : ¹ � 0 0

0 I � is
admissiblefor À ΣTotalÁ L; from (6.125)weobservethatthecorrespondingsystemÀ ΣTotalÁ L × CL ¹ À ΣTotal Á I has � É ÉÑ _½É � asits I/O map.

Apply (6.142)(andProposition 6.6.18(a1)andProposition6.3.1(a3))twice
to observe thatthegeneratorsof À ΣTotal Á I aregiven by¦§ A Û BKs Û HCs Û HDKs H B Û HD

Cs Û DKs 0 D
Ks 0 0

¨©l¶
(7.25)

Weconcludethat(7.22)is aSRWPLSwith I/O map ^ .
4� Therest:
Let Σ Ù bethesystemgeneratedby¦§ A Û BKs Û HCs Û HDKs Ê H ÊÝÀ B Û HD Á

Cs Û DKs 0 D
Ks 0 0

¨©l¶
(7.26)

ThenΣ Ù with its secondandthird columnsmultiplied by Ê 1 equals À ΣTotal Á I .
From(6.126weobservethat À Σ Ù Á L with its secondandthird columnsmultiplied
by Ê 1 equalsÀ!À ΣTotal Á I Á Ñ L ( ¹ À ΣTotalÁ:CL, by Lemma6.6.3),andthat À Σ Ù Á:CL with
its secondandthird columnsmultipliedby Ê 1 equalsÀ!À ΣTotal Á I Á Ñ CL ¹ À ΣTotal Á L.

Fromthis and(7.26)weobserve thatCs Û DKs and ÊÝÀ B Û HD Á are[[expo-
nentially] strongly] jointly stabilizingfor (7.22)(with “E ¹ 0”). In particular,
(7.22) is [[exponentially] strongly] r.c.-stabilizable,by Theorem6.6.28(and
Lemma6.6.22).By this, 2 � andTheorem7.2.3(b)(1.),(7.22) [[exponentially]
strongly] DF-stabilizesΣ. �
Formally, a controller ` with internal loop mapsy ³µ u ¹¬ÀÆ` 11 Û>` 12 À I Ê` 22 ÁÒÑ 1 ` 21 Á y. (If I ÊJ` 22 �÷� TIC∞ À Ξ Á , thenthis formula is not merelyformal,

by Lemma7.2.7.)
Thus,alsothecontrollersof form“right coprimeH∞ é H∞” (of form P ý Ñ 1 withý ��P0� TIC beingr.c.) canbewritten ascontrollerswith internalloop,by taking`º¹ � 0 H

I I Ñ I � . We will call suchcontrollersmapswith r.c. internalloop (they are
thecanonicalcontrollersof [CWW01]); seeDefinition7.2.11for details.Herewe
requireneither

ý
nor �ý to beinvertible, it is enoughthatthesystem� o

I produced
by closingthetwo loopssimultaneouslyis well-posed.

Thesurprisingfact is thatall stabilizingcontrollersareof this form (modulo
equivalence),whenever � hasa l.c.f. This fact is themaintheoremof [CWW01],
but we give here(part (b) below) a shorterproof insteadof the original seven
pageslong one.We alsogive a necessaryandsufficient condition ((a) or its dual
(a’)) in thegeneralcase:

Proposition7.2.5(I/O-DF-stabilizing controller with IL) Let �0� TIC∞ À U � Y Á
and `�¹ Â�a 11 a 12a 21 a 22 Ã � TIC∞ À Y Ï Ξ � U Ï Ξ Á .
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(a) ` is admissible with internal loop for � iff 2 : ¹ Â I Ñ ¤ a 11 Ñ ¤ a 12Ñ a 21 I Ñ a 22 Ã �� TIC∞ À Y Ï Ξ Á . Moreover, ` is [exponentially] stabilizing with internal
loop iff thecorrespondingclosed-loopmapÀ I ÊÝ� o Á Ñ 1 ¹ ¦xx§ IU ÛÚ� ` 11 ` 12 �12 Ñ 1 ± �0 ² � ` 11 ` 12 �°2 Ñ 12 Ñ 1 ± �0 ² 2þÑ 1

¨ yy©
: ¦§ uL

yL

ξL

¨© ³µ ¦§ u Û uL

y Û yL

ξ Û ξL

¨©
(7.27)

is [exponentially] stable.

(a’) ` is admissible with internal loop for � iff Ô : ¹ Â I Ñ a 11
¤ Ñ a 12Ñ a 21
¤

I Ñ a 22 Ã �� TIC∞ À U Ï Ξ Á . Moreover, ` is [exponentially] stabilizing with internal
loop iff thecorrespondingclosed-loopmap¦xx§ IY ÛÚ� � 0�1Ô Ñ 1 ± ` 11` 21 ² � � 0�°Ô Ñ 1Ô,Ñ 1 ± ` 11` 21 ² Ô�Ñ 1

¨ yy©
: ¦§ yL

uL

ξL

¨© ³µ ¦§ y Û yL

u Û uL

ξ Û ξL

¨©
(7.28)

is [exponentially] stable.

(b) Let � havea l.c.f. �º¹Õ�«�Ñ 1 �¸ . Then ` is admissible with internal loop

for � iff � : ¹ Â Cä Ñ Cã a 11 Ñ Cã a 12Ñ a 21 I Ñ a 22 Ã �Ø� TIC∞ À Y Ï Ξ Á , and ` is stabilizing with

internal loop iff � Ñ 1 � � ` 11 ` 12 � � Ñ 1 � TIC.

Moreover, if ` is stabilizing with internal loop for � andweset± Pý ² : ¹ ± ` 11 ` 12

IY 0 ² � Ñ 1 ± IY0 ² � (7.29)

then ` Ù : ¹°� 0 H
I I Ñ I �X� TIC À Y Ï Y� U Ï Y Á , �« ý Ê��¸ P÷¹ IY, `�Ù is anequivalent

(to ` ) stabilizingcontroller with internal loop for � , and ` ¹FP o
ý Ñ 1

o is a
r.c.f., where

ý
o : ¹ � Ñ 1 and P o : ¹�` � Ñ 1 (in particular, ` � Ñ 1 � TIC).

Of course, thecorrespondingdual resultholdsfor � havinga r.c.f.

(c) ` is admissible (resp.[exponentially] stabilizing)with internal loop for �
iff ` is admissible (resp.[exponentially]stabilizing) for � ¤ 0

0 IΞ � .
(d) ` is admissible (resp.[exponentially] stabilizing)with internal loop for �

iff ` d is admissible (resp.[exponentially] stabilizing) for � d with internal
loop.

(e) ` and �`�� TIC∞ À Y Ï Ξ ÙK� U Ï Ξ Ù Á areequivalentfor � iff À�2´Ñ 1 Á 11 ¹�À£�2þÑ 1 Á 11

and À�� ` 11 ` 12 �12þÑ 1 Á 1 ¹ÚÀ Â �` 11 �` 12 Ã �2þÑ 1 Á 1, where �2 correspondsto �`
asin (a).

If ` is merelyadmissible in (b), thenoneobserves from the proof that the
conclusionsof (b) still hold exceptthat `ÈÙ�� TIC∞ (insteadof TIC0) andthat `�Ù
neednotbestabilizing (but it is admissible,becauseit is equivalent to ` ).
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Proof: (a) This follows by applyingLemmaA.1.1(d1)to A : ¹ I Ê�� o (so
that 2º¹ A22 Ê A21A Ñ 1

11 A12).
(N.B. two admissible controllerswith internalloop areequivalentfor � if f

they producesamemaps À�2 Ñ 1 Á 11 and À � ` 11 ` 12 �°2 Ñ 1 Á 1, sincethenthe À 1–
2 � 1–2Á -blocksof (7.27)arethesame.)

(a’) Now we setA : ¹ T À I Ê�� o Á T, whereT : ¹ Â 0 I 0
I 0 0
0 0 I Ã , andapplyLemma

A.1.1(d1)asin (a) (notethat Ôò¹ A22 Ê A21A Ñ 1
11 A12).

(b) 1� Clearly 2ð¹ Â Cä 0
0 I Ã Ñ 1 � , so 2ç� � TIC∞ î � � � TIC∞. The

correspondingclosed-loopmapisÀ I Êl� o Á Ñ 1 ¹ ¦xx§ I Û � ` 11 ` 12 �ï� Ñ 1 ± �¸0 ² � ` 11 ` 12 � � Ñ 1 ± �« 0
0 I ²� Ñ 1 ± �¸0 ² � Ñ 1 ± �« 0

0 I ²
¨zyy© � (7.30)

so � Ñ 1 �ï� ` 11 ` 12 � � Ñ 1 � TIC is clearlysufficient for À I Êl� o ÁÒÑ 1 � TIC.

2� For theconverse,notethat(here �«�ÃøÊl�¸ 
Ø¹ I , Ãq�Ö
Ð� TIC)± �« 0
0 I ² ± Ã 0

0 I ² Ê ± �¸0 ² � 
 0�q¹ ± I 0
0 I ² � (7.31)

so thestability of (7.30) implies thatof � Ñ 1 and � ` 11 ` 12 � � Ñ 1. Therefore,
also `�Ù is stablein thiscase.

3� For the rest of the proof, we will assumethat ` stabilizes � . Now
the À 2 � 2Á -block of I ¹ëÀ I Ê�� o Á�À I Ê�� o ÁÒÑ 1 gives I ¹ÚÊ �ÎP �«QÛ I

ý �« Û 0, i.e.,
I ¹G�« ý Ê'�¸ P . UsingLemmaA.1.1(d1),oneobtainsthat `ÈÙ is admissible and
(weset∆ : ¹ ý Êx�ÎPº¹G�« Ñ 1)À I Êl� oa X Á Ñ 1 ¹ ¦§ I ÛJP ∆ Ñ 1 � P ∆ Ñ 1 P ∆ Ñ 1À I Û½�ÎP ∆ Ñ 1 ÁS� I Û½�ÎP ∆ Ñ 1 �ÎP ∆ Ñ 1

∆ Ñ 1 � ∆ Ñ 1 ∆ Ñ 1

¨© � (7.32)

where� oa X is as � o, exceptthat ` is replacedby `�Ù . Thisshows that `�Ù is also
stabilizing.

4�Î` Ù is equivalentto ` , becausethe À 1–2� 1–2Á -blockof (7.32)equalsthat
of (7.30):

I ÛJP ∆ Ñ 1 �ò¹ I ÛJP �¸ � P ∆ Ñ 1 ¹'P �« ;À I Û$�« Ñ 1 �¸ PU�«ºÁS�ò¹G�« Ñ 1 À I Û&�¸ P Á.�¸ ¹ ý �¸ � I Û½�ÎP�« ¹ ý « ¶ (7.33)

5� Set �« o : ¹ÞÂ Cä 0
0 I Ã � �¸ o : ¹ðÂ Cã 0

0 I Ã to obtain � ¹ �« o Ê �¸ o ` , sothat�« o � Ñ 1 Ê��¸ o ` � Ñ 1 ¹ I � (7.34)

i.e.,
ý

o andP o arer.c.(because(7.34)impliesthatthelowerrow of P o is stable,
andtheupperrow wasprovedstablein 2 � ).
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Thedualresultcanbeproved analogously from (a’) (alternatively, use(d)).
(c) 0� First proof: Oneway to prove the rest is to interchangethe second

andfourth columnsandthe secondandthird rows of “ I Ê�� o” corresponding
to � ¤ 0

0 I � , and then apply (A.11) (with the rows and columnsof A and A Ñ 1

interchanged)to theresultingmatrix¦xx§ ¦§ I Êt` 12 Êt` 11Ê � 0 I
0 Êt` 22 Êt` 21

¨© ¦§ 00
I

¨©
� 0 I 0� Ê I

¨ yy©
(7.35)

to obtainthattheinvertibility of “ I Êß� o” (i.e., theadmissibility of ` for � ¤ 0
0 I � )

is equivalentto the invertibility of I Ê�� o, andthatboth inversesarestableif f
eitheris (since“ À I Êl� o Á ” consistsof I Êl� o andsomecopiesof its elements).

However, for Lemma7.2.6weneedthealternativeproofgivenin 1 � –3� :
1� The admissibility claim follows from (a), because2 ¹ I Ê½� ` , where� : ¹û� ¤ 0

0 I � .
2� Assumethat (7.27) is [exponentially] stable, so that also (7.28) is

[exponentially] stable.Then,by LemmaA.1.1(f6),± � 0
0 I ² À I Ê½` � Á Ñ 1 `0¹'2 Ñ 1 Ê I � (7.36)

which is [exponentially] stable, hence � 0 I ��À I Ê&`�� ÁÒÑ 1 `û¹ � 0 I �§`´À I Ê� `ÈÁ�Ñ 1 ¹P� ` 21 ` 22 �12þÑ 1 is [exponentially] stable. Combinethis with the
right top cornerof (7.27) to observe that `Q2lÑ 1 is [exponentially] stable. By
(7.27),sois also 2ÍÑ 1 � (becausesoare 2þÑ 1 � ¤0 � and 2þÑ 1).

SinceÔ�¹ I Ê½` � , we analogouslyobserve from (7.28)that À I Ê½` � Á Ñ 1 is
[exponentially] stable,henceso is (7.5) (with substitutions ^ ³µ ` , � ³µ � ),
equivalently, themap± I Êt`Ê � I ² Ñ 1 ¹ ± Ô Ñ 1 `W2 Ñ 12 Ñ 1 � 2þÑ 1 ² ¹ ¦xx§ 
 11 
 13 
 12 
 13
 31 
 33 
 32 
 33 Ê I
 21 
 23 
 22 
 23
 31 
 33 
 32 
 33

¨ yy©
(7.37)

(here 
 : ¹ À I Êl� o Á Ñ 1; wehaveused(7.27)and(7.28)above).
3� Conversely, if (7.37)is [exponentially] stable,thensois 
x¹ºÀ I Êß� o ÁÒÑ 1,

hencesois (7.27).
(d) This follows from (a) and(a’). (Note that (d) is containedin Lemma

6.7.2(e’),but thissecondproofwill beusefullater.)

(e) We observe from (7.27) that � I 0 0
0 I 0 � � o

I � I 0 0
0 I 0 � T (equivalently, the first

andsecondrowsandcolumnsof (7.27)¹�� o
I Û I , because� o

I ¹ À I Ê � o ÁÒÑ 1 Ê I )
dependson À�2 Ñ 1 Á 11 and À � ` 11 ` 12 �°2 Ñ 1 Á 1. �
Part (a) alsoshows that � ¤0 ��¹F�ÃuÑ 1 �
 (i.e., “H∞ é H∞”) with � Ã��Ð�
�� TIC. If U

andY arefinite-dimensional,we canwrite also � in “H ∞ é H∞” form (i.e., asthe
inverseof a stable,(TIC∞-)invertible determinanttimesa stablematrix), but we
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donotknow whetherthesefactorscanbechosento becoprime,asthey arein the
caseof well-posedcontrollers,by Lemma7.1.4.

Wegiveheretheequivalents of (c) and(d) for systems:

Lemma 7.2.6(�Σ�Σ�Σ: DF-IL vs.DF) Let Σ ¹ � ¡ ¢£ ¤ � � WPLSÀ U � H � Y Á and �Σ ¹Â C¡ C¢C£ a Ã � WPLSÀ Y Ï Ξ � �H � U Ï Ξ Á .
Then �Σ is admissible (resp. [exponentially] stabilizing) with internal loop

for Σ iff �Σ is admissible (resp. [exponentially] stabilizing) for Σ : ¹ � Σ 0
0 IΞ �k�

WPLSÀ U Ï Ξ � H � Y Ï Ξ Á . All preficesapply.
Moreover, �Σ is admissible(resp.[exponentially]stabilizing)with internalloop

for Σ
iff �Σd is admissible (resp.[exponentially] stabilizing)for Σd with internal loop.

Thus,dynamicfeedbackwith internalloopcanbereducedto (proper)dynamic
feedback(this couldalsobe observeddirectly from Figures7.4 and7.3 or from
equations7.19:asu goesthrough� backto ` , we let ξ go throughI backto ` ).

As notedbelow Lemma6.7.2, the prefix “strongly” doesnot apply to the
dualityclaimbut severalothersdo.

Proof: 1� Σ: The admissibility claim is containedin Proposition 7.2.5(c),

whoseproofshowsthat � o
I Û I ¹ Â I Ñ aÑ ¤ I Ã Ñ 1 Ê I contains� o

I plussomecopies

of partsof it (plusoneidentity operator).We shall show below that thesame
holdsfor

Ó o
I , � o

I and � o
I ; thisproves theclaim.

From(7.37)weobserve that� o
I ¹ ± I 0 0

0 0 I
0 I 0
0 0 I ² � o

I and � o
I ¹�� o

I Â I 0 0 0
0 0 I 0
0 I 0 0 Ã ¶ (7.38)

It follows that
Ó o

I ¹ Ó Û�� oτ � o
I ¹ Ó Û�� oIτ � o

I ¹ Ó o
I .

2� Duality: This is containedin Lemma6.7.2(e’)(seethelastclaim of the
lemma— or its proof). �
The closed-loopmap uL � yL ³µ u � y correspondsto that of a well-posed

controllerif f I Ê½` 22 �v� TIC∞:

Lemma 7.2.7(Well-posed̂�¹f` 11 Ûi` 12 À I Ê½` 22 ÁÒÑ 1 ` 21^0¹�` 11 Ûi` 12 À I Ê½` 22 ÁÒÑ 1 ` 21^0¹f` 11 Ûi` 12 À I Ê½` 22 ÁÒÑ 1 ` 21) Let `�¹ Â�a 11 a 12a 21 a 22 Ã �
TIC∞ À Y Ï Ξ � U Ï Ξ Á beadmissiblewith internal loop for ��� TIC∞ À U � Y Á .

Theǹ is equivalentto a well-posedcontroller iff I Êl` 22 �v� TIC∞; if this is
thecase, thenthatwell-posedcontroller is givenby ` 11 Û<` 12 À I Êe` 22 ÁÒÑ 1 ` 21 (in
particular, it is unique).

This is exactly what one would have expected: the internal loop can be
openediff L : ¹Q� 0 0

0 I � is admissible for ` , and in that case, ` is equivalent toÀÆ` L Á 11 ¹�` 11 Ûi` 12 À I Ê½` 22 ÁÒÑ 1 ` 21 (see(6.125)).
Two differentwell-posedcontrollersinducedifferentclosedloopmaps� L : ¹Â I Ñ _Ñ ¤ I Ã Ñ 1 Ê I � TIC∞, becauseinversesareunique.
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Proof: 1� For any ^ � TIC∞ À Y� U Á , the maps � L �ï� I 0 0
0 I 0 ��À I Ê� o ÁÒÑ 1 � I 0 0

0 I 0 � T Ê I : å uL
yL æ ³µ å uy æ exist and are equal if f the maps � L Û I ¹Â I Ñ _Ñ ¤ I Ã Ñ 1

and � I 0 0
0 I 0 ��À I Êl� o Á Ñ 1 � I 0 0

0 I 0 � T exist andareequal.

If this is thecase,then Â I Ñ _Ñ ¤ I Ã Ñ 1
equalsthe À 1–2� 1–2Á -blockofÀ I Êl� o Á Ñ 1 ¹ ± I Ñ a 11 Ñ a 12Ñ ¤ I 0

0 Ñ a 21 I Ñ a 22 ² Ñ 1

: Â uL
yL
ξL
Ã ³µ ± u× uL

y× yL
ξL ² ¶ (7.39)

Therefore,by LemmaA.1.1(c1)(with A : ¹ I Ê4� o sothatB11 ¹ Â I Ñ _Ñ ¤ I Ã Ñ 1
),

from Â I Ñ _Ñ ¤ I Ã Ñ 1 �0� TIC∞ we obtain that (A22 ¹ )I Ê>` 22 �0� TIC∞, and

(B11 ¹ ) Â I Ñ _Ñ ¤ I Ã Ñ 1
is equalto theinverseofÂ I Ñ a 11Ñ ¤ I Ã Êº� Ñ a 12

0 ��À I Ê½` 22 Á Ñ 1 å 0 Ñ a 21 æ ¹ Â I Ñ a 11 Ñ a 12 ó I Ñ a 22 ô õ 1 a 21Ñ ¤ I Ã � (7.40)

henceÊt^0¹ºÊt` 11 Ê½` 12 À I Ê½` 22 ÁÒÑ 1 ` 21 (thisalsoshows that ^ is unique).
2� Conversely, if I ÊU` 22 ��� TIC∞ andonedefineŝ : ¹�` 11 ÛD` 12 À I Ê` 22 ÁÒÑ 1 ` 21, then ^ and ` determinesameclosed-loopmaps å uL

yL æ ³µ � u× uL
y× yL

�
(i.e., they areequivalent), asonecanseeby reversingthe above calculations.�

Remark 7.2.8(“ ^�� H∞ é H∞^ � H∞ é H∞^�� H∞ é H∞”) As one easily observesfrom the proof, Lemma
7.2.7actuallycoversa moregeneral classof systemsandcontrollers: If thereare` � TIC∞ and a holomorphic function â^ � H À Ω;

Î À Y � U Á»Á with Ω ö C open,

s.t. â^ , Â I ÑS×_Ñ ×¤ I Ã and À I Ê�¤� o Á are invertible at somes0 � C and Â I ÑS×_Ñ ×¤ I Ã Ñ 1

equalsthe À 1–2 � 1–2Á -block of À I Êf¤� o ÁÒÑ 1 on a neighborhood of s0, then ^�¹` 11 Ûi` 12 À I Ê½` 22 ÁÒÑ 1 ` 21. Obviouslytheconverseholdstoo.
Thus,if I Ê�â` 22 and À I ÊU¤� o ÁÒÑ 1 are invertible at anys0 � C, thenthetransfer

functionof thecontroller definedby ` is â` 11 Û�â` 12 À I Ê�â` 22 ÁÒÑ 1 â` 21 (on theopen
subsetof C where theseinversesexist).

Therefore, controllers with internal loop cover (but are not covered by) all
controllers whosetransfer functionsare of the form â` 11 Û�â` 12 À I Ê�â` 22 ÁÒÑ 1 â` 21

(andwell-definedat leastat onepoints0 � C), where ` � TIC∞; in particular, all
“ H∞ é H∞” transferfunctionsarecovered.

We now show by a simpleexamplethat the transferfunction of the internal
loopof a controller neednotbeinvertible anywhere:

Example 7.2.9 ( ìØ â^ìØ â^ìØ â^ ) Take â�øÀ sÁ : ¹ À s Ê 1Á!éêÀ s Û 1Á , â`�¹ Â ×¤ õ 1 Ñ 1Ñ 1 1 Ã (exponentially

stable),sothatÀ I ÊU¤� o Á Ñ 1 ¹Z¦§ 1 ÊÍâ��Ñ 1 1â� 1 0
0 1 0̈

© Ñ 1 ¹ ¦§ 0 ÊÍâ��Ñ 1 â��Ñ 1

0 0 1
1 â��Ñ 1 0

¨©
(7.41)
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(cf. Proposition7.2.5(a))is stable,becauseâ��Ñ 1 � H∞.
However, 1 Ê â` 22

À 0 is nowhereinvertible, soonecannotclosethe internal
loop in the controller if one doesnot connectthe controller to the plant � to
be controlled; neithercan oneclosethe upperloop only (admissibly), because` 11 ¹ I is not admissible for � (I Ê4�V` 11 ¹ 0); thesettingbecomeswell-posed
only whenbothloopsareclosed.

By Proposition7.2.5(b),the correspondingmapwith coprimeinternal loop
is P ý Ñ 1 ¹�Ê 1 À 0Á Ñ 1, i.e., ` Ù ¹Q� 0 Ñ 1

1 1 � is equivalent to ` ; this 0 Ñ 1 shows that
the controllerhassomethingresemblinga shortcircuit. In fact, in Example2.3
of [CWW01] exactly this mapwith coprimeinternal loop (in its adjoint form)
is usedasa shortcircuit regulatingan electricalcircuit (whosetransferfunction
2éêÀ 1 Û eÑ 2s Á hasinfinitely many poleson theimaginaryaxis).

By Lemma7.2.7,neither ` nor `¥Ù is equivalentto any well-posedcontroller.
This is not really surprising, becausewe have �y À 0 ( �y ¹ ξL, i.e.,y ¹ºÊ yL Û ξL if
thereis anexternalinputξL into theinternalloop),andthisposestherequirement
“ À I Ê �V^ÝÁ Ñ 1 ¹ 0” (by formula(7.5),whichhasanextra Ê I ), which is impossible
for a well-posedcontrollerandeven for controllersof the form “H ∞ é H∞” (even
for thosewith À I Ê â�kâ^øÁÒÑ 1 well-definedonany opensubsetof thecomplex plane,
cf. Remark7.2.8). Note that also the outputs cancelthe correspondinginputs
completely(i.e., thediagonalof (7.41) is zero),which couldnot beachievedby
anadmissible well-posedcontrollereither. í

For physically motivated examples,see,e.g., Example2.3 of [CWW01].
Example4.8of [CWW01] illustratesa problemthatcanonly besolvedby using
anon-well-posedcontroller.

By Proposition7.2.5(b),it is enoughto studythecontrollersof thefollowing
form (if weexcludemapsthatdonothavecoprimefactorizations):

Lemma 7.2.10 Let `�¹ÞÂ 0 ICH I Ñ CI Ã � TIC À Y Ï U � U Ï U Á and ��� TIC∞ À U � Y Á .
(a) The map `ð¹ Â 0 ICH I Ñ CI Ã � TIC is admissible with internal loop for �

iff �∆ : ¹ �ý Ê �P��°�f� TIC∞; it is stabilizing with internal loop for � iff�∆ Ñ 1 �&� �∆ Ñ 1 � TIC.

(b) Let ` be stabilizing. Then �ý and �P are l.c., i.e., “ �ý Ñ 1 �P is a stabilizing
DF-controller for � with l.c. internal loop”. Moreover then, with « : ¹�∆ Ñ 1,

¸
: ¹��u« , the factorization �Ú¹ ¸ «ºÑ 1 is a r.c.f. of � , it satisfies�ý «PÊ��P ¸ ¹ I , and the À 1–2 � 1–2Á blocks of the closed-loopmap � o

I : ¹� o À I Êl� o ÁÒÑ 1 aregivenby¹ ù « �ý Ê I « �P¸ �ý ¸ �P½ú : ± uL

yL ²Ý³µ ± uy² � (7.42)

asin thewell-posedcase, i.e., in (7.9)(cf. (7.5)).

(c) Conversely, if �ò¹ ¸ «�Ñ 1 is a r.c.f. with �ý «°Ê��P ¸ ¹ I , then ` stabilizes�
with internal loop.
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(d) If �ý �x� TIC∞, then ` is admissible for � iff �ý Ñ 1 �P is an admissible (well-
posed)DF-controller for � . If ` is admissible and ^ is an admissible
(well-posed)DF-controller for � , thenthe closed-loopmapsuL � yL ³µ u � y
determinedby ` and ^ are identicaliff �ý �v� TIC∞ and ^0¹Å�ý Ñ 1 P .

Thecorrespondingdual claims(with ∆ : ¹ ý Êx�ÎP ) holdaswell.

Proof: (a)&(b)&(c) 1� With the notationof Proposition7.2.5, we have2 ¹ Â I Ñ ¤Ñ CH CI Ã . By LemmaA.1.1(d1),we have 2 �x� TIC∞ î �∆ �x� TIC∞, so

theadmissibility claimfollowsfrom Proposition7.2.5(a)aswell astheformulaÀ I Êl� o Á Ñ 1 ¹ ¦x§ I Û �∆ Ñ 1 �P�� �∆ Ñ 1 �P �∆ Ñ 1�ÈÀ I Û �∆ Ñ 1 �P��,Á I Û½� �∆ Ñ 1 �P � �∆ Ñ 1�∆ Ñ 1 �P�� �∆ Ñ 1 �P �∆ Ñ 1

¨ y©
(7.43)

¹ ¦x§ «'�ý «��P «¸ �ý ¸ �PÐÛ I
¸« �ý Ê I « �P « ¨zy© : ¦§ uL

yL

ξL

¨© ³µ ¦§ �u�y�ξ ¨© (7.44)

(for thesecondidentity, wehaveset « : ¹ �∆ Ñ 1,
¸

: ¹ò�u« andused(7.45)).
2� If (7.43) is stable, then « : ¹ �∆ Ñ 1 and

¸
: ¹°�u« are also stable.

Moreover, �÷¹ ¸ «�Ñ 1 is ar.c.f.,because�ý «ÚÊD�P ¸ ¹f�ý À��ý ÊJ�P��,Á�Ñ 1 ÊJ�P¥�ÈÀ+�ý Ê�P��,Á�Ñ 1 ¹ I . Formula(7.42)follows from this.
3� Conversely, if � ¹ ¸ « Ñ 1 isar.c.f.and ` is s.t. �ý «�ÊD�P ¸ ¹ I (asabove),

then(7.43)is stable,becausethen

I Û �∆ Ñ 1 �P��ò¹ �∆ Ñ 1 À �∆ Û>�P��,Áq¹ �∆ Ñ 1 �ý � TIC � (7.45)

and �ÈÀ I Û �∆ Ñ 1 �P��,Áq¹ò� �∆ Ñ 1 �ý � TIC.
(d) This follows from Lemma7.2.7. �

If a planthasa (right or left) coprimefactorization,thenall of its stabilizing
controllersare equivalent to someof the form studiedin Lemma 7.2.10, by
Proposition7.2.5(b)(or its dual).Therefore,thelatteroneswerecalled“canonical
controllers” in [CWW01]. To be able to extend the Youla parametrization
(Theorem7.2.14)andrelatedresultsto cover also the non-well-posedcase,we
shalldefinetheconceptmapwith coprimeinternal loopbelow astheequivalence
classof a “canonicalcontroller”modulo“beingequal”.

It follows that, for a plant having a coprimefactorization,eachstabilizing
controllerswith internalloopisequivalenttooneandonlyonemapwith acoprime
internalloop,by Lemma7.2.12(c).

Definition 7.2.11(Maps with coprime internal loop) Let À�PÈ� ý Á be r.c. andÀ��P´�h�ý Á be l.c. We call the (equivalenceclass(moduloequality; seebelow) of

the)map � 0 H
I I Ñ I � (resp. Â 0 ICH I Ñ CI Ã ) a mapwith r.c. internalloop (resp.a mapwith

l.c. internalloop) anddenoteit by P ý Ñ 1 (resp.by �ý Ñ 1 �P ).
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Figure7.5: Controller P ý Ñ 1 with r.c. internalloop

�P I Ê��ýy7 8×ë×B 5u46 7 ξL

7
�ý u ¹��P y

Figure7.6: Controller �ý Ñ 1 �P with l.c. internalloop

If, in addition,
ý

, P , �ý and �P canbeextendedto satisfythedoublycoprime
product ± « P¸ ý ² ù �ý Ê �PÊ �¸ �«Pú ¹ I ¹ ù �ý Ê �PÊ �¸ �«ªú ± « P¸ ý ² (7.46)

in TIC À U Ï Y Á for some«�� ¸ ���«0�h�¸ , thenweconsiderP ý Ñ 1 and �ý Ñ 1 �P equaland
call P ý Ñ 1 ¹��ý Ñ 1 �P a mapwith d.c.internalloop. Weaddthewords“ over · ”, if· ö TIC andtheelementsof (7.46)canbechosenfrom · .

We consider the maps P ý Ñ 1 and P 0
ý Ñ 1

0 with r.c. internal loop equal ifÀ�P 0 � ý 0 Á,¹ À�PV~ � ý ~¥Á for some ~ë�ò� TIC. We considerthe maps �ý Ñ 1 �P and�ý Ñ 1
0 �P 0 with l.c. internal loopequalif À!�P 0 �h�ý 0 Á�¹ À�~t�P �=~t�ý Á for some~��v� TIC.

If
ý �v� TIC∞, thenweidentify P ý Ñ 1 in theusualsense(in TIC∞) and P ý Ñ 1

asa mapwith r.c. internal loop; wedotheanalogousidentificationfor mapswith
l.c. internal loop too.

A mapwith coprimeinternalloop meansa mapwith r.c. or l.c. internal loop.
A controller with internal loop for Σ � WPLS is calleda controllerwith coprime
internalloop if its I/O mapis a representativeof a mapwith coprimeinternalloop.

Let ^ bea mapwith coprimeinternal loop. Thenwesaythat ^ is admissible
[stabilizing] for �ë� TIC∞ À U � Y Á [or that ^ stabilizes � ] if some(henceany,
by Lemma7.2.12(c))of its representativesis admissible [stabilizing] for � with
internal loop. Weusepreficesasin Definition7.2.1.

At this stagethe seriousreaderhas several seriousquestionsabout this
definition andits justification. Lemma7.2.12below answersthesequestionsin
theexpectedway.

Thus, given r.c. maps P and
ý

s.t. � 0 H
I I Ñ I �l� TIC À Y Ï U � U Ï U Á , the

equivalenceclassof � 0 H
I I Ñ I � (moduloequality, in the collectionof all mapsof

the sameform) is givenby Ô � 0 H ÈI I Ñ I È � ÜÜ ~º�÷� TIC À U Á!Õ (cf. Lemma7.2.12(a1)).
Analogousclaimshold for mapswith l.c. or d.c.internalloop.

Recallfrom Definition6.4.4(f)that(7.46)is calleda joint d.c.f. of � and P ý Ñ 1

(or of � and �ý Ñ 1 �P ) if �ò¹ ¸ «�Ñ 1 (equivalently, �ò¹ �«ÐÑ 1 ¸ ).
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We warn the readerthat if the left equationfrom (7.46)wereremoved, then
“equality” would not be an equivalencerelation. Even if both P ý Ñ 1 and �ý Ñ 1 �P
weremapswith d.c. internal loop, and �ý P0¹��P ý , thesetwo mapsneednot be
equal;a necessaryandsufficient conditioncanbe seenfrom LemmaA.1.1(e4)
(althoughthat is not neededhere). From (7.46) one can also note that a pairPÈ� ý definesamapwith d.c.internalloopif f it canbeextendedto a invertiblepair� äFHã?I �q�4� TIC; LemmaA.1.1(e)givessome(necessaryand)sufficientconditions
for this.

The last identificationabove correspondsto the equivalenceof � 0 H
I I Ñ I � and� H I õ 1 0

0 0 � notedin Lemma7.2.7(andis hencejustified). This identificationmakes
mapswith coprimeinternalloop a naturalextensionof well-posedmapshaving
a r.c.f. or a l.c.f. However, onecanshow by a simpleexample,that if

ý
were

not assumedto be in � TIC∞, then ^ ý ¹ÅP (for generalr.c. À�PÈ� ý Á and some^�� TIC∞ À Y� U Á ) would not guaranteethat P ý Ñ 1 and ^ wereequivalent for all�º� TIC∞ À U � Y Á ; in fact,with thoseassumptions âý might benowhereinvertible
(although

ý
is necessarilyleft-invertible onTIC) and P ý mightstabilizedifferent

plantsthan ^ .
By Lemma7.2.10,a well-posed � hasa r.c.f. (resp.a l.c.f.) if f it can be

stabilizedby amapwith l.c. (resp.r.c.) internalloop.
From this on, we shall often use the word “map” of both membersof a

map(equivalenceclass)andof the classitself whenthereshouldbe no risk of
ambiguity.

Lemma 7.2.12(Equal; well-posed) Let P ý Ñ 1 ��P 0
ý Ñ 1

0 and �ý Ñ 1 �P bemapswith
coprimeinternal loopandlet ��� TIC∞ À U � Y Á . Wehavethefollowing:

(a1)Beingequalis anequivalencerelation.

(a2) Two well-posedmapswith coprimeinternal loop are equal iff they are
equalin TIC∞.

(a3)A well-posedmapis a mapwith coprimeinternal loopiff it hasa l.c.f. or a
r.c.f.

(a4) If a well-posedmapanda mapwith coprimeinternal loop are equivalent
controllers for � , thenthey areequal.(See(c) for theconverse.)

(b) If P ý Ñ 1 ¹FP 0
ý Ñ 1

0 , then
ý � � TIC∞ î ý

0 �Ø� TIC∞. If �PÙ�ý Ñ 1 ¹��P 0 �ý Ñ 1
0 ,

then �ý � � TIC∞ îÚ�ý 0 �÷� TIC∞. If P ý Ñ 1 ¹��ý Ñ 1 �P , then
ý � � TIC∞ î�ý �v� TIC∞. In particular, P ý Ñ 1 is well-posediff

ý �x� TIC∞.

(c) Let ^ and ^ Ù bemapswith coprimeinternal loop.

(c1)If ^ and ^�Ù areequal,theneitherbothareadmissiblefor � or neither
is admissible for � .

(c2) If ^ and ^ Ù are admissible for � , then they are equal iff they are
equivalent,that is, iff they determinethe samemapuL � yL ³µ u � y. In
particular, ^ is stabilizing for � iff ^ÍÙ is.

Thus, Definition 7.2.11 is justified (its last identification was justified in
Lemma7.2.7).
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By (c), equivalenceof mapswith coprimeinternal loop doesnot dependon
theplant � (exceptthatequivalenceis not definedfor non-admissiblemaps).By
(b), amapis well-posediff any (henceall) of its representativesis well-posed.

Proof: (a1) The only nonobvious requirementis transitivity (of being
equal),sowe takea look at it:

1� If P ý Ñ 1 is a mapwith d.c.internalloopandequalto �ý Ñ 1 �P , thenù ~ �ý ÊW~ �PÊR�¸ �« ú ¹ ± ~ 0
0 I ² ù �ý Ê �PÊR�¸ �«ªú �x� TIC (7.47)

for any ~ò�4� TIC, henceany mapwith l.c. internalloopequalto �ý Ñ 1 �P is equal
to P ý Ñ 1 (insert � È 0

0 I � and � È õ 1 0
0 I � into (7.46)). (Thusthe concept“map with

d.c.internalloop” is well defined:if amapis such,thensois any equalmap.)
Conversely, the (b) (and(d)) of Lemma6.5.9(with thecolumnsandrows

interchanged)shows that all map with r.c. internal loopsequalto P ý Ñ 1 are
equalto �ý Ñ 1 �P (in particular, they haved.c.internalloops).

(Thus,(6.121)givesall doublycoprimeproductsfor any left andright maps
equalto

¸ «�Ñ 1.)
2� If P ý Ñ 1 does not have a d.c. internal loop, then neither does any

equalmapwith a coprimeinternalloop by 1 � , andtransitivity is obvious(i.e.,� �Û � ¹��wIH �°~ , ~�� � TIC, and �£Üa ��¹°� �Û ��Ì , Ìò�l� TIC imply that �hÜa � ¹��wIH ��Ýfor someÝ �v� TIC (namelyfor Ý ¹�~�Ì )). Thedualclaim is analogous.
(a2)This follows from (b) combinedwith Lemma6.4.5in the left or right

caseandwith Lemma6.5.8in theleft-right case.
(a3)This is a restatementof thelastidentificationin Definition7.2.11.
(a4) Let the two mapsbe ^�� TIC∞ and P ý Ñ 1, respectively (the casefor�ý Ñ 1 P is analogous).By Lemma7.2.7,

ý �x� TIC∞ and ^�¹�P ý Ñ 1.
(b) Thefirst two claimsfollows from

ý ¹ ý 0 ~��Ø� TIC∞ î ý
0 �x� TIC∞.

so
ý �Ø� TIC∞ îÞ�ý �Ø� TIC∞, Thethird onefollows from LemmaA.1.1(c1).

Thus, P ý Ñ 1 is equalto awell-posedmapiff
ý �v� TIC∞.

(c1) If ^ and ^�Ù have l.c. (resp.r.c.) internal loops, thenthis is obvious
(becausetheadmissibility is equivalent to �∆ : ¹$�ý ÊD�P¥�0� � TIC∞ (resp.∆ : ¹ý Êx�ÎPÚ�v� TIC∞), by Lemma7.2.10(a)).Thus,weassume(7.46).Then± I 0Ê � I ² ± « P¸ ý ² ¹ ± « P¸ ÊØ�u« ý Êx�ÎP ² ¹àß ù �ý ÊR�PÊR�¸ �«ªú ± I 0� I ²}á Ñ 1

in TIC∞, so
ý ÊØ�TP �v� TIC∞ î �ý Ê �P����x� TIC∞, by LemmaA.1.1(c1).

(c2) 1� We start from the caseof two mapswith l.c. internal loop. The
formula (7.43) shows that mapsuL � yL ³µ u � y are equal for ^°¹��ý Ñ 1 �P and^�Ùq¹ �ý Ñ 1

0 �P 0 if f the correspondingterms �∆ Ñ 1 �P and �∆ Ñ 1
0 �P 0 are equal, i.e.,�PÐ¹D~t�P 0, where~ : ¹>�∆ �∆ Ñ 1

0 �4� TIC∞. But then �∆ Ñ 1 �ý ¹ I Ûl�∆ Ñ 1 PV��¹>�∆ Ñ 1
0 �ý 0,

i.e., �ý ¹>~Ç�ý 0. Soif themapsuL � yL ³µ u � y areequal,then ~ò� TIC (by thedual
of Lemma6.5.1(c1)),because�ý and �P arel.c., and ~�Ñ 1 � TIC, because�ý 0 and�P 0 arel.c.; thus,then �ý Ñ 1 �Pò¹ �ý Ñ 1

0 �P 0.
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Conversely, if Â �P �ý Ã ¹�~ Â �P 0 �ý 0 Ã with ~º�÷� TIC, then �∆ ¹�~ �∆0 and

hence�∆ Ñ 1 �Pò¹��∆ Ñ 1
0 �P 0, sothemapsuL � yL ³µ u � y areequal,asnotedabove.

2� From(7.32)onegetsthecorrespondingright resultanalogously.
3� Similarly, from (7.32) and (7.43) one notices that ^7¹�P ý Ñ 1 and^ Ù�¹f�ý Ñ 1 �P determinethesameuL � yL ³µ u � y if f P À ý Êl�ÎPþÁ�Ñ 1 ¹�À��ý Ê<�P��,Á�Ñ 1 �P ,

i.e., if f �ý Pò¹��P ý .
Thus,equality implies equivalence,so we assumeequivalenceandprove

that ^ and ^ Ù areequal.Because �ý P�¹$�P ý , asnotedabove, we maychoose«�� ¸ � �«º� �¸ as in Lemma A.1.1(e1) (interchangethe rows and columns)to
obtain

I ¹ ù �ý ÊR�PÊR�¸ �«ªú ± « P¸ ý ² ¹ ù �ý ÊR�PÊR�¸ �«ªú ± I 0� I ² ± I 0Ê � I ² ± « P¸ ý ² ¶
(7.48)

By LemmaA.1.1(e5)andtheassumedinvertibility of ∆ and �∆, wehave

I ¹ ± I 0Ê � I ² ± « P¸ ý ² ù �ý ÊR�PÊR�¸ �« ú ± I 0Ê � I ²
in TIC∞, hencewe have (7.46) in TIC∞, so it must hold in TIC too, by the
densityof d ∞

c . �
We now parametrizeall stabilizing controllers by combining Proposition

7.2.5(b)andLemma7.2.10(a):

Corollary 7.2.13 Let ��� TIC∞ À U � Y Á . Thenthefollowingclaimsandtheir duals
hold:

(a1) If � hasa r.c.f. �f¹ ¸ «0Ñ 1, theneach stabilizing controller with internal
loop for � is equivalentto a uniquemapwith l.c. internal loop�ý Ñ 1 �P such that �ý «°Ê��P ¸ ¹ I (7.49)

(in particular, a different pair ( �ý �h�P ) definesa different stabilizing map�ý Ñ 1 �P ). Thedual resultfor l.c.f.’s �ò¹ �«ÐÑ 1 �¸ holdsaswell.

(a2) Themapwith l.c. internal loop �ý Ñ 1 �P is admissible (resp.stabilizing) for� iff �∆ : ¹E�ý Ê?�P����v� TIC∞ À U Á (resp.�∆ Ñ 1 �&� �∆ Ñ 1 � TIC).

(a2’) Themapwith r.c. internal loop P ý Ñ 1 is admissible (resp.stabilizing) for� iff ∆ : ¹ ý Êx�ÎPÚ�v� TIC∞ À U Á (resp.∆ Ñ 1 � ∆ Ñ 1 ��� TIC).

(a3) If �°¹ ¸ «�Ñ 1 is a r.c.f., then the map �ý Ñ 1 �P with l.c. internal loop
is admissible (resp.stabilizing) for � iff �ý «ªÊf�P ¸ ��� TIC∞ À U Á (resp.�x� TIC À U Á ).

(b) Thefollowingareequivalent:

(i) � hasa r.c.f. (resp.a l.c.f., a d.c.f.);
(ii) � is stabilizablebya mapwith l.c. (resp.r.c.,d.c.) internal loop;
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Moreover, if (i) holds, theneach stabilizing controller for � with internal
loop is equivalentto onewith l.c. (resp.r.c.,d.c.) internal loop.

Unfortunately, wedonotknow, whetherany � thatis stabilizablewith internal
loop hasa r.c.f. (or a l.c.f.), so it may be that somepathologicalplants(having
no stabilizingcontrollerswith coprimeinternal loop) might not meetthe above
requirements.

Proof: (We obtainthedualclaimsby takingtheadjoints of (a1)–(b);this is
explicitly illustratedin (a2’).)

(a1) This follows from Proposition 7.2.5(b). The definition of equality
[Definition 7.2.11]shows that �ý «°Ê��P ¸ ¹ I determinesÀ��ý �h�PÈÁ uniquely.

(a2)This is (mostof) Lemma7.2.10(a)and(a2’) is its dual.
(a3) Now �∆ «Ä¹Â�ý «;Ê��P ¸ , so the stability of its inverse «�Ñ 1 �∆ Ñ 1 is

equivalent to thatof � �∆ Ñ 1, by Lemma6.5.6(b),andclearlyimpliesthestability
of ∆ Ñ 1, soweget(a3)from (a2).

(b) “(iii) � (ii )”: Any map with l.c. [r.c.] internal loop that stabilizes �
definesa r.c.f. [l.c.f.] of � , by Lemma7.2.10(b).

“(i) � (ii)”: This follows from (a1) (and the definition of mapswith d.c.
internalloop: just take thefactors

ý ��PÈ� �ý � �P�� TIC of any d.c.f. of � ); andso
doesthe“moreover” claim. �
Now we canpresentfive equivalentparametrizationsfor all (modulobeing

equivalent) stabilizing controllerswith internal loop for any fixed � � TIC∞
having ad.c.f.:

Theorem 7.2.14(All stabilizing controllers) Let �ò� TIC∞ À U � Y Á havethed.c.f.± « 
¸ Ã�² ù � Ã ÊÄ�
ÊR�¸ �« ú ¹ I ¹Pù � Ã ÊÄ�
ÊR�¸ �« ú ± « 
¸ Ã�² ¶ (7.50)

Theneach controller thatstabilizes� with internal loop is equivalentto a unique
mapwith d.c.internal loop(in thesensethatbothcontrollers determinethesame
closed-loopmapuL � yL ³µ u � y).

Thefollowing parametrizationsare alternative (equivalent)parametrizations
of all controllers ^ with d.c. internal loop that stabilize � , and each parameter
( À ý ��P Á in (i) and(iii), À��P´�h�ý Á in (i’), and ~ in (ii) and(ii’); theseall are required
to bestable) determinesa different(nonequal) map ^ with d.c.internal loop.

(i) ^�¹�P ý Ñ 1 such that �« ý Ê��¸ Pò¹ I .

(i’) ^�¹��ý Ñ 1 �P such that �ý «°Êf�P ¸ ¹ I .

(ii) (Youla) ^ë¹¬ÀÆ
4ÛØ«U~þÁ�ÀÆÃþÛ ¸ ~þÁ�Ñ 1 (i.e., � H I �¥¹P� ä �ã � � � È I � ), where ~ �
TIC À U Á .

(ii’) ^�¹ºÀÉ� ÃVÛD�¸ ~,Á�Ñ 1 Àw�
øÛ��«'~,Á (i.e., å CI CH æ ¹ å I È æ Â C � C�Cã Cä Ã ), where ~�� TIC À U Á .
(iii) ^0¹'P ý Ñ 1 ( ¹��ý Ñ 1 �P ), where � äFHã?I � Ñ 1 ¹ Â CI Ñ CHÑ Cã Cä Ã �v� TIC À U Ï Y Á .
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Thewell-posedones(if any)areexactlythosefor which the“denominator” in
is � TIC∞ (cf. Theorem7.1.7).

Moreover, for any ~ � TIC we have(identity as equal mapswith coprime
internal loop) ÀÆ
ÝÛv«U~þÁ�ÀÆÃ Û ¸ ~þÁ Ñ 1 ¹ ÀÉ� Ã Û&�¸ �~þÁ Ñ 1 Àw�
ñÛ$�«E�~þÁ ¶ (7.51)

Finally, if (i) and (i’) hold, thenthe À 1–2 � 1–2Á -block of theclosed-loopmap� o
I : ¹�� o À I Êl� o ÁÒÑ 1 is givenbyù Pª�¸ Pi�«ý �¸ ý �«QÊ I ú ¹ ù «��ý Ê I «'�P¸ �ý ¸ �P½ú : ± uL

yL ² ³µ ± uy² ¶ (7.52)

Recall from Lemma7.2.12(c2),that the maps(7.52) depend(of course)on� and ^ only, not of theparticularcoprimefactors(
ý ��PÈ�.�ý �h�PÍ� ¸ �»«��Ë�¸ ���« ) of ^

and � (exceptthat(i) and(i’) arerequiredto hold).
Proof: The first claim is from Proposition7.2.5(b) (and its dual). The

parametrizations(i) and(i’) areCorollary7.2.13(a1).
For any stablepair À�PÈ� ý Á there are �P and �ý satisfying (iii) if f À�PÈ� ý Á

satisfies(i), by Lemma 6.5.8. Now the parametrizations(ii) and (ii’) and
equation(7.51)follow from (iii) andLemma6.5.9(c).

The well-posednessclaim is Lemma7.2.12(b),and(7.52) is from (7.42)
(alternatively, directly from � o

I ¹�À I Êl� o ÁÒÑ 1 Ê I ). �
To checkwhethera givencontrollerwith coprimeinternalloop stabilizes� ,

onecanusethefollowing corollary:

Corollary 7.2.15 Let ��� TIC∞ À U � Y Á havethed.c.f. (7.50).Let
ý ��PÈ���ý �h�P�� TIC.

ThenP ý Ñ 1 (resp. �ý Ñ 1 �P ) is a mapwith d.c. internal loopandstabilizes � iff any
(henceall) of (i)–(iii) (resp.(i’)–(iii’)) holds:

(i) �« ý Ê'�¸ P��v� TIC À Y Á ;
(ii) � äFHã?I ���v� TIC À U Ï Y Á ;
(iii) There is a r.c.f. �ò¹ ¸ 0 « Ñ 1

0 s.t. Â ä 0
Hã 0 I Ã �x� TIC.

(i’) �ý «°Ê��P ¸ �x� TIC À U Á and ^0¹��ý Ñ 1 �P for some�ý �h�Pf� TIC.

(ii’) Â CI CHCã Cä Ã �x� TIC and ^�¹��ý Ñ 1 �P for some�ý �h�P�� TIC.

(iii’) There is a l.c.f. �ò¹Â�« Ñ 1
0 �¸ 0 s.t. Â CI Ñ CHÑ Cã 0

Cä
0 Ã �v� TIC.

Moreover, the map P ý Ñ 1 (resp. �ý Ñ 1 �P ) is well-posediff
ý ��� TIC∞ (resp.�ý �v� TIC∞).

Proof: Any of theconditionsshows that P ý Ñ 1 (resp. �ý Ñ 1 �P ) arecoprime.
If it stabilizes� , thenit is d.c.,by Theorem7.2.14.
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Theparametrizations(i) and(i’) arefrom Corollary7.2.13(a3)andits dual.
Part (ii) definesa d.c.f. of � , henceit is sufficient (take ~�¹ 0 in Theorem
7.2.14(ii)). Conversely, if P ý Ñ 1 is stabilizing, then± « P¸ ý ² ± I 0

0 Ì¥² ¹ ± « PÎÌ¸ ý Ì´² �x� TIC

for someÌ��÷� TIC, by Theorem7.2.14(iii), hencethen � äFHã?I �¥�÷� TIC, i.e.,
(ii) holds.Condition(ii’) is thedualof (ii).

(iii) Thecondition(iii) is sufficient, by Theorem7.2.14(iii). Conversely, if
(i) holds(andhence(i’) too; thussituation is asin the“furthermore”claim)and
wesetÂ �¸ 0 �« 0 Ã : ¹ ÀO�« ý Ê��¸ P Á Ñ 1 Â �¸ �« Ã � ± « 0¸

0 ² : ¹ ± « ¸ ² À��ý «°Ê��P ¸ Á Ñ 1 � (7.53)

then, obviously, Â CI Ñ CHÑ Cã 0
Cä

0 Ã Â ä 0
Hã 0 I Ã ¹ I , and the dual equationÂ ä 0

Hã 0 I Ã Â CI Ñ CHÑ Cã 0
Cä

0 Ã ¹ I follows from LemmaA.1.1(e5).

Thewell-posednessclaim is Lemma7.2.12(b). �
Next we given two lemmasthat are useful when one wants to work in a

subalgebraof TIC (e.g.,in MTIC; cf. Theorem4.1.1):

Lemma 7.2.16(Predetermining the joint d.c.f. of �� � and ^ ^ ^ ) Let ��¹ ¸ «�Ñ 1 ¹�«ÐÑ 1 �¸ bea d.c.f., andlet ·¬ö
a

TIC beinverseclosed.

(a) If
¸ �S«ò�«�«0�h�¸ �h�ý �h�P �4· and ^ : ¹��ý Ñ 1 �P stabilizes � , thenthe d.c.f. �0¹¸ « Ñ 1 ¹G�« Ñ 1 �¸ is over · , evenjoint with ^ .

(b) If ^ stabilizes � , thenfor anyr.c.f. ^�¹&P ý Ñ 1 andl.c.f. ^�¹E�ý Ñ 1 P , there is

a joint d.c.f. Â ä 0
Hã 0 I Ã Ñ 1 ¹ Â CI Ñ CHÑ Cã 0

Cä
0 Ã �½� TIC of � and P ý Ñ 1; if, in addition,«�� ¸ � ý ��PÈ���ý �h�Pf�ñ· , thenwecantake « 0 � ¸ 0 �-�« 0 �h�¸ 0 �k· .

Let �º¹ ¸ «�Ñ 1 ¹Õ�«ÐÑ 1 �¸ � TIC∞ À U � Y Á . Assumethat ^ ¹��ý Ñ 1 �P stabilizes� . If
¸ �S«ò�«�«0�h�¸ �h�ý �h�P ��· and · ö TIC is inverse closed, then the d.c.f.�ò¹ ¸ «�Ñ 1 ¹G�«ÐÑ 1 �¸ is over · .

Proof: (a) Set Â �ý Ùâ�PVÙ Ã : ¹ À��ý «QÊf�P ¸ Á�Ñ 1 Â �ý �P Ã �x· . Then equation� ä�H Xã?I X � Ñ 1 ¹ Â CI X Ñ CH XÑ Cã Cä Ã is a joint d.c.f. of � and ^ for some
ý ÙO�=PVÙ � TIC, by

Lemma6.5.8.Because· is inverseclosed,wehave Â CI X Ñ CH XÑ Cã Cä Ã ¦ 1 �k· too.

(b) Theproof is similar to thatof (a) andhenceomitted. �
Proposition7.2.17( · case) Let � have a d.c.f. over · , where ·¬ö

a
TIC (cf.

Proposition 7.1.10).
If theelementsof (7.50)are chosenfrom · , thenall stabilizing controllers of� with a (d.c.) internallooparetheonesparametrizedin Theorem7.2.14,andthe
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Figure7.7: Thecontroller ^ Ù : ¹'P À ý Û E P Á Ñ 1 : �y ³µ u for �ßÛ E

oneswith d.c. internal loop over · are exactly thosewith ~0�ß· . If, in addition,Î ö
a
·°ö

a
ULR � TIC, thentheonewith ~ò¹0Ê M Ñ 1T is well-posed. �

(The proof is virtually a subsetof theproof of Proposition 7.1.10andhence
omitted.)

Recall from Theorem4.1.6(d), that if ��¹ ¸ « Ñ 1 is a r.c.f. and
¸ �»« �

MTICTZ À Cn � Y Á , then � hasad.c.f.overMTICTZ , hencethen � hasawell-posed
stabilizingcontroller having ad.c.f.overMTICTZ , by theaboveproposition.

Lemma 7.2.18(D ¹ 0D ¹ 0D ¹ 0 w.l.o.g.) Let ��� TIC∞ À U � Y Á . LetE � Î À U � Y Á .
Then̂f¹DP ý Ñ 1 ¹��ý Ñ 1 �P is a stabilizingDF-controller with d.c.internalloop

for � iff ^ Ù ¹fP À ý Û E P Á Ñ 1 ¹ÚÀ��ý Û'�P E Á Ñ 1 �P is a stabilizing DF-controller with
d.c. internal loop for � Û E. Thecorrespondingclosed-loopmapsyL ³µ u (see
(7.52))are identical.

Thecontroller ^ Ù canberealizedby addingto ^ an outputfeedback throughÊ E, asin Figure 7.7.

If onereplaces� Û E by a parallelconnectionof � andE in Figure7.7, then
it becomesobvious that E and Ê E canceleachother and we are left with the
originalconnectionof ^ and � ; thisallowsoneto write down thecorrespondence
betweentheoriginalandperturbedsettings.SeealsoLemma7.3.23.

(Notealsothatoneshould draw someexternalinputs“zL andyÙL” to Figure7.7

(just before Ê E andjust before ^ ) andtheinternalloop (thesignalsξ � ξL and �ξ)
of ^ if ^ is non-well-posed.)

Naturally, oneof ^ and ^ Ù maybenon-well-posedeven if theotheris well-
posed(but theclosed-loopsystems arebothwell-posedif oneis).

If ^ � TIC∞ À Y� U Á andI Û E ^��v� TIC∞ À Y Á , thenonemoreformulafor ^ Ù is
obviously given by ^ Ù ¹�À I Ûi^ E Á Ñ 1 ^ ( ¹f^´À I Û E ^ÈÁ Ñ 1).

Proof: 1� Givenany joint d.c.f. (7.46)of � of ^ , a joint d.c.f.of �ñÛ E and^ Ù is obviouslygivenby± « P¸ Û E « ý Û E P ² ¹Qù �ý Û>�P E ÊR�PÊÝÀ �¸ Û �« E Á �«ªú Ñ 1 �x� TIC À U Ï Y Á ¶ (7.54)

By exchanging � and ��Û E, we obtain from Theorem7.2.14(iii) that the
stabilizing DPF-controllersfor � and �ÐÛ E correspondto eachother as in
thestatementof thelemma.

Given ^ , the map PU�«¼¹�«'�P : yL ³µ u is commonfor both closed-loop
systems,by (7.52) (since «�� �«0�=PÈ� �P are unaffected). (N.B. if we fix some
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representation�ý Ñ 1 �P of ^ , then Â ä CH Ñ I
ää CH ä Ñ I Ã : Â yL

ξL Ã ³µ � uξ � is unaffected,by

(7.44).)
2� Thus, the “rigorous” part of the proof is complete,andwe only have

to show that ^¥Ù is a model for the map in Figure 7.7, i.e., that the maps
uL � yL ³µ u � y for ^ Ù and � Û E becomeequalto thoseobtainedby solving the
equationsmodeledin thefigure.

By writing theequationsfor �u, �y and �ξ, oneobtainsÀ I Êl� o Ù ÁÍ¦§ u Û uL

y Û yL

ξ Û ξL

¨© ¹Z¦§ �uL�yL�ξL Û&�PkÀ yÙL Û EzL Á ¨© � (7.55)

(at themomentwearenot interestedin theadditionalinputs zL andyÙL) where� o Ù : ¹ ¦§ 0 0 I� 0 0
0 �P I Ê÷À��ý Û&�P E Á ¨© � (7.56)

i.e., � o Ù has �lÛ E in placeof � and ` Ù ¹ Â 0 ICH I Ñ ó CI × CH E ô Ã (a representative of^�Ù ) in placeof `�¹ÞÂ 0 ICH I Ñ CI Ã (a representativeof ^ ).

But oncewe let the additionalinputsyÙL and zL be zero, equation(7.55)

becomesÀ I Ê�� o Ù ÁqÂ uy
ξ Ã ¹�� o Ù Â uL

yL
ξL
Ã , i.e., theequation(7.19) for �lÛ E and `�Ù .

Thus,wecanconsider̀ Ù asamodelfor thecontroller(in thedashedsquare)in
Figure7.7. Summarizing, themap ^ ³µ ^ Ù correspondsto anoutputfeedback
through Ê E. �
FromRemark6.7.19we deducethat if � is replacedby ¿ ω � and ^ by ¿ ω ^

for someω � R, then � o
I becomesreplacedby ¿ ω � o

I . Fromthis we concludethe
following:

Remark 7.2.19(Exponential stabilization) By Remark6.7.19,fromanyclaims
in this section(and others), we can deducethe correspondingresultsaboutω-
stabilizationfor someω � R (insteadof the(0-)stabilizationtreatedin mostabove
results),hencealsofor exponentialstabilization.

For example, assumethat �Ú� TIC∞ hasan exponentiallystabled.c.f., say
(7.50) (i.e., the mapsin (7.50) belongto TICexp). Thenthe mapsDF-stabilize� exponentiallywith internal loop are exactly the mapswith (exponentially)
d.c. internal loop parametrized in Theorem 7.2.14(where we mustrequire the
parameters to beexponentially stable).

Remark 7.2.20(Plantswith internal loop) We could, of course, study more
general plants, thosewith internal loop. One easily (though sometimeswith
tediousapplications of LemmaA.1.1)generalizesmostresultsof this sectionto
the casewhere both � and ^ haveinternal loops,e.g., if �0¹ �¸ �«ÐÑ 1 is a map
with l.c. internal loop, then ^ ¹FP ý Ñ 1 stabilizes � iff �« ý Êf�¸ Pº� � TIC. This
way onecould cover all “ H∞ é H∞” transfer functions(the quotientfield of H∞)
andmore.
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Notes
Controllerswith internal loop were first introducedin [WC], which covers

alsosomecorrespondingstate-spacetheoryfor regularWPLSs.This notion was
further developedin the frequency-domainarticle [CWW01]. Our theory was
built on an early form of [CWW01], which we were given in late 1996. The
actualarticlewill bepublishedlate2001.

Part (c1) of Theorem7.2.3 is Theorem7.4 of [WR00]. Lemma 7.2.7 is
at leastpartially containedin Section6 of [WC]. Proposition7.2.5(b),Lemma
7.2.10(a)&(b), Corollary 7.2.13 and Corollary 7.2.15 are at least implicitly
containedin [CWW01] (someof themwith differentproofs).Part (d) of Theorem
7.2.4waswritten asa generalizationof the correspondingclassicalresult (see,
e.g.,Lemma12.1of [ZDG]). Proposition5.3of [WC] seemsto beits analogyfor
exponentialDF-stabilization with internalloop.
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Figure7.8: DPF-controller̂ for ��� TIC∞ À U Ï W � Z Ï Y Á
7.3 DPF-stabilizati on ( ¸ �¨ç �}è�� )

Sir, it’ sverypossible thisasteroid is not stable.

— C3P0

In Section7.1, we studieddynamicoutput-feedbackstabilization by a well-
posedcontrollerand,in Section7.2, thatby a controllerwith internalloop (such
controllerscontainall well-posedcontrollers).

In thissectionweshallusethoseresultsto obtaina theoryfor dynamicpartial
feedback(with internalloop;wealsogivesomefurtherresultsfor thespecialcase
of awell-posedcontroller).

A generalDPF-controllerdiffers from the specialcaseof a DF-controllerin
thesensethattheformerhasonly a partialaccessto theinputsandoutputs of the
plant,asillustratedin Figure7.8(cf. to Figure7.1).

In the important H∞ Four-Block Problem (H∞ 4BP) (or the standardH∞

problem)of Chapter12,onetriesto find aDPF-controllerthatstabilizestheplant
andmakesthenorm � w ³µ z � in Figure7.8 lessthana given constantγ ¾ 0. This
problemis the main motivator of the theory of this chapter. The signal y can
be consideredasa measureaccessiblefor the controllerandu asthe controller
output,whereasw oftenrepresentsthedisturbancesin a systemandz standsfor
theactual(objective)output.

Our choiceto have u beforew is contraryto the standardpracticein DPF-

stabilization andtheH∞ 4BPtheory(thiscorrespondsto Â ¤ 12
¤

11¤
22
¤

21 Ã in placeof � ),

which is bettersuitedfor DPFduality results.
However, our choice is the standardpracticein the H∞ FICP theory (see

Chapter11), beingmorenaturalfor that theory(e.g.,it allows us to have I ’s on
thediagonalin severalFICPand4BPformulae).

Therefore,whencomparingtheformulaeto moststudiesonDPF-stabilization
(e.g., [Francis], [Keu], [Green]or [ZDG]), onehasto interchangethe (second)
indicescorrespondingu andw, whereasthe FICP results(e.g.,[S98d], [Green],
[CG97], [LT00a])candirectlybecompared.

If wedeletetherestof � except� 21 in Figure7.10,weendupwith Figure7.3.
Therefore,themapsuL � yL ³µ u � y becomethesameasin theDF-stabilizationof� 21, andthemapof uL � w� yL to z� y� u is obtainedfrom thisandtheequation± zy² ¹ò� ± u Û uL

w ² ¶ (7.57)

In particular, thecontrolleris admissible for � if f it is admissible for � 21.
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(Note that we usew insteadof wL ¹ w, becausethereis no feedbackto the
disturbancesignalw. Modelsshouldcontainadditional inputs representingthe
disturbancesin eachloop, but sincethereis no feedback(loop) for w, suchan
additionalinputwouldberedundant.Thesituation with z is similar.)

However, it is easiestto identify any DPF-controller�^ � TIC∞ À Y� U Á with the

DF-controller ^ : Â CzCy Ã ³µ å uw æ of form ^ ¹çÂ 0 C_
0 0 Ã � TIC∞ À Z Ï Y � U Ï W Á (so that�^¬� TIC∞ À Y� U Á maps �y ³µ u, and �z andw are uncoupledfrom the controller).

Obviously, this definition is equivalent to the one above. Its rigorousform is

containedin thefollowing definition(thecasè�¹ Â C_ 0
0 0 Ã � TIC∞ À Y Ï Ξ � U Ï Ξ Á ),

whichalsocoversthecasewith internalloop:

Definition 7.3.1(DPF-stabilization [with internal loop], æ g ÀK���h^ÈÁæ g ÀK���£^¥Áæ g ÀK� �£^¥Á ) Let � ¹Â ¤ 11
¤

12¤
21
¤

22 Ã � TIC∞ À U Ï W � Z Ï Y Á . Wecall ` � TIC∞ À Y Ï Ξ � U Ï Ξ Á (wherealsoΞ
is a Hilbert space)an admissible (resp.stabilizing) DPF-controller with internal
loop for � if` DF : ¹ ¦§ 0 ` 11 ` 12

0 0 0
0 ` 21 ` 22

¨© � TIC∞ À!À Z Ï Y Á Ï Ξ � À U Ï W Á Ï Ξ Á (7.58)

is anadmissible (resp.stabilizing)DF-controller with internal loop for � .

Wecall �Σ ¹¬Â C¡ C¢C£ a Ã � WPLSÀ Y Ï Ξ � �H � U Ï Ξ Á anadmissible (resp.stabilizing)

DPF-controller with internalloop for Σ ¹Þ�&¡ ¢£ ¤ �,� WPLSÀ U Ï W � H � Z Ï Y Á if�ΣDF : ¹ ¦xxx§ �Ó 0 �� 1 �� 2�� 1 0 ` 11 ` 12

0 0 0 0�� 2 0 ` 21 ` 22

¨zyyy© � WPLSÀ Z Ï Y Ï Ξ � �H � U Ï W Ï Ξ Á (7.59)

is anadmissible (resp.stabilizing)DF-controller with internal loop for Σ.
In eithercase, by æ g ÀK� �£`¥Á wedenotethemapw ³µ zof � o

I (see(7.64),(7.68)
and(7.98)).

We call two admissible DPF-controllers with internal loop for � (resp.for Σ)
equivalentfor � (resp.for Σ) if they determinesamemapsfromuL � yL to u � y.

Wecall � (resp.Σ) DPF-stabilizablewith internalloop if there is a stabilizing
DPF-controller with internal loop for � (resp.for Σ). and we usepreficesas
above. (Weusepreficesasin Definition7.2.1.)

If ` DF is a well-posedDF-controller (equivalently, `º¹ç� a 11 0
0 0 � � TIC∞ À Y Ï

Ξ � U Ï Ξ Á ), thenwemayremovethewords“with internalloop” everywhereabove
in thisdefinition andidentify ` with ` 11 � TIC∞ À Y� U Á .

If ^ is a map with coprime internal loop, then we call ^ an admissible
(resp.stabilizing) DPF-controller with coprimeinternalloop for � if � 0 _0 0 � is an
admissible (resp.stabilizing) DF-controller with coprimeinternal loop for � .

As before,“ [DPF-]stabilizes” means“is [DPF-]stabilizing for”, in any of the
abovesettings.(Weusetheprefix “DPF-” whenever thereis a risk of confusion.)
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Σ

�Ó �� τ�� ^¼
Σ

8×Ä×�y 7 y5yL B z5
u B 8×Ä× uL5 �u4 w

4
x0

4x5
�x0

4�x5
Figure7.9: DPF-controller�Σ for Σ � WPLSÀ U Ï W � H � Z Ï Y Á� 11 � 12� 21 � 22` 11 ` 12` 21 ` 22

8×Ä×7�yByL 5 y
5 z

u B 8×Ä× uL54 �u w
4

Bξ 8×Ä× ξL5�ξ4
Figure7.10:DPF-controller̀ with internalloop for ��� TIC∞ À U Ï W � Z Ï Y Á

Lemma7.3.10showsthatalsothecoprimepartof Definition7.3.1is justified.

Notethat � o
I maps À uL � w� zL � yL � ξL Á ³µ À u � w� z� y� ξ Á (cf. (7.63)andrecall that� o

I ¹ûÀ I Ê � o ÁÒÑ 1 Ê I ). Therefore, ` stabilizes � if f u � À w�SÁ z� y� ξ � L2 for all
uL � w� zL � yL � ξL � L2. SeealsoFigures7.10 and7.11 and the commentsbelow
Definition7.1.1andSummary6.7.1.

Thecombinedopen-loopsystemof (7.21)correspondingto theDF-controller�ΣDF with internalloop for Σ (i.e., theDPF-controller�Σ with internalloop for Σ),
is obviouslygivenby

Σo : ¹ ¦xxxxxxxxx§
Ó

0 � 1 � 2 0 0 0
0 �Ó 0 0 0 �� 1 �� 2

0 �� 1 0 0 0 ` 11 ` 12

0 0 0 0 0 0 0� 1 0 � 11 � 12 0 0 0� 2 0 � 21 � 22 0 0 0
0 �� 2 0 0 0 ` 21 ` 22

¨ yyyyyyyyy© (7.60)

� WPLSÀ U Ï W Ï Z Ï Y Ï Ξ � H Ï �H � U Ï W Ï Z Ï Y Ï Ξ Á . Thus,�Σ isanadmissible
[stabilizing] DPF-controllerwith internal loop for Σ if f Σo

I is well-posed[and
stable](cf. Definition6.6.4);see(6.125)for theclosed-loopsystemΣo

I .

If `�¹ � _ 0
0 0 � , thenwecansimplify theabovedefinitionasfollows:
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Σ

¼
Σ

�Ó �� 1τ �� 2τ�� 1 ` 11 ` 12�� 2 ` 21 ` 22

8×Ä×�y 7 y5yL B z5
u B 8×Ä× uL5 �u4 w

4
x0

4x5
Bξ 8×Ä× ξL5�ξ4�x0

4�x5
Figure7.11:DPF-controller �Σ with internalloopfor Σ � WPLSÀ U Ï W� H � Z Ï Y Á
Lemma 7.3.2(Well-posedDPF-controllers) A (well-posed) DPF-controller^ � TIC∞ À Y� U Á is admissible [stabilizing] for �f� TIC∞ À U Ï W � Z Ï Y Á iff L : ¹ I

is admissible [stabilizing] for Â 0 0 _
0 0 0¤

0 0 Ã TIC∞ À U Ï W Ï Y� U Ï Z Ï Y Á ; all prefices

apply.
A (well-posed)DPF-controller �Σ � WPLSÀ Y� �H � U Á is admissible [stabilizing]

for Σ � WPLSÀ U Ï W � H � Z Ï Y Á iff L : ¹ I is admissible [stabilizing] for

Σo : ¹ ¦xxxxx§
Ó

0 � 0 0
0 �Ó 0 0 ��
0 �� 0 0 ^
0 0 0 0 0� 0 � 0 0

¨zyyyyy© � WPLSÀ U Ï W Ï Z Ï Y� H Ï �H � U Ï W Ï Z Ï Y Á ;
(7.61)

all preficesapply. In either setting, admissibility is equivalentto condition
I Ê½^�� 21 �x� TIC∞ À U Á .

Thelastconditionis equivalentto “ I Ê QD21 �x� Î À U Á ” if ^Í�!� 21 � ULR, by
Proposition6.3.1(c).

Cf. againFigures7.8and7.9to Figures7.10and7.11,respectively. Notealso
that(7.61)equals(7.21)for Σ and�Σ Ù : ¹ ¦x§ �Ó 0 ���� 0 ^

0 0 0

¨ y© � WPLSÀ Z Ï Y� �H � U Ï W Á (7.62)

i.e., it correspondsto theDF-controller �Σ Ù for Σ.
Proof: Denote(7.60)by Σo Ù . Obviously, Σo Ù ¹Þ� Σo 0

0 0 � . Oneeasilyverifies
thatL ¹ I : ¹ IU · W · Z · Y is admissible [stabilizing] for Σo if f � I 0

0 IΞ � is admissible

[stabilizing] for Σo Ù (becauseΣo
I Ù ¹ Â Σo

I 0
0 0 Ã , by (6.125); from this we also

observe thatall preficesof Definition6.6.4apply).
ConditionI Ê½^ � 21 �x� TIC∞ À U Á canbeobtainedfrom Lemmas7.3.5and

7.1.2(or from adirectcomputation). �
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Lemma 7.3.3(DPF-controllers with IL) A map ` ¹ Â�a 11 a 12a 21 a 22 Ã � TIC∞ À Y Ï
Ξ � U Ï Ξ Á is an admissible [stabilizing] DPF-controller with internal loop for��� TIC∞ À U Ï W � Z Ï Y Á iff the connectionif Figure 7.10 is well-posed[and
stable],equivalently, iff

� o : ¹ ¦xxxx§ 0 0 0 ` 11 ` 12

0 0 0 0 0� 11 � 12 0 0 0� 21 � 22 0 0 0
0 0 0 ` 21 ` 22

¨ yyyy© � TIC∞ À U Ï W Ï Z Ï Y Ï Ξ Á (7.63)

satisfiesI Êl� o �v� TIC∞ [and À I Êl� o ÁÒÑ 1 � TIC]. �
(This follows from Lemma7.2.2.)
Analogously, �Σ is admissible[stabilizing]for Σ if f theclosed-loopsystem(Σo

I ;
cf. (7.60)) in Figure7.11 is well-posed[and stable,i.e., u � y� z� ξ � L2 andx and�x are boundedfor all uL � w� yL � ξL � L2 À R × ; % Á , x0 � H and �x0 � �H]. (We note
thatexponential stability is equivalentto x � �x � L2 (andhenceu � y� z� ξ � L2) for all
uL � w� yL � ξL � L2 � x0 � H and �x � �H, by LemmaA.4.5andLemma6.1.10(a1).)

As before, we identify a well-posedcontroller ^Þ� TIC∞ À Y� U Á with the
controller � _ 0

0 0 �ñ� TIC∞ À Y Ï Ξ � U Ï Ξ Á with internal loop. From (7.58) we
observe that ^ � TIC∞ is an admissible [stabilizing] DPF-controllerfor � if f� 0 _0 0 � � TIC∞ À Z Ï Y � U Ï W Á is an admissible [stabilizing] (DF-)controller for� (obviously, (7.58) is a well-posedDF-controller if f ` is a well-posedDPF-
controller;seetheendof Definition 7.2.1). This canbecomparedto Figure7.8,
where � Cuw �,¹Þ� 0 _0 0 ��� z

y× yL ��Û å uL
w æ , whereas�u ¹�^ÝÀ y Û yL Á Û uL in Figure7.1; the

differencesareexplained by the factsthat we needno zL andthat w ¹ wL ¹ �w,
dueto lackof feedbackin theseloops.

Obviously, a (well-posed)map ^7� TIC∞ is admissible if f À I Ê÷� 21 ^ÈÁk�� TIC∞. Theclosedloopmapw ³µ z (from thesecondinput to thefirst output)is
givenby thestandardlinearfractionaltransformation formulaæ g ÀK���h^ÈÁ : ¹�� 12 Û½� 11 ^´À I Êl� 21 ^¥ÁÓ� 22 ¹'æ g À å 0 I

I 0 æ � d å 0 I
I 0 æ �:^ d Á d ¶ (7.64)

Thefull mapuL � w� yL ³µ u � z� y is givenby¦§ À I Ê½^ � 21 Á Ñ 1 À I Ê½^ � 21 Á Ñ 1 ^ � 22 À I Ê½^ � 21 Á Ñ 1 ^� 11 À I Ê½^ � 21 ÁÒÑ 1 � 12 Û½� 11 À I Ê½^�� 21 ÁÒÑ 1 ^�� 22 � 11 À I Ê½^ � 21 ÁÒÑ 1 ^� 21 À I Ê½^ � 21 ÁÒÑ 1 � 22 Û�À I Êl� 21 ^ÈÁ�Ñ 1 � 22 À I Êl� 21 ^¥Á�Ñ 1

¨© ¶
(7.65)

Thus,all admissibility resultsof Sections7.2and7.1arevalid (for DPF)with� 21 in placeof � , but for thestabilizability, wemustaddtherequirementthatthe
mapsto z andthemapsfrom w alsobecomestable.

We usuallystudyonly DPF-controllerswith coprimeinternal loop, because
the standardstabilizability anddetectabilityassumptionsfor the H∞ 4BP imply
that no other controllersstabilize the plant (assuming sufficient regularity or a
discrete-timesetting;cf. Section12.5,Lemmas12.6.6and12.5.3andTheorem
7.3.19),andbecausethegeneralcaseis rathercomplex, asshown in thefollowing
proposition:
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Proposition7.3.4(æ g ÀK���h`ÈÁæ g ÀK���£`¥Áæ g ÀK� �£`¥Á ) Let � beasin Definition7.3.1.Let ` : ¹ (7.58).

(a) Theǹ is admissiblewith internal loop for � iff2 : ¹Z¦§ IZ Ê � 11 ` 11 Ê � 11 ` 12

0 IY Êl� 21 ` 11 Ê � 21 ` 12

0 Êt` 21 IΞ Ê½` 22

¨© �x� TIC∞ À Z Ï Y Ï Ξ Á ; (7.66)

equivalently, iffÔ : ¹Z¦§ IU Ê½` 11 � 21 Êt` 11 � 22 Êt` 12

0 IW 0Êt` 21 � 21 Êt` 21 � 22 IΞ Ê½` 22

¨© �x� TIC∞ À U Ï W Ï Ξ Á ¶
(7.67)

(b) ` is [exponentially]DPF-stabilizing with internal loop for � iff (7.27) is
[exponentially]stable (equivalently, iff (7.28)is [exponentially] stable).

(c) ` is admissible (resp. [exponentially] DPF-stabilizing) with internal
loop for � iff ` is admissible (resp.[exponentially] DPF-stabilizing) for± ¤ 11 0

¤
12¤

21 0
¤

22
0 I 0 ² .

(d) ` is admissible (resp.[exponentially] DPF-stabilizing) with internal loop
for � iff ` d is admissible (resp. [exponentially] DPF-stabilizing) with

internal loop for � d : ¹ Â ¤ d
22
¤ d

12¤ d
21
¤ d

11
Ã . If this is the case, then æ g ÀK���£`¥Á d ¹æ g ÀK� d �:` d Á .

(e) If ` is admissible with internal loop for � , then æ g ÀK���h`ÈÁ : w ³µ z is given
byæ g ÀK���h`ÈÁ ¹÷� 12 Û À�2 Ñ 1 Á 12� 22 ¹ � 12 Û � 11 À�Ô Ñ 1 Á 12 � TIC∞ ÀW� Z Á ¶ (7.68)

Themapw ³µ u is givenby À�Ô�Ñ 1 Á 12.

If ` ¹ � _ 0
0 0 � for some ^;� TIC∞ À Y� U Á (i.e., ` is well-posed), thenæ g ÀK� �£`¥Á�¹0� 12 Û � 11 ^ÝÀ I Êv� 21 ^¥Á�Ñ 1 � 22, by (7.65). For DPF-controllerswith

d.c.internalloop,a third formulafor æ g is givenin Corollary7.3.20(c).
Proof: (a)&(b)Substitute(7.58)for ` in Proposition7.2.5(a)&(a’)toobtain

(a)&(b).
(c) By Definition 7.3.1, ` is DPF-admissiblewith internal loop for � if f

(7.58)is DF-admissible with internalloop for � . By Proposition 7.2.5(c),this
is thecaseif f (7.58)is DF-admissible for � ¤ 0

0 I � ; equivalently, if f± 0 `
0 0 ² is DF-admissiblefor ¦§ � 11 0 � 12� 21 0 � 22

0 I 0

¨© ¹ : � ¶ (7.69)

As notedbelow Definition7.3.1,this is thecaseif f ` is DPF-admissiblefor � .
Replace“admissible” by “[exponentially] stabilizing” above to obtainthe

proofof remainingclaims.
(d) We have Ô �÷� TIC∞ if f Ô d �÷� TIC∞. Exchangethe first andsecond

rows andexchangethefirst andsecondcolumnsof Ô d to obtain 2 with � d in
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placeof � and ` d in placeof ` . Thisprovestheadmissibility claim,andfrom
thiswealsoobserve that À�Ô Ñ 1¤ ü a Á 12 ¹�À�2 Ñ 1¤

d ü a d Á d12, hence(use(c) twice)æ g ÀK� d �:` d Á d ¹�À!ÀK� d Á 12 Û�À�2 Ñ 1¤
d ü a d Á 12 ÀK� d Á 22 Á d ¹ò� 12 Û½� 11 À�Ô Ñ 1¤ ü a Á 12 ¹&æ g ÀK���h`ÈÁ ¶

(7.70)
Similarly, oneobservesfrom Proposition7.2.5(a)&(a’)that(7.28)is stable

if f (7.27)is stableafter thesubstitutions � ³µ � d, ` ³µ ` d (this requiresjust a
bit morereordering).

(Notethatexceptfor (7.70),part(d) is alsocontainedin Lemma6.7.2(f’).)
(e) The symbolsof Proposition7.2.5 are now denotedas follows (cf.

Definition 7.3.1): we have uL ³µ å uL
w æ , u ³µ å uw æ andy ³µ å zy æ . The map“uL ³µÂ yξ Ã ” givenby 2 Ñ 1 � ¤0 � , by (7.27),hencew ³µ z is givenbyÀ�2 Ñ 1 � ¤0 ��Á 12 ¹ À�2 Ñ 1 Á 11� 12 Û�À�2 Ñ 1 Á 12� 22 ¹ò� 12 Û�À�2 Ñ 1 Á 12� 22 � (7.71)

sincenow À�2 Ñ 1 Á 11 ¹ I , by LemmaA.1.1(b1)&(b2). Analogously, w ³µ z is
given by � 11 À�Ô�Ñ 1 Á 12 ÛÐ� 12 À�Ô�Ñ 1 Á 22 ¹�� 11 À�Ô,Ñ 1 Á 12 ÛÐ� 12, by (7.28). Obvi-
ously, w ³µ u is givenby À�Ô�Ñ 1 Á 12, by (7.28). �
For easeof reference,we collect into a lemmasomeremarksmadeabove

(moreor lessexplicitly):

Lemma 7.3.5( ` DPF-stabilizes�P�é` DF-stabilizes � 21) Let � ¹Â ¤ 11
¤

12¤
21
¤

22 Ã � TIC À U Ï W� Z Ï Y Á and `ð� TIC∞ À Y Ï Ξ � U Ï Ξ Á . Let Σ and �Σ
berealizationsof � and ` , respectively. Thenthefollowingareequivalent:

(i) ` is anadmissibleDPF-controller with internal loop for � ;

(ii) ` is anadmissible DF-controller with internal loop for � 21;

(iii) �Σ is anadmissible DPF-controller with internal loop for Σ;

(iv) �Σ is anadmissible DF-controller with internal loop for Σ21 : ¹ Â ¡ ¢ 1£
2
¤

21 Ã ;
(v) I Êl� o �x� TIC∞ À U Ï W Ï Z Ï Y Ï Ξ Á .
Moreover, if ` DPF-stabilizes � , then ` DF-stabilizes � 21; if �Σ DPF-

stabilizesΣ, then �Σ DF-stabilizesΣ21 (all preficesapply, becausethesystem“ Σo
I ”

for Σ21 and �Σ (cf. (7.21))is a part of thesystem“ Σo
I ” for Σ and(7.59)).

Theconverseto the lastclaim is not true in general(take, e.g., `º¹ 0 ¹�� 21,� unstable;cf. alsoExample7.3.7),but it is true when,e.g.,Σ21 is optimizable
andestimatable;seeLemma7.3.6andTheorem7.3.19.

Proof: (Naturally, thelemmastill remainstrueif we throughoutthelemma
removethephrases“with internalloop”, sincè isawell-posedDPF-controller
for Σ if f ` is a well-posedDF-controllerfor Σ21 (if f ` ¹ � a 11 0

0 0 � ). Notealso

thatthe“resp.” partis notdefinedfor �Σ in placeof ` .)
Let �2Þ� TIC∞ À Y Ï Ξ Á be the map 2 for ` and � 21 from Proposition

7.2.5(a).
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1� Admissibility : We observe from Proposition 7.3.4(a) (and Lemma
A.1.1(b)),that 2Ú�v� TIC∞ if f �2��x� TIC∞, andthat2 Ñ 1 ¹Z¦§ IZ � %ê% �± 00² �2þÑ 1

¨© � TIC∞ À Z Ï�À Y Ï Ξ Á!Á (7.72)

(when �2��l� TIC∞ À Y Ï Ξ Á ). Therefore,(i) and(ii) areequivalent. FromLemma
7.2.2(andDefinition7.3.1)we obtain“(ii) î (v)”, “(ii) î (iv)” and“(iii) î (iv)”
(since(7.58)is theI/O mapof (7.59).

2� We shall showthat �Σo
I is obtainedby removing thefourth andfifth rows

andcolumns(thosecorrespondingtoW andZ) fromΣo
I : (Here �Σo

I is thesystem
“Σo

I ” for Σ21 and �Σ (cf. (7.21)),andΣo
I is the oneof Definition 7.3.1,i.e., the

closed-loopsystemof (7.60). Obviously, theabove claim holdsfor �Σo andΣo

in placeof �Σo
I andΣo

I .)

Assumethat ` is admissible for � 21. Let �� o � TIC∞ À U Ï Y Ï Ξ Á be the
map(7.20) (for � 21 and ` ), anddefine � o by (7.63). Set �
 : ¹°À I Ê'�� o ÁÒÑ 1.
From(7.27)we observe that

À I Êl� o Á Ñ 1 ¹ ¦xxxxx§ �
 11 % 0 �
 12 �
 13

0 I 0 0 0% % I % %�
 21 % 0 �
 22 �
 23�
 31 % 0 �
 32 �
 33

¨ yyyyy© � TIC∞ À U Ï W Ï Z Ï Y Ï Ξ Á ¶ (7.73)

(Thisproves2� for � o
I : ¹ À I Êl� o ÁÒÑ 1 Ê I .) Apply then(6.125)to observe that

� o
I : ¹�À I Êl� o Á Ñ 1 � o ¹ ¦xxxxx§ �
 12 � 2 �
 11 �� 1 Û��
 13 �� 2

0 0% %�
 22 � 2 �
 21 �� 1 Û��
 23 �� 2�
 32 � 2 �
 31 �� 1 Û �
 33 �� 2

¨ yyyyy© ¶ (7.74)

(Remove the secondand third rows to obtain “ �� o
I ”.) The proof for � o

I is
analogous. Finally, from (6.125) and (7.4) (for Σ and �Σ Ù , so that � o ¹Â ¢ 1 ¢ 2 0 0 0

0 0 0 C¢ 1
C¢ 2 Ã ) we observe thatÓ o

I ¹ Ó o Û�� oτ � o
I ¹ ± Ó 0

0 �Ó ² Û ± � 1 0 0
0 �� 1 �� 2 ² τ ¦§ À&� o

I Á 11 À&� o
I Á 12À&� o

I Á 41 À&� o
I Á 42À&� o

I Á 51 À&� o
I Á 52̈

© � (7.75)

whichequals�Ó o
I : ¹ Ó o Û ± � 1 0 0

0 �� 1 �� 2 ² τ �� o
I , thesemigroupof �Σo

I .

3� Stabilization: We observe from 2 � that �Σo
I � WPLSÀ U Ï Y Ï Ξ � H Ï�H � U Ï Y Ï Ξ Á is a part of Σo

I � WPLSÀ U Ï W Ï Z Ï Y Ï Ξ � H Ï �H � U Ï W Ï
Z Ï Y Ï Ξ Á .

Indeed, �� o
I ¹ëÀ I Ê �� o ÁÒÑ 1 Ê I ¹ �
½Ê I is a part of � o

I , the semigroup
Ó o

I is
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thesamefor bothsystems,and �� o
I and �� o

I arepartsof � o
I and � o

I , respectively,
asnotedabove.

Therefore,if �Σ is DPF-stabilizingwith internalloop for Σ, i.e.,Σo
I is stable,

thenalso �Σo
I is stable,sinceit is a part of Σo

I , i.e., then �Σ is DPF-stabilizing
for Σ21. Analogously, if ` is DPF-stabilizingwith internalloop for � , i.e., � o

I

is stable,thenso is �� o
I . For samereasons,any prefices (e.g.,“exponentially”,

“ω-”; for Σ also“strongly”, “internally”, “SOS-” etc.)apply. �
It is not exactly the samething to DPF-stabilizeΣ andDF-stabilizeΣ21, but

prettyclose:

Lemma 7.3.6(Σ ë Σ21Σ ë Σ21Σ ë Σ21)

(a) �Σ ¹7Â C¡ C¢C£ a Ã � WPLSÀ Y Ï Ξ � �H � U Ï Ξ Á is anexponentiallystabilizing DPF-

controller with internal loopfor Σ ¹Þ� ¡ ¢£ ¤ �q� WPLSÀ U Ï W � H � Z Ï Y Á iff �Σ
is anexponentiallystabilizingDF-controller with internal loop for Σ21.

(b1)If Σ21 isexponentiallyjointly stabilizableanddetectable, thenthefollowing
areequivalent:

(i) ` DPF-stabilizes � exponentiallywith internal loop;
(ii) ` DF-stabilizes� 21 exponentially with internal loop;
(iii) ` hasa realization thatDPF-stabilizesΣ exponentially with internal

loop.

(b2) If Σ21 and Σ are [strongly] jointly stabilizable and detectable, then the
followingareequivalent:

(i) ` DPF-stabilizes � with internal loop;
(ii) ` DF-stabilizes� 21 with internal loop;
(iii) ` has a realization that DPF-stabilizesΣ [strongly] with internal

loop.

(c) If Σ21 is optimizableandestimatable, then(b1)(i)&(ii) are equivalent,and
soare (b2)(i)&(ii).

Proof: (a)Thetwo closed-loopsystems havesamesemigroup
Ó o

I , asnoted
in the proof of Lemma7.3.5, henceeither is exponentially stableif f

Ó o
I is

exponentially stable,by Lemma6.1.10(a1).
(b1)&(b2) Implication “(iii) � (i)” is trivial (since � o

I is a part of Σo
I ), and

“(i) � (ii)” follows from Lemma7.3.5.
To complete the equivalence, we assumethat (ii) holds and that Σ21

and Σ are [[exponentially] strongly] jointly stabilizableand detectable[[the
assumption onΣ is unnecessary]].

By Theorem6.6.28[[(shifted; note that we tacitly apply shifting several
timesbelow too)]], � 21 hasa [[exponential]] d.c.f.; therefore,so does � : ¹� ¤ 21 0

0 I � .
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By Proposition7.2.5(c), ` DF-stabilizes� [[exponentially]]. By Propo-
sition 7.1.6(d), ` hasa [[exponential]] d.c.f. By Theorem6.6.28, ` hasan
[[exponentially]] strongly jointly stabilizableanddetectablerealization.

By Theorem7.3.11(b)(1.)[[(c1)]],this realizationstabilizesΣ [[exponen-
tially] strongly]with internalloop. (Herewe neededthe assumption on Σ, or
at leastthe assumption that Σ is, e.g.,q.r.c.-stabilizable[since

Ó o
I is the same

for Σ and Σ21, “strongly” is not neededhere] [[since Σ21 is optimizableand
estimatable,sois Σ]].)

A remarkfor (b1): It is not sufficient for (b1)(i)–(iii) that ` DPF-stabilizes� with internal loop: by Corollary 7.3.20,this holdsif f ` is equivalent to ^
of Corollary7.3.20(ii)for some~�� TIC À U Á , whereasexponentialstabilization
requiresthat ~�� TICexp À U Á .

(c) 1� Thecorrespondingdiscrete-timeclaimholds:By Lemma13.3.17(b),
Σ21 is exponentially jointly stabilizableanddetectable,henceso is Σ. There-
fore, (b1)(i)–(iii) areequivalent,andsoare(b2)(i)–(iii).

2� Theoriginal claim holds: Usediscretization(seeTheorem13.4.4(e1)).�
In Lemma7.3.6(b2)(compareto (b1)), theconditionon Σ is notsuperfluous:

Example 7.3.7 (Σ21Σ21Σ21 and � � � strongly stablebut ΣΣΣ not DPF-stabilizable)Let
Ó

beasin Example6.1.14(a),sothat
Ó

andΣ21 arestronglystablebut � 2, � 1 and� 12 areunstable,where

Σ : ¹#ìí A 0 I

I 0 0
0 0 0 îï � WPLS

¶
(7.76)

Moreover, no DPF-controller[with internal loop] has any effect on Σ; in
particular, Σ is not DPF-stabilizable,although �Σ : ¹ � 0 0

0 0 � DF-stabilizesΣ21

exponentially.
Note that Σ is exponentially jointly stabilizable and detectableand has

bounded“B andC”, but Σ21 is only strongly jointly stabilizableanddetectable.í
(All this is straightforward (useExample6.1.14(a),Proposition7.3.4(a)and

Lemma6.6.25.))

Lemma 7.3.8(Equivalent DPF-controllers) Let � ¹ Â ¤ 11
¤

12¤
21
¤

22 Ã � TIC À U Ï
W� Z Ï Y Á , `°� TIC∞ À Y Ï Ξ � U Ï Ξ Á , and ` Ù � TIC∞ À Y Ï Ξ Ù � U Ï Ξ Ù Á . Let Σ, �Σ
and �Σ Ù bearbitrary realizations of � , ` and ` Ù respectively. Thenthe following
areequivalent:

(i) ` and ` Ù areequivalentDPF-controllerswith internal loop for � ;

(ii) ` and ` Ù areequivalentDF-controllers with internal loop for � 21;

(iii) ` DF and ` ÙDF areequivalentDF-controllerswith internal loop for � ;

(iv) �Σ and �Σ Ù areequivalentDPF-controllerswith internal loop for Σ;
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(v) �Σ and �Σ Ù areequivalentDF-controllers with internal loop for Σ21;

(vi) �ΣDF and �Σ ÙDF areequivalentDF-controllers with internal loop for Σ;

(vii) � I 0 0 0 0
0 0 0 I 0 � � o

I � I 0 0 0 0
0 0 0 I 0 � T : å uL

yL æ ³µ å uy æ is unaffectedwhen ` is replacedby` Ù (equivalently, �Σ is replacedby �Σ Ù );
(viii) ± I 0 0 0 0

0 I 0 0 0
0 0 I 0 0
0 0 0 I 0 ² � o

I ± I 0 0 0 0
0 I 0 0 0
0 0 I 0 0
0 0 0 I 0 ² T

: ± uL
w
z

yL ² ³µ ± uwz
y ² is unaffectedwheǹ is replaced

by ` Ù ;
(ix) the closed-loopmapsΣo

I � Σo
I Ù : x0 � uL � w� À z�SÁ yL ³µ x � u � À w�SÁÓ� y� z are unaf-

fectedwhen�Σ is replacedby �Σ Ù ;
In particular, two admissible DPF-controllerswith coprimeinternalloop are

equalif f they areequivalentfor � , equivalently, for � 21, by Lemma7.2.12(c).
Recall that any well-posedmap is a map with internal loop, and that any

well-posedcontrollerhaving a (right, left or doubly) coprimefactorizationis a
controllerwith a (right, left or doubly, respectively) coprimeinternalloop.

The equivalencebetween(iv) and(v) wasexpected:if Σ21 doesnot seeany
differencebetween�Σ and �Σ Ù , why would the restof Σ seeany; the restof the
equivalencefollowsfrom this.

Condition (ix) saysthat the two closed-loopmapsareequalexceptpossibly
for secondandseventh rowsandcolumns(thosecorrespondingto �H andΞ (or �H Ù
andΞ Ù )), i.e., only themapsconcerning�x, �x0, ξ andξL maydiffer for equivalent
controllersfor Σ; thus,thereis nodifferencefrom thepartof �Σ visible for Σ.

Consequently, for �x0 ¹ 0 andξL ¹ 0 (or �xÙ0 ¹ 0 andξ ÙL ¹ 0), thesignalsx � u � y� z
in Figure7.11areunaffectedwhen �Σ is replacedby an equivalent controller(as
longasx0 � uL � w� yL arefixed).

Proof of Lemma 7.3.8: (See(7.63) for � o and note that � o
I ¹ � o À I Ê� o ÁÒÑ 1 ¹çÀ I Ê�� o ÁÒÑ 1 Ê I � TIC∞ À U Ï W Ï Z Ï Y Ï Ξ Á for any admissible

controllerwith internalloop for � .)
1� “(i) î (iv) î (vii)”, “(ii) î (v)” and “(iii) î (vi) î (viii)”: Thesefollow

from Definitions7.3.1,7.3.1and7.3.1,respectively.
2� “(vii) � (iii)”: Assume(vii), i.e., that the maps �
 11 �Ð�
 12 �Ð�
 21 ���
 22 in

(7.73)areequalfor ` and ` Ù . ThenalsothemapsÀ!À I Êl� o Á Ñ 1 Á 34 ¹�À!À I Êl� o Á Ñ 1 Ê I Á 34 ¹ ÀK� o À I Êl� o Á Ñ 1 Á 34 ¹�� 11 �
 12 (7.77)

areequalfor ` and ` Ù . We concludefrom (7.73)thatthemaps À!À I Ê4� o ÁÒÑ 1 Á i j

areequalfor ` and `�Ù for i ¹ 1 � 2 � 3 � 4, j ¹ 3 � 4. By Proposition7.2.5(e)(cf.
(7.27)),weobtain(iii).

3� “(iii) � (ix)”: This follows from Lemma7.2.2.
Remarkson (ix): Here,aselsewhere,Σo

I andΣo
I Ù arethecombinedclosed-

loop systemscorrespondingto �Σ and �Σ Ù , respectively; cf. theproof of Lemma
7.3.5. By (ix), they becomeequaloncewe remove their secondandlast rows
andcolumns.

In (xi), wemustinclude“τ” after � o
I and � o

I Ù (in Σo
I andΣo

I Ù ), cf. theremark
below Definition6.1.5.
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We have z andw in parenthesisin (ix), becausez doesnot affect any other
signalandw is notaffectedby any signal.)

4� “(ix) � (viii) � (vii)”: This is trivial. Thus,only (ii) and(v) aremissing
from theequivalence;they areadoptedin 5 � –6� below.

5� “(ii) � (vii)”: Assume (ii). Then �
�¹°À I Ê �� o ÁÒÑ 1 is unaffectedby the
replacement` ³µ ` Ù . By (7.73),thismeansthat(vii) holds.

6� “(i) � (ii)”: Assume(i). With thenotationof theproof of Lemma7.3.5,
wehave� ` DF11 ` DF12�°2 Ñ 1 ¹ ± 0 � ` 11 ` 12 �ð�2 Ñ 1

0 � 0 0� ² � TIC∞ À Z Ï Y Ï Ξ � U Ï W Á ¶
(7.78)

By (i) and Proposition 7.2.5(e), the map Àï� ` 11 ` 12 �ð�2 Ñ 1 Á 1 is unaffected
by the replacement̀ ³µ ` Ù , hence À � ` DF11 ` DF12�12þÑ 1 Á 1 is unaffectedby` ³µ ` Ù (equivalently, by ` DF ³µ ` ÙDF).

From (7.72) we observe that À!�2þÑ 1 Á 11 � TIC∞ À Y Á is contained inÀ�2þÑ 1 Á 11 � TIC∞ À Z Ï Y Á . We concludefrom Proposition7.2.5(e) that (ii)
holds. �

Lemma 7.3.9(Well-posed̂0¹�` 11 Ûi` 12 À I Ê½` 22 ÁÒÑ 1 ` 21^0¹�` 11 Ûi` 12 À I Ê½` 22 ÁÒÑ 1 ` 21^�¹f` 11 Ûi` 12 À I Ê½` 22 ÁÒÑ 1 ` 21) Let `�¹ Â�a 11 a 12a 21 a 22 Ã �
TIC∞ À Y Ï Ξ � U Ï Ξ Á be an admissible DPF-controller with internal loop for��� TIC∞ À U Ï W � Z Ï Y Á .

Then ` is equivalentto a well-posedDPF-controller for � iff I Ê�` 22 �� TIC∞; if this is the case, then that well-posedDPF-controller is given by` 11 Ûi` 12 À I Ê½` 22 ÁÒÑ 1 ` 21 (in particular, it is unique). �
(This follows from Lemma7.2.7 and Lemma7.3.8(i)&(ii), becausea map` Ùu� TIC∞ À Y Ï Ξ ÙK� U Ï Ξ Ù Á is a well-posedDPF-controllerfor � if f ` Ù is well-

posedDF-controllerfor � 21, i.e., if f ` Ù®¹ � É 0
0 0 � .)

Lemma 7.3.10 Let ^Ú¹EP ý Ñ 1 or ^Ú¹��ý Ñ 1 �P be a mapwith coprimeinternal
loop. Thensois± 0 ^

0 0 ² ¹ ± 0 P
0 0 ² ± I 0

0
ý ² Ñ 1

or ± 0 ^
0 0 ² ¹ ± �ý 0

0 I ² Ñ 1 ± 0 �P
0 0 ² � (7.79)

respectively. Thefollowingareequivalent:

(i) ^ is an admissible [stabilizing] DPF-controller with coprimeinternal loop
for � ;

(ii) � 0 _0 0 � is an admissible [stabilizing] DF-controller with coprimeinternal
loop for � ;

(iii) � 0 H
I I Ñ I � is an admissible [stabilizing] DPF-controller with internal loop

for � ;

(iv) (7.81)is anadmissible[stabilizing] DF-controller with internalloopfor � ;

(v) (7.82)is anadmissible [stabilizing] DF-controller with internal loop for � .
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(Recall Definition 7.2.11 of maps with coprime internal loop.) From
“(i) î (iii)” we concludethatoneneednot first extend ^ to � 0 _0 0 � andthentake a
representative(suchas(7.81));onecanalsotakefirst arepresentative `ò¹ � 0 H

I I Ñ I �
(or ` ¹ Â 0 ICH I Ñ CI Ã , respectively) of ^ , andthenextendit asin (7.58): ^ is anad-

missible [stabilizing] DPF-controllerwith coprimeinternal loop for � if f some
(henceany) of its representatives is an admissible [stabilizing] DPF-controller
with internalloop for � .

Proof: We treatther.c. case;thel.c. andd.c.casesareanalogous.
Supposethat ^�¹�P ý Ñ 1 is a mapwith r.c. internalloop (i.e., PÈ� ý � TIC

arer.c.).
1� (7.79) is a mapwith coprimeinternal loop: This meansthat � 0 H0 0 � and� I 0

0 I � arer.c. Indeed, �« ý Ê'�¸ Pò¹ I impliesthat± I 0
0 �« ² ± I 0

0
ý ² Ê ± 0 0�¸ 0² ± 0 P

0 0 ² ¹ I

¶
(7.80)

2� Theequivalenceof (i)–(v): By Definition 7.2.11,the (canonical)repre-
sentative of mapof form � 0 _0 0 �q¹7� 0 H0 0 � � I 0

0 I � Ñ 1
with r.c. internalloop is given

by ¦xx§ 0 0 0 P
0 0 0 0
I 0 0 0
0 I 0 I Ê ý

¨zyy© � TIC À Z Ï Y Ï�À Z Ï Y ÁÓ� U Ï W Ï�À Z Ï Y Á!Á (7.81)

(notethathere“Ξ” ¹ Z Ï Y, whereasbelow “Ξ” ¹ Y). We concludethat (ii) is
equivalent to (iv), by Definition7.2.11.

The DF-controller (7.58) correspondingto the canonicalrepresentative`�¹ � 0 H
I I Ñ I � of themap ^ with internalloop is¦§ 0 0 P

0 0 0
0 I I Ê ý ¨© � TIC À Z Ï Y Ï Y � U Ï W Ï Y Á ¶ (7.82)

By Definition 7.3.1,(iii) standsfor (v), and(i) standsfor (ii). Thus,we can
completetheequivalenceby showing (iv) equivalentto (v).

Let �� o be the map “ � o” of (7.63) that resultsfrom applying the DPF-
controller ` to � (equivalently, the DF-controller(7.82) to � ), andlet � o be
the map“ � o” of (7.20) that resultsfrom applyingthe DF-controller(7.81) to� .

Then � o ¹ � ¤ o 0
0 I � modulocertainpermutation of rows andandthe same

permutationof columns. Therefore,I ÊØ� o �f� TIC∞ if f I Ê �� o ��� TIC∞,
and À I ÊÐ� o Á Ñ 1 � TIC iff À I Êf�� o Á Ñ 1 � TIC. Thus, the admissibility and
stabilizability of (7.81)for � is equivalentto thatof (7.82).

(An intuitive proof would go asfollows: (7.82)is obtainedby deletingthe
Z part (not Y part) of ξ (7.81), and this Z part is obviously well-posedand
stable,anddoesnotaffectany othersignals.) �
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Trivially, �Σ I/O-DPF-stabilizesΣ if f ` DPF-stabilizes� (i.e., if f � o
I becomes

stable). Under standardassumptions, this is also equivalent to the stronger
conditionthat �Σ DPF-stabilizesΣ:

Theorem7.3.11(�Σ�Σ�Σ DPF-stabilizesΣ îj`Σ îÍ`Σ îÍ` DPF-stabilizes� � � ) Let Σ ¹ð� ¡ ¢£ ¤ � �
WPLSÀ U Ï W � H � Z Ï Y Á and �Σ ¹ Â C¡ C¢C£ a Ã � WPLSÀ Y Ï Ξ � �H � U Ï Ξ Á .

(a) Supposethat Σ and �Σ are SOS-stabilizable. Then �Σ SOS-DPF-stabilizesΣ
with internal loop iff �Σ I/O-DPF-stabilizesΣ with internal loop.

(b) ([Strong] stability) Suppose thatanyof thefollowingconditionsholds:

(1.) bothΣ and �Σ are [[exponentially] strongly] q.r.c.-stabilizable;
(2.) bothΣ and �Σ are [[exponentially] strongly] q.l.c.-detectable;
(3.) both Σ and �Σ are SOS-stabilizable and [[exponentially] strongly]

detectable;
(4.) bothΣ and �Σ aredetectableand[exponentially]stabilizable.

Then �Σ [[exponentially] strongly] DPF-stabilizesΣ with internal loop iff �Σ
I/O-DPF-stabilizesΣ with internal loop.

(c1) (Exponential stability) Thesystem�Σ DPF-stabilizesΣ exponentiallywith
internal loop iff �Σ I/O-DPF-stabilizesΣ with internal loop andΣ and �Σ are
optimizable andestimatable.

(c2)Supposethatanyof thefollowingconditionsholds:

(1.) bothΣ and �Σ areoptimizableandestimatable;
(2.) bothΣ and �Σ areoptimizableandinput-detectable;
(3.) bothΣ and �Σ areestimatableandoutput-stabilizable;
(4.) bothΣ and �Σ areoptimizableandq.r.c.-stabilizable;
(5.) bothΣ and �Σ areestimatableandq.l.c.-detectable.

Then �Σ DPF-stabilizesΣ exponentiallywith internal loop iff �Σ I/O-DPF-
stabilizesΣ with internal loop.

(d) (Well-posed controllers) Suppose that, instead, �Σ ¹ Â C¡ C¢C£ _ Ã �
WPLSÀ Y� �H � U Á . Then (a)–(c2) hold if we deletethe words “with inter-
nal loop” everywhere.

Thus, under correspondingassumptions above, all mapsbetweenthe sig-
nals in Figure 7.11 are (SOS-/strongly/exponentially) stableif f the mapsfrom
uL � w� yL � zL � ξL to u � w� y� z� ξ arestable.

Proof: This followsfrom Theorem7.2.3(andDefinition7.3.1),because(in
thewell-posedcase(d); thecasewith internalloop is analogousandleft to the

reader)if �Σ ¹ðÂ C¡ C¢C£ _ Ã is a realizationof ^ , then�ΣDPF : ¹ ¦x§ �Ó 0 ���� 0 ^
0 0 0

¨ y©
(7.83)
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is a realizationof � 0 _0 0 � (having thestabilizability anddetectability properties

of �Σ, becauseit is aparallelconnection(seeLemma6.7.18)of �Σ and0). �
We cannow almoststatethatexponentialDPF-stabilizability is equivalentto

theoptimizability andestimatability of Σ21:

Theorem 7.3.12(Exp. DPF-stabilizable î î î opt. & est.) Let Σ : ¹ � ¡ ¢£ ¤ � �
WPLSÀ U Ï W � H � Z Ï Y Á .

(a) If Σ is exponentially DPF-stabilizable with internal loop, then Σ and

Σ21 : ¹ðÂ ¡ ¢ 1£
2
¤

21 Ã areoptimizableandestimatable.

(b1)Conversely, if Σ21 is exponentiallyjointly stabilizableanddetectable, then
[Σ and] Σ21 areexponentially D[P]F-stabilizablewith internal loop.

(b2) If Σ21 and Σ are [strongly] jointly stabilizableand detectable, thenΣ is
[strongly] DPF-stabilizable with internal loop and Σ21 is [strongly] DF-
stabilizablewith internal loop.

(c) Assumethat
Ó

Bu0 � Ó É C É y0 � L1
loc À R × ;H Á for all u0 � U and y0 � Y, and

that � 21 is ULR.Thenthefollowingareequivalent:

(i) Σ is exponentiallyDPF-stabilizable;
(ii) Σ is exponentiallyDPF-stabilizablewith internal loop;
(iii) Σ21 is exponentially DF-stabilizable;
(iv) Σ21 is exponentially DF-stabilizablewith internal loop;
(v) À A � B1 Á is optimizableand À A � C2 Á is estimatable

(equivalently, Σ21 is optimizable andestimatable);
(vi) Σ21 is exponentially jointly stabilizableanddetectable;
(vii) Σ and Σ21 are exponentially jointly stabilizable and detectableby

someboundedK andH.

Moreover, if (vii) holds,then(d1)applieswith thoseK andH (hence(6.169)
and(7.84)becomeULR).

(d1) If K andH are exponentiallyjointly stabilizingfor Σ21 ands.t. “(6.169)”

(i.e., Â A H B1
C2
K Ã ) is SRand “I ÊU3 L ” �Ð� TIC∞ À Y Á (this holdsif “(6.169)”

for Σ21 is ULR), thenº A Û BKs Û HCs Û HD21Ks Ê H

K 0 » � WPLSÀ Y� H � U Á (7.84)

is anexponentiallyDPF-stabilizingcontroller for Σ. Moreover, (7.22)is SR
andexponentially jointly stabilizableanddetectable.

(d2) If K and H are [strongly] jointly stabilizing for Σ21 and s.t. “(6.169)”

(i.e., Â A H B1
C2
K Ã ) is SRand “I ÊU3 L ” �Ð� TIC∞ À Y Á (this holdsif “(6.169)”

for Σ21 is ULR), andΣ is jointly stabilizableanddetectable, then(7.84) is
a [strongly] DPF-stabilizing controller for Σ. Moreover, (7.22) is SRand
[strongly] jointly stabilizableanddetectable.
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(e) Assumethat Σ is exponentiallyDPF-stabilizable with internal loop. Then
any map DPF-stabilizes � [exponentially] with internal loop iff it DF-
stabilizes � 21 [exponentially] with internal loop.

Obviously, theassumptionsof (c) hold if B andC arebounded(or Hypothesis
9.5.1holds),hencealwaysin discretetime.

Part (d1) is ageneralizationof aclassicalresult(seeLemma12.1of [ZDG] or
LemmaA.4.2of [GL]).

Also claim (e) is a generalizationof a classicalresult (see[Francis], p. 35;
in fact, Francisonly assumesthat � is exponentially DPF-stabilizable(since
a rational H∞ function is H∞Ñ exp for someε ¾ 0), but, by Lemma 7.1.4 and
Theorem6.6.28,this impliesthat � hasanexponentially jointly stabilizableand
detectablerealization(assumingthat � is rational, we could also chooseany
minimal realization),sothat(e)applies).

Proof: (a) By Lemma 7.3.5, Σ21 is exponentially DF-stabilizable[with
internalloop], henceΣ21 is optimizableandestimatable,by Theorem7.2.3(c1).
Therefore,alsoΣ is optimizableandestimatable,by Lemma6.7.4.

(b1)&(b2)This followsfrom Theorem7.2.4(b)andLemma7.3.6(b1)&(b2)
(moreover, from theproofsweobserve that(7.23)will do for Σ too).

(Notefrom Definition7.3.1thatif Σ is DPF-stabilizablewith internalloop,
thenit is DF-stabilizablewith internalloop,by Definition7.3.1.)

(c) This followsfrom Theorem7.2.4(c)andLemma7.3.6(a).
(d1)&(d2)(Theassumptionson(6.169)and 3 L referto thosecorresponding

to Σ21 in placeof Σ in Definition 6.6.21.Notethat it sufficesthatK andH are
ULR and exponentially jointly stabilizing for Σ21 (and then (7.84) becomes
ULR).)

Make the assumptions of (d1) [[(d2)]]. By Theorem7.2.4(d), (7.84)
is SR, [[exponentially] strongly] jointly stabilizableand detectable,and a
[[exponentially] strongly] DF-stabilizing controller for Σ21, henceit I/O-DPF-
stabilizesΣ, by Lemma7.3.6(b2)[[(b1)]].Consequently, (7.84)DPF-stabilizes
Σ [[exponentially] strongly],by Theorem7.3.11(b)(1.).

(e) This followsfrom (a)andLemma7.3.6(c). �
For the rest of the section, we concentrateon I/O-stabilization by DPF-

controllerswith d.c.internalloop(equivalently, on thestabilizationof plantswith� 21 having a d.c.f., asthe lemmabelow shows), becausethis seemsto cover all
theinterestingcases(cf. alsothepreceedingsectionsandLemma6.5.10).

Lemma 7.3.13 Let ^ DPF-stabilize ��� TIC∞ À U Ï W � Z Ï Y Á with internal loop.
Then ^ hasa d.c.(resp.r.c., l.c.) internal loop iff � 21 hasa d.c.f. (resp.l.c.f.,

r.c.f.) Moreover, if � 21 hasa d.c.f. (resp.l.c.f., r.c.f.), thensodoes� .

In particular, if anysystemΣ ¹ûÂ ¡ ¢£ ¤ Ã � WPLS(resp.map��� TIC∞) isDPF-

stabilizable by a [exponentially] jointly stabilizable and detectablecontrollerÂ C¡ C¢C£ C_ Ã (resp.by a map �^ with [exponentially] d.c. internal loop), then � , �^
and � 21 have[exponential] d.c.f.’s.
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Rememberthat a map hasa [exponential] d.c.f. if f it hasa [exponentially]
jointly stabilizableanddetectablerealization(by Theorem6.6.28).[SeeTheorem
7.3.12(c)for severalequivalentconditionsfor smoothsystems(in particular, for
finite-dimensional ones).]

Proof: By Lemma7.3.5, ^ stabilizes� 21 with internal loop, so the first
conclusionfollows from Corollary7.2.13(b).

If ^ hasa d.c.(resp.r.c., l.c.) internalloop, thensodoes � 0 _0 0 � , by Lemma
7.3.10, and � 0 _0 0 � DF-stabilizes � (by the definition of DPF-stabilization),
hence� hasa d.c.f. (resp.l.c.f., r.c.f.). Theclaim on Σ follows from this and
Theorem6.6.28. �

Proposition7.3.14 Let �ò¹ Â ¤ 11
¤

12¤
21
¤

22 Ã � TIC∞ À U Ï W � Z Ï Y Á .
Wehave(i) î (ii) î (iii), where

(i) � hasa stabilizing DPF-controller with internal loop,and � 21 hasa d.c.f.;

(ii) � hasa stabilizingDPF-controller with d.c.internal loop;

(iii) � hasa d.c.f. of theform�ò¹ ± ¸ 11
¸

12¸
21

¸
22 ² ± « 11 « 12

0 I ² Ñ 1 ¹ ù I �« 12

0 �« 22 ú Ñ 1 ù �¸ 11 �¸ 12�¸ 21 �¸ 22 ú � (7.85)

s.t.
¸

21 and « 11 are r.c.,and �¸ 21 and �« 22 are l.c.

If dimU � dimY Ì ∞ and � has a stabilizing (well-posed)DPF-controller, then
(i)–(iii) hold.

Let ·ëö TIC. Thenwehave(i’) î (ii’) î (ii*) î (iii ’), where

(i’) � hasa stabilizing DPF-controller with internal loop,and � 21 hasa d.c.f.
over · ;

(ii’) � hasa stabilizingDPF-controller ^ with d.c. internal loop over · , and� 21 and ^ havea joint d.c.f. over · ;

(ii*) � hasa stabilizing DPF-controller with d.c. internal loop,and � 21 hasa
d.c.f. over · ;

(iii’) � hasa d.c.f. of theform(7.85),s.t.
¸

21 and « 11 are r.c.over · , and �¸ 21

and �« 22 are l.c. over · .

If � hasa d.c.f. over · , thenwehave(i’) î (ii’) î (ii*) î (iii’) î (iii”), where

(iii”) � hasa d.c.f. over · of theform(7.85),s.t.
¸

21 and « 11 are r.c. over · ,
and �¸ 21 and �« 22 are l.c. over · .

If
Î öÐ·�ö ULR0, thenthestabilizing DPF-controllers in (i’), (ii*) and(ii’)

canbechosento bewell-posed.
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Proof: Note that the equivalence (i) î (ii) î (iii) follows from
(i’) î (ii’) î (iii’), by taking ·7¹ TIC, so we do not needto prove the for-
mer. If � hasa stabilizing DPF-controller̂°� TIC∞, then it is a stabilizing
DF-controllerfor � 21, hencethen � 21 and ^ have d.c.f.’s, by Lemma7.1.4,
providedthatdimU � dimY Ì ∞.

1� The equivalence “(i’) î (ii*)” follows from Lemma 7.3.13. Clearly
(ii’) � (ii*).

2� “(iii’) � (ii’)”: Because� 21 ¹ ¸ 21« Ñ 1
11 is a r.c.f. over · and � 21 ¹�« Ñ 1

22 �¸ 21 is a l.c.f. over · , they canbeextendedto a d.c.f. over · , by Lemma
6.5.8;in particular, wecanfind

ý ��PÈ�¨�ý �h�P��ñ· s.t.± « 11 P¸
21

ý ² ¹Pù �ý ÊR�PÊR�¸ 21 �« 22 ú Ñ 1 �x� · ¶ (7.86)

But, by Corollary7.2.15(i), � 0 _0 0 ��¹7� 0 H0 0 ��� I 0
0 I � Ñ 1

DF-stabilizes� if fù I �« 12
ý Ê��¸ 11 P

0 �« 22
ý Ê��¸ 21 P ú �x� TIC � (7.87)

i.e.,if f �« 22
ý Ê �¸ 21 P��l� TIC (by LemmaA.1.1(b)),andlatteris trueby (7.86),

hencê0¹'P ý Ñ 1 ¹ �ý Ñ 1 �P DPF-stabilizes� with d.c.internalloopover · .
3� If (iii’) holds(e.g., (iii) holds), thena map ^ with an internal loopDPF-

stabilizes � iff ^ DF-stabilizes � 21: Indeed,if ^ DPF-stabilizes� , then it
DF-stabilizes� 21, in particular, ^ hasa d.c. internal loop in eithercase,by
Corollary 7.2.13. For the converse,in 2 � it wasnotedthat ^ DPF-stabilizes� if f ^ë¹�P ý Ñ 1, where �« 22

ý Ê'�¸ 21 PÚ��� TIC, which in turn is true if f ^
DF-stabilizes� 21, by Corollary7.2.15(i).

4� “(ii*) � (iii ’)”: Assume(ii*), i.e., that some P ý Ñ 1 ¹K�ý Ñ 1 �P DPF-
stabilizes� with d.c. internalloop. It follows from Lemma7.2.16(b),that for
somed.c.f. �ò¹ ¸ Ù «ØÙ Ñ 1 ¹��¸ Ù!À��«xÙ ÁÒÑ 1 wehave(see(7.79))± I 0

0 I ² ¹Ð« Ù ± �ý 0
0 I ² Ê ± 0 P

0 0 ² �¸ Ù � i.e., (7.88)ù «ØÙ11 �ý «xÙ12« Ù21 �ý « Ù22 ú ¹ ± I ÛJP �¸ Ù21 P �¸ Ù22
0 I ² ¶ (7.89)

By Lemma6.5.6(d),«ØÙ22 ¹ I impliesthat � hasa r.c.f. of theform of thefirst
equalityin (7.85); from the À 1 � 1Á -block of Corollary7.2.15(i’) appliedto this
r.c.f. weseethat �ý « 11 Ê��P ¸ 21 �x� TIC, hence« 11 and

¸
21 arer.c.

Let � 21 ¹$
ñÃ Ñ 1 be a r.c.f. over · . Then � ¸ 21 « 11 �È¹P� 
[~ Ãð~ � for
some~��x� TIC, by Lemma6.4.5(c).Thuswe maymultiply r.c.f. in (7.85)by� È õ 1 0

0 I � �v� TIC to theright, to make
¸

21 and « 11 r.c. over · .

The dual part is obtainedanalogously from � I 0
0 I � ¹;� I 0

0 I �Q�«PÊ ¸ Â 0 CH
0 0 Ã ,

which impliesthat �« 11 ¹ I (a r.c.f. anda l.c.f. form ad.c.f.,by Lemma6.5.8).
5� From ‘’(i’) î (ii’) î (iii’)” we obtaindirectly “(i”) î (ii”) ò (iii”)”. As-
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suming (ii”), weobtain(iii”) from 4 � asfollows:
Thed.c.f. �Ð¹ ¸ Ù�«xÙ Ñ 1 ¹ �¸ ÙrÀ �«xÙ ÁÒÑ 1 in 4� canbechosento beover · , hence

socan(7.85),by Lemma6.5.6(d).All theotherclaimsarecontainedin (iii’),
which is equivalentto (ii’), henceaconsequenceof (ii”).

6� If
Î ö�·ðö ULR0 and (ii’) holds (recall that (i’) î (ii’) î (ii*)), then

thereis a well-posed̂ thathasa d.c.f. over · joint with � 21, by Proposition
7.1.10.Therefore,this ^ DF-stabilizes� 21; by 3� , it DPF-stabilizes� . �
By combiningLemma7.3.13andProposition7.3.14,we deducethe follow-

ing: if � is DPF-stabilizableby a controller ^ with internalloop, andeither � 21

or ^ hasa d.c.f., thenso do all of � , � 21 and ^ , andthe following hypothesis
holds:

Hypothesis7.3.15 We shall assumethat ��¹;Â ¤ 11
¤

12¤
21
¤

22 Ã � TIC∞ À U Ï W � Z Ï Y Á ,
andthat � hasa d.c.f. of theform�ò¹ ± ¸ 11

¸
12¸

21
¸

22 ² ± « 11 « 12

0 I ² Ñ 1 ¹Pù I �« 12

0 �« 22 ú Ñ 1 ù �¸ 11 �¸ 12�¸ 21 �¸ 22 ú � (7.90)

s.t.
¸

21 and « 11 are r.c. and �¸ 21 and �« 22 are l.c.

Notethat � 21 ¹ ¸ 21 « Ñ 1
11 is a r.c.f. and � 21 ¹ �« Ñ 1

22 �¸ 21 is a l.c.f.
Underthe standardassumptions of the H∞ Four-Block Problem,Hypothesis

7.3.15is satisfied(cf. Lemmas12.5.4and12.5.5).Undersufficient regularity, the
I/O mapof an exponentially DF-stabilizablesystemsatisfiesHypothesis7.3.15
(exponentially), by Theorem7.3.12(c)(1)&(6)andProposition7.3.14.

As notedjustbeforethehypothesis,thishypothesisis atmostslightly stronger
thanthe assumptionthat � is DPF-stabilizable[with internal loop]; it excludes
only the casewhere ^ and � 21 have no jointly stabilizable and detectable
realizations(cf. alsoLemma6.5.10).

At least for finite-dimensional U and Y, any DPF-stabilizable� � TIC∞
satisfiesthehypothesis,by Lemma7.1.4.

Lemma 7.3.16(«Q¹ å ÉXÉ0 I æ , �«P¹û� I É0 É �«Q¹ å ÉXÉ0 I æ , �«Q¹ � I É0 É �«Q¹ å ÉXÉ0 I æ , �«Q¹7� I É0 É � ) Let ��¹ ¸ u « u Ñ 1 bean r.c.f. with « u ¹å ÉXÉ0 I æ �x� TIC∞ À U Ï W Á . Thenall such r.c.f.’sare givenby¸ ¹ ¸ u
ý �¬«Q¹Ð« u

ý � ý ¹ ± ý 11
ý

12

0 I ² �v� TIC À U Ï W Á ¶ (7.91)

For thedualclaimwehave �¸ ¹��ý ó¸ y , �«Q¹��ýJó« y , �ý ¹ÞÂ I CI 12

0 CI 22
Ã �x� TIC.

Note that this implies that
ý

11 ��� TIC À U Á (by LemmaA.1.1(b2)(2))andý
12 � TIC ÀW� U Á arearbitrary.

Proof: Clearly all r.c.f.’s definedby (7.91)satisfy « ¹ å ÉXÉ0 I æ . Conversely,
by Lemma6.4.5(c),

¸ ¹ ¸ u
ý

and « ¹�« u
ý ¹ � É ÉI 21 I 22 � , where

ý �÷� TIC.
Therefore,«P¹ å ÉXÉ0 I æ impliesthat � ý 21

ý
22 ��¹7� « 21 « 22 �q¹û� 0 I � .

Thedualclaim is obtainedanalogously(or by takingadjoints). �
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Corollary 7.3.17 If Hypothesis7.3.15holds,thenall d.c.f.’s of � of form (7.90)
satisfyHypothesis7.3.15.

Proof: Let � ¹ ¸ u « u Ñ 1 ¹ ó« y
Ñ 1 ó¸

y be as in Hypothesis7.3.15,and let�ô « u11 Ê&�^ ó¸ y21 ¹ I . Let also ��¹ ¸ « Ñ 1 ¹Â�« Ñ 1 �¸ bea d.c.f.with «P¹ å ÉXÉ0 I æ ,�«Q¹ � I É0 É � . Let
ý

beasin (7.91).Thený Ñ 1
11 �ô « 11 Ê ý Ñ 1

11 �^ ¸ 21 ¹ ý Ñ 1
11
ý

11 ¹ I

¶
(7.92)

Thedualclaim is obtainedanalogously. �
Remark 7.3.18 The r.c.f. in Hypothesis7.3.15 says (roughly) that � can be
stabilized by measuringthe full output (z and y) and controlling u (i.e., not
affectingw). Similarly, the l.c.f. saysthat � can be stabilizedby measuringy
andcontrolling thefull input (u andy).

Thus is an intuitive explanation of the necessity(at least under certain
regularity) of Hypothesis7.3.15for onebeingable to stabilize � by measuring
y andcontrolling u; byProposition 7.3.14thesearealsosufficient.

It will be shownin Theorem7.3.19that ^ DPF-stabilizes � iff ^ stabilizes� 21. Indeed,“all thepolesof � aresharedby � 21” (cf. [Francis,p.34]), because�ò¹ ± ¸ 11 « Ñ 1
11 Ê ¸ 11« Ñ 1

11 « 12 Û ¸ 12¸
21 « Ñ 1

11 Ê ¸ 21« Ñ 1
11 « 12 Û ¸ 22 ² ¶ (7.93)

Therefore, the polesof â� are polesof â« 11, which in turn are exactly the poles
of â� 21, by Lemma6.5.4, henceall thesethree mapshave samepoles (up to
multiplicities).

Thus,stabilizationof either � or � 21 is equivalentto removing thesesingu-
larities.

A simple example of non-DPF-stabilizable� is thus any �°¹ � 0 ¤ 12
0 0 �ñ�

TIC∞ õ TIC.
Fromtheabove hypothesis(roughly, theDPF-stabilizabilityof � ), it follows

thatall stabilizingDPF-controllerswith internalloopfor � areexactlythestabiliz-
ing
(DF-)controllers with d.c. internal loop for � 21, i.e., the ones given by the
Youlaparametrizationof Theorem7.2.14:

Theorem7.3.19(DPF-stabilization with IL) AssumeHypothesis7.3.15. Then
thefollowingareequivalentfor a controller ^ with internal loop:

(i) ^ DPF-stabilizes� with internal loop.

(i’) ^ DPF-stabilizes� with d.c.internal loop.

(ii) ^ DF-stabilizes� 21 with internal loop.

(ii’) ^ DF-stabilizes� 21 with d.c.internal loop.

(iii) �« 22
ý Ê �¸ 21 P��x� TIC À Y Á and ^0¹'P ý Ñ 1 for some

ý ��P�� TIC.
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(iii’) �ý « 11 Ê?�P ¸ 21 �x� TIC À U Á and ^0¹��ý Ñ 1 �P for some�ý �h�P�� TIC.

(iv) Â ä 11
Hã 21 I Ã �v� TIC and ^0¹'P ý Ñ 1 for some

ý ��P�� TIC.

(iv’) Â CI Ñ CHÑ Cã 21
Cä

22 Ã �x� TIC and ^�¹��ý Ñ 1 �P for some�ý �h�P�� TIC.

(v) For anyr.c.f. ^ ¹�P ý Ñ 1 and l.c.f. ^ ¹��ý Ñ 1 �P , there are
¸

0 �K« 0 �h�¸ 0 �-�« 0 �
TIC s.t. Â ä 0

Hã 0 I Ã Ñ 1 ¹ Â CI Ñ CHÑ Cã 0
Cä

0 Ã is a d.c.f. of � 21.

The map ^ is well-posediff the “denominator” (
ý

or �ý ) is invertible in� TIC∞ in anyof theaboveequivalentconditions.

By (v), ^ DPF-stabilizes� if f ^ hasa joint d.c.f. with � 21. (SeeDefinition
7.2.11for mapswith coprimeinternalloop.)

Proof: 1� Thefactthata DPF-stabilizingcontrollerof � with internalloop
hasnecessarilyad.c. internalloop,is givenby Lemma7.3.13,hence“(i) î (i’)”
holds.

2� Similarly, “(ii) î (ii’)” follows from Theorem7.2.14.
3� “(i’) î (ii’)”: Thisfollowsfrom part3 � of theproofof Proposition7.3.14.
4� By Corollary7.2.15,all theotherconditionsareequivalent to (ii’), and

thetwo final claimshold. �
By combining the above theorem and Theorem 7.2.14, we see that all

stabilizing DPF-controllersfor � with internal loop are given by the Youla
parametrization:

Corollary 7.3.20(All stabilizing DPF-controllers with IL) AssumeHypothesis
7.3.15,andchoose
V��Ã��Æ�
 ��� Ãñ� TIC s.t.± « 11 
¸

21 Ã ² ¹ ù � Ã ÊÄ�
ÊR�¸ 21 �« 22 ú Ñ 1 �v� TIC À U Ï Y Á ¶ (7.94)

(Thisis a d.c.f. of � 21.)
Thefollowing parametrizationsare alternative (equivalent)parametrizations

of all (modulo being equivalent)DPF-controllers ^ with internal loop that
stabilize � , and each parameter( À ý ��P Á in (i) and (iii), À �PÍ� �ý Á in (i’), and ~ in
(ii) and(ii’); theseall arerequiredto bestable)determinesa different(nonequal;
seeDefinition7.2.11)map ^ with d.c.internal loop.

(i) ^�¹�P ý Ñ 1 such that �« 22
ý Ê'�¸ 21 Pò¹ I .

(i’) ^�¹��ý Ñ 1 �P such that �ý « 11 Ê��P ¸ 21 ¹ I .

(ii) (Youla) ^Ú¹°ÀÆ
lÛx« 11 ~,Á ÀÆÃÈÛ ¸ 21 ~,Á�Ñ 1 (i.e., � H I � ¹PÂ ä 11
�ã 21
� Ã �:È I � ), where~�� TIC À U Á .

(ii’) ^�¹ ÀÉ� Ã¥Û'�¸ 21 ~,Á�Ñ 1 Àw�
 Û��« 22 ~,Á (i.e., å CI CH æ ¹ å I È æ Â C � C�Cã 21
Cä

22 Ã ), where ~º�
TIC À U Á .

(iii) ^0¹'P ý Ñ 1 ( ¹ �ý Ñ 1 �P ), where Â ä 11
Hã 21 I Ã Ñ 1 ¹ðÂ CI Ñ CHÑ Cã 21

Cä
22 Ã �x� TIC.
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Moreover, thefollowingholds:

(a) Thewell-posedones(if any)are exactlythosê for which the“denomina-
tor” is in � TIC∞ (cf. Theorem7.1.7);they satisfy�ý ¹fÀ�« 11 Ê¿^ ¸ 21 Á Ñ 1 �R�PØ¹f�ý ^ ;

ý ¹fÀ��« 22 Ê<�¸ 21 ^ÈÁ Ñ 1 �WP ¹�^ ý ¶ (7.95)

(b) For any ~Ú� TIC we have(identity as equalmapswith coprimeinternal
loop) ÀÆ
ÝÛv« 11 ~,Á ÀÆÃÍÛ ¸ 21 ~,Á Ñ 1 ¹�ÀÉ� Ã Û>�¸ 21 �~þÁ Ñ 1 Àw�
ñÛ��« 22 �~þÁ ¶ (7.96)

(c) If PÈ� ý �¨�P´�h�ý are as in (i) and(i’), thentheclosed-loopI/O mapsare given
by ù �¸ 11 Û �ô �¸ 21 �¸ 12 Û �ô �¸ 22ý �¸ 21

ý �¸ 22 ú ¹ ù ¸ 11 �ý ¸
11
ô Û ¸ 12¸

21 �ý ¸
21
ô Û ¸ 22 ú : ± uL

w ²Ý³µ ± zy² �
(7.97)

where
ô ¹��P ¸ 22 Ê>�ý « 12 and �ô ¹��¸ 11 P�Ê$�« 12

ý
; see(7.65) (without the

third (yL) columnandtop(u) row)for alternativeformulaein thewell-posed
case.

In particular, (cf. (7.64))æ g ÀK� �£^¥Áq¹ ¸ 11
ô Û ¸ 12 ¹��¸ 12 Ûi�ô �¸ 22

¶
(7.98)

Recallfrom Lemma7.2.12(c2),thatthemaps(7.97)depend(of course)on �
and ^ only, not on the particularcoprimefactors(

ý ��PÈ�.�ý �h�P´� ¸ �»«��Ë�¸ �-�« ) of ^
and � (thoughwedo require(i), (i’) andHypothesis7.3.15).

TheH∞ 4BP(seeChapter12; Section12.3in particular)consistsof finding,
for agiven � , astabilizingDPF-controller̂ s.t.thenorm �hæ g � is lessthanagiven
constantγ (or for agiven Σ a[exponentially] stabilizingcontroller �Σ s.t. �hæ g �XÌ γ).

Proof: By Lemma6.5.8,it follows from Hypothesis7.3.15that � 21 hasa
d.c.f. of form (7.94). By Theorem7.3.19,the stabilizing DPF-controllersfor� with internalloopareexactly theDF-stabilizingcontrollersfor � 21 with d.c.
internalloop, andtheseparametrizedby Theorem7.2.14,which alsoprovides
thewell-posednessclaim and(7.96).

Formula(7.95)followsfrom (7.8)and(7.10).
(c) From(7.52)andLemma7.3.10we seethat themap å uL

w æ ³µ å zy æ is given
by
¸ Ù��ý Ù when �ò¹ ¸ Ù�«xÙ Ñ 1 is a r.c.f.,�ý Ù ¹ ± �ý 0

0 I ² �G�P Ù ¹ ± 0 �P
0 0 ² � and �ý Ù « Ù Ê?�P Ù ¸ Ù ¹ I

¶
(7.99)

This conditioncanbe satisfiedby setting
¸ Ù : ¹ ¸ 3 , «xÙ : ¹ò«�3 , where 3 : ¹À �ý Ù «°Ê �PVÙ ¸ Á�Ñ 1 �v� TIC À U Ï W Á . Therefore,3�¹û� I Ñ Ü0 I � Ñ 1 ¹û� I Ü0 I �¯� (7.100)

(by (i’)), where Ê ô ¹ �ý « 12 Ê �P ¸ 22. Thus,
¸ Ù �ý Ù ¹ ¸ 3 �ý Ù is givenby (7.97).
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Assuming (i), we obtain the dual formula in (7.97) analogouslyfromý Ù �¸ Ù®¹ � I 0
0 I �[�3 �¸ and�3�¹�À��« ý Ù Ê?�¸ P Ù Á Ñ 1 ¹ Â I Cä 12 I X Ñ Cã 11

H
0 I Ã Ñ 1 ¹ : Â I CÜ0 I Ã ¶ (7.101)�

Corollary 7.3.21( · case) Let ·¬ö
a

TIC be inverse-closedand let Proposition
7.3.14(iii’) hold.

If the elementsof (7.94) are chosenfrom · , then all stabilizing DPF-
controllersof � with a (d.c.) internal loopare theonesparametrizedin Corollary
7.3.20,andtheoneswith d.c. internal loop over · are exactlythosewith ~��ñ· .
If, in addition,

Î ö
a
·°ö

a
ULR, thentheonewith ~ò¹ºÊ M Ñ 1

11 T is well-posed.

Proof: By Lemma6.5.8,we cantake 
V��Ãq���
���� Ã4�l· . in Corollary 7.3.20;
therestfollowsby combining Corollary7.3.20andProposition 7.2.17. �
As the final I/O resultof this sectionwe notethat the following well-known

criteria (seeTheorem4.2.1, p. 27 of [Francis] or Theorem2.1 of [Green]) are
valid for generalWPLSstoo:

Lemma 7.3.22 Let �º¹PÂ ¤ 11
¤

12¤
21
¤

22 Ã � TIC∞ À U Ï W � Z Ï Y Á and ^°� TIC∞ À Y� U Á
havecoprimefactorizations ��¹ ¸ «ºÑ 1 ¹G�«ÐÑ 1 �¸ and ^�¹'P ý Ñ 1 ¹E�ý Ñ 1 �P . Then
thefollowingareequivalent:

(i) ^ DPF-stabilizes� ;

(ii) ± ä 11
ä

12
Hä

21
ä

22 0ã 21 ã 22 I ² �v� TIC À U Ï W Ï Y Á .
(iii) ù CI 0 CHCã 11

Cä
11
Cä

12Cã 21
Cä

21
Cä

22
ú �v� TIC À U Ï Z Ï Y Á .

Evenif ^ ¹�P ý Ñ 1 ¹ �ý Ñ 1 �P were merely a mapwith d.c. internal loop, then
(i)–(iii) arestill equivalent.

Proof: Let ^°¹ÅP ý Ñ 1 be a map with r.c. internal loop. We prove that
(i) î (ii); thecase(i) î (iii) is analogousandthewell-posedcase(theonewhereý � ý Ñ 1 �x� TIC∞) followsfrom thisgeneralcase(with coprimeinternalloop).

By Lemma 7.3.10, ^ DPF-stabilizes� if f (7.79) DF-stabilizes � . By
Corollary7.2.15,thisholdsif f¦xx§ ± « 11 « 12« 21 « 22 ² ± 0 P

0 0 ²± ¸ 11
¸

12¸
21

¸
22 ² ± I 0

0
ý ²
¨zyy©

(7.102)

is in � TIC. Because(7.102)becomesa triangularmatrix by permutingthe
first and third rows andcolumns, we may deleteits third row and third col-
umnto obtainthat(7.102)is in � TIC iff (ii) holds,by LemmaA.1.1(b). �
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^ã ä 8×¼×�y 7 y5yL B
u

B 8×ë×�u4 uL56 4Ê E5
w

4z5
Figure7.12:Thecontroller ^¥Ù : ¹'P À ý Û E P Á	Ñ 1 : �y ³µ u for �ßÛ Â 0E 0

0Ã
Wesometimeswantto removethefeedthroughtermfrom � 21, henceweneed

thefollowing lemma:

Lemma 7.3.23(D21 ¹ 0D21 ¹ 0D21 ¹ 0 w.l.o.g.) Let �f¹ Â ¤ 11
¤

12¤
21
¤

22 Ã � TIC∞ À U Ï W � Z Ï Y Á . Let

F ¹û� 0 0
E 0 ��� Î À U Ï W� Z Ï Y Á .

Then ^ ¹EP ý Ñ 1 ¹��ý Ñ 1 �P is a stabilizing DPF-controller with d.c. internal
loopfor � iff ^¥Ù ¹>P À ý Û E P Á	Ñ 1 ¹ºÀ �ý Û �P E ÁÒÑ 1 �P is a stabilizingDPF-controller
with d.c.internal loopfor �øÛ F. Thecorrespondingclosed-loopmapsw ³µ zand
w ³µ u (see(7.97))are identical.

Thecontroller ^ Ù canberealizedby addingto ^ an outputfeedback throughÊ E in thesamewayasin Figure 7.12.
Finally, Hypothesis7.3.15holdsfor � iff it holdsfor �ßÛ F.

Thus, when finding such a controller for a regular � , (possibly under an
additionalrestrictionsuchas“ � w ³µ z ��Ì γ”) we maytake D21 ¹ 0 w.l.o.g. (see
Lemma7.2.7 for well-posednessof controllers). Seealso the remarksbelow
Lemma7.2.18.

Proof: Let astabilizing ^�¹&P ý Ñ 1 ¹¯�ý Ñ 1 �P begiven.Let
¸ �»«��.�¸ �-�« beas

in Proposition7.3.14.Thenù Z ä 11
ä

12ä
21
ä

22
\ Z 0 H0 0

\Z ã 11 ã 12ã 21 ã 22
\ ×QZ 0 0

E
ä

11 E
ä

12
\ Z I 0

0 I \ ×QZ 0 0
0 E
H \ ú ¹ ¦§ Z CI 0

0 I
\ ×QZ CH E 0

0 0
\ Ñ Z 0 CH0 0

\ÑQö Cã 11
Cã 12Cã 21
Cã 22 ÷ ÑQö Cä 12E 0Cä

22E 0 ÷ ö Cä 11
Cä

12Cä
21
Cä

22 ÷ ¨© Ñ 1

(7.103)
is a d.c.f. of �lÛ F, by Lemma6.5.7(a),hencethen ^�Ù DPF-stabilizes�lÛ F,
by Theorem7.3.19(iii). Fromthis we obtaintheequivalence(alternatively, we
canobtainit directlyby applyingLemma7.2.18to (7.79)).

Moreover,
ô Ù : ¹��PøÀ ¸ 22 Û E « 12 Á ÊvÀ��ý Û?�P E Á « 12 ¹ ô , hencȩ 11

ô Û ¸ 12 ¹¸
11
ô Ù	Û ¸ 12 : w ³µ z, by Corollary7.3.20(c).
As in the proof of Corollary 7.3.20(c),we can verify that å uL

w æ ³µ � Cuw � is

givenby «ØÙ �ý Ù¯¹�«D3 �ý Ù�¹ Â ä 11
CI ä 11 Ü × ä 12

0 I Ã , so that « 11
ô ÛØ« 12 : w ³µ u is

unchanged.(Notethatit wouldbemorelogical to havewL in placeof w andto
havew ¹ 0 andhence�w ¹ wL. Dueto historical reasons,wedenote�w ¹ wL by
w.)

(Alternatively, onecanobservethat À w ³µ uÁ¯¹ºÀ yL ³µ uÁS� 22 and À w ³µ zÁ¯¹� 12 Û½� 11 À yL ³µ uÁS� 22 areunaffected,by Lemma7.2.18.)
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The final claim follows from Proposition7.3.14(ii)&(iii) (alternatively,
from (7.103)). �
Thefollowing remarkis obtainedin thesamewayasRemark7.2.19was:

Remark 7.3.24(Exponential DPF-stabilization) By Remark 6.7.19, for any
claimsin thissection(andothers),wecandeducethecorrespondingresultsabout
ω-stabilization for someω � R, hencealsofor exponentialstabilization.

For example, if �^ DPF-stabilizes� exponentially with internal loopand �^ or� 21 hasanexponentiald.c.f., thensodo �^ , � 21 and � , byLemma7.3.13.Assume
that this is thecase.

ThenHypothesis7.3.15holds and the two r.c.f.’s and l.c.f.’s assumedthere
areexponentialones,anda map ^ DPF-stabilizes� exponentially[with internal
loop] iff ^ DF-stabilizes � 21 exponentially [with internal loop] (which in turn is
equivalentfor �« 22

ý Ê �¸ 21 P beingin � TICexp).
Furthermore, all exponentially stabilizing DPF-controllers with internal loop

are givenby Corollary 7.3.20,if wechoose (7.94)to be in � TICexp require also
theparameters to beexponentiallystable.

For anyoptimizable and estimatable realizations of � and ^ (such do exist,
by Theorem 6.6.28), the combinedclosed-loopsystemin Figure 7.10 becomes
exponentiallystable, by Theorem7.3.11(c1).Similar remarksapply to parts (b)
and(c) of thetheoremandtheresultsnotmentionedhere.

Notes
Almost all standardclassicalresultson DPF-stabilization(see,e.g.,pp. 26–

36 and 42–47 of [Francis]) are special casesor simple corollaries of those
presentedhere.Any bookon theH∞ 4BPcontainsat leastsometheoryon DPF-
stabilization (often underthe name“dynamic stabilization” or “chain scattering
transformation”);see,e.g., [ZDG], [IOW] or [GL] for further theoryon finite-
dimensional systemsand Section2.7 of [Keu] on someresultson Pritchard–
Salamonsystems. While this is being written, most of this sectionand some
extendedresultshavebeenincludedin [Sbook](which is restrictedto well-posed
controllers).Furtherhistoricalnotescanbefoundin [CZ].

Someof theI/O resultsof thissectionhavebeenpresentedin [Green]for well-
posedrational transferfunctionsand later in [CZ] and [CG97] for the Callier–
Desoerclass(seeLemma6.5.10(c)). However, many of their proofscannotbe
extendedto our generality, becausetheCoronaTheorem(seeTheorem4.1.6(c))
only holds for matrix-valued transferfunctions,by Lemma4.1.10. (Theorem
4.1.6(c) for TIC is from [Tolokonnikov] (see[Nikolsky], p. 293). It is newer
than [Vid] and it doesnot seemto be well known. Therefore,it might be that
someof theresultsof [CZ] arenotwell-known to hold for generalmatrix-valued
transferfunctions.)Nevertheless,thebook[CZ] containsalsosomefurthertheory
on dynamicpartial feedbackandrobustcontrol,someof which canbeextended
to oursetting.
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Chapter 8

Optimal Control ( d
du ä 0)

Andif dearlythaterror hathcostme,
Andmore that I oncecouldforesee,
I havefoundthat,whatever it lostme,
It couldnotdeprivemeof thee.

— Lord Byron (1788–1824),"Stanzasto Augusta"

In this chapterwe presentan abstracttheory on optimization and optimal
control in statefeedbackform andtheapplicationof this theoryto WPLSswith
guidelinesto moregeneralor time-varyingsystems.

We shallstudythecritical pointsof a givencostfunctionandthecasewhere
suchcontrol correspondsto a stabilizingstatefeedbackpair. Suchan “optimal”
statefeedbackpaircorrespondsto a “stabilizing” solution of theRiccatiequation,
asshown in Chapter9. Thecorrespondingspecialcontrolproblemsaresolvedin
Chapters10–12.

In Sections8.1 and 8.2 we work in an abstractsetting. The cost function« � x � u� is aquadraticfunctionof vectorsx andu, andwewish to find “controls” u
thatarecritical pointsof « � x ��·\� for afixed“initial state”x; equivalently, for which
the Fréchetderivative of « � x ��·\� is zero. Suchcontrolscorrespondto solutions
of optimizationproblems(e.g.,LQR, H∞ or any otherquadraticmaximization,
minimizationor minimax problems).In thesequel,we prefertheword “critical”
(or “J-critical”) to “optimal”, sincein generalcritical pointsneednotbeoptimums
althoughtheconverseis alwaystrue.

Weshow thatthereis auniqueJ-critical controlfor eachx if f thereis aunique
J-critical controlfor x � 0 andtheabstractsystemis “stabilizable”. Moreover, if
this is thecase,thentheJ-critical controlcanbewritten in “statefeedbackform”.

In Section8.2, we defineandstudy“J-coercivity”, which is a generalization
of thestandardnonsingularity assumptionsof severalcontrolproblems(including
the “J-coercivity” assumptions definedin [S97b]–[S98d],the “Popov Toeplitz
invertibility” assumption in the stable caseand the “no transmission zeros”
and “no invariant zeros” assumptions in the positive case). We show that any
“stabilizable” J-coercive abstractsystemhasa uniquecritical control for each
initial state,so that the resultsof Section8.1 canbe applied. We alsopresent
somerelatedresults.
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Thereare threereasonsfor the useof this abstractsetting. First, this can
be consideredasa short-handnotation for WPLSsasto make the optimization
theorysimple,clearandneat.Second,this theorycanbeappliedmoregenerally,
asindicatedin Section8.5ontime-varyingsystemsandin Section8.6onsystems
whose input operator(“B”) is allowed to be more unboundedthan thoseof
WPLSs.However, weonly giveguidelinesfor thesesettingssincethey gobeyond
thescopeof thisbook.

The third and most important reasonis that when working with the H∞

problemin Section11.7, we have to optimize the control for a fixed stateand
a fixed disturbance;the WPLS framework doesnot cover such optimization.
Therefore,we solve the H∞ full-information control problem in the abstract
framework of Section8.1,althoughtheresultswill beappliedto WPLSsonly.

Naturally, in Chapters9–12 we have to work hard on the “raw WPLS
solutions” obtainedascorollariesof theabstracttheory, beforewe canturn them
into directgeneralizationsof classicalcontroltheoryresults.

In Sections8.3 and8.4 we applyour abstractoptimizationtheoryto obtaina
very generaltheoryon controlproblemsfor WPLSs.Givena WPLS ¼�Æ ÇÈ ¦ ¿ and
a costoperatorJ � J �Y�ÂÉ`� Y � , westudythecostfunction« � x0 � u� : �ËÊ ∞

0 Ì y � t �$� Jy � t ��Í Y dt � where y : �ËÎ x0 �Ï� u � x0 � H � u : R Ð ¯ U �
(8.1)

(for suitable Î and � this coversall classicalcontrolproblemsmentionedabove)
andu is requiredto be exponentially stabilizing, stronglystabilizing, stabilizing
or somethingsimilar, dependingonhow stableonewishestheclosed-loopsystem
to be.

Under J-coercivivity and stabilizability assumptions, there is a unique J-
critical (“optimal”) control for any initial state, and this optimal control can
be given in a WPLS form (this generalizesthe correspondingresult in [FLT]).
However, thecorrespondingfeedbackneednot bewell-posedwithout additional
assumptions on the system,as illustratedin Examples8.4.13and11.3.7. This
leadsto someadditional difficultiesin theRiccatiequationtheory(thesituationis
thesameevenin thecasestudiedin [FLT]).

In Theorem8.4.5,we extend the standardresult that an optimization prob-
lem over exponentially stabilizing controllerscan be solved by first finding a
preliminaryexponentially stabilizingcontrollerandthenoptimizing over stable
controlsfor the preliminary controlledsystem. We alsogive correspondingre-
sultsoverotherformsof stabilization, but for themoneneedsanadditionalquasi-
coprimeness(“q.r.c.-”) assumption. Thenwe give further resultson J-coercivity
andrecall its connectionto spectralandcoprimefactorizationsfor mapsin MTIC
classes.

Sections8.1 and 8.2 are written for a the abstractsetting of Hypothesis
8.1.1 (seealsoHypothesis8.2.2). Hypothesis8.3.1 is assumedthroughoutthis
Sections8.3–8.5,andHypothesis8.6.1is assumedthroughSections8.6.
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8.1 Abstract J-critical control (Jyycrit Ñ ∆y)

Themorecontrol, themore that requirescontrol.

In thissectionwedefinetheset ° of admissiblecontrolsandthecostfunction« andstudytheirbasicproperties.

Standing Hypothesis8.1.1 Throughout this sectionand Section8.2 we shall
assumethat U, X, Ys, Zs and are Banach spaces,that Y and Z are TVSs,and
that the embeddingsYs Ò Y and Zs Ò Z, are continuous. We also assumethat¼ A B

C D ¿ �ÓÉ`� X Ô U � Z Ô Y � andJ � J �Y�ÓÉ`� Ys � Ys � � .
All resultsgiven in thesetwo sectionsare valid whetherwe use linear or

conjugate-linearduals,i.e.,X � : � XB or X � : � Xd; seeRemarkA.3.22for details.
In particular, wemayuseHilbert spaceadjointsinsteadof Banachspaceadjoints.

We usesesquilineardualsandadjoints(seeRemarkA.3.22)andthenotation
of LemmaA.3.5 (e.g.,“J � J � ” meansthatJ �eÕYs � J), hencetheresultslook asif
thespacesin StandingHypothesis8.1.1wereHilbert spaces.

Outside Sections8.1 and 8.2, we shall apply theseresultsonly in the case
whereYs is a Hilbert space. Therefore,we recommendthe readerto consider
only thisHilbert spacesettingsothatYs � � Ys andhencethereis nothingspecial
with innerproductsor self-adjointness.

Remark 8.1.2 In thissectiononemayallowU � X � Ys � Zs to bearbitrary F-spaces
(i.e., completemetrizable TVSs,seeTheorem 1.24 of [Rud73]), becausethe
ClosedGraph Theorem(Theorem2.15of [Rud73]) is the only nongeneral TVS
propertythatweusehere.

Givenaninputu � U andinitial statex � X, wecall z: � Ax � Bu � Z thestate,
y : � Cx � Du � Y theoutputand Ì y� JyÍ thecostof the“system”for u andx s.t.the
stateandoutputarestable, i.e., z � Zs andy � Ys As before,we set ´ y ´ Ys �Ö� ∞
for y ×� Ys, etc.

We could have droppedA � B � Zs and Z from the theory without reducing
generality(replaceC by ¼ AC ¿ andD by ¼ BD ¿ etc.),but we have chosenthis more
explicit presentationto make laterapplicationsmoreobvious.

The simplest applicationof this theory to WPLSs is obtainedby the sub-
stitutionsU ­¯ L2 � R Ð ;U � , Ys ­¯ L2 � R Ð ;Y � , Y ­¯ L2

ω � R Ð ;Y � , X ­¯ H, Zs � Z ­¯
L2

ω � R Ð ;H � , ¼ A B
C D ¿ ­¯ ¼�Æ Ç τÈ ¦ ¿ andx ­¯ x0 � H, whereU � H � Y areHilbert spaces,¼=Æ ÇÈ ¦ ¿ � WPLSω � U � H � Y � andω � R.

It follows that °Ø� x� : �ÚÙ u � U ÛÛ Cx � Du � Ys � Ax � Bu � Zs Ü becomesthe
spaceof stable(unlesswe take U � L2

ω) controlsthat make the outputCx � Du
stable. Sometimeswe alsorequirethe state � x0 �ØÝ τu to be stable,i.e., we set
Zs : � L2 � R Ð ;H � . SeeRemark8.3.4for furtherapplicationsto WPLSs.

Now for thegeneraldefinitions:
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Definition 8.1.3(JJJ-critical control) For each x � X, weset°Ø� x� : ��Ù u � U ÛÛ Cx � Du � Ys & Ax � Bu � Zs Ü (8.2)Þ � x� : ��Ù Cx � Du ÛÛ u �ß°Ø� x� Ü � (8.3)« � x � u� : � ÌCx � Du � J � Cx � Du��Í � u �Ø°Ø� x����à (8.4)

Wecall « thecostfunction. A control u �á°Ø� x� (resp.outputCx � Du � Þ � x� )
is calledJ-critical for x (w.r.t. ¼ A B

C D ¿ ) if ÌCx � Du � JDηÍW� 0 for all η �Ø°ß� 0� .
Notethat °Ø� x� Ò U and

Þ � x� Ò Ys Ò Y for all x � X.
Given an initial statex � X, we often wish to find a stabilizing control (i.e.,

u �â° ) s.t. theoutputy : � Cx � Du � Þ is optimizesthecost« � x � u��� Ì y� JyÍ in
somesense.Becauseoptimality (in most reasonablesettings)requiresthat the
Fréchet derivative of the cost function is zero, or equivalently, that the control
is J-critical (by Lemma8.1.6),we shallconcentrateon J-critical controlsin this
section.SeeSections8.2and11.7for applications.

In thefollowing few lemmaswe list simple algebraicpropertiesof theabove
conceptsfor futureuse:

Lemma 8.1.4( °Ø� x�°Ø� x�°Ø� x� and
Þ � x�Þ � x�Þ � x� ) The sets °Ø� 0� Ò U and

Þ � 0� Ò Ys are linear
subspaces. Let x � X, u �ã°Ø� x� , y � Þ � x� . Then °Ø� x��� u �ä°Ø� 0� andÞ � x�Q� y � Þ � 0� .

Moreover, °Ø� αx0 � βx1 ��� α °Ø� x0 ��� β °Ø� x1 � and
Þ � αx0 � βx1 ��� α

Þ � x0 ���
β
Þ � x1 � (α � β � C åDÙ 0 Ü , x0 � x1 � X s.t. °Ø� x0 ��×� /0). æ

(Theveryeasyproof is left to thereader. Thelasttwo formulaeneednothold
for x0 � x1 s.t. °Ø� x0 �Q� /0 �ã°Ø� x1 � .)

The casewhereZs � Z andYs � Y is called the stablecase,becauseif(f)°Ø� x�Q� U for all x � X (i.e., if(f) all controlsarestabilizing), thenwecanreplace
Zs by Z andYs byY, w.l.o.g.,by thefollowing lemma:

Lemma 8.1.5(Stablecase) If Ys � Y andZs � Z, then °Ø� x��� U for all x � X.
We have °Ø� x�&� U for all x � X iff C �çÉç� X � Ys � , D �çÉ`� U � Ys � , A �çÉ`� X � Zs � ,
B �ÂÉ`� U � Zs � . æ

(This followsfrom StandingHypothesis8.1.1andLemmaA.3.6.)
With the standardsubstitutionsmentionedabove, the stablecaseis the case

whereeachx andu producea stableoutput,i.e., where Î and � arestable(that
is, Σ � SOS; the alternative substitutions with Zs ­¯ L2 � R Ð ;H � correspondto
exponentiallystableΣ).

TheJ-critical controlsareexactly thezerosof thederivativeof thecost:

Lemma 8.1.6(JJJ-critical è dé
du � 0è dé
du � 0è dé
du � 0) Let x � X.

A control ucrit �â°Ø� x� is J-critical for x iff dézê x Ã uë
du � ucrit ��� 0. In particular, if

ucrit � x� is a local extremalpoint of « � x ��·\� (on °ß� x� ), thenucrit � x� is J-critical for
x.
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Here dézê x Ã uë
du is the (real) Fréchet derivativeof « � x ��·\� on its domain °Ø� x� .

Thus,dézê x Ã uë
du �=ìu� : °ß� 0� ¯ R, where ìu �ß°Ø� x� , meanstheoperator°Ø� 0��í η ­¯ d« � x �(ìu � tη �

dt
� 0�N� lim

t î 0
« � x �(ìu � tη �W¢ « � x �(ìu�

t
� R à (8.5)

Proof: 1ï “If f”: By Lemma8.1.4, °Ø� x�&� ucrit ��°Ø� 0� . By linearity and

continuity, dézê x Ã ucrit Ð tη ë
dt � 0��� 2ReÌCx � Du � JDηÍ . This is zerofor all η �Ï°Ø� 0�

if f ÌCx � Du � JDηÍ�� 0 for all η �á°Ø� 0� , (applytheright-hand-sideto η andiη),
i.e., if f ucrit is J-critical for x.

It is obvious that « � x �(ìu � tη � hasanextremumat t � 0 if ìu is anextremum
(or asaddlepoint) of « � x ��·\� . æ
Givena critical controlucrit, thecostfor ucrit � η equalsthecritical costplus

thecostfor η:

Lemma 8.1.7(Critical cost« � x � ucrit �« � x � ucrit �« � x � ucrit � ) Let x � X and ucrit ��°Ø� x� . Setycrit : �
Cx � Ducrit. Thenthefollowingareequivalent:

(i) ucrit is J-critical for x;

(ii) « � x � ucrit � η �Q� Ì ycrit � Jycrit Í
� Ì Dη � JDηÍ (η �ß°Ø� 0� );
(iii) ÌCx � D � ucrit � η1 ��� J � Cx � D � ucrit � η2 ����ÍÂ� Ì ycrit � Jycrit Í'� Ì Dη1 � JDη2Í

(η1 � η2 �Ø°Ø� 0� ).
Notethat(ii) meansthat « � x � ucrit � η �Q� « � x � ucrit �[� « � 0 � η � .

Proof: By a direct computation, (i) ð (iii) ð (ii) ((i) implies that the cross
termsof (iii) arezero).

Assume(ii). Then2ReÌ ycrit � JDηÍ�� 0 for all η �ñ°Ø� 0� . An application to
η andiη showsthat Ì ycrit � JDηÍ[� 0 for all η �ß°Ø� 0� , i.e., that(i) holds. æ
For positivecostfunctions(« � 0 ��·\�N¸ 0), “J-critical” is equivalentto “minimiz-

ing”:

Corollary 8.1.8(Minimizing è Jè Jè J-critical & ¸ 0¸ 0¸ 0) A control u �ò°Ø� x� mini-
mizes[strictly] « � x ��·\� (on °Ø� x� ) iff u is J-critical and Ì Dη � JDηÍ3¸ 0 [ ó 0] for all
nonzero η �ß°Ø� 0� .

Notethat « � 0 � η �Q� Ì Dη � JDηÍ .
Proof: “If ”: This follows from Lemma8.1.7(ii). “Only if ”: This follows

from Lemma8.1.6andLemma8.1.7(ii). æ
All critical controlsproducethesamecostandthesamesensitivity of thecost

to adisturbance:

Lemma 8.1.9( ° crit° crit° crit and uniqueness) Denote by ° crit � x� the set of J-critical
controlsfor eachx � X. Then° crit � 0� isa linearsubspaceof °Ø� 0� . If u �`° crit � x� ,
x � xÁ�� X, then ° crit � x � xÁô��� u �Ö° crit � xÁô� . Moreover, « � x � u��� « � x � v� , and« � x � u � η �Q� « � x � v � η � for u � v �ß° crit � x��� η �ß°Ø� 0� .

In particular, thereisatmostoneJ-critical control for eachx � X iff ° crit � 0�3�Ù 0 Ü .
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Proof: 1ïõ° crit � x � xÁô�'� u ��° crit � xÁô� : Let u �ö° crit � x� . For an arbitrary
uÁ[� U , wehaveu � uÁb�Ø° crit � x � xÁF� if fÌCx � Du � CxÁ � DuÁ � JDηÍW� 0 � η �ß°Ø� 0����� (8.6)

equivalently, if f uÁ �Ø° crit � xÁ � . Therefore,° crit � x � xÁ �N� u �®° crit � xÁ � .
2ï Obviously, ° crit � 0� is asubspaceof °Ø� 0� .
3ï Let u � u �Øìu �Ï° crit � x� , (sothat ìu �Ï° crit � 0� , by 1ï ). By Lemma8.1.7(ii),

wehave « � x � u �Øìu�Q� « � x � u�[� Ì D ìu � JD ìuÍ3� « � x � u� . If η �ß°Ø� 0� , then« � x � u �ñìu � η �Q� « � x � u �ñìu�[� Ì Dη � JDηÍW� « � x � u�[� Ì Dη � JDηÍW� « � x � u � η ��à
(8.7)

4ï Since always 0 ��° crit � 0� , the last claim follows from the identity° crit � x � xÁ �Q� u �®° crit � xÁ � (with xÁ � 0). æ
We shall latergive several sufficient conditions for theexistenceof a unique

J-critical control. Sucha controlandcorrespondingstateandoutputarealways
producedby akind of anabstractsystem(in “statefeedbackform”):

Theorem8.1.10(ΣcritΣcritΣcrit) Let there be a uniqueJ-critical control ucrit � x� for each
x � X. Define

Σcrit : �ø÷ù Acrit

Ccrit
Kcrit

úû
: x ­¯ ÷ù Ax � Bucrit � x�

Cx � Ducrit � x�
ucrit

úû � : ÷ù zcrit � x�
ycrit � x�
ucrit � x�

úû à (8.8)

Then Σcrit �®É`� X � Zs Ô Ys Ô U � . Moreover, by setting ¹ : � C �critJCcrit �É`� X � X �$� weobtain« � x � ucrit � x�[� η �Q� Ì x �+¹ xÍ+ü X ÃX ý;þ � « � 0 � η �N� Ì ycrit � x��� Jycrit � x��Í Ys � Ì Dη � JDηÍ Ys à
(8.9)

for x � X andη �Ø°Ø� 0� .
(Stable case)If A �áÉ`� X � Zs � andC �áÉ`� X � Ys � , or B �ÏÉç� U � Zs � and D �É`� U � Ys � , thenC �ÓÉ`� X � Ys � and ¹�� C � JCcrit � C �critJC.

Thus,wecanconsiderKcrit �õÉ`� X � U � asa“statefeedbackoperator”,andΣcrit

astheleft columnof thecorresponding“closed-loopsystem”.
In Theorem8.3.9 we shall show that if ¼ A B

C D ¿ is a WPLS, then Σcrit is a
WPLS. For sufficiently smooth WPLSs(and for all wpls’s), Σcrit becomesthe
left columnof theclosed-loopsystemcorrespondingto a statefeedbackoperator
determinedby thestabilizing solutionof thecorrespondingRiccatiequation(see,
e.g.,Section9.2).

Proof: 1ï “Ccrit � Kcrit ��É ”: The map Kcrit : x ¯ ucrit � x� are obviously
linear, henceso are Ccrit : x ¯ ycrit � x� and Acrit : x ¯ zcrit � x� , i.e., Σcrit �
Hom� X � Zs Ô Ys Ô U � . To show thatΣcrit is bounded,we usetheClosedGraph
Theorem.

Assumethat xn ¯ 0 in X and Σcritxn ¯ £ zy
u § in Zs Ô Ys Ô U (by Lemma

A.3.4(E1),weonly needto show thatz� y� u � 0).
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ThenCcritxn ¯ y � Ys, but Ccritxn � Cxn � DKcritxn ¯ 0 � Du in Y, hence
y � Du. Analogously, z � Bu, henceu �ß°Ø� 0� . ButÌ Dη � JDuÍW� lim

nî Ð ∞ Ì Dη � JCcritxnÍW� lim
nî Ð ∞

0 � 0 (8.10)

for all η �Ö°Ø� 0� , henceu � ucrit � 0�ÿ� 0; consequently, y � Du � 0 and
z � Bu � 0. Thus,Σcrit �ÂÉ .

2ï (8.9): This follows from thedefinitionsof Ccrit and« , andfrom Lemma
8.1.7(ii).

3ï CaseA �ÂÉ`� X � Zs � , C �ÂÉç� X � Ys � : Let x � X. Obviously, °Ø� x�Q� °Ø� 0� .
Moreover, DKcritx � Ccritx ¢ Cx � Ys, and Ì DKcritx � JCcritxÍ�� 0,becauseKcritx �°Ø� x�N�ã°Ø� 0� . Therefore,ÌCx � JCcritxÍ3� ÌCcritx � JCcritxÍ
¢ 0 � Ì x �+¹ xÍ (8.11)

Becausex � X wasarbitrary, wehave ¹�� C � JCcrit, henceC �critJC ��¹ �&��¹ .
4ï CaseB �âÉ`� U � Zs � , D �âÉ`� U � Ys � : Now Ax � Acritx ¢ BKcritx � Zs,

Cx � Ccritx ¢ DKcritx � Ys, for any x � X. Therefore, A �ÖÉç� X � Zs � ,
C �ÓÉç� X � Ys � , by LemmaA.3.6. Thus,therestfollows from 3 ï . æ
(Seethenotesonp. 362.)



358 CHAPTER8. OPTIMAL CONTROL ( d
du « � 0)

8.2 Abstract J-coercivity ( �æ �
u Du� )

Coercion. Theunpardonablecrime.

— DorothyMiller Richardson(1873–1957)

In this sectionwe aim to give sufficient conditions to the existenceof a
unique“optimal” (J-critical) control, so that the abstractoptimization theoryof
Section8.1 can be applied. The most importantof suchconditions is that the
systemis “stabilizable”(i.e., °Ø� x��×� /0 for all x � X) andJ-coercive.

In the WPLS framework with J � I (a minimization problem),J-coercivity
meansthe condition ´$� u ´ 2 ¸ ε ´ u ´ 2 or something similar, dependingon the
desiredsetof admissible controlsu. TheconceptJ-coercivity is a generalization
of thestandardnonsingularity assumptionsof severalcontrolproblems.

Indeed,later in this sectionandin Section11.7(andin their WPLS applica-
tionsin Chapters10–12),weshallshow thatall optimization(sub)problemsfaced
in rathergeneralLQR andH∞ settings areJ-coercive. Moreover, in Propositions
10.3.1and10.3.2weshow that(theextensionsto WPLSsof) all differentclassical
nonsingularity assumptionsonLQR settingsareequivalent.

At the end of this section, we shall give applicationsto stable systems,
includingthedirectformulafor theoptimal controlgiven in Lemma8.2.9.Recall
theassumptionsof StandingHypothesis 8.1.1andnotealsothoseof Hypothesis
8.2.2.

We start by defining J-coercivity. The map D is J-coercive if f « � 0 � u� ­¯¼ u Du¿ is continuous:

Definition 8.2.1(JJJ-coercive) We call D J-coercive (over ° ) if there is ε ó 0 s.t.
for all nonzero u �Ø°Ø� 0� there is a nonzero v �ß°Ø� 0� s.t.Ì Dv� JDuÍ�¸ ε ´ u ´ D ´ v ´ D à (8.12)

where ´ u ´ D : � maxÙ3´ u ´ U ��´ Bu ´ Zs ��´ Du ´ Ys Ü . If, in addition, Ì Du � JDuÍ�¸ 0 for
each u �ß°Ø� 0� , thenD is calledpositively J-coercive.

By Lemma8.2.3(c2),� is positively J-coercive if f “we cantake v � u”, i.e.,
if f Ì Du � JDuÍW¸ ε ´ u ´ 2D for all u � °ß� 0� andsomeε ó 0. Obviously, wecanreplace´N·�´ D by anequivalentnormin (8.12).

Whenapplyingtheresultsof thissection,weoftentakeZs � Z (or A � 0 � B),
so that A and B becomecontinuous and henceinsignifant and can be dropped
from all formulae. In particular, then ´ u ´ D becomesequivalent to ´ u ´�ÁD : �
maxÙ3´ u ´ U ��´ Du ´ Ys Ü .

Weshallusecertaintechniquesthatrequirereflexivity:

Standing Hypothesis8.2.2 Throughout therestof thissection,exceptin Lemmas
8.2.4,8.2.8and8.2.9,weassumethatU, Zs andYs are reflexive.
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Thishypothesisallowsusto fully applyLemmaA.3.5(c2):

Lemma 8.2.3 Equip °Ø� 0� with norm ´N·�´ D. Thenwehavethefollowing:

(a) (Stable case)Let Ys � Y and Zs � Z. Then °ß� 0� and U are (TVS)
isomorphic, henceD is J-coercive iff D � JD ���|É`� U � U ��� . Moreover, D
is positivelyJ-coerciveiff D � JD � 0.

(b) °Ø� 0� is a reflexiveBanachspace(a Hilbert spaceif U, Zs andYs areHilbert
spaces),and ¼ BD ¿ Õ � ê 0 ë �ÓÉ`��°Ø� 0��� Zs Ô Ys � .

(c1)D is J-coerciveiff D � JD �Ø�|É`��°Ø� 0��� .
(c2)D is positivelyJ-coerciveiff D � JD � 0 on °ß� 0� .
(d1) � is positivelyJ-coerciveiff there is ε ó 0 s.t.for all u �Ø°ß� 0� wehaveÌ Du � JDuÍ�¸ ε ��´ u ´ 2U ��´ Bu ´ 2Zs ��´ Du ´ 2Ys ��à (8.13)

(d2)LetJ � 0. ThenD is positivelyJ-coerciveiff ´ Du ´ Ys ¸ ε Á���´ u ´ U ��´ Bu ´ Zs �
for someε Á[ó 0 andall u �Ø° .

(d3) If D is J-coercive, thenD is injectiveonU.

(d4) Let D be J-coercive. Then ´ JDu ´ Ys ý ¸ ε Á=´ u ´ D for someε Á�ó 0 and all
u �Ø°Ø� 0� .

(e) Evenif Standing Hypothesis8.2.2doesnot hold, claims(d1)–(d4)above
hold andJ-coercivity impliesthat there is at mostoneJ-critical control for
each x0 � X.

If J ¸ 0,Ys � Y andZs � Z, thenD is J-coerciveif f Ì Du � JDuÍ[¸ ε ´ u ´ 2U (u � U )
for someε ó 0,by (a). TheoperatorD � JD canbeconsideredasthePopov Toeplitz
operator.

Proof: (a)Obviously, ´�·�´ D is now equivalentto ´�·�´ U onU � °ß� 0� , hence
theclaimsfollow from (c1)&(c2).

(b) By Lemma A.3.15 (with T : � ¼ I � B� D � ¿ � ), °Ø� 0� is a reflexive
Banachspace(a Hilbert spaceif U , Zs andYs are Hilbert spaces)and T �É`��°Ø� 0��� U Ô Zs Ô Ys � .

(c1)&(c2) These follow from Lemma A.3.4(N4)(xi) and Lemma
A.3.5(c2)&(d),

(d1)Thisa reformulationof (c2) (with anequivalentnorm).
(d2) Now D � JD � 0 è D � D � 0 è ´ Du ´ Ys ¸ ε Á ´ u ´ D � u ��°Ø� 0����è´ Du ´ Ys ¸ ε Á���´ u ´ U ��´ Bu ´ Zs � � u �ö°Ø� 0��� (notethat this doesnot hold for all

u � U in general).
(d3)This followsfrom (c1).
(d4)Let u �ß°ß� 0� . Let ε ó 0 andv beasin Definition8.2.1.Then

ε ´ u ´ D ´ Dv ´�� ε ´ u ´ D ´ v ´ D � Ì Dv� JDuÍ�� ´ JDu ´
´ Dv ´�à (8.14)

BecauseDv ×� 0,by (d3),wehave ´ JDu ´ 2 ¸ ε ´ u ´ D. Sinceu wasarbitrary, (d4)
holds.

(e) For (d1)–(d4)this is obvious; theuniquenessclaim follows from 2 ï of
theproofof Theorem8.2.5. æ
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A coordinatechangein the input spaceaffects J-coercivity and J-critical
controlin theexpectedway:

Lemma 8.2.4(DDD vs.DEDEDE) Let E �Ø�|É`� U � . Let ° DE � x� : ��Ù u � U ÛÛ   A BE
C DE ¡
  xu ¡��

Ys Ô Zs Ü . Thenwehavethefollowing:

(a) ° DE � x�Q� E � 1 °Ø� x� for all x � X.

(b) A control u is J-critical for x and   A B
C D ¡ iff E � 1u is J-critical for x and  A BE

C DE ¡ .
(c) D is J-coerciveiff DE is J-coercive.

Naturally, heretheJ-coercivity of DE refersto theset Ù u � U ÛÛ DEu � Ys Ü in
placeof °Ø� 0� andto the norm ´ u ´ DE : � maxÙ3´ u ´���´ BEu ´���´ DEu ´ Ü in placeof´ u ´ D.

Proof: Claims(a) and(b) aretrivial. Chooseδ ó 0 is s.t.δ ´ u ´	�Ú´ Eu ´	�
δ � 1 ´ u ´ (u � U ). Thenδ ´ u ´ D � ´ E � 1u ´ DE � δ � 1 ´ u ´ D � u � U ), hencethese
two normsareequivalent.Fromthisand(a) weobtain(c) easily. æ
Trivially, °ß� x�õ×� /0 is a necessarycontrol for the existenceof a J-critical

controlfor x. For J-coercivesystems,this is alsosufficient:

Theorem8.2.5(J-coercive ð � !J-critical control) AssumethatD is J-coercive.
If x � X is s.t. °Ø� x��×� /0, thenthere is a uniqueJ-critical control for x.

This follows from thefact thatJ-coercivity allows usto projectanelementof
J � Cx � D °Ø� x��� continuously. However, J-coercivity is not theweakestpossible
assumptionfor theabove theorem:whenever J � I , C � 0 andD ó 0, thenthere
is aunique« -minimizingcontrolfor all x � X evenif D ×� 0.

Nevertheless, evenfor J � I , conditionsthatarenecessaryandsufficientdonot
seemto beuseful(e.g.,“for some(henceall) y � Þ � x� , theorthogonalprojection
of y to Ran� D � is in Ran� D � ”).

Proof: 1ï Existence:Wewrite E : � D Õ � ê 0 ë to clarify theproof. By Lemma

8.2.3(b)&(c1),wehaveE �ÂÉç��°ß� 0�$� Ys � andE � JE �Ø�|É`��°Ø� 0��� .
Let x � X. ChooseuÁQ��°Ø� x� , and set yÁ : � Cx � DuÁQ� Ys. Set uÁ Á : �¢õ� E � JE �$� 1E � JyÁ[�ß°Ø� 0� , u : � uÁ�� uÁ Á[�ß°Ø� x� . ThenÌCx � Du � JDηÍ Ys � Ì yÁ � EuÁ Á � JEηÍ Ys � Ì E � JyÁ � E � JEuÁ Á � ηÍ D � 0 (8.15)

for all η �ß°Ø� 0� , henceu is J-critical for x.
2ï Uniqueness: If u is J-critical for x � 0, then Ì Dv� JDuÍ'� 0 for all

v �ö°Ø� 0� , hencethen ´ u ´ D � 0, henceu � 0. Thus, the J-critical control is
uniquefor any x � X, by Lemma8.1.9. æ
Thus,wehavesolveda rathergeneralminimizationproblem:
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Corollary 8.2.6(Minimization) Assumethat °Ø� x��×� /0 for all x � X. If there is
ε ó 0 s.t. « � 0 � u��¸ ε ��´ u ´ 2U ��´ Bu ´ 2Zs ��´ Du ´ 2Ys � � u �Ø°Ø� 0����� (8.16)

thenthere is a uniqueminimizingcontrol for each x � X. Thecorrespondingstate,
outputandcostaregivenby (8.8)and(8.9).

Proof: By Lemma8.2.3(c2),D is positively J-coercive, henceTheorems
8.2.5 and 8.1.10apply. By Corollary 8.1.8, the uniqueJ-critical control is
strictly minimizing (on °Ø� x� ). æ
A specialcaseof this is thestandardLQR problem:

Corollary 8.2.7(Standard LQR problem) Let J � 0 and °Ø� x�|×� /0 for all x �
X. Let therebeε ó 0 s.t. ´ Du ´ Ys ¸ ε ��´ u ´ U ��´ Bu ´ Zs � for all u �Ø°Ø� 0� .

Thenthere is a uniqueminimizing control for each x � X. Thecorresponding
state, outputandcostaregivenby (8.8)and(8.9). æ

(This follows directly from Corollary8.2.6.)
Analogously, if Ys � Y andZs � Z (thestablecase),J ¸ 0, and ´ J1
 2Du ´ Ys ¸

ε ´ u ´ for all u � U , thenthereis a uniqueminimizing controlfor eachx � X, and
Theorems8.2.5and8.1.10andLemma8.2.8apply.

The condition “ °ß� x��×� /0 for all x � X” is calledthe Finite CostCondition,
becausefor J � I thiscondition holdsif f for eachx thereis acontrolu �Ï°Ø� x� s.t.« � x � u�Q�Ú´ Cx � Du ´ 2Ys ² ∞.

Theproofandimplicationsof Theorem8.2.5becomeeasyin thestablecase:

Lemma 8.2.8(StableJ-critical control) Assumethat °Ø� x�Y� U for all x � X.
Assume, in addition, that the“Popov Toeplitzoperator” T : � D � JD beinvertible
(T �ß��É`� U � U � � ).

Thenthere is a the uniqueJ-critical control for each x � X, and the system
Σcrit andJ-critical costoperator ¹ of Theorem8.3.9aregivenby

Acrit � A ¢ BT � 1D � JC � (8.17)

Ccrit � � I ¢ DT � 1D � J � C � (8.18)

Kcrit � ¢ T � 1D � JC � (8.19)¹ � C � � J ¢ JDT � 1D � J � C � C � JCcrit à (8.20)

TheconditiononT holdsif f D is J-coercive,by Lemma8.2.3(a).
Proof: Now ÌCx � Du � JDηÍ
� 0 for all η � U ��°Ø� 0� if f D � J � Cx � Du��� 0

( � U � ), i.e., if f u �Ú¢ T � 1D � JCx. The formulaecanbe computedfrom (8.8).æ
StandardstableLQR andH∞ problemsareof the following form andhence

giveusthefollowing directformulaefor thesolutions:
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Lemma 8.2.9(“Stable Σ with boundedC”) Assumethat °Ø� x�'� U for all x �
X, ìC �ØÉç� Zs � Ys � , “y � ìCz � ìDu”, i.e., C � ìCA, D � ìCB � ìD, and that S : �ìD � J ìD �®��Éç� U � U ��� , ìD � J ìC � 0, T : � D � JD � S � B� QB �®��É`� U � U ��� , where
Q : � ìC � J ìC �ÓÉç� Zs � .

ThenLemma8.2.8applies,Kcrit �Ö¢ S� 1B� QAcrit and ¹�� A� QAcrit.

Thus,ucrit � x�3��¢ S� 1B� Qzcrit � x� . SeeProposition8.3.10(andequation(8.93))
for aWPLSapplicationof theabovetwo lemmasandChapter10for furtherLQR
results. Below the proposition we describetwo methodsfor obtaininga direct
formulafor ucrit and ¹ in theunstable case.

Proof: Notethat ìD � D ¢ ìCB � Éç� U � Y � andD � JC � B� QA. Multiply (8.19)
by T to theleft to obtain

SKcrit � B� QBKcrit �Ö¢ B� QA� (8.21)

i.e., ¢ SKcrit � B� Q � A � BKcrit �N� B� QAcrit, asclaimed.
Moreover, Ccrit � ìCAcrit � ìDKcrit, hence ¹ � C � JCcrit � A� QAcrit. A

commonalternative formulais¹Ë� C �critJCcrit ��� �critQ� crit � K �critSKcrit à (8.22)æ
Notesfor Sections8.1and 8.2
For stableWPLSs,the ideato useFréchetdifferentiationfor optimalcontrol

(cf. Lemma8.1.6)andthestablePopov Toeplitzoperatormethodof Lemma8.2.8
were first usedin [S97b], which also containsa variant of the stablecaseof
Theorem8.1.10for WPLSs. Thesemethodsseemto have beenusedin control
theoryfor severaldecades,

andthe sameholdsfor the alternative “completingthe square”method(not
presentedhere)for minimizationproblems;see[Zwart] for a WPLSapplication.
We havenotseenearlierunstableversions of Theorem8.2.5in any framework.

Seethe notesfor Section8.4 for “J-coercivity”. As notedbelow Theorem
8.2.5,onecould prove the existenceof a uniqueJ-critical control underweaker
assumptionsthanJ-coercivity. Such“singularcontrolproblems”areusuallyruled
out by theassumptions,becausesuchsettingsarerarely encounteredin practice
andthey cannotbesolved assatisfactorily.

The abstractsettingof thesetwo sectionswould allow for further extension
of control theory(e.g., feedbackandcoprimeness),andonecould easilyobtain
results analogousto those in Chapter6 (or to those in the other chapters).
However, wedonothave theneedto addresstheseconceptsat thisabstractlevel.

Furthernotesaregiven in Sections8.3 and8.4, wherethis abstracttheoryis
appliedto WPLSs
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8.3 J-critical control for WPLSs

To drift with everypassiontill mysoul
Is a stringedluteonwhich all windscanplay,
Is it for this that I havegivenaway
Mineancientwisdom,andausterecontrol?

— OscarWilde (1856–1900)

In this sectionwe apply theabstractoptimization theoryof Sections8.1 and
8.2to WPLSs.

Standing Hypothesis8.3.1 Throughout this Sections8.3–8.5,U � W� H and Y
denoteHilbert spacesof arbitrary dimensions, Σ � ¼�Æ ÇÈ ¦ ¿ � WPLS� U � H � Y � , and
J � J �D�ÂÉ`� Y � .

As explainedonpp.351-352,weconsiderthecostfunction(8.1).
In theminimization(LQR) problem,oneoftentakesJ � I so that « � x0 � u���³ ∞

0 ´ y � t ��´ 2H dt, andonewishesto find, for eachinitial statex0 � H, a “stabilizing”
controlu : R Ð ¯ U s.t.thecost« � x0 � u� is minimizedoverall u �Ø° �� � x0 � , where°ç�� � x0 � denotesthesetof “stabilizing” controlsfor theinitial statex0.

We may choose° �� � x0 � to be the setof thoseu � L2 � R Ð ;U � for which the
outputy : ��Î x0 �ß� u is in L2; we denotethis setby ° out � x0 � . Thesubsetof u’s
for whichalsothestatex : �®� x0 � Ý τu belongsto L2 is denotedby ° exp � x0 � . We
alsoallow for otherchoicesof ° �� , so thatwe areableto solve controlproblems
with verydifferentstability restrictionsdependingon thechoice.

In other control problems,one may wish to maximize « � x0 ��·\� or to find
a minimax point of « � x0 ��·\� (as for the H∞ problem). Therefore, insteadof
minimums, we look for the critical points (the zerosof the Fréchetderivative)
of « � x0 ��·\� over °ç�� � x0 � ; we call thesethe“J-critical controls”(cf. Lemma8.3.6).
Naturally, all extremumsandothersaddlepointsof « � x0 ��·\� areJ-critical.

In this section we shall study such controls and show that if there is a
uniqueJ-critical control for eachinitial statex0 � H, then this control and the
correspondingstateand output can be representedas the stateand outputof a
WPLS(Theorem8.3.9).ThisWPLSis obtainedby applyingcertainkind of state
feedbackto theoriginal system,but this feedbackneednotbewell-posed(unless
the WPLS is sufficiently regular); we studynecessaryandsufficient conditions
for its well-posedness(themapsfrom thestateto theoutputandJ-critical control
(feedback)are always well-posedbut the sensitivity of the feedbackloop to
externalinput/disturbanceneednotbe).Suchconditionsaretreatedfrom another
pointof view in Section9.14,andfurthersufficientregularityconditionsaregiven
in othersectionsof Chapter9.

The “J-critical” system(the closed-loopsystem in the well-posedcase)
becomesoutputstableif we optimizeover ° out andexponentially stableif we
optimizeover ° exp; conversely, thecontrolcorrespondingto anoutput-stabilizing
(resp.exponentially stabilizing)statefeedbackis necessarilyin ° out (resp. ° exp).
Thus, optimization over ° out (resp. ° exp) correspondsto optimizationover all
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output-(resp.exponentially) stabilizing statefeedbackpairs(undertheregularity
conditionsmentionedabove).

Sucha J-critical statefeedbackpair correspondsto a unique “stabilizing”
solutionof the Riccati equation,seeChapter9 for details. The corresponding
specialcontrolproblemsaresolvedin Chapters10–12.

We alsopresentsimilar resultsfor thecasewherethecritical controlsarenot
unique.

Now it is the time to define ° �� . Due to generality, the definition contains
awfully many symbols, hencewe recommendthe readerto just note that ° exp

and ° out areasexplainedabove,observe thealternative(equivalent)definitionof
J-critical points(controls)of thecostfunctionandignoretherestof thedefinition
until thereis someneedfor theother °Ï�� ’s. Thegeneralcasewill becomemore
clearlaterwith theapplications:

Definition 8.3.2( °ç��° ��°ç�� and J-critical control) Assumethat Zs is a Banach space,
Zu is a TVSs.t.Zs Ò

c
Zu, ª �õÉ`� H � Zu � , 
���É`� L2 � R Ð ;U ��� Zu � andϑ � R. Define° ϑ� ¥�� � � x0 � : ��Ù u � L2

ϑ � R Ð ;U �zÛÛ ¼ È ¦¥ � ¿   x0
u ¡3� L2 Ô Zs Ü � x0 � H � ; (8.23)´ u ´ � ϑ� ¥���� : � maxÙ3´ u ´ L2

ϑ
��´�
 u ´ Zs ��´$� u ´ 2 Ü � ∞ � u � L2

ϑ � R Ð ;U ��� ;
(8.24)

xx0 Ã u : ��� x0 �áÝ τu � u � L2 � R Ð ;U ��� ;
(8.25)

yx0 Ã u : ��Î x0 �Ï� u � u � L2 � R Ð ;U ��� ;
(8.26)Þ �� � x0 � : ��Ù yx0 Ã u ÛÛ u �Ø° �� � x0 � Ü ; (8.27)« � x0 � u� : � Ì yx0 Ã u � Jyx0 Ã uÍ � u �ß° �� � x0 ����à
(8.28)

Weuse °ç�� : �ã° ϑ� ¥�� � whenwedo notwishto specifyª , 
 , Zu andZs andϑ.
Wearemainlyinterestedin thefollowing choicesof °Ø�� :° out � x0 � : ��Ù u � L2 � R Ð ;U �zÛÛ yx0 Ã u � L2 Ü � (8.29)° sta� x0 � : ��Ù u �ß° out � x0 ��ÛÛ sup ´ xx0 Ã u ´U² ∞ Ü � (8.30)° str � x0 � : ��Ù u �ß° out � x0 ��ÛÛ ´ xx0 Ã u � t ��´ H ¯ 0 ast ¯ � ∞ Ü � (8.31)° exp � x0 � : ��Ù u � L2 � R Ð ;U � ÛÛ xx0 Ã u � L2 Ü ; (8.32)

i.e., thenweassumethatϑ � 0, ¼ ª 
 ¿ � ¼ � Ý τ ¿ , Zu � L2
ω � R Ð ;H � , andZs �

L2
ω � R Ð ;H � , Zs � L∞ � R Ð ;H � , Zs ��� 0 � R Ð ;H � or Zs � L2 � R Ð ;H � , respectively,

where ω : � ωA � 1.
Wecall « thecostfunction. A control u � °ß�� � x0 � (resp.outputyx0 Ã u � Þ �� � x0 � )

is called J-critical (over ° �� ) for x0 (and Σ) if Ì � π Ð η � Jyx0 Ã uÍ L2 � 0 for all
η �ß°ç�� � 0� .

Wecall anadmissible statefeedback pair ¼�� � ¿ (or a corresponding state
feedback operator) J-critical (over ° �� for Σ) if � � x0 : �Ö� I ¢ � ��� 1 � x0 is J-critical
for all x0 � H.
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Thus,we usuallywrite °á�� insteadof ° ϑ� ¥�� � (andwe oftenomit “over ° �� ”).
Of course,westill assumethatsome ¼ ª 
 ¿ , Zu, Zs andϑ aregiven.Theoptimal
controlsfor mostreasonablecontrolproblemsareJ-critical over °Ï�� where °ç�� is
thesetoverwhichonewishesto optimize,asexplainedabove.

Notethat ´Q·
´ � ýý is a normon ° �� � 0� ; it will beusedto defineJ-coercivity in
thenext section.Somesimplificationsof thesenormsaregivenin Lemma8.4.2.

By Lemma6.7.8,wehave° exp � x0 � : �ÖÙ u � L2 � R Ð ;U ��ÛÛ xx0 Ã u � yx0 Ã u � L2 Ü à (8.33)

Thus, ° exp � x0 � is, indeed,thesetof “exponentially stabilizingcontrols”(x � y � L2)
describedbeforetheDefinition8.3.2.Analogously, ° out � x0 � is thesetof “output
stabilizingcontrols”(y � L2); ° sta� x0 � is thesetof “stabilizing controls”(y � L2,
x bounded);and ° str � x0 � is the setof “strongly stabilizing controls” (y � L2, x
stronglystable).

In finite-dimensional problems,oneusuallyoptimizesover ° exp. In applica-
tions, often physical quantitiesmay determinea naturalnorm for the state,and
thisnormmightbesuchthatonedoesnotwantto requirethe“optimal” controlto
beexponentially stabilizing. Therefore,alsoset ° out hasoftenbeenused,partic-
ularly for infinite-dimensionalproblems(see,e.g.,[Zwart], [WW], [LT00a]),and
thereareat leastsomekind of implicit applicationsof ° str [Oostveen]and ° sta

[S97b]–[S98d].
Coercivity assumptionsthatguaranteetheexistenceof auniqueJ-critical con-

trol over ° out are very natural whereastheir analogiesfor ° exp are substan-
tially strongerthoughstill rathercommonly used(comparePropositions 10.3.1
to 10.3.2).Nevertheless, in the literatureoneoftenusesjust the formerassump-
tion andobtainsanoptimal controlwhich is optimalover ° exp too— how is this
trick possible? Thesecretis to assumeexponential detectability, sinceit implies
thatthefour setscoincide:

Lemma 8.3.3( ° exp �ã° out° exp �ã° out° exp � ° out) We have ° exp � x0 � Ò ° out � x0 � and ° str � x0 � Ò° sta� x0 � Ò ° out � x0 � for all x0 � H.
If Σ is estimatableor exponentially q.r.c.-stabilizable (e.g., exponentially

stable), then ° exp �ò° str �ò° sta �ò° out, and then Σ is [positively] J-coercive
over ° out iff Σ is [positively] J-coerciveover ° exp.

If Σ is [strongly] q.r.c.-stabilizable(e.g., [strongly] stable),then   ° str ��¡*° sta �° out. If u is J-critical for x0 over ° out and ° str, thenu is J-critical for x0 over° sta.

(Since� 2 Ò c0, wehave ° exp
Ò ° str in discretetime(cf. Theorem13.3.13).)

Thus,whenΣ is estimatable,we mayequivalently optimizeover any of these
setsfor maindomainsfor u, andwe only have to look for J-coercivity over ° out

(andoptimizability) to guaranteetheexistenceof a uniqueJ-critical control (see
Definition8.4.1andTheorem8.4.3).

Proof: (By ° out �¤° sta we meanequalityasfunctionsof x0 � H (to L2);
thus,wecouldaswell write ° out � ° sta.)

The claimson estimatability follow from Theorem6.7.7. The claimson
q.r.c.-stabilizability aregivenin Theorem8.4.5(g2).
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The restis ratherobvious. (In fact,whenever two of thesefour spacesare
equal for x0 � 0, then they have equalnorms,by LemmaA.3.6 (with, e.g.,´ u ´ X3 : � ´ u ´ 2 �ã´ y ´ 2 �ã´ x ´ L2

1
), and hence[positive] J-coercivity over them

becomeequivalent,by (c1) and(c2) of Lemma8.2.3.) æ
Trivially, the condition that ° �� � x0 � ×� /0 for all x0 � H is necessaryfor the

existenceof a J-critical control for any initial state,hencefor the solvability
of any reasonableoptimization problem (over °Ï�� ). This condition is called
the Finite Cost Condition, since,for J � 0, it correspondsto the existenceof
u s.t. “ « � x0 � u�ÿ² ∞”. For °ç�� �½° exp this conceptobviously coincideswith
optimizability.

After a “translationof notation”, the resultsof previoussectionscanberead
asresultsfor WPLSs:

Remark 8.3.4 We can apply the theoryof Sections8.1 and 8.2 by substitutions
X ­¯ H, U ­¯ L2

ϑ � R Ð ;U � , Ys ­¯ L2 � R Ð ;Y � , Y ­¯ L2
β � R Ð ;Y � , Zs ­¯ L2

β � R Ð ;H ��Ô
Zs, Z ­¯ L2

β � R Ð ;H �UÔ Zu and ¼ A B ¿ ­¯ ¼ Æ Ç τ¥ � ¿ , ¼ C D ¿ ­¯ ¼ Î � ¿ ,
where β ó maxÙ ϑ � ωA

Ü .
(NotethatΣ and Ý τ are β-stable. Above, onecanequivalently write explicitly

B ­¯ π Ð�Ý τπ Ð , D ­¯ π ÐN� π Ð .)
Thus, the concepts« , “J -critical” and “J -coercive” of thosetwo sections

coincidewith thoseof thissection,and ° becomes°Ø�� .
Consequently, weobtainLemmas8.3.5,8.3.6,8.3.7and8.3.8,andProposition

8.3.10andTheorem8.4.3fromcorresponding resultsin Sections8.1and8.2(see
thosesectionsfor further results). æ

(By Remark8.1.2, we might also allow completelyunstablecontrols by
substitutionU ­¯ L2

loc � R Ð ;U � .)
Next we list the“translated”auxiliary lemmasmentionedin theremark:

Lemma 8.3.5( °ç�� � x0 �°ç�� � x0 �°ç�� � x0 � and
Þ �� � x0 �Þ �� � x0 �Þ �� � x0 � ) Thesets °ç�� � 0� Ò L2

ϑ � R Ð ;U � and
Þ �� � 0� Ò

L2 � R Ð ;Y � are linear subspaces.Let x0 � H, u ��°ç�� � x0 � , y � Þ �� � x0 � . Then°ç�� � x0 �Q� u �®°ç�� � 0� and
Þ �� � x0 �Q� y � Þ �� � 0� .

Moreover, °ç�� � αx0 � βx1 �õ� α °ç�� � x0 �'� β °ç�� � x1 � and
Þ �� � αx0 � βx1 �õ�

α
Þ �� � x0 �[� β

Þ �� � x1 � (α � β � C åDÙ 0 Ü , x0 � x1 � H s.t. ° �� � x0 ��×� /0). æ
As claimed above, a control ucrit is J-critical if f the gradientof the cost

u ­¯ Ì y� JyÍ is zeroatucrit:

Lemma 8.3.6(JJJ-critical è dé
du � 0è dé
du � 0è dé
du � 0) A control ucrit � x0 �&�Ø°ç�� � x0 � is J-critical for

x0 iff dézê x0 Ã uë
du � ucrit � x0 ���N� 0.

In particular, if ucrit � x0 � is a local extremalpoint or saddlepoint of « � x0 � u�
(over °ç�� � x0 � ), thenucrit � x0 � is J-critical for x0. æ

Theexpression dézê x0 Ã uë
du denotesthe(real)Fréchetderivativeof « � x0 ��·\� on its

domain ° �� � x0 � ; seeLemma8.1.6for details.
Saddlepointscorrespondto solutions of theH∞ minimaxproblem.
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Lemma 8.3.7(Critical cost« � x0 � ucrit �« � x0 � ucrit �« � x0 � ucrit � ) Let x0 � H and ucrit � x0 �U�ö°ç�� � x0 � . Set
ycrit � x0 � : � yx0 Ã ucrit ê x0 ë . Thenthefollowingareequivalent:

(i) ucrit � x0 � is J-critical for x0;

(ii) « � x0 � ucrit � x0 �[� η �Q� Ì ycrit � x0 ��� Jycrit � x0 ��Í�� Ì � η � J � η Í (η �Ø°`�� � 0� );
(iii) Ì yx0 Ã ucrit ê x0 ë Ð η1

� Jyx0 Ã ucrit ê x0 ë Ð η2
Í � Ì ycrit � x0 ��� Jycrit � x0 ��Í � Ì � η1 � J � η2Í

(η1 � η2 �Ø°ç�� � 0� ). æ
Notethat(ii) meansthat« � x0 � ucrit � x0 ��� η �Q� « � x0 � ucrit � x0 ����� « � 0 � η � . Thus,

givena critical controlucrit, thecostfor ucrit � η equalsthecritical costplus the
costfor η.

All critical controlsproducethesamecostandthesamesensitivity of thecost
to adisturbance:

Lemma 8.3.8( ° � Ã crit�° � Ã crit�° � Ã crit� and uniqueness) Let ° � Ã crit� � x0 � be the set of J-critical
controls for x0 � H. Then ° � Ã crit� � 0� is a linear subspace of °Ï�� � 0� . If u �° � Ã crit� � x0 � , then ° � Ã crit� � x0 �D� u ��° � Ã crit� � 0� . Moreover, « � x0 � u�'� « � x0 � v� , and« � x0 � u � η �N� « � x0 � v � η � for u � v �ß° � Ã crit� � x0 ��� η �ß°ç�� � 0� .

In particular, thereisatmostoneJ-critical control for eachx � X iff ° crit � 0�3�Ù 0 Ü . æ
We shall latermeetseveralsufficient conditionsfor theexistenceof a unique

J-critical control. Sucha controlandcorrespondingstateandoutputarealways
producedby a WPLS:

Theorem 8.3.9(ΣcritΣcritΣcrit) Assumethat there is a uniqueJ-critical control ucrit � x0 �
over °ç�� for each x0 � H, anddefine

Σcrit : � ÷ù � critÎ crit� crit

úû
: x0 ­¯ ÷ù xcrit � x0 �

ycrit � x0 �
ucrit � x0 �

úû
: � ÷ù � x0 �áÝ τucrit � x0 �Î x0 �Ï� ucrit � x0 �

ucrit � x0 �
úû à
(8.34)

(Alternatively, we mayassumethat Σcrit is any J-critical control in WPLSform
(seeDefinition8.3.15).)

Then the following hold except that in (a1)–(a5) and (b2) we assume, in
addition, thatϑ � 0 (e.g., that °ß�� �ÏÙb° out �$° sta�$° str �$° exp

Ü )).
(a1)ThemapsÎ crit and � crit arestable, andΣcrit � WPLS�(Ù 0 Ü � H � Y Ô U � .
(a2) If °ç�� �Ú° exp, thenΣcrit is exponentially stable; if °Ï�� �ä° str, thenΣcrit is

strongly stable;if °Ï�� � ° sta, thenΣcrit is stable.

(a3) If ¼ � Ý ¿ is [strongly] stable, thenΣcrit is [strongly] stable.

(a4) If ω ¸ 0 is s.t. ¼ � Ý ¿ � WPLSω, thenΣcrit � WPLSω.

(a5) If Σ is estimatable, thenΣcrit is exponentiallystable.

(a1’) Î crit is stable, � crit is ϑ-stable, ªÖ��
 � crit �öÉ`� H � Zs � , and Σcrit �
WPLS�(Ù 0 Ü � H � Y Ô U � .
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(a2’) If ° � Ã crit� � x0 � Ò ° exp � x0 � for all x0 � H, thenΣcrit is exponentiallystable.

(a4’) If ω ¸ ϑ is s.t. ¼ � Ý ¿ � WPLSω, thenΣcrit � WPLSω.

(b1)Wecall ¹ : ��ÎY�critJ Î crit �ÂÉ`� H � theJ-critical costoperator. It satisfies« � x0 � ucrit � x0 �[� η �Q� Ì x0 �+¹ x0Í H � « � 0 � η �¶� x0 � H � η �Ø° �� � 0���$à (8.35)

(b2) (Stablecase)If 1. °`�� �ä° out, and Î or � is stable;2. °Ï�� �ä° sta, and �
and Î (or Ý and � ) are stable;3. °Ï�� �¤° str, and � and Î (or Ý and � )
are strongly stable;or 4. °Ï�� �¤° exp, and � is exponentiallystableor Ý τ
stable;then Î is stableand¹ : ��Î �critJ Î crit �ËÎ � J Î crit �ËÎ �critJ Î�à (8.36)

(b2’) If Î is stableand ªõ  H ¡ Ò Zs, or � is stable and 
 �`Éç� L2
ϑ � R Ð ;U ��� Zs � ,

then Î is stableand(8.36)holds.

The (optimal) control � critx0 equals � Kcrit � wx a.e.,wherex : �Ö� critx0 is the
stateof Σcrit with Acrit � A � BKcrit, by Lemma8.3.17(a).Thus,sucha control
correspondsto somekind of statefeedback,but the feedbackloop neednot be
well-posed(indeed,the“maps � , � , Ý � , � � , � � of Definition 6.6.10”neednot be
well posed);seeRemark9.7.7andExamples8.4.13and11.3.7(whichalsocover
thestablesettingof Proposition8.3.10below). Thismeansthatany externalinput
(e.g.,disturbanceor modellingerror)might “explode” thesystem.

The correspondinggeneralizedRiccati equationsare treatedin Section9.7;
theonein [FLT] is a specialcaseof these.Therestof Sections9.1–9.12treatthe
casewherethe “optimal statefeedback”is well posed,by which we meanthat
Σcrit is the left columnof Σ � for someadmissible statefeedbackpair ¼�� � ¿
for Σ.

In discrete-time,a uniqueminimizing control is alwaysof this form, and it
correspondsto the unique ° �� -stabilizing solution of the DARE, by Theorem
14.1.6. If Σ is sufficiently regular, then the sameholds in continuous time too
(see,e.g.,Lemma8.3.18or Remark9.9.14).

Proof of Theorem 8.3.9: (a1’) If Σcrit is a generalJ-critical control in
WPLS form, then it is ratherobvious that (a1’) holds; therefore,we assume
below thatthereis auniqueJ-critical controlover ° �� .

Sincethe rest follows from Corollary 8.1.10,we only have to show that
Σcrit � WPLS.

Let x0 � H, t ¸ 0. Wefirst show thatπ Ð τt � critx0 is J-critical for � t
critx0, i.e.,

equalto � crit � t
critx0: For η �Ø°ç�� � 0� wehave τ � tη �ß°ç�� � 0� , henceÌ Jπ Ð τt Î critx0 ��� η Í L2 � Ì J Î critx0 ��� τ � tηÍ L2 � 0 � η �Ø° �� � 0���$à (8.37)

But

π Ð τt Î critx0 � π Ð τt ��Î x0 �Ï� � critx0 �N�ËÎ&� t x0 � π ÐN��� π Ð � π � � τt � critx0 (8.38)��Î&� t x0 �Ï� π Ð τt � critx0 �ØÎ�Ý τt � critx0 �ËÎ&� t
critx0 �Ï� π Ð τt � critx0 à

(8.39)
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Thisand(8.37)imply thatπ Ð τt � critx0 is J-critical for � t
critx0; thus

π Ð τt � critx0 � ucrit ��� t
critx0 ��� � crit � t

critx0 � π Ð τt Î critx0 � ycrit ��� t
critx0 ����Î crit � t

critx0 à
(8.40)

By thedynamicprogramming principle, � is a semigroup;a detailedproof of
this factgoesasfollows,using(8.40):� s
crit � t

crit ��� s ��� t �áÝ τt � crit �[�áÝ τs� crit � t
crit (8.41)��� s � t �áÝ τsπ � τt � crit �áÝ τsπ Ð τt � crit ��� s � t �áÝ τsÐ t � crit ��� t Ð s

crit à
(8.42)

Obviously, � 0
crit � � 0 � I . By Theorem6.2.13(a1), � critx0 � xcrit � x0 � is

continuousfor eachx0 � H. Therefore,� crit is aC0-semigroup.Thisand(8.40)
imply thatΣcrit is aWPLS.

(a1)&(a4)Thesefollow from (a1’) and(a4’), respectively.
(a2)Theexponentially stablecasefollows from (a2’); therestis obvious.
(a2’) Now � critx0 � L2 for all x0 � H, hence� crit is exponentially stable,by

LemmaA.4.5.
(a3)Seetheproofof Lemma6.6.8(a).
(a4’) For any u � L2

ω � R Ð ;U � , we have ´ τtu ´ L2
ω
� eωt ´ u ´ L2

ω
hence´�Ý τtu ´ H �ã´�Ý�´ eωt ´ u ´ L2

ω
. Thus,if �|��Ý and � crit areω-stable,thensois � crit.

(a5)Exponentialstability: Let x0 � H. Becauseucrit � x0 ��� ycrit � x0 �'� L2, we
have � critx0 ��� x0 �`Ý ucrit � x0 �N� L2, by Theorem6.7.7.By LemmaA.4.5, � crit
is exponentially stable,hencesois Σcrit.

(b1) This follows from Corollary8.1.10(or directly form thedefinitionsofÎ crit , « and ¹ ).
(b2’) This follows from Theorem8.1.10.
(b2)Thisfollowsfrom(b2’) exceptthatfor ° exp wealsousedthefollowing:

if Ý τ is stableand °á�� � ° exp, then ����� crit ¢`Ý τ � crit is exponentially stable,
by LemmaA.4.5; if � is exponentially stable,thensois Σ.

(N.B. if � or Ý is exponentially stable,thenso is Ý τ, by Lemma6.1.10.)æ
Theproofandimplicationsof Theorem8.4.3becomesimplein thestablecase:

Proposition8.3.10(StableJ-critical control) Assumethat ° �� � x0 ��� L2 � R Ð ;U �
for all x0 � H. Assume, in addition, that the Popov Toeplitz operator T : �
π ÐN��� J � π Ð is invertible (i.e., T �ß��É`� L2 � R Ð ;U ��� ).

Thenthere is a theuniqueJ-critical control for each x0 � H, andthesystem
Σcrit andJ-critical costoperator ¹ of Theorem8.3.9aregivenby� crit ��� ¢ØÝ τπ Ð T � 1π ÐN� � J Î�� (8.43)Î crit � � I ¢ç� π Ð T � 1π ÐN� � J � Î�� (8.44)� crit �Ö¢ T � 1π ÐN� � J Î�� (8.45)¹���Î � � J ¢ J � π Ð T � 1π ÐN� � J �zÎ®��Î � J Î crit à (8.46)

If, in addition, C ��É`� H � Y � , D � JC � 0 and R : � D � JD �Ö�|É`� U � , then
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x0 � H, whereQ : � C � JC (sothat « � Ì x � QxÍ
� Ì u � RuÍ ).
Note that ° out � L2 � R Ð ;U � if f Σ � SOS, ° sta � L2 � R Ð ;U � if f Σ is stable,° str � L2 � R Ð ;U � if f Σ is strongly stable, and ° exp � L2 � R Ð ;U � if f Σ is

exponentiallystable.
Theconditionon T meansthat � is J-coercive,by Lemma8.2.3(a).E.g.,for

J � 0, wehaveT �ß��É if f ´$� u ´ 2 ¸ ε ´ u ´ 2 (u � L2) for someε ó 0.
Therearetwo well-known methodsfor obtaininga direct formula (asat the

endof Proposition 8.3.10)alsoin theunstablecase.Oneis to first solvethefinite-
timeproblemon   0 � T ¡ andthentakealimit of xcrit � x0 ��� ycrit � x0 ��� ucrit � x0 � and¹ x0

asT ¯ � ∞; we takeaquickglanceat this in Section8.5.
The othermethodis to derive the correspondingRiccati equationanduseit

to obtainmoreinformation on thesolution. This workswell whenB is bounded
(in particular, in the discrete-timecase)or whenΣ is otherwiseregular, but the
classicalresultscannotbe completelygeneralizedto the generalcase(only to
the extent of Section9.7), hencewe shall presentpartial resultsfor different
generalitiesin Chapter9.

Proof of Lemma 8.3.10: This follows from Lemmas8.2.8 and 8.2.9.
To apply the latter, we must set ìC : � ¼ C0 ¿ , ìD : � ¼ D0 ¿ , and usesubstitutions
U ­¯ L2 � R Ð ;U � andZs ­¯ Zs

2 in Remark8.3.4,whereZs
2 is theclosureof

Zs
0 : ��Ù�� x0 �çÝ τu ÛÛ x0 � H � u � L2 � R Ð ;U � Ü w.r.t. ´ x ´ Zs

2
: � maxÙ3´ x ´ L2

β
��´ Cx ´ 2 Ü

(8.47)
(indeed,Cx � y ¢ Du � L2, wherex : �Ë� x0 �ßÝ τu andy : ��Î x0 �Ø� u, for all
x0 � H andu � L2 � R Ð ;U � , hence ´R·�´ Zs

2
is a normon thevectorspaceZs

0). It

follows that ìC becomescontinuous, °á�� is unchanged,andtheassumptions of
Lemma8.2.9aresatisfied. æ
If Σ is SOS-stableand °ç�� �¤° out (or °ç�� �ñÙb° exp �$° str �$° sta

Ü andΣ hasthe
correspondingstability), thentheexistenceof a spectralfactorizationleadsto the
existenceof a stable,optimal statefeedbackpair (the converseholds underJ-
coercivity, by Corollary9.9.11):

Corollary 8.3.11(SpF ð J-critical) Assumethat Σ � ¼=Æ ÇÈ ¦ ¿ � SOS� U � H � Y �
andthat ° �� � x0 �N� L2 � R Ð ;U � for all x0 � H. Assume, in addition, that thePopov
operator ��� J � hasa spectral factorization ��� S� . Thenits Toeplitzoperator has
theinverseT � 1 ����� 1π Ð S� 1 ���R� , hencethenProposition8.3.10applies.

In fact,thenalso(Crit1)–(Crit4)ofTheorem9.9.10hold; in particular, (9.140)
definesa stable, J-critical state feedback pair and(8.43)–(8.46)canbewrittenas
and(9.141)–(9.145). æ

(This is obvious.)
We now computethe I -critical (minimizing) costoperatorandcontrolfor the

delayline systemof Example6.2.14:

Example 8.3.12 (« and ¹ ) TakeagainΣ : � £ π � τ π � 0 � 1� τ ê � 1ë
π � τ ê � 1ë § (Σ is stronglystable)

with U � C � Y, H : � L2 � R Ð ;Y � , andJ � I . By Proposition8.3.10,wehave(note



8.3. J-CRITICAL CONTROL FORWPLSs 371

thatT � π Ð )¹Ë� π ÐU� I ¢ τ � 1� π Ð τ � 1� � � π Ðç� π � 0 Ã 1 ë � � crit �Ö¢ π Ð τ � 1��� (8.48)� crit � t ��� π Ð τ ¢ π � 0 Ã 1 ë τπ � 1 Ã∞ ë �ä� π Ðõ¢ π � 1 � t Ã 1ë � τ � Î crit � π � 0 Ã 1 ë à (8.49)

Thus, for x0 � H, the control u � ¢ π Ð τ � 1� x0 is the unique J-critical (and
minimizing) control (over ° out). Now « � x0 � u�U� ´ x0 � τ ��¢ 1� u ´ 22, and the J-
critical costis « � x0 � umin � x0 ���N�¤´ π � 0 Ã 1 ë x0 ´ 22 � Ì x0 �+¹ x0Í(à (8.50)

Naturally, this is theminimal cost,because« � x0 � u�Q� ´ x0 � τ ��¢ 1� u ´ 22 andhence
u cancancelx0 on   1 �(� ∞ � only.  

SeeExample9.8.15for thecorrespondingRiccatiequation.
Notethatthecostfunction« , theJ-critical controlandstateucrit andycrit, and

theJ-critical costoperator¹ dependon Î , � andJ only, whereasxcrit dependson� and Ý too.
We sometimesneedthe following usefulformula (with termscorresponding

to π � 0 Ã t ë J andπ � t Ã∞ ë J):Ì � v � J � uÍ L2 � Ì � t v� J � t uÍ L2 � Ì ÎRÝ t v �Ï� π Ð τtv� J ��ÎRÝ t u �Ï� π Ð τtu��Í L2 (8.51)

for all t ó 0,u � v � L2
loc � R Ð ;U � s.t. � u ��� v � L2; (usethefactthat Ì � v � π � t Ã∞ ë J � uÍ
�Ì ��� π Ð � π � � τtv� π Ð J ��� π Ð � π � � τtuÍ ). In particular,« � 0 � u�N� Ì � t u � J � t uÍ�� « �!Ý t u � π Ð τtu�¶� t ó 0 � u � L2

loc � R Ð ;U �$��� u � L2 ��à
(8.52)

We now give two necessaryandsufficient conditionsfor a uniqueJ-critical
control to be of statefeedbackform, i.e., for Σcrit to be the left columnof some
closed-loopsystemof Σ:

Theorem 8.3.13(Σcrit � Σ !Σcrit � Σ !Σcrit � Σ ! ) Lettherebea uniqueJ-critical control over °Ï�� � x0 �
for each x0 � H. Assumethat ϑ � 0. Set " : � � crit Ý . Let 0 � γ ó ωA. Thenthe
followinghold:

(a) "��`É`� L2
γ � R;U ��� , and, for each v � L2

γ � R � ;U � , " v is uniquely definedby
theconditions " v �ß°á�� �!Ý v � and Ì ��� v �#" v ��� J � η Í3� 0 for all η �Ø° �� � 0� .
If °ç�� �ò° out, then " v is uniquelydefinedby " v� π Ð���� v �$" v �|� L2 andÌ ��� v �#" v ��� J � η Íb� 0 for all η �á° out � 0� ; in particular, then " dependsonly
on � andJ.

If ° �� �ã° exp (resp. ° sta�$° str), then " v is uniquelydefinedby " v� π Ð���� v �" v �&� L2, π Ð�Ý τ � v �#" v �&� L2 (resp. � L∞ �&�#� 0) and Ì ��� v �#" v ��� J � η Í3� 0
for all η �ß° �� � 0� ; in particular, then " dependsonlyon Ý , � andJ.

(b1)Conditions(i)–(iii) areequivalent:

(i) There is an admissible state feedback pair ¼%� � ¿ for Σ s.t. the
corresponding closed-loopsystemΣ ! satisfies� !�� � crit .

(ii) There is � � � TIC∞ � U � s.t. ¢���" � π ÐN� π � �É`� L2
α � R � ;U �$� L2

β � R Ð ;U ��� for someα � β � R.
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(iii) There is � � � TIC∞ � U � s.t. "N� � π Ð�� π � �É`� L2
α � R � ;U ��� L2

β � R Ð ;U ��� for someα � β � R.

(Naturally, it sufficesto havetheequalityon L2
c � R � ;U � on (ii) or (iii) if α

andβ arebig enoughto makebothsidescontinuous.)

(b2) If � solves(ii) and ° �� �ßÙb° out �$° str �$° sta�$° exp
Ü , thenall solutionsof (ii)

aregivenbyE � (E �ß��É`� U � ).
(c1) Assume(i). Then ��!Ö�ä� crit and Î&!Ö�¤Î crit. Moreover, � : � I ¢ � ,� : �ä��� 1 � � !ñ� I and � : �Ú�'! : �ä�&� satisfy (ii) and (iii) (for any

α � β ó max� 0 � ωA � ), ¼)(* ¿ � TICω for all ω ó 0 and ¼)(* ¿ L2
c
Ò L2. Naturally,� , � and � are ω-stable for any ω ó ωA. If °ç�� � ° exp, then Σ ! is

exponentiallystable.

(c2)Conversely, if (ii) holds,then ¼ � � ¿ : � ¼ � � crit I ¢ç� ¿ satisfies(i).
Moreover, � satisfies(ii) iff � : ����� 1 satisfies(iii).

Assume, in addition, that °ß�� ��Ùb° out �$° str �$° sta�$° exp
Ü . Then also (d)–(f)

hold:

(d) Assume(i). We have � ! x0 �Ø� u !��®°ç�� � x0 � for all u !®� L2
c � R Ð ;U � . If°ç�� � ° exp, then° exp � x0 �Q��Ù � ! x0 � � u � ÛÛ u!Ø� L2 � R Ð ;U � Ü � x0 � H ��à (8.53)

(e) Assume(i). Then there is a unique S � S� �ØÉ`� U � s.t. Ì � u !U� J � u !�Í&�Ì u!U� Su!�Í for all u ! � L2
c � R Ð ;U � . Moreover, S is one-to-one,Ì � v � J ��� u !�Í3� Ì �ö� 1v� Su!zÍ for all v �ß° �� � 0� andu!ß� L2

c � R;U � , and« � x0 � � ! x0 � � u !'�Q� Ì x0 �+¹ x0Í�� Ì u!U� Su!�Í � x0 � H � u!Ø� L2
c � R Ð ;U ���$à

(8.54)

(f) If �!¹�� S� � ����� satisfies(i) and (e), thenall such quadruplesare givenby�!¹�� E �z� SE � 1 � E � � E ��� , E �Ø��É`� U � .
We shallshow in Theorem9.9.1(a1)that(i)–(iii) hold if f theRiccatiequation

(eIARE) for Σ andJ hasa “ ° �� -stabilizing” solution(andthat solution is given
by �!¹�� S��¼ � � ¿ � ; cf. (f)). As notedabove, this is alwaysthecasewhenΣ is
sufficiently regular. Conditions(i)–(iii) aretreatedfrom anotherpoint of view in
Section9.14.

Proof: (a) Both � crit and Ý are γ-stable,henceso is " . Set x0 : �äÝ v,
u : �+" v � � critx0, y : �ÚÎ x0 �ö� u. Then ucrit � x0 � is the uniqueu ��°á�� � x0 �
satisfying Ì y� J � η Í�� 0 for all η �â° �� � 0� , andy ��Î x0 �Ø� u ��Î�Ý v �Ø��" v �
π ÐN��� π � v �#" v � .

By definition, u �®° out �!Ý v � if f u � L2 andy � L2; for ° exp we have the
extra condition thatπ ÐU���'Ý v �áÝ τ " v �Q� π Ð�Ý τ � v �#" v �&� L2 � R Ð ;U � .

(b1)&(c2) If (i) holds, then "N� � � !YÝ,!�� π Ð�� π � in É`� L2
α � R;U ��� for

any α ó max� ωA � 0� (note that Ý , � and � ! are α-stable)hencethen (iii)
holds.
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If �Ö���ö� 1 �®� TIC∞ � U � , thenπ ÐN� π � � π � � π Ð Iπ � ¢ π Ð�� π Ð�� π � �¢ π ÐN� π Ð�� π � . Therefore,(iii) implies(ii).
Assume(ii). Let ω ó maxÙ ωA � α � β Ü . ThenL2

ω � R � ;U � Ò L2
α � R � ;U � and�ÿ�-"U� π ÐN� π � �çÉ`� L2

ω � , hencethen ¢���"Ë� π ÐN� π � �çÉ`� L2
ω � . Set � : � I ¢á�

and � : ��� � crit . Then � Ý�� π Ð � π � , and� � t ��� � crit � t ��� � crit ��� t
crit ¢`Ý t � crit �N��� π Ð τt � crit ¢ç� � crit Ý τt � crit

(8.55)� π ÐN� π Ð τt � crit ¢ π ÐN� π � τt � crit � π Ð τt � � crit � π Ð τt � à
(8.56)

Therefore, ¼(Æ Ç. / ¿ � WPLSω � U � H � U � , henceΣext � WPLSω 0 � U � H � Y Ô U � for
any ω Á�ó ωA. Obviously, Σcrit is the left columnof thecorrespondingclosed-
loopsystemΣ ! , since � !��®� � � � crit.

(b2)This followsfrom (f).
(c1) Now Î�!®��ÎÂ�®� � !ö��Î crit , ��!ö���`�öÝ t � !ö��� crit . Theformulae

for (ii) and(iii) wereshown above. BecauseÎ�! and � ! arestable,themaps� and � areasabove,by Lemma6.1.11.TheωA claim follows from Lemma
6.1.10,andthefinal claim from Theorem8.3.9(a2).

(d) Now u : � � ! x0 �Â� u ! � L2 andy : �öÎ x0 �`� u �öÎ�! x0 �ç� u ! � L2, by
(c1). If °`�� �Ö° exp, thenalsox : �®� x0 �çÝ t u �®��! x0 �çÝ t! u!ß� L2, by Lemma
6.1.10.Analogously, if °Ï�� �Ú° sta (resp. �Ú° str) andu!â� L2 ��  0 � T � ;U � , thenÝ,! τT Ð tu!�� � t! Ý1! τTu! is bounded(resp.goesto zero), as t ¯ � ∞, since��! is stable(resp.stronglystable).Thus,u �ñ° �� � x0 � . Formula(8.53)will be
provedin Theorem8.4.5(e).

(e) Let u!ñ� L2
c � R Ð ;U � , v � L2

c � R � ;U � . Thenu : �®� u !â�ñ°ç�� � 0� , by (d),
hencethen Ì � π � v� J � u !�Í�� Ì Î crit Ý v � J � uÍ�� 0. Consequently, weobtainSfrom
Lemma2.3.1.By (8.35),wehave« � x0 � � ! x0 � � u !'�Q� Ì x0 �+¹ x0Í�� « � 0 ��� u !'�N� Ì x0 �+¹ x0Í
� Ì u!Y� Su!�Í (8.57)

for all x0 � H � u!Ø� L2
c � R Ð ;U � .

Let v � °ç�� � 0� and u! � L2
c � R;U � . Because Ì � v � J � π � u!�Íá�Ì � v � J Î crit Ý,! u!�ÍR� 0, we may assumethat u !ö� π Ð u! . ChooseT ó 0 s.t.

u!ö� π � 0 Ã T ë u! . Set v! : �Ö�ö� 1v, v1 : �Ö� π � 0 Ã T ë v!���°ç�� � 0� , v2 : � v ¢ v1 �°ç�� � 0� . Thenπ � 0 Ã T ë v2 � π � 0 Ã T ë � π �T Ã∞ ë v!á� 0, henceÌ � v � J � u !�ÍW� Ì π � 0 Ã T ë v!U� Su!�Í
� Ì � v2 � J Î crit Ý,! u!�ÍW� Ì π � 0 Ã T ë v!U� Su!�Í3� Ì v!U� Su!�Í(à
(8.58)

By takingv! : � χ � 0 Ã 1 ë v0, u! : 2 χ � 0 Ã 1 ë u0 for arbitraryu0 � v0 � U , weseethatS is
unique.

Let u0 � U å�Ù 0 Ü be arbitrary. Set u! : 2 χ � 0 Ã 1 ë u0, u : 2Ö� u !���°ç�� � 0�zå° � Ã crit� � 0� (recallthat ° � Ã crit� � 0�32�Ù 0 Ü , byuniqueness),hencethen Ì � v � J � uÍ�×2 0
for somev �Ø°ç�� � 0� . Thus, Ì �®� 1v� Su!�Í�×2 0. In particular, Su0 ×2 0. Therefore,
S is one-to-one.

(f) Let �!¹Ó� ìS� ì� � ì� � also satisfy (i) and (e). Claim (e) and the proof of
Lemma 9.10.1(c2)shows that (9.160) is satisfiedby both � and ì� , hence
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S is one-to-one).By (c2), ì� 2 ì� � crit 2 E � � crit 2 E � . æ
Theaboveassumptiononuniquenessin thetheoremis mostlysuperfluousfor

a controlcorrespondingto astatefeedbackpair:

Lemma 8.3.14 Let ¼�� � ¿ be a J-critical statefeedback pair over °Ï�� for Σ
andJ. Set" : 2 � !YÝ , Σcrit : 2 Σ ! .

Then(i)–(iii) and(c1)–(e)of Theorem8.3.13holdexceptthatSneednotone-
to-onein (e). æ

(The sameproof applies.) In particular, then �	!42�� crit and Î�!42ÖÎ crit , so
thatΣ ! producesJ-critical state,controlandoutput(for zeroinput).

In fact,mostof therestof Theorem8.3.13holdsin thismoregeneralcasetoo,
but weshallreturnto this in Chapter9. SeeTheorem9.9.1(a1)&(e2)&(f2)–(h)for
details.

If ¼ � � ¿ is a J-critical statefeedbackpair over °ç�� , thenthe left column
of thecorrespondingclosed-loopsystemis just like theonein (8.34)(exceptthat
it neednot beunique).We shallcall sucha columna J-critical control in WPLS
form in orderto beableto treatbothcasessimultaneously:

Definition 8.3.15(J-critical control in WPLS form) We call the control x0 ­¯� critx0 (andΣcrit) a controlfor Σ in WPLSform if � crit : H ¯ L2
loc � R Ð ;U � is s.t.

Σcrit : 2 ÷ù � critÎ crit� crit

úû
: 2 ÷ù � ��Ý � critÎ��®� � crit� crit

úû � WPLS�(Ù 0 Ü � H � Y Ô U ��à (8.59)

If � critx0 is J-critical for each x0, then we say that � crit (or Σcrit) is a J-
critical control in WPLS form and that ucrit can be givenin WPLSform, where5

xcrit ê x0 ë
ycrit ê x0 ë
ucrit ê x0 ë76 : 2 Σcritx0.

If ¼�� � ¿ isanadmissiblestatefeedback pair for Σ with closed-loopsystem
Σ � , thenwe call � ! : 2 � I ¢ � �98 1 � (an the left columnof Σ � ) a control in state
feedbackform.

As explainedbelow Theorem8.3.9,a control in WPLS form neednot be of
statefeedbackform unless,e.g.,B is bounded,asshown in Lemma8.3.18.

Westartwith someratherobviousfacts:

Lemma 8.3.16

(a1)A unique J-critical control canalwaysbegivenin WPLSform.

(a2) If there is a J-critical statefeedback pair, thenthecorrespondingJ-critical
control canbegivenin WPLSform.

(b) A control (“ Σcrit”) in WPLSform hasthe propertiesdescribedin Remark
9.7.7,Theorem8.3.9,andTheorem8.3.13(b1)&(c1)&(c2)&(d).
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(c) A control in state feedback form is in WPLSform.

Thus,we neednot assumea J-critical control to beuniquein Theorem8.3.9
aslong asΣcrit is a J-critical controlfor Σ in WPLSform. Therefore,we canand
will usethelatter(weaker) assumption in severalresultsbelow to treatbothcases
simultaneously.

Proof: (a1)This is containedin Theorem8.3.9.
(a2)In fact,givenany admissible statefeedbackpair ¼ � � ¿ for Σ, then

thecontrol � ! : 2Ú� I ¢ � �:8 1 � canbegivenin statefeedbackform (let Σcrit be
theleft columnof thecorrespondingclosed-loopsystem).

(b) This is containedin Remark9.7.7, Theorem8.3.9, and the proof of
Theorem8.3.13(b1)&(c1)&(c2)&(d)(notethatin (b1)weonly usethefactthat� crit ÝN�;2 π Ð�� π 8 (or ¢�� � crit Ý<2 π ÐN� π 8 )).

(c) This is obvious. æ
The generatorsof a control in WPLS form areanalogousto thoseof a state

feedbacksystem:

Lemma 8.3.17 Let Σcrit bea control in WPLSform.

(a) We haveAcrit 2 A � BKcrit andCcrit 2 Cc � DcKcrit on Dom� Acrit � , hence

Dom� Acrit ��= HB, where ¼ AT
crit CT

crit KT
crit ¿ T are thegenerators of Σcrit,

and � Cc � Dc � is anycompatiblepair for Σ.

(b) Let Kc bea compatibleadmissible statefeedback operator for Σ, andlet Σ �
bethecorresponding closed-loopsystem.

ThenKc 2 Kcrit on Dom� Acrit � iff � �,2 � crit. If � �12 � crit , then ���12�� crit,ÎD��2ËÎ crit , andKc is theuniquecompatibleoperator having � �,2 � crit.

Proof: (a) 1ï As in the proof of Proposition6.6 of [W94b], we take the
Laplacetransformof theequation� t

critx0 ¢á� t x0 2ËÝ τt � critx0 (x0 � H, t ¸ 0)
to obtain� s ¢ Acrit � 8 1 ¢�� s ¢ A� 8 1 2ä� s ¢ A� 8 1BKcrit � s ¢ Acrit � 8 1 �ÓÉ`� H ��à (8.60)

Multiply thisby � s ¢ Acrit �&�ÂÉ`� Acrit � H � to theright andby s ¢ A �ÂÉç� H � H 8 1 �
to theleft to obtain

Acrit ¢ A 2ã� s ¢ A��¢�� s ¢ Acrit �>2 BKcrit �ÓÉ`� Dom� Acrit ��� H 8 1 ��à (8.61)

(N.B. by duality, A ?�2 A?crit ¢ K ?critB? onDom� A ?�� .) If x0 � Dom� Acrit � , then
Ax0 � BKcritx0 � H, hencethenx0 � HB (seeDefinition6.1.17).

2ï By Laplace transforming the equation Î crit 2 Îö��� � crit and using
Theorem6.2.11(c1),Lemma6.3.10(a)and(8.60),weobtainthat�Î crit � s�>2 Ccrit � s ¢ Acrit � 8 1 2 �Î � s�[� ��õ� s� �� crit � s� (8.62)2 C � s ¢ A� 8 1 � DcKcrit � s ¢ Acrit � 8 1Cc � s ¢ A� 8 1BKcrit � s ¢ Acrit � 8 1

(8.63)2ä� Cc � DcKcrit ��� s ¢ Acrit � 8 1 �ÓÉ`� H � Y � (8.64)
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for s ó maxÙ ωA � ωAcrit
Ü . Becauses ¢ Acrit mapsH onto Dom� Acrit � , we must

haveCcrit 2 Cc � DcKcrit.
(b) 1ï If � � 2 � crit , then Kc 2 Kcrit on Dom� Acrit � , by Proposition

6.6.18(d2),becauseDom� Acrit �,= HB, by (c).
2ï Assumethat Kc 2 Kcrit on Dom� Acrit � . By Proposition6.6.18(d2),

A�>2 A � BKc andK �>2 Kc on HB andDom� A�=�&= HB. But Dom� Acrit ��= HB

and Acrit 2 A � BKc, by (c), henceA�%2 Acrit on Dom� Acrit � . Chooseω ó
maxÙ ωA@ � ωAcrit

Ü . Then

Dom� Acrit �A2�Ù x0 � HB ÛÛ � ω ¢ Acrit � x0 � H Ü =�Ù x0 � H ÛÛ � ω ¢ A� � x0 � H Ü 2 Dom� A� ���
(8.65)

hence� crit 2��U� , by LemmaA.4.2(i). Consequently, � �,2 Kc �U�,2 Kcrit � crit 2� crit on Dom� Acrit � , henceon H, by density. In particular, Kc is J-critical. It
followsthat Î � 2ËÎ��®� � � 2ËÎ crit .

3ï Uniqueness:If alsoK Ác is compatibleandadmissibleand � Á � 2 � crit (i.e.,
K Ác 2 Kcrit onDom� Acrit � ), thenK Ác 2 Kc onHB (i.e., ¼ � Á � Á ¿ 2½¼ � � ¿ ),
by Proposition 6.6.18(g),i.e., K Ác 2 Kc. (Recall that we considerKc and K Ác
equalwhenK Ác 2 Kc onHB, sincethevaluesof Kc outsideHB donotaffectΣext,
nor Σ � .) æ
As statedabove,whenB is bounded,a control in WPLSform correspondsto

anULR statefeedbackoperator:

Lemma 8.3.18 Let Σcrit bea control in WPLSformandlet B bebounded.
ThenΣcrit is of statefeedback form.
Moreover, Dom� Acrit �B2 HB 2 Dom� A� , Kcrit is an ULR state feedback

operator for Σ, andΣcrit is theleft columnof thecorrespondingclosed-loopsystem
Σ ! .

Since,in discretetime, B is alwaysbounded,any control in “wpls form” is
necessarilyinducedby statefeedbackto the original system(the proof below
appliesmutatismutandis;in fact,thediscrete-timeform of theproof is contained
at thebeginningof theproofof Theorem14.1.6).

Proof: (NotethatΣcrit is notassumedto beJ-critical.)

Let Acrit � Ccrit � Kcrit bethegeneratorsof Σcrit. By Lemma6.3.16(b), £ Acrit B
Kcrit 0 §

generatean ULR WPLS £ Æ crit Ç crit.
crit
/

crit § . BecauseFcrit 2 0 and � crit � ULR, we

have I � � crit � � TIC∞, by Proposition6.3.1(c).Therefore, ¼ ¢ � crit ¢ � crit ¿
is anadmissible statefeedbackpair for ¼ � crit Ý crit ¿ ,

By (6.145), the correspondingclosed-loopsystem Σ � is generatedby£ A B8 ê Kcrit ë w 0 § , henceof form £ Æ Ç8 . 8 / § for some ¼�� � ¿ , where � 2 I ¢� I � � crit ��8 1. Indeed,HBcrit : 2 Dom� Acrit �b�®� s ¢ Acrit ��8 1BU 2 Dom� Acrit � with
equivalentnorms,by LemmaA.3.6. But

HB 2 Dom� A�>2�Ù x0 � H ÛÛ Ax0 � H Ü 2 Dom� Acrit �A2 HBcrit � (8.66)

(by the formula Acrit 2 A � BKcrit from Lemma 8.3.17(a))with equivalent
norms,by LemmaA.3.6,henceA � : 2 Acrit ¢ BKcrit 2 A (with samedomains).
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Consequently, K 2 � Kcrit � w ÕDomê Aë 2 Kcrit is an admissible ULR state
feedbackoperatorfor Σ, and Σcrit is the left column of the corresponding
closed-loopsystem(dueto samegenerators). æ
As notedin [FLT], optimizability is almostequivalentto exponential stabiliz-

ability:

Proposition8.3.19 Let Σ be optimizable. Thenthere is an exponentially stable
WPLSof form(8.59).

The differenceis that the “exponentiallystabilizingstatefeedback”of The-
orem8.3.9neednot bewell-posedin general;seeTheorem9.2.12for sufficient
conditions.

Proof: DefineΣext : 2 5 � ÝÎ ext � ext 6 by

Î ext : 2 ÷ù Î�
0

úû � � ext : 2 ÷ù � Ý
I

úû � J 2 I (8.67)

to have « ext � x0 � u�C2ã´ u ´ 22 �®´ x ´ 22 �®´ y ´ 22, wherex : 2ö� x0 �`Ý τu, y : 2®Î x0 �ç� u.
BecauseΣext is J-coercive over ° exp, we obtain an exponentially stable

system� Σext � crit 2ø÷ù � critÎ ext �Ï� ext � crit� crit

úû � WPLS� U � H � Y Ô H Ô U � from The-

orems8.4.3and8.3.9;and Î ext �ß� extKcrit 2 ÷ù ÎÓ�ö� � crit� crit� crit

úû
, sothatwe only

have to dropthesecondandthird row from � Σext � crit to obtainanexponentially
stableWPLSof form (8.59). æ
Now wecangivea postponedproof:

Lemma 8.3.20 Theorem6.7.7holds.

Proof: Let Σ � : 2 ¼ �U� Ý��ED�� ¿ be the exponentially stable sys-
tem of Proposition 8.3.19 for Σd (which is optimizable), and set
M : 2 ´$�Y�V´)F ê H Ã L2 ë � ´�Ý�� τ ´ TIC � ´�D�� τ ´ TIC ² ∞. One easily verifies that
x : 2®� x0 �çÝ τu 2®� � x0 �çÝ � τu ¢�D � τy. SinceΣ � is stronglystable,wehavethat
x �#� 0 � R Ð ;H � . æ
Notes
Muchof Lemmas8.3.5–8.3.8andTheorem8.3.9hasbeenusedfor decadesin

somespecialcases;see[Zwart] for the standardunstable LQR (minimization)
problemand [S98c] for the stableindefinite settingof Proposition8.3.10and
Corollary 8.3.11;both articlesonly treatJ-coercive WPLSsandonly the latter
treatstheclosed-loopsystem.
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Section3 of [S98c] essentially containsProposition8.3.10exceptfor its last
paragraph,whoseresultsresemblewhat is a key formula in several articlesby
IrenaLasiecka,RobertoTriggiani andothers. They first usesucha stablecase
result(a specialcaseof Lemma8.2.9,asin Section8.5) to solve the finite-time
LQR problemand then let the length of the time interval approachinfinity to
obtain the solution for the infinite-time problemas the limit of the finite-time
solution(they usea very coercive cost function to guaranteethe convergence).
Their resultsin [FLT] includeProposition8.3.19.Seealso[LT00a]–[LT00b](also
a third partof thetrilogy is supposedto appear).Thisfinite-timemethodhasbeen
usedby severalauthorsat leastsinceseventies.

All the articlesmentionedabove optimize over ° out ( 2 ° sta in [S97b] and
[S98c], and 2 ° exp in muchof [FLT] and[LT00a]–[LT00b], by Lemma8.3.3),
andsodoes,e.g.,[CZ]. Nevertheless,° exp is themostcommonly usedclassfor
finite-dimensionalsystems(see,e.g., [IOW], [LR], [GL]) andpossibly also for
infinite-dimensionalsystems(see,e.g.,[Keu], [Pandolfi]and[WR00]).

For finite-dimensional systems,strongstability is equivalent to exponential
stability, but in the infinite-dimensional casethe requirementof strongstability
( ° str) hasoften beenusedsincethe seventies; see,e.g.,[Slemrod]and[Balakr-
ishnan]. This casehasbeenstudiedfor WPLSswith boundedinput andoutput
operators(B andC) by Ruth Curtainand JobOostveenin several articles(see
[OC98]), andthemonograph[Oostveen]containsa rathermaturetheory, further
historicalremarksonthiscaseandexampleswhere ° str is themostnaturalchoice
for ° ?? . Seep. 501for acomparisonof ° exp, ° str, ° sta and ° out.

We give several sufficient conditionsof a uniqueJ-critical control to be of
(regular)statefeedbackform in Remark9.9.14andin thenotesto Section9.9.
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8.4 J-coercivity and factorizations

A personwho is wisedoesnothingagainst their will, nothing with
sighingor undercoercion.

— MarcusTullius Cicero(106B.C. – 43B.C.)

In this section,we apply J-coercivity to WPLSsandexplore its connection
to optimal (J-critical) control and spectraland inner coprime factorizations.
This conceptgeneralizesseveral generalnonsingularity assumptions of control
problems.

We shall list several equivalent conditions for positive J-coercivity in Sec-
tion 10.3,suchasthe popular“no transmissionzeros” ( G out) and“no invariant
zeros”( G exp) conditions. Most of theseequivalentconditionshave beenusedin
classicalminimization problems;we alsoshow therethat severalotherclassical
minimizationassumptionsarestrongerthanpositiveJ-coercivity.

In the stablecase,J-coercivity is equivalentto the condition that the Popov
Toeplitzoperator π H>I ? J I π H is invertible, by Lemma8.4.11(a1). The general
definition below requiresthat “π H>I'? J I π H ” is invertible on GJ??LK 0M , by Lemma
8.2.3(c1),hencealsothegeneralcondition canbeconsideredasa Popov Toeplitz
invertibility condition.

GeneralJ-coercivity with theminimal stabilizability assumption G ??LK x0 MONP 0K x0 Q H M will beshown to beasufficientcondition for theexistenceof anoptimal
(i.e., J-critical) controlandfor theexistenceof a unique“stabilizing” solution of
theRiccatiequation(undersufficientregularity); in fact,thesethreeareequivalent
in somecases(see,e.g.,Theorem9.2.16).

At theendof thissection,weshallshow thatJ-coercivity over G out is implied
by the existenceof an inner coprimefactorization(spectralfactorizationin the
stablecase)of the I/O map, with equivalenceunder sufficient regularity and
stabilizability assumptions.

We alsoshow thatoptimizationover G exp canbe reducedto thestablecase,
whereasfor G out, G sta and G str, we needquasi-coprimenessfor an analogous
reduction.

In accordanceto Definition8.2.1,wegeneralizeJ-coercivity asfollows:

Definition 8.4.1(JJJ-coercive) Wecall I J-coercive (over G ?? ) if there is ε R 0 s.t.
for each nonzero u Q G ??LK 0M there is a nonzero v Q G ??LK 0M s.t.S I v T J I uUCV ε W u W)X�YY W v W)X�YY9Z (8.68)

If, in addition,
S I u T J I uUAV 0 for each u Q G ?? K 0M , then I is calledpositively J-

coercive (over G ?? ).
(Note that for G out, [positive] J-coercivity dependson I andJ only, not on

therestof Σ.)
If [I is a rational matrix-valued function or stable,then I is positively J-

coerciveover G out if f [I ? J [I\V εI a.e.on iR for someε R 0 (“ [I hasa full column
rank on iR ]�^ ∞ _ ”), by Proposition10.3.1(b)&(c),unlessU is unseparable(see
(c)).
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By Lemma8.2.3,we have the following whenZs is a Hilbert space(here I
standsfor Iba X YYdc 0e ):

(b) I Qgf K GihhLK 0M)T L2 K R H ;Y MjM and GihhLK 0M is aHilbert space(underanequivalent
norm);

(c1) I is J-coercive if f I�h J I Q#kOf K G�hhlK 0MjM
(c2) I is positively J-coercive if f I	h J Inm 0 on GihhLK 0M , i.e., if f

S I u T J I uU1V
ε W u W 2X YY for all u Q G hh K 0M andsomeε R 0.

Wecansimplify the W>o9WpX YY normsasfollows:

Lemma 8.4.2 Thenorm W,oqWrX YY is a norm on G hh K 0M . Thefollowing normsare
equivalentto W>o9WrX out T�W>o9W)X sta T&W>o9W)X str and W>o9WrX exp, respectively:W u W�s X out

: P max̂3W u W 2 TrW�I u W 2 _tT (8.69)W u W s X str
: P max̂3W u W 2 TrW�I u W 2 TrWju τu W ∞ _ P : W u W s X sta

T (8.70)W u W�s X exp
: P max̂3W u W 2 TrWju τu W 2 _ Z (8.71)v

(For W u W s X exp
, this follows from Lemma6.7.8;theotherclaimsareobvious.)

If Gihh P G out or Gihh P G exp, thenZs is a Hilbert space,so that then(b)–(c2)
aboveholdandJ-coercivity impliestheexistenceof auniqueJ-critical control:

Theorem8.4.3(J-coercive wyx !J-critical control) AssumethatZs is a reflexive
Banach spaceand I is J-coercive. If x0 Q H is s.t. G hh K x0 MzNP /0, thenthere is a
uniqueJ-critical control over G{hh for x0.

v
(This follows from Theorem8.2.5. J-coercivity is not the weakestpossible

assumption, e.g., let C P 0, D R 0, J P I (but not D m 0). However, with
reasonableadditional assumptions,we obtaintheconversefor G|hh P G exp, asin,
e.g.,Theorem9.2.16.)

Since G out and G exp are the mostcommon setsof admissible controls,and
J-coercivity implies all standardclassicalcoercivity assumptions for control
problems(seeSection10.3), the above theoremsuffices for most applications.
However, weoftenobtainresultsfor G str and G sta from thosefor G out by suitable
strongstabilizability assumptionsthatmake thesethreeequal.

Theuniquenesspartof theabovetheoremdoesnot requirereflexivity:

Lemma 8.4.4 If I is J-coercive, thenthere is at mostoneJ-critical control for
each x0 Q H.

v
(This followsfrom Lemma8.2.3.)
If thereis a J-critical statefeedbackpair over G exp, thenΣ is exponentially

stabilizable.On theotherhand,if Σ is exponentially stabilizable,thenoptimiza-
tion over G exp canbereducedto optimizationof thecorrespondingexponentially
stableclosed-loopsystem:
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Theorem 8.4.5(Reduce G Σ }
expG Σ }
expG Σ }
exp to G expG expG exp) Let ~g�� ��n� beadmissible for Σ, let Σ �

bethecorresponding closedloopsystem,andset �� : P I � �� , �� : P ���� 1. SetG Σ }
exp K x0 M : P ^ u Q L2 K R H ;U M����� � x0 � u,� τu Q L2 _tT (8.72)G Σ }
out K x0 M : P ^ u Q L2 K R H ;U M ���� � x0 � I�� τu Q L2 _ K x0 Q H M Z (8.73)

Thenthefollowinghold:

(a) ThesystemΣ � hasa J-critical pair over G Σ }
exp iff Σ hasa J-critical pair overG exp.

Moreover, if � �z� �>�b�
is J-critical over G Σ }

exp for Σ � , then � � �+�
: P~ � � � � � �� I � � � �� �

(here
� �

: P I � � � ) is J-critical over G exp for Σ.

Conversely, if � � � �
is J-critical over G exp for Σ, then � � � � �B�

: P~ � � ��� � �� I � � ����
(here

�
: P I � � ) is J-critical over G Σ }

exp for Σ � .
The correspondingclosed-loopsystemscorrespondto each other as in
Lemma6.7.12.

(b)
�

crit is a J-critical control over G exp in WPLSform for Σ iff
� �

crit : P���� crit � �� is a J-critical control over G exp in WPLSformfor Σ � .
(c1) Let x0 Q H. If u� Q G Σ }

exp K x0 M , then u : P � � x0 � �� u� Q G exp K x0 M and

u� P � �� x0 � �� u.

Conversely, if u Q G exp K x0 M , then u� : P � �� x0 � �� u Q G Σ }
exp K x0 M and u P� � x0 � �� u� .

Thus,G exp K x0 M P � � x0 � ��+� G Σ }
exp K x0 M�� and G Σ }

exp K x0 M P � �� x0 � ���� G exp K x0 M�� ;
in particular, G exp K 0M P �� G Σ }

exp K 0M . Moreover, y : P � x0 � I u P � � x0 � I � u�
andx : P � x0 � u τu P � � x0 � u,� τu� in eithercase.

(c2) If u P � � x0 � �� u� , thenu is J-critical over G exp K x0 M iff u� is J-critical overG Σ }
exp K x0 M .

(c3) If(f) there is a uniqueJ-critical control over G exp K x0 M for Σ and for each

x0 Q H, then the sameholds for ~7� } ��}� } ��} � and G Σ }
exp, and � crit

P � �crit,� crit
P � �crit and � are commonfor Σ and Σ � , but

�
crit
P � � � ��4� �crit,� �

crit
P ���� crit � �� .

(c4) If(f) there is a J-critical control over G exp K x0 M for Σ and for all x0 Q H,

thenthesameholdsfor ~7� } ��}� } ��} � and G Σ }
exp, and � is commonfor Σ andΣ � .

(c5)There is ε R 0 s.t.ε W u W X exp   W u�dW X Σ }
exp
  ε
� 1 W u W X exp wheneveru Q G exp K 0M

andu� Q G Σ }
exp K 0M areasin (c1).

(d) The map I is [positively] J-coercive over G exp iff I'� is [positively] J-

coerciveover G Σ }
exp
P G Σ }

out.



382 CHAPTER8. OPTIMAL CONTROL ( d
du ` P 0)

(e) If ~g�� ��n� is exponentiallystabilizing, thenG exp K x0 M P ^ � � x0 � �� u� �� u� Q L2 K R H ;U Md_ (8.74)

and G Σ }
exp K x0 M P G Σ }

out K x0 M P L2 K R H ;U M , for all x0 Q H.

(f) Claims(a)–(e)alsohold with replacementsG exp ¡¢ G ϑ� £�¤ � , G Σ }
exp T�G Σ }

out ¡¢G γ ¥ Σ }� £ } ¤ } � andL2 K R H ;U M ¡¢ G γ ¥ Σ }� £ } ¤ } � K x0 M , where �§¦��E¨�� � : P � £�¤0 I

� ~ I 0. }O©* � ,
Zu� : P Zu Ô L2

γ , Zs� : P Zs Ô L2
ϑ andγ R max̂ ωA T ωA} T ϑ _ .

(g1) If ~g�� ��n� is q.r.c.-SOS-stabilizing, then(a)–(e)alsoholdwith replace-

mentsG exp ¡¢ G out and G Σ }
exp ¡¢ G Σ }

out
P L2 K R H ;U M .

Moreover, then � � � �
(in (a)) is q.r.c.-SOS-stabilizing iff � � � � �B�

is
q.r.c.-SOS-stabilizing (equivalently, stableand[r.c.-]SOS-stabilizing).

(g2) If ~B�� ��+� is [[exponentially] strongly] q.r.c.-stabilizing, then G out
PG sta

� P G str
� P G exp �ª� .

Thus,if weareoptimizingover G exp, weonlyneedtostabilizeΣ exponentially
andthenfind anJ-critical controlfor Σ � w.r.t. G out

P G exp correspondingto Σ � . If
theoriginalsystemis J-coercive,thenweendupwith thesituationof Proposition
8.3.10,by (d).

The key to the Theoremis (c1), the fact that u T x Q L2 « u�7T x Q L2 (this
follows from Lemma6.1.10). As shown by Example9.13.2(for G¬hh P G out),
ananalogousreductioncannotbemadefor generalGJhh . Indeed,we do not have

asimilarequivalence“u T y Q L2 « u� T y Q L2” for G out unless ~g�� �� � is q.r.c.-

SOS-stabilizing(cf. Theorem9.9.10). Fortunately, part (f) is helpful in certain
technicalproofs.

Proof of Theorem 8.4.5: (c1) 1­ Let u� Q G Σ }
exp K x0 M , x0 Q H. Then

u T x Q L2, by Lemma6.1.10,whereu : P � � x0 � �� u� P � � x0 � � � u� � u� and
x : P � x0 � u τu P � � x0 � u1� τu� . Thus,u Q G exp K x0 M .

2­ By exchanging the roles of Σ and ~ � } ��}� } ��} � (note that the pair�\� � � � � � is admissible for ~7� } �9}� } �q} � , and Σ with the added row�\� � �n�
is the correspondingclosed-loopsystem,by Lemma6.6.14),we

note that if u Q G exp K x0 M , thenu� Q G Σ }
exp K x0 M , whereu� : P � � x0 � � u � I P� � x0 � � u.

3­ We noted above that “x P x”; the sameholds for y: � x0 � I u P� x0 � I � � x0 � I �� u� P � � x0 � I�� u� .
(c2) Now u� is J-critical over G Σ }

exp K x0 M if f
S
yT J I�� η ®�U P S yT J I η U P 0 for all

η ® Q G exp K 0M , i.e., for all η : P �� η ® Q G exp K x0 M , i.e., if f u is J-critical overG exp K x0 M .
(c3)By (c1)–(c2),thereis auniqueJ-critical controlover G Σ }

exp K x0 M for each
x0, and(c3) holds.(Exchangetherolesof Σ andΣ � for theconverse.)
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(c4) Thefirst claim follows from (c2). By (c1),
S
yT JyU ( P :

S
x0 T¯� x0U ) is the

samefor G exp and G Σ }
exp, hencesois � .

(c5) Setx : P u τu P u � τu� (by (c1), we have u P �� u� ). Then W u� W X Σ }
exp

: P
maxK W u� W 2 TrW x W 2 M   2M maxK W u W 2 TrW x W 2 M P : W u W)X exp (herewehaveused(8.71);
for an equivalentnorm we needto divide ε by an equivalenceconstant)for

someM : P MΣ 0A° ∞, by Lemma6.7.8, whereΣ s : P ~ � �� ©. ©± � ; analogously,

maxK W u W 2 TrW x W 2 M   2M s maxK W u��W 2 TrW x W 2 M for somefixed M s ° ∞; take ε : P
min ^ K 2M M � 1 T K 2M s M � 1 _ .

(a) This follows from Lemma6.7.12(eitherdirectly (since � ® and I�® are
commonfor bothclosed-loopsystems) or from thefactthat

� ® P ��4� �® � � � ,� �® P � �� � ���� ® , asin (c3)).

(b) Set
� �

crit : P ��²� 1 K � crit � � � M , � crit : P � � u τ
�

crit , and � crit : P � �I � crit . Then � � � u1� τ � �crit
P � crit and � � � I�� � �crit

P � crit. By a straight-
forward computation usingthe above formulae(andthe identity �� π H �� π � P� π H �� π � �� ), one verifies that

� �
crit � t

crit
P π H τt � �

crit for any t V 0, so that~ � T
crit � T

crit
� �

crit
T � T Q WPLS; thus,

� �
crit is acontrolin WPLSform.

Now
S
J � critx0 T�I η U P 0 for all η Q G exp K 0M if f

S
J � critx0 T�I&� η � 0 U P 0 for all

η � 0 Q G Σ }
exp K 0M P �� � 1 G exp K 0M , hence(b) holds(sincewecaninterchangeΣ and

Σ � for theconverse).

(d) (Note that the J-coercivity of I'� over G Σ }
exp is equivalent to the J-

coercivity of I � over G Σ }
out, by Lemma8.3.3.)

This follows from (c5) and (c1): Let I be J-coercive over G exp, and let

ε R 0 as in Definition 8.4.1. Given a nonzerou � Q G Σ }
exp K 0M , setu : P �� u� QG exp K 0M3³�^ 0 _ (by (c1)), x : P u τu P u1� τu� . Choosea nonzerov Q G exp K 0M as

in Definition 8.4.1,andsetv � : P �� v Q G Σ }
exp, �x : P u τv. Then

S I � v� T J I � u� U PS I v T J I uU,V ε W u W�W v W�V ε s W u�dW�W v�dW . Sinceu� wasarbitrary, I�� is J-coercive.
ExchangeΣ andΣ � for theconverse.[By (c1),

S IOo�T J IOo´UµV 0 « S I��roªT J I&�ro UµV 0.]

(e) By Lemma6.1.10,we have G Σ }
exp K x0 M P G Σ }

out K x0 M P L2 K R H ;U M for all
x0 Q H. By (c1),weobtain(8.74).

(f) 1­ The definition of �§¦O�¶¨�� � implies that (c1) holds: Indeed, �� , �� ,� � and �� are γ-stable,the upperrow of � ¦��E¨�� � correspondsto condition�§¦ ¨ � � x0
u � Q Zs and the lower row to condition u Q L2

ϑ, so that G γ ¥ Σ }� £ } ¤ } � is

independenton γ (sinceu : P � � x0 � �� u� Q L2
ϑ w u� P � x0 � �� u Q L2

γ ).
2­ Therest: The proofsof (a)–(e)above apply with slight changes((c5)

becomeseasier).
(g1) By Lemma6.5.6(f)&(a1), we have G out K 0M P � L2 K R H ;U M . Since� � x0 Q G out K x0 M for all x0 Q H, we obtain “ G out

P ^ � � x0 � �� u� �� u� Q
L2 K R H ;U Md_ ” (cf. (8.74) from Lemma8.3.5. The proofsof (a)–(d)above ap-
ply with slightchanges(use,e.g.,Lemma8.4.11(b1)for J-coercivity). Thelast
claim followsfrom Lemma6.7.11(a2)andLemma6.6.17(b).

(g2)Now theproofandconlusion of (g1)appliesalsoto G sta [and G str [and
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v
We will often needthe assumption thatJ-coercivity implies the existenceof

a spectralfactorization.It is well-known that this is truefor any rationaltransfer
function(hencefor any stableI/O mapof a systemwith dimH ° ∞); in fact,this
is true for any elementof MTICTZ , aswe shall show in Theorem8.4.9. Since
thereis a wide varietyof classessatisfying this assumption, we shallwrite below
threehypotheseswith differing strengths, andthenusetheseasthe assumptions
of our resultsin optimal control theory, to avoid dependenceon thecurrentstate
of spectralfactorizationtheory(or on thepartincludedin thisbook).

Westartby theweakestformulation:

Definition 8.4.6(JJJ-coercive w w w SpF) Let I Q TIC K U T Y M and J P J h Q$f K Y M .
We write K I�T J M Q SpF iff either I is not J-coercive or I	h J I has a spectral
factorization.

Thus, K IOT J M Q SpFmeansthatif π H>I�h J I π H is invertible, then I�h J I P � h S�
for some

� Q4k TIC K U M and S Q4k�f K U M . This (and the strongerrequirement
below) is satisfiedby any of the classesin Theorem8.4.9(alternatively, by anyI Q TIC if J m 0). Recallfrom Lemma6.4.7(b)that theconverseholdsfor anyI Q TIC K U T Y M andJ P J h Q·f K Y M .

However, often we also needto know that I belongsnot only to the class
TIC but also to somesubclass“ ¸ ” whoseevery elementis ULR and has the
above property(for eachJ) andwhich is closedw.r.t. spectralfactorization.We
formulatethisasfollows(seeDefinition6.2.4for “ ¹

a
”):

Hypothesis8.4.7(ULR classeş K U M that admit spectral factorization)
(1.) Wehavef ¹º¸»¹ a TIC ¼ ULR;

(2.) if Y is an arbitrary Hilbert space, I Q ¸ K U T Y M , J P J h Q½f K Y M , and the
Popov Toeplitz operator π H�I'h J I π H is invertible on π H L2, then I	h J I P� h S� for someS P Sh Q#k�f K U M and

� Q#k ¸ K U M .
If Hypothesis8.4.7holds for ¸ K U M , then, trivially, K I�T J M Q SpFfor any Y,I Q ¸ K U T Y M andJ P J h Q¾f K Y M SeeHypothesis10.6.6andLemma10.6.7for the

positivecase.
A sufficientconditionfor (2.) is thatif ¿ P ¿ h Q ¸ K U M andπ H�¿ π H is invertible

onπ H L2 K U M , then ¿ hasaspectralfactorizationover ¸ K U M . However, theweaker
formulationabovehastheadvantageto coveralsoexponentially stableclasses(cf.
Theorem8.4.9)andstill bestrongenoughfor applications.

Much of our theoryis valid evenwithout theassumption (1.), but becauseall
classeslisted in Theorem8.4.9satisfy (1.), we have assumedit to simplify the
presentation.

Sometimeswealsowish to haveD h JD P X h SX (cf. Example6.3.7):

Hypothesis8.4.8(Classeş K U M that admit spectral factorization with D h JD P X h SX)
Werequire that ¸ K U M satisfiesHypothesis8.4.7with
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(3.) D h JD P X h SX.

By Lemma6.4.5(a),condition (3.) holdsfor some
�

andSsatisfying (2.) if f
(3.) holdsfor all such

�
andS (for fixed I andJ). A sufficient condition is that¸�¹ SHPR, by Lemma6.3.6(b).

Now wecite themainresultsof Chapter5:

Theorem 8.4.9(ClassessatisfyingHypothesis8.4.7) LetU bea Hilbert space,
let S P S � S ¹ R, andlet (α), (β) or (γ) hold,where

(α) ¸ is one of the classesMTICL1
, MTICL1 ¥ ÀµÁ , MTICTZ , MTIC ÀµÁTZ ,

MTICd ¥ TZ , andMTIC ÀµÁd ¥ TZ ;

(β) dimU ° ∞ and ¸ is one of the classesMTIC, MTICd, MTICS, and
MTICd ¥ S.

(γ) ¸ K U T Y M P f K U T Y M � ^:I �� [I Q H2
strongK C Hω ; f K U T Y MjM for someω ° 0 _ (this

is thesetof mapshavinganexponentiallystablerealization with a bounded
inputoperator).

ThenHypothesis8.4.7holdsfor ¸ K U M andfor theclasş exp K U M of exponen-
tially stablȩ K U M maps, where¸ exp K U T Y M : P ¼ r Â 0 ^ er Ã I e

� r Ã �� I Q ¸ K U T Y Md_ (8.75)

Moreover,

(a) If ¸ P MTICL1
, ¸ P MTICL1 ¥ ÀµÁ or (γ) holds,thenalso Hypothesis8.4.8

holdsfor ¸ K U M aswell asfor ¸ exp K U M (for anyHilbert spaceU).

(b) WehaveX Q|kOf K U M , andwecanchoose
�

andSs.t.X P I .

(c) If (α) or (β) holds,then ¸ P ¸ d. Wehavȩ P ¸ d alsofor theclass

(γ s ) ¸ K U T Y M P f K U T Y M � ^:IJ�� [IgT [I K ō§Mjh Q H2
strongK C Hω ; f K %LT�%qMjM for some

ω ° 0 _ (this is thesetof I/O mapshavingan exponentially stablePS-
realization).

Thus, Hypothesis 8.4.7 holds for ¸ K U M P MTICTZ K U M and ¸ K U M P
MTIC K Cn M (andfor their subclassesof exponentially stablemaps)for any n Q N
andany Hilbert spaceU (wehopethatthefuturestudywill show thereferenceto
U superfluousfor MTI (andits subclasses),i.e., that Hypothesis8.4.7holdsfor
MTI K U M for any Hilbert spaceU ).

SeeLemma14.3.5for four moreclasses(the Cayley imagesof discreteÄ 1
classes). Also Theorem9.2.14containsanalogousresults,with requirements
posedon the whole system(e.g.,we may allow for any IOT-u τ Q SMTICL1� ε if C
is boundedandD h JC P 0, to obtain“(1.)–(3.)”).

Proof of Theorem 8.4.9: Case(γ): Now Hypothesis8.4.8 holds, by
Theorem9.2.14(c2)(by its proofwehave

� Q ¸ K U M ).
(It is notaproblemthatwe referhereto laterresults;part(γ) of this lemma

is not usedin this monographbeforeChapter12 except in phraseslike “if ¸
is any of the classesof Theorem8.4.9”; in particular, part (γ) is not usedin
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derivationof any earlierresultof thismonograph,we justwantto recordit next
to (α) and(β).)

Theassumption meansthat [I : C Hω ¢Åf K U T Y M is s.t. [I u0 Q H2
ω K C H ;Y M for

all u0 Q U andy0 Q Y (seeLemmaF.3.2(a));thenumberω ° 0 maydependonI . (Thus,̧ exp
P ¸ .)

Thecorrespondenceto boundedB wasshown in Theorem6.9.1.
Case(γ s ): (The remarksof case(γ) apply. The correspondenceto PS-

systemswasshown in Theorem6.9.6.)
We obtaintheresultfrom case(γ) (sinceobviously ¸ P ¸ d) exceptfor the

fact that [� K ō§Mjh�� X h�¹ H2
strongK C Hε ; f K U MjM for someε ° 0, which wasrecorded

in theproofof Theorem9.2.14(c2).
Cases(α) and(β):
For therestof theproof,weassumethat(α) or (β) holds.
Hypotheses8.4.7(1.)&(2.) (and Hypothesis8.4.8(4.) if ¸ P MTICL1

or¸ P MTICL1 ¥ ÀµÁ ) is satisfiedby Theorem2.6.4.
Moreover, if I andJ areasin Hypothesis8.4.7(3.)andweset¿ : P IOh J I Q¸ s K U M , wherȩ s : P ¸ � ¸·h is thecorrespondingnoncausal(MTI) class,then¿

hasa spectralfactorizationin ¸ K U M , by Theorem5.2.7(andLemma5.2.1(d)),
hence(3.) holdsfor ¸ K U M .

If, in addition, I Q ¸ exp K U M , i.e., I Q ¸ ω K U M for some ω ° 0, thenI Q ¸ ω K U MÆ¼�¸ � ω K U M and I h Q ¸ s� ω ¼�¸ sω K U M , by Theorem2.6.4(g1)&(g2),
hencethen ¿ : P I'h J I Q ¸ s� ω ¼b¸ sω K U M ; thus,thenthespectralfactorizationof¿ is in fact a spectralfactorizationin ¸ exp K U M , by Theorem5.2.2. Therefore,
(3.) holdsfor ¸ exp K U M too.

(a) Thiswasnotedabove.
(b) This follows from Proposition6.3.1(c).

v
Thereasonfor mentioning alsosubclassesof classesmentionedabove is that

in many theoremsusingHypothesis8.4.7somekind of controllersareconstructed
within thesameclass,hencestricterconditionsguaranteesmoothercontrollers.

By [Treil94], the classCTIC K C M doesnot satisfy Hypothesis 8.4.7: There

is I P ~ � 1� 2

� Q CTIC K C T C2 M s.t. the spectralfactor
� QÇk TIC K C M satisfying� h � P I h I (i.e., a [� a 2 P a [I 1

a 2 � a [I 2
a 2 on iR) doesnot belongto CTIC. We can

eventake [I 1 and [I 2 to havenozerosonC H ]·^ ∞ _ .
Lemma 8.4.10 Let ¸ K U M satisfyHypothesis8.4.7. Then ¸ K U M is inverseclosed
in TIC K U M , i.e.,

� Q ¸ K U Ml¼ k TIC K U M�w � Q|k ¸ K U M .
(Analogously, ¸ K U T Y M is inverseclosed.)

Proof: BecausetheToeplitzoperatorπ H � h � π H hastheinverse
� � 1π H � � h

on π H L2, we have
� h � PÉÈ h SÈ for someS P Sh Qºk�f K U M , È Qºk ¸ K U M , by

(2.). By Lemma6.4.5(a),
� P E È Q|k ¸ K U M for someE Q|kOf K U M . v

In the stableor r.c.-stabilizablecase(seeLemma8.3.3),J-coercivity canbe
easilyverified:
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Lemma 8.4.11(JJJ-coercive) Let J P J h QÊf K Y M and I Q TIC∞ K U T Y M . The
followingholdsfor G{hh : P G out:

(a1) Let I Q TIC. Then I is J-coercive iff the Popov Toeplitz operator
π H>I h J I π H is invertibleonL2 K R H ;U M .

(a2)Let I Q TIC. ThenI is positivelyJ-coerciveiff I	h J I4m 0.

(b1) Let I PÊË � � 1 bea q.r.c.f. Then G out K 0M P � L2 K R H ;U M . Moreover, I is
[positively] J-coerciveiff Ë is [positively] J-coercive.

(b2) Let I PÌË �Ç� 1 be a q.r.c.f. and S PÌË h J Ë . Then I is [positively] J-
coerciveover G out iff S Q|k�f [S m 0].

(c) ThespaceG out K 0M is a Hilbert space, and I QÍf K G out K 0M)T L2 K R H ;Y MjM .
Moreover, I is [positively] J-coercive iff IOh J I is invertible [ m 0] onG out K 0M .

(d1) I is positively J-coercive iff there is ε R 0 s.t. for all u Q L2 K R H ;U M we
have S I u T J I uUCV ε K W u W 22 � W�I u W 22 M (8.76)

(d2) Let J m 0. Then I is positivelyJ-coercive iff W�I u W 2 V ε W u W 2 for some
ε R 0 andall u Q L2 K R H ;U M .

(d3) If I is J-coercive, then I is injectiveonL2 K R H ;U M .
(d4) Let I be J-coercive. Then W J I u W 2 V ε W u W � for someε R 0 and all

u Q G out K 0M .
Recall that G out K 0M P ^ u Q L2 K R H ;U M��� I u Q L2 _ , and that the [positive] J-

coercivity of I (over G out) dependsonly on I and J. Thus, we can define
the [positive] J-coercivity of Ë analogously(we usedthis implicitly in (b1)).
Consequently, Ë is [positively] J-coercive if f π H Ë h J Ë π H Q²k�f [ m 0], by (a1)
[(a2)].

Obviously, when I Q TIC K U T Y M , thespaceG out K 0M equalsL2 K R H ;U M with an
equivalentnorm( WAo�WrX out). Contraryto (b1), we have no controlon zerosof [Ë ifË and

�
arenot requiredto beq.r.c. (e.g.,take [Ë K sM P sÎ K s � 1M P [� K sM)TµI P I ).

Thecondition I�h J IÏm 0 in (a2)holdsif f π H>I'h J I π HJm 0 on L2 K R H ;U M , or
equivalently, if f [I'h J [IÐV εI a.e.on iR (in L∞

strong). SeePropositions10.3.1and
10.3.2for furtherequivalentconditionsfor positiveJ-coercivity andLemma2.2.2
for theinvertibility of π H>I'h J I π H .

Proof of Lemma 8.4.11: Part (b1) follows from Lemma
6.5.6(f)&(a1)&(a2). Part (b2) follows from (a1)–(b1), becauseπ H Sπ H Qk L2 K R H ;U M if f S Q|kOf . Therestfollows from Lemma8.2.3.

v
For classessatisfying Hypothesis 8.4.7,the existenceof a spectralfactoriza-

tion andthe invertibility of thePopov Toeplitz operator(that is, theJ-coercivity
of I ) areequivalent:

Theorem 8.4.12(MTI spectral factorization) Let ¸�¹ TIC andJ P J h Q�f K Y M .
For I Q TIC K U T Y M wehave(iv) w (iii) « (ii) w (i), where
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(i) I is J-coerciveover G out (i.e.., π H>I'h J I π H is invertibleonL2 K R H ;U M );
(ii) I�h J I P � h S� for some

� Q|k TIC K U M , S Q#kOf K U M ;
(iii) I	h J I P�Ñ h � for some

� T Ñ Q|k TIC K U M ;
(iv) I h J I P � h S� for some

� Q#k ¸ K U M , S Q#kOf K U M .
If I Q ¸ K U T Y M and ¸ K U M satisfiesHypothesis8.4.7,then(i)–(iv) are equiva-

lentandanyspectral factorization of Izh J I is over ¸ K U M .
If I h J I\V 0, then(i) « (ii) « (ii i).

In fact, in discrete-time,(i)–(iv) are equivalent for I Q ¸ : P ticexp (the set
of exponentially stablediscrete-timemaps),by Theorem14.3.2. Unfortunately,
theCayley imagesof Òticexp coveronly thosecontinuous-timemapswhichareH∞

outsidesomediscin theleft half-plane,andthatrequirementis ratherstrong.By
Example8.4.13,(i) doesnot imply (ii) for generalI Q TIC.

Proof: “(iii) « (ii )” holdsby Lemma6.4.7(a3). “(i v) w (ii )” is trivial and
“(ii) w (i)” followsfrom π H ��� 1S

� 1 ��� h π H P K π H � h Sπ H � π H,M � 1.
The missing implication (i) P w (iv) is containedin Hypothesis 8.4.7,and

thelastsentencesfollow from Lemma6.4.5(a)Lemma6.4.7(a).

v
The solvability of several control problemsimplies the invertibility of the

correspondingPopov Toeplitz operator(condition (i) above) and is implied by
the existenceof a spectralfactorizationof the Popov operator(condition (ii)
above). Thus, the above equivalencemakes all theseequivalent. Even better,
theregularityof ¸ (seeHypothesis8.4.7(1.))makesa completeRiccatiequation
theorypossible.

This is why we obtaincomplete solutions for the classesof Theorem8.4.9,
but only sufficient conditions(in terms of spectralfactorizationsand Riccati
equations)in the generalcase(e.g., compareTheorem11.3.3 to Proposition
11.3.4(f)).SeeRemark9.9.14for otherclassesof systemsfor whichsimilar(even
better)optimality, factorizationandRiccatiequationresultscanbeestablished.

Ilya Spitkovsky hasconstructedan exampleshowing that the invertibility of
theToeplitzoperator(i.e.,J-coercivity over G out) doesnot imply theexistenceof
a (bounded)spectralfactorizationin the indefinitecase,asmentionedin [S98c,
Remark4.8]. We givehereanextendedversionof thatexample:

Example 8.4.13 ((minimax) JJJ-coercive Nw Nw Nw SpF) (We give this example for
discretetime, useCayley transform(seeLemma13.2.1–Theorem13.2.3)for the
continuous-timecounterpart.)

(a)Let J : P J2 ¥ 1
γ : P diagK 1 T 1 Tj� γ2 M , whereγ : P\Ó 2. By Lemma6.4.7(a),there

is h Q²k H∞ K D M s.t. ah a equals1Î 2 on the left hemicircleand Ó 3Î 2 on the right
hemicircle.Set [I : P;ÔÕ ih h

h K �Bo´M h K �Bo´M
0 1

Ö× Q H∞ K D;C3 Ø 2 M Z Then (8.77)[¿ : P [I h J [I PEÙ 1 f
f̄ � 1Ú Q L∞ K ∂D;C2 Ø 2 M)T (8.78)
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where f Q L∞ K ∂D;C M assumesexactly two values, fr : P 1
4 � i 3

4 on the right
hemicircleand fl : P 3

4 � i 1
4 on theleft hemicircle.

Therefore, [¿ 11
P 1 m 0 and [¿ 22 � [¿ 21 [¿ � 1

11 [¿ 12
P � 1 � a f a 2 Û 0, so thatI is minimax J-coercive, henceJ-coercive over G out, by Lemma11.4.2. By

Theorem9.15.3andLemma9.15.2,thereis aunique [� Qik H2 K ∂D;C2 Ø 2 M modulo
aconstants.t. [� h�� I 0

0 � I
� [� P [¿ a.e.on ∂D.

Let Er andEl be the two valuesof [¿ . Sincethe eigenvaluesof E
� 1
r El are

not positive (not even real), it follows that [� NQºk H∞ K D;C2 Ø 2 M ; in fact, onecan
show thatboth [� and [� � 1 areunbounded.By uniqueness,therecanbeno( k H∞)
spectralfactorizationof I	h J I .

(b) Furthermore,there is a minimax �J-coercive ÜI 0 Q H∞ K D;C6 Ø 4 M , where�J : P J4 ¥ 2
γ : P ~ I4 Ý 4 0

0 � 2I2 Ý 2 � , s.t. ÜI 0 isof form � hÞh0 I2 Ý 2 � , and ÜI 0
h �J ÜI 0

P Ü� 0
h SÜ� 0, where

S: P J2 ¥ 2
1
P ~ I2 Ý 2 0

0 � I2 Ý 2 � , Ü� 0 Q|k H2 K D;C4 M andboth Ü� 0 and Ü� 0

� 1
areunbounded

near � 1.
Consequently, the correspondingcontinuous-time �J-critical “state feedback

controller” over G out (the H∞ full-information minimax controllerover G out) is
non-well-posed(alternatively, unstable,by (c)) in both its open-loopandclosed-
loop forms,asshown in Example11.3.7.

(c) SetK : P D ³�^ z �� a z ß i a ° ε _ for someε R 0. Thenthereis a neighborhood

Ω à D of K s.t. [IgT [� T [� � 1 Q H∞ K Ω; f K C2 T�%qMjM in (a). In particular, thecorrespond-
ing continuous-timemaps(Cayley inverses)areuniformly half-planeregular.

Consequently, if we drop the rotation from the proof of (b), the maps I 0,�
0,
� � 1

0 become(well-posedand)uniformly half-plane-regular(but
�Oá 1

0 become
unstable,althought

�Oá 1
0 L2

c ¹ L2). â
The above exampleshows that the J-critical control is not always of state

feedbackform (in continuoustime); cf. Remark9.7.7(a3). (Due to minimax
J-coercivity, the example shows that the problem cannotbe avoided even in
connectionwith H∞ problems.)

In discrete-timethatcannothappen,but theimplication (i) w (iii) in Theorem
8.4.12is neverthelessfalsein generalin discrete-timetoo,asshown by theabove
example(seealsoSection9.15 andExample11.3.7)unlessI is exponentially
stable(in discretetime).

Proof of Example8.4.13: (a) (Ilya Spitkovsky hasskecthedtheproof; this
is amodifiedversionof thatsketch.)

1­ Constructing I s.t. (8.78) holds: By Theorem3.1.3(a1)&(e1),any[� Q L∞ K iR M satisfying [� V ε a.e.on iR correspondsto some
� Q TI K C M with� V εI , so that

� P a È a 2 for someÈ Q¬k TIC K C M (i.e., some [È Q H∞ K C H M ), by
Lemma6.4.7(a).Apply Cayley transformto this resultto show the existence
of h Q H∞ K D M (seethe exampleabove). (This alsoshows that h is invertible
in H∞, but we do not needthe invertibility of h.) Oneeasilyverifiesthat the
eigenvaluesof

E
� 1
r El

P � 1
1 � a fr a 2 Ù � 1 � fr f̄l fr � fl

f̄l � f̄r � 1 � f̄r fl Ú (8.79)
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are given by λ á : P Ret ßÌã K Ret M 2 � 4 K a t a 2 � a s a 2 M , where t : P � 1 � fr f̄l ,
s : P fr � fl , hencethesevaluesarenot real.

2­ Theotherclaims: Theotherclaimsareexplainedin theexampleexcept
thefactthatthat [� Tj[� � 1 NQ H∞ K D;C2 Ø 2 M .

If we had [� Q$k H∞, then the factorizationwould exist in all L p spaces;
however, it doesnotexist for p P 2π Î argλ á (sinceλ á arenotreal;see[LS] for
details).

Choosez0 Q ∂D is s.t. [� or [� � 1 is unboundedin eachneighborhoodof
z0. (N.B. z0

P ß i, because[� and [��� 1 have holomorphic extensionsaround
eachpoint of D ³�^äß i _ , by Lemma9.15.5. For the samereasonit seemsthat
the Cayley inverseof the function ÜI 0 constructedbelow will not be (weakly)
regular.)

Set [� d K zM : P [� K z̄Mjh (z Q D) (cf. Lemma 13.1.8). Obviously, [� d Qk H2 K D;C2 Ø 2 M andK [� � d K zMjM h J � 1
1 [� � d K zM P K [� K z̄M h J1 [� K z̄MjM � 1 P [¿ K z̄M � 1 P [¿ K zM � 1 (8.80)

(since [¿ K z̄M P [¿ K zM , becausez ¡¢ z̄ mapsthe right and left hemicirclesonto
themselves).

Seta : P ã 8Î 13,sothata h a P K 1 � a f a 2 M � 1 P 8Î 13. Oneeasilyverifiesthat[¿ � 1 P ah a [¿ , hence K a [� h9M J1 K a [� M P [¿ � 1. We concludefrom Lemma6.4.5(a)
thata [� P E [� � d P E [� K ō´M � h for someE Q|k C2 Ø 2. Therefore,both [� and [� � 1

areunboundedonD (onenearz0 andtheothernearz0 (at least)).

(b) 1­ ConstructingÜI a and Ü� a: Set [� K zM : P [I K � zM , [È K zM : P [� K � zM (z Q D),

sothat [� h J [� P [È h J1 [È . By (a)2­ , Ü� a
P ~)å± 0

0 åæ � Q¬k H2 K D;C4 Ø 4 M andits inverse

arebothunboundedat ß z0
P ß i. Obviously, Ü� a

h ~ J1 0
0 J1

� Ü� a
P ÜI a

h J s ÜI a, whereÜI a : P � � 0
0
/ � , J s : P � J 0

0 J
�
, J1 : P � 1 0

0 � 1
�
.

2­ Rotationto � 1: ReplaceÜI a by ÜI a K i o´M (andhenceÜ� a by Ü� a K i o´M ). Then

both Ü� a and Ü� a

� 1
becomeunbounded near1 andnear � 1. (Recall that (our)

Cayley transformmaps� 1 to ∞; this is why this is important.)

3­ Constructing ÜI 0 T-Ü� 0: SetÜI 0 : P T s ÜI aT T{Ü� 0 : P T Ü� aT T where (8.81)

T : PÅÙ I 0 0 0
0 0 I 0
0 I 0 0
0 0 0 I Ú P T h P T

� 1 Q C4 Ø 4 T T s : P¶ç I 0 0 0 0 0
0 I 0 0 0 0
0 0 0 0 I 0
0 0 0 I 0 0
0 0 I 0 0 0
0 0 0 0 0 I è Q C6 Ø 6 (8.82)

(notethatT o (resp. o T) permutessecondandthird rows(resp.columns)andT s o
(resp. o T s ) permutesthird andfifth rows (resp.columns)),sothat

S: P J2 ¥ 2
1 : P diagK 1 T 1 T7� 1 Tj� 1M P T ~ J1 0

0 J1

�
T T �J P T s J s T s�T and (8.83)ÜI 0

h �J ÜI 0
P T ÜI a

h J séÜI aT P T Ü� a
h ~ J1 0

0 J1

� Ü� aT P Ü� 0
h SÜ� 0 Z (8.84)

Thus,
� h0S

�
0 is a spectralfactorizationof I	h0 �J I 0. Moreover, ÜI 0 is of form
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h �J ÜI 0

P;ÔÕ � 1 0
0 1
� ~ f 0

0 f
�~ f̄ 0

0 f̄

� � � 1 0
0 � 1

� Ö× T (8.85)

hence I 0 is obviously minimax �J-coercive w.r.t. C2 Ô C2 (see Definition
11.4.1). SeeExample11.3.7for the final claims. For clarity, we write outÜI 0 (hereg : P h K i o´M�T G : P h K � i o´M ):

ÜI 0
P ÔêêêêêêÕ

ig 0 g 0
G 0 G 0
0 ig 0 g
0 G 0 G
0 0 1 0
0 0 0 1

Ö´ëëëëëë× Z (8.86)

(c) 1­ ConstructingΩ: Since ah a 2 hasaholomorphicextension (namely1Î 2
and Ó 3Î 2 on two disjoint opensets)to a neighborhoodof K ¼ ∂D, so hasits
spectralfactor, thatis, h (andits inverseh

� 1), by Lemma9.15.5.
Consequently, [I andhencealso [� and [� � 1 have holomorphic extensions

to aneighborhoodof K ¼ ∂D. Let Ω betheunionof thatneighborhoodandD.
2­ Therest: Take Cayley transformsto obtainthat for any ε R 0, thereis a

compactsetK2 ¹ C
� ]·^ z Q C �� a z ß i a ° ε _ s.t. [IgTj[� Tj[� � 1 Q H∞ K Kc

2; f K C2 T�%qMjM .
In particular, thesefunctions are continuousat infinity, henceULR, even
uniformly half-plane-regular (to be exact,

�
and/or

� � 1 is not stable
(at ß i) but it is otherwise uniformly half-plane-regular). Consequently,ÜI 0 T-Ü� 0

á 1 Q H∞ K Kc
2; f K C4 T�%qMjM . v

Next westatetheunstableversionof Theorem8.4.12:

Corollary 8.4.14(MTI K J T SM -inner r.c.f.) Let I Q TIC∞ K U T Y M , ¸ì¹ TIC, J P
J h QÍf K Y M and Gihh P G out.

(a) If I hasa K J T�%qM -innerq.r.c.f. Ë � � 1, then I and Ë areJ-coercive.

Let, in addition, I havea [q.]r.c.f. I P4Ë s � s � 1. Thenwehavethefollowing:

(b1)Wehave(iii) « (ii) w (i), where

(i) Ë s is J-coercive(i.e., I is J-coercive);

(ii) Ë s h J Ë s hasa spectral factorization;

(ii’) Ë s h J Ë s hasa spectral factorization over ¸ ;

(iii) I hasa K J T�%qM -inner [q.]r.c.f.

(iii’) I hasa K J Tw%qM -inner [q.]r.c.f. Ë � � 1 with Ë T � Q ¸ .

(b2) If Ë s T � s Q ¸ , then(ii’) w (iii’) w (iii ) « (ii) w (i).
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(b3)Assumethat Ë s T � s Q ¸ , andthat ¸ K U M satisfiesHypothesis8.4.7.

Then(i)–(iii’) are equivalent.Moreover, if somefactorization I PÉË � � 1

satisfies(ii) or (iii), then Ë T � Q ¸ , IOT � � 1 Q ULR, andwecanchoosethem
sothat [� K � ∞ M P I .

(b4) Assumethat Hypothesis8.4.7holdsfor ¸ K U M , and that (iii’) holds. Set�
: P � � 1. ThenN h JN P SandD h JD P X h SX.

(b5) If J V 0, then(i) « (ii) « (iii).

Theorem9.9.10givesfurtherequivalent conditionsin termsof Riccati equa-
tions.Example8.4.13shows thatimplication(i) w (iii) doesnothold in general.

Theabove corollarywill beappliedin Chapters9 and11 to reduceinnerco-
primefactorizationsof unstablemapsto spectralfactorizationsof their stabilized
counterparts.

Notethat,by (b3),any K J T�%qM -innerr.c.f. I P�Ë � � 1 with Ë T � Q ¸ is actually
a r.c.f. over ¸ (i.e.,also �� T �Ñ Q ¸ for somestable�� T �Ñ satisfying ��	� � �Ñ�Ë$P I ).

If Ë and
�

areexponentially stablediscrete-timemaps(cf. the remarkafter
Theorem8.4.12),then(i)–(iii) areequivalent; seeCorollary14.3.3.

Proof of Corollary 8.4.14: (a) This follows from “(iii) w (i)” of (b1) (takeË s P4Ë ,
� s P � ) andLemma8.4.11(b1).

(b1)Wehave(ii’) w (ii) w (i) (even(ii’) « (ii) « (i) providedHypothesis8.4.7
is satisfied),by Theorem8.4.12.

“(ii) « (iii)”: If (ii) holds,i.e., í�h Sí P�Ë s h J Ë s for someí Q{k TIC K U M�T S Qk�f K U M , then Ë s í � 1 is K J T SM -inner;thus,I P K Ë s í � 1 M K � s í � 1 M � 1 is asin (iii).
Conversely, if I PîË � � 1 is a K J T�%�M -inner [q.]r.c.f., then, by Lemma

6.4.5(c), Ë s PÐË í for some í Q4k TIC, hencethen Ë s h J Ë s P í'h Ë h J Ë í Pí'h Sí is a spectralfactorizationof Ë s .
(b2) Implication“(ii’) w (iii’)” followsfrom theproofof “(ii) « (iii)”. Obvi-

ously, (iii’) w (iii); therestfollowsfrom (b1).
(b3) By Theorem8.4.12, we have (i) « (ii’), henceall five claims are

equivalent, by (b2). Theorem8.4.12alsoimplies that necessarilyí Qºk ¸ in
(ii), whichprovidesthe Ë T � Q ¸ claim,by theproofof “(ii) « (iii)” above.

BecausȩÐ¹ ULR, wehave
� � 1 T Ë � � 1 Q ULR, andM : P [� K � ∞ M QJk�f ,

by Lemma6.2.5andProposition 6.3.1(c). Therefore,we cantake M P I , by
Lemma6.4.5(a).

(b4)This follows from Lemma6.3.6(b).
(b5)This follows from (b1)andthelastclaim in Theorem8.4.12.

v
Notesfor Section8.4
The Popov Toeplitz invertibility condition of Proposition 8.3.10andLemma

8.4.11(a1)is very commonin the literatureof stablecontrol problems[WW]
[S98c]. Our definitionof J-coercivity generalizesthis conceptto generalcontrol
problemsfor WPLSs. In a sense,it is the weakestassumption that guarantees
the existenceof a uniquesolution (with equivalence for smooth systemswithGihh P G exp anddimU ° ∞ or D h JD QJkOf K U M ); seeTheorems9.2.16and10.2.11
andCorollaries10.2.3and9.2.19. However therearesingular counterexamples
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at leastwhenU is infinite-dimensional (e.g.,take C P 0, D R 0, D Nm 0, J P I ).
Singularcontrolproblemsarerarein practiceandin theliterature,andthey cannot
besolvedassatisfactorily; see,e.g.,[Stoorvogel] for thefinite-dimensionalcase.

Propositions10.3.1and10.3.2provide severalconditionsthatareequivalent
to J-coercivity. Many popularassumptions in the literaturearespecialcasesof
theseassumptions[ZDG] [Keu]andmostothersarestronger[FLT]. Wehaveseen
nothingsimilar in theindefiniteunstable case.

Thename“J-coercivity” is from [S97b]–[S98c],whereit meanstheinvertibil-
ity of thePopov Toeplitz operatorfor astablesystem,andfor a jointly stabilizable
anddetectablesystemit meansthe J-coercivity of the correspondingstabilized
subsystem. From Lemma8.4.11(a1)–(b1)andTheorem6.6.28we observe that
thesedefinitionsarespecialcasesof thatof ours.

In thestablecase,themethodof Theorem8.4.3(asthefirst partof Proposition
8.3.10)is very old. Thesameholdsfor thereductionof unstableG exp problems
to thestablecase,asin Theorem8.4.5;its coprimenessmethodfor G sta hasbeen
usedin [S98b] and in [S98c, Section7] for jointly stabilizableand detectable
systems.SeeChapter5 for noteson the spectralfactorizationresultson which
Theorems8.4.9and8.4.12arebased.

Lemma8.4.11(a1)–(b1)areessentiallyfrom [S98c]. Part of Example8.4.13
was mentioned in [S98c, Remark 4.8], and its original form is due to Ilya
Spitkovsky in acommunicationwith JosephBall andOlof Staffans.
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8.5 Problemson a finite time interval

Lord of thefar horizons,
Giveustheeyesto see
Overtheverge of thesundown
Thebeautythat is to be.

— BlissCarman(1861–1929)

In this section,we swiftly review how the abstractoptimization of Sections
8.1–8.2canbeappliedto finite-horizonproblems.Thederivationof furtherdetails
anddifferentialRiccatiequationtheoryis analogousto thatin theinfinite-horizon
case,but it requiresa lengthytreatment,henceweomit it.

Throughout this section, the letters U T H, and Y denote (complex)
Hilbert spacesof arbitrary dimensions, T R 0, J P J h Q<f K Y M and � � �� � � Q
WPLSK U T H T Y M . In finite time interval (finite-horizon)problems, the costto be
optimizedis givenby ` K x0 T uM PÏï T

0

S
y K t M�T Jy K t M�U Y dt T (8.87)

(asopposedto T P ∞ in othersections,i.e., in infinite-horizonproblems),where
x0 Q H is theinitial state,u Q L2 K � 0 T T M ;U M is thecontrolandy : P � x0 � I u is the
correspondingoutput. Oftenonewishesto addto ` anendcost

S
x K T M)T GxK T M�U H ,

wherex K T M : P � K T M x0 � u τ K T M u is the(terminal)stateat timeT.
Theabstractoptimizationtheorycanbeappliedalsotofinite-horizonproblems

by usingthefollowing substitutions:

Remark 8.5.1(Sections8.1–8.2apply alsoto finite-horizon problems)
StandingHypothesis8.1.1is satisfiedwith substitutions

U ¡¢ L2 K � 0 T T M ;U M�T X ¡¢ H (8.88)

YT Ys ¡¢ L2 K � 0 T T M ;Y M)T Z T Zs ¡¢ L2 K � 0 T T M ;H M)T (8.89)Ù A B

C D Ú ¡¢ ç π � 0 ¥ T e � π � 0 ¥ T e u τπ � 0 ¥ T e
π � 0 ¥ T e � π � 0 ¥ T e I π � 0 ¥ T e è J ¡¢ J Z (8.90)

It followsthat ` K x0 T uM P$ð T
0 W y K t M9W 2Y dt, wherey : P � x0 � I τu, for all u Q G K x0 M P

L2 K � 0 T T M ;U M andx0 Q H.
To add an end cost

S
x K T M)T GxK T M�U H , G Q#f K H M , one could substitute C ¡¢~ π ñ 0 ò T ó �� T

� T D ¡¢ ~ π ñ 0 ò T ó � π ñ 0 ò T ó� T

�
, J ¡¢ � J 0

0 G
�
, YT Ys ¡¢ L2 K � 0 T T M ;Y MRÔ H.

In particular, “the stablecase”applies(in bothcases,althoughwereferbelow
to thecaseG P 0). (Thesubstitution G K x0 M P L2 K � 0 T T M ;U M abovecorrespondsto
“ G exp

P G str
P G sta

P G out”.)
Assumethat“D h JD” P π � 0 ¥ T e I'h Jπ � 0 ¥ T e I π � 0 ¥ T e is invertible (this is thecaseif,

e.g., J V 0 and thereis a quadraticcoston u). Then the systemis J-coercive,
so that Lemma8.2.8providesus direct formulaefor � crit ¥ T , � crit ¥ T ,

�
crit ¥ T , and

“ � P C h JCcrit”.
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In particular, � becomes(we shall set � T : P � to distinguishbetweencost
operatorsfor problemsondifferentintervals, i.e., for differentvaluesof T)S

x1 T¯� Tx0U P ï T

0

S
J K � x1 M K t M)T KjK � � I � crit ¥ T M x0 M K t M�U H dt Z (8.91)

Assume, in addition, thatC Qif K H T U M , D h JC P 0. Then,asin the proof of
Lemma8.2.9,wehaveS

x1 T¯� Tx0U P ï T

0

S
C� t x1 T JC� t

crit ¥ Tx0U H dt T (8.92)

and � crit
P � � u τ

�
crit QÍf K H T�ô K � 0 T T � ;H MjM .

Againby Lemma8.2.9,with theadditionalassumption thatD h JD Q|kOf K U M ,
wealsohave �

crit ¥ Tx0
P � K D h JD M � 1 K π � 0 ¥ T e u τπ � 0 ¥ T e M h C h JC� crit ¥ Tx0 Z (8.93)

It seemsthatonecanrewrite Sections9.7and9.2for finite time; in particular,
thatauniqueJ-critical controlisof thestatefeedbackformwhenever I Q MTICL1

∞
andC is bounded,or I Q{f4� L2

∞ % (we do not have to poseany requirements
on � B (or u τ), sinceon a finite time horizonwe alwayshave “the stablecase”,
as in Hypothesis9.2.2(6.)–(7.)),and that the J-critical statefeedbackoperator
correspondsthento a unique solution of thedifferentialRiccatiequation.

At leastwheǹ K x0 T uM P W y W 2, y P � y1
u � , thesolution convergesstronglyto the

infinite-horizonsolution,asT ¢õ� ∞ (possiblywehaveto restrictT to asequence
convergingto infinity), and � T ¢ � strongly. Thisfollowsby standardarguments
(seeLemma 4.2 of [FLT] in the caseof a boundedC; the samearguments
combinedwith LemmaA.3.1(i1)&(i4) alsoapplyto ageneralWPLS).

Thesituation is analogousalsoin thecaseof anextendedlinearsystem(see
Section8.6).

However, weleavethedetailsto thereader, becauseit seemsthatthisapproach
doesnot provide us with any additional information � (e.g., we do not know
whether� convergesin the way that � �H ��¹ DomK B hw M even for the specialI ’ s
mentionedabove). This is aninterestingopenproblem.

Notes
It is well-known that, undercertainregularity (see,e.g., [GL] for the finite-

dimensional and [Jacob98], [Jacob01], [Jacob99], [FLT] or [LT00b] for the
infinite-dimensional case),1. one can show that � T Qºf K H T DomK B hw MjM andK � crit ¥ Tx0 M K sM P � Bhw � T � s� s

crit ¥ Tx0, i.e., thatucrit
P � Bhw � T � sxcrit; moreover, � T

satisfiesthecorrespondingdifferentialRiccatiequation(asafunctionof T R 0); 2.
by lettingT ¢y� ∞, we obtainthat � T , ucrit, xcrit andycrit converge(for a suitable
costfunction;for our techniquesonesufficientconditionseemsto bethatJ V 0).

Analogously, one could apply the abstractoptimization theory of Sections
8.1–8.2 to time-variant systems. Birgit Jacob[Jacob98]has formulated“tv-
systems”,whichareanatural(time-variant)generalizationof WPLSs,andsolved
the standardoptimal control problemon a finite time interval (the sameis done
for a generalizationof PS-systemsin [Jacob01]and for a generalizationof
WPLSswith boundedinput andoutputoperatorsin [Jacob99];thus, [Jacob98]
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is the most general one). Her solution coincideswith the implications of
Lemma8.2.8combinedwith an equivalentof Remark8.5.1for tv-systems,but
assumingthe equivalent of weak regularity (with D h JC P 0), she obtainsthe
formula K � crit ¥ Tx0 M K t M P � Bhw � T � t � t

crit ¥ Tx0 (where Bhw is allowed to be time-
varying). In [Jacob99],Jacobhassolvedthefinite-horizonminimizationproblem
for a nonstandard(general)costfunction for time-variant systemsbut underthe
assumptionthat the input andoutputoperatorsarebounded.For time-invariant
WPLSswith boundedoutputoperators,thenonstandardminimizationproblemis
solvedin [BP] in termsof an integral Riccati inequality, by FrancescaBucci and
LucianoPandolfi.

Historicalremarkson theLQR problemaregivenin thenotesto Chapter6 of
[CZ]; alsofinite-horizonproblemsaretreatedtherein.

Over a finite time horizonwe have “ G exp
P G out”, becauseL2

loc K � 0 T T � ;H M P
L2 K � 0 T T � ;H M , hencetheminimizationresultsin something resemblingmore G out

than G exp but having thenicestpropertiesof bothsettings.
In particular, if we let T ¢ö� ∞, we end up with a minimizing (henceJ-

critical) control over G out (not over G exp, andthe closed-loopsystemneednot
beexponentially stable),andthestatefeedbackformulau P � B hw � T convergesto
u P � Bhw � (or to someotheroperator, denotedby “ � B h-� ” in [FLT], if wereduce
regularity assumptions),where � refersto theJ-critical costoperatorover G out.
Naturally, thiscanbefixedby assumingthesystemto beestimatable(seeLemma
8.3.3).

It seemsthat the methods of this monographcould be generalizedto tv-
systems.Thismightbeaninterestingsubjectfor futurestudies.
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8.6 Extended linear systems(ELS)

Humanbeliefs, like all other natural growths,eludethe barrier of
systems.

— GeorgeEliot (1819–1880)

In this section,we give guidelineson how to extend our optimization and
Riccati equationresultsfor more generalsystemsthan WPLSs. Most readers
probably wish to skip this section(the resultsare not usedelsewhere in this
monograph).

Theoptimization resultsgivenabove,suchasTheorem8.3.9(oftencombined
with Theorem8.4.3)requirethat GJhhLK x0 MzNP /0 for all x0 Q H. What if this holds
only for all x0 Q H1÷ 2, for someHilbert spaceH1÷ 2 s.t. H1 ¹c H1÷ 2 ¹c H? If
“B QÍf K U T H1÷ 2 � 1 M ”, thenwecouldreplaceH by H1÷ 2 andgoon— exceptthat u
neednotbewell-posedanymore.

Despite the generality of WPLSs, there are some interestingPDE-based
systemsfor which thereareno known finite costconditionresultsfor any choice
of statespacethatwouldmake u well-posed,asnotedin [LT93]. Therefore,in this
section,we shallgive guidelineson how to relaxthewell-posednessrequirement
of u .

For systemsmentionedabove, to guaranteethefinite costconditionthestate
spacemustbechosento beverysmall(thiscausesthehighunboundednessof B),
andhencethe outputoperatorbecomesbounded;thereforewe assumethis, i.e.,
thatC Qbf K H T Y M , althoughbasicresultsof thissectionholdfor generalwell-posed
C too (seeRemark8.6.8).

Thus,we areagainsolvingtheproblem“xs P Ax � Bu, y P Cx � Du, x K 0M P
x0”, but this time we do not require u to be well-posed,i.e., to have values
in H (equivalently, to satisfy u π ø � t ¥ 0e Q²f K L2 K � � t T 0M ;U M�T H M ). The solution
Σ : P � � �� � � :

� x0
u � ¡¢ � x

y � is called an ExtendedLinear System(ELS) underthe
assumptionsstatedbelow:

Standing Hypothesis8.6.1 Throughout this section,we shall assumethat U,
H and Y are Hilbert spaces,that � is a C0-semigroup on H, B Q#f K U T H � 1 M ,
C Q·f K H T Y M , D QÍf K U T Y M , J P J h Q·f K Y M and0   β R ωA.

By Lemma6.3.16, ù AC ú generate� � � � Q WPLSβ K ^ 0 _tT H T Y M (this is trivial, with� P C� : H ¢ ô K R H ;U M ) and ù A B
I 0 ú generate� � �� � τ

� Q WPLSβ K U T H � 1 T H � 1 M .
Thus,wecanandwill havethissectionbasedheavily onWPLSresultsandonthe
abstractoptimizationtheorySections8.1and8.2.

Moreover, u τ mapsL2
β � π H L2

loc to ô K R;H � 1 M (becauseπ � τu Q ô K R;L2
β M andu QJf K L2

β;H � 1 M ) andW1 ¥ 2
β K R;U M ¢ ô K R;H M (by Theorem6.2.13(b1),becauseK H � 1 M B P H).
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Wenow definesomespacesof allowableinputsu with graphnorms:

Definition 8.6.2 For all T Q � 0 T ∞ M wedefine�Uloc : P ^ u Q L2
loc K R;U M��� u τu Q L2

loc K R;H Md_tT (8.94)G exp K x0 M : P ^ u Q L2 K R H ;U M ���� x0 � u τu Q L2 K R H ;H Md_ K x0 Q H M)T (8.95)G Áexp K x0 M : P ^ u Q L2 K R H ;U M����� x0 � u τu Q L2 K R H ;H Ml¼�ô K R H ;H Md_ K x0 Q H M)T
(8.96)�Uβ : P ^ u Q L2

β K R;U M �� u τu Q L2
β K R;H Md_tT (8.97)�U ø 0 ¥ T e : P ^ u Q L2 K � 0 T T M ;U M �� u τu Q L2 K � 0 T T M ;H M)Tµu τTu Q H _tT (8.98)W u W 2©Uβ

: P W u W 22 � Wju τu W 2L2
β
T (8.99)W u W 2©U ñ 0 ò T ó : P W u W 22 � Wju τu W 2L2 c ø 0 ¥ T e ;H e � Wju τTu W 2H T (8.100)I u : P K Cu τ � D M u Q L2
loc K R;Y M K u Q �Uloc M Z (8.101)

As for WPLSs,we extend u to f K L2
ω K R;U M)T H � 1 M for thoseω for which u is

continuous;note that L2
ω 0 K R � ;U M�¹

c
L2

ω for all ω s R ω. (Thus,u Q �Uloc implies

thatπ � u Q L2
ω for somesuchω.)

Obviously, I is time-invariantandcausalDomK I'M ¢ L2
loc, andW1 ¥ 2

β K R;U M ¢ô K R;H M , althoughL2
β ³ DomK I'M may be nonempty(and IîNQ TIC∞ is possible;

take,e.g.,U P H, C P I , B P A s.t. [I K sM P Üu τ K sM P K s � AM � 1A P sK s � AM � 1 � I is
unboundedoneachright half-plane(i.e.,A mustbenon-analytic; seeSection9.4).

Now we list thebasicpropertiesof ELSs:

Lemma 8.6.3 Let x0 Q H andT Q R H . Then

(a1) u τ Q�f K �Uβ T L2
β K R;H MjM , I Q�f K �Uβ T L2

β K R;Y MjM , and � x0 � I u Q L2 K R H ;Y M
for all u Q G exp K x0 M .

(b1) � � � � Q WPLSβ K ^ 0 _tT H T Y M and � � �� � τ
� Q WPLSβ K U T H � 1 T H � 1 M .

(b2) π H>I π � P � u on �Uβ.

(c1) u τ Qûf K WnH 1 ¥ 2
ω K R;U M)T Wn ¥ 2

ω K R;H MjM , hence u τ : WnH 1 ¥ 2
ω K R;U M ¢ô n K R;H M , and W K u τuM c ne K t MpW H   Meωt W u W Wnü 1 ò 2.

(c2) � x0 Q ô K R H ;Y M ( Q ô k K R H ;Y M if x0 Q Hk : P DomK Ak MjM .
(d) ýu τu K sM P K s � AM � 1B[u K sM , ý� x0 K sM P C K s � AM � 1x0, and ÜI u K sM P K D � C K s �

AM � 1BM [u K sM (if u τu Q L2
loc) for all s Q C HωA

, andu Q L2
ω K R H ;U M , ω ° Res.

(e)Whenω R Res R ωA andu0 Q U, wehaveu τπ H esÃ u0
P K esÃ � � M K s � AM � 1Bu0 Q ô K R H ;H Ml¼ L2

ω T (8.102)I π H esÃ u0
P esÃ [I K sM u0 � � K s � AM � 1Bu0 Q ô K R H ;Y Ml¼ L2

ω Z (8.103)

In particular, π H esÃ u0 Q �U ø 0 ¥ T e .
(f) π ø 0 ¥ T e G Áexp K x0 M,¹ �U ø 0 ¥ T e ¹c �Uβ ¹ �Uloc and �U ø 0 ¥ T e and �Uβ areHilbert spaces.
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Proof: (a1)Obviously, u τ Q�f ; henceI : P Cu τ � D QÍf . Thelastclaimis
alsoobvious.

(b1)Thiswasnotedabove.
(b2)Now K π H>I π � uM K t M P π H Cu τtπ � u P π H C� t u u P K � u u M K t M , by 2. and

3. of Definition6.1.1.
(c1) This follows from Theorem6.2.13(c2)and Lemma6.3.19(because

now K H � 1 M B P H, sinceB QÍf K U T H � 1 M , i.e.,B is boundedto H � 1).
(c2)This follows from Theorem6.2.13(c1).
(d) This follows from (b1)andthefactthat I : P Cu τ � D.
(e) This follows from (b1),Lemma6.2.10,andthefactthat I : P Cu τ � D.
(f) Let x0 Q H andT V 0. Because� x0 Q ô¾¼ L2

β, wehaveπ ø 0 ¥ T e G Áexp K x0 M,¹�U ø 0 ¥ T e . Obviously, �Uβ ¹ �Uloc.

Assumethatu Q �U ø 0 ¥ T e . Setx K t M : P u t u P u t u (t V 0). Then

x K T � t M P u τT H tu P u τtπ � τTu P � t u τTu P � x K T M K t V 0M Z (8.104)

hence W x K T � o´M9W L2
β   M W x K T M9W H , whereM : P W � W À c H ¥ L2

β c R;H eþe . Therefore,�U ø 0 ¥ T e ¹c �Uβ.

v
The fact that � � u � and � � � � are WPLSs offers us a wide range of

additional useful facts. Note that if � A B
C D

�
generatea WPLS (i.e., u Qf K L2 K � � ε T 0M ;U M)T H M , I Q·f K L2 K � 0 T ε M ;U M)T L2 K � 0 T ε M ;Y MjM for someε R 0), thenall

abovedefinitionscoincidewith correspondingWPLSdefinitions.

Remark 8.6.4 Substituting X ¡¢ H, U ¡¢ �Uβ, Ys T Zs ¡¢ L2, YT Z ¡¢ L2
β and� A B

C D

� ¡¢ � � � τ� � � , (cf. Remark8.3.4),weobtainthat G P G exp andthattheresults
of Sections8.1and8.2becomeapplicable.

v
For example, the finite cost condition togetherwith J-coercivity imply the

existenceof a uniqueJ-critical control, and ` K 0 Tjo´M�V 0 implies that a J-critical
controlis minimizing. Also mostof Section8.3andmuchof furtherWPLStheory
remainvalid.

To give someexamples,we mentionexplicitly below two moreresultsfrom
Sections8.1and8.2:

Theorem 8.6.5(LQR) Assumethat G exp K x0 MONP 0 for all x0 Q H. LetC P � I0 � Qf K H T H Ô U M , D P � 0I � , J P � Q 0
0 S

� QÍf K H Ô U M , 0 Û Q QÍf K H M , 0 Û S Q·f K U M .
Then,for each x0 Q H, there is a uniqueJ-critical control, andthis control is

strictly minimizing over G exp K x0 M . v
(Thisfollowsfrom Remark8.6.4andCorollary8.2.7.)SeeTheorem8.6.6and

Remark8.6.7for correspondingclosed-loopsystemsandRiccatiequations.
TheassumptionscorrespondtoD h JC P 0,C h JC P Q m 0,D h JD P S m 0,and

thecorrespondingcostis givenby ` K x0 T uM P S x T QxU L2 � S u T SuU L2. Thus,standard
LQR problemsare covered; for the indefinite caseand H∞ problemswe need
slightchanges.

TheELSvariantof Theorem8.3.9takesthefollowing form:
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Theorem8.6.6(ΣcritΣcritΣcrit) Assumethat there is a uniqueJ-critical control ucrit K x0 M
over Gihh for each x0 Q H. Define

Σcrit : PÿÔÕ � crit� crit�
crit

Ö×
: x0 ¡¢ ÔÕ xcrit K x0 M

ycrit K x0 M
ucrit K x0 M Ö×

: PÿÔÕ � x0 � u τucrit K x0 M� x0 � I ucrit K x0 M
ucrit K x0 M Ö× Z

(8.105)
Thenthefollowinghold:

(a) We haveΣcrit Q WPLS
� 1
0 K ^ 0 _tT H � 1 T Y Ô U M and Σcrit Q½f K H T L2 K R H ;H M&Ô

L2 K R H ;Y MRÔ L2 K R H ;U MjM .
(b) By setting� : P � hcritJ � crit QÍf K H M weobtain` K x0 T ucrit K x0 M � η M P S x0 T¯� x0U H � ` K 0 T η M K x0 Q H T η Q G exp K 0MjM Z (8.106)

(c) � crit
P C� crit � D

�
crit.

(d) If xcrit K x0 M Q ô K R H ;H M (equivalently, ucrit K x0 M Q G Áexp K x0 M ) for all x0 Q H,
thenΣcrit Q WPLS� ε K ^ 0 _tT H T Y Ô U M for someε R 0, Acrit

P A � BKcrit and

Ccrit
P C � DKcrit onDomK Acrit M , hencethenDomK Acrit M�¹ HB, where Ù Acrit

Ccrit
Kcrit Ú

are thegeneratorsof Σcrit.

HereWPLS
� 1
ω is definedasWPLSω, exceptthatthesemigroup� needsto be

stronglycontinuous(i.e., “C0”) in H � 1 normonly, i.e., W � x0 � x0 W H � 1 ¢ 0 for all
x0 Q H.

However, from thefactthat � critx0 Q L2 K R H ;H Mä¼¾ô K R H ;H � 1 M onecanusually
derivethefactthatactually � critx0 Q ô K RH ;H M , i.e.,that(d) applies;seeExamples
1.4.1–1.4.4of [LT93] for details.

Proof of Theorem 8.6.6: By Corollary8.1.10(andRemark8.6.4),Σcrit Qf K H T L2 M .
Also therestof theproof goesastheproof of Theorem8.3.9(useLemma

8.6.3)except(c), whichobvious,and(d), which is givenbelow.
(d) Assume thatxcrit K x0 M Q ô K R H ;H M for all x0 Q H, equivalently, that � crit

is stronglycontinuous. Then � crit is aC0-semigroup.Now theexponential sta-
bility of � crit andtherestof (c) followsasin theproofof Theorem8.3.9.

v
Having given the above basic theory, we make two remarkson natural

extensions:

Remark 8.6.7 It seemsthatmostof theRiccatiequationtheory“on DomK Acrit M ”,
as given in Section9.7, can be extendedto this more general setting. (The
operators u t and I t are definedon �U ø 0 ¥ T e and the equationsonly needto hold

on �U ø 0 ¥ T e .) Moreover, onecango on to derive“extendedB hw-CAREtheory”, the
ELSextensionof thetheoryof Section9.2undersimilar assumptions.

Finally, byusingRemark8.6.4,onecanwrite ELScounterparts for several of
the optimization resultsof Chapters 10 and 11 (at least). In particular, instead
of the special(standard LQR) cost functionof Theorem 8.6.5, we can useany
J-coercivecostfunction, over, e.g., G out too.

v
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(Theoriginalproofswill do,mutatismutandis.)

Remark 8.6.8(Mor egeneralsystemsthan ELSs) Insteadof Hypothesis8.6.1,
the theory of this sectioncan be adaptedfor general well-posed � (i.e., s.t.� � � � Q WPLS) andfor general unboundedB (e.g., B Q·f K U T H � 827M ). v

(Weomit thedetails;themethods areroughlythesame.)

Notes
Somespecialcasesof the theoryaregiven in [LT93], by IrenaLasieckaand

RobertoTriggiani, who treatsthe standardLQR problemandpresentexamples
of physical ELSs that are not WPLSs. LucianoPandolfi [Pandolfi] hastreated
minimizationof amoregeneralcostfunction,althoughunderaspecialcoercivity
condition and the assumptions that � is analytic with the unboundednessof
B being less than 1 (“β R � 1”) and K A T BM having a boundedexponentially
stabilizingstatefeedbackoperator.
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Chapter 9

Riccati Equations and J-Critical
Control

JacopoFrancesco,CountRiccati, born at Veniceon May 28, 1676,
anddiedat TrèvesonApril 15,1754,did a greatdealto disseminate
a knowledge of the Newtonian philosophy in Italy. Besidesthe
equationknownby his name, certain casesof which he succeeded
in integrating, hediscussedthequestionof thepossibility of lowering
theorderof a givendifferentialequation.

— ‘A Short Account of the History of Mathematics’ (4th edition,
1908)by W. W. RouseBall.

In this chapter, we shall establishthe connectionbetweenoptimal control
and stabilizing solutions of Riccati equations(read “optimal” as “J-critical”).
A summary of the main resultsis given on pp. 28–31,so herewe only list the
contentsof eachsection.

Throughout this chapter, we shall assumethat StandingHypothesis9.0.1
holds. Moreover, StandingHypothesis9.1.2is assumedin Section9.1,Standing
Hypothesis9.4.1 in Section9.4, andStandingHypothesis 9.5.1 in Sections9.5
and9.6.

In Section9.1,weestablish theequivalencementionedonp. 9 of (I) J-critical
control, (II) spectralor coprimefactorization,and (III) stabilizing solutions of
Riccati equations.Underfurther (e.g.,MTIC type) regularity, (IV) the standard
coercivity assumption is shown to bea fourthequivalentcondition.Somefurther
resultsin thisdirectionaregivenin Sections9.2and9.9.

In general, the connectionbetweenoptimization and Riccati equation is
trickier than in the caseof a boundedinput operatorB: a J-critical control
(when it exists) neednot be given by a regular statefeedbackoperator(nor by
any well-posedstatefeedback). In Section9.1, this difficulty is overcome by
using the specialclassesof Theorem8.4.9 (with partial resultsfor the general
case). In Section 9.2, we list several additional caseswhere this difficulty
disappears,namelysmoothing semigroups,boundedinput mapsor smoothI/O
maps(seeHypothesis9.2.2). We also the Riccati equationand corresponding
results. A summaryof most of our sufficient conditionsis given in Remark

403
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9.9.14.Applicationsto parabolic-typeproblems(i.e., to systemswith ananalytic
semigroup)aregiven in Section9.5.

A casualreadermight be satisfiedwith the threesectionsmentionedabove
andskipmostof therestof thechapter, whichcontainsamoregeneralandhence
necessarilylesssatisfactorytheoryandresultsonwhich theabove is based.

In Section9.7,wetreatthemostgeneralcase,whereauniqueJ-critical control
for any WR (Weakly Regular) systemis shown to correspondto a solutionof a
generalizedRiccatiequationgivenonDomK Acrit M , thedomainof thegeneratorof
the “(state-feedbackcontrolled)closed-loopsemigroup”. We do not requirethe
optimalcontrolto bewell-posednor regular. ThisgeneralizedRiccatiequationis
arigorousextensionof theRiccatiequationof F. Flandolietal. [FLT]. An integral
versionof theequationis givenfor arbitrary(evenirregular)systems.

In Section9.9,we show that for a WR system,thereis a (well-posed)WR J-
critical statefeedbackoperatorif f thereis a “stabilizing” solutionto theextended
Continuous-time Algebraic Riccati Equation(eCARE). In the general(possibly
irregular)casetheeCAREhasto bereplacedby theextendedIntegral Algebraic
RiccatiEquation (eIARE), which alsoallows us to reducedseveral resultsto the
substantially simpler discrete-timetheory. The word “extended” corresponds
to possibly noninvertible signatureoperatorsand is redundantunder standard
coercivity (andregularity) assumptions. Furtherresultson Riccati equationsare
givenin Sections9.8–9.12.

In Section9.13,wepresentexamplesthatillustratevariouspathologicalcases,
including thosementionedabove. In Section9.14, we show that the J-critical
control is givenby (well-posed)statefeedbackif f certainfactorizationcondition
is satisfied,andwe usethis to extenda part of the “H 2 (generalized)canonical
factorizationtheory”of [CG81]and[LS] to mapswith infinite-dimensionalinput
andoutputspaces.Positive Riccatiequationswill betreatedin Sections10.6and
10.7.

A readerinterestedmainly in resultscanreadthe sectionslinearly. A more
technicallyorientedreadermay wish to readSections9.7 and 9.8–9.11before
9.2–9.6,9.1,9.12,9.13and9.14,although abrief glanceatSection9.1beforethe
startmight neverthelessbea goodidea. Thereaderwishing to verify all proofs
rigorouslymayfollow theorderdescribedin theproofof Theorem14.1.3.

The resultsof this chapterhold whenwe optimize underany decentrestric-
tionson thestabilityof theinput,state,outputand/oradditionaloutput:

Standing Hypothesis9.0.1 Throughout thischapterandChapter10,weassume
thatΣ P � � �� � � Q WPLSK U T H T Y M andJ P J h QÍf K Y M . ThelettersU, H, Y andZ
denoteHilbert spacesof arbitrary dimensions.

We alsoassumethat �§¦ ¨ � , Zu andZs are as in Definition8.3.2, ~ � �£ ¤ � Q
WPLSK U T H T �Y M for someHilbert space �Y, and that π H τtz Q Zs « z Q Zs K z Q
Zu T t R 0M .

Thereadermayignorethe latterparagraphof thehypothesisandread GJhh as
any of G out T�G staT�G str T�G exp (seeDefinition 8.3.2),sincetheseobviously satisfy
the latter assumption (with �Y P H, because� � �� � τ

� Q WPLSK U T H T H M andx : P



405� x0 � u τu Q ô K R H ;H M&¹ L2
loc K R H ;H M , by Theorem6.2.13(a1)).Sometimeswe

alsorequirethatZs is reflexive; this is satisfiedby G out and G exp.
In fact, if Zu ¹ L2

loc K R H ; �Y M , thenZs P Lp
ω will do for any p Q � 1 T ∞ � , ω Q R;

andif Zu ¹+ô K R H ; �Y M , thenZs P e
� ω Ã ô b or Zs P e

� ω Ã ô 0 will do for any ω Q R

(assumingthat ~ � �£ ¤ � Q WPLSK U T H T �Y M ).
By capitalletterswe againdenotethegeneratorsor feedthroughoperatorsof

integralmaps(seeLemma6.1.16andDefinition6.2.3).
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9.1 The Riccati Equation: A summary for out

(r.c.f. � CARE)

It is not your fault, it is thefault of themathematics.

— GeorgeWeiss,abouttheCARE at MTNS’98

In thissection,weshow that,for a regularstronglyq.r.c.-stabilizablesystems,
theconditions (I)–(III) below areequivalent:

(I) theexistenceof regularoptimal statefeedback,

(II) theexistenceof a regular K J Tw%qM -innercoprimefactorization,
(III) theexistenceof astabilizingsolutionof theRiccatiequation,
(IV) theJ-coercivity of theI/O map

(see,e.g.,Theorem9.1.7for details).Moreover, weshow thatfrom thesolutionof
theRiccatiequationonecancomputetheoptimalcost,feedbackandfactorization
(“(III ) ¡¢ (I),(II)”). Similarly, we also give formulae (I) ¡¢ (II),(III) as well as
(II) ¡¢ (I),(I II). Furthermore,the solution of (III) and the optimal statefeedback
operatorareshown to beunique.

Thestandardcoercivity assumption (IV) is necessaryfor (I)–(III). As notedin
Section8.4, (IV) is not sufficient in general,but for sufficiently regular systems
we have theequivalence(I)–(IV), asstatedin Corollary9.1.11(iv) andCorollary
9.1.12(iv’).

Condition(I) refersto a J-critical statefeedbackfor the generalizedoptimal
control problem of Section8.3 (or Definition 9.1.3); seeChapters10–12 for
applications,suchasLQR, H2 andH∞ controlproblems.

Thus,this is asummaryof oneaspectof thecontinuous-timealgebraicRiccati
equation(CARE) theoryof this chapter, featuringthe equivalence“(I)–(III)” on
page9 undervariousassumptions.Thereadermaywish to delaytheverification
of theproofstill theendof thischapter.

For stronglystablesystems,theaboverequirementsbecomesimpler, asshown
in Corollary9.1.9,andthefactorizationcondition (II) holdsif f thePopov function
hasa regularspectralfactorization.

Conditions(I)–(III) aresimplified alsoin Proposition 9.1.15,assumingthatthe
semigroupis smoothing, theinputoperatoris boundedor theI/O mapis smooth.
The Riccati equationis comparedto thoseexisting in the literaturein Remark
9.1.14. In Corollary 9.1.13we solve the classicalproblemof finding a K J T�%�M -
inner coprimefactorizationfor a given I/O mapby solving the Riccati equation
correspondingto a realizationof themap.

All of the above refers to the rather complicatedcase G½hh P G out, which
shall be the subjectof this section,but we first take a look at the simplercase
of Gihh P G exp, wherea solution of the CARE is J-critical if f it is exponentially
stabilizing:

Theorem9.1.1 Let Σ beWR.Thenthefollowingareequivalent:

(i) There is a J-critical WRstatefeedback operator K for Σ over G exp.
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(ii) TheeCARE(9.110)hasanexponentiallystabilizingsolution � P ��h .
Moreover, if (ii) holds,then � is theJ-critical costoperator, henceunique, K

is a WRstatefeedback operator K for Σ, theJ-critical control is givenbythestate
feedback u P KL ¥ sx, andTheorem9.9.1applies.

v
(Thisfollowsfrom Corollary9.9.2;in thecoercivecasetheeCAREis reduced

to theCARE.However, both(i) and(ii) maybefalseevenfor acoercivesystem.)
Recallalsofrom Lemma8.3.3that G exp

P G out whenthesystemis exponen-
tially stableor exponentially detectable.In Sections9.9 and9.2,we give analo-
gousresultsfurther resultsfor G exp andother Gihh ’s, but for a generaltreatment
of the equivalenceof “(I)–(IV)” , we use G�hh P G out. Therefore,we make the
following assumption:

Standing Hypothesis9.1.2 Throughout the restof this section,we assumethatGihh P G out.

This makes the identificationof the J-critical solution of the CARE more
complicatedthanin thecaseGJhh P G exp illustratedabove. Insteadof exponential
stabilization, we shouldnow checkthat the controlled(closed-loop)semigroup
is output-stableandsatisfiesthecondition (PB) in orderto know that thecontrol
correspondingto a solutionof theCARE truely optimizesover all u Q G out, i.e.,
over all stablecontrols(u Q L2) that make the output stable(y : P � x0 � I u Q
L2). (In case G�hh P G exp it suffices to verify that the solution is exponentially
stabilizing, asnotedabove.)

To avoid the verification of (PB), we (mostly) assumethat the systemis
stronglystableor strongly right-coprimestabilizable.But beforewe go into this,
werecallsomedefinitionsby simplifying specialcasesof Definitions8.3.2,6.6.10
and9.8.1.

A state feedbackpair � � � �
is called J-critical (i.e., optimal) if the

resulting(closed-loop)contorlu P � ® x0 is J-critical for eachinitial statex0 Q H:

Definition 9.1.3(Critical control) Set G out K 0M : P ^ u Q L2 K R H ;U M �� I u Q L2 _ .
We call a control u Q L2 K R H ;U M J-critical for x0 Q H (and Σ) if y : P � x0 �I u Q L2, and

S I η T JyU L2
P 0 for all η Q G out K 0M .

Let � � �n�
beanadmissiblestatefeedback pair for Σ, andset1�

: P I � � T �
: P � � 1 P � ® � I T Ë : P I � P I�® ; (9.1)

Σext : P ÔÕ � u� I� � Ö× T Σ ® : P ÔÕ � ® u1®� ® I&®� ® � ® Ö×
: P ÔÕ � � u τ

�¬� u �� � I �4� I ��¬� � � I

Ö×
(9.2)

(sothatΣ ® P K Σext M)ø 0 I � is thecorresponding closed-loopsystem;cf. Figure 9.1).

We call � � � �
J-critical for Σ if u P � ® x0 is J-critical for each x0 Q H

(andΣ). In this case, wecall theequationu P � ® x0 theJ-critical control in the
feedbackform.
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� u τ� I� �� x0� x P � ® x0 � u1® u®� y P � ® x0 � I�® u®� � ® x0 � � ® u®� ��HH �u® �u P � ® x0 � � u ®� �
Figure9.1: Statefeedbackconnection

(SeeDefinition8.3.2for thegeneralcase.)
If
�

is weakly regular (WR), then feedback
�

x0 � � u can be written as
Kwx K t M � Fu K t M for a.e. t V 0; we remind the readerthat if the feedthroughis
zero(F P 0), thenK (or its weakWeissextensionKw) is calleda statefeedback
operator:

Definition 9.1.4(J-critical KKK) We call K Q|f K H1 T U M a (WR) admissible state
feedbackoperatorif � K 0

�
generatesa WR admissible statefeedback pair� � � �

for Σ. We call K stabilizing (resp.J-critical, r.c.-stabilizing, stable,
UR, ...) if � � � �

is stabilizing(resp.J-critical, r.c.-stabilizing, stable, UR,...)
(seeDefinition 6.6.10).

(SeeDefinition 8.3.2 for the general G½hh ’s in place of G out.) Thus, K Qf K H1 T U M is admissible if f � A B
K 0

�
generatea WR WPLS � � �. / � with I � � Qk TIC∞ (cf. Lemma6.3.13),or equivalently, if f HB ¹ DomK Kw M andthefeedback

u P Kwx � u® is admissible (seeProposition 6.2.8(a2),Theorem6.2.13(a1)and
Definition6.6.10;for ULR K, admissibility is redundant,by Proposition6.3.1(c)).

If this is the case,then ~ A B
C D
K 0

�
[ Ù A H BKw B

C H DKw D
Kw 0 Ú ] are [compatible] generating

operatorsof Σext [Σ ® ] (seeProposition6.6.18(d2)andrecall that we denotethe
generatingoperatorsof mapsby the correspondingcapital letters, e.g., M : P[� K � ∞ M ).

Now we candefinethe CAREs. As notedin Remark9.1.6,their admissible
solutionsleadto WR statefeedbackoperators,andsuchoperatorsareJ-critical
if f they are G out-stabilizing, or equivalently, q.r.c.-stabilizing, provided that Σ is
stronglyq.r.c.-stabilizable.Thesethingswill soonbeclarified.

Definition 9.1.5(CARE) We call � P �bh QJf K H M (or K ��T ST K M ) a solution (of
theContinuous-timeAlgebraic RiccatiEquation(CARE)inducedby Σ andJ) iff
Σ is WRand � satisfies	

� 

� K h SK P Ah � � � A � C h JC onDomK AM�T

S P D h JD � w-lim
s
 H ∞

Bhw � K s � AM � 1B onU T
K P � S

� 1 K Bhw � � D h JCM onDomK AM�T (9.3)

1In this chapter, we usuallydenote the closed-loop systemcorresponding to ��� ��� by
Σ � (insteadof Σ � ), andleave Σ � for preliminarily closedsystems(asin Theorem9.1.10). In most
applications, thesecondoutput of Σ � equalstheJ-critical control (for u ��� 0).



9.1. THE RICCATI EQUATION: A SUMMARY FOR G out (r.c.f.� CARE) 409

andS P Sh Q|k�f K U M (for someSandK).
A solution � of the CAREis called stabilizing (resp.J-critical, admissible,

r.c.-stabilizing, stable,UR, ...) if K is a stabilizing (resp.J-critical, admissible,
r.c.-stabilizing, stable, UR, ...) statefeedback operator for Σ.

Wecall Sthesignatureoperatorcorrespondingto � .

(More generalAREswill be formulatedin Definition 9.8.1. SeeProposition
9.1.15for smooth caseswherethew-lim termdisappears,andrecallthatoneoften
assumesthatD h JD P I andD h JC P 0 to obtainS P I , K P � B hw � .)

Notethat,given � , theoperatorsSandK areuniquelydeterminedandcanbe
eliminatedfrom the first equation.By Remark9.1.6,we have HB ¹ DomK Kw M ,
henceany extendedWPLS of Σ with generators ~ A B

C
K

�
is WR, by Lemma

9.11.5(b).
Thus, a solution � is admissible if f the operators

�
: x0 ¡¢ K � K o´M x0 and�

: P Kw u τ extend Σ to anotherWPLS (seeLemma6.3.13and Remark9.1.6)
satisfying I � � Q4k TIC∞ (if

� Q ULR, then the latter condition is redundant,
by Proposition 6.3.1(c)). In Remark9.8.3we give the necessaryandsufficient
conditionsin details.However, in many applicationsK isbounded(K Qbf K H T U M ),
hencenecessarilyULR and admissible, by Lemma 6.6.11 (see also Lemma
6.3.17).

In (9.3),aselsewhere,theweaklimit of anoperatorfunctions ¡¢�� K sM Qgf K U M
meansthe mapu0 ¡¢ w-lim � K sM u0 (seeLemmaA.3.1(h)), whereas“lim ” refers
to limit in f K U M , i.e., to a uniform limit. Notethatwe requirethis weaklimit to
exist (andbeself-adjoint, equivalently, thatS P Sh ); suchaweaklimit is necessary
bounded,by LemmaA.3.1(h3).

The equationsof the CARE (9.3) are given in f K H1 T H h� 1 M , f K U M andf K H1 T U M , respectively; e.g.,thefirst oneis equivalenttoS
Ax0 T¯� x1U H � S x0 T¯� Ax1U H P � SCx0 T JCx1U Y � S Kx0 T SKx1U U for all x0 T x1 Q DomK AM

(9.4)
(by LemmaA.3.1(g3),it is enoughto verify this for x1

P x0).
NotethatCAREscover theRiccatiequationspresentedearlierfor WPLSsin

[WW, Theorem12.8],[S98b,Theorem6.1(v)], [Mik97b] and[Mik98]. To getan
examplewhereS NP D h JD, applyCorollary9.1.12to I P τ K � 1Mdh Iτ K � 1M (notethat�
τ K � 1M K � ∞ M P 0); seeExample9.8.15for details.

Theweakregularityof K (seeProposition6.2.8(a2))is inherentin theCARE:

Remark 9.1.6(Implicit assumptionsof the CARE) The third equationof the
CARErequiresthat � DomK AM1¹ DomK B hw M andthesecondequationthat � K α �
AM � 1Bu0 Q DomK B hw M .

Thesehold iff � HB ¹ DomK B hw M , equivalently, iff � Q·f K HB T DomK B hw MjM .
It follows that B hw � Q$f K HB T U M , Bhw � K o�� AM � 1 Q H K C HωA

; f K H T U MjM , and
Bhw � K o9� AM � 1B Q H K C HωA

; f K U MjM . This implies that Kw Q{f K HB T U M and hence
K Q·f K H1 T U M .

Notealsothat wehaverequiredSto beinvertible(cf. Definition9.8.1)and �
andSto beself-adjoint.
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If B is bounded,thenany � P �gh QJf K H M is SR (seeDefinition 9.1.5)and
S P D h JD P Sh ; in particular, the above implicit requirementsmentioned in
Theorem9.1.6aresatisfied,seeProposition9.1.15.

Proof: In order to have the term B hw � well-defined, we must require� DomK AM>¹ DomK B hw M , andfor eachu0 Q U theremustexist α R ωA s.t. � K α �
AM � 1Bu0 Q DomK B hw M . The latter implies that � K α � AM � 1BU ¹ DomK B hw M
for all α Q σ K AM c, by the resolvent equationand the fact that � DomK AMO¹
DomK B hw M . Combiningthesetwo inclusions,we get � HB ¹ DomK B hw M , hence� Q�f K HB T DomK B hw MjM , by Lemma A.3.6 and Proposition6.2.8(b1). The
converseimplicationsaretrivial.

Now [� : P Bhw � K ot� AM � 1B Q H K C HωA
; f K U M7M , because [� K sM%� [� K s0 M PK s0 � sM Bhw � K s � AM � 1 K s0 � AM � 1B Q H K C HωA
; f K U M7M , by theresolventequation,

LemmaA.4.4(a).
BecauseHB ¹ DomK Cw M andHB ¹ DomK B hw �BM , weobtainHB ¹ DomK Kw M .

This inclusionis continuous,by LemmaA.3.6,andKw Q�f K DomK Kw M)T U M , by
Lemma6.2.8(b2).

v
Thus, the CARE is well-defined only for � Q²f K H MA¼ f K HB T DomK B hw MjM .

This is not a restriction,becauseif a J-critical control can be given by a WR
stabilizingstatefeedbackoperatorK, thentheJ-critical cost � : P � h® J � ® is inf K H M3¼ f K HB T DomK B hw MjM , and � satisfiestheCARE, by Theorem9.9.1(a1)and
Proposition9.8.10.

Conversely, any strongly stabilizing solution of the CARE is unique and
correspondsto control u P Kwx that is J-critical w.r.t. the closed-loopsystem;
if we requiretheK to bestronglyq.r.c.-stabilizing, thenthis control is J-critical
w.r.t. the original systemtoo. This is illustratedin the restof this section;the
remainingsectionsof thischapterstudythe(extended)CARE further.

Theorem9.1.7(r.c.f.« « « CARE) Let Σ be WR and strongly q.r.c.-stabilizable.
Thenthefollowingareequivalent:

(i) There is a J-critical WRq.r.c.-stabilizingstatefeedback operator K for Σ.

(ii) TheI/O-map I hasa K J T�%qM -inner q.r.c.f. I PÉË �É� 1 with
�

: P �$� 1 WR
andX P I .

(iii) TheCARE(9.3)hasa q.r.c.-stabilizingsolution � P �·h .
Moreover, thefollowingholdsfor the(possible)solutionsof (i)–(iii):

(a1) The solutions of (i)–(iii) are unique and correspondto each other as
follows: K is thestatefeedback operator “K ” of theCARE,

� P I � � (andË¬P I � ), where � � � �
is thepair generatedby � K 0

�
; � P � h® J � ®

and � � � �
areobtainedfrom Ë and

�
asin Theorem9.9.10(g).

(a2) Thecorrespondingoperators � , S PÉË h J Ë and the pair � � � �
gen-

eratedby � K 0
�

satisfy(Crit1)–(Crit4) Theorem9.9.10; in particular,
Theorem9.9.10,Proposition9.11.4andLemma9.11.5apply.
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(a3) The J-critical SOS-stabilizing pairs for Σ are the ones generated by� EK I � E
�

(E Q�k�f K U M ); in particular, theyareWRandstronglyq.r.c.-
stabilizing.

(b) Theoperators K and � arestronglyq.r.c.-stabilizing.

(c) Thecritical control for x0 Q H is givenby ucrit K t M P � ® x0
P Kwx K t M (a.e.),

and the closed-loopcostfunction ` ® K x0 T u®%M for y P � ® x0 � I�® u® , u® Q
L2 K R H ;U M is givenby` ® K x0 T u®%M : P S yT JyU L2 c R ü ;Y e P S x0 T¯� x0U H � S u®�T Su®CU L2 c R ü ;U e Z (9.5)

(d1) If
� Q SR, then

� Q SR, Ë Q WR anducrit K t M P Ksx K t M (a.e.).

(d2) Assumethat I Q SR. Thenwemayreplace“WR” by “SR” (resp.“UR”)
in (i) and (ii) if the weaklimit in the CAREis replacedby a strong (resp.
uniform)limit.

In the uniform case, the requirementX P I can be removed if we allow
multiplesolutionsin (ii) ( I P K Ë E M K � E M � 1 where E QºkOf K U M ); cf. (a1).
NotealsotheimplicationsIOT � Q SR w Ë T � Q SRT � Q SR « � Q SR; (9.6)IOT � Q UR w Ë T � Q UR T � Q UR « � Q UR Z (9.7)

(d3)Wehave [� K sM P I � Kw K s � AM � 1B, and [� K sM P I � Kw K s � A � BKw M � 1B,
and

� ® x0
P Kw � ® K o´M x0 a.e.

(e) If (i) hasa solution [with S m 0], then I is [positively] J-coercive.

The conditionX P I (equivalently, X Q²k�f K U M ; cf. Lemma6.4.5(e))is not
restrictive (at least)whendimU ° ∞ or

� Q UR; cf. (d2), Lemma9.9.7(d)and
Corollary9.1.11.

All theoremsandcorollariesof thissectionarespecialcasesof Theorem9.1.7
(with furtherdetailsor simplifications). SeeSection10.2for thepositivecase.

Proof: Theequivalence(i) « (ii) « (iii ) is theonein Theorem9.9.10(d1);in
particular, (a2)holds.

(a1)-(a3),(c)Thesefollow from (a1)–(b)and(e1)&(f1) of Theorem9.9.10,
respectively.

(b) By Theorem6.7.15(a2),any q.r.c.-SOS-stabilizingK is stronglyq.r.c.-
stabilizing.

(d1) We have
� Q SR, by Proposition 6.3.1(a3),and Ë Q WR, by Lemma

6.2.5.
Setx P � ® x0, sothatucrit

P � ® x0
P K K ®%M sx a.e.,by (6.46),and K K ®%M s P Ks,

by Lemma6.6.18(d3).Therefore,ucrit
P Ksx a.e.

(TheJ-critical controlcorrespondsto x P � ® x0 � u1® τu® with u® P 0 (see
Definition9.1.4),althoughtheformulau P Ksx holdsfor arbitraryu® .)

(d2) The first claim follows from Lemma 9.11.5(e); the secondfrom
Proposition6.3.1(b1)and Lemma6.4.5(e)(the latter implies that the q.r.c.f.
parametrizationappliesin WR andSRcasestoo if wereplace“X P I ” by “X Q
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Lemma6.2.5.

(d3)This follows from Proposition6.6.18(d1).
(e) This followsfrom (Crit1) andTheorem9.9.10(e2).

v
Fromtheaboveproofwenotethefollowing facts:

Remark 9.1.8(Reduction of assumptions)

(a) We can remove the assumption in Theorem9.1.7that Σ is strongly q.r.c.-
stabilizable if weaddthis condition asan additional requirementto condi-
tion (ii) andreplace“q.r.c.-stabilizing” by“stronglyq.r.c.-stabilizing” in (i)
and(iii).

(b) Alternatively, wecanuseP-stabili[zabili]ty or P-SOS-stabili[zabili ]ty (see
Definition9.8.1)insteadof strongstabilizability (eitherin assumptions,asin
thetheorem,or in requirements,asin (a)) if wealter part (b) of thetheorem
accordingly.

Claims(a) and (b) appliesalsoTheorem9.1.10andCorollary 9.1.11;claim
(b) appliesalsoCorollaries9.1.9and9.1.12.

v
On the other hand, Theorem6.7.15 allows us often to reducefurther the

stabilizationassumption; e.g., if Σ is exponentially q.r.c.-stabilizable, then any
I/O-stabilizing(or inputstabilizing) solution is exponentially q.r.c.-stabilizing. In
the standardLQR problemfor anexponentially q.r.c.-stabilizableor estimatable
system,any nonnegative solution is a uniqueand minimizing, by Proposition
10.7.3(c3).SeeSections10.1and9.2for furthersimplifications.

Theorem9.9.1(a1)and Corollary 9.9.2 show the necessaryand sufficient
conditionsfor theexistenceof aJ-critical statefeedbackpair in termsof solutions
of Riccatiequations, withoutadditionalstability or stabilizability assumptions.

If Σ is stronglystable,thenan admissible solution K ��T ST K M of the CARE is
(strongly)r.c.-stabilizing if it is stableandstabilizing; in fact,it sufficesthat

�
is

stableand
� Qºk TIC, by Proposition 9.8.11. Thuswe get additional equivalent

conditionsin thiscase:

Corollary 9.1.9(StableΣ: SpF« « « CARE) Let Σ beWRandstrongly stable.
Then the assumptions of Theorems 9.1.7 are satisfied, and each of the

followingconditionsis equivalentto (i)–(iii) of Theorem9.1.7

(i) There is a J-critical WRstable, stabilizingstatefeedback operator K for Σ.

(ii) ThePopov operator I�h J I hasa WRspectral factorization I�h J I P � h S�
with X P I .

(iii) TheCARE(9.3)hasa stable, stabilizingsolution � P ��h .
Moreover, the solutions of (i)–(iii) solve the corresponding conditionsof

Theorem 9.1.7, and vice versa; in particular, (a)–(d) of that theorem apply,
and“stable, stabilizing” is equivalentto “q.r.c.-stabilizing” (andto “stable and
strongly r.c.-stabilizing”) in (i) and(iii). Furthermore,
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(a) If Σ is exponentially stable, then“stable, stabilizing” is equivalentto “ex-
ponentially stabilizing”, andto “I/O-stabil izing”, andto “

�
-stabilizing”.

(b) If (iii) holds,then � P � h K J � J I π H K π H>I'h J I π H,M � 1π H>I'h J M � .

Recall from Definition 6.4.4 that (ii) requiresthat
� QÊk TIC K U M and S Qk�f K U M . SeeTheorem10.6.3 for the positive case(S m 0, or equivalently,I'h J I4m 0).

Proof: BecauseΣ is stable,now astabilizingstatefeedbackpair is stableif f
it isq.r.c.-stabilizing,byLemma6.6.17(a).Therefore,(i) and(iii) areequivalent
to thoseof Theorem9.1.7,in particular, any solutions arestableandstrongly
stabilizing,by (b) of thetheorem.

Finally, (ii) is equivalent to (ii) of Theorem9.1.7,by Lemma6.4.8(b)(use
ther.c.f. I P I I

� 1).
(a) This follows from Proposition9.8.11.
(b) This follows from Theorem9.9.10(g1).

v
In Theorem9.1.7 we assumedthe existenceof a preliminary strongly sta-

bilizing feedbackpair. Assuming that this pair is regular, we have threemore
equivalentconditions,namelyconditions (i)–(iii) for thepreliminarily stabilized
system:

Theorem 9.1.10(SR stabilized Σ: r.c.f. « CARE)
Let Σ be SRand havea SRstrongly q.r.c.-stabilizing state feedback operator

K s (i.e., pair � � s � s � with F s P 0). Let Σ1� : P ~7� } � }� } � } � bethetwo top rowsof

thecorresponding SRstronglystableclosed-loopsystem.Let J P J h Q·f K Y M .
Thenthefollowingareequivalent:

(i) There is a J-critical SRq.r.c.-stabilizing statefeedback operator K for Σ.

(ii) TheI/O-map I hasa K J T�%�M -innerq.r.c.f. I P4Ë � � 1 with
�

SRandM P I .

(iii) TheCARE(9.3)hasa q.r.c.-stabilizingsolution � P �·h admitting a strong
limit in theCARE.

(i � ) TheJ-critical control for Σ1� can begivenby a SRstable, stabilizing state
feedback operator K

�
.

(ii � ) ThePopov operator I	h� J I�� hasa SRspectral factorization Izh� J I�� P � h � S���
with X

� P I .

(iii � ) TheCARE	

� 

� K h� SK
� P Ah� � � � A� � C h� JC�7T
S P D h JD � s-lim

s
 H ∞
Bhw � K s � AM � 1B Q|k�f K U M)T

K
� P � S

� 1 K Bhw � � D h JC� M Z (9.8)

(onDomK A� M for Σ1� andJ) hasa stable, stabilizingsolution � P ��h .
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(Notethat thefirstandthird equationof (9.8)aregivenonDomK A � M , andthat
A� P A � BK ss andC� P C � DK ss onHB à DomK A��M , byProposition6.6.18(d3).)

If some(henceall) of (i)–(iii � ) havea solution, thenthefollowingholds:

(a) Theabove assumptionsand conditions(i)–(iii) are stronger than thoseof
Theorem 9.1.7; in particular, (a1)–(d2) of that theorem apply for these
solutions.

In particular, the solutions are unique and correspondto each other as
in that theorem. (The corresponding claim holds also for (i � )–(iii � ), by
Corollary 9.1.9).

(b) Thesolutionsof (i) and(i � ) are connectedby Ks
P K ss � K K � M s, which holds

onHB
P HB} P HB �

(TheoperatorsKs andK ss are thestrongYosidaextensionsof K andK s w.r.t.
A, and K K � M s is thestrongYosidaextensionof K

�
w.r.t. A� . However, if one

extendsthe restriction(to DomK AM , DomK A � M or A® ) of any of thesethree
(extended)operatorsw.r.t. anyof A, A � andA® , thentheextensioncoincides
with theoriginal oneonHB.)

Thesolutionsof (ii) and(ii � ) areconnectedby
� P � s � � 1� , ËºP I � , where� s : P K I � � s M � 1, Ë s : P I � s P I�� . Thesolutionsof (iii) and(iii � ) areequal.

Recallfrom Corollary9.1.9,that “stable,stabilizing” in (iii � ) is equivalentto
“q.r.c.-stabilizing”.

Proof: Weshallagainusetheimplication
� Q SR & X Q{k�f w � � 1 Q SR

(from Proposition6.3.1(a3))andthefactthatSRis closedundercompositions.
E.g.,wenotethatΣ � is SR.

Conditions(i)–(iii) areequivalent,by Theorem9.1.7(d2);likewise, condi-
tions (i � )–(iii � ) areequivalent, by Corollary 9.1.9andTheorem9.1.7(d2). In
particular, (a) holds. Equivalence(ii) « (ii � ) follows from Lemma6.4.8(b)(by
its proof,

� P � s � � 1� ).
(a) Thiswasnotedabove.
(b) The formula

� P � s � � 1� wasnotedabove. By Theorem9.9.10(g2),
theuniquesolution of (i � ) correspondsto thesame� asthatof (i), hencealso
the solutions of (iii) and (iii � ) are identical. The rest of the third paragraph
follows from these.The first andsecondparagraphsfollow from Proposition
6.6.18(a1)&(e)&(f).

v
If, e.g.,Σ is stableand I Q MTICL1

, thenwegetfurtherequivalentconditions:

Corollary 9.1.11(MTIC Σ: r.c.f. « CARE) LetHypothesis8.4.7holdfor �¸ K U M .
LetΣ bestrongly q.r.c.-stabilizablein �¸ , i.e., let it havea stronglystabilizing state
feedback pair � � s � s � with Ë s T � s Q �¸ andq.r.c., where

� s : P K I � � s M � 1 P
I � � �rT Ë s : P I � s P I�� .

Theneach of thefollowingconditionsif equivalentto (i)–(iii) of Theorem9.1.7
aswell asto (i)–(iii � ) of Theorem9.1.10:

(ii’) I hasa K J Tw%qM -innerq.r.c.f. I P4Ë � � 1.
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(ii s � ) ThePopov operator I	h� J I�� hasa spectral factorization
� h � S� � .

(iv) I is J-coercive.

(iv � ) I � is J-coercive.

(iv s � ) ThePopov Toeplitzoperator π H>I'h� J I�� π H is invertiblein f K L2 K R H ;U M7M .
Moreover, wehavethefollowing:

(a) Theaboveequivalenceholdsevenif the“SR” (resp.“ s-lim”) in anyof (i)–
(iii � ) of Theorem9.1.10are replacedby “WR” (resp.w-lim) or by “UR”
(resp.lim).

(b) Theassumptionsof Theorems9.1.7andTheorem9.1.10aresatisfied.

Assumethatsome(henceall) of (i)–(iv � ) holds.Thenwehavethefollowing:

(c1) Thesolutions of (ii’) (resp.(ii s � )) are equal to the uniquesolution of (ii)
(resp.(ii � )) moduloa k�f K U M operator.

Consequently, we necessarilyhave IOT � T � Q ULR and
� T Ë T �O� Q �¸õ¹

ULR.

(c2) Theorem9.1.10showshowthe (unique)solutionsof theotherconditions
relateto each other.

(d) If Hypothesis8.4.8 holds for ¸ K U M , and I PîË � � 1 is a K J T SM -inner
[q.]r.c.f., thenN h JN P S, i.e., D h JD P X h SX, where

�
: P � � 1.

Moreover, any K J T�%�M -inner-right factorization of I is a K J T�%�M -inner [q.]r.c.f.

Proof: Obviously, (b) holds.By Corollary8.4.14(b3),conditions(ii’), (ii s � ),
(iv) and(iv � ) areequivalentto eachotherandto (ii)’ sof boththeorems,andthe
solutionsarenecessarilyin �¸ . By Lemma8.4.11(a1),(iv s � ) « (iv � ). Thewhole
equivalencefollows from this.

(a) This follows,becausethesolutionsarein �¸ ¹ ULR ¹ UR.
(c1)This follows from Lemma6.4.5(e)andLemma6.4.8(a).
(c2)This follows from theabove.
(d) This follows from Corollary8.4.14(b4)andLemma6.4.5(e)

v
In thestablecase,wegetstill moreequivalentconditions:

Corollary 9.1.12(StableMTIC Σ: SpF« CARE) LetHypothesis8.4.7holdfor�¸ K U M . Let Σ bestronglystable, andlet I Q �¸ .
Thenthe assumptionsof Corollaries 9.1.11and 9.1.9are satisfied,and we

havetwo moreequivalentconditions:

(ii”) I'h J I hasa spectral factorization
� h S� .

(iv’) ThePopov Toeplitzoperator π H>I'h J I π H is invertiblein f K L2 K R H ;U M7M .
(a) Assume(ii’). Then

� Q�k �¸ . If, in addition, Hypothesis8.4.8holds for¸ K U M , thenD h JD P X h SX.



416 CHAPTER9. RICCATI EQUATIONS AND J-CRITICAL CONTROL

(b) The solutions of (ii”) correspondto those of (ii’) through
� P � � 1,Ë4P I � , S P S.

SeeExample 9.8.15for anexample with X h SX NP D h JD.
Proof: Take � � s � s � P � 0 0

�
in orderto have Σ1� P Σ in Theorem

9.1.10.

v
In theclassicaltheory, oneis oftengivenjustanI/O mapandusessome(e.g.,

minimal) realizationto getaRiccatiequationfor solving theproblem.
Thiscanbedonein theinfinite-dimensionalcasetoo: if I Q TIC (resp.I Q �¸ ,

where �¸ is asabove),wecanchooseany stronglystablerealizationof I (e.g.,the
stronglystableexactly observable realization(6.11)) andapply Corollary 9.1.9
(resp.Corollary9.1.12);if, instead,I Q TIC∞ ³ TIC, wecanproceedasfollows:

Corollary 9.1.13(I/O-r esult) Let I Q TIC∞ K U T Y M havea q.r.c.f. I PÉË s � s � 1,

and let J P J h Q�f K Y M . Take a strongly stablerealization Σ � of ~ ( 0* 0 � I
�

(e.g., the

oneof Lemma6.6.29),andcloseit with theoutputfeedback L P � 0 � I
�

to obtain
anothersystem ÔêÕ � u� I� s I � � s � 1

Ö ë×
: P K Σ � M L Q WPLS; (9.9)

Then ~ � s I � � s � 1 � is strongly q.r.c.-stabilizingfor Σ : P � � �� � � .
Therefore, we can applyTheorems9.1.7and9.1.10(and Corollary 9.1.11ifË T � Q �¸ ) for therealization Σ of I in order to finda K J T�%qM -innerq.r.c.f. for I .

v
(This is obvious. Here � � �� � � andΣ referto componentsof 9.9.)
Wenow takea look at caseswheretheCARE becomessimpler.

Remark 9.1.14 TheCAREtakestheform

Ah � � � A � C h1QC1
P K Bhw � � NC1 M h K X h X M � 1 K Bhw � � NC1 M)T (9.10)

of M. Weiss and G. Weiss [WW, Theorem 12.8], if we make (someof) the
assumptions of Section2 of [WW], namelythat Y : P Y1 Ô U, J : P � Q N Y

N R

� I : P� � 1
I

�
, � : P � � 1

0

�
, where Y1 is a Hilbert space, I 1 Q TIC K U T Y1 M is the unique

TIC-extensionof “
�
” , π H>I'h J I π HJm 0, D P � 0I � Q�f K Y1 Ô U M , and

�
andSare

replacedbyS1÷ 2 � andI , respectively. In thiscase, thecostfunctiontakestheform` K x0 T uM P ï ∞

0 � Ù Q N h
N R Ú Ù y1 K t M

u K t MtÚ T Ù y1 K t M
u K t MtÚ�� dt Z (9.11)

asin [WW, equation(2.8)]; here
� y1

u � P � x0 � I u.

v
WhenC is bounded(e.g.,for finite-dimensionalH), oneoftenwritestheabove

cost function in form ` P S � xu �:T J s � xu �´U , whereJ s P �C D
� h J �C D

�
, � P � I0 � ,I P � 0I � (notethatherey P � xu � ).

In severalspecialcases,theCARE canbesimplified:
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Proposition9.1.15(Specialclassesof systems) If B is bounded(this includes
the Pritchard–Salamonclass),theneach solution of the CAREis ULR, and we
canformulate (iii) (theCARE)asfollows:

(iii’) Ah7� � � A � C h JC P K Bh7� � D h JCM-h K D h JD M � 1 K Bh7� � D h JCM , � P �bh Qf K H M , D h JD Q|kOf , andK : P K D h JD M � 1 K Bh7� � D h JCM is q.r.c.-stabilizing.

If I Q TIC K U T Y M andHypothesis9.2.2is satisfied,thenthecanformulate (iii)
(theCARE)asfollows:

(iii”) Ah7� � � A � C h JC P K Bhw � � D h JCM-h K D h JD M � 1 K Bhw � � D h JCM , � P �bh Qf K H M , � �H �µ¹ DomK Bhw M , D h JD Q|kOf , andK : P K D h JD M � 1 K Bhw � � D h JCM
is q.r.c.-stabilizing.

If Σ is strongly stableand I Q �¸ K U T Y M (resp.Σ is stronglyq.r.c.-stabilizablein�¸ ), where �¸ satisfiesHypothesis8.4.8(e.g., �¸ P MTICL1
), thenthecanformulate

(iii) (theCARE)in Corollary 9.1.12(resp.in Corollary 9.1.11)asfollows:

(iii”’) Ah � � � A � C h JC P K Bhw � � D h JCM h K D h JD M � 1 K Bhw � � D h JCM , � P�Bh Q4f K H M , D h JD QÐkOf , w-lims
 H ∞ Bhw � K s � AM � 1B P 0, and K : PK D h JD M � 1 K Bhw � � D h JCM is q.r.c.-stabilizing.

Moreover, in each of thesecases,Σext, Σd
ext, Σ ® , Σd® becomeULR andwemay

useBhs ands-lim insteadof B hw andw-lim.

(In (iii’) and(iii”), theoperatorsK is necessarilyadmissible andULR evenif
it werenotq.r.c.-stabilizing.)

In thestandardLQR (minimization)problem,we have J P I , hencethenfor
thesespecialclassestheCARE (9.11)takesthefamiliar form

Ah � � � A � C h1C1
P K Bhw �BM h Bhw � (9.12)

and the corresponding(J-critical) control is given by u K t M P Kwx K t M P� Bhw � x K t M aZ eZ ; when B is bounded,then so is K, the CARE becomesA h � �� A � C h1C1
P � BBh-� , andu P � Bh7� x, as in the finite-dimensional case. See

alsoTheorem9.2.14andCorollary9.2.15for variantsof (iii”), andalsoCorollary
10.2.3andTheorem9.9.6for boundedB.

Proof: (As notedin Remark6.9.3,a PS-systemhasa boundedB w.r.t. the
largerof thetwo statespaces.)

1­ �¸ : (iii”’) « (iii): Obviously, (iii”’) holdsif f (iii) holdsandS P D h JD.
But if (iii) holds, then I h J I P � h S� (resp. I h� J I � P � h � S� � ) is a spectral

factorizationin �¸ , by the corollary, hencethen D h JD P I h SI P S, by the
hypothesis.

2­ AssumingHypothesis9.2.2: UseTheorem9.2.9.
3­ BoundedB: This follows from 2 ­ and the fact that B hw P B with

DomK B hw M P H.

v
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Notes
Mostof thissectionwascontainedin [Mik97b], partiallyalsoin [Mik98]. See

the noteson p. 502 for earlier partial resultsfor WPLSs(mainly specialcases
of implications “(ii) w (i) w (iii )”). Many analogousresultsare well-known for
finite-dimensionalsystems(see[IOW]) andfor Pritchard–Salamonsystems(see
[Weiss97]),particularly for exponentially stablesystems(so that G out

P G exp).
Note that “Wiener–Hopf factorizations”and K J T SM -inner-outer factorizationsare
equivalentto spectralfactorizationsin thestablecase,by Lemma6.4.8.

We have definedthe CAREs only for WR systemswith WR optimal state
feedbackpairs.SeeSection9.7for “CAREs” (onDomK Acrit M insteadof DomK AM )
for arbitraryWR systems, and Remark9.12.1andDefinition 9.8.4 (the IARE)
for arbitraryWPLSs. The correspondingequivalences(for IAREs) for arbitrary
WPLSsaregivenin Theorem9.9.1andCorollary9.9.11.

In the finite-dimensional case,the theoryof algebraicRiccati equationsand
inequalitiesis very mature,andan excellentreferenceon the theoryis [LR], by
PeterLancasterand Leiba Rodman. Several aspectsof the finite-dimensional
theorystill await generalizations.
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9.2 Riccati equations when � Bu0  L1

Everythingshouldbemadeassimpleaspossible, but notsimpler.

— Albert Einstein(1879–1955)

In this section,we shall establisha simplified CARE theory for systemsof
the form studiedin Section6.8 (seeHypothesis9.2.2). For them, a uniqueJ-
critical control is alwaysof uniformly line-regular (ULR) statefeedbackform,
i.e., it correspondsto a ULR GJhh -stabilizingsolution of the CARE (we assume
thatD h JD Q<kOf K U M ). Moreover, we canremove the limit termfrom theCARE
(andhenceS P D h JD). We may, instead,requirethat B hw � QJf K U T H M (this is
not thecasefor generalCAREs);seeDefinition 9.2.6for details.As a result,for
this classwe canandwill formulatemostresultsin this book to look like their
finite-dimensional counterparts.

Main resultsof thissectionincludeTheorems9.2.9–9.2.18and9.2.3.Several
minimizationresultsfor thesesystems aregivenin Chapter10 andH∞ resultsin
Chapters11–12.

In practicalapplicationsof thetheoryof thissection,oneusesconditionssuch
asthosein Hypothesis9.2.2,but to makeroomfor futureextensionsof thetheory,
weoftenusethefollowing, weaker andmoreabstracthypothesisin our results:

Hypothesis9.2.1(Σ is smooth) ThesystemΣ Q WPLSK U T H T Y M isULR,J P J h Qf K Y M , and if there is a J-critical control for Σ over G#hh in WPLSform, then� �H �µ¹ DomK Bhw M .
(Here� is theJ-critical costoperator, it is definedin Theorem8.3.9(b1).If we

saythat “ ~-� } � }� } ��} � satisfiesHypothesis9.2.1for G hh P G exp”, we naturallymean

thatHypothesis9.2.1holdswith � � �� � � replacedby ~ � } ��}� } ��} � (alsoin thedefinition

of G exp) andBhw replacedby K Bh� M w. Naturally, the lastassumptionabove canbe
readas“either � �H �3¹ DomK Bhw M or thereis noJ-critical controlfor Σ over G½hh in
WPLSform”.)

Not even all stableULR systemssatisfy Hypothesis 9.2.1, by the counter-
examplegivenin Example9.8.15(with I P τ

� 1 Q MTIC). However, Hypothesis
9.2.1is satisfiedin thefollowing cases(andothers):

Hypothesis9.2.2 At leastoneof (1.)–(7.)holds,where

(1.) B is bounded(i.e., B QÍf K U T H M );
(2.) (Analytic � � � ) Hypotheses9.5.1and9.5.7hold;

(3.) � Bu0 Q L1 K � 0 T 1� ;H M for all u0 Q U, C Q·f K H T Y M andD h JC P 0;

(4.) � B Q L1 K � 0 T 1� ; f K U T H MjM , C QÍf K H T Y M , D h JD Q#kOf K U M ;
(5.) � Bu0 Q L2 K � 0 T 1� ;H M andCw � Bu0 Q L2 K � 0 T 1� ;Y M for all u0 Q U;

(6.) (Stable case)C Qif K H T Y M , D h JC P 0, I Q�f K U T Y M �#f K U T L1 K R H ;Y MjM£%
andtheassumptionsin (b2)or (b2’) of Theorem8.3.9hold;
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(7.) (Stable case) I Q{f K U T Y M �¬f K U T L2 K R H ;Y MjM£% and the assumptions in
(b2)or (b2’) of Theorem8.3.9hold.

As in Section 6.8, by “ � B Q L1 K � 0 T 1� T�%qM ” we mean that π ø 0 ¥ 1 e � B Q
L1 K � 0 T 1� T�%qM , etc. SeeLemma6.8.1–6.8.3for equivalentconditionsfor (1.)–(7.)
(e.g., (5.) holds if f K [I²� D M u0 Q H2 K C Hω ;Y M and K op� AM � 1Bu0 Q H2 K C Hω ;H M for
all u0 Q U andsome(henceall) ω R ωA, by Lemma6.8.1(a)&(d1)).Recallfrom
TheoremF.2.1(g),thatL p

strongK R H ; f K U T Y MjM1¹ f K U T Lp K R H ;Y MjM .
Concerning(6.) and(7.), we notethatfor G½hh P G out (resp. G sta, G str, G exp),

the assumptions in Theorem8.3.9(b2)hold if � � � � is outputstable(resp.stable,
strongly stable,exponentially stable). The convolutions in (6.) and (7.) are
explainedin Proposition6.3.4(a3)andLemmaF.2.2(d1)–(d3).

Theorem9.2.3 If Hypothesis9.2.2holds,thenHypothesis9.2.1holds(evenwith
DomK B hL ¥w M in placeof DomK B hw M ).

Note that most casesof Hypothesis9.2.2 are independentof G|hh , whereas
Hypothesis9.2.1dependson G{hh .

Moreover, wehave � Q·f K U T DomK BhL ¥ s MjM in cases(1.), (2.) and(4.); thisalso
holdsin (3.)–(7.)whenever theconditionsof Lemma9.2.8(c1)&(c2)aresatisfied,
by Theorem9.2.9(andLemma9.6.2).

Proof of Theorem 9.2.3: This follows from Lemmas9.3.2 and 9.3.4.
v

All assumptions (1.)–(7.) guaranteecertainregularity of I . Roughly, (1.)–
(5.) also require that B is boundedor � is smoothing (any of them implies
that � Bu0 Q L1 K � 0 T 1M ;H M for all u0 Q U ), and (6.) and (7.) require that Σ is
somewhat stable. Indeed,underany of (1.)–(5.), we shall use(9.56) to obtain
that � �H ��¹ DomK B hw M ; underany of (6.)–(7.),we shall use(8.36)to obtainthat� �H �Æ¹ DomK Bhw M ; from theseformulaeoneobserveswhy it is hardto weakenthe
aboveassumptionswithoutgiving up � �H �l¹ DomK B hw M (andhenceBhw-CARE’s).
SeeLemma9.3.4for details.

Any of (2.)–(7.)allowsB to behighly unboundedwhen � is highly smoothing
(e.g.,analytic),but (3.)–(5.) requireB to be boundedwhen � is nonsmoothing
(e.g.,invertible).

An alternative approachis to give up “ � �H �%¹ DomK B hw M and assumethatI Q MTIC (or thatΣ is exponentially or q.r.c.-stabilizablein MTIC), andrequire
J-coercivity to obtaina factorizationof thePopov operator. SeeSection9.1 and
Remark9.9.14for details.

In thestablecasewith dimY ° ∞, aboundedC is enoughfor Hypothesis9.2.2:

Proposition9.2.4 If C is bounded,dimY ° ∞ and u is stable, then [I4� D Q
H2 K C H ; f K U T Y MjM ; in particular, then I Q½f K U T Y M �¬f K U T L2 K R H ;Y MjM£% (cf. (7.)
above).

If C is bounded,dimY ° ∞, G½hh P G exp (resp. Gihh P G out) and there is
an exponentially (resp.q.r.c.-)stabilizing boundedstatefeedbackoperatorK Q



9.2. RICCATI EQUATIONS WHEN � Bu0 Q L1 421f K H T U M for Σ, then we can reducethe problemto the stablecase,which can
be solved by Theorem9.2.9, the above proposition, and(7.) of the hypothesis;
indeed, the solution correspondsto the original one through the formulae of
Proposition6.6.18(f),by Theorem8.4.5.

Naturally, if C P � C1
0

� Q�f K U T Y1 Ô Y2 M , thenit sufficesthatdimY1 ° ∞, since
then I 2

P D2 Q·f K U T Y2 M .
Proof: By Theorem6.2.11(c2),wehaveBh K o�� Ah)M � 1C h y0 Q H2 for all y0 Q

Y, hence[I'h K ō§Mµ� D Q H2, hence[I¬� D Q H2, henceI½� D QÍf K U T L2 K R H ;Y MjM ,
by LemmaF.3.4(d).

v
Thestandingassumption that � � �� � � Q WPLSK U T H T Y M is oftenimpliedby the

otherassumptions:

Remark 9.2.5(Sufficient conditions for (3.) or (5.)) Drop, for a moment,the
standingassumption that � � �� � � Q WPLS. Assume, instead,that � is a C0-
semigroup on H, B Q#f K U T H � 1 M , C Q|f K H1 T Y M and D Q#f K U T Y M (recall that
H1 : P DomK AM with graphnorm,andthatH � 1 : P DomK A hdMjh w.r.t. thepivotspace
H).

(a) If B Q�f K U T H M , andCw � x0 Q L2 K � 0 T 1M ;Y M for each x0 Q H, then � � �� � � Q
WPLSω K U T H T Y M for anyω R ωA, and(1.) and(5.) aresatisfied.

(b) If � B T Cw � T Cw � B Q L2 K � 0 T 1M ; f M , then � � �� � � Q WPLSω K U T H T Y M for any
ω R ωA, and(5.) is satisfied.

(c) If Bh � h Q L2 K � 0 T 1M ; f K H T U M7M , � Bu0 Q L1 K � 0 T 1M ;H M for all u0 Q U, C Qf K H T Y M , andD h JC P 0, then � � �� � � Q WPLSω K U T H T Y M for any ω R ωA,
and(3.) is satisfied.

(d) WehaveC K o)� AM � 1 T K o)� AM � 1B T [I¬� D Q H2
strong¥∞ iff (5.) holds.

Analogously, I Q f K U T Y M � f K U T L2 K R H ;Y MjM£% iff [I � D Q
H2

strongK C H ; f K U T Y MjM , byLemmaF.3.4(d).

Proof: Claims (a)–(c) follow easily from, e.g., Definition 6.1.1, Lemma
6.8.1,Lemma6.3.16(b)&(c)andduality.

By Lemma6.8.1(a)&(d1)&(e1)&(e2),claim (d) holds (and we may use
CL ¥ s in placeof Cw everywherein theproposition).

v
UnderHypothesis 9.2.1(with D h JD QJkOf K U M ), onecanreplacetheCAREby

thefollowing simplified form, asshown in Theorem9.2.9:

Definition 9.2.6(BhwBhwBhw-CARE) Let I be WR. An operator � P � h Qf K H T DomK B hw MjM is calleda solutionof theB hw-CARE if D h JD QºkOf K U M and �
satisfiesK Bhw � � D h JCM h K D h JD M � 1 K Bhw � � D h JCM P Ah � � � A � C h JC (9.13)

Wecall a solution � stabilizing (resp.ULR, ...) if K : P � K D h JD M � 1 K Bhw � � D h JCM
is stabilizing(resp.ULR,...),andwecall �ÐG exp-stabilizing iff K is exponentially
stabilizing(seeDefinition 9.8.1for other G¬hh , Σ ® , � � �+�

,
� T Ë and

�
).
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We often call K ��T ST K M a solution of the B hw-CARE, where K : P� K D h JD M � 1 K Bhw � � D h JCM , S: P D h JD. In moststandardformsof LQR andH∞

problems,we have D h JC P 0 and hencethen (9.13) reduceseven further and
K P � K D h JD M � 1Bhw � .

Theequation(9.13)is givenin Q·f K DomK AM)T DomK AMphdM , i.e., it holdsif fS
Kx0 T K D h JD M Kx1U U P S Ax0 T¯� x1U H � S � x0 T A� x1U H � SCx0 T JCx1U Y for all x0 T x1 Q DomK AM

(9.14)
(equivalently, wheneverx0 Q DomK AM)T x1

P x0, by LemmaA.3.1(g3)).
Note that the condition “ � P �¾h Q¬f K H T DomK B hw MjM ” may be replacedby

“ � P �bh Q#f K H M & � �H �,¹ DomK B hw M ” (by LemmaA.3.6). Therefore, � Qf K H T DomK B hw MjM if f � Q�f K H M and
S
r K r � AM � 1Bu0 T¯� x0U H convergesasr ¢ � ∞,

for all u0 Q U andx0 Q H. In mostcaseswe mayreplaceB hw by BhL ¥w, ofteneven
by BhL ¥ s, asnotedin Lemma9.2.8(c).

We first note that the solutions of the B hw-CARE are admissible and ULR
solutionsof theCARE:

Proposition9.2.7(B hwBhwBhw-CARE w CARE&IARE) Assumethat I is ULR andthat
D h JD Q#kOf K U M .

(a) An operator � P �gh is a solution of theB hw-CAREiff it is a solutionof the
CAREand � Q·f K H T DomK B hw MjM .

(b) Any solution of the B hw-CAREis admissible and ULR, hencea solution of
theIARE(with S: P D h JD).

(c) If theBhw-CAREhasa G½hh -stabilizingsolution, thenHypothesis9.2.1holds.

Note that the CARE only requiresthat � P �¾h Q¬f K HB T DomK B hw MjM . Ob-
viously, a solution of the CARE cannotbe a solution of the B hw-CARE when
S NP D h JD, andthiscanhappenevenif C is bounded,D h JC P 0 and IOT � Q ULR,
evenfor the G out-stabilizingsolutionasshown in Example9.13.8.

Fortunately, undertheassumptionsof Hypothesis9.2.2,the“optimizing (i.e.,G hh -stabilizing, or equivalently, J-critical) solution of the CARE is always a
solutionof theB hw-CARE too.

Proof of Proposition 9.2.7: (a) Either assumption implies that B hw � Qf K H T U M , by Lemma A.3.6. It follows that S P D h JD in the CARE, by
Proposition9.11.4(b3).The restof the equivalencefollows directly from the
definitions.(Claim(a) holdswhenever I is WR andD h JD Q#kOf K U M .)

(b) By Lemma6.3.17,K is anULR admissible statefeedbackoperator. By
Proposition9.8.10,any WR solutionof theCARE is asolution of theIARE.

(c) By (b) andTheorem9.9.1,a Gihh -stabilizingsolution � of theB hw-CARE
is theJ-critical costoperator;by assumption, � �H �µ¹ DomK B hw M . v
We usuallyhave additionalregularity for � andΣ ® . Someof this is givenin

thelemmabelow, morecanbeobservedfrom theproofsandLemmas6.8.1–6.8.4.
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Lemma 9.2.8 Let I beULR andD h JD Q#kOf K U M , andlet � bea solutionof the
Bhw-CARE.Then

(a) If C Q·f K H T Y M or D h JC P 0, thenK Q·f K H T U M .
(b1) If (5.) of Hypothesis 9.2.2 holds, then [� : P Kw K s � AM � 1B Q

H2
strongK C Hω ; f K U MjM for any ω R ω � , and K s � A®%M � 1B T ÜI�®$� D T�[� � I Q

H2
strongK C Hω ; %qM for anyω R ω � � .

(b2) If [I²� D Q H2 K C Hω ; f K U T Y MjM anddimU ° ∞, then [� : P Kw K s � AM � 1B Q
H2 K C Hα ; f K U MjM and ÜI�®\� D T [� � I Q H2 K C Hα ; %qM , for α V ω s.t. α R
max̂ ωA T ωA � _ .

(c1) If � B Q L1 K � 0 T 1M ; f K U T H MjM and C Qõf K H T Y M , or CL ¥w � B Q
L2 K � 0 T 1M ; f K U T H MjM and � B Q·f K U T H M a.e., then � Q·f K H;DomK B hL ¥ s MjM .

(c2) If � is Gihh -stabilizing andeither(6.) holdsand I Q MTICL1 K U T Y M , or (7.)
holdsand I½� D Q L2 K R H ; f K U T Y MjM£% , then � Q·f K H T DomK B hL ¥ sMjM .
Proof: (a) This followsfrom thefactthatB hw � QÍf K H T U M .
(b1)By Lemma6.3.17,wehave� � � � P � Kw � � S

� 1 K Bhw ��u τ � D h J I'M � Z (9.15)

BecauseC K s � AM � 1B T K s � AM � 1B Q H2
strong¥∞ and Bhw � is bounded,we have

Kw K s � AM � 1B Q H2
strong¥∞, hencein H2

strong¥ω for any ω R ωA, by Lemma
6.8.1(d1).

By Proposition6.3.3(b1),wehave [� � I Q H2
strong¥∞, where

�
: P K I � � M � 1.

Consequently, ýu,® τ P Üu τ [� Q H2
strong¥∞ and ÜI�® P [I [� QºfÇ� H2

strong¥∞, by
Proposition6.3.3(c).Therestfollows from thisandLemma6.8.1(a)&(d1).

(b2) (Note thatH2
strong

P H2, becausedimU ° ∞. Notealsothat (b2) cor-

respondsto assumption (7.).) Apply Lemma6.3.16(b)to � A Y T Y
B Y 0

�
, whereT : P� S

� 1Bhw � QÍf K H T U M , to obtain(sincedimU ° ∞ impliesthatweak=uniform)
that

T u τ P � S
� 1Bhw ��u τ Q H2 K C Hα ; f K U M7M)T (9.16)

becauseu is α-stable.Now theclaimon [� follows from (9.15).
Because

� Q|k TICα K U M , we have [� � I Q H2 K C Hα ; f K U MjM , by Proposition
6.3.3(b1). Because [IÊ� D Q K H2 ¼ H∞ M K C Hα ; f K U T Y MjM , we have [I#[� � D Q
H2 K C Hα ; f K U T Y MjM .

(c1)This followsasin theproofof Lemma9.3.4(seeits 2 ­ and4­ ) with Σ ®
in placeof Σcrit exceptthatin 6­ weneedto usethefactthat � is alsoasolution
of theBhw-CARE for Σ � , by Lemma9.12.3andProposition9.2.7(a).We need
to useequation(9.156),andit followsfrom Lemma9.10.1(b4)andProposition
9.2.7(b).

(c2) This wasshown in 5 ­ of the proof of Lemma9.3.4(combinedwith,
e.g.,Theorem9.2.9(i)&(iii)).

v
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Now we arereadyfor themainresult,theequivalencebetweentheexistence
of a stabilizingsolutionsof theB hw-CARE andtheexistenceof a uniqueoptimal
control:

Theorem9.2.9(BhwBhwBhw-CARE « J« J« J-critical) AssumethatS: P D h JD Q{kOf K U M and
thatHypothesis9.2.1holds.Thenthefollowing areequivalent:

(i) there is a uniqueJ-critical control over G hh K x0 M for each x0 Q H;

(ii) there is a J-critical statefeedback pair over G#hh ;
(iii) theB hw-CAREhasa G½hh -stabilizingsolution;

(iv) theCAREhasa G½hh -stabilizingsolution;

(v) theeIAREhasa Gihh -stabilizingsolution.

Assume, in addition,thatany(henceall) of (i)–(v) hasa solution.Then

(a1) Thesolutions � of (iii)–(v) are uniqueandequal,with thesameS, K and� � �+�
(modulo(9.114)for (v)) B hw � QÍf K H T U M , andthecorresponding

triple is givenby K �ÍT ST K M , whereK : P � S
� 1 K Bhw � � D h JCM .

All J-critical statefeedback pairsover G{hh aregeneratedby � EK I � E
�

(E Q#k�f K U M ).
(a2) Σ and its closed-loopsystemΣ ® correspondingto the state feedback

operator K areULR, andΣ ® hasgeneratorsÔÕ A � BKs B

C � DKs D
Ks 0

Ö×
(9.17)

(b1)Theorem8.3.9appliesto theleft columnof Σ ® .

(b2) If Gihh P G exp, thenΣ ® is exponentiallystableand,for any initial state x0

and closed-loopinput u ® , the corresponding(J-critical if u ® P 0) closed-
loopcostis givenby (cf. Figure9.1)` K x0 T � ® x0 � K � ® � I M u®%M P S x0 T¯� x0U H � S u®�T Su®CU K x0 Q H T u® Q L2 K R H ;U M7M Z

(9.18)

(c1) Assumethat (2.) or (4.) of Hypothesis9.2.2 holds (or that � B Q
L1 K � 0 T 1� ; f K U T H MjM , C QÍf K H T Y M andD h JC P 0).

Then u1® τ T�I�®zT � ®zT � Q MTICL1

ω ¹ ULR ¼ UVR, in particular, � ® B Q
L1

ω K R H ; f K U T H MjM , for anyω R ωA � .

(c2) Assumethat (1.) or (5.) of Hypothesis9.2.2 holds. Then u�® τ T�I�®º�
D T � ®zT � � I Q"!# � 1H2

strongK C Hω ; f M&¹ ULR ¼ SVR; in particular, � ® Bu0 Q
L2

ω K R H ;H M , for all ω R ωA � andu0 Q U.

(c3) If Σ satisfies(1.), (2.), (4.) or (5.) of Hypothesis9.2.2,thensodoesΣ ® .

(d1) If Gihh P G exp (or � � � � is estimatable and G{hh Q ^LG out T�G staT�G str _ ), then
ωA � ° 0.
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(d2) If ωA � ° 0 and the assumptions of (c1) or (c2) hold, then u'� τ T�I&�rT � � Q
SHPR¼ ULR.

Recallthat I Q MTICL1

ω meansthat I u P D � f % u (u Q L2
ω K R H ;U M ) for some

f Q L1
ω K R H ; f K U T Y MjM andD Q·f K U T Y M .

SeeTheorem9.9.1for furtherdetails(e.g.,for “(b2)” for G hh NP G exp). Recall
thatourcostfunctionis ` K x0 T uM : P\ï ∞

0

S
y K t M�T Jy K t M�U Y dt T (9.19)

wherey : P Cwx � Du a.e.,x : P � x0 � u τu (the latter is the strongsolution of
xs P Ax0 � Bu0).

Proof: “(iii) w (iv)” follows from Proposition9.2.7(a), “(i v) w (v)” from
Proposition9.8.10,“(v) w (ii)” from Theorem9.9.1(a1),“(ii) w (iii) $ (i)” from
Theorem9.2.3andProposition9.3.1,“(i v) w (i)” from Theorem9.9.1(f2).

(a1) By Proposition9.2.7(a), a G½hh -stabilizing solution K �ÍT ST K M of the
Bhw-CARE solves also the CARE and hence the eIARE; by Theorem
9.8.12(e)&(s2)&(s3),thereareno other G½hh -stabilizingsolutionsof theeIARE
nor of the CARE (hencenor of the Bhw-CARE). By Theorem9.9.1(f2),all J-
critical statefeedbackpairs over G hh are generatedby � EK I � E

�
(E Qk�f K U M ).

(a2)SeeProposition6.6.18(d4)for thegeneratorsof Σ ® . By Lemma9.3.2,I Q ULR. By Proposition9.2.7(b),
�

is ULR, hencesoare
�

and I	® P I � ,
by Proposition6.3.1(b2).

(b1)By (a1),
� ® x0 is J-critical for eachx0 Q H, hence(b1)holds.

(b2)This followsfrom Theorem8.3.9(a2)and(9.139).
(c1)Notefirst thatMTICL1

∞ ¹ ULR ¼ UVR, by Proposition6.3.4(a1).
1­ Case(2.): This follows from Lemma9.6.1.
2­ Cases(4.): By Lemma6.8.4(a1)(notethat(a2)wouldprovide thesharp

resultω P ωA � in somecases),we have � ® B Q L1
ω K R H ; f K U T H MjM , i.e., u1® τ Q

MTICL1

ω . BecauseK andC � DK arebounded,we have I�®zT � ®�T � Q MTICL1

ω
(recallthat

� ® P � � I ).
(c2)Notefirst that ! # � 1H2

strong ¹ ULR ¼ SVR, by Proposition6.3.3(a).
1­ Case(1.): Combine(9.17)andTheorem6.9.1(a).
2­ Case(5.): This follows from Lemma9.2.8(b1). (Also (7.) will do for

ω R max̂ ωA T ωA � _ if ω V 0 and G hh P G exp, by Lemma9.2.8(b2).)
(c3) For (1.) this is obvious. For (2.) this follows from Lemma9.6.1,for

(4.) from Lemma6.8.4(a1),andfor (5.) from (c2).
(d1)This followsfrom Theorem8.3.9(a2)&(a5)(cf. Lemma8.3.3).
(d2)TheULR propertywasestablishedin (a2).WehaveMTICL1 ¹ UHPR,

by Theorem2.6.4(f),and ! # � 1H2
strong Q SHPR, by Proposition6.3.3(a).

v
In coerciveminimizationproblems, weusuallydonothavethecheckwhether

asolutionof theCARE is stabilizing:

Theorem 9.2.10 AssumeHypothesis9.2.1.AssumealsothatJ m 0 andthatthere
is ε R 0 s.t. �C D

� h J �C D
� V ε � 0 0

0 I
�

onH1 Ô U. Then
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(a) A minimizing(seeDefinition 10.2.1)solution of theB hw-CAREis nonnega-
tive.

(b) If Gihh P G out, thenthefollowing areequivalent:

(i) There is a minimizingcontrol over G#hhLK x0 M for each x0 Q H;
(ii) There is a minimizing ULR statefeedback operator over G|hh ;
(iii) G½hhLK x0 M	NP /0 for all x0 Q H
(iv) Bhw-CAREhasa nonnegativesolution.

Moreover, if (i)–(iv) hold, thenthe smallestnonnegativesolution � of the
Bhw-CAREis the unique G out-stabilizing (and SOS-stabilizing) solution of
theBhw-CARE(andof theCARE),andstrictly minimizing over G out.

(c) Assumethat G hh P G exp. Then(i) and(ii) are equivalent,and they hold iff
theBhw-CAREhasanexponentiallystabilizing solution.

Moreover, if such a solution exists, then it is the greatestsolution of the
Bhw-CAREandstrictly minimizingover G exp.

(d) (� � � is unique) Assumethat Σ is strongly stable(resp.estimatable; e.g., C is
boundedandC h C m 0). Then G out

P G sta
P G str (resp.P G exp), hencethen

(i)–(iv) areequivalentalsofor anyof these.

Moreover, then the B hw-CAREhas at mostone nonnegative solution, and
such a solution is strongly (resp.exponentially) q.r.c.-stabilizing andstrictly
minimizing over G out, G sta and G str (resp.and G exp).

Note thatJ m 0, D h JC P 0 andD h D m 0 (or J P � Q 0
0 R

� m 0, � P � � 1
0

�
andI P � � 1

I

�
) imply thatthecoercivity conditionsof thetheoremaresatisfied.

Assumethat G out K x0 MONP /0. Then(b) and(c) show that for thestandardLQR
cost function, thereis a smallestnonnegative solutionof the B hw-CARE, and it
correspondsto the minimizing control over G out, and if thereis a minimizing
control over G exp, thenit correspondsto the greatestsolution of the B hw-CARE
(andsucha solution exists). A moredetailedtreatmentof this phenomenomis
given in Theorem3.0.5 of [Dumortier] (assumingthat B andC are bounded),
which couplesthe nonnegative solutions of the CARE with the non-observable
polesof Σ.

Proof of Theorem9.2.10: Notefirst that I is ULR, by Theorem9.2.3,and
that(10.87)holds(seetheproofof Proposition10.7.3(c2)).

(a)This followsfrom equation� P � h® J � ® (seeTheorem9.9.1(a2)&(g2)).
(b) 1­ (ii) w (i) w (ii i) w (i) w (ii)&(iv) and (iv) w (i): Directly from the

definitions we obtain that (ii) w (i) w (ii i). By (the proofs of) Proposition
10.7.3(c2)&(d),we have (iii) w (i) and any minimizing control over G out is
unique.

By Theorem9.2.9(i)&(ii)&(a1)&(a2), a unique minimizing control cor-
respondsto a G out-stabilizing ULR solution � of the B hw-CARE. Thus,
(i) w (ii)&(i v) (because� P � hcritJ � crit V 0).

Finally, assume(iv), so that thereis anadmissible nonnegative solution of
the IARE, by Proposition 9.2.7(b).Thenthereis a uniqueminimizing control
over G out K x0 M for eachx0 Q H, by Proposition10.7.3(c2)&(d),sothat(i) holds.
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2­ Let � be as in 1­ . By Proposition 10.7.3(d1), � is the smallest
nonnegativesolutionof theeIARE,henceit is thesmallestnonnegativesolution
of theBhw-CARE(andof theCARE).

(c) The equivalencefollows from Theorem9.2.9(i)&(ii)&(iii)&(a1)&(a2),
and the fact that S P D h JD V εI m 0 (which also implies that a minimizing
controlis necessarilyunique,by Theorem9.9.1(f2)).

Any exponentially stabilizing solution is the greatestsolutionof the B hw-
CARE,by Corollary9.2.11.

(d) (BoundedC with C h C m 0 impliesexponentialdetectability, by Lemma
6.6.25.)This followsfrom Proposition 10.7.3(d2)&(d3).

v
For the Bhw-CARE with S m 0, a strongly stabilizing solution thegreatestof

all (self-adjoint)solutions, not just of nonnegative ones(cf. Theorem9.8.13and
Corollary15.5.3):

Corollary 9.2.11(Greatestsolution �%H�,H�,H of the Bhw-CARE) If D h JD m 0 andthe
Bhw-CAREhasa strongly ( � � �� � � -)stabilizing solution, then this solution is the
greatestsolutionof theB hw-CARE.

v
(This follows from Proposition9.2.7(b) and Theorem9.8.13. Recall that

“greatest”is always“maximal”.)
TheexampleA P i, B P 0 P C, D P 1 P J, � Q R showsthat“strongly” is not

redundantin the above corollary; by Example9.13.12(b),“strongly” cannotbe
replacedby “weakly” (take, e.g.,B P 0 P C, � P τ, H : P L2, D P 1 P J, �Σ asin
theexample;however, “strongly” and“weakly” coincidein thefinite-dimensional
case).

G. WeissandR. Rebarber[WR97] [WR00] have posedthequestion whether
optimizability is equivalent to exponential stabilizability. We give herea positive
answerfor aspecialcase:

Theorem 9.2.12(Optimizable « « « exp.stabilizable) Assume that � Bu0 Q
L1 K � 0 T 1� ;H M for all u0 Q U. Thenthefollowingareequivalent:

(i) � � u � is optimizable;

(ii) Σ is exponentially stabilizable;

(iii) Σ hasan exponentially stabilizing boundedstatefeedback operator K Qf K H T U M ;
(iv) There is � Q·f K H T DomK Bhw MjM s.t. �+V 0 andK Bhw �BM h Bhw � P Ah � � � A � I Z (9.20)

By Lemma6.8.4,it followsthatif IOT7u τ Q MTICL1

∞ andΣ is optimizable,thenI is exponentially stabilizablein MTICL1

∞ .
Analogously, if � Bu0 Q L2 K � 0 T 1� ;H M for all u0 Q U and � � u � is optimiz-

able, � � Bu0 Q L2� ε K R H ;H M for all u0 Q U andsomeε R 0, by Lemma6.8.4(b).
In the theorem,we showed that G exp K x0 M�NP /0 for eachx0 Q H if f � � u �

is exponentially stabilizable. We note that one can analogouslyshow that Σ
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is output-stabilizable if f G{hhLK x0 MÍNP /0 for eachx0 Q H, by using substitutions� ¡¢ � �0 � TCI ¡¢ � � I � T J : P I .
Proof of Theorem 9.2.12: (iii) w (ii) w (i) w (iv) w (iii): Obviously,

(iii) w (ii) w (i). Assume(i). SetC : P � I0 � , D P � 0I � , J P I (i.e., “ I P � x
u � ,` P W x W 2 � W u W 2”). BecauseI is positively J-coercive over G exp, thereis a

uniqueJ-critical controlover G exp K x0 M for eachx0 Q H if f (i) holds,by Theo-
rem8.4.3.

But this is the caseif f (iv) holds,by Theorem9.2.9(i)&(iii ) andTheorem
9.2.10(a).Thus,(iv) « (i). Moreover, (iv) implies(iii), becausetheoperatorK
in Theorem9.2.9(a1)is G exp-stabilizing, i.e., exponentially stabilizing. Thus,
(iv) w (iii ), andequivalenceis established.

v
By combiningthe above with its dual, we observe that optimizability and

estimatability areequivalentto exponential joint stabilizability anddetectability:

Corollary 9.2.13 Assumethat � h C h y0 Q L1 K � 0 T 1� ;H M for all y0 Q Y. Then

(a) Σ is estimatable iff Σ has an exponentially detecting(bounded)output
injectionoperator % QÍf K YT H M .

(b) If, in addition, � Bu0 Q L1 K � 0 T 1� ;H M for all u0 Q U, Σ is optimizableand
estimatable, and % and K are as in (a) and Theorem9.2.12,thenK and %
areexponentially(r.c.- andl.c.-) jointly stabilizing.

(c) If � B T Cw � T Cw � B Q L1 K � 0 T 1M ; %qM , andΣ isoptimizableandestimatable, thenI hasa d.c.f. overMTICL1

exp.

Thus,if the two strongL1 assumptionsaresatisfied,thenΣ is exponentially
[jointly stabilizableand]detectableif f Σ is [optimizableand]estimatable,by (b).

NotethatHypothesis 9.5.1impliestheassumptionsof (c), by Lemma9.5.2.
Proof: (a)This is thedualof Theorem9.2.12.
(b) This follows from Lemma6.6.26.
(c) Now both closed-loopsystemsof (6.169) have their I/O maps in

MTICL1� ε K Y Ô U M for someε R 0, by Lemma6.8.4(c1)(andits dual).

v
Next we show that the invertibility of the Popov Toeplitz operator(i.e., J-

coercivity over G out) is now equivalent to theexistenceof aspectralfactorization.
We assumeΣ to beexponentially stableto guaranteethestability of thespectral
factor(this is notneededfor mostMTIC classes):

Theorem9.2.14(Popov« « « SpF)
(a) Let Σ be exponentiallystable. Assumethat (1.), (2.), (4.) or (5.) of

Hypothesis9.2.2holds,or that C P � C1
0

� Qif K H T Y1 Ô Y2 M anddimY1 ° ∞.
Thenthefollowingareequivalent:

(i) π H>I h J I π H Q+k�f K L2 K R H ;U MjM (i.e., I is J-coercive over G out( PG exp));
(i’) π H>I�h J I π H Q#k�f K L2 K R H ;U MjM andD h JD Q#kOf K U M ;
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(ii) I'h J I P � h S� for some
� Q#k TIC K U M andS Q#k�f K U M ;

(ii’) I'h J I P � h S� for some
� QJk TIC K U M andS P D h JD QJkOf K U M , andIOT � Q ULR andX P I ;

(iii) theB hw-CAREhasanexponentiallystabilizingsolution.
(iii’) theB hw-CAREhasan

�
-stabilizing solution.

(iv) theIARE(or CARE)hasan
�

-stabilizing solution.

(b) Assumethat Σ is exponentially stable and Hypothesis9.2.1 holds forG hh P G out K P G exp M .
Then(i)–(iv) are still equivalentprovidedthat I and I d are strongly half-
plane-regular or thatweassumethatD h JD Q|kOf K U M .

(c1)Conditions(i) and(ii) areequivalent(andimplythat IOT � Q ULR) if I Q �¸ .

(c2) If [I�� D Q H2
strongK C H � ε; f K U T Y MjM for someε R 0 or I Q MTICL1

, then
(i)–(ii’) areequivalent.

(c3) If I Q MTICL1
, andΣ is exponentially stable, then(i)–(iv’) are equivalent

oncewereplacetheBhw-CAREby theCARE.

(d) Assume that Σ is exponentially stable and ULR. Then
(ii) $ (iv) $ (iii’) « (iii) w (ii’) w (ii) w (i).

As oneobservesfrom theresultsof thissection,
�

sharesmostpropertiesof I .
If π H>I'h J I π HJm 0, thenwe canallow for Σ Q SOSandweakentheassumptions
asshown in Theorem10.6.3andLemma10.6.2(b)–(d)(in the indefinitecase,Σ
maybeevenstronglystablewith π H>I'h J I π H invertible andstill

� T � � 1 unstable,
by Example8.4.13).

Proof of Theorem 9.2.14: (Naturally, “
�

-stabilizing” means“s.t.
�

is
stable”(cf. Definition9.8.1).)

Notethatby (d), weonly have to prove“(i) w (iii)” in (a) and(b).
(a) 1­ Cases(2.)&(4.): Thesefollow from Lemma9.3.2andHypotheses

8.4.7and8.4.8.
2­ Case(1.): Thereis auniqueJ-critical controlover G out

P G exp, for each
x0 Q H, by Proposition8.3.10.By Theorem9.9.6(d),it followsthattheeCARE
hasan exponentially stabilizing solution with S P D h JD and [I�� D T [� � I Q
H2

strongK C Hω ; f K %LT�%qM7M .
Moreover, S QÇk�f K U M , by Lemma 9.10.3 and Lemma 8.4.11(a1). By

Theorem9.9.1(g2),we have Ë h J Ë�P S, henceI'h J I P � h S� .
3­ Case (5.): This follows from (c2), since now [Iì� D Q

H2
strongK C H � ε; f K U T Y MjM for someε R 0, by Lemma6.8.1(d1).

4­ Bounded � C1
0

�
with dimY1 ° ∞: As in the proof of Proposition 9.2.4,

onecanshow that [Iº� D Q H2 K C H � ε; f K U T Y MjM for someε R 0. Thus,alsothis
follows from (c2).

(b) 1­ D h JD QikOf K U M : If IOT-I d Q SHPRand(i) (or (ii)) holds,thenD h JD Qk�f K U M , by Lemma6.3.6(c1),hencewe may assumethat D h JD QÏkOf K U M
(sinceit is containedin theotherconditions).

2­ (i) w (iii): Assume (i). Then there is a unique J-critical control
over G out

P G exp, for eachx0 Q H, by Proposition8.3.10. By Theorem
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9.2.9(i)&(iii)&(a2), it follows that the B hw-CARE hasan exponentially stabi-
lizing solutionwith X P I , S P D h JD and IOT � Q ULR.

(c1) This follows from Hypothesis 8.4.7.
(c2) For I Q MTICL1

, this follows from Theorem8.4.9(a)&(b)
Assumethat [Iº� D Q H2

strongK C H � ε; f K U T Y MjM for someε R 0. Then [I hasa
realizationΣ � of type(1.), by Theorem6.9.1(a)&(d1),hencethenthis follows
from (a).

Remark: If also [I K ō´MjhA� D h Q H2
strongK C H � ε; f K YT U MjM , then(apply Lemma

6.3.17with R : P � S
� 1D h J andT : P � S

� 1Bhw � ; herewe referto Σ� , not to Σ)[� K ō§M h � X h P [� K ō§M h P K RK [I¬� D M � T u τ M K ō§M h (9.21)P K [I K ō§M h � D h M Rh � Bh K o)� Ah M T h Q H2
strongK C H � ε 0 ; f K YT U MjM)T (9.22)

by LemmaA.4.5(v)&(i)& (vi) (chooseε s Q K 0 T ε � s.t. � ε s R ωA � ).
(c3) By (c2), (i)–(ii’) areequivalent. Therestfollow from Corollary9.1.12

andProposition9.8.11(d1).
(d) Trivially, (iii) w (iii ’), and(ii’) w (ii). By Proposition 9.2.7(b),we have

(iii’) w (iv). By Proposition9.8.11(c)&(d),we have (iv) w (ii). By Proposition
9.2.7(b) and Proposition9.8.11(c)&(d), we have (iii) w (ii ’). By Theorem
8.4.12,wehave (ii) w (i).

v
In theunstablecase,acorrespondingresultcanbeformulatedin thefollowing

way:

Corollary 9.2.15(JJJ-coercive« « « RCF) Assumethat Σ is optimizableandestimat-
able. Assumethat(1.), (2.), (4.) or (5.) of Hypothesis9.2.2holds(or thatHypoth-
esis9.2.1holdsandD h JD Q#kOf ). Thenthefollowingareequivalent:

(i) I is J-coerciveover G out K P G exp M ;
(ii) I hasa K J T�%qM -innerq.r.c.f. I P4Ë �É� 1;

(iii) theB hw-CAREhasanexponentially stabilizing solution.

(iii’) theB hw-CAREhasan I/O-stabilizingsolution.

Let K correspondto (iii). ThenK is ULR, J-critical over G out
P G exp and

exponentiallystabilizing, and Ë�P I�® and
� P � ® � I .

In particular, then Ë and
�

areexponentiallystable, IOT � T Ë T � Q ULR (here�
: P � � 1), M P I P X andS P D h JD.

(Notethat
� T Ë Q H2

strongK C H � ε; f M for someε R 0 in cases(1.) and(5.).)
Cf. Corollary8.4.14andTheorem9.9.10.

Proof: Recallfrom Lemma8.3.3that G out
P G exp. By Theorem6.7.15(c1),

we may replace “I/O-stabilizing” by “exponentially stabilizing”, “input-
stabilizing” or “output-stabilizing” in (iii’).

1­ (ii) w (i): This followsfrom Corollary8.4.14(b1).
2­ (iii) w (ii ): This follows from Theorem9.9.10(d2).
3­ (iii) « (iii ’): By Theorem6.7.15(c1),“I/O-stabilizing” is equivalent to

“exponentially q.r.c.-stabilizing”.
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4­ (i) w D h JD Q|kOf K U M : Assume(i) andany of (1.), (2.), (4.) and(5.). By
Lemma9.3.2, � Bu0 Q L1 K � 0 T 1� ;H M for all u0 Q U . By Theorem9.2.12,Σ hasa
boundedexponentially stabilizingstatefeedbackoperatorK s Q·f K U T H M .

By Lemma9.3.3,also ~7� } ��}� } ��} � (correspondingto K s ) satisfies(1.), (2.), (4.)

or (5.). By Theorem8.4.5(g1), I'� is J-coercive over G Σ }
out, so that Theorem

9.2.14(a)(ii’)holds;in particularD h JD P D h� JD � Q|k�f K U M .
5­ (i) w (iii): Assume(i), sothatD h JD QJkOf K U M , by 4­ (or by assumption).

By Theorem8.4.3, thereis a uniqueJ-critical control over G exp. Therefore,
(iii) holds,by Theorem9.2.9(iii),

5­ Therestfollowseasilyfrom Theorem9.2.9.
6­ Remark: In addition to (1.), (2.), (4.) or (5.) and optimizability,

estimatability, assumethat (ii) holds and that Σ is also input-detectable(by
Corollary9.2.13,thelatterholdsin case(2.)).

Then Σ is exponentially detectable,by the dual of Theorem6.7.15(c1).
Therefore,I&� and

� � � I arepart of an exponential d.c.f., by Lemma6.6.26,
henceso are Ë P I&�'& and

� P K � � � I M(& , by Lemma 6.5.9(d), where�� h S�� P I'h� J I�� as in Theorem9.2.14(a)(ii)and & : P �� � 1 Q$k TIC. In par-
ticular, then I PÏË � � 1 is a (exponential)r.c.f. (We do not know whetherthe
q.r.c.f. hasto bea r.c.f. in general.)

v
Wecannow show thatfor G exp (assumingthatD h JD Q#kOf K U M ), J-coercivity

is equivalentto theexistenceof auniqueoptimal control:

Theorem 9.2.16( G expG expG exp: Unique optimum « BhwBhwBhw-CARE « J-coercive) Assume
Hypothesis9.2.1 for G{hh P G exp, and that D h JD QÊkOf K U M . Then conditions
(i)–(iii) areequivalent.

(i) There is a uniqueJ-critical control over G exp K x0 M for each x0 Q H.

(ii) TheBhw-CAREhasanexponentially stabilizingsolution.

(iii) I is J-coerciveover G exp, andΣ is exponentiallystabilizable.

v
(Theproofof Theorem14.2.7appliesmutatis mutandis.)
The assumption D h JD QnkOf K U M is not superfluousneither redundantin

general(in (i); probablyneitherin (iii)), by, e.g.,Example9.13.3. However, in
(iii) it is oftenredundant:

Lemma 9.2.17( G exp : JG exp : JG exp : J-coercive wyx K D h JD M � 1w¶x K D h JD M � 1wyx K D h JD M � 1) Assumethat 1. I is ULR [or
SLR] and that � B Q L1 K � 0 T 1M ; f K U T H MjM , (this is the caseif (1.), (2.) or (4.)
of Hypothesis9.2.2holds),or 2. K op� AM � 1B T C K op� AM � 1B T K op� AhdM � 1C hpT Bhw K op�
Ah)M � 1C h Q H2

strong¥∞ [or 3. that � Bu0 Q L2 K � 0 T 1M ;H M for all u0 Q U].
If Σ is optimizable and I is [positively] J-coercive over G exp, thenD h JD Qk�f K U M [ m 0].

SeeCorollary9.2.19for the“converse”(whereD h JD Q|kOf K U M is equivalent
to J-coercivity whenthereis aJ-critical control).

Proof: (Set G�hh P : G exp.)
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1­ Case1. ( I Q ULR etc.): By Theorem9.2.12(iii), Σ hasa bounded
exponentially stabilizing K Qºf K H T U M . As noted in the proof of Lemma
6.8.4(d),wehave u � τ T � Q UHPR ¼ TIC, henceI � P I � Q ULR ¼ TIC.

But I�� is J-coercive, by Theorem8.4.5(d),henceD h� JD � QÊk�f K U M , by
Lemma6.3.6(d1).SinceD P D � , wehaveD h JD Q|kOf K U M .

2­ Case2.: (Note that “2.” holdsif f Σ andΣd satisfy(5.) of Hypothesis
9.2.2,by Lemma6.8.1(a)&(d1).)

By Theorem9.2.12(iii), Σ has a boundedexponentially stabilizing K Qf K H T U M ; choosesomeω Q K ωA} T 0M . By Lemma 6.8.4(b)&(c3), we haveu1� τ T � �rT�I��A� D Q H2
strongK C Hω ; f K U T�%qMjM (since

� � P K u,� τ). Since � d� P � d �� d® τ I d, we haveý� d� τ P ý� dτ � ý� d® τ ÜI d Q H2
strong¥∞ � H∞

strong¥∞H2
strong¥∞ ¹ H2

strong¥∞ Z (9.23)

By Lemma 6.8.1(a)&(d1) (applied to Σd), it follows that ý� d� τ T ÜI d� ¹
H2

strongK C Hω ; f K YT�%qMjM . But H2
strongK C Hω ; f K YT�%qMjM1¹ ULR ¼ SHPR, by Proposition

6.3.3(a).Weconcludethattheassumptionsof Lemma6.3.6(d1)aresatisfiedby
Σ � , henceD h JD Q#kOf K U M (asin 1­ ).

3­ Positive case: (Note that here we have allowed also assumption 3.)
Replace“ULR” by “SLR” , “UHPR” by “SHPR” and“(d1)” by “(d2)” in 1­ .v
Wefinish thissectionby presentingtwo “generalizations”of Theorem9.2.16,

basedon B hw-CARE theory, which allow oneto useweaker assumptions thanin
theaboveresults,at thecostof having to usetheCARE insteadof theB hw-CARE:

Theorem9.2.18( G expG expG exp: J-coercive w CARE) Assume that � B Q
L1 K � 0 T 1M ; f K U T H MjM�T Cw � Q L1 K � 0 T 1M ; f K H T Y MjM andCw � B Q L1 K � 0 T 1M ; f K U T Y MjM ,
andthat I is J-coerciveover G exp. Thenthefollowingareequivalent:

(i) there is a J-critical control over G exp K x0 M for each x0 Q H;

(ii) there is a [unique] exponentially stabilizing solution K ��T ST K M of theCARE;

(iii) � � u � is optimizable.

If K ��T ST K M is asin (ii), thenK is ULR andJ-critical over G exp, S P D h JD Qk�f K U M , u τ T�I�T � Q MTICL1

∞ and u1® τ T Ë T � Q MTICL1

ω ¹ UHPR for someω ° 0.

Recallfrom Lemma8.3.3thatif Σ is estimatable,thenJ-coercivity over G exp

is equivalentto J-coercivity over G out, andthatthen(i)–(iii) becomeequivalentto
theexistenceof a (unique)J-critical controlover G str (or G out or G sta or G exp).

If I is positively J-coercive over G exp, then“J-critical” becomesequivalent
to “minimizing”, by Lemma10.2.2.

Proof: We note first that Cw � B Q L1
ω K R H ; f K U T Y MjM for any ω R ωA, by

Lemma6.8.3(c),henceI Q MTICL1

∞ K U T Y M1¹ ULR, by Lemma6.8.1(e1).
1­ (ii) w (i) w (ii i): Trivially, we have (i) w (iii). If K ��T ST K M solves(ii), then

K is J-critical, by Theorem9.8.5,hence(ii) implies(i).
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2­ (iii) w (ii): Assume (iii). By Theorem9.2.12(iii), Σ has a bounded

exponentially stabilizingstatefeedbackoperator �K Q�f K H T U M . Let ~ �� �� �
andΣ � be correspondingstatefeedbackpair andclosed-loopsystem,so that
ωA} ° 0 andD � P D.

By Lemma 6.8.4(c1)&(a1),we have u1� τ T�I��rT �� Q MTICL1

ω for all ω R
ωA} , where �� : P �� � 1 Q�k MTICL1

∞ K U M , �� : P I � �� . Thus, (ii) follows from
Proposition9.9.5.

3­ Therest: By Proposition9.9.5(see2 ­ ), thesolution of (ii) is unique,K
is J-critical over G exp, andS P D h JD Q#kOf K U M .

By Theorem8.4.9,we have
� � Q²k MTICL1

ω for someω Q K ωA} T 0M (sinceI�� Q MTICL1

ω for any such ω), where
� h � S��� P I'h� J I�� (cf. the proof of

Proposition9.9.5);fix suchanω.

Then, u,® τ T�I&®zT � Q MTICL1

ω (since they are equal tou,� τ � � 1� T�I&� � � 1� T ���� � 1� ), hence
� T � Q MTICL1

∞ ¹ ULR; in particular, K is
ULR.

v
By strengtheningtheassumption on u τ, wecanshow thatJ-coercivity is also

necessarywhenD h JD is invertible:

Corollary 9.2.19( G expG expG exp: Unique optimum « CARE « J-coercive) Assume
that � B Q L2 K � 0 T 1M ; f K U T H MjM)T Cw � Q L1 K � 0 T 1M ; f K H T Y MjM , Cw � B Q
L1 K � 0 T 1M ; f K U T Y MjM . Thenthefollowingareequivalent:

(i) there is a [unique] J-critical control over G exp K x0 M for each x0 Q H, and
D h JD Q#kOf K U M ;

(ii) there is a [unique] exponentially stabilizing solution K ��T ST K M of theCARE;

(iii) � � u � is optimizableand I is J-coerciveover G exp.

Anysolution of (ii) is asin Theorem9.2.18.

Notethatany solutionof (i) or (ii) areunique.SeeCorollary10.2.10for case
D h JD m 0.

Proof: Set Gihh P G exp. By Theorem9.2.18,we have(iii) w (ii).
1­ (ii) w (i): Assume(ii). ThenK is J-critical, by Theorem9.8.5,and I

is J-coercive, by Proposition9.9.12(b). By Lemma9.2.17,we have D h JD Qk�f K U M . Thus,(i) holds.
2­ (i) w (iii): Assume (i). Then G exp K x0 MÍNP ^ 0 _ for eachx0 Q H, i.e.,� � u � is optimizable. By Lemma9.3.7(4), thereis at most one (hence

exactly one) J-critical control for Σ over G exp K x0 M for each x0 Q H. By
Proposition9.9.12(c)(3.),I is J-coercive,hence(iii) holds.

3­ If sometriple K ��T ST K M solves (ii), then the assumptions of Theorem
9.2.18aresatisfied(since(ii) implies(iii), by theabove), henceits conclusions
hold.

v
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Notesfor Sections9.2and 9.3
In the caseof boundedB andC, the Riccati equationtheory for WPLSsis

ratherwell-known (see,e.g.,[CZ]). For Pritchard–Salamonsystems(which area
specialcaseof Hypothesis9.2.2(1.)),many of theresultsof thissectionareknown
(see,e.g.,[Keu] and[Weiss97]). Seealsothe noteson pp. 465 and520. In the
generalityof thesetwo sections,our resultsseemto benew.

Seethenotesonp.418for Theorem9.2.14andCorollary9.2.15,andthenotes
onp. 853for Corollary9.2.11.Mostof Proposition9.2.4is containedin [Sal89].
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9.3 Proofsfor Section9.2

A witty sayingprovesnothing.

— Voltaire(1694–1778)

Now we shallshow that,underHypothesis 9.2.1,a J-critical controlover G|hh
in WPLSform (if any) is necessarilyof statefeedbackform:

Proposition9.3.1(Case� QÍf K H T DomK B hw MjM� Q·f K H T DomK Bhw MjM� QÍf K H T DomK Bhw MjM ) LetΣcrit Q WPLSK ^ 0 _tT H T Y M bea
J-critical control for Σ in WPLSform. Assumethat I is ULRandD h JD QikOf K U M ,
andthat � �H �µ¹ DomK B hw M .

Then� Q·f K H T DomK Bhw MjM , � satisfiestheB hw-CARE,and

K : P � K D h JD M � 1 K Bhw � � D h JCM (9.24)

is theuniqueULR J-critical statefeedback operator for Σ.

Thus,thenΣcrit is of statefeedbackform.
Proof: SetS: P D h JD.
1­ Bhw � Q²f K H T U M : By Lemma A.3.6, � Q²f K H T DomK B hL ¥w MjM , hence

Bhw � Q·f K H T U M , becauseBhw QÍf K DomK B hw M)T U M , by Proposition6.2.8(b1).
2­ K is ULR andadmissible: By 1 ­ , we have K : P � S

� 1 K Bhw � � D h JCM Qf K H1 T U M . By Lemma6.3.17,K is anULR admissible statefeedbackoperator
for Σ,

3­ K is J-critical and unique: Obviously, Kw
P � S

� 1 K Bhw � � D h JCw M Qf K DomK Cw M)T U M . By regularity, HB ¹c DomK Cw M . Therefore,Kw
P Kcrit on

DomK Acrit M , by (9.66). By Lemma8.3.17(b),it follows that � Σcrit % � is
the correspondingclosed-loopsystem; in particular, K is J-critical. From
Lemma8.3.17(b)we alsoobtain that Kw is the uniqueJ-critical compatible
statefeedbackoperator.

4­ � is a solution of the B hw-CARE: By 3­ and Corollary 9.9.2, � is aGihh -stabilizing solution of theCARE, henceof theB hw-CARE, by Proposition
9.2.7(a),

5­ Remark:CaseS: P D h JD ÎQ#kOf K U M ? If Sh S m 0 onKerK SM*) (this is the
casewheneverdimU ° ∞), thentheaboveprocedureproducesanULR (hence
admissible)K s.t.SKw

P SKcrit onDomK Acrit M (set,e.g.,K2 : P K a Kerc Se : P 0).

However, wewould in generalhaveDomK A ®%M�NP DomK Acrit M , (it is notclear
whetherwe couldevenfind a new definition for K2 s.t.K wereadmissible (it
is for any boundedK2) andK2

P K Kcrit M 2 on DomK Acrit M ). Consequently, we
shouldsomehow provethattheWPLSΣ ® is still GJhh -stabilizingandthat(9.65)
holds(alternatively, we could moredirectly verify the equationsof Theorem
9.7.1).

v
Welist heresomebasicconsequencesof Hypothesis9.2.2:

Lemma 9.3.2 AssumeHypothesis9.2.2.Then I is ULR andSVR;in cases(1.)–
(5.) wealsohave � Bu0 Q L1 K � 0 T 1� ;H M for all u0 Q U, hencethenalso u τ is ULR
andSVR.
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If Σ is exponentially stable, then I is strongly half-plane-regular except
possiblyin case(7.), I Q MTICL1

ω for someω ° 0 in cases(2.) and (4.). andI Q MTICL1

ω for someω ° 0 in cases(1.)–(5.).

Proof: (The claim on u τ follows from Lemma 6.3.16(c) and Lemma
6.8.1(e1).)

For (5.) and (7.), this follows from Proposition6.3.3(a) and Lemma
6.8.1(d1);for (1.), from Lemma6.3.16(b);for (2.), from Lemma9.5.2.

In case(3.), (4.) or (6.), I is ULR, by Lemma6.3.16(c),andSVR (and
SHPR if Σ is exponentially stable, by Lemma 6.8.1(d1)), by Proposition
6.3.4(a3)or Lemma6.8.1(a).

v
Mostclassesareclosedw.r.t. boundedstatefeedback:

Lemma 9.3.3 If(f) Σ satisfies (1.), (2.), (4.) or (5.) of Hypothesis9.2.2, then

the closed-loopsystem ~ � } �9}� } �q} � correspondingto any boundedstate feedback

operator (K QÍf K H T U M ) satisfiesthesamecondition.

v
(This followsfrom Lemma6.8.4(a1)&(c3)andLemma9.5.4.)
Now weestablishthesufficiency of Hypothesis9.2.2:

Lemma 9.3.4 Let Σcrit bea J-critical control for Σ in WPLSform. Assumethat
Hypothesis9.2.2holds.Then� QÍf K H T DomK B hL ¥w MjM1¹ f K H T DomK B hw MjM .

Thus,Proposition9.3.1appliesif, in addition, D h JD Q|kOf K U M .
Thekey to thetheorybehindSection9.2 is themethodusedin 1 ­ –2­ below:

Proof: In case(1.) we have DomK BhdM P H, hencethen trivially � Qf K H T DomK B hdMjM (and Bh P Bhw P BhL ¥ s). For case(2.), this will be shown in
Lemma9.6.2.For theothers,wegoonasfollows:

Let x0 Q H bearbitrary. Choosesomet R 0. We shall use(9.56)to show
that � x0 Q DomK BL ¥w M .

1­ We have � t h � � t
critx0 Q DomK BL ¥ sM%¹ DomK BL ¥w M in cases(1.)–(5.): By

Lemma 6.8.1(b2)&(b1),we have � t h Qºf K H T DomK B hL ¥ sMjM . Therefore,(set
z0 : P � � t

critx0)

1
r

Bh ï r

0 K � q M h � t h z0dq P 1
r

BhL ¥ s� t h ï r

0 K � q M h z0dq ¢ BhL ¥ s� t h z0 T (9.25)

by continuity. Thus, � t h � � t
critx0 Q DomK BL ¥ sM�¹ DomK BL ¥w M , by Proposition

6.2.8(c1)&(c4)&(d).
2­ Assume(3.): Set f : P JC� critx0 Q ô K R H ;Y M , F : P C� Bu0 Q L1

loc K R H ;Y M ,
sothat I χ ø � r ¥ 0e u0

P F % χ ø � r ¥ 0e P ð r
0 τF dm, by Lemma6.8.1(f).Then

1
r

S u χ ø � r ¥ 0e u0 T � t h J � t
critx0U H P 1

r

S u χ ø � r ¥ 0e u0 T � h π ø 0 ¥ t e f U H (9.26)P 1
r

S � u χ ø � r ¥ 0e u0 T π ø 0 ¥ t e f U Y P 1
r
ï t

0

S ï r

0 K τsF M K qM dq T f K sM�U Y ds (9.27)P 1
r
ï r

0

ï t

0

S K τqF M K sM)T f K sM�U Y dsdq P 1
r
ï r

0

S
τqF T π ø0 ¥ t e f K sM�U L2 dq (9.28)¢ S

F T π ø 0 ¥ t e f K sM�U L2 T (9.29)
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asr ¢ 0� , by continuity, becauseπ ø 0 ¥ t e τqF ¢ π ø 0 ¥ t e F in L1, asq ¢ 0� , and
π ø 0 ¥ t e f Q ô�¹ L∞ K � 0 T t M ;Y M (hencethe last integrandin (9.28) is continuousin
q). (Obviously, theuseof theFubini Theoremin thebeginning of (9.28)was
justified.)

BecauseK u d Mjh χ ø 0 ¥ r e u0
P u χ ø � r ¥ 0e u0, and u0 Q U was arbitrary, it follows

from Proposition6.2.8(c2) that � t h J � t
critx0 Q DomK B hL ¥w M ( Q DomK B hL ¥ sM if� B Q L1

loc K R H ; f K U T H MjM (e.g.,if (4.) holds),becausethenπ ø 0 ¥ t e τqF ¢ π ø 0 ¥ t e F
in L1 independently of u0 (aslongas W u0 W U   1)).

Combine this with 1 ­ to observe that � x0 Q DomK B hL ¥w M (even � x0 Q
DomK B hL ¥ sM if � B Q L1

loc K R H ; f K U T H MjM ), by (9.56).
3­ Assume(4.): With the additionalassumption that D h JC P 0, this is

containedin case(3.). In 6­ , weshallremove thisassumption.
4­ Assume(5.): We canwork as in case(3.), except that we have to set

f : P J � critx0 Q L2
loc K R H ;Y M , but we have F : P CL ¥ s� Bu0 Q L2

loc K R H ;Y M . Now
π ø 0 ¥ t e τqF ¢ π ø 0 ¥ t e F in L2, so we againget a convergenceas r ¢ 0� , by the
HölderInequality.

Thus,weagainhave � x0 Q DomK B hL ¥w M (even � x0 Q DomK B hL ¥ sM if CL ¥ s� B Q
L2

loc K R H ; f K U T Y MjM , asin 2­ ).
5­ Assume(6.) or (7.) Now � is stableand � P � h J � crit, by Theorem

8.3.9(b2),sothatwemaytaket P � ∞ andskip1 ­ . In (6.),wehave f Q ô b ¹ L∞

(by Theorem8.3.9(a2)&(a3))andwe maywork asin 2 ­ (andreplaceBhL ¥w by

BhL ¥ s if Ii� D Q L1 K R H ; f K U T Y MjM£% , i.e., if I Q MTICL1 K U T Y M ). In (7.),wehave

f : P J � critx0 Q L2 K R H ;Y M , F Q L2 K R H ;Y M , and we may work as in 4­ (and
replaceBhL ¥w by BhL ¥ s if I½� D Q L2 K R H ; f K U T Y MjM£% ).

(N.B. Wecouldreplacetheassumptionsof Theorem8.3.9(b2)&(b2’) in (6.)
and(7.) by theslightly weaker assumptionsthat � is stableand � P � h J � crit

for any J-critical controlin WPLSform, sincethatassumption is neverusedfor
anythingelsein thismonograph.)

6­ Case(4.) whenD h JC NP 0: SetK s : P � S
� 1D h JC Q�f K H T U M , andlet Σ �

be the correspondingclosed-loopsystemas in Lemma6.8.4. Thenboth (3.)
and(4.) of Hypothesis9.2.2aresatisfiedwith Σ � in placeof Σ, becauseD � P D
andC� P C � DK s QÍf K H T Y M , henceD h JC� P D h J K C � DK s M P 0.

By Theorem8.4.5(f)&(b), there is a J-critical control over G γ ¥ Σ }ø £ } ¤ } � in
WPLS form for Σ � (andStandingHypothesis9.0.1 is obviously satisfiedfor
Σ � , J and �´¦O�E¨�� � too).

Thus,we obtaina J-critical statefeedbackoperatorK
�

for ~7� } ��}� } ��} � overG γ ¥ Σ }ø £ } ¤ } � from case(3.) of this lemmaandProposition 9.3.1(which is already

known to hold in case(3.)), andthenK : P K s � K
� Q�f K H T U M is J-critical for

Σ, by Theorem8.4.5(f)&(b)andProposition6.6.18(f).
Because� P � h® J � ® is thesamefor bothsystems,� �H �µ¹ DomKjK B ��MjhL ¥ s M ,

and BhL ¥ s P K B� MjhL ¥ s (with samedomains),by Proposition6.6.18(c6)(since�� : P I � K s u τ P I � K s � B % Q MTIC∞), wehave � �H �µ¹ DomK BhL ¥ s M . v
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Onemightbetemptedto try to remove the K o)� AM � 1B Q H2
strong¥∞ assumption

from (5.) in case Gihh P G out by replacingΣ by a suitablerealizationof I .
However, if we choose,e.g.,the shift realization(6.11),andω is big enoughto
allow that u u : P π H>I π � u Q H : P L2

ω K R H ;U M for eachu Q L2
α (for someα Q R),

thenwe dono longerknow whether G out K x0 M	NP /0 for eachx0 Q H (unlessω ° 0,
in which casethis reducesto (7.)). In general,if we weaken WAo�W H enoughto getW Bu0 W H ° ∞ (or � t Bu0 Q H for somet P tu0) for all u0 Q U , theclosureof B

�
U �

(or RanK u%M ) in H grows,andwedonolongerknow whetherG out K x0 M&NP /0 for each
x0 Q H.

In caseGihh P G exp, sucha removal seemsevenharder. Analogous problems
are faced when one tries to weaken (3.) to the assumption that IÇ� D Qf K U T L1

ω K R H ;Y MjM£% , C QÍf K H T Y M andD h JC P 0.
Next weshow how aB hw-CARE canbereducedto astabilizedone:

Proposition9.3.5(ΣΣΣ-BhwBhwBhw-CARE +P Σ �+P Σ �+P Σ � -BhwBhwBhw-CARE) Let K s beanULR statefeed-

back operator for Σ. Thenthesolutions K � � T S� T K � M of theB hw-CAREfor ~ � } �9}� } ��} �
correspondto thesolutions K ��T ST K M of theB hw-CAREfor Σ through

K P K s � K
� T S P S

� T·� P � � Z (9.30)

LetK s and K �ÍT ST K M beasaboveandK
� P K � K s . Then

(a) Thetwo top rows( ~-� � � �� � � � � ) of thecorresponding closed-loopsystemsare

equal,andLemma6.7.11(a’)andLemma9.12.3(a)–(d2)apply.

(b) If K s is [q.]r.c.-SOS-stabilizing, thenK is [q.]r.c.-SOS-stabilizing for Σ iff
K
�
is q.r.c.-SOS-stabilizing(equivalently, stableandr.c.-SOS-stabilizing) for~ � } ��}� } ��} � .

Proof: This follows from Proposition9.12.4:
0­ Let � � s � s � bethepair generatedby K s , � s : P K I � � s M � 1 Q#k TIC∞,

so that
� s Q�k ULR. Then I is ULR iff I&� : P I � s is ULR, and D h JD P

D h� JD � ; in particulartheB hw-CAREsarewell-defined(if eitheris).
1­ Let K ��T ST K M be a solution of the B hw-CARE for Σ. Then K ��T ST K � M is

a solutionof theCARE for ~ � } ��}� } ��} � , Proposition9.12.4. But DomKjK B h� M w M P
DomK B hw M , by Proposition6.6.18(c5),hence K ��T ST K � M is a solution of theB hw-
CARE too,by Proposition9.2.7(a).

2­ Conversely, by Proposition9.12.4,all solutions of theB hw-CARE for Σ �
areof this form.

3­ Exchangetherolesof Σ andΣ � for theconverse.
(a)&(b) Thesefollow from Lemma9.12.3.

v
Also Hypothesis 9.2.1canbereducedto thestablecase:

Lemma 9.3.6
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(a) AssumethatΣ hasanexponentiallystabilizing ULRstatefeedback operator

K s , ~ � } ��}� } ��} � satisfiesHypothesis9.2.1for G Σ }
exp, andD h JD Q|kOf K U M . Then

Σ satisfiesHypothesis9.2.1for G exp.

(b) Part (a) alsoholdswith thereplacementsof Theorem8.4.5(f).

In particular, thentheB hw-CAREfor Σ hasanexponentially stabilizingsolution

if f theBhw-CAREfor ~7� } � }� } � } � does(with same� , whereasK P K s � K
�
, whereK

�
correspondsto ~7� } ��}� } ��} � andK s is thepreliminarystatefeedbackoperator).

Proof: (a) SinceK s andthecorrespondingclosed-loopsystem ~7� } ��}� } ��} � are

ULR, by theassumption,Σ is ULR.
By Theorem8.4.5(c4), � (if any) is commonfor G exp and G Σ }

exp. But
DomKjK B h� M w M P DomK B hw M , by Proposition6.6.18(c5),hencealso Σ satisfies
Hypothesis 9.2.1for G exp.

(b) This followsasin 1 ­ . v
The operatorD h JD does not necessarilycontain any information on the

signaturepropertiesof a problem (seeExample9.13.7), but under sufficient
regularity it does:

Lemma 9.3.7( x K D h JD M � 1 w Jx K D h JD M � 1 w Jx K D h JD M � 1 w J-critical control is unique) If any of (1+)–(4)
holdsand D h JD QºkOf K U M , thenthere is at mostoneJ-critical control for each
x0 Q H.

(1+) J V 0 and I Q UR.

(2+) ` V 0, I Q MTIC∞ andD h JD m 0.

(3) Σ Q SOS, I Q MTIC∞, � B Q L2 K � 0 T 1M ; f K U T H MjM and G½hh P G out.

(4) I Q MTIC∞, � B Q L2 K � 0 T 1M ; f K U T H MjM , Σ is optimizableand G#hh P G exp.

Proof: Assume thatu Q GJhhLK 0MÆ³&^ 0 _ . We shallbelow constructv Q GJhhLK 0M
(the constructiondependson the additionalassumption; in (1+) and(2+) we
shalltake v P u) s.t.

S I v T J I uU%NP 0. Sincethis shows thatu is notJ-critical (by
definition), it follows 0 is theuniqueJ-critical control for x0

P 0. By Lemma
8.3.8, it follows that there is at most one J-critical control for any x0 Q H.
W.l.o.g.,we assumethat

T : P inf ^ t V 0 �� W π ø 0 ¥ t e u W 2 P 0 _ P 0 T i.e., W π ø 0 ¥ t e u W 2 R 0 for all t R 0 Z (9.31)

(by Lemma 9.7.9, τTu P π H τTu Q GihhLK 0M , and τTu is J-critical (sinceS I τTu T J I η U P S I u T J I τ
� TηU P 0 for all η Q Gihh K 0M ), henceu canbereplaced

by τTu (andlaterv by τ
� Tv) to satisfy(9.31)).

(1+)Chooseε R 0 s.t.D h JD m ε2I . Then W J1÷ 2Du0 W1V ε W u0 W for all u0 Q U .
Chooseω R 0 s.t. W J1÷ 2 [I K sMt� J1÷ 2D W À ° ε Î 2 for all s Q C Hω . Chooses Q C Hω s.t.[u K sM1NP 0. Then W J1÷ 2 [I K sM [u K sM9W Y R ε W [u K sM9W3� ε W [u K sM9WrÎ 2 R 0,henceJ1÷ 2 I u NP 0,
hence0 ° W J1÷ 2 I u W 22 P S I u T J I uU .
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(2+) Set ε : P W K D h JD M � 1÷ 2 W � 1 R 0, so that
S
u0 T D h JDu0U PW K D h JD M 1÷ 2u0 W 2U V ε2 W u0 W 2U for all u0 Q U . By Theorem2.6.4(i1), there

is t R 0 s.t. W π ø 0 ¥ t e K I h π ø 0 ¥ t e J I½� D h JD M π ø 0 ¥ t e W ° ε2

2 Z (9.32)

Consequently,S I t u T J I t uUCV S Du T π ø 0 ¥ t e JDuUq� ε2

2
W π ø 0 ¥ t e u W 22 V ε2 W π ø 0 ¥ t e u W 22 � ε2

2
W π ø 0 ¥ t e u W 22 R 0 Z

(9.33)

Thus,
S I u T J I uU P S I t u T J I t uU � ` K u t u T π H τtuM	V S I t u T J I t uU%R 0, by (8.52),

henceu is notJ-critical.
(3) Setε : P W K D h JD M � 1 W � 1 R 0, M : P W D h JD W , M s : P W�I�h J W�W � W , so thatW D h JDu0 W&V ε W u0 W for all u0 Q U . By Theorem2.6.4(i1),thereis t R 0 s.t.W π ø 0 ¥ t e D h JD K I h π ø 0 ¥ t e J I½� D h JD M π ø 0 ¥ t e W ° ε2 Î 2 and Wju t W ° ε2 Î 3MM s (9.34)

(take W π ø 0 ¥ t e K J Ii� JD M π ø 0 ¥ t e W and W π ø 0 ¥ t e K I½� D M D h JDπ ø 0 ¥ t e W smallenough).Set
v : P π ø 0 ¥ t e D h JDu. Then

Re
S I v T J I uU L2

P Re
S
π ø 0 ¥ t e I D h JDu T J I uU � Re

S
τ
� t � u t D h JDu T J I uU (9.35)V S DD h JDu T π ø 0 ¥ t e JDuUq� ε2

2
W π ø 0 ¥ t e u W 22 � ε

3
W π ø 0 ¥ t e u W 22 (9.36)VnW π ø 0 ¥ t e D h JDu W 22 � 5ε2

6
W π ø 0 ¥ t e u W 22 V ε2 W π ø 0 ¥ t e u W 22 � 5ε2

6
W π ø 0 ¥ t e u W 22 T

(9.37)

by (9.31).
(4) By Theorem9.2.12(iii), Σ has a boundedexponentially stabilizing

K Q<f K H T U M . By Lemma 6.8.4(b), we have � � B Q L2 K R H ; f K U T H MjM andI � Q MTIC∞.
SinceD h� JD � P D h JD Q<kOf K U M , thereis at mostoneJ-critical control for

Σ � over G Σ }
exp K x0 M P G Σ }

out K x0 M for eachx0 Q H, by (3).
By Theorem8.4.5(c2)&(c1)(or the“if f ” in (c3)), it follows that thereis at

mostoneJ-critical controlfor Σ over G exp K x0 M for eachx0 Q H.

v
(Seethenotesonp. 434.)
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9.4 Analyt ic semigroups

A modernrevolutionary groupheadsfor thetelevision station.

— AbbieHoffman(1936–)

In thissectionweshall list thebasicpropertiesof analyticsemigroups. These
will beappliedin Section9.5to WPLSswith ananalyticsemigroup.

Standing Hypothesis9.4.1 Throughout this section, � is assumedto be an
analyticsemigroup. Wealsoassumethatζ R ωA.

An analyticsemigroupis aC0-semigrouphaving numbersω R ωA andMA ¥ω °
∞ s.t. W K s � AM � 1 W   MA ¥ω Î a s � ω a for all s Q C Hω (see,e.g.,Section2.5of [Pazy]for
equivalentdefinitions).(Notefrom LemmaA.4.4(c1)thatany semigroupsatisfiesW K s � AM � 1 W   MA ¥ω Î ReK s � ω M .)

For all β R 0, wedefinethefractionalpowersof K o)� AM by settingK ζ � AM � β : P Γ K β M � 1 ï ∞

0
tβ � 1e

� ζt � K t M dt QÍf K H M (9.38)K ζ � AM β : P KjK ζ � AM � β M � 1 T Hβ : P DomKjK ζ � AM β M : P RanKjK ζ � AM � β M Z
(9.39)

We let Hβ be the closureof H w.r.t. W�otW Hβ : P W K ζ � AM β oLW H for β ° 0, and

set W x W Hβ : P W K ζ � AM βx W H for all β Q R (thesedefinitionscoinsidewith spaces
Hn (n Q Z) definedin Lemma6.1.16;in particular, H0

P H). Thesespacesare
independentof ζ up to anequivalentnorm,by Lemma9.4.2(f2).

Lemma 9.4.2(Propertiesof analytic semigroups)

(a) For anyω R ωA, thereare θ Q K π Î 2 T π � andM P MA ¥ω ¥ θ ° ∞
s.t. W K s � AM � 1 W   M Î a s � ω a for all s in

Σθ ¥ω : P ^ s Q C �� s NP ω T a arg K s � ω M a ° θ _ Z (9.40)

(NotethatC Hω 0 ¹ Σθ ¥ω for anyω s R ω.)

(b) Hγ ¹c Hβ densely(γ V β), the map K ζ � AM β Qif K Hγ H β T Hγ M is an isometric

isomorphism,and K ζ � AM β K ζ � AM γ P K ζ � AM β H γ (β T γ Q R).

(c1)Also � h is analytic, and K Hβ Mjh P K H hdM � β
P : H h� β (β Q R).

(c2)AlsoesÃ � (with generator s � A) is analyticfor anys Q C.

(d) Thesemigroup � β : P K ζ � AM � β � K ζ � AM β onHβ is isometrically isomorphic
to � (β Q R); wedenoteall thesesemigroupson � andtheir generators by
A.

(e) K ω � AM β � t P � t K ω � AM β and K ω � AM β K s � AM � 1 P K s � AM � 1 K ω � AM β
(t V 0 T β Q R T ω R ωA T s Q σ K AM c).

(f1) K s � AM � 1 QÊk�f K Hβ T Hβ H 1 M for any s Q σ K AM c T β Q R, by the resolvent
equation.
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(f2) K ω � AM � β Q#k�f K Hα T Hα H β M (α T β Q R, ω R ωA).

(f3) K o�� AM � 1 Q H∞ K C Hζ ; f K Hβ T Hβ H 1 MjM , K s ¡¢ sK s � AM � 1 M Q H∞ K C Hζ ; f K Hβ MjM
(β Q R).

(f4) A Q#k�f K Hβ T Hβ � 1 M)T K β Q R M .
(g) K s � AM � 1 ¢ 0 strongly in f K Hβ T Hβ H 1 M , ass Q Σθ ¥ω, a s a ¢ � ∞, for any ω

andθ asin (a).

(h1)For each ω R ωA, there is M s ° ∞ s.t.W K ζ � AM β � t W À c H e   M s K 1 � t
� β M eωt K t R 0 T β Q � 0 T 1�þM Z (9.41)

(h2)Wehave� t Q�f K Hα T Hβ M and W � t W À c Hα ¥Hα ü β e   Mβ ¥ ζt � βeζt K α T β Q R T t R
0M .

(i) � Q ô ∞ KjK 0 T � ∞ M ; f K Hβ MjM (β Q R).

(j) K ζ � AM β � Q Lp
ω K R H ; f K Hα MjM (βp ° 1, ω R ωA, p Q � 1 T ∞ � , β   1, α Q R).

(k) W K ω � AM α K s � AM � 1 W À c H e   M K 1 � a s � ω0
a α MjÎ a s � ω0

a (s Q Σθ ¥ω0, ω R ω0 R
ωA T 0   α   1) for θ Q K π Î 2 T π� asin (a), where M ° ∞ dependsonlyon A,
ω0 andθ.

(l) K ω � AM � α P sinπα
π
ð ∞
0 s
� α K s � ω � AM � 1ds (ω R ωA T α Q K 0 T 1M ).

Proof: (a) Oneobtainsthis from Theorem2.5.2of [Pazy] (move thesector
to theleft anddecreasetheanglesimultaneously, sothatthesectoris contained
in theunionof theold sectorplusacompactsubsetof C HωA

).
(c1) By, e.g.,Theorem5.2 of [Pazy] (shiftedby ζA), � h is analyticwith

uniformly boundedgrowth boundζA.
DefinethespacesK H h M β P : H hβ with A h in placeof A. For all x Q Hβ, z Q H,

wehave a S x T zU H a P a S K ζ � AM βx T K ζ � Ah M � βzU H a   W x W Hβ W z W H Y� β
T (9.42)

henceH h� β is theclosureof H w.r.t. Wµo)W c Hβ e Y , henceit canbeidentifiedto K Hβ Mjh .
(f2) Use,e.g.,thesineformula(2.6.4)of [Pazy] to show that therangesofK ζ � AM � β and K r � AM � β areequalfor β Q K 0 T 1M . Integral powersagreeby the

resolventequation(i.e., by (f1)), andnegative powersfollow from thepositive
ones.Thetopologiescoincideby LemmaA.3.6.

(f3) Usetheresolventequation(boundednessfollows from thedefinitionof
ananalyticsemigroup).

(g) This was shown in Lemma A.4.4(e2) (which provides us several
convergenceresults)in caseβ P 0; theothercasesfollow from (d).

(i) This follows from Corollary2.4.4andTheorem2.5.2(d)of [Pazy].
(j) By (i), K ζ � AM β � Q L K R H ; f K Hβ MjM . By (h) (with someα Q K ωA T ω M in

placeof ω), we have W K ζ � AM β � W Q Lp
ω.

(b)&(c2)–(f4)&(h1)&(h2)&(k)&(l) All this is well-known or almostobvi-
ous;see,e.g.,[Pazy], [Sbook],[Lunardi] and/or[HP].

v
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If the “discontinuity” of a perturbation(e.g., “feedbackoperator”)T is less
thanone,theresulting(“closed-loop”)semigroupis alsoanalytic:

Lemma 9.4.3(Propertiesof interpolation spacesHα K α Q R MHα K α Q R MHα K α Q R M )
(a1)LetT QÍf K Hγ T Hα M , γ � α ° 1. Thentheoperator A � T with domainHβ H 1

generatesananalyticsemigrouponHβ, for anyβ Q � γ � 1 T α � 1� .
In particular, if we definethe spaces �Hβ (r Q R) as Hβ with A � T in

place of A, then Hβ
P �Hβ (with equivalentnorms), i.e., K ω � AM � β �H � PK ω � A � T M � β �H � , for all β Q � γ � 1 T α � 1� .

(a2) Evenif weshiftedthe indicesby replacingH by Hβ0
(i.e., by considering

A as a semigroup on Hβ0
, not on H), for any β0 Q � γ � 1 T α � 1� ), before

definingthespacesHβ and �Hβ (in (a1)), theresultsand thespacesHβ and�Hβ wouldbeunaltered(exceptfor theshift in theindex).

(b1)Let A and �A generate analyticsemigroupsonH, andDomK AM P DomK �AM .
Definethespaces�Hα (α Q R) asHα with �A in placeof A. Then�H1

P H1 ¹c Hα ¹c �Hβ ¹c Hγ ¹c H P �H0 K 1 V α V β V γ V 0M Z (9.43)

(b2) We have K ω � AM � α Q�f K �Hβ T �Hγ M and K r � �AM � α Q·f K Hβ T Hγ M in (b1) when
α R γ � β, β T γ Q � 0 T 1� , ω R ωA, r R ω ©A.

Notethat if 0 Q � γ � 1 T α � 1� , thenA � T generatesananalyticsemigroupon
H, andthedefinitionof �Hα canbebasedonH (insteadof someHβ).

It seemsthatif wewouldreplacethespacesHr (r Q K 0 T 1M ) by theinterpolation
spaces, K r T pM or , K pM of [Lunardi], we would obtain analogousresultseven
moreeasily. However, we have chosenthe spacesHr to make the comparison
to earlierresultseasier. Becauseof the interpolationproperties,thedifferencein
smoothnessis lessthanε for any ε R 0.

Proof of Lemma 9.4.3: (a1)Part I: AssumethatT Qgf K H1 T Hα M , α Q K 0 T 1� .
1­ We have K ω � A � T M � β Q{f K H T Hβ M for β Q � 0 T 1M : Assume,w.l.o.g.,

that β R 0. By Propositions2.4.1(ii) and 2.2.13 of [Lunardi], A � T with
DomK A � T M : P DomK AM generatesananalyticsemigrouponH. Obviously,K s � AM � 1 K I � T K s � A � T M � 1 M P K s � A � T M � 1 K s Q σ K AM c ¼ σ K A � T M c M Z (9.44)

Let ω R ω1 : P max̂ ωA T ωA H T _ andβ Q K 0 T 1M . Then,by (9.44),we have
(herec : P π

� 1sinπα)K ω � A � T M � β � K ω � AM � β P c ï ∞

0
s
� β K ω � s � AM � 1T K ω � s � A � T M � 1dsZ

(9.45)

By Lemma A.4.4(c2), W T K ω � s � A � T M � 1 W À c H ¥Hα e   Mω and W K ω � s �
AM � 1T K ω � s � A � T M � 1 W À c H ¥Hα ü 1 e   M sω for s V 0. Thus,part ð 1

0 of theintegral

(9.45) converges in Hα H 1, so we only needto show that also K ω � AM β ð ∞
1
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belongsto f K H M in order to establish that K ω � A � T M � β Q|f K H T Hβ M . By
Lemma9.4.2(k),this follows from thefactthat(chooseany ω0 Q K ωA T ω M )ï ∞

1
s
� βM K 1 � a s � ω � ω0

a β � α MjÎ a s � ω � ω0
a ds ° ∞ Z (9.46)

2­ We haveHβ
P �Hβ for β Q � 0 T 1M : By 1­ , we have �Hβ : P RanKjK ω � A �

T M � β M&¹ Hβ. Exchangethe rolesof A andA � T to obtainthatHβ ¹ �Hβ. By
LemmaA.3.6,alsothetopologiescoincide(i.e., thenormsareequivalent).

Part II: AssumethatT Q·f K Hα T H M , α ° 1. W.l.o.g.,we assumethatα V 0,
becauseH ¹

c
Hα, hencef K Hα T H M,¹ f K H0 T H M for α ° 0.

3­ WehaveHβ
P �Hβ for β Q �α � 1 T α � : Apply 2 ­ to thestatespaceHα � 1.

4­ We haveHβ
P �Hβ for β Q �α � 1 T 1� : Let β Q �α � 1 T 0� . Then K I � T K s �

A � T M � 1 M Q$k�f K Hβ M for s big enough,hencethe two resolventshave same

range,i.e.,Hβ H 1
P �Hβ H 1, by (9.44).Thus,wehavecoveredthevaluesin

�
α T 1� ;

theotherswerecoveredin 3­ .
Part III: Assumethat T Q·f K Hγ T Hα M , γ � α ° 1: JustapplyPart II with Hα

in placeof H.
5­ Remarks:Notethatweagainidentify theanalyticsemigroup�� onHα � 1

generatedby A � T with domainDomK A � T M : P Hα and its restrictiononto
Hβ (which is generatedby A � T with domainDomK A � T M : P Hβ H 1) for any
β Q �α � 1 T 1� .

If β R 1, thenwemayhave �Hβ NP Hβ: Let β Q K 1 T 2� . UnlessA is bounded,
we canchoosex0 Q H2, α Q � 0 T 1M , z Q H ³ Hβ � 1 andΛ Q H hα s.t.Λx0

P 1, and
setTx : P K LaxM z(x Q H hα), sothatT Qgf K Hα T H M andTx0

P z NQ Hβ � 1. It follows

that K A � T M x0 NQ Hβ � 1, hencex0 Q Hβ ³ �Hβ (since K A � T M � �Hβ �L¹ �Hβ � 1
P Hβ � 1).

(a2) (You can considerA (or its restrictionor extension) as an analytic
semigroupon any Hβ, andit is notalwaysobvious,which oneyou should use.
Herewe statedthatyou mayuseany of themandstill get thesameresultsand
spaces.)

SetG : P Hβ0
, anddefinethe spacesGβ and �Gβ asin (a1) (by (a1), this is

possible andGβ
P �Gβ for all β Q � γ � 1 � β0 T α � 1 � β0 � ).

By Lemma9.4.2(f2),wehaveGβ
P Hβ0 H β and �Gβ

P �Hβ0 H β K β Q R M . Thus,
we obtainedagainthe samefractionalpower spaces,even thoughwe hadthe
startingpointG in placeof H.

(b1) By LemmaA.3.6, thespacesH1 : P DomK AM and �H1 : P DomK �AM have
equivalentnorms.If α P 1, thenHα

P �H1 ¹c �Hβ, soweassumethatα ° 1 (and
β R 0). By Propositions2.2.13and1.2.3of [Lunardi], wehave

Hα ¹
c K H T H1 M α ¥∞ ¹c K H T H1 M β ¥ 1 ¹c �Hβ Z (9.47)

Analogously, �Hβ ¹c Hγ.
(b2)This follows from (9.43)andLemma9.4.2(b)&(f2).

v
Notes
As obvious from the proofs, most of the above is well known. Classical
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references on semigroups include [Pazy] and [HP]; see[Lunardi] and [Sbook]
for furtherresultsonanalyticsemigroups.
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9.5 Parabolic problemsand CAREs

All animals areequal,but someanimalsaremoreequalthanothers

— GeorgeOrwell (1903–1950), "Animal Farm",1945

In this section,we apply our resultsfor systemshaving analytic (seeSec-
tion 9.4)semigroups. Theproofsonly usethefactthatthesmoothnessof � com-
pensatesthe unboundednessof B andC, so that the resultsof this section(with
sameproofs,mutatismutandis) canbeappliedwhenever � is smoothing.

In Theorem9.5.9,we show that a smoothRiccati equationhasa stabilizing
solutionif f thereis a uniqueoptimal control. The resultingclosed-loopsystem
is also analytic. A corollary of this for minimization problemsis given in In
Corollary9.5.10we interpretthis for minimizationproblems,andin Corollaries
9.5.11–9.5.12for H∞ problems.E.g.,thereis asuboptimalH∞ statefeedbackpair
for thesystemiff theRiccatiequation(11.15)hasa nonnegative solution s.t.A �
BK is exponentially stable(assuming the standardsignatureandnonsingularity
conditions therein); moreover, the Riccati equationcan be replacedby the
smootheron in Theorem9.5.9andtheclosed-loopsystemis analytic.

Weassumethat � is analyticandthattheunboundednesstheinputandoutput
operatorsis lessthan1Î 2 each:

Standing Hypothesis9.5.1 Throughout thissectionandSection9.6,lettersU T H
andY denoteHilbert spacesof arbitrary dimensions,� is ananalyticsemigroup,
ζ R ωA, β RÏ� 1Î 2, γ ° 1Î 2, B QÍf K U T Hβ M , C QÍf K Hγ T Y M , D QÍf K U T Y M , J P J h Qf K Y M .

(By Lemma 9.5.2, it follows that � A B
C D

�
generatea WPLS (also without

StandingHypothesis 9.0.1).)
By spacesHr we denotethe spacesK ζ � AM � rH (r Q R), as in Section9.4.

Notethatwemayassumethatγ V 0 V β, w.l.o.g.(i.e., if thehypothesisholdsand
we replaceγ by max̂ 0 T γ _ andβ by min ^ 0 T β _ , thenthehypothesisstill holds,by
Lemma9.4.2(b)).

Drop theassumptions β RÉ� 1Î 2, γ ° 1Î 2 for a moment.Whenever γ T β Q R
andγ � β ° 1, wecanreplaceH by H c γ H β eþ÷ 2 aboveto obtainaWPLS,by Lemma
9.5.2.Theonly differencebetweendifferentstatespacesis thatin applicationswe
mustrequirethatthefinite costconditionis satisfiedin H (not in someHr), hence
onemight wish to take H assmallaspossible.Therefore,in someapplicationsit
might bemoresuitableto realize I on, e.g.,Hγ, in which caseΣ needno longer
bea WPLS(unlessγ � β ° 1Î 2); cf. Section8.6.

Thesystemù A B
C D ú is asmoothPritchard–Salamonsystemw.r.t. - : P Hγ and.

: P Hβ whenever γ � β ° 1Î 2, asonecandeducefrom thefollowing:

Lemma 9.5.2 Let ω R ωA. Thenthe operators � A B
C D

�
generate Σ P � � �� � � Q

WPLSω K U T H T Y M . Moreover, � B Q L2
ω K R H ; f K U T H MjM , C� Q L2

ω K R H ; f K U T H MjM ,
and C� B Q L1

ω K R H ; f K U T Y MjM , hence I Q MTICL1

ω ¹ ULR ¼ UVR. Finally,
C ¹ K C aH1

M L ¥ s.
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Notethatthe“standard”C (thatof Chapter6) is givenby C aH1
. Analogously,

the“standard”B is givenby B Q�f K U T H � 1 M with adjointB h Q�f K H h1 T U M , but we
shall write B h for the adjoint B h Q#f K H h� β T U M of B Q|f K U T Hβ M ; we still have
Bh ¹ BhL ¥ s, whereBhL ¥ s canbecomputedfrom eitherB h .

Proof: (This holdsalsowithout StandingHypothesis9.0.1.) The “more-
over” claimsfollow from Lemma9.4.2(j),andthey imply thatΣ Q WPLS, by
LemmasD.1.7and6.3.13.We haveC ¹ K C aH1

M L ¥ s, because1
t
ð t
0 � r x0dr ¢ x0

in Hγ, for any x0 Q Hγ, by Lemma9.4.2(d),

v
Remark 9.5.3(Optimizable iff exponentially stabilizable) The L1 assump-
tions of Theorem 9.2.12 and Corollary 9.2.13 are satisfied (under Standing
Hypothesis9.5.1). In particular, Σ is optimizable [and estimatable] iff Σ is
exponentially[joint ly] stabilizable[and detectable].

v
The classof analytic WPLSs is invariant undersmoothfeedback,and the

spacesHα remainunaffected(for α’s sufficiently closeto zero):

Lemma 9.5.4 If K Q<f K Hr T U M , r ° 1Î 2, then K is an ULR admissible state
feedback operator for Σ. Moreover, if Σ � is theclosed-loopsystemcorresponding
to ù K I � X ú for someX QJk�f K U M , then � � is analyticonHα

P K H ��M α for α Q�
r � 1 T β � 1� , andalsoΣ � satisfiesHypothesis9.5.1(with γ � 0 : P max̂ γ T r _ ° 1Î 2

in placeof γ).

From Proposition6.6.18it follows that the closed-loopgeneratorsaregiven

by ~ A H BMK BM
C H DMK DM

K M � I

�
, whereM : P X

� 1.

Proof: 1­ Case X P I : By Lemma 9.5.2, � A B
K 0

�
generatea WPLS� � �. / � s.t.

� Q MTICL1

ω ¹ ULR andF P 0, henceI � � Q$k TIC∞ K U M (evenk MTICL1

∞ K U M ), by Proposition 6.3.1(c). The last claim follows from Lemma
9.4.3(a)(recallthatC� P C � DK).

2­ General case:Firstapply1­ to ù MK 0 ú (notethatMK QÍf K Hr T U M ),
and then apply Lemma6.6.12to replace ù MK 0 ú by ù XMK I � X ú .v

Lemma 9.5.5 If � Q·f K H M , then W sBh K s � AM � h-� K s � AM � 1B W ¢ 0, ass Q Σθ ¥ω0,a s a ¢ ∞.

v
(This follows from Lemma9.4.2(k)with α ¡¢ � β ° 1Î 2.)

Corollary 9.5.6 If K �ÍT STl� K F
� M is a SRsolution of theeCARE,thenX h SX P

D h JD.

v
(This follows from Lemma9.5.5andPropositions9.11.3(b)and9.8.10.)
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Weshalloftenmake thefollowing,strongerhypothesis:

Hypothesis9.5.7 Letat leastoneof (1.)–(3.)hold,where

(1.) γ ° 1Î 4, β RÏ� 1Î 2 andD h JC P 0;

(2.) γ ° 1Î 4, β RÏ� 1Î 2 andD h JD Q#kOf K U M ;
(3.) γ � β ° 1Î 2;

By Theorem9.2.3,Hypothesis9.5.7impliesHypothesis9.2.1,henceit implies
that Theorems9.2.9,9.2.10and 9.2.14,Corollary 9.2.15etc. apply (underthe
additionalassumptionsof thoseresults).

Naturally, whenever γ T β Q R, γ � β ° 1Î 2, we canreplaceH by Hr for any
r Q K γ � 1Î 2 T β � 1Î 2M to satisfy(3.). Analogously, wheneverγ T β Q R, γ � β ° 3Î 4
andD h JC P 0 or Gihh P G exp andD h JD QºkOf K U M , we canreplaceH by Hr for
any r Q K γ � 1Î 4 T β � 1Î 2M to satisfy(1.) or (2.). However, we needadditional
assumptions for guaranteeingthat this doesnot changethe problem(the most
importantcaseis thestablecasefor G out or G exp):

Lemma 9.5.8(Shifting H ¡¢ Hr) Let Σ s be the systemΣ with state spaceHr ,
wherer Q K γ � 1Î 2 T β � 1Î 2M , andthatJ P J h Qgf K Y M . Assumethat I is J-coercive
over G out (so that I s is J-coercive over G sout). Assumethat G out K x0 MONP /0 for all
x0 Q H and G sout K x0 M	NP /0 for all x0 Q Hr (e.g., that � is exponentially stable).

If r R 0, then � s P ��a Hr
and Σ scrit

P Σcrit aHr
(if K s is as in Lemma9.6.1,

then K s is the uniqueJ-critical statefeedback operator for Σ too). Moreover,G out K x0 M P G sout K x0 M for all x0 Q H ¼ Hr .

(Exchangetherolesof H andHr for thecaser ° 0.)
Proof: (Here G sout means G out for Σ s etc., and � (resp. � s ) is the J-

critical costoperatorover G out (resp. G sout). Note that r Q K γ � 1Î 2 T β � 1Î 2M
is equivalentto theconditionthatStandingHypothesis9.5.1holdsfor Σ s .)

Note that G out K x0 M dependson x0, I andJ only (not on H, nor on therest
of Σ).

Recall from Lemma8.4.2thatJ-coercivity over G out dependsonly onJ andI , henceI s is J-coerciveover G sout.
Under the assumptions, thereis a uniqueJ-critical control over G out for

eachx0 Q H andover G sout for eachx0 Q Hr , by Theorem8.4.3,thus� , Σcrit and
Σ scrit arewell-defined,by Theorem8.3.9.

Assumethat r R 0. Since( � s P � a Hr
and) � s P � a Hr

, we have G out K x0 M PG sout K x0 M for all x0 Q Hr
P Hr ¼ H (because� x0 � I u P � s x0 � I u for all

u Q L2 K R H ;U M ).
Givenx0 Q Hr , avectoru Q G out K x0 M P G sout K x0 M is J-critical over G out if f it

is J-critical over G sout (if f 0 P S � s x0 � I u T J I η U P S � x0 � I u T J I η U for all η QG out K 0M P G sout K 0M ). It followsthatΣ scrit
P Σcrit aHr

, hence� s : P K � scrit Mjh J � scrit
P��aHr

.
If K s is asin Lemma9.6.1,thenK s Q�f K Hγ T U M , hencethenK s is admissible

for Σ too; let Σ ® be the correspondingclosed-loopsystem.The restrictionof
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Kcrit to Hr H 1 is equalto K scrit
P K s , henceKcrit

P K s on H1, by continuity. We
concludethat

� ® P � crit , i.e., K s is J-critical for Σ over G out. Uniqueness
follows from Lemma8.3.17(b).

v
Under Hypothesis9.5.7 we have more smoothnessthan in the B hw-CARE

theory:

Theorem 9.5.9 AssumethatS: P D h JD Q|kOf K U M , γ ° 1Î 4 andβ RÏ� 1Î 2. Then
theassumptionsof Theorem9.2.9are satisfiedandwehaveonemore equivalent
condition:

(vi) There is � P � h Q·f K H T K Hβ M h M s.t.K Bh � � D h JCM h K D h JD M � 1 K Bh � � D h JCM P Ah � � � A � C h JC (9.48)

on Hγ H ε for some(equivalently, all) ε R 0, and K : P � K D h JD M � 1 K Bh � �
D h JCM is Gihh -stabilizing.

Moreover, alsoLemmas9.6.1and9.5.4areapplicable for � andK.

Proof: 1­ Theproof: Theassumptionsof Theorem9.2.9arenow satisfied,
by Theorem9.2.3 (use Hypothesis9.2.2(2.)). One easily verifies that (vi)
implies(iii). Conversely, (i) implies(vi), by Lemma9.6.1.

2­ Remarks:Recall that K Hβ M h P H h� β. Condition � QÍf K H T K Hβ M h M implies
that B h7� Q{f K H T U M , hencenecessarilyK Q{f K Hγ T U M , so that Lemma9.5.4
appliesfor the closed-loopsystem(in particular, K is necessarilyadmissible
and � ® is analytic).

“On Hγ H ε” means that
S
Kx0 T D h JDKx1U P S

Ax0 T¯� x1U � S � x0 T Ax1U �S
Cx0 T JCx1U for all x0 T x1 Q Hγ H ε, equivalently, that K h D h JDK P Ah7� � � A �

C h JC in f K Hγ H ε T K Hγ H ε MjhdM .
For Gihh P G exp, the last condition meansthat the (analytic) semigroup

generatedby A � BK is exponentially stable.

v
Theaboveremarksleadto applicationsof thetheoryin othersections,suchas

theonesbelow:

Corollary 9.5.10(LQR — minimization)

(a) Theassumptionsof Corollary 10.2.10aresatisfied.

(b) Assumethat Hypothesis9.5.7 holds and that D h JD m 0. Then the
assumptionsof Corollary 10.2.9are satisfied,andLemma9.6.1applies; in
particular, theB hw-CAREin (ii) is satisfiedon Hγ H ε too (iff it is satisfiedon
H1), for anyε R 0, and � ® is analytic.

A similar commentappliesto Theorem10.1.4(b3)&(b4)&(b6).

(c) Assumethat Σ is estimatable. Thenthere is a nonnegative solutionof the
LQR-CAREiff Σ is optimizable. If this is the case, then this solution is
uniqueandstrictly minimizingover G exp (and G out).

If γ ° 1Î 4 andβ R\� 1Î 2, thenTheorem9.5.9applies.
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Note that the proof and the remarksbelow Hypothesis 9.5.7 lead to further
simplificationsof theresultsmentionedin thecorollaryandseveralothers.

Seethecommentsbelow Corollary10.4.4for theparabolicH2 problem.
Proof: (a)This followsfrom Lemma9.5.2.
(b) The assumptions follow from Theorem9.2.3; the rest follows from

Lemma9.6.1.
(c) SeeTheorem10.1.4(c1)andthe above, andnotethat now D h JD m 0.

v
UnderStandingHypothesis9.5.1,wecanstrengthenourH∞ Full-Information

ControlProblemresults:

Corollary 9.5.11(H∞H∞H∞ FICP)

(a) Assumption (2.) of Theorem11.1.4is satisfied.

(b) AssumeHypothesis9.5.7.

Thenassumption(2.) of Theorems11.1.3and11.1.6is satisfied,andLemma
9.6.1applies;in particular, theB hw-CAREin (iii) is satisfiedonHγ H ε too (iff
it is satisfiedonH1), for anyε R 0, and � ® is necessarilyanalytic.

(c) Theassumptionsof Theorem11.2.7aresatisfiedfor G hh P G exp iff K A T B1 M is
optimizable and(1.) of Theorem11.1.4holds.

(Do not mix theγ (“γC”) of this section(and(b) above) with that(“challenge
number”)of Chapter11. ThisappliesCorollary9.5.12too.)

Proof: (a)This followsfrom Lemma9.5.2.
(b) Assumption (2.) follows from Theorem9.2.3. The rest follows from

Lemma9.6.1.
(c) Now there is an exponentially stabilizing state feedbackoperator�K QJf K H T U M if f K A T B1 M is optimizable,by Remark9.5.3. By Lemma9.5.4,

corresponding(exponentially stable)closed-loopsystemΣ � (and Σ ® if any)
also satisfiesHypothesis9.5.1, in particular, IO� Q MTIC K U T Y M , by Lemma
9.5.2.See0 Z 1­ of theproofof Theorem11.1.4for (1.).

v
Our resultsfor thestandardH∞ problem(theH∞ “measurement-feedback”or

“four-block” problem)canalsobestrengthened:

Corollary 9.5.12(H∞H∞H∞ 4BP) AssumeHypothesis12.1.1.

(a) Assumption (A1)of Theorem12.1.5is satisfied.

(b) Assume(A1)(I) and (A2) of Theorem 12.1.4. ThenLemma9.6.1 applies
for the threeCAREs.In particular, the � X-CARE(1.) is satisfied on Hγ H ε
too (iff it is satisfiedon H1), for anyε R 0, and � ® is necessarilyanalytic.
Analogously, the � Y-CARE(2.) (andthe � Z-CARE(4.) if (1.) is satisfied)is
satisfiedonH h� β H ε (iff it is satisfiedonH h1), for anyε R 0.
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Proof: (Note from Lemma12.5.4 that Hypothesis12.5.1 is satisfiedif fK A T B1 M is optimizable, K A T C2 M is estimatableand (A2) of Theorem12.1.5is
satisfied,by (a).)

(a) This follows from Lemma9.5.2.
(b) It was shown in 4 ­ of the proof of Theorem12.1.4that (2.) or (3.)

of Hypothesis9.5.7is satisfiedby ΣX andΣY; the samewasobserved for ΣZ

(assumingthatΣX is satisfied)closeto theendof theproof. Therefore,Lemma
9.6.1appliesto theseCAREs.

v
With our (weaker) standinghypothesisthatγ ° 1Î 2 andβ RÏ� 1Î 2, weobtain

thefollowing:

Theorem 9.5.13( G expG expG exp: Unique optimum « CARE « J-coercive) Assume
that G½hh P G exp. Thenthefollowingareequivalent:

(i) there is a [unique] J-critical control over G exp K x0 M for each x0 Q H, and
D h JD Q#kOf K U M ;

(ii) there is a [unique] exponentially stabilizing solution K ��T ST K M of theCARE;

(iii) � � u � is optimizableand I is J-coerciveover G exp.

If K ��T ST K M is asabove, thenK is J-critical over G exp, S P D h JD Q<kOf K U M ,u τ T�IOT � Q MTICL1

∞ and u%® τ T Ë T � Q MTICL1� ε for someε R 0.

Notethatany solutionsof (i) or (ii) areunique.If D h JD m 0, then“J-critical”
becomesequivalent to “minimizing” and“J-coercive” equivalent to “positively
J-coercive”, by Proposition9.9.12. Thus,thenCorollary 10.2.10(andTheorem
10.1.4(b6)&(b4))applies.

Proof: This follows from Lemma9.5.2andCorollary9.2.19.

v
Notesfor Sections9.5and 9.6
A state-of-arttreatmenton parabolicsystems is given in [LT00a] by Irena

Lasieckaand RobertoTriggiani, by using a p.d.e.approach. They only treat
theLQR andH∞ FICP problems,in thecaseof Gihh P G out with a standardcost
function(whoseform is aspecialcaseof thatof Proposition9.7.6),but they allow
for any β Rn� 1 (for γ P 0, i.e., they take H P Hγ, so thatC becomesbounded),
hencetheir resultsalsoapply to systems with very unbounded input operators,
thuscoveringawiderangeof importantapplications.Sincetheirproofsarebased
ontheconvergenceof thefinite-horizonsolutions,they might beinappropriatefor
moregeneralcostfunctions,asexplainedin thenotesonp. 465.

The history and statusquo of researchin the p.d.e. approachto analytic
systemsis well documentedin the notesof [LT00a], with references to works
of theauthors,G. DaPrato,F. Flandoli,X. Li, C. McMillan andothers,including
articlesonsingularcontrol.

Thefirst applicationof WPLStheoryto parabolicsystemsseemsto be[St97a]
(and [S98e]), which usesthe theory of [S97b] to establish a solution to the
positively J-coercive stablequadraticminimizationproblemandshow that its J-
critical costoperatorsatisfiestheRiccatiequation.Its proof leansheavily on the
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resultsof Lasieckaand Triggiani, so that its contribution is mainly the WPLS
formulation and the characterization of the closed-loopsensibility to external
input(i.e., thesecondcolumnof Σ ® ). Thatarticleand[Sbook]essentially contain
Lemmas9.5.2,9.5.8and9.6.3.
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9.6 Parabolic problems: proofs

Thevoiceof themajority is noproofof justice.

— FriedrichvonSchiller(1759–1805)

In this section,we prove threelemmasthat wereusedfor the resultsof the
abovesection.Westill assumeStandingHypothesis9.5.1.

We first show thata J-critical control in WPLSform (e.g.,a uniqueJ-critical
control,by Lemma8.3.16(a1)),is alwaysof statefeedbackform andcorresponds
to asolutionof theB hw-CARE:

Lemma 9.6.1 Let Σcrit bea J-critical control for Σ in WPLSform. Assumethat
Hypothesis9.5.7holdsandthatS: P D h JD Q#kOf K U M .

Then � Q|f K H T K Hr M h M for any r ° 1 � 2γ; in particular, � �H �1¹ K Hβ M h P
DomK B h)M,¹ DomK B hL ¥ sM1¹ DomK B hw M . Thus,Bh-� Q·f K H T U M , and

K : P � S
� 1 K Bh � � D h JCM QÍf K Hγ T U M (9.49)

is a uniqueULRJ-critical statefeedback operator for Σ. Moreover � satisfiesthe
Bhw-CARE

Ah � � � A � C h JC P K h SK QÍf K H1 T K H1 M h M (9.50)

(even Q·f K Hγ H ε T K Hγ H ε M h M for all ε R 0).
Finally, thecorrespondingclosed-loopsystemΣ ® is generatedbyA � BK, and

Σ ® is analyticonHα
P K H ®1M α for α Q � γ � 1 T β � 1� . Consequently, u�® τ T�I�®zT � ® Q

MTICL1

ω for all ω R ωA � .

Seethe remark for Bh below Lemma9.5.4. Note that K is bounded(i.e.,
K Q·f K H T U M ) if D h JC P 0.

Proof: 1­ K is ULR and J-critical: By Lemma 9.6.2, we have � Qf K H T DomK B hL ¥ sMjM . By Proposition 9.3.1, K : P � S
� 1 K BhL ¥ s� � D h JCM Qf K Hγ T U M is a uniqueULR J-critical statefeedbackoperatorfor Σ (in particu-

lar,
� ® P � crit, whereΣ ® is thecorrespondingclosed-loopsystem).Weobtain

“ � K H T Hr M ” from 2­ andtherestof theclaimfrom Lemmas9.5.4and9.5.2and
3­ .

2­ Wehave� QBf K Hγ � r T K Hγ � s MjhdM whenr T s V 0, r � s ° 1: (For γ � r P 0 this
becomesγ � s R 2γ � 1, henceγ � s P β is allowed,sothat � Q·f K H T K Hβ MjhdM .)
W.l.o.g.,we assumethatγ V 0.

Choose p T q Q � 1 T ∞ � s.t. p
� 1 R r, q

� 1 R s � 2γ and p
� 1 � q

� 1 P 1.
ThenCcrit � crit Q Lp

ω K R H ; f K Hγ � r T Y MjM , by Lemma9.4.2(j) (sinceCcrit
P C �

DKcrit Q4f K Hγ T Y M ), and C� Q Lq
ω K R H ; f K Hγ � s T Y MjM , hence � h π ø 0 ¥ t e J � crit Qf K Hγ � r T K Hγ � sMjhdM .

But � t h � � t
crit Q²f K Hγ � 1 T K Hv MjhdM , for any v Q R, by Lemma 9.5.4 and

Lemma9.4.2(h2).Therefore,� Q·f K Hγ � r T K Hγ � s MjhdM .
3­ The Bhw-CAREon Hγ H ε: Let ε R 0. We have A Q|f K Hγ H ε T Hγ H ε � 1 M ,� Q#f K Hγ H ε � 1 T K Hγ MjhdM (take s P 0, r : P 1 � ε), and K Hγ Mjh'¹

c K Hγ H ε Mjh , hence� A Q·f K Hγ H ε T K Hγ H ε MjhdM .
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By taking adjoints,we obtain that A h7� QJf K Hγ H ε T K Hγ H ε MjhdM . Sinceobvi-
ouslyC h JC T K h SK Q�f K Hγ H ε T K Hγ H ε Mjh)M , andH1 is densein Hγ H ε, theBhw-CARE
holdsalsoonHγ H ε, i.e.,S

Ax0 T¯� x1U0/ Hγ ü ε � 1 ¥ c Hγ ü ε � 1 e Y21 � S � x0 T Ax1U0/ c Hγ ü ε � 1 e Y ¥Hγ ü ε � 11 � SCx0 T JCx1U Y P S Kx0 T SKx1U Z
(9.51)

v
Theaboveproofwasbasedon thefollowing result:

Lemma 9.6.2 Let Σcrit bea J-critical control for Σ in WPLSform. Assumethat
Hypothesis9.5.7holds.Then� QÍf K H T DomK B hL ¥ sMjM .

Proof: 1­ Assumption (1.): Now wehave to alter2 ­ of theproofof Lemma
9.3.4asfollows:

Let ω R ωA. By Lemma9.4.2(j),wehaveC� B Q L p
ω K R H ; f K U T Y MjM for any

p Q � 1 T K β � γ M � 1 M ; setp : P 4Î 3. Analogously, � P C� Q L4
ω K R H ; f K H T Y MjM .

Fix x0 Q H and u0 Q U . Then
�

critx0 Q L2 K R H ;Y M , henceCu τ
�

critx0
P

C� B % � critx0 Q L4
loc K R H ;Y M , becausep

� 1 � 2
� 1 P 1 � 4

� 1 (seeLemmaD.1.7).
Consequently, f : P C� critx0

P C K � � u τ
�

crit M x0 Q L4
loc K R H ;Y M . Thus,� critx0 � D

�
critx0

P C� critx0 Q L4
loc K R H ;Y M Z (9.52)

Set F : P C� Bu0 Q Lp
ω. Becausep

� 1 � 4
� 1 P 1 (and C h JD P 0), we

can againwork as in 2­ of the proof of Lemma9.3.4 to obtain that � x0 Q
DomK B hL ¥ sM .

(Themoralof theproof: the“ p” in “L p” doesnotalwaysmean1, 2 or ∞.)
2­ Assumption (2.): Part 6­ of theproof of Lemma9.3.4appliesheretoo,

mutatismutandis;wesketchthisbelow:
By Lemma9.5.4, K s : P � K D h JD M � 1D h JC Q#f K Hγ T U M is admissible and

ULR for Σ, andassumption (1.) is satisfiedby thecorrespondingclosed-loop
system(which hasthe input operatorB and the output operatorC � DK s Qf K Hγ T U M ; thespacesHβ, Hγ andDomK B hL ¥ sM remainunchanged).

3­ Assumption(3.): This follows from Lemma 9.3.4, since Hypothesis
9.2.2(5.)is satisfied,by Lemma9.4.2(j).

v
Lemma 9.6.3 If I Q TIC, then I is uniformly half-plane-regular.

(Naturally, this is not truewithoutStandingHypothesis9.5.1.)
Proof: Weshallshow thatwehave [I K sM ¢ D, ass Q C H , a s a ¢ ∞ regardless

of thestability of I . By Definition6.2.3,it follows that I is UHPRif I Q TIC
(or I � L2

c �µ¹ L2).
Let ω R ω0 R ωA. Chooseθ andM for ω0 asin Lemma9.4.2(a).Then[I K sMµ� D P C K ω � AM � γ o K ω � AM γ H β K s � AM � 1 o K ω � AM � γB ¢ 0 T (9.53)

ass Q Σθ ¥ω0,
a s a ¢ ∞, by Lemma9.4.2(k).

v
(Seethenotesonp. 451.)
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9.7 Riccati equations on Dom3 Acrit 4
Just becausethey are called ’forbidden’ transitionsdoesnot mean
that they are forbidden. They are lessallowedthan allowedtransi-
tions,if youseewhatI mean.

— Froma Part2 QuantumMechanicslecture.

In Theorem8.3.9,we observed that a uniqueJ-critical control is alwaysof
WPLS form. In most earlier theory (e.g., for boundedB), such a control is
necessarilyof statefeedbackform, andcorrespondingcost,signatureandstate
feedbackoperatorsK �ÍT ST K M satisfytheCARE.Conversely, theK-operatorof any
“stabilizing” solution of the CARE is a J-critical statefeedbackoperator(also
in our setting). We shall extendthis equivalenceto sufficiently regular systems
with unboundedB in Theorem9.2.9,basedon theresultsof this section(seealso
Remark9.9.14).

In this section,we shall study the situation for an arbitrary WPLS with a
uniqueJ-critical control(ormoregenerally, with acontrolin WPLSform) without
assumingthe J-critical control to be of (well-posed)statefeedbackform (cf.
Remark9.7.7(a1)–(a3)),andweshallderivecertainRiccati-likeequations.

Thus,given, e.g.,aJ-coercive( G½hh -) stabilizableregularsystem,wecanobtain
the optimal statefeedbackby solving the generalizedRiccati equation(9.67).
However, sincetheseequationsaregivenonDomK Acrit M (for WR systems),which
is unknown a priori, it seemsvery hardto solve suchequationsandthusfind the
optimal control. The integral versiongiven below (for generalWPLSs)seems
evenlessapplicable.

Ourresultsrigourouslyextendtheequationin [FLT] (containedin Proposition
9.7.6), wheresimilar equationsare given in a coercive, positive settingwith a
boundedoutputoperator. A moregeneralsetting,still with boundedC, is treated
in Lemma9.7.5,andfor generalWR systemstheequationsaregiven in Theorem
9.7.3.

However, for the above reasonsand othersexplained in this chapter(e.g.,
D h JD cannot serve as the signature operator, as explained in the notes to
Section9.8), we considerthe “regular Riccati equations” due to M. Weiss,G.
WeissandO. Staffansmoreapplicablethan these“closed-loopdomainRiccati
equations”,andpreferdevelopingtheir theoryto coverstandardcontrolproblems.
Neverthless,thelattercanbebuild on theformer, aswepartiallydo,andin some
casesthetwo theoriescoincide(seetheparabolictheoryof Chapter9.5).

If thereis a J-critical control in WPLSform (e.g.,a uniqueJ-critical control,
seeLemma8.3.16(a1)),thenΣcrit is “ Gihh -stable”and(9.55)–(9.57)hold:

Theorem 9.7.1(GeneralizedIARE) Assumethat Σ0 : P Ù � 0�
0.
0 Ú is a control in

WPLSform,andthat � P �¾h QÍf K H M .
Then

�
0x0 is J-critical for x0 for each x0 Q H and � P � h0J � 0 iff

�
0x0 Q



456 CHAPTER9. RICCATI EQUATIONS AND J-CRITICAL CONTROLGihhlK x0 M for all x0 Q H andthefollowinghold:S u t u � � t
0x0 T¯� � t

0x0U ¢ 0 T ast ¢y� ∞ K x0 Q H T u Q G hhLK 0MjM)T (9.54)

0 P K I t M h J � t
0 � K u t M h � � t

0 QÍf K H T L2 K � 0 T t � ;U M7M)T (9.55)� P � t h � � t
0 � � t h J � t

0 Q·f K H M Z (9.56)

Wecanmake thefollowingenhancementsabove:

(a) Wemayreplace(9.56)aboveby� P � t
0
h � � t

0 � � t
0
h J � t

0 QÍf K H M Z (9.57)

(b) Condition(9.54)is redundantif G#hh P G exp or Gihh P G str.

(c) If Gihh P G exp (resp. Gihh P G str), thenΣ0 is J-critical iff Σ0 is exponentially
(resp.strongly) stableand(9.55)–(9.56)hold.

Thus,we canconsider(9.55)–(9.56)asa generalizedIARE, whosesolution� is “stabilizing” if f
� ® x0 Q GihhlK x0 M and (9.54) holds. When applied to the

left columnof a (statefeedback)closed-loopsystem,theseconditionsdetermine
whetherthecorrespondingstatefeedbackpair is J-critical.

Sincethe above conditions are hard to verify, we go on to develop further
conditions,but first wemakeanobservationfrom part(c) above:

Corollary 9.7.2( G exp wÿG strG exp wÿG strG exp wÿG str) If there is a uniqueJ-critical control over G exp,
thenthiscontrol is J-critical over G str.

v
(The conversedoesnot hold even for exponentially stabilizablesystems,by

Example9.13.14, which also illustratesthat a J-critical statefeedbackoperator
over G str neednot be strongly stabilizing, althoughit must stabilize the left
columnstrongly).

Proof of Theorem 9.7.1: Trivially, condition
� ® x0 Q GihhLK x0 M (x0 Q H)

is necessary. For the restof the proof, we assumethat this conditionholds.
Consequently, � ® is stableandTheorem8.3.9(a2)holds.

1­ “Only if ”: Given �η Q L2 K � 0 T t M ;U M , we have for η : P �η � τ
� t �

0 u t �η
( Q Gihh K 0M , by Lemma9.7.10)andany x0 Q H that

0 P S J � x0 � I � 0x0 T�I η U P S K π ø 0 ¥ t e � τ
� tτtπ ø t ¥∞ e M J � 0x0 T�I η U (9.58)P S π ø 0 ¥ t e J � 0x0 T�I η U � S Jπ H τt � 0x0 T�I τtηU (9.59)P S π ø 0 ¥ t e J � 0x0 T�I η U � S J � 0 � t

0x0 T � 0 u t �ηU (9.60)P S J � t
0x0 T�I t �ηU � S � t

0x0 T¯��u t �ηU Z (9.61)

Thus,(9.55)holds.Equation(9.57)andtheconvergenceK � t
0 Mjh7� � t

0x0 ¢ 0 are
obtainedasin theproofof Lemma9.10.1(d1).

Let now x0 Q H andη Q Gihh K 0M bearbitrary. Because
S
π ø 0 ¥ t e I η T J � 0x0U ¢S I η T J � 0x0U , ast ¢ ∞, by CorollaryB.3.8,equation(9.55)impliesthatS u τtη T¯� � t

0x0U ¢ � S I η T J � 0x0U�T as t ¢y� ∞ Z (9.62)

Becauseη Q G�hhLK 0M wasarbitrary, J-criticality impliesthat(9.54)holds.
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2­ “If ”: AssumethatΣ0 is G½hh -stableandthat(9.54)–(9.57)hold.
Identity � P � h0J � 0 is obtainedasin theproofof Lemma9.10.1(d1).From

(9.62)and(9.54)weobtainthat
S I η T J � 0x0U P 0.

3­ Remark:If theequivalentconditionshold, then � t
0 � � t

0x0 T¯� � t
0x0 ¢ 0,

ast ¢ ∞, asoneobservesfrom theproofof Lemma9.10.1(d1).
(a) Equation (9.57) is equivalent to (9.56), because(9.56)h:� (9.57)P� h0 KjK u t Mjh7� � t

0 � K I t Mjh J � t
0 M P 0 when(9.55)holds.

(b) Let x0 Q H andη Q Gihh K 0M . If Gihh P G str, then � 0x0 T¯u τη Q ô 0 K R H ;H M ,
by Theorem8.3.9(a2),hencethen(9.54)obviouslyholds.

If G hh P G exp, then � 0x0 T¯u τη Q L2 K R H ;H M , hencethenthe limit in (9.62)
cannotbenonzeroin any case,soit mustbezero(sinceit exists, by (9.62)).

(c) “Only if ” follows from Theorem8.3.9(a2),and“if ” from (b).

v
If I is regular, then it follows that certainRiccati equationis satisfiedon

DomK Acrit M :
Theorem 9.7.3(DomK Acrit MDomK Acrit MDomK Acrit M -CARE) Let Σcrit be a J-critical control for Σ in
WPLSform. Then� Ahcrit � P � Acrit � C hcritJCcrit QÍf K DomK Acrit M)T DomK Acrit M h M)T (9.63)� Ahcrit � P � A � C hcritJC QÍf K DomK AM)T DomK Acrit M h M)T (9.64)� Ah � P � Acrit � C h JCcrit QÍf K DomK Acrit M)T DomK AM h M Z (9.65)

RecallthatCcrit
P Cc � DcKcrit andAcrit

P A � BKcrit onDomK Acrit M1¹ HB.
Assume, in addition, that I is WR.Then

(a) (“Kcrit
P � Bh7�Kcrit
P � Bh-�Kcrit
P � Bh-� ”) � Qif K DomK Acrit M)T DomK B hL ¥w MjM , BhL ¥w � P � D h JCcrit on

DomK Acrit M , andK D h JD M Kcrit
P � BhL ¥w �²� D h JCL ¥w Q·f K DomK Acrit M)T U M Z (9.66)

(b) (“ucrit
P � Bh-� xcritucrit
P � Bh7� xcritucrit
P � Bh-� xcrit”) K Kcrit M L ¥ sx K t M P � K D h JD M � 1 K BhL ¥w � � D h JCL ¥w M x K t M PK � critx0 M K t M for a.e. t V 0 andall x0 Q H, where x : P xcrit K x0 M : P � critx0, if

D h JD Q#kOf K U M . In particular, � x K t M Q DomK B hL ¥w M a.e.

(c) (“CARE” on Dom(Acrit )) If I and I d are SRandD h JD Q<kOf K U M , then
wecanreplaceBhL ¥w byBhL ¥ s andCL ¥w byCL ¥ s in (a) and(b), andwehave

Ah � � � A � C h JCL ¥ s P K � B � C h JD M K D h JD M � 1 K D h JCL ¥ s � BhL ¥ s�BM (9.67)

in f K DomK Acrit M)T DomK Acrit MjhdM .
(d) (“CARE” « J« J« J-critical) Assume, instead,that Σcrit is a control in WPLS

form, I Q WR, and � P �gh QÍf K H M .
ThenΣcrit is J-critical and � P � hcritJ � crit iff (9.65)and(9.66)holdandΣcrit
is “ Gihh -stabilizing” (i.e.,

� ® x0 Q GihhLK x0 M for all x0 Q H and(9.54)holds).

It wouldbemoreusefultoobtainaRiccatiequationonDomK AM , andwewould
liketo know thatKcrit extendsto a(regular)statefeedbackoperatorfor Σ (e.g.,that
Kcrit wouldhaveanextensionto HB, andthatthisextensionwouldequalKw aHB

for
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someWR statefeedbackoperatorK for Σ). Unfortunately, bothof theserequire
additionalassumptions,by Example11.3.7.

Proof: (In fact,Σcrit neednot beJ-critical, it sufficesthat it is a control in
WPLSform for Σ (seeDefinition8.3.15)s.t.(9.55)and(9.56)hold. Thus,Σcrit

neednotbe“ G hh -stable”providedthatit is otherwiseasin Theorem9.7.1.)

Apply Lemma9.7.8to (9.57),(9.56)and(9.56)h to obtain(9.63),(9.64)and
(9.65).Formulaefor Acrit andCcrit arefrom Lemma8.3.17(a).

(b) Let x0 Q H andT R 0. We “connectΣcrit to Σd through � , J andtime-
inversion”, asin [S98b,Section5], [WW, Section8] or Lemma9.11.1:Set

xh0 : P � � T
critx0 Q H T yh : P π ø 0 ¥ T e RτTJ � critx0 Q L2 K � 0 T T M ;Y M Z (9.68)

Then,for any s Q � 0 T T � , wehave

xh K sM : P � h K sM xh0 � � dτsyh P � s h � � s
crit � T � s

crit x0 � � h Jπ ø 0 ¥ se τT � s � critx0 (9.69)P � s h � � s
crit � T � s

crit x0 � � h Jπ ø 0 ¥ se � crit � T � s
crit x0

P � � T � s
crit x0 T (9.70)

by (9.56). Trivially, π ø 0 ¥ T e u dxh0 P RτT K u T Mjh xh0, and π ø 0 ¥ T e I dyh P
RτT K I T Mjh J � T

critx0. Therefore,(9.55)impliesthat

0 P π ø 0 ¥ T e u dxh0 � π ø 0 ¥ T e I dyh Z (9.71)

Since I is WR, we have for a.e. t Q � 0 T T � that xh K T � t M P � � t
critx0 Q

DomK B hL ¥w M , by (9.70)andTheorem6.2.13(a2),and

0 P BhL ¥wxh K T � t M � D h yh K T � t M P BhL ¥w � � t
critx0 � D h J K � critx0 M K t M (9.72)P BhL ¥w � x K t M � D h J K CL ¥wx K t M � Du K t MjM)T (9.73)

by (9.71)and(6.46)wherex K t M : P � t
critx0, u : P � critx0. (recall that � critx0

P� x0 � I � critx0
P � x0 � I u). Becauseu P K Kcrit M L ¥ sx K t M a.e., by Lemma

6.2.12(a),andT R 0, t Q � 0 T T � andx0 Q H werearbitrary, (b) follows.

(a) Let x0 Q DomK Acrit M . Then x : P � critx0 Q ô K R H ;DomK Acrit MjM�¼
W1 ¥ 2

loc K R H ;H M , hence� critx0
P Ccrit � critx0 and

Ah xh0 � C h yh K 0M P Ah � x K T M � C h JCcritx K T M P �	� Acritx K T M Q H T (9.74)

by (9.65)and(9.68). Therefore,yh and u dx0 � I dyh areW1 ¥ 2
loc, hencecontinu-

ous,by Theorem6.2.13(b1),sothat(9.72)–(9.73)holdeverywhereon
�
0 T T � .

Since K CL ¥w T D M is a compatiblepair for Σ, by Lemma6.3.10(e),we have
Ccrit

P CL ¥w � DKcrit on DomK Acrit M , by Lemma8.3.17(a). Thus, (a) follows
from (9.72)at t P 0.

(c) 1­ (a) and(b): Fromtheproofsof (a)and(b) weseethatwecanreplace
BhL ¥w by BhL ¥ s if I d Q SRandCL ¥w byCL ¥ s if I is SR.

2­ The “CARE”: By (a), we have � Q|f K Z h:T DomK Acrit MjhdM , whereZ : P
DomK B hL ¥ sM .

Let x0 T x1 Q DomK Acrit M . Then � xk Q Z andAxk T BKcritxk Q Z h , by Propo-
sition 6.2.8(e)&(f),becauseDomK Acrit M�¹ HB, by Lemma8.3.17(a).(Herewe
neededthestrongregularityof I d; thatof I couldbedroppedwithoutessential
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changes.)Therefore,S
Acritx0 T¯� x1U H P S Ax0 � BKcritx0 T¯� x1U / Z Y ¥ Z1 P S Ax0 T¯� x1U / Z Y ¥ Z1 � S BKcritx0 T¯� x1U / Z Y ¥ Z1

(9.75)P S Ax0 T¯� x1U0/ Z Y ¥ Z1 � S Kcritx0 T BhL ¥ s� x1U U T (9.76)

by Proposition 6.2.8(e).Now we obtainfrom (9.64)andthe formulaeAcrit
P

A � BKcrit andCcrit
P Cw � DKcrit that

0 P S Ax0 T¯� x1U � S � x0 T Ax1U � S Kcritx0 T BhL ¥ s� x1 U � S BhL ¥ s� x0 T Kcritx1U (9.77)� SCwx0 T JCwx1U � SCwx0 T JDKcritx1U � S DKcritx0 T JCwx1U � S DKcritx0 T JDKcritx1U
(9.78)P S Ax0 T¯� x1U � S � x0 T Ax1U � SCwx0 T JCwx1U � S Kcritx0 T K BhL ¥ s� � D h JCw M x1U
(9.79)� S K BhL ¥ s� � D h JCw M x0 T Kcritx1U � S BhL ¥ s� x0 T Kcritx1U � S Kcritx0 T D h JDKcritx1U
(9.80)P S Ax0 T¯� x1U0/ Z Y ¥ Z1 � S � x0 T Ax1U0/ Z ¥ Z Y21 � SCwx0 T JCwx1U Y (9.81)� S K BhL ¥ s� � D h JCw M x0 T K D h JD M � 1 K BhL ¥ s� � D h JCw M x1U U Z (9.82)

Assumenow thatalso I is SR.ThenHB ¹ DomK CL ¥ sM , so thatwe canreplace
Cw by CL ¥ s above, by Proposition6.2.8(c1)&(c4)&(d1). Apply Proposition
6.2.8(e)to B andC h to obtainthat

K hcrit
P � K � B � C h JD M K D h JD M � 1 QÍf K U T DomK CL ¥ sM h M Z (9.83)

(actually, the right-hand-side is an element of f K U T DomK CL ¥ s MjhdM , but
DomK Acrit M&¹c DomK CL ¥ sM so that K hcrit is the restrictionof the right-hand-side
ontoDomK Acrit M ).

(d) By Lemma9.7.8,we obtain(9.56). By goingbackwardstheproofsof
(a) and(b), we obtainthat (9.71)holdsfor any T andx0, hence(9.55)holds.
Therestfollows from Theorem9.7.1.

v
If D h JD is one-to-one,thenweobtainthefollowinguniquenessresults:

Corollary 9.7.4 Let I beWRandKerK D h JD M P ^ 0 _ .
(a) There is at mostoneJ-critical control in WPLSform.

(b) There is at mostoneJ-critical SRstatefeedback operator for Σ.

Although sufficient, the condition KerK D h JD M P ^ 0 _ is not necessaryfor
uniqueness,by, e.g.,Example9.13.10in which D P 0 but the J-critical control
over G out isneverthelessunique,by J-coercivity. (Thismightatfirst seemstrange,
but (9.66)is not theonly conditionon Kcrit in Theorem9.7.3,alsoAcrit andCcrit
restrictKcrit, hencesodoesalso G½hh -stabilization.)

Whenever thereis a J-critical control over Gihh in statefeedbackform, then
theuniquenessof theJ-critical control is equivalent to KerK SM P ^ 0 _ , whereS is
the signatureoperatorof the problem(which is equal to D h JD understronger
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regularity assumptions), by Theorem9.9.1(a1)&(f2). See also the notes to
Section9.8.

Proof of Corollary 9.7.4: (a) Now Kcrit is uniquely defined by the
unique (by Lemma 8.3.8) J-critical cost operator � , through (9.66). Now
Acrit

P A � BKcrit on DomK Acrit M P ^ x0 Q H �� K A � BKcrit M x0 Q H _ , by Lemma
A.4.6,andCcrit

P C � DKcrit, hence� determinesΣcrit uniquely.
(b) Let K and �K be J-critical SR statefeedbackoperatorsfor Σ. Let Σ ®

and Σ � be correspondingclosed-loopsystems. By (6.145) and Proposition
6.6.18(d4),Kcrit is SRandKs

P K Kcrit M s P �Ks, henceK P �K.

v
For boundedC, theabove“generalizedRiccatiequations”canbesimplified:

Lemma 9.7.5(BoundedCCC) Let Σcrit bea J-critical control for Σ in WPLSform.
AssumethatC Q·f K H T Y M . Then K �ÍT D h JD T Kcrit M satisfy

K hcritD h JDKcrit
P Ah � � � A � C h JC QÍf K DomK Acrit M)T DomK Acrit M h M)T (9.84)K D h JD M Kcrit
P � Bh �$� D h JC QÍf K DomK Acrit M)T U M)T (9.85)� h P � QÍf K H Ml¼ f K DomK Acrit M)T DomK A h MjMl¼ f K DomK A h M h T DomK Acrit M h M Z

(9.86)

Proof: 1­%� Q�f K DomK Acrit M)T DomK A hdMjM : From(9.65)we obtainthat(here
α Q σ K AM c is asin Definition6.1.17)K ᾱ � Ah M � P ᾱ � � � Acrit � C h JCcrit QÍf K DomK Acrit M)T H M)T hence (9.87)� P K ᾱ � Ah M � 1 K ᾱ � � � Acrit � C h JCcrit M Q·f K DomK Acrit M)T DomK A h MjM Z

(9.88)

2­ The other claims: Because B Q»f K H h1 T U M , we have Bh-� Qf K DomK Acrit M)T U M . Consequently, (9.85)follows from (9.66). Now we canget
(9.84)from (9.67),but wegiveadirectproofbelow:

Part1­ impliesthat � QBf K DomK A hdMjhpT DomK Acrit MjhdM , byLemmaA.3.24,and
H � 1

P DomK A hdMjh , A Q¾f K H T H � 1 M andB K U T H � 1 M . Therefore,wecansubstitute
identitiesAcrit

P A � BKcrit andCcrit
P C � DKcrit (from Lemma8.3.17(a))into

(9.65)andseparetethetermsto obtain

0 P Ah � � � A � � BKcrit � C h JC � C h JDKcrit Z (9.89)

Combinethiswith (9.85)to obtain(9.84).

v
Thepropositionbelow correspondsto standardcontrolproblems,whereD and

C havebeensimplified. Oneexampleof suchis thestabilizationor LQR problem,
wherè K x0 T uM : P W x W 22 � W u W 22, i.e.,C P � I0 � T D P � 0I � , J P I , Y P H Ô U . Also
in simplified H∞ problems,oneoften hasD h JC P 0 andD h JD Q²kOf K U M (e.g.,

C P � C1
0

�
, D P � 0I � , J P ~ I 0

0 � γ2I
�
, γ R 0). In thesesettings,we cansimplify the

above“Dom K Acrit M CARE” evenmoreto obtaintheonein [FLT]:
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Proposition9.7.6(BoundedCCC, standard cost) Let there be a uniqueJ-critical
control ucrit K x0 M over Gihh for each x0 Q H. AssumethatC Q¾f K H T Y M , Q : P C h JC Qf K H M , D h JC P 0, R : P D h JD Q#kOf K U M . Then

Kcrit
P � R

� 1Bh � QÍf K DomK Acrit M)T U M�T (9.90)� Ah � P � A ��� BR
� 1Bh � � Q QÍf K DomK Acrit M)T H M)T (9.91)� K A � BR

� 1Bh �BM h � P � A � Q QÍf K DomK AM)T H M)T (9.92)� h P � Q·f K H ML¼ f K DomK AM)T DomK A hcrit MjMl¼ f K DomK Acrit M)T DomK A h MjM (9.93)¼ f K DomK A h M h T DomK Acrit M h Ml¼ f K DomK A hcrit M h T DomK AM h M Z
(9.94)

Therefore, Bh � QÍf K DomK Acrit M)T U M andK hcrit
P �	� BR

� 1 QÍf K U T DomK Acrit M h M .
Unfortunately, alsothis “CARE” is givenon DomK Acrit M insteadof DomK AM .

We would like to remove theparenthesison the left-hand-sideof (9.92),but this
cannotbe donein general,since it would require,e.g., that � Q#f K DomK AMjM ,
which is not thecase.By replacingB h by Bhw we couldslightly relaxtherequire-
ment,but onestill needanadditional conditionto getfurther(cf. Section9.2).

Even when C is bounded,D h JD P I , D h JC P 0 and J P I , the operator
Kcrit

P � Bh-� neednot be bounded(nor B hw � ), by Example9.13.8. This shows
thatwhile theboundednessof B makesthingseasy(seeTheorem9.9.6),thatof C
is notashelpful.

Undertheassumptionsof theproposition, oneeasilyobtainsfrom (9.55)that� t
crit � u t h K Q � �BM � t

crit
P 0 (usethe fact that I t P π ø 0 ¥ t e K D � Cu t M , by Theorem

6.2.13), or equivalently, that ucrit
P �	u t h K Q � �BM xcrit a.e., hencethis caseis

essentiallysimpler thanthegeneralcase.
Proof of Proposition 9.7.6: 1­ By direct substitutionsto Theorem9.7.3,

weobtainthat� Ahcrit � P � Acrit � Q � K hcritRKcrit Q·f K DomK Acrit M)T DomK Acrit M h M)T (9.95)� Ahcrit � P � A � Q Q·f K DomK AM)T H M)T (9.96)� Ah � P � Acrit � Q Q·f K DomK Acrit M)T H M Z (9.97)

From(9.96)weobtainthat(hereα Q σ K AM c andβ Q σ K Acrit M c areasin Definition
6.1.17)K β̄ � Ahcrit M � P β̄ � � � A � Q Q·f K DomK AM)T H M)T hence (9.98)� P K β̄ � Ahcrit M � 1 K β̄ � � � A � QM QÍf K DomK AM)T Dom K A hcrit MjM Z (9.99)

Analogously, from (9.97) (or (9.86)) we obtain that � Qf K DomK Acrit M)T DomK A hdMjM . Consequently, B hw � P Bh-� on DomK Acrit M , and
hence(9.90)follows from (9.66).

2­ Because � P �bh QÇf K H M and hence � P �bh on any subset of
H (e.g., � P �Bh Q\f K DomK Acrit M)T DomK A hdMjM ), also the adjoints ��T¯�¾h Qf K DomK A hdMjhpT DomK Acrit MjhdM becomeequal(recall that DomK A hdMjh P H � 1), cf.
LemmaA.3.24.Thus,oneeasilyverifies(9.93)–(9.94).
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3­ Now we obtain (9.91) and (9.92) by direct substitutions. Obviously,
K hcrit

P �	� BR
� 1 QÍf K U T DomK Acrit Mjh)M . v

Remark 9.7.7 Let Σcrit bea J-critical control for Σ in WPLSform.

(a1) Givenx0 Q DomK Acrit M , the J-critical control u P ucrit K x0 M and statex P
xcrit K x0 M aregivenin the“state feedback form” in theweaksensethat

u K t M P Kcritx K t M K t Q R H,M ; (9.100)

xs K t M P AxK t M � BuK t M P K A � BKcrit M x K t Q R H,M (9.101)

(notethatu andx arecontinuousin thiscase).Furthermore, for anarbitrary
x0 Q H, wehaveu K t M P K Kcrit M sx K t M for almosteveryt Q R H

(a2) The operator Acrit : P A � BKcrit generatesthe C0-semigroup � crit , and,
for any x0 Q H, the critical control x P xcrit K x0 M is the strong solution of
xs P Acritx, x K 0M P x0 (here Acrit is theextensionof theoriginal operator, as
in Lemma6.1.16).

(a3) The “state feedback” of (a1)–(a2) is not well posedif Σcrit is not of
statefeedback form (equivalently, doesnot correspondto a solution of the
eIARE).

In fact, such “non-well-posedstatefeedback” might “explode” underany
external input (“u ® ”; e.g., disturbanceor modelling error); cf. Figure 9.1
(p. 408)andExample11.3.7.

(b1) (CARE) The “Riccati” equations of Theorem 9.7.3 are satisfied; in
particular, for WR I with D h JD QÏkOf K U M , � determinesKcrit uniquely
on DomK Acrit M and ucrit

P � K D h JD M � 1 K Bhw � � D h JCL ¥w M xcrit a.e., for any
x0 Q H.

Moreover, ` K x0 T ucrit M P S x0 T¯� x0U .
(b2) (Uniqueness)A G�hh -stabilizing solution � (if any) of the “eIARE” of

Theorem 9.7.1 is equal to the J-critical costoperator, henceit is unique,
byLemma8.3.8.

If I is WR, then we can use the “ DomK Acrit M -CARE” (9.65) and (9.66)
instead of the “eIARE”, by Theorem 9.7.3(d). In particular, a “ G{hh -
stabilizing” solution � of this“ DomK Acrit M -CARE” is unique(andsois Kcrit

if D h JD Q|kOf K U M ).
Thus, the (“ G½hh -stabilizing”) solution � of the “CARE” leadsto the “state

feedback”formulaof (b1)andto theJ-critical cost
S
x0 T¯� x0U .

If Σ is stable(or suitably (well-posedly)stabilizable)and I is positively J-
coercive over G out or G exp, thenminimizationcorrespondsto a well-posed(and
stable)statefeedback,as shown in Section10.2. However, in, e.g., the stable
J-coercive indefinitecase,theJ-critical statefeedbackpair might beunstable,or
even non-well-posed(i.e., [� TrÜ� ®�NQ H∞

∞), although
� ® is alwayswell-posedand

stable(cf. (a3));seeExample11.3.7.
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Recall that by statefeedbackwe meanthe (well-posed)statefeedbackof
Definition6.6.10,not thatof (a3).

Proof of Remark 9.7.7: (a1) This follows from (a2), LemmaA.4.2(c1)
andLemma6.2.12.

(a2)By Lemma8.3.17(a),Acrit
P A � BKcrit onDomK Acrit M . Therestfollows

from Lemma6.1.16(b).
(a3) 1­ This is intuitively ratherobvious. We shall show in 2 ­ that if the

mapu® ¢ u is well posed,whereu ® is anexternalinput andu is theeffective
inputcorrespondingto u ® andinitial statex0

P 0, asin Figure9.1,thenΣcrit is
the left columnof the correspondingclosed-loopsystem;this provesour first
claim. If u ¡¢ y is coercive(e.g., I P � � 1

I

�
, asin thestandardsetting), thenthis

meansthatalsothemapu ® ¡¢ y becomesill-posed;thesameappliesto u ® ¡¢ x.
2­ If

� Q4k TICω K U M , where
�

u ® : P u (a time-invariant operator
� Qk�f K L2

ω K R H ;U MjM can be extendedto k TICω K U M , by Lemma2.1.3), then
�

definesan admissible statefeedbackpair � � I � � � 1 � for Σ, andΣcrit is
theleft columnof thecorrespondingclosed-loopsystem.

Indeed,if u® Q L2 K R � ;U M andu P � u ® , then,obviously, π H u P � crit u u P�
crit u � u ® (this is thecontrolcorrespondingto π H u® P 0 andx0

P u u). Now
weobtain � � �n�

from Theorem8.3.13(b1)(seeLemma8.3.16(b)).
(b1)This followsfrom Theorem9.7.3.
(b2)This followsfrom Theorems9.7.1and9.7.3.
Note that the definitionof a “ GJhh -stabilizing” solution � Qif K H M is rather

clumsy;e.g.,werequireKcrit to generateaWPLS(“ Ù � 0�
0.
0 Ú ”) with A � BKcrit and

Cw � DKcrit, andposetheconditions
�

0x0 ¹ÉGihhLK x0 M and(9.54);thelatter two
conditions becomeequivalent to � 0 beingexponentially stableif G{hh P G exp,
by Theorem9.7.1(c). Thiscanbesimplified in thepositively coercivecase(as
donefor theCARE in Section10.7,in particular, Proposition10.7.3(d3)).

However, aCAREdefinedonDomK Acrit M doesnotseemto beuseful,there-
fore wewill notgo into thesesimplifications;we justmentionthatin Theorem
5.3 of [FLT] it is shown that if C P � R0 � , D P � 0I � , J P I and R m 0 (thus` K x0 T uM P W u W 22 � S x T RxU L2), then(9.67) hasat mostoneself-adjointsolution� P �Bh Q·f K H M s.t.B h-� Q·f K DomK Acrit M)T H M . v
The rest of this sectionconsistsof auxiliary lemmasonly. Somealgebraic

(instantaneous)Riccati-like equationscan be equivalently written in integral
formsandviceversa,asdescribedbelow:

Lemma 9.7.8 (a) Let ~ � k�
k

� Q WPLSK 0 T H T Y M K k P 1 T 2M , P Qgf K H M and �J Qgf K Y M .
ThenS
A1x1 T Px2U H1 � S x1 T PA2x2U H1 � SC1x1 T �JC2x2U Y1

V 0 K x1 Q DomK A1 M)T x2 Q DomK A2 MjM
(9.102)$�w K � t

1 M h P� t
2 � K � t

1 M h �J � t
2 V P K t Q � 0 T � ∞ MjM Z (9.103)

Moreover, wecan,equivalently, replace“ K t Q � 0 T � ∞ MjM ” by “ K t Q K 0 T ε MjM ”, for
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anyε R 0, or require(9.102)only for xk Q ¼ n 5 N DomK An
k M . All thisalsoholdswith

“ P ” or “   ” in placeof “ V ”.

(b) Part (a) also holds if we replace“ ~ � k�
k

� Q WPLSK 0 T H T Y M ” by “ � k is a

C0-semigroup on H andCk Q½f K H1 T Y M ” and set K � kx0 M K t M P Ck � k K t M x0 K t V 0M
to define� k : H1 ¢ ô K R H ;Y M , exceptthat (9.103)mustbeappliedto elementsof
DomK AM only.

Equation(9.102)is equivalentto

Ah1P � PA2 � C h1 �JC2 V 0 (in f K DomK A2 M)T DomK A1 Mjh)M ) T (9.104)

whereDomK Ak M is equippedwith the graphtopologyandDomK Ak Mjh is its dual
w.r.t. thepivot spaceH asin LemmaA.3.24(or in Lemma6.1.16andDefinition
6.1.17). However, we encouragethe readerto alwayswrite suchformulaeinto
thelongerform (9.102)whenheor shehasproblemsto verify themin their short
forms.

For equationscontainingI/O maps(“ I ” ), weneedsomeregularityassumption
(for “D” to exist), andfor equationscontaininginputmaps(“ u ” ), theequivalence
becomesrathercomplicated,andthey needspecialextensions of B h andBh P, as
illustratedin Section9.8andcorrespondingproofsin Section9.11.

Proof: 1­ “ $ ”: Let xk Q DomK Ak M (k P 1 T 2). By LemmaA.4.2(c1),we
have K � kxk M�s P Ak � kxk

P � kAkxk Q ô K R H ;Hk M K k P 1 T 2M)T (9.105)

in particular, � kxk Q ô K R H ;DomK Ak MjM . Consequently, � kxk
P Ck � Ãkxk Qô K R H ;Y M (k P 1 T 2), by Lemma6.2.12.

Since f : P S x1 T gx2U , whereg : P K � t
1 Mjh P� t

2 � K � t
1 Mjh �J � t

2 � P, satisfiesf K 0M P
0, f V 0 and f Q ô 1 K R H�M , wehave f s K 0M�V 0, which impliesthat(9.102)holds.

2­ “ w ”: Assumethat (9.102)holdson DomK A∞
1 M&Ô DomK A∞

2 M . Let ak Q
DomK A∞

k M : P ¼ n 5 N DomK An
k M and t V 0. Setxk : P � t

kak Q DomK A∞
k M , so that� kak

P Ckxk and K � kak M s K t M P Akxk (k P 1 T 2), asin 1­ . By substituting these
into (9.102),weobtain

0   S � s1 K t M a1 T P� 2 K t M a2U � S � 1 K t M a1 T P� s2 K t M a2U � SC1 � 1 K t M a1 T �JC1 � 2 K t M a2UP d
dt
Ù S � 1 K t M a1 T P� 2 K t M a2U H � ï t

0

S
C1 � 1 K t M a1 T �JC2 � 2 K t M a2U Y dt ÚP d

dt
~ S a1 T � 1 K t M h P� 2 K t M a2U H � S a1 T K � t

1 M h �J � t
2a2U H � Z

Thus,the expression in bracketsmustbe increasing,hencefor any t R 0,
wehaveS

a1 T � 1 K t M h P� 2 K t M a2U � S a1 T � h1 �Jπ ø 0 ¥ t � � 2a2UV S a1 T � 1 K 0M h P� 2 K 0M a2U � S a1 T � h1 �Jπ ø 0 ¥ 0� � 2a2U P S a1 T Pa2Uq� 0 Z
The sameholdsfor a1 T a2 Q H Ô H too, becauseDomK A∞

k M is densein H, by
LemmaA.4.2(b).

3­ The“moreover” claimcanbeobservedfrom theaboveproofs;theclaim
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on “   ” follows by replacingP by � P and �J by � �J; theclaim on “ P ” follows
“   ” and“ V ”.

(b) The proof of (a) appliesheretoo. Note that here(9.103)meansthatS
x0 T76 K � t

1 Mjh P� t
2 � K � t

1 Mjh �J � t
2 � P8 x0U

H
V 0 for all x0 Q DomK AM P : H1 andall

t Q � 0 T � ∞ M . v
Weshallsometimesneedthefollowing lemma:

Lemma 9.7.9 Let x0 Q H and u Q L2
loc K R H ;U M . Thenu Q Gihh K x0 M iff π H τtu QGihhLK � t x0 � u t uM for some(equivalently, all) t V 0.

Thissaysthatu is admissible for someinitial statex K 0M if f atsome(henceany)
momentt therestof u is admissible for thecurrentstatex K t M .

Proof: Given t V 0, setus : P π ø 0 ¥ t e u, us s : P π H τtu, so that u P us29 tus s (see
p. 158)andxt : P � t x0 � u t u P � t x0 � u t us , Obviously, u Q L2

ϑ
« us s Q L2

ϑ. We
have(recall thatτtus s P π � τtu)K � xt M � I u s s P K π H τt � x0 � π H>I τtus s M � π H�I π H τtu P π H τt K � x0 � I u M (9.106)

hence� xt � I u s s Q L2 if f � x0 � I u Q L2.
Analogously, we canshow that ¦ xt � ¨ u s s Q Zs if f π H τt K ¦ x0 � ¨ u M Q Zs,

i.e., if f ¦ x0 � ¨ u Q Zs (by StandingHypothesis9.0.1). Thus,we have shown
thatu Q G½hhLK x0 M « us s Q GihhLK xt M . Sincet V 0 wasarbitrary, this establishesthe
claim.

v
Wefinish thissectionby a resultthatwasusedin theproofof Theorem9.7.1:

Lemma 9.7.10 Assumethat ÔÕ � 0� 0�
0

Ö×
is a control in WPLSform s.t.

�
0x0 QG hh K x0 M for all x0 Q H.

Then,for anyt V 0 and �η Q L2 K � 0 T t M ;U M , wehaveη : P π ø 0 ¥ t e �η � τ
� t �

0 u t �η QGihhLK 0M andπ ø 0 ¥ t e η P �η.

v
(This follows from Lemma9.7.9by setting x0

P 0, since
�

0 u t �η Q GihhLK u t �η M .)
Notes
As necessaryconditions, equations(9.55)–(9.57)and(9.63)–(9.65)arewell-

known for some special cases;see, e.g., [S97b] for the caseof well-posed
minimizing statefeedbackfor WPLSs.

Most of Proposition9.7.6wasestablishedin [FLT] by solving first thefinite-
time interval problem and then obtaining the infinite-time resultsas a limit.
This methodrequiresa rathercoercive cost function (seethe notesbelow the
proposition) andis hencenot applicableto the moregeneralresultsof Theorem
9.7.3andLemma9.7.5,whoseformulaearewell-known at leastfor systemswith
boundedB andC [CZ, Exercise6.21c].Theintegrationsanddifferentiationsused
in Lemma9.7.8arewell-known [WW] [S97b].

We shallnow treattwo questionson [FLT] (or on [LT00b]) thathave caused
somecontroversy. Oneobservesfrom (6.52)(with C P I ) that K π ø 0 ¥ t e u τπ ø 0 ¥ t e Mjh v P
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BhL ¥ s ð T
t � K sMjh v K sM ds for all v Q L2

loc K R H ;H M . In (1.3b)of [FLT], thesameformula
is given with “B h ” in placeof “BhL ¥ s”, andthe resultsof that article arederived
usingthis formula.Accordingto theauthors,“B h ” refersto a “maximal,possibly
nonuniqueextensionof the original B h Q²f K DomK A hdM)T U M ”, whose existence
shouldfollow (nonconstructively) directly from the (standard)assumptions that
A
� 1B Qbf K U T H M (use K s � AM � 1 insteadif 0 Q σ K AM ) andthatB h � h : DomK A hdM ¢ ô

extendsto an operatoru d : H ¢ L2 K � 0 T T M ;U M K T R 0M . We cannotfollow this
argument,nor cantheexpertsthatwe have contacted.However, theconstructive,
highly nontrivial proof of [W89a] (see(6.52)) can be used. Nevertheless, in
several applications,suchasin the parabolicsettingof Section9.5, the proof is
rathersimple.

Thesecondcontroversialthing is thefollowing: If D h JD P I , thenwe obtain
from Proposition9.7.6thatS
Bh � x0 T Bh � z0U U P S � Ax0 T z0U0/ Domc Acrit e Y ¥Domc Acrit e 1 � S � Acritx0 T z0U H K x0 T z0 Q DomK Acrit MjM Z

(9.107)
By (9.94),theexpressionS � Ax0 T z0U H � S � Acritx0 T z0U / Domc Ae Y ¥Domc Ae 1 K x0 T z0 Q DomK AMjM)T (9.108)

is continuousDomK AMUÔ DomK AM ¢ C. In [FLT, Corollary 4.9], Flandoli et
al. define

S
Bh � x0 T Bh � z0U U for x0 T z0 Q DomK AM by (9.108) (even if DomK AM�¼

DomK Acrit M P ^ 0 _ ), so thatAcrit � P Ah7��� K Bh �BMjh Bh � Q�f K DomK AM)T Dom K AM�hdM
andhence(9.96)becomesK Bh �BM h Bh � P Ah � � � A � Q QÍf K DomK AM)T DomK AM h M)T (9.109)

by the definition of K B h �gMjh Bh � . Thus,(9.109)is actuallyan equivalent way of
writing (9.96).

G. Weiss and H. Zwart (Section 8 of [WZ]) have constructeda simple
example(our Example9.13.8)satisfyingthe assumptions of Proposition9.7.6
andhaving a ULR uniqueminimizing (henceJ-critical) statefeedbackoperator
K that differs from Bh � (asdefinedby (9.108); see[WZ] for details). In fact,
sinceDomK AM3¼ DomK Acrit M P ^ 0 _ P KerK �gM in [WZ], onecouldextendB h-� to
DomK AM arbitrarily. The extensionB hL ¥ s� P Bhw � is the only oneleadingto the
minimizingK.

Therefore,the extensionof B h7� usedfor (9.109)would seemartificial and
not having a connectionto theminimizing statefeedbackoperator� K P B hw � P
BhL ¥ s� (this formulais valid onHB à DomK AMl] DomK Acrit M , seeSection9.9).

It is not obvious whether this B h � always correspondsto B h � for any
extensionB h of Bh . However, after finishing this chapter, we learnedabouve
[BLT], in whichtheauthorssucceedin settlingthislastproblemfor severalspecial
casesby proving theexistenceof anextensionB h of Bh on � �DomK AM�� s.t.B h �
equal“Bh � ”. In theseconstructions, theirmethodsresemblethedefinitionof Bs.

However, in severalapplications,suchastheparabolicproblemsof [LT00a],
equation(9.109)coincideswith theCARE(9.3)andhencebecomesusefulfor the
computationof the Riccati operatorandthe optimizing statefeedbackoperator.
In particular, in thesecasesthesignatureoperatorSof theproblemequalsD h JD
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(Seethe notesto Section9.8 for a comparisonbetweenD h JD andthe signature
operator.) Oneof themeritsof [FLT] is theresultsthatif Q m 0, then � is unique
(seetheproofof Remark9.7.7(c)).
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9.8 Algebraic and integral Riccati equations
(CARE � IARE)

For every complex problem,there is a solution that is simple, neat,
andwrong.

— H. L. Mencken

In this section,we shall divide the correspondencebetweenoptimal (i.e., J-
critical) control and CAREs into two parts,by introducing “Integral Algebraic
RiccatiEquation(IARE)” in betweenthesetwo concepts.

The IARE is essentiallyan integral of the CARE, but it can be formulated
regardlessof theregularity of thesystemandJ-critical control (aslong asit can
be given in the statefeedbackform). Therefore,this new conceptallows us to
extendtheclassicalone-to-onecorrespondencebetweentheoptimalcontroland
thestabilizingsolutionof theRiccatiequationto generalWPLSsin Section9.9.
In this section,we shall establishthe equivalenceof IAREs andCAREsunder
weak regularity assumptions (Proposition9.8.10),and show the uniquenessof
their stabilizingsolutions(Theorem9.8.12).

In addition, we shall study the extendedforms of theseRiccati equations,
“eIAREs” and“eCAREs”, wherethe signatureoperatorsneednot be invertible,
sincea J-critical control neednot correspondto an invertible signatureoperator
unlesswe assumeacoercivecostfunction(J-coercivity).

We shall also observe that the eIARE is a reformulationof the extended
Discrete-timeAlgebraic Riccati Equation (eDARE), seeProposition 9.8.7 and
Theorem13.4.4.Thus,wemayusetheeDARE theoryfrom Section14.1to solve
continuous-time problemsin discretetime. In particular, if onewishesto verify
the proofs,oneshouldreadfirst Section14.1. The equivalenceof eCAREsand
eIAREsthenextendsthediscrete-timeresultsalsoto (e)CAREs.

Becauseof theappearanceof thefeedthroughoperatorsD andX P I � F in the
eCAREs,wecandefinethemonly for weaklyregular I and

�
(their feedthrough

operatorsareoftenassumedto bezeroin classicaltheory;this cannotbedonein
general).Nevertheless, alsopart of the “CARE” theorycanbe appliedto more
generalsystems,asshown in Remark9.12.1andSection9.7.

FurtherresultsonRiccatiequationswill begiven in thefollowingsections,and
on positive Riccati equations(roughly, with a nonnegative signatureoperatorS)
in Section10.6. Theproofsof Proposition9.8.11(ii)andTheorem9.8.12(d)&(e)
dependonSection9.9.

Recallour standing assumptions that Σ P � � �� � � Q WPLSK U T H T Y M andthat
J P J h Q4f K Y M , and the fact that we denotegeneratorsby sameletters as
correspondingoperators( ù A B

C D ú P � � �� � � ).
We startby extending Definition 9.1.5 to cover the casewhereS NQ$k�f K U M

andF NP 0. Solutionsof theeCAREwill becalled“ GJhh -stabilizing” if thecorre-
spondingcontrol u : P � ® x0 belongsto the classover which we areoptimizing
(u Q GihhLK x0 M ) andtheresidualcostcondition(PB) is satisfied(thelatter is redun-
dantfor Gihh P G exp andfor Gihh P G str, by Theorem9.8.5).In Corollary9.9.2we
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shallshow thatsuchsolutionscorrespondone-to-oneto theoptimal statefeedback
operators.

Definition 9.8.1(eCARE) We call � (or K ��T ST � K F
� M ) a solution of the

extendedContinuous-timeAlgebraicRiccatiEquation(eCARE)
(inducedby Σ andJ) iff Σ is WRand � satisfies	

� 

� K h SK P Ah � � � A � C h JC QÍf K DomK AM)T DomK AM h M
X h SX P D h JD � w-lim

s
 H ∞
Bhw � K s � AM � 1B QÍf K U M

X h SK P � K Bhw � � D h JCM QÍf K DomK AM)T U M (9.110)

(here X : P I � F) and � P �Bh QÍf K H M F T S QÍf K U M , S P Sh andK QÍf K H1 T U M .
A solution � of theeCAREis calledWR (resp.SR,UR,admissible, stabilizing,

stable, ...) if generators � K F
�

extendΣ to anotherWRWPLSΣext and the
resultingpair � � � �

is WR(resp.SR,UR,admissible, stabilizing, stable, ...).
SeeDefinition6.6.10for furtherpreficesandsuffices.

If � is admissible, thenwe denotethe correspondingclosed-loopsystemby
Σ ® and set

�
: P I � � Q TIC∞ K U M , � : P � � 1 Q TIC∞ K U M , Ë : P I�® : P I � Q

TIC∞ K U T Y M .
We add the prefix “P-” or “PB-” if � is admissible and satisfiesthe

correspondingresidualcostconditionbelow:

(P)
S � t® x0 T¯� � t® x0U ¢ 0, ast ¢¶� ∞, for all x0 Q H.

(PB)
S u t u T¯� � t® x0U ¢ 0, ast ¢ � ∞, for all x0 Q H andu Q G hh K 0M , and(P)

holds.

Wecall �ÉG hh -stabilizing if (PB)is satisfiedand
� ® x0 Q G hh K x0 M for all x0 Q H.

The eCAREwith additional requirementsX P I and S QÊkOf K U M is called
CARE.

(Note that � K F
�

extendsΣ to a WR WPLS iff � A B
K F

�
generatea WR

WPLS.NotealsothatwhenwesaythattheeCAREhasa solution, we tacitly say
that I is WR. Admissible pairsaredescribedin Definition 6.6.10;alsoherewe

setΣext : P ~ � �� �. / � , sothatΣ ® P K Σext M)ø 0 I � .)
A lessabstractformulationof thefirst of theequationsin (9.110)is given in

(9.4) (cf. Lemma9.7.8andinequality (9.104)).
Weshallshow in Theorem9.9.1(a1)&(e1)&(e2)that G{hh -stabilizingsolutions

of theeCAREcorrespondto WR J-critical statefeedbackpairsover Gihh . We are
mainly interestedin WR J-critical statefeedbackoperators,equivalently, in the
caseF P 0 (or X P I ).

The prefix “P-” (resp.“PB-”, “ G·hh -”) doesnot affect otherpreficesandvice
versa,it just addsthe requirement(P) (resp.(PB), G½hh -stability of Σ ® ) (e.g.,by
“exponentiallyPB-stabilizing”wemean“exponentially stabilizingandsatisfying
(PB)”).

(For analogywith thetraditionalconcept“stabilizing solution”, we say“ G¬hh -
stabilizing”, not “ GJhh -admissible”, althoughthis term doesnot imply that Σ ® is
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stable(similarly, � -stabilizing meansthat � ® is stablebut thewholeΣ ® neednot
be,by Definition6.6.10).)

Remark9.1.6appliesalsoto eCAREs,exceptthatK neednot beWR unless
X T S Q|k�f K U M ; cf. Lemma9.9.7.

Thus, a solution � is WR if ~ A B
C D
K F

�
generatea WR WPLS, i.e., if the

operators
�

: x0 ¡¢ K � K o´M x0 and
�

: P I � X � Kw u τ extend Σ to anotherWR
WPLS (seeLemma6.3.13andRemark9.1.6). A WR solution is admissible if f
I � � Q|k TIC∞, by Definition6.6.10;if

� Q ULR, thenthisholdsif f X Q|k�f , by
Proposition6.3.1(c). By Lemma6.6.11,any solution leadingto a boundedK is
ULR (andadmissible if f I � F Q#k�f K U M ).

Condition (P) is satisfiedby any strongly stabilizing solution. It follows
from Proposition9.8.10,thatfor a � � I �

-stabilizing solution of theeCARE,
condition(P) is equivalent to any of (P1)–(P4)of Lemma9.10.1(d1).

Remark 9.8.2(eCARE vs.CARE) A WRsolution � of eCAREis a WRsolution
of the CARE(with Ss P X h SX and K s P X

� 1K in placeof S and K) iff ST X Qk�f K U M . v
(This is obvious.)Moreover, theadmissibility [stabilizability] of � K s 0

�
is

thesameasthatof � K I � X
�

(seetheformulafor Σ ® in Theorem9.8.12(s1))
andthesameappliesfor otherattributesof � , hencewe canconsider� alonea
solutionof theeCAREwhenST X QJkOf K U M (becausethen � determinestheSand
K correspondingto X P I uniquely).

Moderateregularityandcoercivity assumptionsforceX andSto beinvertible,
by Lemma9.9.7,hencethe eCAREis equivalent to the CARE in mostapplica-
tions.

Next we give necessaryandsufficient conditionsfor a solution of theCARE
to be admissible, both in state-spaceandfrequency-domainterms. Fortunately,
we only rarelyneedtheseconditions.

Remark 9.8.3(Admissibility of a solution of the CARE) Let K ��T ST K M bea so-
lution of theCARE.

(a1) By Lemma6.3.13and Remark9.1.6, � A B
K 0

�
generate a WR WPLSiff

for someε R 0 and ω R ωA, Bhw � � K o´M : DomK AM ¢ ô K R H ;U M extends
to a continuous map H ¢ L2 K � 0 T ε M ;Y M , and B hw ��u τ : ô ∞

c K � 0 T ε M ;U M ¢ô b K � 0 T ε M ;Y M extendsto a continuousmapL2
ω K � 0 T ε M ;U M ¢ L2

ω K � 0 T ε M ;Y M for
someε R 0 andω R ωA.

(a2)Thecorrespondingfrequency-domainconditionsareasfollows: Thereare
ε R 0 andω R ωA s.t.for each x0 Q H wehaveBhw � K s � AM � 1x0 Q H2 K C Hω ;U M
andB hw � K s � AM � 1B Q H∞ K C Hω ; f K U T Y MjM (asfunctionsof s).

(b) Assume(a1) (equivalently, (a2)). If
�

is ULR, then � is admissible (i.e.,
I � � Q#k TIC∞ K U M ).

(c) The solution � is admissible iff
�

: P I � � P I � Kw u τ is invertible on
TIC∞ K U M , or equivalently, iff I � Kw K op� AM � 1B Q<k H∞

∞, or equivalently, iff
π ø 0 ¥ ε e � π ø 0 ¥ ε e is invertibleonL2 K � 0 T ε M ;U M for someε R 0.
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For the eCARE, correspondingconditions can be given, e.g., as follows:
HB ¹ DomK Kw M , Kw � K o´M : DomK AM ¢ ô K R H ;U M extendsto a continuous map
H ¢ L2 K � 0 T ε M ;Y M for someε R 0, Kw u τ : ô ∞

c K � 0 T ε M ;U M ¢ ô b K � 0 T ε M ;Y M extends
to a continuousmapL2

ω K � 0 T ε M ;U M ¢ L2
ω K � 0 T ε M ;Y M for someε R 0 andω R ωA,

A� : P A � BKw generatesa (C0-)semigrouponH andKw K s � A� M � 1B Q|k H∞
∞.

Proof: (a1)Thisfollowsfrom thedefinitionof K, Remark9.1.6andLemma
6.3.13(usethefactthat � � �� � � is aWPLS).

(a2)UseLemmas6.3.15insteadof Lemma6.3.13in (a1).
(b) UseProposition6.3.1(c).
(c) UseTheorem6.2.1andLemma2.2.8.

v
We definethe solutions of the eIARE analogouslyto thoseof the eCARE

(recall thenotationfrom (6.5)):

Definition 9.8.4(A P-stabilizing solution of the eIARE) We call � (orK ��T ST � � � � M ) a solution of theextendedIntegralAlgebraicRiccatiEquation
(eIARE) (inducedby Σ andJ) iff theeIARE	
� 
� � t h S� t P � t h � � t ��� � � t h J � t K QÍf K H MjM)T� t h S� t P I t h J I t � u t h ��u t T� t h S� t P �$ù�I t h J � t � u t h � � t ú (9.111)

(here
�

: P I � � ) is satisfiedfor all t R 0, and � P �Íh Q�f K H M , S P Sh Q�f K U M ,� QÍf K H T L2
loc K R H ;U MjM , and

� Q TIC∞ K U M .
A solution � is calledwell-posed(resp.WR,SR,UR, admissible, stabilizing,

stable, ...) if � � � �
extendsΣ to another WPLSΣext (resp.-”- and the pair� � �+�

is WR,SR,UR,admissible, stabilizing, stable, ...).
Weuseprefices“ Gihh -”, “P-” and“PB-” asin Definition 9.8.1.
TheeIAREwith additional requirementS Q|k�f K U M is calledIARE.
If � is admissible, thenwe denotethe correspondingclosed-loopsystemby

Σ ® and set
�

: P I � � Q TIC∞ K U M , � : P ��� 1 Q TIC∞ K U M , Ë : P I�® : P I � Q
TIC∞ K U T Y M .

(Note that � � � �
extendsΣ if f � � �. / � Q WPLS.) One explanationof

the eIARE is that it specifiesthe value of the terms in
S
u ®&T Sπ ø 0 ¥ t e u®�U , where

u® : P � � x0 � � u is the closed-loopinput (the disturbanceto the J-critical
statefeedback)correspondingto open-loopinput u and initial statex0 (indeed,�

x0 � � u P u � u® in Figure9.1(p. 408)).
TheIARE shouldnot bemistakenfor “IRE”, the integral of the“Dif ferential

Riccati Equation”, which both correspondto finite-time interval problems(see
Section8.5).

By Lemma9.10.1(b4),equations(9.153)–(9.161) aresatisfiedby any admis-
siblesolutionof theeIARE.

In caseof G exp or G str, theattribute “ G½hh -stabilizing”canbereducedsubstan-
tially:
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Theorem9.8.5( G�hhGihhGihh -stabilizing solution) Let K ��T ST � � � � M beanadmissible
solutionof theeIARE,with closed-loopsystemΣ ® . Then � is Gihh -stabilizing iff� � � �

is J-critical over G½hh .
Moreover, � is G exp-stabilizing iff � � � �

is exponentiallystabilizing; and� is G str-stabilizingiff � � T® � T® � T® � T is strongly stable.

Finally, � is G out-stabilizing iff � � � �
is PB-output-stabilizing; and � isG sta-stabilizing iff � � T® � T® � T® � T is stableand(PB) holds.

(Theorem9.9.1developsthis further.) In particular, if � is G exp-stabilizing,
then � is G str-stabilizing; theconverseis not true,by Example9.13.14. However,
a feedbackbeing G str-stabilizing doesnot meanthat u�® , I�® or

� ® is stable,
henceit neednot be strongly stabilizing in general;in Theorem9.9.1 we use
q.r.c.-stabilizability to providestrongly stabilizing optimalcontrols.

Proof: The first claim follows from Proposition9.10.2(i)&(ii)&(c). The
other claims follow from (d), (e1) and (f1) of Proposition9.10.2 (use also
Theorem8.3.9(a1)&(a2)for the“only if ” part).

v
Condition(PB) is, unfortunately, not redundantfor G out (nor G sta) in general,

by Example9.13.2(or Example9.13.9). However, in severalspecialcases(PB)
can be relaxed also for G out and G sta; see,e.g., Theorem9.9.1(c1)–(c3)and
Theorem9.2.10.

Evenin thegeneralcase,theconditions canbeslightly weakened:

Lemma 9.8.6(Simplifications) Thefollowingareequivalent:

(i) K �ÍT STt� � �n� M is a G½hh -stabilizing solutionof theeIARE;

(ii) � P �Bh Q¬f K H M , S Q|f K U M , � � �+�
is an admissible state feedback

pair for Σ, the eIARE (9.111) has a solution for one fixed T : P t R 0,� ® x0 : P K I � � M � 1 � Q GihhLK x0 M (x0 Q H) andthe limits in (P) and(PB) are
zero whenwerestrictt to TN (or to someof its unboundedsubsets).

(Thus, (P) and (PB) may be replaced by the condition thatS � nkT® x0 � u nkTu T¯� � nkT® x0U ¢ 0, as k ¢ � ∞, for some sequencê nk _{¹ N
s.t. limk 
 H ∞ nk

P � ∞).
Proof: This follows from “(ii) « (iii )” and(h) Proposition9.10.2.

v
ThenameIARE insteadof “IRE” reflectsthefactthatwecanand(mostoften)

will treattheIARE asanalgebraicequationof theintegratedterms� t , u t , � t , I t

andof theoperatorsJ and � (seeRemark9.8.8for how to eliminateS and
� t ).

In fact,it equalstheDiscrete-timeAlgebraicRiccatiEquation(DARE) (for t P 1;
seeDefinition14.1.1andDefinition13.4.2for theDARE andfor thediscretization
operator∆S):
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Proposition9.8.7(eIARE « « « eDARE) Lett P 1 (or let t R 0 bearbitrary anduse
Remark13.4.6).Then

(a) If K �ÍT ST � � � � M is an [admissible [stabilizing]] solution of the eIARE
(for Σ and J), then K ��T ST ∆S � � �+� M is an [admissible [stabilizing]]
solution of the (discrete) eIAREfor ∆SΣ and J. All preficesand suffices
apply.

(b) A triple K ��T ST ∆S � � � � M is an admissible [stabilizing] solution of the
(discrete) eIAREfor ∆SΣ and J iff

� t : P I � � t QÊk�f K L2 K � 0 T t M ;U MjM andK ��T Sd T Kd M is anadmissible [stabilizing] solutionof theeDAREfor ∆SΣ and
J, where Sd : P K � t Mjh S� t , Kd

P K � t M � 1 � t . All preficesandsufficesapply.

(c1)Let K ��T ST � � � � M beanadmissible [stabilizing] solutionof theeIARE.
Then K �ÍT Sd T Kd M is anadmissible [stabilizing] solutionof theeDARE,by(a)
and(b). All preficesandsufficesapply(including “ G#hh -”).

(c2) Conversely, let K �ÍT Sd T Kd M bea � -P-stabilizing solution of theeDAREfor
∆SΣ and J; let � � d

�
d
�

be the correspondingstatefeedback pair, and
set � � � �

: P K ∆S M � 1 � � d
�

d
�
.

Then � � �. / � Q WPLS iff K ��T ST � � � � M is a � -P-stabilizing solution of
theeIARE,whereS: P K � t h M � 1Sd K � t M � 1.

(c3) Let K ��T ST � � � � M be an admissible solution of the eIARE. ThenK ��T STt� � �+� M is G out-stabilizing (resp. G exp-stabilizing) for Σ iffK ��T Sd T Kd M is G½hh -stabilizing (resp. G exp-stabilizing) for ∆SΣ.

Alsomostotherattributesare invariant (e.g., “J -critical over G out (or overG exp)”, “[str ongly] internally stabilizing”, “P-output-stabilizing”, “P-
SOS-q.r.c.-stabilizing”, “stable”, and “exponentiallyq.r.c.-stabilizing”);
seeTheorem13.4.4(d2)&(e)&(f2) for furtherattributesanddetails.

(Here continuous-timeanddiscrete-timeG{hh ’s correspondsto each otheras
in (13.73);in particular, G exp and G out are “in variant”.)

Thus, for admissible � � � �
, the triple K ��T ST ∆S � � � � M is a Gihh -

stabilizing solution of the discrete-timeeIARE iff K ��T ST � � � � M is a G hh -
stabilizingsolutionof theeIARE.

We have stated(a)–(c1) in one direction only, and the converse(c2)–(c3)
containsonly apartialresult(sufficient for mostapplications). Thereadermight
wish to consultthediscretizationtheoryof Section13.4for detailsandfor tools
for furtherresults.

Note from (b) that Sd is invertible (resp.one-to-one)if f S is invertible (resp.
one-to-one);in particular, the equivalenceof IARE andDARE is analogousto
thatof eIARE andeDARE.

Proof of Proposition 9.8.7: (a)&(b) Theseareobvious(seealsoTheorem
13.4.4(d)&(e1));wecanobviously includetheprefix “ G{hh -”.

(c1)This follows from (a) and(b).
(c2) By inversediscretizationwe obtainfrom thediscrete-timeeIARE the

continuous-timeeIAREfor timevaluesin tN. By definition, � � �. / � Q WPLSis
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necessaryfor � � � �
to beadmissible, hencewemayassumethat � � �. / � Q

WPLS.
Then K ��T ST � � � � M is P-� -stabilizing if f K �ÍT Sd T � � d

�
d
� M is P-� -

stabilizing, by Proposition 9.10.2(a1)(i)&(ii) (which is valid in discretetime
too,by Theorem14.1.3).

(c3)SeeTheorem13.4.4(d2)&(e)&(f2)for theproperties.In particular, “J-
critical over Gihh ” is preserved,hencealso“ Gihh -stabilizing”, by Theorem9.8.5.

E.g., “[strongly] internally”, “output-” etc.arepreserved by (d2) (or (e1))
of Theorem13.4.4(d2), and“q.r.c.-” etc.arepreservedby (e1).

By (c2), “P-output-stabilizing” is preserved (and “P-” in connectionto
anything strongerthan“ � -stabilizing”).

We do not know whether“P-admissible”is preserved (from discreteto
continuoustime), but usuallyeventhediscreteform of (P) is enough(e.g.,the
discreteform of “internally P-stabilizing” is enoughto guaranteeuniqueness,
by Theorem14.1.4(b)).

(Althoughwe canuse(f1) of Theorem13.4.4for G out and G exp, notethat
we have to use(f2) for G sta and G str; in particular, we cannotwrite explicitly
“ � is G Σ

sta-stabilizing” if f “ � is G ∆SΣ
sta -stabilizing”dueto thereasonsexplained

in theproof. Fortunately, thisdoesnothinderusfrom applyingcertaindiscrete-
timeresultsfor G sta and G str in thesamewayasfor generalG½hh ’s.)

v
One can speakof a solution � of the eIARE without mentioning S and� � � �

, becausetheSand � � � �
canbeeliminated:

Remark 9.8.8 The maps
� t ,

� t and S can be eliminatedfrom the eIARE as
follows(this is trivial for S Q|kOf ):

SetSs : P � t h S� t ,
� t s : P � t � t , so that the secondand third equationof the

eIAREdetermineSs P K Ss Mjh Q½f K L2 K � 0 T t M ;U M7M and Ss � t s . Let P QJf K U M be the
orthogonalprojectionontoKerK Ss M ) . ThenSs � t s x0

P Ss P� t s x0 determinesP
� t s x0

uniquelya.e., for anyx0 Q H. Consequently,S � t xs0 T S� t x0U P S � t s xs0 T Ss � t s x0U P S P� t s xs0 T Ss P� t s x0U (9.112)

is uniquelydeterminedbySs andSs � t s , for anyx0 T xs0 Q H.

To establishtheequivalencebetweentheeIAREandtheeCARE,wefirst have
to show that the latter is well defined. SinceB hw Qif K H hC ¥K T U M if(f) Σext is WR,
by Proposition6.2.8(a1),thefollowingshows thatthetermB hw � in theeCAREis
definedonHB (cf. Remark9.1.6):

Lemma 9.8.9(� Q·f K HB T H hC ¥K M� QÍf K HB T H hC ¥K M� QÍf K HB T H hC ¥K M ) Let Σ P � � �� � � Q WPLSω K U T H T Y M and J P
J h Q½f K Y M . Let K ��T ST � � � � M be a solutionof the eIAREs.t. Σext Q WPLS.
Then� Q·f K HB T H hC ¥K M .

Proof: Let x0 Q H, u0 Q U be s.t. Ax0 � Bu0 Q H. Chooseω Q R s.t.
Σ T Σ ® Q WPLSω, andchoosea R ω. Setu : P π H e

� a Ã u0 Q W1 ¥ 2
ω .

By Theorem6.2.13(b),xs P Ax � Bu Q ô K R H ;H M and yT z Q W1 ¥ 2
ω , where

z : P � � x0 � � u. Therefore,yd T zd Q W1 ¥ 2 in Lemma9.11.1,so thatalsoxd is
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�
0 T t � , by Lemma9.11.1.By Theorem6.2.13(b1),wehave

H h� 1 : Ah xd � C h yd � K h zd P � xd s K t �¬o´M P �	� xs Q H Z (9.113)

But �	� xs Q ô K � 0 T t � ;H M impliesat0 thatA h7� x0 � C h Jy K 0M � K h zK 0M Q H, hence� x0 Q H hC ¥K (seeDefinition 6.1.17). Becausex0 Q HB wasarbitrary, we have� HB ¹ H hC ¥K; theboundednessfollowsfrom LemmaA.3.6.

v
EquationseIARE andeCAREareequivalent if(f) IOT � Q WR:

Proposition9.8.10(eIARE « eCARE) Let � � �� � � Q WPLSK U T H T Y M be WR,
andlet J P J h Q·f K Y M . Thenthefollowingproblemsareequivalent:

(i) TheeIAREhasa WRsolution K ��T STl� � �n� M .
(ii) TheeCAREhasa WRsolution K ��T ST � K F

� M .
Moreover, every solution of (i) is a solution of (ii) and vice versa (here� K F

�
generate � � I � �+� ).

Thus, the WR solutions of the CARE are exactly the WR solutions of the
IARE having F P 0.

Proof: 1­ (i) w (ii): The eCAREholdsby Lemma9.11.2,andProposition
9.11.4(b1)&(d) (where K and I � X are the generatorsof � � � �

); in
particular, theweaklimit converges.

2­ (ii) w (i): Let � � � �
be the pair generatedby � K I � X

�
. The

eIAREholdsby Lemmas9.11.2,9.11.7and9.11.6.
(a) This follows from 1 ­ and2­ . v

The usualq.r.c.-SOS-P-stabilizabilityrequirement(cf. Theorem9.9.10)be-
comessimple for Σ Q SOS:

Proposition9.8.11(StableCARE/IARE) If Σ Q SOS, Gihh P G out, and � is an
admissible solutionof the[e]IARE, thenthefollowingareequivalent:

(i) � is q.r.c.-SOS-P-stabilizing;

(ii) � is r.c.-SOS-PB-stabilizing and G#hh -stabilizing;

(iii)
�

is stable,
�

: P I � � Q|k TIC, and(P) holds.

Moreover:

(a) In (i)–(iii), wemayreplace(P) by

(P’)
S � t x0 T¯� � t x0U ¢ 0, ast ¢¶� ∞, for all x0 Q H.

(b) If � satisfies(P’), S m 0,
� Q TIC andΣ is stable, then(i)–(iii) hold.

(c) If (i)–(iii) hold, then I�h J I P � h S� .

(d1)If Σ is exponentiallystable, thenwehavethreemoreequivalentconditions:

(iv) � is exponentiallystabilizing;
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(v) � is exponentially stableandexponentially r.c.-stabilizing;
(vi)

�
is stable.

(d2) If Σ is exponentially stableand the IAREhasa G out-stabilizing solution,
thenwehaveonemoreequivalentcondition:

(viii) � is I/O-, input-, output-or internally stabilizing.

(d3) If Σ is strongly stableandtheIAREhasa q.r.c.-SOS-P-stabilizingsolution,
theneach of (iv’) and(v’) is equivalentto (i)–(iii):

(iv’) � is internally stabilizing (i.e., � ® is stable);
(v’) � is stableandstrongly r.c.-stabilizing;

For the CARE or IARE (i.e., when S Q\k�f K U M ) it follows from (c) that� h S� is aspectralfactorizationof I	h J I . By Lemma9.10.1(b5)&(b6), thisholds
whenever � is a P-admissiblesolutionand IOT � T � � 1 Q TIC. SeealsoCorollary
9.9.11.

However, evenfor astrongly stablesystem(with G{hh P G out
P G sta

P G str), aGihh -stabilizingsolution neednot satisfyany of (i)–(iii), by Example 11.3.7(since�
and

�
may be unstable),anda J-critical control canexist even if thereis noGihh -stabilizing solution (and henceno J-critical statefeedbackpair over G{hh ),

by the sameexample. Moreover, even if (i)–(iii) hold, theremay alsobe other
(non PB-) r.c.-stabilizing solutions, even if Σ is weakly stableandminimal, by
Example9.13.9.

Proof of Proposition9.8.11: (SeeDefinition9.8.4for theeIARE.)
By Lemma6.6.17(a),� is [q.]r.c.-SOS-stabilizingif f it is stableandI/O-P-

stabilizing (asin (iii)). By Theorem9.9.1(b)&(g),(i) implies(PB), hencealso
“ Gihh -”.

(a) This followsfrom Proposition 9.10.2(a2)(andLemma9.10.1(d2)).
(b) This follows from Proposition10.7.1and(iii).
(c) This followsfrom Lemma9.10.1(f2).
(d1) Now � is necessarilyexponentially stable,by Lemma6.1.10.If

�
is

stable,Σ ® is exponentially stable,by Corollary6.6.9,hence
�

and
�

arethen
exponentially stable,sothat � is exponentiallyr.c.-stabilizing. Thus,(vi) w (v).
Obviously, (vi) $ (i) $ (v) w (iv) w (vi).

(d2) This follows from (c1), (c3)(iv’) and Theorem6.7.15(c1),since aG out-stabilizing solution is (exponentially stableand) exponentially (q.)r.c.-
stabilizing, by Theorem6.7.15(c1).

(d3) Obviously, (v’) w (i) w (iv’). Let �� be a q.r.c.-SOS-P-stabilizingso-
lution, hencestableandstronglystabilizing, by (ii) andTheorem6.7.15(a2).
Assume(iv’). Then � P �� , by Theorem9.8.12(a),hence(v’) holds.

v
A stronglyinternallystabilizing(i.e.,s.t. � t® x0 ¢ 0 ast ¢Å� ∞, for all x0 Q H)

solutionof theeIARE,eCARE or CARE is unique:

Theorem9.8.12(� � � is unique) We havethe following uniquenessresultsfor a
solution � P �gh QÍf K H M (not for Sand � � �+�

) of theeIARE:
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(a) If theeIAREhasa strongly internally stabilizingsolution, thenthatsolution
is unique amonginternally stabilizingsolutions.

(b) TheeIAREhasat mostoneinternally P-stabilizingsolution.

(c) If theeIAREhasan internally ω-stabilizing solutionfor someω ° 0, then
anyothersolution is (internally) at most � ω-stabilizing.

(d) TheeIAREhasat mostoneP-q.r.c.-SOS-stabilizing solution.

(e)TheeIAREhasat mostone G½hh -stabilizingsolution.

In thecaseof anIARE,thecorrespondingSand � � �+�
uniquemoduloan

invertibleoperator:

(s1)Let K �ÍT ST�� � �n� M bean admissible solution of theeIARE.Thensoare
thetriplesK ��T E � h SE

� 1 T � E
�

E
� � I � E

� M Z K E Q|k�f K U MjM ; (9.114)

Thecorrespondingclosed-loopsystemsaregivenby Σ ® E
P Ù � � � � E � 1� � � � E � 1. � / � E � 1 Ú .

All admissible solutionsof form K ��T�%LT�%qM are givenby (9.114)iff KerK SM P^ 0 _ .
(s2) Let K �ÍT ST � � � � M be an admissible solution of the eIARE. ThenK ��T �ST ~ �� �� � M is an admissible solution of the eIAREiff ~ �� �� � is

admissible for Σ andthere is E Q{k�f K U M s.t. �S P E
� h SE

� 1, �S�� P �SE
�

and�S�� P �SE
�

.2

(s3) Let K �ÍT ST K M and K �ÍT �ST �K M be solutions of the CARE.Then �S P S and
SK P S �K; in particular, K is uniqueif KerK SM P ^ 0 _ .

Theresults(a)–(s2)apply to solutions of eCAREandCAREtoo, by Proposi-
tion 9.8.10.

(s4)Let K �ÍT ST�� � �+� M bea Gihh -stabilizingsolution of theeIAREandKerK SM P^ 0 _ . Thenall G½hh -stabilizingsolutionsof theeIAREaregivenby (9.114).
(In particular, [� h S[� Q ô K C HωA

; f K U MjM is independentof thesolution.)

Note that whenwe call the solution unique,we meanthat � is unique;see
(s1)–(s4)for theuniquenessof Sand � � �+�

(correspondingto afixed � ).
By Theorem9.9.1(b)&(g),we have “(d) ¹ (e)” in the sensethat if � is as in

(d), thenit is asin (e). Obviously, wealsohave“(c) ¹ (a)¹ (b)”. However, in 1 ­ of
Example9.13.2,thesolution K 0 T 1 T 0M is asin (d)–(e)(it is theJ-critical costoverG out, by Theorem9.9.1(e2)),whereasthe G exp-P-stabilizingsolution K 2 T 1 T7� 2M
is asin (a)–(c)(theJ-critical costover G exp; notethat“P-” is hereredundant)—
thus,wecanhave two “unique” solutions.

Therefore,the condition of (e) is the one to be watched(and that of (d) is
sufficient) for G out, whereasfor G exp we can use either (e) (for G�hh P G exp)

2This formula is dedicatedto Sari.
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or exponentialstabilization. By Lemma8.3.3, the G out-stabilizing and G exp-
stabilizingsolutions (if either exists) coincidewhen Σ is estimatable,which is
oftenthecasein classicalproblems.

An intuitive explanation for the uniquenessis the following: a J-critical
control neednot be unique(seealsoTheorem9.9.1(f2)andExample9.13.6on
uniquenessof � � � �

(or K)), but the J-critical cost is always unique, by
Lemma8.3.8,hencetheJ-critical costoperator� : P � hcritJ � crit is unique.

In thepositivecasewith suitableassumptions,thereis at mostonesolution of
theeIARE (andof theCARE),seeTheorem10.1.4(c1)&(c2)andSection10.7.

Proof of Theorem 9.8.12: (a)–(e)This follows from Theorem14.1.4.and
Proposition9.8.7(c1).(Alternatively, we couldwrite thesameproofsfor � , S,� t and

� t in continuous time,eventhoughthe“no-feedthroughstatefeedback
pair” neednot be “well-posed”.) Solutionsof the eCAREandthe CARE are
solutionsof theeIARE,hencetheuniquenessresultappliesthemtoo.

(s2)1­ “If ” : This followsby adirectcomputation.

2­ “Only if ” : Let K �ÍT �STl~B�� ��+� M beanadmissiblesolutionof theeIARE.

From(9.160)it follows that
� t h S� t P �� H �S�� H for t R 0. By Lemma2.3.5,we

have �S P E
� h SE

� 1 and �S�� P �SE
�

for someE Q¬k�f K U M . FromtheeIARE it
thenfollows that �S�� P �SE

�
.

(Note that if we split U asU P U1 Ô U2, whereU1 : P KerK �SM)T U2 : P U )1 ,

andPk is the orthogonal projectionof U ontoUk (k P 1 T 2), then
� P ~ ©. 1©. 2

�
,� P ~ ©± 1©± 2

�
, where �� 2

P P2E
�

, �� 2
P P2E

�
, but �� 1 and �� 1 arearbitraryaslong

as ~B�� ��+� is admissible for Σ. Equivalently, K2
P P2EK and [�� 2

P P2E [� ,

but K1 is arbitraryaslongas ~ A B� K h � generateWPLSs,someof whichhavean

I/O mapin k TIC∞.)
(s1)Obviously, (9.114)definesasolution for all E Q|k�f . If KerK SM P ^ 0 _ ,

thentherearenoothers,becausethentheE in (s2)determines�Sand ~ �� �� �
uniquely.

For the converse, let KerK SM·NP ^ 0 _ . ChooseT Q²f K KerK SMjM>³ ^ 0 _ so

small that �� : P � � T Q¬kOf K U M . Then K �ÍT STL~ � I � �� � M is anadmissible

solution of theeIARE,by (s2)(with E P I ).
(s3)This is obviousfrom theCARE.
(s4)This follows from (e) and(s1).

v
Wenow notethecontinuous-time counterpartof Corollary15.5.3:

Theorem9.8.13(Greatestsolution �,H�,H�,H of the CARE/IARE) If theCARE(resp.
IARE)hasa strongly ( � � �� � � -)stabilizingsolution s.t.S m 0, thenthissolution is
thegreatestadmissiblesolutionof theeCARE(resp.eIARE)havingS V 0.

v
(This follows from Corollary15.5.3andPropositions9.8.10and9.8.7. Note

thatit sufficesthat ~7� � � �� � � � � is stronglystable; � � ® � ® � neednotbe.)



9.8. ALGEBRAIC AND INTEGRAL RICCATI EQUATIONS(CARE� IARE)479

Analogously, onecandeducefromTheorem15.5.2thatif Σ is strongly � � �� � � -
stabilizableandtheIARE hasa solution s.t.S m 0, thenthereis anupperbound�,H for all solutions K ��T ST � � � � M of the eIARE having S V 0. However,
we do not know whether �%H itself is a solution of the IARE, i.e., whether
the correspondingdediscretized� � H � H � is well-posedin continuous time
(though K �1H�T SH�T � � H � H � M solvesthediscretizedIARE).

Recallthat“the greatestadmissible” meansthatif � s is anadmissiblesolution
of the eIARE or eCARE(or of the corresponding(extended)Riccati inequality
“eIARI” , seeTheorem15.5.2)s.t.Ss V 0, then � s   � . Recall thatwerequireany
solution of any ARE to beself-adjoint.

The CARE of Example9.13.9hasseveral stabilizing solutions s.t. S m 0,
but it doesnot have a maximal (hencenot a greatest)solution; therefore,the
systemcannotbe strongly stabilizable(by Theorem15.5.2and discretization).
On theotherhand,Example9.13.12(b)shows that“strongly” cannotbereplaced
by “weakly” in thetheorem.

In connectionwith H∞ control problems,it is commonto speakof lossless
factorizationsinsteadof Riccatiequations.This is dueto thefact that if �+V 0 is
a Gihh -stabilizingsolution with IO® Q TIC, then I�® is K J T SM -lossless:

Lemma 9.8.14(�nV 0 P wöI�®�ÉV 0 P w I�®�ÉV 0 P wöI�® is K J T SMK J T SMK J T SM -lossless) Let �õV 0 be an admissible
solution of theIAREs.t. � ® and I'® are stableand(P) holds.Then I	® is K J T SM -
lossless.

Thus,weobtaina K J T SM -losslessright factorizationI P�Ë � � 1 when �ÇV 0 is
P-SOS-stabilizing.

Proof: Indeed,if �îV 0 is admissible and Ë : P I�® is stable,then S �Ë t h J Ë t P u t® h ��u t® V 0 for all t R 0, hence Ë h π � Ë   π � S, by Lemma
2.2.4(b1).Whenalso � ® is stableand(P)holds,wehave Ë h J ËºP S, by Lemma
9.10.1(f2),hencethen Ë is K J T SM -lossless.

(In fact, I�® is K J T SM -losslessif f �+V 0 on thereachablesubspaceH� of Σ.)
v

Sincewe have let B be highly unbounded, we meetseveral phenomenathat
are not presentin classicalresults. The generalityof regular WPLSsallows a
wide rangeof discontinuities, in particular, all discretesystems can be written
in the form of a WPLS. Thus is feels somewhat natural that we must add the
“Bh-� B-term” to the formula for S as in the (classical)discretecase(see,e.g.,
Section14.1 or equation(B.2.27) of [GL]). Of course,with certainadditional
regularityassumptionsonecanguaranteethatS P D h JD (seeRemark9.9.14(b)).

Wegivebelow anexample,whereS NP D h JD; see[S96],[WZ], thenotesbelow
andSection9.13for moreexamplesandafurtherdiscussiononthisphenomenon.

Example 9.8.15 (S NP D h JD) Let U P C P Y, I P τ K � 1M Q MTICd ¹ ULR,
J P I , as in Examples6.2.14,6.3.7and8.3.12. Then I�h J I P I P � h S� with
S P I P � Q½k TIC K U M ; D P 0,X P I , D h JD NP X h SX. In particular, I is J-coercive
over G out.

Let Σ be any strongly stablerealizationof I . Thenthe CARE hasa unique
stable, stabilizing solution K ��T ST K M (which is G out-stabilizing), by Corollary



480 CHAPTER9. RICCATI EQUATIONS AND J-CRITICAL CONTROL

9.1.9,and
�

is theoperatorcorrespondingto thissolution, i.e., [� K sM P I � Kw K s �
AM � 1B. Thecorrespondingcontrol

� ® x0 is theuniqueJ-critical controlover G out

for eachx0 Q H.
Since

�
and I are SR, we have Kw

P KL ¥w P Ks
P KL ¥ s on HB and Bhw P

BhL ¥w P Bhs P BhL ¥ s on H hC ¥K, by Proposition6.2.8. By Proposition9.11.4(a),we

have (takex0 : P K s � AM � 1Bu0 sothatAx0 � Bu0 Q H))

Bhw � K s � AM � 1Bu0
P K X h SX � D h JD � X h SKw K s � AM � 1BM u0 (9.115)P K I � 0 � X h SK [� � X MjM u0

P u0 ¢ u0 (9.116)

for all u0 Q U , ass goesto � ∞ (trivially). By the CARE, we have K P � B hw � .
Thus,againby Proposition9.11.4(a),wehave� K Bhw �BM wx0

P Kwx0
P � Bhw � x0 � u0 for x0 T u s.t.Ax0 � Bu0 Q H Z (9.117)

Let uswrite out theRiccatiequationfor thestronglystablerealization

Σ : P Ù π H τ π ø 0 ¥ 1� τ K � 1M
π H τ K � 1M Ú Q WPLS0 K U T H T Y M (9.118)

of Example6.2.14;hereH : P L2 K R H ;Y M , U P C P Y.
By Example8.3.12, we have � P π ø 0 ¥ 1 e Qºf K H M and � π H τ1 P � ® P �

(although� ®ÉNP � ), hence

Kx0 K t � o´M P K � t x0
P K � x0 M K t M P � x0 K t � 1M P � δ h1x0 K t � o´M K x0 Q H1 T t V 0M ;

(9.119)

consequently, K P � δ h1. Using the results of Example 6.2.14, we get that
H1
P W1 ¥ 2 KjK 0 T ∞ MjM andK s � Ah M � 1C h P e

� sÃ QÍf K Y T H hC M)T K s � Ah M � 1K h P e
� sc Ã � 1e π ø 1 ¥∞ e Q·f K Y T H hK M)T

(9.120)

henceH hC P W1 ¥ 2 K R M and (9.121)

H hC ¥K P W1 ¥ 2
0 � Ce

� Ã � Ce
� c Ã � 1e π ø 1 ¥∞ e P ^ x0 Q H �� xs0 Q H � Cδ1 _

(9.122)P W1 ¥ 2 KjK 0 T 1M7M � W1 ¥ 2 K � 1 T ∞ MjM P HB Z (9.123)

Thus, � HB
P W1 ¥ 2 KjK 0 T 1MjM1¹ H hC ¥K asexpected,and(recallthatBhw P δ h1 � )

Su0
P Bhw � K s � AM � 1Bu0

P δ h1 � π ø 0 ¥ 1 e e� sc 1 � Ã e u0
P u0 K s Q C H M)T (9.124)

by (6.61,asprovedabovefor any stronglystablerealizationof I . By Proposition
6.2.8(c3)&(c1)&(c4)&(d1),wehave

Kwx0
P KL ¥ sx0

P lim
s
 H ∞

1
t
ï t

0
� x0 K 1 � r M dr P � x0 K 1� M P : � δ h1H x0 K x0 Q HB M)T

(9.125)

hence Kw K s � AM � 1B P 0 for all s Q C H T (9.126)

as expected. This agreeswith the CARE, since B hw � P δ h1 � on HB, so that



9.8. ALGEBRAIC AND INTEGRAL RICCATI EQUATIONS(CARE� IARE)481� Bhw � P � δ h1 P K onH1. Thusweobtainfrom (9.125)thatK Bhw �BM w P δ h1H P � Kw and Bhw � P δ h1 � onHB (9.127)

(and � K P Bhw � P δ h1 on HB). By combining (9.124),(9.127)and (9.126)we
obtainfor z0 Q H1 T u0 Q U , x0

P z0 � K s � AM � 1Bu0 (i.e.,for arbitraryx0 Q HB) that
Kwx0

P Kwz0 and

Bhw � x0
P δ h1 � z0 � u0

P � Kwx0 � u0
P K Bhw �BM x0 � u0 T (9.128)

againasshown above.
Above,we havederived � , SandK from thesolution of theJ-critical control

problem(minimizationproblem)over G out. By Corollary 9.1.9, K �ÍT ST K M is the
uniquestable,stabilizing solution of the CARE. To verify this, we notethat the
secondandthird equationsof theCAREholdby (9.124)and(9.127),respectively,
andthefirst onegivenby� d

dt
� � � d

dt � δ0δ h0 P K δ h1 � �BM h δ h1 � ��T equivalently, (9.129)ï
R ü xs0 � x1 � ï

R ü x0 � xs1 P δ h1 � � x0δ h1 ��� x1 � x0 K 0M x1 K 0M K x0 T x1 Q H1 M Z
(9.130)

With our � P π ø 0 ¥ 1 e , this becomesð 1
0 K xs0x1 � x0xs1 M P �� 10x0x1, which confirmsthatK ��T ST K M indeedsolvestheCARE.

Obviously, theintegral(6.67)doesnotconvergesfor everyx0 Q L2 K � 0 T 1M ;Y M P� �H � , hence� �H �%N¹ DomK Bhw M (although� �HB �>¹ H hC ¥K ¹ DomK B hw M , asshown
above),sothatHypothesis9.2.1is notsatisfied. â

Notesfor Section9.8
The CARE (9.3) is only a slightly extendedversionof the CARE presented

independentlyby M. WeissandG. Weiss[WW] andO. Staffans[S97b] (which
containedthe first and third equationsin the settingof Proposition8.3.10; the
formulafor Swaspublishedin [S98b]).

Our contributions to thetheorycontaintheconversedirection— thefact that
a stabilizing solutionof the Riccati equationleadsto the optimal statefeedback
pair — andthe generalizationof theseresultsto generalcostfunctions(instead
of J-coercive ones), for generalregular WPLSs (insteadof stableor jointly
stabilizableanddetectableones),to generalGJhh ’s (insteadof G out), to nonunique
optimalcontrol(andtheeCARE),andto WR statefeedbackpairs(insteadof SR
operators);in fact, the IARE theoryalsoallows for arbitrary(irregular)WPLSs.
Thesewill beappliedto furthercontrolproblemsin Chapters10–12.

The equationsthat constitute the IARE have appearedamongthe equations
in Section5 of [S98b]andin Sections7–11of [WW]; at leastsomeof themcan
befoundin theolderliterature(e.g.,a variantof (9.155)for a standardLQR cost
function is containedin Section5 of [Sal87] for WPLSsand in Lemma4.3 of
[CP78]andCorollary4.1of [Gibson]for systemswith boundedB andC).

We have not seensuchequationstreatedin the literatureas sufficient (and
necessary)conditionsfor optimal control,nor asa discrete-timeRiccatiequation
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(DARE).
Lemma9.8.9andProposition9.8.10arebasedonthemethodsusedin Sections

5–7 of [S98b] (partially also in [WW]). We publishedan early versionof the
resultsof this chapterin [Mik97b] (the stablecase);it alsocontainedsomeof
Proposition9.8.11.

The proof of (a)–(c) Theorem9.8.12 (in the proof of Theorem14.1.4) is
a generalizationof the classicalproof for the uniquenessof the exponentially
stabilizingsolution of DARE (see,e.g.,Proposition13.5.1of [LR]). Seethenotes
to Section15.5for Theorem9.8.13.

Our proof of Lemma9.8.14follows that of Theorem6.5 of [S98c]. Part of
Example9.8.15is containedin [WZ] and[S95].

Much attentionhas beenpaid to systemswith boundedinput and output
operators(B andC) andto Pritchard–Salamonsystems,both of which have the
signatureoperatorS equalto S P D h JD (which is often taken to be the identity
in thepositive caseandto

�
I 0
0 ; I � or

�
I 0

0 ; γ2I � in theindefinitecase).Indeed,whenever,
Hypothesis9.2.2holds(e.g.,B Q½f K U T H M ) we have S P D h JD, by Section9.2;
othersufficientconditionsaregiven in Remark9.9.14(b).

However, in generalour signatureoperator “S” takestheroleof D h JD exactly
as in discrete-time. Indeed,S is the signatureoperatorof the control problem
correspondingto the CARE, by Theorem9.9.1(h)and (9.139),whereasD h JD
neednot containany informationon the signaturepropertiesof the problem: in
Example9.13.7I and

�
areULR (evenMTIC) but theoperatorD h JD mayhave

any signature(aslongasitsnormis lessthat4)andstill theuniqueG out-stabilizing
solutionof theCARE is maximizingover G out (becauseS Û 0).

In a strictly definite problem,as in Example 9.13.7,the operatorS tells us
all signatureproperties(definiteness)of theproblem. However, S is not unique,
but E h SE is also a signatureoperatorfor Σ and J for any E QÉkOf K U M , by
Theorem9.9.1(f2). Therefore,S only containsthe information on the nature
of the problem, not on correspondingdirections(for which we needalso the
corresponding

�
: P I � � or K).

Nevertheless, whenwe considersolutionsof the CARE, S becomesunique
(since it fixes X P I ), and then S containsall information on the signature
propertiesof the problem(also on an infinitesimal moment). Thus, then the
situation is analogousto the discretetime (seeChapter14 or someclassical
textbook),wherethesignatureoperatorS: P D h JD � Bh � B takestheroleof D h JD
even for finite-dimensional systems. Thesefactsare illustrated in Proposition
11.2.19,where in (b2) we can only report the dimensions of the positive and
negative eigenspacesof S (of the IARE), whereasin (d1)&(d2) we canalsotell
thedirections.

A notablespecialcaseof the signaturepropertiesof S is that KerK SM P ^ 0 _
is necessaryand sufficient for the J-critical control to be unique (for general
WPLSs),whereasKerK D h JD M P ^ 0 _ is sufficient(for WR ones)but notnecessary,
asnotedbelow Corollary9.7.4.

Finally, in general(for irregularsystems) wedonotevenhave theoperatorD,
whereasany WPLShaving aJ-critical statefeedbackpairhasasignatureoperator
S, by Theorem9.9.1. For stableJ-coercive systemsthis equalsthe signature



9.8. ALGEBRAIC AND INTEGRAL RICCATI EQUATIONS(CARE� IARE)483

operatorof thespectralfactorization,by Corollary9.9.11.
If we do not requirethe existenceof (well-posed)J-critical statefeedback,

i.e., if we use the setting of Section9.7, then we could still define another
signatureoperator, namely < t : P I t h J I t � u t h ��u t (for somet R 0). The map< t is the signature operatorof the eDARE obtainedby discretizingthe eIARE
as in Proposition9.8.7, henceit tells us about the signaturepropertiesof the
problemevenif theeIARE would have no solutions; seealsoProposition 9.9.12
for thepropertiesof < t. If thereis a J-critical controlin statefeedbackform, then< t P � t h S� t andhencethen < t tells us practically the sameinformation on the
problemthatSdoes,by Lemma2.3.5.

It remainsanimportantopenproblemto find a decentformulafor S in terms
of thegeneratingoperatorswhen I and

�
arenotknown to beregular(theonein

the(e)IAREis rathercomplicatedandtheonein the(e)CARE is notapplicablein
theirregularcase).

Anotheropenproblemis the exact connectionbetweenS and the signature
propertiesof the problemin the generalcase. Usually (e.g.,when G hh P G exp,
or when Gihh P G out and � is q.r.c.-SOS-stabilizing),theset GJhhLK x0 M of admissible
inputscorrespondsexactlyto theclosed-loopinputsu ® Q L2 K R H ;U M , by Theorem
9.9.1(k), so that the dimensions of the positive and negative eigenspacesand
kernel of S exactly describethe definitenessof the problem,throughequation
(9.139).

Even for general Gihh , the equationholds for (compactly supported) u Q
L2

c K R H ;U M , by Theorem9.9.1(i3). Thus,e.g., S is [strictly] nonnegative if the
problemhasa [strict] minimum, but it remainsan openproblemwhetherthe
converseholds for general G½hh ; naturally, a similar situation is met also in the
indefinitecase(Chapter11). Fortunately, for mostof the time, we only have to
treatthecaseGihh P G exp or thequasi-coprimesetting.

In applications to certainkindsof systems,onemaywish to write theCARE
on somelarger spacethan DomK AM and/oravoid the Weissextensions (“B hw”).
Oneexampleof this is given in Theorem9.9.6,for systemswith boundedinput
operator(B), andanotherin Section9.5,for parabolicsystems. In bothexamples,
the proofswerebasedin establishingthe equivalenceof this “smootherCARE”
to the original one. In caseswherethis cannotbe done,onemay, alternatively,
rewrite our proofs of the equivalenceCARE« IARE in Section9.11 for this
setting;mostotherresultsof this monographarebasedon IAREs andarehence
directly applicablealso for such“modified CAREs” after this equivalencehas
beenverified.
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9.9 J-Critical control � Riccati Equation

There is a theorywhich statesthat if ever anyonediscovers exactly
whattheUniverseis for andwhyit is here, it will instantly disappear
and be replacedby somethingeven more bizarre and inexplicable.
There is anothertheorywhich statesthat thishasalreadyhappened.

— DouglasAdams,"TheHitchhiker’sGuideto theGalaxy"

This sectionprovidesmostof theRiccatiequationtheoryneededfor solving
thedifferentcontrolproblemsin Chapters10–12;in somespecialcasestheresults
of Sections9.1–9.2will suffice,andin somecasesweneedadditionalresultsfrom
theothersections.

Weestablishtheequivalenceof theexistenceof aJ-critical statefeedbackpair
andthe existenceof a Gihh -stabilizing solution to the Riccati equation(Theorem
9.9.1),asmentionedin precedingsections.We alsodevelopsomefurtherresults
andsimplificationsunderdifferentstabilizability or regularityassumptions.

Most of the latterpartof this section(Remark9.9.9–Corollary9.9.11)corre-
spondsto quasi-coprimestabilization,whichallowsusto considerablesimplifica-
tionswhenfindingoptimal[SOS/strongly]stabilizingstatefeeback;thecasewith
exponentiallystabilizingstatefeedback( G exp) is originally simpleranddescribed
in Corollary9.9.3–Proposition 9.9.5.

In Proposition9.9.12we treat the “signature” operatorin the generalcase
of possiblyill-posedoptimal “statefeedback”. In Remark9.9.14we summarize
several casesin which a uniqueJ-critical control correspondsto a (well-posed)
regularstatefeedbackoperator.

Recallfrom Section8.3thataJ-critical controlis onethatmakesthe(Fréchet)
derivativeof thecostfunctionvanish, any optimalcontrolis usuallyJ-critical and
usuallyalsotheconverseholds.

Westartby theequivalence.Wefirst giveequivalentconditionsunderdifferent
stabilizability assumptions ((a1)–(d)), and then we note that that the solutions
correspondto eachotherasin classicalresults((e1)–(e2)).Parts(f1)–(i) list some
factsthatwill beneededlater.

Theorem9.9.1(J-Critical control « eIARE) Thefollowingstatementshold:

(a1) (JJJ-critical) There is a J-critical statefeedback pair over GJhh for Σ iff the
eIAREhasa G½hh -stabilizingsolution.

(a2) (Min) There is a minimizing state feedback pair � � min
�

min
�

overGihh for Σ iff ` K 0 Tjo´MBV 0 and the eIARE has a G#hh -stabilizing solutionK ��T ST � � � � M .
Assumethat K �ÍT STL� � �n� M is as above. ThenS V 0, and � � �+�

is
minimizing (thecontrol

� ® : P K I � � M � 1 � is strictly minimizing iff S R 0).

If � V 0 (e.g., J V 0) and Gihh P G out then � is the smallestnonnegative
output-stabilizing solutionof theeIARE.

If Gihh P G exp, J V 0 andS m 0, then� is thegreatestnonnegativeadmissible
solutionof theeIARE.
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(b) There is a J-critical q.r.c.-SOS-stabilizing statefeedback pair over G out for
Σ iff theeIAREhasa P-q.r.c.-SOS-stabilizing solution.

(c1)Let u bestable. Thenthereisa J-critical strongly stabilizingstatefeedback
pair for Σ over G out [and G sta and G str] iff the eIARE has a strongly
stabilizingsolution.

(c2) Let Σ be strongly stable. Thenthere is a J-critical statefeedback pair
for Σ over G out [and G sta and G str] iff theeIAREhasan output-stabilizing
solution.

(c3)LetΣ bestronglyq.r.c.-stabilizable. ThenthereisaJ-critical statefeedback
pair for Σ over G out [and G sta and G str] iff theeIAREhasa G str-stabilizing
solution.

(d) Let Σ beestimatable. Then G exp
P G str

P G sta
P G out. Moreover, there is

a J-critical statefeedback pair over G out for Σ iff theeIAREhasanoutput-
stabilizingsolution.

Such a solution is exponentiallyP-q.r.c.-stabilizing and it is the unique
internally stabilizing solution.

(e1)If K �ÍT ST�� � �n� M is a solution of theeIAREof theformrequiredin some
of (a1)–(d),thenthecorrespondingstatefeedback pair � � � �

is of the
requiredform(i.e., J-critical or minimizing in therequiredsense).

(e2)Conversely, if � � � �
is of therequiredformin someof (a1)–(d),thenso

is thesolution K �ÍT ST � � � � M of eIARE,where � : P � h® J � ® ,
� P I � � ,�

: P � � 1, � ® : P � � I �4� , u,® : P u � , π ø 0 ¥ t e S P�Ë t h J Ë t � u t® h ��u t® , andË : P I � .

Assumethat (at least)oneof (a1)–(d)is satisfiedby K ��T ST � � � � M (by Σ ®
wedenotethecorrespondingclosed-loopsystem).Thenthefollowing statements
hold:

(f1) (Uniqueness)� is unique, Gihh -stabilizing andequalto theJ-critical cost
operator (naturally, � maydependon thechoiceof G#hh ).

(f2) TheJ-critical control is unique(for each x0 Q H) iff S is one-to-one. If
S is one-to-one, thenall J-critical feedback pairs � � �n�

are givenby
(9.114);theconverseis not true:

AssumethatSis notone-to-one. Thenthepair � � �+�
solvingtheeIARE

with � andSis notuniquemodulo(9.114)(but it is uniquemoduloTheorem
9.8.12(s2)). However, it may still be that only one � � � �

(modulo
(9.114))is G½hh -stabilizing (seeExample9.13.6for details).

(g1) K ��T ST � � � � M is G½hh -stabilizing(cf. (a1))andsatisfies(9.153)–(9.163),
(P1)–(P4),(P) and(PB) (seeLemma9.10.1(d1)andDefinition9.8.1).

(g2) � P � h® J � ® . If Ë : P I'® : P I K I � � M � 1 is stable, thenS PnË h J Ë and
π H Ë h J � P 0.

(h) Equation (9.139)holds for all x0 Q H and all u ® Q L2
c K R H ;U M (all u® Q

L2 K R H ;U M if I'® is stable).
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(i1) If
�

is WRand x X � 1
left , thentheJ-critical control ucrit K x0 M : P K � ® x0 M is given

by
ucrit K x0 M K t M : P K � ® x0 M K t M P X

� 1
leftKwxcrit K t M aZ eZ (9.131)

(i2) We have� Q·f K H Ml¼ f K HB T H hC ¥K M , and � � ® K t M x0 ¢ 0 ast ¢ � ∞, for all
x0 Q H.

(i3)
� ® x0 � � L2

c K R H ;U M,¹\Gihh K x0 M for all x0 Q H (seealso(k)).

(i4)
S I u T J I � η U P S �$� 1u T SηU for all u Q G hh K 0M andη Q L2

c K R;U M .
(j) Theorem8.3.9appliesfor Σcrit : PÿÔÕ � ®� ®� ® Ö× .

(k) Assumethat G hh P G exp, or that � is q.r.c.-stabilizing (resp.strongly-q.r.c.-
stabilizing, SOS-q.r.c.-stabilizing)and G<hh equals G sta (resp. G str, G out).

Then
� ® x0 � � L2 K R H ;U M P G hh K x0 M for all x0 Q H, and(9.139)holdsfor all

u® Q L2 K R H ;U M . In particular,
� ® is [strictly] minimizingiff S V 0 [S R 0].

Also Lemma9.8.6andTheorem9.8.5apply to (a1)–(d);notethata solution
of any of (a1)–(d)is asolutionof (a1).Weremindthatasolution of theeIARE is
requiredto beself-adjoint, by Definition9.8.4.

Furthersimplificationsin thepositivecasearegivenin Section10.7.
To give a betterunderstanding of criteria(P) and(PB), we notefrom Lemma

9.10.1(d)that if theeIARE hasa output-stabilizingsolution � , then(P) holdsif f� P � h® J � ® (which is the J-critical cost if f (PB) holds); (P) is alsoneededto
get“π H>I h® J � P 0”, which roughlysaysthattheclosed-loopsystemis “J-critical
w.r.t. stableclosed-loopinputs”, andthe secondcondition in (PB) thenextends
this to “π H>I'h J � P 0”, i.e., it makes

� ® J-critical (w.r.t. to open-loopinputsinGihh ).
Proof of Theorem 9.9.1: (a1) This follows from “(i) « (ii)” and (c) of

Proposition9.10.2.
(a2) 1­ Now � P � h® J � ® , as in (a1) (seealso(d)&(e)), and

� ® is cost-
minimizing, by Lemma10.2.2.By (f) and(9.139)wehaveS V 0. (A controlis
minimizing if f it is J-critical, hence

� ® x0 is strictly minimizing if f S is one-to-
one,by (e2).)

2­ Obviously, theminimal cost
S
x0 T¯� x0U is V 0 iff ` K x0 Tjo´M�V 0, andJ V 0

sufficesfor this.
3­ If Gihh P G exp andJ V 0, then �� hH �S�� H²V 0 (by (9.160))andhence�S V 0

for any nonnegativeadmissiblesolution K ���T �STl~B�� ��n� M of theeIARE.Since�îV 0 and S m 0 (the latter is redundantif I is positively J-coercive overG exp, by Lemma9.10.3),� is thegreatestnonnegativeadmissible solution, by
Theorem9.8.13.

(Evenwithout theassumption thatJ V 0, we would know that � werethe
greatestadmissiblesolutionhaving S V 0, by Theorem9.8.13.)

4­ Let �ÇV 0 and Gihh P G out. Assumethatalso � s V 0 is output-stabilizing,
sothat � s V � s ® h J � s ® , by (9.155).If x0 Q H, then

� s ® x0 Q G out K x0 M , hencethenS
x0 T¯�zs x0UCV S yT JyU P ` K x0 T � s ® x0 M1V ` K x0 T umin M P S x0 T¯� x0U�T (9.132)
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whereumin : P � ® x0, y : P � x0 � I � s ® x0
P � s ® x0 Q L2. Becausex0 Q H was

arbitrary, wehave � s Vº� . Because� s wasarbitrary, � is thesmallestone.
(b) This follows from “(i) « (ii)” and(f2) [(f2)/(e2)] of Proposition9.10.2.
(c1) If u is stableand � ® is stronglystable,then(P) and(PB) obviously

hold. Therefore,this followsfrom (a1)(seealsoTheorem9.8.5).
(c2) The equivalencefollows from (a1), becausean output-stabilizing

solution makes � ® stronglystable,by Theorem8.3.9(a3),hence(P) and(PB)
hold (asin (c1)).

(c3) For G str, this follows from (a1). For G out and G sta, this follows from
Lemma8.3.3. (We do not know whethera G str-stabilizing solution hasto be
q.r.c.-stabilizing or evenstabilizing.)

(d) By Lemma8.3.3,we have G exp
P G str

P G sta
P G out. By Theorem

6.7.15,asolution of theeIAREis output-stabilizing if f it is exponentially q.r.c.-
stabilizing, henceiff it is G exp-stabilizing (seeTheorem9.8.5). Thus, the
equivalencefollows from (a). Condition(P) follows from exponentialstability
of � ® ,

(Notefrom Theorem9.8.12(a)thatasolutionof (c1),(c2)or (d) is aunique
internallystabilizingsolution.)

(e1)&(e2)&(g1)&(g2) Thesefollow from the above proofs, Proposition
9.10.2(a1)(iii)&(b2)andLemma9.10.1(f2).

(f1) The J-critical cost
S
x0 T¯� x0U is independentof the J-critical control� ® x0, by Lemma8.3.8,hence� is unique.

(f2) 1­ If KerK SM�NP ^ 0 _ , then the J-critical control is not unique, by
Proposition9.10.2(g).AssumethenthatKerK SM P ^ 0 _ . Let u beJ-critical for
x0
P 0. By (9.175),we thenhave S

� � 1u = 0, henceu = 0. By Lemma8.3.8,
theJ-critical controlis uniquefor eachx0 Q H.

2­ If KerK SM P ^ 0 _ , then all J-critical pairs are given by (9.114), by
(a1)&(e2)andTheorem9.8.12(s1).

3­ By Theorem9.8.12(s1),thepair � � � �
is notuniquewhenKerK SM�NP^ 0 _ . SeeExample9.13.6for theexample.

(h) Now y P � x0 � I � ® x0 � I � u ® P � ® x0 � I�® u® , hence(9.139)
follows from (9.162)and(9.163). The proofsof parts(f1) and(f2) arevalid
in thiscasetoo.

(i1) (Recall that
� ® x0

P K Kcrit M L ¥ sxcrit a.e., where xcrit : P � ® x0.) By
Proposition6.6.18(d1),wehave

ucrit K x0 M P K � ® x0 M P X
� 1
leftKwxcrit K x0 M a.e. (9.133)

(i2) This followsfrom Lemma9.8.9andLemma9.10.1(d1).
(i3) This followsfrom Proposition9.10.2(b1).
(i4) This followsfrom (9.175).
(j) SeeTheorem8.3.9.
(k) Thefirst claim follows from Proposition9.10.2(d)&(e2)&(f2). Therest

follows from the first and (h) (we do not know whetherthe sameholds for
generalGihh , asexplainedin thenotestheSection9.8).

v
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By Proposition9.8.10,eIARE is equivalent to eCARE,hencewe obtainthe
following corollary:

Corollary 9.9.2(Critical control « eCARE) Let I be WR. Thenthere is a J-
critical WR state feedback operator for Σ iff the eCAREhas a G¬hh -stabilizing
solution K �ÍT ST � K 0

� M .
A similar remarkappliesto (a2)–(d)of Theorem9.9.1too; in particular, there

is a cost-minimizing WR state feedback operator for Σ iff ` K 0 Tjo´MOV 0 and the
eCAREhasa G½hh -stabilizingsolution K ��T ST � K 0

� M .
Assumethat such a solution exists. Then K is a J-critical state feedback

operator for Σ, � is unique, and the J-critical control ucrit K x0 M is given by
ucrit K x0 M K t M P KL ¥ sx K t M , where x P � x0 � u τucrit K x0 M is the corresponding state.
Moreover, (e1)–(k)of Theorem9.9.1apply.

v
(This follows directly from Theorem9.9.1, Proposition9.8.10and Lemma

6.2.12(a).)
Here the zero in � K 0

�
refers to X P I (i.e., F P 0), i.e., the eCARE

becomesaCAREexceptthatSneednotbeinvertible (it is if, e.g.,dimU ° ∞ and
theJ-critical controlis unique).Of course,wecouldallow aboveanarbitraryWRGihh -stabilizing � K F

�
, thoughit would not significantly increasegenerality,

cf. Lemma9.9.7.
In theexponentially stablecase,weobtainthefollowing formulaefor � :

Corollary 9.9.3(Exponentially stableΣΣΣ) Let Σ be exponentially stable. Then
there is a J-critical state feedback pair for Σ over G exp iff the eIAREhas an
exponentiallystabilizingsolution K �ÍT ST � � � � M . If this is thecase, then� P � h® J � ® P � h J � ® P � h® J � P � h J � � � h S� Z (9.134)

Moreover, Theorem9.9.10(e1)andTheorem9.9.1apply.

Recallfrom Lemma8.3.3thathere G exp
P G str

P G sta
P G out.

(An analogousresult(exceptfor Theorem9.9.10(e1))holdsfor (left-column-
)stronglystablesystemsand G str too,whereasTheorem8.4.5andhenceCorollary
9.9.4cannotbegeneralizedto G str (nor for G sta or G out), by Example9.13.2.)

Proof: The equivalencefollows from Theorem9.9.1(a1).Since � and
�

arenecessarilyexponentially stable,weobtain(9.134)from (8.36)andLemma
9.10.1(d2).

v
For exponentially stabilizablesystems, optimizationover G exp canbereduced

to thestablecase:

Corollary 9.9.4(Exponentially stabilizableΣΣΣ) Let � � � �
be exponentially

stabilizing for Σ, with closed-loopsystemΣ � . Then K �ÍT STt� �z� �>�B� M is an
exponentiallystabilizing (equivalently, output-stabilizing) solution of the eIARE

for ~ � } ��}� } ��} � iff K �ÍT ST � � s � s � M is a G exp-stabilizingsolutionof theeIARE(for

Σ), i.e., J-critical for Σ over G exp, where� � s � s � P � � � � ��� � � � �>� � �>� �+� P � � s � � � � � � s � Z (9.135)
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Thecorrespondingclosed-loopsystemsrelateasin (6.194),S P Izh® J I�® , and� P � h® J � ® P � h� J � ® P � h® J � � P � h� J � ��� � h � S�z� Z (9.136)

Moreover, Theorem9.9.10(e1)andTheorem9.9.1apply.

Proof: Theequivalencefollows from Lemma6.7.9andTheorem8.4.5(a).
By Theorem9.9.1(g),S P I	h® J I�® . By Lemma6.7.12, � ® and I�® are the
samefor both systems, henceso are � : P � h® J � ® andS. We obtain(9.136)
from Corollary9.9.3.

v
If Σ is smoothly exponentially stabilizableandJ-coercive, then the optimal

controlis given by aCARE:

Proposition9.9.5( G exp : I � Q �¸+wG exp : I�� Q �¸+wG exp : I � Q �¸+w CARE) Assumethat Σ hasa SRexponen-
tially stabilizingstatefeedback operator K s s.t. I'� Q �¸ , where �¸ satisfiesHypoth-
esis8.4.7.Assumethat I or I�� is J-coerciveover G exp.

Thenthereisauniqueexponentiallystabilizingsolution K ��T ST K M of theCARE,
K is J-critical over G exp, and IOT � T Ë T � Q SR.

Note from Proposition9.12.4that any strongor uniform regularity property
of K s and �¸ is sharedby K. An analogousresult for G out is given in Theorem
9.9.10(d3).

Proof: By Theorem8.4.5(d),also I � is J-coercive over G Σ }
exp. Therefore,

theCARE for ~7� } � }� } � } � hasanULR SOS-stabilizing(henceexponentially sta-

bilizing, by Theorem6.7.15(b1)) solution K ��T ST K � M with
� � Q �¸ , by Corollary

9.1.12.
By Proposition9.12.4, K ��T ST K s � K

� M is an exponentially stabilizing so-
lution of the CARE for Σ, henceJ-critical over G exp, by Theorem9.8.5. By
Theorem9.8.12(e)&(s3),� , SandK areunique.By Proposition 6.6.18(f),we
have IOT � T Ë T � Q SR.

v
In discrete-time,auniqueminimizing controlisalwaysof statefeedbackform,

andit correspondsto theuniqueG{hh -stabilizing solutionof theDARE,byTheorem
14.1.6.If B is bounded,thenthesameholdsin continuoustime too:

Theorem 9.9.6(Bounded B) LetB bebounded.Thenthere is a uniqueJ-critical
control for each x0 Q H iff theeCARE	
� 
� K h SK P Ah � � � A � C h JC T

S P D h JD T
SK P � K D h JC � Bh �BM Z (9.137)

hasa G½hh -stabilizing solution K ��T ST K M with Sone-to-one.
Assumethat this is thecase. Thenthefollowing hold:

(a) The G�hh -stabilizingsolution K ��T ST K M is uniqueandULR.
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(b1) The J-critical control is determinedby ucrit K x0 M P � ® x0, i.e., by
ucrit K x0 M K t M P KL ¥ sx K t M for almostall t V 0, where x P � x0 � u ucrit K x0 M and
Σ ® is theclosed-loopsystemcorrespondingto � K 0

�
; in particular, the

left columnof Σ ® is equalto Σcrit.

(b2) Conversely, Kx0
P ucrit K x0 M K 0M for x0 Q DomK AM P DomK Acrit M P HB,� P � h® J � ® , and S P D h JD is the correspondingsignature operator (see

(9.139)).

(c) Theorem9.9.1(d1)&(f) andTheorem8.3.9apply. If S Q<kOf K U M , thenalso
theresultsof Section9.2apply.

(d) WehaveX P I and IOT � T � T Ë Q ULR.

In fact, [I4� D T [� Q H2
strongK C Hω ; f M for any ω R ωA, and [Ë � D T [� � I Q

H2
strongK C H ; f M ( Q H2

strongK C H � ε; f M for someε R 0, hencestrongly half-
plane-regular, if � is exponentiallystabilizing).

(e1) Any J-critical control in WPLSform (Σcrit) is actually of (ULR) state
feedback form(evenif Sis notone-to-one).

(e2) The J-critical state feedback operators correspondto G#hh -stabilizing
solutionsof the eCARE(9.137)and conversely, as in (b1)–(b2),and (a)–
(d) hold for such solutions.

(Parts (e1) and (e2) holdsevenif the CAREdoesnot havea G{hh -stabilizing
solutionwith Sone-to-one.)

Recall that � is exponentially stabilizing if G#hh P G exp. Condition B Qf K U T H M canberelaxedto Hypothesis9.2.2whenS Q{kOf K U M , by Theorem9.2.9.
For x0 Q H1, wehavex K t M Q DomK � ®�M P H1 for all t V 0, henceu K t M>= Kx K t M

for suchinitial states.
Proof: 1­ Theequivalenceof the eCAREand a uniqueJ-critical control:

The equivalencefollows from Theorem9.9.1(a1)&(g2),becauseany unique
(for eachx0) J-critical control ucrit correspondsto an ULR J-critical state
feedbackoperatorK P Kcrit, by Lemma8.3.18andTheorem8.3.9.

2­ TheeCAREbecomes(9.137): By 1­ , onechoiceof � � � �
is given

by K P Kcrit, F P 0 (i.e., X P I ), which correspondsto (9.137),sinceX h SX P
D h JD, asshown below.

Recall that “B Q½f K U T H M ” meansthat B QJf K U T H � 1 M is suchthat Bu0
P

B0u0 for all u0 Q U for someB0 Q½f K U T H M . Clearly Bh P B0 aDomc AY e , hence

Bhw P Bh0 Q�f K H T U M . Thus we may write B P Bw
P B0 Q$f K U T H M and

Bh P Bhw P Bh0 Q�f K H T U M withoutmisconceptions. Theboundednessof B and
LemmaA.4.4(d3)imply thatS P D h JD.

(a) Theuniquenessfollows from Theorem9.9.1(f1);K is ULR by Lemma
6.3.16(b).

(b1) This follows from the formulaucrit K x0 M P � critx0
P � ® x0 and2­ (see

alsoLemma8.3.18).
(b2) If x0 Q DomK Acrit M , thenucrit K x0 M P KL ¥ s� critx0

P K � critx0 Q ô K R H ;U M ,
because� crit is a C0-semigroupon DomK Acrit M too. (seeLemma6.1.16),and
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K P Kcrit QBf K DomK Acrit M)T U M . Therefore,Kx0
P K � crit K 0M x0

P ucrit K x0 M K 0M . See
Theorem9.9.1(e2)and(h) for theotherclaims.

(c) This follows from theabove andTheorem9.9.1(notethat(1.) and(5.)
of Hypothesis 9.2.2aresatisfied).

(d) Thisfollowsfrom Lemma6.3.16(b)&(d)andTheorem6.9.1(a),because
X P I in 1­ above(notethatall possible

�
’ saregivenby E

�
, E Q|kOf K U M ).

(e1)&(e2)TheassumptionthatS is one-to-onewasusedaboveonly for the
uniquenessof Kcrit andfor theexistenceof a J-critical control in WPLSform,
hence(e1)&(e2)hold.

Remark: If we usethe actualeCARE(seeDefinition 9.8.1,we obtainall
statefeedbackpairs; theseareexactly the pairsgeneratedby � XK I � X

�K X Q¬k�f K U MjM , whereK is a solution of theeCARE(9.137). In particular, the
solutionsof (9.137)aresolutionsof theeCARE.

v
SeeRemark10.2.18for a differentformulation for thecostfunctionwhenC

is bounded.However, thecasewith a boundedC is not at all aseasyasthatwith
aboundedB; cf. Example9.13.8.

OftenST X Q#k�f K U M , i.e., theeCAREis equivalentto theCARE (seeRemark
9.8.2):

Lemma 9.9.7(ST X Q#k�f K U MST X Q|k�f K U MST X Q#k�f K U M ) We often require the signatureoperatorS to be
one-to-one, or eveninvertible. This is oftenthe casewith standard assumptions
on I and J, see, e.g., Section10.1. We make here someadditional remarkson
this, assuming that K �ÍT ST � � � � M is a G½hh -stabilizing solution of the eIARE
(cf. Theorem9.9.1(a1)).

(a1) S is one-to-one[invertible] iff
� t h S� t is one-to-one[invertible] (for any

t R 0).

(a2)Sis one-to-oneiff theJ-critical control for Σ is unique.

(b1)AssumethatS P Sh . ThenSis invertibleiff Sh S m 0.

(b2) If dimU ° ∞, thenS Q|kOf K U M iff Sis one-to-one.

(c1) If ` K 0 Tjo´M�R 0, thenS R 0.

(c2) If I is [positively] J-coerciveover G½hh , thenS Q#kOf K U M [S m 0].

(c3) If �nV 0, t R 0, and I t h J I t R 0 [ m 0] onL2 K � 0 T t M ;U M , thenS R 0 [ m 0].

(c4) If
S I u T J I uU%V ε W u W 2

L2
ω

for all u Q GJhhLK 0M and someε R 0 T ω Q R, then
S m 0.

(c5)Assumethat thereareε R 0 andω Q R s.t.for all nonzero u Q G¬hh K 0M there
is a nonzero v Q GJhhLK 0M s.t.

S I v T J I uU�V ε W u W L2
ω
W v W L2

ω
. ThenS Q|k�f K U M .

If, in addition,
�

: P I � � is WR,thenthefollowinghold:

(d) If
� Q UR (e.g., whendimU T dimY ° ∞), or

� T � d Q SR, thenX Q|kOf K U M .
However, wedonotknow, whetherX canbenoninvertible for WR

�
.

(e) If dimU ° ∞ andX h SX is one-to-one, thenX T S Q#k�f K U M .
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Proof: (Notethatmostof thisholdswith weaker assumptionstoo.)
(a1) Now

� QÞk TIC∞ (the admissibility of � ) implies that
� t Qk�f K L2 K � 0 T t M ;U MjM , by Lemma2.2.8),hence(a1)holds.

(a2)This follows from Theorem9.9.1(a1)&(e2).
(b1)&(b2)SeeLemmaA.3.1(c4)&(c3).
(c1) This follows from Theorem9.9.1(a2).
(c2) SeeLemma9.10.3.
(c3) This follows from (9.160).
(c4)&(c5) These follow from the proof of Lemma 9.10.3 (set M : PW π ø 0 ¥ 1 e � � 1π ø 0 ¥ 1 e W À c L2

ω e etc.).
(d) SeeLemma6.3.2(a1)&(a2)andProposition 6.3.1(a2)&(b1).
(e) Now X h SX Q¬k�f K U M implies thatX hpT ST X mustbe invertible matrices,

henceX T S Q#k�f .

v
Thus,by alteringK andF, a smooth solution of the IARE canbe converted

into a solution of theCARE:

Corollary 9.9.8 Let K ��T ST � � � � M be a Gihh -stabilizing solution of the IARE.

If I Q WR and
� Q UR, thenthereare unique �S Q|k�f K U M and �K Q·f K H1 T U M s.t.K ��T �ST �K M is a Gihh -stabilizingsolutionof theCARE;moreover, then �S P X h SX and�� P X

� 1 � .

Proof: (Here �� P I � �� , where ~g�� ��n� is thepair generatedby �K.)

Uniquenessfollows from Theorem9.8.12(b)&(s1); the existencefollows
from Proposition 9.8.10,Lemma9.9.7(d)andRemark9.8.2.

v
As notedabove (Corollary9.9.4andTheorem8.4.5),optimization over G exp

can be reducedto optimization over a preliminarily exponentially stabilized
system. If Σ is q.r.c.-SOS-stabilizable,then the situation is analogousfor
optimization over G out. Thiscaseandits specialcaseswill bestudiedin Theorem
9.9.10below (see(c1) for G str and G sta), but wefirst motivateit briefly:

Remark 9.9.9(q.r.c.-stabilizationand G outG outG out) The assumption that Σ is q.r.c.-
SOS-stabilizable(cf. Corollary 6.7.16)and the useof q.r.c.-SOS-stabilizing so-
lutionsof theRiccatiequation(Theorem9.9.10)haveseveral advantages:

(1.) Thetheoryfor G out, G staand G str becomeroughly aseasyasthatfor G exp.

(2.) Thecontrol and outputof Σ ® dependcontinuously on closed-loopinput
(thesignalu ® in Figure 9.1,p. 408); i.e., I�® and

� ® becomestable.

(3.) If Σ is assumedto be [strongly] q.r.c.-stabilizable, then the closed-loop
systembecomes[strongly] stable(see(c1)below).

(4.) We can establish the standard equivalenceon optimization, coprime
factorizationsandRiccatiequations.

In general, a J-critical state feedback pair over G out (resp. G sta or G str)
stabilizesthe output(resp.and state)w.r.t. the initial state, but arbitrarily small
disturbancesin the(closed-loop)inputmaycausearbitrarily big perturbationsin
thestateandoutput(asin Example11.3.7(b)).

v
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Under certainassumptions, suchsolutions becomethe “correct” ones;see,
e.g.,(d3)below, Theorem11.1.5andCorollary10.2.12(Crit3+).

Wegivebelow avariantof theequivalenceof (I)–(III) onp.9 (with (Crit2) and
(Crit3) correspondingto (III) and(Crit4) to (II)); theequivalencewill beenhanced
in parts(d1)–(d4)below, in Section9.1,andin certainlaterresults.

Theorem 9.9.10(eIARE « K J T�%qM« K J Tw%qM« K J T�%�M -inner r.c.f.) Let G�hh P G out.
Then(Crit1) « (Crit2) « (Crit3) « (Crit4), where

(Crit1) (JJJ-critical � � � �� � � �� � � �
) There is a J-critical q.r.c.-SOS-stabilizing state

feedback pair for Σ and I is J-coercive.

(Crit2) (IARE) TheIAREhasa q.r.c.-SOS-P-stabilizing solution.

(Crit3) (IARE/DARE) There are � P �bh Qif K H M , S Q<k�f anda q.r.c.-SOS-
stabilizing pair � � � �

satisfyingthe “D ARE” (9.111)for somet R 0,
s.t.
S � nt® x0 T¯� � nt® x0U ¢ 0 asn ¢y� ∞, n Q N.

(Crit4) (R.c.f.) Themap I hasa K J T�%�M -innerq.r.c.f. I P�Ë � � 1, andΣ is q.r.c.-
SOS-stabilizable.

Moreover, wehavethefollowing:

(a1) Let � � �+�
solve (Crit1). Then S : P Ë h J Ë�P Sh QÇk�f K U M , � : P� h® J � ® P �Bh Q¾f K H M , and � � � �

solve(Crit2) and Ë ,
�

solve(Crit4),
where

�
: P K I � � M � 1, Ë : P I � , � ® : P � � I �4� .

(a2) Let K �ÍT ST � � � � M solve (Crit2) or (Crit3). Then � � � �
solves

(Crit1) andSand � areasin (a1).

(a3) Let Ë T � solve(Crit4). Thena solution of (Crit1) and (Crit2) can be
constructedasin (g2) (also(g1)appliesif Σ Q SOS).

(a4)Thistheoremalsoholdswith “r .c.” or “p.r.c.” in placeof “q.r.c.”.

(b) A solution � of (Crit2) is unique. Givenonesolution � � � �
of (Crit1)

or (Crit2) or K Ë T � M andSof (Crit4), all solutionsaregivenby� E
�

E
� � I � E

� T K Ë E
� 1 T � E

� 1 M)T E
� h SE

� 1 T E Q#k�f K U M Z
(9.138)

Thecorrespondingclosed-loopsystemsaregivenby Σ ® E : PÅÙ � � � � E � 1� � � � E � 1. � / � E � 1 Ú .
(c1)AssumethatΣ is [strongly [exponentially]] q.r.c.-stabilizable.

Thenany q.r.c.-SOS-stabilizing statefeedback pair is [strongly [exponen-
tially]] q.r.c.-stabilizing. Consequently, thenthis theoremholdswith G sta

[or G str [or G exp]] in placeof G out.

[Moreover, if J V 0 and(Crit2) hasa solution � , then � is thegreatestnon-
negativeadmissible andtheuniquenonnegativeoutput-stabilizing solution
of theeIARE.]

(c2)AssumethatΣ is exponentially q.r.c.-stabilizable. ThenanyI/O-stabilizing
or input-stabilizing solution or theIARE(i.e., with stableË and

�
or u � )

is exponentially q.r.c.-stabilizing.

Moreover, thenany K J T�%qM -innerq.r.c.f. of I is exponentiallyq.r.c.
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(c3) Assumethat Σ is estimatable. Then any output-stabilizing solution of
the IARE is exponentiallyq.r.c.-stabilizing (hencethegreatestnonnegative
admissible solution if J V 0).

(d1) Let I beWR.If weaddto (Crit1)–(Crit4) therequirementthat � � � �
mustcorrespondto someWR � K 0

�
(equivalently, that

� P � � 1 P I � �
is WR andX P I ), thena fifth equivalentcondition is:

(Crit5) (CARE) TheCAREhasa q.r.c.-SOS-P-stabilizing solution.

Moreover, with theseextra requirementsanysolutionsof (Crit1)–(Crit5) are
uniqueandequal(cf. (a1)–(a3));thesameappliesto (d2).

(d2) AssumeHypothesis9.2.1andthat D h JD Q<kOf K U M . Then(Crit1)–(Crit6)
are equivalent(they are also equivalentto (Crit7) if Σ is optimizable and
estimatable),where

(Crit6) (Bhw-CARE) The Bhw-CAREhas a q.r.c.-SOS-P-stabilizing solu-
tion.

(d3) (MTIC) Assumethat 1. Σ is q.r.c.-SOS-stabilizable in �¸ , or that 2. Σ
hasa q.r.c.-SOS-stabilizing SRstatefeedback operator s.t. I � Q �¸ , or that
3. D h JD Q$kOf K U M and Σ hasan exponentially q.r.c.-stabilizing SRstate

feedback operator s.t. ~ � } ��}� } ��} � satisfiesHypothesis9.2.1,where �¸ satisfies

Hypothesis8.4.7.

Then(Crit1)–(Crit5) and (Crit7) are equivalentand imply that Ë T � Q �¸ ,
where

(Crit7) Themap I is J-coercive.

(d4) In thegeneral casewestill have(Crit6) w (Crit5) w (Crit1–4)w (Crit7).

Assumethat (Crit1) hasa solution, and usethe notationof Definition 9.1.3.
Thenthefollowinghold:

(e1) The closedloop cost function ` ® K x0 T u®1M for y P � ® x0 � I�® u® , u® Q
L2 K R H ;U M andx0 Q H is givenby` ® K x0 T u®1M : P S yT JyU L2 c R ü ;Y e P S x0 T¯� x0U H � S u®&T Su®CU L2 c R ü ;U e Z (9.139)

(e2)(Minimization) Thepair � � � �
isminimizing « S m 0 « S I u T J I uUlV

0 for all u Q G out K 0M « I is positivelyJ-coercive.

(f) Theorem9.9.1(g)–(j)andTheorem8.3.9apply, and(PB) is satisfied.

(g1) (Stable case) Assumethat � and I are stable (i.e., that Σ Q SOS).
Assume(Crit4) (see(Crit1SOS)–(Crit4SOS)of Corollary 9.9.11for further
equivalentconditions). Thenthecorrespondingsolution of (Crit2) is� � �n�

: P ��� S
� 1π H Ë h J � I � � � 1 � Z (9.140)
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Moreover, this � � � �
is stableand q.r.c.-SOS-stabilizing. The corre-

sponding� andΣ ® satisfy� P � h® J � ® P � h J � ® P � h® J � P � h ù J � J Ë S
� 1π H Ë h J ú � (9.141)P � h J � � � h S� P � h K J � J I π H K π H>I h J I π H,M � 1π H>I h J M � T (9.142)� ® P � � u � ®zT (9.143)� ® P ù I � Ë S

� 1π H Ë h J ú � T (9.144)� ® P � � S
� 1π H Ë h J � Z (9.145)

(g2) Given Ë and
�

asin (Crit4), thepair � � � �
, theRiccatioperator � ,

andtheclosed-loopsystemΣ ® canbeconstructedasfollows:

Chooseany q.r.c.-SOS-stabilizing pair � � s � s � for Σ, and let Σ1� : P~ � } �9}� } ��} � bethetwotop(block) rowsof thecorrespondingclosed-loopsystem

Σ � . Set
� s : P K I � � s M � 1,

���
: P � � 1 � s , sothat

��� Q#k TIC K U M .
Set � � � � �b�

: P � � S
� 1π H Ë h J � � I � � � � . Thena solution � � � �

of (Crit2) andcorresponding Σ ® and � areobtainedasfollows:� P � � 1 � s � � �z� P ��� � s � � � T � P I � � � 1 T (9.146)ÔÕ � ® u,®� ® I�®� ® � ® Ö× P;ÔÕ � � � u � τ
� � u �� � � Ë ��� Ë� � � �<� � � � I

Ö×
(9.147)� P � h® J � ® P � h� J � ® P � h® J � � (9.148)P � h� J � � � � h � S� h � P � h� ù J � J Ë S

� 1π H Ë h J ú � � Z (9.149)

(Recallthat � � P � � u τ
� s � , � � P � � I � s � , and

� s � P K I � � s M � 1 � s .)
Note that

� �
, � � , I�� , � s � , � ® and I'® P�Ë are stable, and that � and� � � �>� �
correspondto this theorem(including(g1)) appliedto Σ1� and

J.

(g3)Theconstructions(g1),(g2)and(a1)canbeusedin (c1)and(c2) too.

SeeSection9.1 for relatedresultsandfurther equivalent conditions. Further
equivalentconditionsfor optimizableandestimatablesystemsaregiven in Corol-
lary 9.2.15.

Quasi-coprimenessis essentialin the above theorem; an arbitrary SOS-
stabilizing (even exponentially stabilizing solution) neednot correspondto the
minimizing controlover G out (thoughnecessarilyto thatover G exp), asillustrated
in Example9.13.2.

Indeed,the q.r.c.-propertyguaranteesthat G out K x0 M correspondsone-to-one
andontoto G Σ }

out K x0 M ; i.e., we obtainthesituationof Theorem8.4.5(e),indeed,if~g�� ��n� is q.r.c.-SOS-stabilizing, thenG out K x0 M P ^ � � x0 � �� u� �� u� Q L2 K R H ;U M P G Σ }
out K x0 Md_ K x0 Q H M Z (9.150)
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Indeed,obviouslysuchu andy : P � x0 � I u P � � x0 � I'� u� arestable.Conversely,
if u T y Q L2, then I'� u� P y � � � x0 Q L2 and �� u� P � � � x0 � u Q L2, where
u� : P � �� x0 � �� u, sothatu� Q L2, sinceI � : P I �� and �� areq.r.c.

For generalSOS-stabilizingstatefeedbackpairs,someelementsof G out K x0 M
maycorrespondto unstableinputsu � for Σ � , sothata P-SOS-stabilizing solution
optimizesover a too small classof inputs; cf. the (non-q.r.c.-)exponentially (P-

)stabilizingstatefeedbackoperatorK P � 2 of Example9.13.2.If ~g�� ��+� were

merelyoutput-stabilizing,thenalsosomestableinputsu � for Σ � might correspond
to unstableinputsu for Σ.

Also the constructionformulae of (g1)–(g2) (in particular, (9.140)) base
on quasi-coprimeness,hencewe cannotgive suchformulaefor non-q.r.c.-SOS-
stabilizablesystems.Indeed,if I PÇË � � 1 correspondsto a WR statefeedback
operatorK, then [�²� 1 mayonly havethesingularitiesof K s � AM � 1, asnotedbelow
Definition 6.6.10;thuswe mustsomehow guaranteethat [� � 1 doesnot have too
many poles(cf. Lemma6.5.4).

Proof of Theorem 9.9.10: (Notethatthestability of
� � and

� ® might be
omitted from the requirementsandconclusions,whereasthe invertibility of S
is essentialfor, e.g.,(Crit4)w (Crit2).)

1­ “(Crit1) « (Crit11
2)”: Wehaveonemoreequivalentcondition:

(Crit11
2) I is J-coercive,andthereis aq.r.c.-SOS-stabilizingstatefeedbackpair� � � �

for Σ s.t.π H>I h® J � ® P 0, whereΣ ® is thecorrespondingclosed-
loopsystem.

Now G out K 0M P � π H L2, by Proposition9.10.2(e2),hence
S I	® π H u T � ® x0U P 0

for all x0 Q H T u Q π H L2 if f
S I π H u T � ® x0U P 0 for all x0 Q H T u Q G out K 0M

(becauseI�® π H u P I � π H u P I π H � π H u), i.e., if f
� ® is J-critical.

2­ “(Crit1) « (Crit2)« (Crit3)”&(a1)&(a2) This follows Theorem
9.9.1(b)&(d), and Lemma 8.4.11(b2) (note that (Crit2)–(Crit4) require
S Q#k�f K U M ).

3­ “(Crit1) w (Crit4)”&(a1): Thesefollow from equationsËÐP I � andË h J Ë�P S(seeTheorem9.9.1(b)&(g))andLemma9.10.3.
4­ “(Crit4) w (Crit11

2)” for stable � and I : By Lemma8.4.14(a),I is J-
coercive. Now

� Q|k TIC, by Lemma6.5.6(b).Obviously, thepair � � � �
from (9.140)arestable.By using(9.140)andequationS

� 1 Ë h J I P � � 1, it is
straightforwardto verify that

� � P π H τ
�

andπ H � π � P � u (seetheproof of

Theorem27 of [S97b] for details),henceΣext : P ~ � �� �. / � Q SOSK U T H T Y Ô U M .
By Corollary6.6.9,wehave Σ ® Q SOS. Now

π H Ë h J � ® P π H Ë h J Ë � � π H Ë h J � P π H Ë h J ù � Ë S
� 1π H Ë h J � � J � ú P 0

(9.151)
asrequired.

(N.B. We do not know whetherS
� 1 Ë h J I P � � 1 holdsfor unstable

� � 1,
thereforewehaverequiredthe K J T SM -innerright factorizationto beq.r.c.)

5­ “(Crit4) w (Crit11
2)”: By Lemma8.4.14(a),I is J-coercive. By Lemma

6.4.5(c),
��� Q#k TIC K U M . Therefore,I&� PÊË �b� is a K J T SM -innerr.c.f.
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By 4­ , the state feedbackpair � �z� �>� �
is stable and q.r.c.-SOS-

stabilizing for Σ1� , and the correspondingclosed-loop system satisfies
π H>I'h® J � ® P 0. Moreover, I'® P I � � � 1� P4Ë .

Apply Lemma6.7.12(with
� s and

�
interchanged,etc.) to obtain(9.146)–

(9.147). Thenπ H>I'h® J � ® P 0, and � � �+�
q.r.c.-SOS-stabilizesΣ into Σ ®

(indeed,by (9.147), � � � �
is q.r.c.-SOS-stabilizing).Thus,(Crit11

2) holds.
Theremainingformulaeof (g2) follow from thoseof (g1).

(a1)–(a3)Parts(a1)&(a2)wereprovedabove;see(g1)and(g2) for (a3).
(a4) If any of (Crit1)–(Crit4) holdswith “r.c.” in placeof “q.r.c.”, thenso

do theothers,by (a1)–(a3).This propertyis theninheritedin by (b)–(g3).The
proof for “p.r.c.” is analogous.

(b) This follows from Theorem9.9.1(f).
(c1) The first claims follows from Theorem6.7.15(a1)[(a2)[(b1)]],the

secondclaim is aconsequenceof thefirst one.
[By Theorem9.9.1(a2), � is the smallestnonnegative output-stabilizing

solutionof theeIARE.But S m 0, by (e2),and � is stronglystabilizing, hence� is the greatestnonnegative admissible solution of the eIARE, by Theorem
9.8.13(sinceS V 0 for admissible nonnegative solutions, by (9.160)). Since�îVÇ� s VÇ� for any nonnegative output-stabilizing solution � s , � must be
unique.]

(c2)This follows from Theorem6.7.15(b1)andLemma6.4.5(e).
(c3)Thisfollowsfrom Theorem6.7.15(c2)(andfrom thelastclaimof (c1)).
(d1)This followsfrom Proposition9.8.10(and(a1)–(a3)).
(d2)Weobtain(Crit2)« (Crit5)« (Crit6) from Theorem9.2.9(theclaimon

(Crit7) will beprovedin Corollary9.2.15).
(d3)By (d4),weonly have to establish(Crit7)w (Crit5). Assume(Crit7).
SOS-stabilizabilityimplies that

� � x0 Q G out K x0 MONP 0 for all x0 Q H, hence
thereis auniqueJ-critical controlover G out for eachx0 Q H, by Theorem8.4.3.
Thus,(Crit5) follows from (7.) or (8.) of Remark9.9.14(notethat “1.” is a
specialcaseof “2.”, by Proposition6.3.1(c)andLemma6.6.12).

(d4) This follows from Proposition9.2.7(a),Proposition 9.8.10andCorol-
lary 8.4.14(a).

(e1)This follows from � P � h® J � ® , π H>I'h® J � ® P 0 and I'h® J I�® P S.
(e2)Seetheproofof Corollary10.2.12.
(f) This follows from (b) andTheorem9.9.1(b).
(g1) This wasproved in 4 ­ exceptfor the � formula,which follows from

formulae � P � h® J � ® ,
� Ë h J � ® P 0 (see(Crit1)),

� Ë h J Ë � P � S
�

, and
Lemma6.4.7(b),in thatorder.

(g2)This followsfrom 5 ­ and(g1)with straightforwardcomputations.
(g3)This followsfrom theproofof (c) above.

v
Note that a q.r.c.-I/O-P-stabilizingsolution of the IARE (or CARE) deter-

minesa K J T SM -inner q.r.c.f. I P�Ë � � 1, by Lemma9.10.1(b5)&(b6). If Σ is
approximatelyreachable,thenthis defines

�
uniquelymodulo(9.138)(because

π H � � 1π � P � u ), hencethen � is unique(a q.r.c.-SOS-P-stabilizingsolutionis



498 CHAPTER9. RICCATI EQUATIONS AND J-CRITICAL CONTROL

alwaysunique,by Theorem9.9.10(b)).
In the stablecase, “q.r.c.-SOS-stabilizing”is equivalent to “stable, SOS-

stabilizing” (cf. alsoCorollary8.3.11):

Corollary 9.9.11(SOS-stableIARE) Let Σ Q SOSand G hh P G out.
Thenconditions(Crit1)–(Crit5) in Theorem9.9.10canbewritten in following

forms:

(Crit1SOS)There is a J-critical stable, SOS-stabilizingstatefeedback pair for
Σ, and I is J-coercive.

(Crit2SOS)TheIAREhasa stable, SOS-P-stabilizing solution.

(Crit3SOS)(IARE/DARE) There are � P �Bh Q�f K H M , S Q<k�f anda stable,
SOS-stabilizing pair � � �n�

satisfying the “D ARE” (9.111) for some
t R 0, s.t.

S � nt® x0 T¯� � nt® x0U ¢ 0 asn ¢¶� ∞, n Q N.

(Crit4SOS)There is a spectral factorization
� h S� of I	h J I .

(Crit5SOS)TheCAREhasa stable, SOS-P-stabilizingsolution.

Wemayreplace“stable, SOS-P-stabilizingsolution” aboveby “P-admissible
solution s.t. IOT � T � Q TIC”, as well as by “[q.]r .c.-I/O-stabilizing” (and by
“exponentiallystabilizing” or by“

�
-stabilizing” if Σ is exponentially stable, and

by “stable, P-stabilizing” if Σ is stable).
Moreover, the solutions of (Crit1SOS)–(Crit5SOS) (if any) are the onesof

(Crit1)–(Crit5), with
� P I � � .

v
(This follows from Lemma6.6.17(a)and Lemma6.4.8(a);note that corre-

spondingpairs � � � �
arethesamefor eachcondition. Recallfrom Definition

9.8.4that the solutionbeingstableor stabilizing meansthat � � �n�
is stable

(which is redundantif Σ is exponentially stable)or stabilizing, respectively.)
Proposition 9.8.11containsrelatedresultsand the positive caseis given in

Corollary 10.2.13. We remind that (Crit5SOS) (or (Crit5)) is strongerthan
(Crit1SOS)–(Crit4SOS),whichareequivalent.

J-coercivity is roughly equivalent to the existenceof a unique J-critical
control:

Proposition9.9.12( G expG expG exp: IARE w unique optimum « J-coercive) We have
(i) « (ii).

(i) There is a uniqueJ-critical control over G exp K x0 M for each x0 Q H, and< t : P I t h J I t � u t h ��u t Q|k�f K L2 K � 0 T t M ;U M for some(henceall) t R 0.

(ii) I is J-coerciveover G exp, andΣ is optimizable.

Moreover,

(a) Assume(i). Then < t m 0 « the J-critical control is minimizing « I is
positivelyJ-coerciveover G exp.

(b) Assume that the IARE has an exponentially stabilizing solutionK ��T ST � � � � M . Then(i) and (ii) hold. Moreover, thenS m 0 « < t m
0 « � � �+�

is minimizing « I is positivelyJ-coerciveover G exp.
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(c) Condition“ < t Q#k�f ” is redundantin (i) if anyof (1.)–(4.)holds,where

(1.) J V 0 and I t h J I t m 0 for somet R 0;
(2.) J V 0, D h JD m 0 and I Q MTIC∞;
(3.) I Q MTIC∞ T � B Q L2

loc K R H ; f K U T H MjM andD h JD Q#kOf K U M .
(4.) Hypothesis9.2.1holdsfor G hh P G exp, andD h JD Q#kOf K U M .

Thus, when minimizing over G exp with a somecoercivity or regularity, the
costmustbe J-coercive over G exp. See,e.g.,Theorems9.2.16and9.2.18and
Corollary9.2.19for enhancedversionsof theproposition, andSection10.2for a
positivevariants.

Proof: (Naturally, � : P � hcritJ � crit in (i).)
The equivalence, (a), (b) and (c)(1.) follow from Theorems14.2.7and

13.4.4andRemark13.4.6.
(c) (2.) Now � : P � hcritJ � crit V 0, hence < t VnI t h J I t . But I t h J I t V

D h JD � ε m 0 for t T ε R 0 smallenough,by Theorem2.6.4(i1),hence< t m 0
for sucht.

(3.) By LemmaA.3.1(c4)&(c1),thereis ε R 0 s.t. W D h JDu0 W U V ε W u0 W U
for all u0 Q U . It followsthatW π ø 0 ¥ t e D h JDu W 2 V ε W u W 2 K u Q L2 K � 0 T t M ;U MjM Z (9.152)

By Theorem2.6.4(i1)&(i2), π ø 0 ¥ t e K IÏ� D M π ø 0 ¥ t e ¢ 0 and u t ¢ 0 on L2, as
t ¢ 0� , hencethereis t R 0 s.t. W π ø 0 ¥ t e K < t � D h JD M π ø 0 ¥ t e W À c L2 e ° ε Î 2 (notethat< t P π ø 0 ¥ t e < tπ ø 0 ¥ t e ). Consequently, W?< tu W 2 V ε Î 2 W u W 2 for all u Q L2 K � 0 T t M ;U M .
By LemmaA.3.1(c4)&(c1),thismeansthat < t Q|k�f K L2 K � 0 T t M ;U M7M .

(4.) This followsfrom Theorem9.2.16and(b).

v
However, uniquenessis sometimespossible underweaker conditions:

Remark 9.9.13(Unique JJJ-critical control vs.S Q#k�f K U MS Q#k�f K U MS Q|k�f K U M vs.JJJ-coercivity)
Assumethat GJhhLK x0 MONP /0 for all x0 Q H (this is obviouslynecessaryfor theexis-
tenceof a J-critical control) and that Zs is a Hilbert space(e.g., G hh P G out orGihh P G exp).

By Theorem8.4.3and Lemma9.10.3,J-coercivity impliesthe existenceof a
uniqueJ-critical control, and also the invertibility of S whenthe eIAREhasa
solution (thesethreeareequivalentfor G#hh P G exp if Hypothesis9.2.2holds(or if
Σ is a wpls),byTheorem9.2.16).

However, the invertibility of S is not necessary, nor is J-coercivity over G hh ,
for the existenceof a uniqueJ-critical control (take Σ exponentiallystable(so
that G exp

P G out), 0 ° D h D Nm 0, B P 0 P C, J P I ).
On the other hand, Example9.13.4showsthat even for very regular ( I P

D Q�f K U T Y M ) exponentiallystablesystems,S P D h D R 0 is not sufficient for the
existenceof a J-critical control for all x0 Q H (over G exp

P G out).
It is easyto formulate shortly the necessaryand sufficient condition for the

existenceof a uniqueJ-critical control, but wehavefoundnousefulformulations
(seethecommentsbelowTheorem8.2.5).
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As mentioned above, when B is bounded,any unique J-critical control
correspondsto a G½hh -stabilizing solution of the CARE (andof the B hw-CARE if
D h JD Q|kOf or I is J-coercive). Unfortunately, this is not thecasein general,by
Example11.3.7.Therefore,wesummarizeseveralsufficientconditionsbelow:

Remark 9.9.14(Necessityof the CARE) We write K Σ T J M Q coerciveCARE
(over G hh ) if 1. Σ is WR,and2. if Σ is J-coerciveandthere is a J-critical control
for each x0 Q H, thenthe CAREhasa SR GJhh -stabilizing solution(equivalently,
thenKcrit correspondsto a SRstatefeedback operator).

If anyof thefollowingconditionsholds,then K Σ T J M Q coerciveCARE:

(1.) B QÍf K U T H M ;
(2.) Hypothesis9.2.1holdsandD h JD Q|kOf K U M ;
(3.) Hypothesis9.2.1holds,π ø 0 ¥ 1 e � B Q L1 K � 0 T 1M ; f K U T H MjM and G½hh P G exp;

(4.) Hypothesis9.5.1holdsand G hh P G exp;

(5.) Gihh P G exp, π ø 0 ¥ 1 e � B Q L1 K � 0 T 1M ; f K U T H MjM)T π ø 0 ¥ 1 e Cw � Q
L1 K � 0 T 1M ; f K H T Y MjM , andπ ø 0 ¥ 1 e Cw � B Q L1 K � 0 T 1M ; f K U T Y MjM ;

(6.) Σ Q SOS, G�hh P G out and I Q �¸ , where �¸ satisfiesHypothesis8.4.7.

(7.) Gihh P G out, andΣ hasa SRq.r.c.-SOS-stabilizing statefeedback operator
s.t. I'� Q �¸ .

(8.) Gihh P G out, andΣ hasa SRexponentially q.r.c.-stabilizing state feedback

operator s.t. ~ � } ��}� } ��} � someof (1.)–(6.).

Moreover, thefollowingholds:

(a) In cases(1.)–(6.),wehave I Q ULR (and
� Q ULR for the Gihh -stabilizing

solution).

(b) In cases(1.)–(5.), we necessarilyhaveS P D h JD Q�kOf K U M for the Gihh -
stabilizing solution.

(c) In cases(1.)–(3.),theCAREbecomesa Bhw-CARE.

(d) In cases(1.)–(4.),“ Σ is J-coerciveandthereis a” canbereplacedby“there
is a unique” if weassumethatD h JD Q|kOf K U M .

By Lemma8.4.4, the control mentionedin “2.” is necessarilyunique. By
Theorem14.1.6andLemma9.9.7(c2),“ K Σ T J M Q coerciveCARE” is redundantin
discretetime(i.e., it is truefor any Σ andJ).

Recallfrom Theorem8.4.3that“thereis a J-critical controlfor eachx0 Q H”
can usually (e.g., for G out and G exp) be replacedby the finite cost condition
“ GihhlK x0 MzNP /0 for all x0 Q H”. If Σ is exponentially stable(or estimatable),thenG exp

P G out, by Lemma8.3.3.
See Theorems9.5.13 and 9.2.18 and Corollary 9.1.11 for more explicit

variantsof (4.) and(5.) and(7.), respectively.
Proof: (Notethat(1.) and(4.)–(7.) areindependentof J, andthat the GJhh -

stabilizing solution is unique.Therequirement“SR” couldbe“WR” for most
but notall applicationsof theabovedefinition.)
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Notefirst that I Q ULR if any of (1.)–(6.)holdsand I P I	� � � 1 Q SRwhen
(7.) or (8.) holds,sothatcondition“1.” is satisfiedby any of (1.)–(8.).

Case(1.) is treatedin Theorem9.9.6 (the eCARE becomesa CARE,
becauseJ-coercivity implies the invertibility of S ( P D h JD), by Lemma
9.9.7(c2)).

Case(2.) is treatedin Theorem9.2.9.Condition(3.) impliescondition (2.),
by Lemma9.2.17(whichcontainsalsoalternativeassumptions).

Condition(4.) impliescondition(5.), by Lemma9.5.2.
Case(5.) followsfrom Theorem9.2.18.Case(6.) followsfrom “(i v) w (iii)”

of Corollary9.1.12.
Case(7.) follows from (6.) and Theorem8.4.5(g1)&(d)&(a)&(c2) (and

Lemma6.2.5andCorollary9.9.8;Proposition9.12.4would leadto analterna-
tive proof and(9.226)holds). Analogously, case(8.) canbereduced(1.)–(6.)

(usethefactthat G out
P G exp, by Lemma8.3.3;naturally, by “ ~ � } �9}� } ��} � satisfies

(n.)” wemeanthat“(n.)” is satisfiedwith � � �� � � in placeof � A B
C D

�
).

(a)&(b) The proof sketchedabove appliesfor (a)&(b) too. (SeeTheorem
8.4.9(a)for extending (b) to case(6.).)

(c) SeeTheorem9.2.9(usethefactthatDomK B hw M P H in case(1.)).
(d) Theabove proofsfor cases(1.)–(3.) did not useJ-coercivity. In cases

(4.) and(5.), we canremove “Σ is J-coercive andthereis a” completelyif we
assumethat � B Q L2

loc (this is redundantin case(4.),by Lemma9.5.2)andthat
D h JD Q|kOf K U M , by Corollary9.2.19.

(N.B. if we assume(1.) and replace“Σ is J-coercive and thereis a” by
“there is a unique”, then the CARE might becomean eCARE (insteadof a
Bhw-CARE) if wewouldnotexplicitly assumeD h JD to beinvertible.)

v
A comparisonof @ exp, @ str, @ sta and @ out
In principle, the above theory on optimization and Riccati equationscan

be applied over any G½hh . However, it is not always clear a priori whethera
controlproblemis coerciveenoughto guaranteetheexistenceof auniquesolution
(particularlyin thecaseof G½hh P G exp), andwhenasolutionof thecorresponding
Riccati equationis found, it is not alwayseasyto verify that it is a correctone
( Gihh -stabilizing).

For optimization over G out, it is often easy to find sufficient coercivity
conditions. For G exp oneneedsstrongerassumptions,andfor G str (resp.G sta), we
have to optimizeover G out andmakesuitablestabilizability or otherassumptions
to guaranteethat the closed-loopsystemactuallybecomesstronglystable(resp.
stable)(seethecomments below Theorem8.4.3).

On the other hand,J-critical statefeedbackpairs over G exp correspondto
exponentially stabilizing solutions of the Riccati equation, and the situation
with G str is analogous,whereasthe situation with G sta and G out requiresthe
complicatedresidualcondition (PB) (seeTheorem9.8.5);therefore,for thesetwo
setsit is noteasyto verify for asolutionof theRiccatiequationthatit corresponds
to optimal control,unlessadditionalassumptions aremade.

By theabove, theclosed-loopsystemcorrespondingto G exp is exponentially
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stable. For G str, G sta and G out, we only know about the stability of the left
column of the closed-loopsystem(seeTheorem9.8.5). If we wish to pose
stability requirementsalso on the right column, we have to make additional
detectabilityor q.r.c.-stabilizability assumptions. An LQR applicationwith the
formerassumption is givenby Theorem10.1.4(c2),andanH∞ applicationof the
latterin Theorem11.1.5.

Thislatter“q.r.c.” approachis basedonthefactthatwhereasoptimizationoverG exp canalwaysbereducedto thestablecase,theanalogousreductionfor G out,G sta and G str requiresquasi-coprimeness;seeTheorem8.4.5(g1)and Remark
9.9.9. Althoughq.r.c.-stabilizability is trivially possessedby stablesystems,it is
oftendifficult to verify for unstableones,althoughstill popularin articlesbased
on fractional representationsof the I/O maps. SeeTheorem9.9.1(b)–(c3)and
Theorem9.9.10for moreon thisapproach.

A third approachfor G out is usedin Theorem10.1.4(b1), whereweonly have
to studytheminimalnonnegativesolution.

JobOostveenhasdevelopeda ratherextensive optimization theoryover G str

for WPLSswith boundedinput andoutputoperators(B andC), andhe avoids
someof theproblemsdescribedaboveby usingsuitabledetectability assumptions
(amostelegantexampleof hisresultsis theoneextendedin Theorem10.1.4(c2)).
It seemsthatmostof his resultscanbegeneralizedto moregeneralWPLSsin the
sameway; we recommendthis for a readerinterestedin G str.

We concludethat the theoryon optimization andRiccati equationsbecomes
mostelegantfor G½hh P G exp, evenmorebeautifulwhenoneassumesestimatability
(e.g., a cost on the state, by Lemma 6.6.25), so that G exp

P G str
P G sta

PG out. However, often it is too restrictingto requirean exponentially stabilizing
controller, andin severalsettingsalsothetheoryfor G out (or G sta or G str) canbe
substantially simplified.

Notes
Thenecessitypartof Corollary9.9.2iscontainedin [S98b]and[WW] to some

extent,in thegeneralityexplainedin thenoteson p. 520. In thesamesetting,the
implicationfrom (Crit4) to (Crit5) (for regular I and

�
) andtheformulaeof (b),

(e1),(g1)and(g2)of Theorem9.9.10arecontainedin [S98b,Sections5–7].
The earlier history of infinite-dimensional Riccati equationsis documented

in the notesto Section6 of [CZ]. For future research,a very important task
is to determinefurther sufficient assumptions for a unique optimal control to
exist in regular statefeedbackform, besidesthosepresentedin Remark9.9.14
or elsewherein thismonograph.

Oneinteresting candidateis thecondition that I Q MTIC∞ (andit mightimply
that

� Q MTIC∞). By Example9.8.15,theapproachof Section9.2doesnotwork
for this assumption, not evenin thestablecase,althoughthatapproachmight be
usefulfor someothercandidateconditions.



9.10. PROOFSFORSECTION9.9: CRIT� eIARE 503

9.10 Proofsfor Section 9.9: Crit � eIARE

Wheneatinganelephanttakeonebiteat a time.

— Gen.C. Abrams

In this section,we shallestablishtheequivalencebetweentheexistenceof J-
critical statefeedbackpairsandthe existenceof G½hh -stabilizing solutions of the
eIARE,andalsostatesomerelatedresultsthatareneededfor furtherresults.See
Definition9.8.4(andDefinition6.6.10)for Σext andΣ ® .

First we explore in detail the connectionbetweenJ-critical control and the
admissible solutions of theeIARE(cf. (b4)):

Lemma 9.10.1 Let S Q$f K U M , and � P �Bh Q$f K H M . Let � � � �
be an

admissible statefeedback pair for Σ, andlet Σ ® : P Ù � � � �� � � �. � / � Ú Q WPLSK U T H T Y Ô
U M bethecorresponding closed-loopsystem.Set

�
: P K I � � M � 1, Ë : P I � P I�® .

Weconsider, for t V 0, theequations

0 P I t h J � t® � u t h � � t® T (9.153)

0 P I t® h J � t® � u t® h � � t® T (9.154)� P � t® h � � t® � � t® h J � t® T (9.155)� P � t® h � � t � � t® h J � t T (9.156)

π ø 0 ¥ t e S PÊË t h J Ë t � u t® h ��u t® T (9.157)

S
� t P � ù Ë t h J � t � � t h u t h � � t ú T (9.158)� t h S� t P � t h � � t ��� � � t h J � t T (9.159)� t h S� t P I t h J I t � u t h ��u t T (9.160)� t h S� t P �$ù�I t h J � t � u t h � � t úAZ (9.161)

Claims(a1)–(b4)hold:

(a1) For anyt V 0 wehave(9.154)« (9.153), aswell as(9.160)« (9.157),and
(9.161)« (9.158).

(b1)Let t V 0 andlet (9.158)hold. Then(9.156)« (9.159).

(b2)Let t V 0 andlet (9.160)hold. Then(9.154)« (9.158).

(b3)Let t V 0 andlet (9.154)hold. Then(9.155)« (9.156).

(b4)For each t V 0, conditions(i)–(iv) areequivalent,where

(i) Equations(9.159)–(9.161)(theeIARE)aresatisfied;
(ii) Equations(9.153)–(9.161)aresatisfied;
(iii) Equations(9.154),(9.155)and(9.157)hold.
(iv) Equations(9.158),(9.155)and(9.157)hold.

(b5) If (i), (ii) or (iii) holdsfor somet R 0, then(i)–(iii) hold for nt (n Q N).

(b6) If (P4) of (d1) holds,(9.157)holdsfor each t P tn (n Q N), and Ë Q TIC,
then Ë h J Ë�P S.
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If � ® is stable, then(c1)–(d2)hold:

(c1)Wehave Ë π ø 0 ¥ t e QÍf K L2 M for all t V 0.

(c2)Assumethat � P � h® J � ® . Then(9.160)is equivalenttoS I�® u T J I&® vU L2 c R ü ;U e P S u T SvU L2 c R ü ;U e K u T v Q L2 K � 0 T t M ;U M7M Z (9.162)

Moreover, if either holds for all t R 0, then (9.162) holds for all u T v Q
L2

ω K R H ;U M � L2
c andall ω ° 0.

(c3) If � P � h® J � ® , then(9.154)is equivalenttoS I�® π H u T J � ® x0U L2 c R ü ;U e P 0 K u Q L2 K � 0 T t M ;U M)T x0 Q H M Z (9.163)

Moreover, if either holds for all t R 0, then (9.163) holds for all u Q
L2

ω K R H ;U M � L2
c andall ω ° 0.

(c4)Assumethat � P � h® J � ® , and
S I'® π H u T J � ® x0U P 0 for all u Q L2

c.

Thenthere is a unique �S Q·f K U M s.t.
S Ë u T J Ë uU P S u T �SuU (u Q L2

c).

Moreover, �S P �Sh Qif K U M , all of (P1)–(P4)hold, and (9.153)–(9.163) are
satisfiedfor all t V 0 with �Sin placeof S.

(d1)Wehave

(P1) � P � h® J � ®
iff (9.155)holdsfor all t V 0 andany(henceall) of (P2)–(P4)holds,where

(P2)
S � t® x0 T¯� � t® x0U ¢ 0, ast ¢y� ∞, for all x0 Q H;

(P3) � t® h � � t® x0 ¢ 0, ast ¢y� ∞, for all x0 Q H;

(P4) There is a sequence ^ tn _ s.t. tn ¢ � ∞ as n ¢ � ∞ andS � tn® x0 T¯� � tn® x0U ¢ 0 for all x0 Q H.

All thisholdsevenif werestrictt to anunboundedsetR ¹ R H . If (P1)holds,
then � � t® x0 ¢ 0, as t ¢ � ∞, for all x0 Q H. (Notethat if � ® is strongly
stable, then(P2)–(P4)hold.)

(d2) Let � and
�

be stable. Then � P � h J � � � h S� iff (9.159)holds for
all t V 0 and any (henceall) of (P2)–(P4)holdswith � in place of � ® .
Moreover, � P � h J � � � h S� impliesthat � � t x0 ¢ 0 for all x0 Q H.

If both � ® and Ë�P I'® arestable, then(e1)–(f2)hold:

(e1)Assumethat � P � h® J � ® . Then(9.154)holdsfor all t V 0 iff π H>I h® J � ® P
0. In fact, it is sufficientthat (9.154)holdsfor t P tn, n Q N, where tn ¢y� ∞
asn ¢y� ∞.

(e2)If π H>I'h® J � ® P 0, then �S: P4Ë h J Ë�P �Sh Q·f K U M .
(f1) If � P � h® J � ® and Ë h J Ë�P S, then(9.160)holdsfor all t V 0.
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(f2) Conversely, assumethat (9.160)holds for all t V 0. Thenthe following
hold:

If Ë h J Ë4P S, then(P1)–(P4)hold on H� (insteadof H). If (P1), (P2), (P3)
or (P4)holdsonH� , then Ë h J Ë�P S.

For (f2), we recall from Lemma6.3.26(b3),that the reachability subspace
H� � of Σ ® equalsthatof H� , i.e., theclosure(in H) of^pu t u �� u Q π ø 0 ¥ t e L2 T t V 0 _ Z (9.164)

Proof:
(a) Multiply by

� t or
� t to theleft.

(b1)Insert(9.158)into (9.159)toobtain(9.156)(recallthat � t® P � t � Ë t � t

and � t® P � t � u t � t � t ).
(b2) Use equations� t® P � t � I t® � t , � t® P � t � u t® � t , and (9.160) to

obtainthat(cf. Lemma5.5of [S98b])I t® h J � t® � u t® h � � t® P S
� t � Ë t h J � t � � t h u t h � � t Z (9.165)

(b3)By (6.132),thedifference(9.155)� (9.156)h is equalto� t h ù¯I t® h J � t® � u t® h � � t® ú P � h 0 P 0 Z (9.166)

(b4) “(i) w (ii)”&“(i v) w (iii) w (ii)”: Thesefollow easily from (a)–(b3);
trivially (ii) implies(i), (iii) and(iv).

(b5) Apply Lemma 14.2.1 for A : P � t , B : P u t , ...; equivalently, use
discretization(cf. Proposition 9.8.7) to seethat if (i) holds for somet, then
(i) holdsfor tN. Combinethiswith (b4) to obtain(b5).

(b6) From (9.157) we obtain that
S Ë u T J Ë uU P S u T SuU for u Q π ø 0 ¥ T e L2,

becauseu t® u P � t � T® u T® u. BecauseT wasarbitrary, Ë h J Ë�P S, by density.

(c1)This followsfrom Lemma6.1.11andthestability of � ® (alternatively,
from (9.167)).

(c2) (In discretetime, we have (9.162)for all u T v Q Ä 1 K Z;U M , by Lemma
13.3.8(b3);cf. Theorem14.1.3.)Now

π ø t ¥∞ e Ë π ø 0 ¥ t e P τ
� tπ H Ë π � τtπ ø 0 ¥ t e P τ

� t � ®&u,® τtπ ø 0 ¥ t e QÍf K L2 M)T (9.167)

henceS
π ø t ¥∞ e Ë π ø 0 ¥ t e u T Jπ ø t ¥∞ e Ë π ø 0 ¥ t e vU P S τ � t � ®&u,® τtπ ø 0 ¥ t e u T Jτ

� t � ®&u,® τtπ ø 0 ¥ t e vU
(9.168)P S u t® u T¯��u t® vU K u T v Q L2 M Z (9.169)

Consequently,
S
u T π ø0 ¥ t e SvU P S Ë π ø 0 ¥ t e u T K π ø 0 ¥ t e � π ø t ¥∞ e M J Ë π ø 0 ¥ t e vU for u Q L2 if f

(9.157)holds(equivalently, (9.160)holds, by (a1)).
The last claim follows from Lemma 2.1.13 (both sides are valid on

L2
c K R H ;U M andcontinuousfunctionsonL2

ω K R H ;U MNÔ L2
ω K R H ;U M ).
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(c3) This follows from

π ø 0 ¥ t e τ K � t M�u h® K � h® J � ®�M � ® K t M P π ø 0 ¥ t e τ K � t M π � I h® π H Jπ H τ K t M � ® (9.170)P π ø 0 ¥ t e I h® Jτ K � t M π H τ K t M � ® P π ø 0 ¥ t e I h® Jπ ø t ¥∞ e � ® Z (9.171)

Thelastclaim follows from Lemma2.1.13asin (c2).
(c4) Now

S Ë π H vT J Ë π � uU P S Ë π H vT J � ®&u,® uU P 0 for all u T v Q L2
c, hence

thereis a unique �S P �Sh Q�f K U M s.t.
S Ë u T J Ë uU P S u T SuU (u Q L2

c), by (c1) and
Lemma2.3.1.

By (9.167),we have u t® h ��u t® P K π ø t ¥∞ e Ë π ø 0 ¥ t e Mjh Jπ ø t ¥∞ e Ë π ø 0 ¥ t e . It follows

that(9.157)holdswith �S in placeof S; this for all t V 0.
From(d1) it follows that (P1)–(P4)and(9.155)hold for all t V 0; by (c3),

(9.154)holdsfor all t V 0.
By (a1), (b3), (b2) and(b1), (9.153)–(9.158) hold for all t V 0 with �S in

placeof S.
(d1) 1­ Equivalence: Assume (9.155). For any x0 Q H, we have

π ø 0 ¥ t e � ® x0 ¢ � ® x0 in L2, by Corollary B.3.8. Therefore, � h® Jπ ø 0 ¥ t e � ® x0 ¢� h® J � ® x0.
Consequently, � t® h � � t® ¢ �Ð� � h® J � ® strongly (where t Q R if the

assumptionholdsonR only), hence(P1)–(P4)areequivalent.
2­ Claim � � t® x0 ¢ 0: Assume(P1).Then(weuseDefinition6.1.1(3.)and

CorollaryB.3.8)� � t® x0
P � h® J � ® � t® x0

P � h® Jπ H τt � ® x0 ¢ � h® 0 P 0 Z (9.172)

However, (9.172)is not sufficient,by Example9.13.11,unless� ® is stable.
(d2)Theproof is analogousto thatof (d1) ( � ® neednotbestablehere;also

heret canberestrictedto R).
(e1) This follows from (c3), becauseπ ø 0 ¥ t e I'h® J � ® P 0 for all t V 0 iff

π H>I'h® J � ® P 0.
(e2) Now K π � Ë h J Ë π H1Mjh P π H Ë h J Ë π � P π H Ë h J � ®�u1® P 0, henceSs : PË h J Ë QÍf K U M , by Lemma2.1.7,andSs P Ss h .
(f1) This follows from (c2)andCorollaryB.3.8.
(f2) By the proof of (c2), we have π ø 0 ¥ t e Ë h J Ë π ø 0 ¥ t e P S if f u t® h ��u t® Pu t® h � h® J � ®�u t® . But π ø 0 ¥ t e Ë h J Ë π ø 0 ¥ t e P S for all t R 0 iff Ë h J Ë P S, by

CorollaryB.3.8,hencewemusthave u t® h ��u t® P u t® h � h® J � ®&u t® for all t R 0,
equivalently, � P � h® J � ® onH� � P H� , by continuity.

But (P1)on H� implies (P2)–(P4)on H� , asin theproof of (d1). Because
eachof (P2)and(P3) implies(P4)(on H� ) it only remainsto assume(P4)and
prove that Ë h J Ë�P S.

Assume(P4).Let T R 0, andchooseu Q π ø 0 ¥ T e L2. Thenτ K T M u P π � τ K T M u,
hence u,® τ K t M π H u P u1® τ K t � T M π � τ K T M u P � ® K t � T M xu T (9.173)

wherexu : P u1® π � τ K T M u. Thus,
S u%® τ K tn M π H u T¯��u1® τ K tn M π H uU ¢ 0, asn ¢ ∞,

by (P4).By (9.157),it follows that(for tn R T)S
u T π ø 0 ¥ tn e K S � Ë h Jπ ø 0 ¥ tn e Ë M π ø 0 ¥ tn e uU P S u T K S � Ë h Jπ ø 0 ¥ tn e Ë M uU ¢ 0 T (9.174)
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asn ¢ ∞. But K S � Ë h Jπ ø 0 ¥ tn e Ë M u ¢ K S � Ë h J Ë M u, hence
S
u T K S � Ë h J Ë M uU P 0.

BecauseT R 0 andu Q π ø 0 ¥ T e L2 werearbitrary, wehaveS PÊË h J Ë .

v
Now we arereadyto establishtheequivalencebetweenJ-critical controland

theeIARE, in (c)–(e2)below:

Proposition9.10.2 Let Σ, Σ ® , � � � �
, J and � be as in Lemma9.10.1,and

let � ® bestable. Thenthefollowinghold:

(a1)Conditions(i)–(iv) areequivalent,where

(i)
S I�® π H u T J � ® x0U P 0 for all u Q L2

c andx0 Q H, and � P � h® J � ® ;
(i’) I t h J � t® � u t h � � t® P 0 for all t R 0 and � P � h® J � ® ;
(ii) Equations(9.159)–(9.161) (the eIARE) are satisfied for someS Qf K U M andsomeT : P t R 0, andsomeof (P1)–(P4)holdsfor t Q R : P

TN;
(iii) Equations(9.153)–(9.163)are satisfied for a uniqueS P Sh Q�f K U M

andall t V 0, andall of (P1)–(P4)hold (for t Q R : P R H );
(iv) Wehave

S
yT JyU P S x0 T¯� x0U � S u®�T Su®CU for all x0 Q H, u® Q L2

c, where
y : P � x0 � I u Q L2, u : P � ® x0 � � u ® .

(Notethaty P � ® x0 � I�® u® Q L2 in (iv), byLemma6.1.11.)

(a2)Let Σext T Σ ® Q SOS. Thenwecanreplace(P1)–(P4)in (ii) by

(P’)
S � t x0 T¯� � t x0U ¢ 0, ast ¢ ∞, for all x0 Q H.

(b1)Assumethat
� ® x0 Q GihhlK x0 M for all x0 Q H. Then

�
L2

c K R H ;U M,¹ÇGihhLK 0M .
(b2)Let I�® bestable. Then(i) holdsiff � P � h® J � ® andπ H>I'h® J � ® P 0.

(b3) Assume(i). Let u Q L2
∞ K R H ;U M be s.t. I u Q L2. Then

S u τtu T¯� � t® x0U ¢� S I u T J � ® x0U , ast ¢y� ∞, for each x0 Q H.

If, in addition,
S I u T J � ® x0U P 0 for each x0 Q H, then(9.175)holds.

(b4) If � � � �
is J-critical, then,for all u Q G hh K 0M , wehaveS I u T J I � η U P S � � 1u T SηU K η Q L2

c K R;U MjM Z (9.175)

(c) ( G hhGihhG hh ) Thepair � � � �
is J-critical over G hh and � P � h® J � ® iff (i) holds,� ® x0 Q GihhLK x0 M for all x0 Q H, andS u t u T¯� � t® x0U ¢ 0 T as t ¢y� ∞ T K x0 Q H T u Q G hhLK 0MjM Z (9.176)

(d) ( G expG expG exp) Let Σ ® be exponentiallystable. Then G exp K 0M P � L2 K R H ;U M .
Moreover, (i) holdsiff � � � �

is J-critical over G exp and � P � h® J � ® .

(e1) ( G outG outG out) Thepair � � � �
is J-critical over G out and � P � h® J � ® iff

� ®
is stableand(i) and(9.176)hold.

(e2) Let � � � �
be q.r.c.-SOS-stabilizing. Then G out K 0M P � L2 K R H ;U M .

Moreover, � � �n�
is J-critical over G out and � P � h® J � ® iff (i) holds.
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(f1) ( G str T1G staG str T1G staG str T%G sta) Assumethat G½hh P G sta(resp.Gihh P G str). Then � � � �
is J-

critical over G½hh and � P � h® J � ® iff � � T® � T® � T® � T is (resp.strongly)
stableand(i) and(9.176)hold.

(f2) Assumethat GJhh P G sta [or G½hh P G str] and that � � �+�
is [strongly]

q.r.c.-stabilizing. Then G{hhLK 0M P � L2 K R H ;U M . Moreover,
� ® is J-critical

over G hh and � P � h® J � ® iff (i) holds.

(g) Let � � � �
beJ-critical over G½hh and � P � h® J � ® . Then

� ® x0 � � u ®
is J-critical over G½hh for x0 whenever x0 Q H, u® Q L2

c andSu®A= 0.

(h) Wemayrestrictt to R : P TN or anyotherunboundedR ¹ N in (9.176),(P’)
and(P1)–(P4).

By (e2),a J-critical controlover G out canbegivenin theform of q.r.c.-SOS-
stabilizingstatefeedbackif f theeIARE hasa q.r.c.-SOS-stabilizingsolution. In
eithercase,weobtain� P � h® J � ® from (i). Thisiswrittenoutin Theorem9.9.10.

By (a1), the solutions of (i) correspondone-to-oneto the P-� -stabilizing
solutionsof the eIARE. (For other � -stabilizing solutions of the eIARE, the
correspondingcost � h® J � ® is finite but � containssome“phantomcost”, hence
suchsolutionsarenot interesting; cf. Example9.13.9.)

Proof: (a1)(Here“(b5)”, “(c3)”, “(c4)”, “(d1)” and“(P1)” referto Lemma
9.10.1.)

“(iii) w (ii)”: This is trivial. “(i) w (i’)”: This follows from (c3) and(a1).
“(i) w (iii)”: This follows from (c4)with S: P �S.

“(ii) w (i)”: By (b5), the equationshold for nt (n Q N); by (d1), equation� P � h® J � ® holds;by (c3) (appliedto nt, n Q N), (i) holds.
“(iii) w (iv)”: This followsfrom (P1),(9.163)and(9.162).
“(i v) w (i)”: This is obvious(cf. theproofof Lemma8.3.7).
(a2)1­ Assume(iii). Then � h® J � ® P � h J � � � h S� , by a directcomputa-

tion usingequations� ® P � � Ë � , Ë h J ËÊP Sandπ H Ë h J � ® P 0, hence(P’)
holds,by Lemma9.9.1(d2).

2­ Assume(ii) with (P’) in placeof (P1)–(P4).By Lemma9.9.1(d2),we
have � P � h J � � � h S� and � � nTx0 ¢ 0 for eachx0 Q H. By theformer,��u τ

� ® P � h τJτ h � u τt � ® � � h τSτ h � u τt � ® Z (9.177)

Fix x0 Q H. Now τ
� nT � u τnT � ® x0

P π ø nT ¥ H ∞ e I π c � ∞ ¥ nT e � ® x0 ¢ 0, be-
causeπ ø nT ¥ H ∞ e I � ® x0 ¢ 0 and π ø nT ¥ H ∞ e � ® x0 ¢ 0, asn ¢ ∞. Analogously,
τ
� nT � u τnT � ® x0 ¢ 0, hence� � nT® x0

P � � nTx0 � ��u τnT � ® x0 ¢ 0 Z (9.178)

Therefore,(ii) holds.
(b1)Let t R 0 andη ® Q L2 K � 0 T t M ;U M . Set �η : P � t η ® anddefineη Q GihhLK 0M

asin Lemma9.7.10.Then

η P � t η ® � τ
� t � ®&u,® τtη ® P τ

� t K π � � π � � π H � π � M τtη ® P � η ® Z (9.179)

(b2) This follows from thefact thatnow I�® π ø 0 ¥ t e u ¢ I�® π H u, ast ¢ � ∞,
by CorollaryB.3.8.
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(b3) Chooseω Q R s.t.u Q L2
ω K R H ;U M . Since(b4) containsno referencetoGihh , wecan(andwill) assumethat GJhh : P G ωø 0 0 � , sothatu Q G½hhlK 0M .

1­ Theconvergenceclaim follows from (iii) and(9.62).
2­ For the latter claim, chooset R 0 s.t. η P π c � ∞ ¥ t e η, and set u® : P� � 1u, so that u1 : P � π ø 0 ¥ t e u® Q � π H L2

c, henceI u1 Q L2, i.e., u1 Q Gihh K 0M .
Consequently, u2 : P � π ø t ¥∞ e u® P u � � π ø 0 ¥ t e u® Q GihhLK 0M , henceτtu2 Q GihhLK 0M
too (becauseπ ø 0 ¥ t e u2

P 0). Consequently,S I u T J I � η U P S I � π ø 0 ¥ t e u®�T J Ë η U � S π ø t ¥∞ e I � π ø t ¥∞ e u®�T J Ë η UP S π ø 0 ¥ t e u®�T SηU � 0 P S � � 1u T SηU T (9.180)

(note that (9.162) holds for all u T v Q L2
c, by time-invariance) becauseS

π ø 0 ¥ t e u®�T SηU P S u®�T SηU and

π ø t ¥∞ e J Ë η P τ
� tJπ H Ë τtη P τ

� tJ � ®&u,® τtη T (9.181)

hence
S I u2 T π ø t ¥∞ e J Ë η U P S I τtu2 T J � ®�u1® τtηU P 0, by theassumption.

(b4) This follows from (b3). (Note that in (9.175), the (inner product)
integral canbe taken over over a finite interval only, hencewe have allowed� � 1u NQ L2.)

(c) Since(i) is equivalent to (i’), we obtainfrom (b3) that(9.176)holdsif fS I u T J � ® x0U P 0 for all x0 Q H andall u Q G½hhLK 0M . Therefore,(c) holds.
(d) By (8.74),wehave G exp K 0M P � L2 K R H ;U M . Therefore,theequivalence

follows from (b2).
(e1)&(f1) Thesefollowsfrom (c).
(e2)Let (ii) hold. Then G out K 0M P � π H L2, becauseu T�I u Q L2 « � � 1u Q

L2, by Lemma6.5.6(a1)&(f).Therefore,theequivalencefollows from (b2).
(f2) Theproof is analogousto thatof (e2).
(g) Let x0 Q H, u® Q L2

c and Su®B= 0. Set �u : P � ® x0 � � u ® . ThenS I u T J K � x0 � I �u M�U P 0 � S I u T J I � u ®�U P 0, by (9.175), for all u Q GJhh K 0M .
Therefore,�u is J-critical over Gihh for x0.

(h) Oneobservesthis from aboveproofs.

v
We have alreadyshown thatJ-coercivity impliestheexistenceof a uniqueJ-

critical control(if thesystemis stabilizable);hereweshow thatit alsoimpliesthat
thesignatureoperatoris invertible:

Lemma 9.10.3(J-coercive w S Q|kOf K U Mw S Q#k�f K U Mw S Q#k�f K U M ) Assumethat I is [positively] J-
coerciveover Gihh . If K ��T ST � � � � M is a G½hh -stabilizing solution of theeIARE,
thenS Q|kOf K U M [S m 0].

SeealsoLemma9.9.7(c4)&(c5).
Proof: Chooseβ V max̂ 0 T ϑ _ s.t.

� Q$k TICβ. Set ε s : P W � � 1 W � 1
TICβ

ε,

ε s s : P ε s ð 1
0 e
� 2βsds. Let ε be as in Definition 8.4.1. Choose M : PW π ø 0 ¥ 1 e � � 1π ø 0 ¥ 1 e W À c L2 e .

Let u0 Q U be given. Setu® : P χ ø 0 ¥ 1 e u0, so that u : P � u ® Q GihhLK 0M , by
Proposition9.10.2(c)&(b1).Choosev Q GJhhLK 0M s.t. W v W X YY   1 and

S I v T J I uUCV
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ε W u W)X�YY . It follows that W v W 2   1. Thefunction W u W 2
L2

ω

PÉð
R e
� 2ωt W u K t MpW 2U dt is

decreasingin ω; therefore,by (9.175),wehave

M W Su0 W U V+W π ø 0 ¥ 1 e � � 1π ø 0 ¥ 1 e W�W v W 2 W Su0 W U V a S � � 1vT Su®CU a (9.182)P a S I v T J I uU a V ε W u W X YY V ε W u W L2
β
V ε s W u®�W L2

β

P ε s s W u0 W U Z (9.183)

Becauseu0 Q U was arbitrary, S is coercive, henceS Q�k�f K U M , by Lemma
A.3.1(c4)[andnecessarilyS V 0, henceS m 0, LemmaA.3.1(b1)].

v
(Seethenotesonp. 520.)
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9.11 Proofsfor Section 9.8: eCARE � eIARE

If I hadonlyknown,I wouldhavebeena locksmith.

— Albert Einstein(1879–1955)

Having established the connectionbetween optimal control and a G|hh -
stabilizingsolution of theeIARE in theprevioussection,we now go on to show
theeIARE equivalentto theeCARE in theregularcase.We startwith a technical
result:

Lemma 9.11.1 Let K ��T STt� � �+� M bea solutionof theeIAREs.t.Σext Q WPLS.
Let x and y be the state and output of Σ corresponding to initial state

x0 Q H and input u Q L2
ω K R H ;U M . Fix t V 0, and let xd and ud be the state

andoutputof Σd
ext correspondingto initial statexd

0 : P � x K t M , and inputsyd K sM P
Jy K t � sM)T zd K sM P SK � u � � x0 MjM K t � sM (s Q � 0 T t � ). Then,for s Q � 0 T t � , we have
xd K t � sM P � x K sM and

π ø 0 ¥ t e ud K t �¬o´M P � Sπ ø 0 ¥ t e ù � x0 � � π ø 0 ¥ t e uú Z (9.184)

Proof: (a) Now x : P � x0 � u τu, y : P � x0 � I u, xd K t � sM : P � K t � sM h xd
0 �� h Rτ K t � sM yd � � h Rτ K t � sM zd, andud K t �#o´M P u1h xd

0 � RI'h Ryd � R
� h Rzd (see

Lemma6.1.4andDefinition6.1.5).
Notethat � h RP � h Rπ � , yd K t � sM P Jπ H Rτ K t M y and

Rπ � τ K t � sM Jπ H Rτ K t M π H P π H τ K � K t � sMjM π � τ K t M π H J P π ø 0 ¥ t � se τ K sM J Z (9.185)

Therefore,(recallfrom Definition6.1.1,thatπ H τ K sM � P �1� K sM , u τ K t � sM π � P� K t � sM u , andπ H>I π � P � u )

xd K t � sM P � K t � sM h � K � K t M x0 � u τ K t M uM� � h π ø 0 ¥ t � se τ K sM J K � x0 � I u M � � h π ø 0 ¥ t � se τ K sM S K � � x0 � � u MP � K t � sM h � � K t � sM � K sM x0 � � h π ø 0 ¥ t � se J �1� K sM x0 � � h π ø 0 ¥ t � se S� � K sM x0� ù � K t � sM h ��u τ K t � sM � � h π ø 0 ¥ t � se J I � � h π ø 0 ¥ t � se S� ú K π ø 0 ¥ t � se � π � M τ K sM uP � � K sM x0 � 0 � ù � K t � sM h ��u τ K t � sM � � h π ø 0 ¥ t � se J I � � h π ø 0 ¥ t � se S� ú π � τ K sM uP � � K sM x0 � ��u τ K sM u P � x K sM)T (9.186)
wherethelastthreeidentitiesfollow from (9.161)(in fact,(9.161)h ) and(9.159)
(with u τ K t � sM π � P � K t � sM u , π H>I π � P � u andπ H � π � P � � u ). Similarly
(weomit thedetails),

π � Rτ K t M ud P π H τ K � t M u h � x K t M � π H τ K � t M�I h RJπ H Rτ K t M y� π H τ K � t M � h RSπ H Rτ K t M K � u � � x0 MjMP π ø 0 ¥ t e S� u � Sπ ø 0 ¥ t e � x0 T (9.187)

by (9.161)and(9.160),asabove.

v
In Lemma 9.11.2 and Proposition 9.11.4 we establish the implication

eIAREw eCARE.
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SincetheLyapunov equationdoesnotcontainfeedthroughoperators,it is very
handyto move from its differential(instantaneous) form to theintegratedoneand
conversely:

Lemma 9.11.2(Lyapunov equation) Let S Q f K U M and ~ � �� �. / � Q
WPLSK U T H T Y Ô U M .

Then � Qif K H M satisfiestheLyapunov equationA h7� � � A � C h JC P K h SK
( Q·f K H1 T H h� 1 M ) iff (9.159)holdsfor all t V 0.

v
(This followsfrom Lemma9.7.8with �J ¡¢ � � J 0

0 S

�
andP ¡¢ � .)

Note that this equationdoesnot requireany regularity assumptions unlike
thesecondandthird equationsof theCARE (which containexplicit feedthrough
operators),treatedin Proposition9.11.4.

Now we have obtainedthe first equation(the Lyapunov equation)of the
eCARE. Therestis not assimple. For S, we needdifferentformulaein different
occasions.Severalsuchformulae,includingthemiddle equationof theeCARE,
canbederivedfrom (9.190)or (9.188),thatwill beestablishedbelow.

Proposition9.11.3(X h SX P D h JD � ZjZjZX h SX P D h JD � ZjZjZX h SX P D h JD � ZjZjZ ) Let the eIARE have a solutionK ��T ST � � � � M . Setω P max̂ 0 T ωA _ . Then,for all sT z Q C Hω and u0 T v0 Q U,
wehaveS [� K sM u0 T S[� K zM v0U U P S [I K sM u0 T J [I K zM v0U Y � K s � z̄M S K s � AM � 1Bu0 T¯� K z � AM � 1Bv0U Y Z

(9.188)
In particular,

(a) If IOT � Q WR, thenX h SX P w-lims
 H ∞ D h JD � Bhw � K s � AM � 1B.

(b) If I�T � Q SR, thenX h SX P D h JD � s-lims
 H ∞ 2sBh K s � AhdM � 1 � K s � AM � 1B.

(c) If IOT � T�u τ Q SVR, thenD h JD P X h SX.

Note that the conclusions include the convergenceof the limits (including
the fact that � K s � AM � 1Bu0 Q DomK B hw M for all u0 Q U in (a), etc.). From (b)
we observe that if I and

�
areSR and W K s � AM � 1B W   s

� r for somer R 1Î 2
andall real s big enough(this is true for r P 1Î 2, by Theorem6.2.11(b3)),then
X h SX P D h JD. Thus,thew-lim termcanbenonzeroonly whenB is “maximally
unbounded”.SeeRemark9.9.14(b)for somefurther sufficient assumptions for
X h SX P D h JD.

Proof: (In fact, it suffices that
� t h S� t P I t h J I t � u t h ��u t for all t R 0,

Σ Q WPLSK U T H T Y M , � Q TIC∞, ST J T¯� Qgf , andthatthereis α V 0 s.t.sT z Q C Hα
and u τ T�IOT � Q TICα.)

Let u : P estu0, v : P eztv0, so that π � u T π � v Q L2
α for some α R ω,

and work as in the proof of Lemma 2.2.4 (note that
S u t τtu T¯��u t τtuU H ¢S K s � AM � 1Bu0 T¯� K s � AM � 1Bu0U H , by Lemma 6.2.10). Divide the result byð 0� ∞ etsH tz̄dt P K s � z̄M � 1 to obtain(9.188).

In the sequelwe shall use the facts that Òu τu0 K sM P K s � AM � 1Bu0, by
Theorem6.2.11(b1),and u τ is ULR, by Lemma6.3.16(c).
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(a) Let s ¢ � ∞ in (9.188) (recall that “s ¢ � ∞” means“s Q R and
s ¢y� ∞”) to obtainS
Xu0 T S[� K zM v0U U P S Du0 T J [I K zM v0U Y � S u0 T Bhw � K z � AM � 1Bv0U Y � z̄ o 0 (9.189)

(indeed,the limit
S
Xu0 T S[� K zM v0U U � S Du0 T J [I K zM v0U Y existsandu0 is arbitrary,

wehave � K z � AM � 1Bv0 Q DomK B hw M ). Thenlet z ¢y� ∞ to obtain(a).
(b) Substitutez ¡¢ s into (9.188),andlet s ¢¶� ∞ (useLemmaA.3.1(i2)).
(c) JustsubstitutezT s ¡¢ β � iy into (9.188),andlet y ¢y� ∞.

v
When I and

�
are WR, we can derive also the second(at least)and third

equationsof theeCARE:

Proposition9.11.4(WR eIARE w w w eCARE) Let I be WR, and let the eIARE
havea WRsolution K ��T STl� � �n� M . Thenwehavethefollowing:

(a) If x0 Q H, u0 Q U andAx0 � Bu0 Q H, thenK Bhw � � D h JCw � X h SKw M x0
P K X h SX � D h JD M u0 Z (9.190)

(b1)For anyu0 Q U wehave

X h SXu0
P D h JDu0 � w-lim

α 
 H ∞
Bhw � K α � AM � 1Bu0 Z (9.191)

(b2) If Ë Q TIC ¼ SHPRand
� Q SR, thenD h JD P X h SX.

(b3) If Bhw � QÍf K H T U M , thenX h SX P D h JD.

(c1) If IOT � Q SR, then �nV 0 w X h SX V D h JD.

(c2) If
� Q SR, then ��T J V 0 w X h SX V D h JD.

(d) X h SKx0
P � K Bhw � � D h JCM x0 for all x0 Q DomK AM .

If � � � �
is admissible and I � F is left-invertible (this is the caseif

�
is SR, by Proposition6.3.1(a1)),thenwe canapply (d1) (and(d2) if F P 0) of
Proposition6.6.18.

Proof: (a) In theproofof Lemma9.8.9,wehave,by Lemma9.11.1,that

ud P u dxd
0 � I dyd � � dzd P Bhwxd � D h yd � F h zd T (9.192)

hence,by (9.184),Theorem6.2.13(a2),Lemma6.2.9(b),

Sπ ø 0 ¥ t e z P ud K t �¬o´M P Bhw � x � D h Jy � F h SzT equivalently T (9.193)

X h Sz P Bhw � x � D h Jy (on
�
0 T t M ). (9.194)

But z is the outputof ~ � �� . ± � , hencez P � Kwx � Xu. Thus,by settingthe

argumentequalto zero, (9.194)becomes(9.190)when we note that y K 0M P
Cwx0 � Du0.

(b1) Take x0 : P K α � AM � 1Bu0 Q HB and apply (a) (note that, ~ Cw
Kw

� K α �
AM � 1Bu0 ¢ 0 weaklyasα ¢y� ∞, by Theorem6.2.11(d1)).
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(b2) We have I PÏË � , henceI Q SRandD P NX, by Lemma6.2.5. ButË h J Ë4P S, by Lemma9.10.1(c2)andcontinuity, henceN h JN P S, by Lemma
6.3.6(b),henceD h JD P X h SX.

(b3) By Lemma A.4.4(d3) (with H � 1 in place of H), we have K s �
AM � 1Bu0 ¢ 0 in H, ass ¢ � ∞, for all u0 Q U , hence(b3) follows from (b1).
(Notethatnow also K B hw �BM w P Bhw � QÍf K H T U M .)

(c1) This follows from Proposition9.11.3(b).
(c2) This follows as in (c1), becausethe term

S
Cw K s � AM � 1Bu0 T JDu0U

and its adjoint converge to zero, the term
S
Du0 T JDu0U is constant, andS

Cw K s � AM � 1Bu0 T JCw K s � AM � 1Bu0UCV 0.
(d) Take u0

P 0 in (a).

v
Having shown theimplication eIAREw eCARE in Lemma9.11.2andin (b1)

and(d) of Proposition9.11.4,wenow turnourattentionto theconversedirection
eCAREw eIARE.We startby sometechnicalimplications of theeCARE:

Lemma 9.11.5(eCAREw w w ) Let I be WR, and let K �ÍT ST � K I � X
� M be a

solution of the eCARE(in fact, equationK h SK P Ah-� � � A � C h JC neednot
hold). Then� Q·f K HB T DomK B hw MjM and

(a) K Bhw � � D h JCw � K X h SK M w M x0
P K X h SX � D h JD M u0

P w-lims
 H ∞ Bhw � K s �
AM � 1Bu0 wheneverAx0 � Bu0 Q H.

If, in addition,X T S Q#k�f K U M , thenwehavethefollowing:

(b) Kw T Bhw � Q·f K HB T U M,¹ f K H1 T U M .
(c) K Bhw �BM w T Bhw � Q�f K HB T U M , but K B hw �BM w P Bhw �+� w-lims
 H ∞ Bhw � K s �

AM � 1Bu0 although K B hw �BM w P Bhw � onH1.

(d) If ~ A B
C
K

�
generatea WPLSΣext, thenΣext is WR.

(e)Σext in (d) is SR[UR] iff Σ is SR[UR] andtheweaklimit in theCAREexists
asstrong [uniform] limit too.

As one observes from 2­ of the proof, for any WR Σ P � � �� � � Q
WPLSK U T H T Y M , J P J h QJf K U T Y M , � QJf K H M , andBhw � Q½f K H1 T U M , we havex K Bhw � � D h JCM wx0 for all x0 Q HB

« x w-limα 
 ∞ Bhw � K α � AM � 1Bu0 for all
u0 Q U . Thus,assumingX T S Q�k�f K U M , the weakregularity of K (i.e., that of�

and
�

) is containedin (equivalent to) the assumption on convergenceof the
secondequationof eCARE!

Proof: (Thefirst equationof theeCAREis notusedin thisproof.)
(a) (Weproveherealsoapartof (b).)
1­ The inclusion � �HB ��¹ DomK B hw M was noted in Remark 9.1.6. By

LemmaA.3.6, it followsthat � Q�f K HB T DomK B hw MjM , henceBhw � Q¾f K HB T U MA¹f K H1 T U M .
2­ “HB ¹ DomKjK X h SK M w M ” & (a): Let x0 Q HB andu0 Q U be s.t. z0 : P

Ax0 � Bu0 Q H (see Definition 6.1.17). Set xs : P sK s � AM � 1x0 Q H1 so
that K X h SK M wx0 : P w-lims
 H ∞ K X h SK M xs, by Proposition6.2.8(a1),oncethe
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convergenceof this limit is established;this will be donebelow: using the
eCARE,weget

X h SKxs
P � D h JCxs � Bhw � xsC � D h JCwx0 � Bhw � x0 � w-lim

s
 H ∞
Bhw � K s � AM � 1Bu0 T

since
Bhw � xs

P Bhw � sK s � AM � 1x0
P Bhw � K I � A K s � AM � 1 M x0P Bhw � x0 � Bhw � K s � AM � 1 K z0 � Bu0 MC Bhw � x0 � 0 � w-lim

s
 H ∞
Bhw � K s � AM � 1Bu0 T

becauseK s � AM � 1z0 ¢H1
0, by LemmaA.4.4(d3),andB hw � Q·f K H1 T U M .

(b) SinceX h S Qif K U M , we now have HB ¹ DomK Kw M , by 2­ . By Lemma
A.3.6, this impliesthatKw QÍf K HB T U M .

(c) If x0 Q HB andu0 Q U ares.t.Ax0 � Bu0 Q H (seeDefinition6.1.17),then
the latter limit in 2 ­ shows that K B hw �BM wx0

P Bhw � x0 � w-lims
 H ∞ Bhw � K s �
AM � 1Bu0 (and that this limit exists). Thus, B hw � Q|f K HB T U M (cf. the proof
of (b)). Naturally, both K B hw �BM w and Bhw � are (continuous) extensions of
Bhw � Q·f K H1 T U M .

To getanexamplewhere K B hw �BM wx0 NP Bhw � x0, apply(9.117)to any u0 NP 0
(with, e.g.,x0 : P K s � AM � 1Bu0).

(d) Σext is WR iff HB ¹ DomK � CK � w M P DomK Cw MÆ¼ DomK Kw M , by Proposi-
tion 6.2.8(a1).If x0 Q HB, thenx0 Q DomK Cw M by theweakregularityof Σ and
x0 Q DomK Kw M by 2­ .

(e) Certainly I Q SRis necessary, hencewe assumethat I is SR,andfind
outwhen

�
isSRtoo,i.e.,whenKw K s � AM � 1B ¢ 0 strongly, equivalently, when

X h SKw K s � AM � 1B ¢ 0 strongly(becauseX h S Q#k�f ).
By substituting x0

P sK s � AM � 1Bu0 into (a),we seethat

X h SKw K s � AM � 1B � Bhw � K s � AM � 1B P � D h JCw K s � AM � 1B � X h SX � D h JD Z
(9.195)

BecauseI isSR,theright-hand-sideconvergesstrongly, ass ¢ì� ∞. Therefore,
X h SKw K s � AM � 1B convergesstronglyif f B hw � K s � AM � 1B convergesstrongly.

The sameproof appliesfor uniform regularity (andfor any other form of
regularity),mutatis mutandis.

v
Since the secondand third formulae of the eCARE contain feedthrough

operatorsand the term B hw � , we needto be careful whenwe “integrate” them
to obtain the eIARE, unlike in the simple caseof the Lyapunov equation(see
Lemma9.11.2).However, we write theproofsin detail,sothatthereadershould
beableto follow thesteps.Westartwith theslightly simplerone,namelythethird
equation:

Lemma 9.11.6(
� t h S� t P � ù I t h J � t � u t h � � t ú� t h S� t P � ù I t h J � t � u t h � � t ú� t h S� t P � ù I t h J � t � u t h � � t ú ) Let Σ be WR, and let the

eCAREhavea WRsolution K �ÍT ST � K I � F
� M . Then,for all t V 0,� t h S� t P �$ù�I t h J � t � u t h � � t úAZ (9.196)
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Proof: Set � K t M : P � t h S� t � I t h J � t � u t h � � t Q|f K H T L2 K � 0 T t M ;U M7M for
t V 0. By density(seeTheoremB.3.11),it is enoughto show that

f K t M : P fu ¥ x0 K t M : P S u T � K t M x0U L2
P 0 (9.197)

for arbitraryt V 0, u Q ô ∞
c KjK 0 T t M ;U M andx0 Q H1. Let vT x0 beasabove,andset

(seeTheorem6.2.13(b))

x : P � K o´M x0 Q ô 1 K � 0 T ∞ M ;H M)T z : P u t u Q ô 1 K R;H Ml¼�ô K R;HB M)T � u Q W1 ¥ 2
loc ¹\ô
(9.198)

to obtain xs P AxT zs P Az � BuT xs T zs Q ô K R;H M ; K � u M K t M P u K t MA� KwzK t M ,K I u M K t M P Du K t M � CwzK t M , � x0
P Cx K t M , � x0

P Kx K t M (see(6.46)). Thus,(to
bebrief, wedropherethe K t M ’safteru T x T xs T zT zs )

f K t M P\ï t

0

S �
u T S� x0U U dt � ï t

0

S I u T J � x0U Y dt � S zT¯� xU H Z (9.199)

Becausef K 0M P 0 (sincezK 0M P 0), it is enoughto show that f s K t M P 0 for t V 0,
since,by LemmaB.5.4, f Q ô 1 K � 0 T ∞ M7M and

f s K t M P S Xu � KwzT SKxU U � S Du � CwzT JCxU Y � S zT¯� xU sH Z (9.200)

Now
S
zT¯� xU sH P S zT¯� xs U H � S zs T¯� xU P S zT¯� AxU H � S Az � BuT¯� xU H . Setzr : P

r K r � AM � 1z Q H1 for r R ωA, sothat ~ Cw
Kw

�
z P w-limr 
 H ∞ � CK � zr , by Proposition

6.2.8.Then

f s K t M P lim
r 
 H ∞

ù S u T K X h SK � D h JCM xU U � S zr T K C h JC � K h JK M xU H (9.201)� S zT¯� AxU H � S Azr T¯� xU � S r K r � AM � 1BuT¯� xU ú�Z (9.202)

But C h JC � K h JK P � Ah-�²��� A, by theeCARE,hence

f s K t M P lim
r 
 H ∞

ù S u T K X h SK � D h JCM xU U � S u T Bh r K r � A h M � 1 � xU ú (9.203)P S u T K X h SK � D h JC � Bhw �BM xU U P 0 T (9.204)

by thedefinitionof K.

v
Now only thehardestpartof eCAREw eIARE remains:

Lemma 9.11.7(
� t h S� t P I t h J I t � u t h ��u t� t h S� t P I t h J I t � u t h ��u t� t h S� t P I t h J I t � u t h ��u t ) Let Σ be WR,and let the eCARE

havea WRsolution K ��T ST � K I � X
� M . Then,for all t V 0, wehave� t h S� t P I t h J I t � u t h ��u t Z (9.205)

Proof: The proof below requireseven morepatiencethanthe oneabove.
One might ask whetherthe proof could be simplified in most specialcases,
e.g., when I Q MTIC. However, it seemsthat this is not the case; in the
SR case,somedetailswould be slightly but not essentiallysimpler, andeven
for I Q MTICL1

, we do not know any way to avoid the tricks with the non-
commuting limits or similar difficultiesin theproof.

Fix t R 0 (for t P 0 (9.205)is trivial). Let u Q W1 ¥ 2 K R;U M , π � u P 0, andset
x : P u τu. Then,by Theorem6.2.13(b1)(ii),wehavex Q ô 1 K R;H Ml¼�ô K R;HB M ,
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xs P Ax � Bu P u τus Q ô K R;H M , I u P Cwx � Du,
�

u P Xu � Kwx, x K 0M P u u Pu π � u P 0. BecauseCw andKw arecontinuousonHB, by Proposition6.2.8(a1),
functionsI u and

�
u arecontinuous,hencesoarefunctions f , g, h, h1 andh2,

that we will definelater. Let T Q � 0 T t M be arbitrary. Set (we will write u for
u K T M , x for x K T M andxs for xs K T M exceptin “ I u” and“

�
u”)

g K T M : P S K I u M K T M)T J K I u M K T M�U Y P S Du � Cwx T JDu � JCwxU YP S u T D h JDuU U � S u T D h JCwxU U � S D h JCwx T uU U � SCwx T JCwxU Y Z

Setalso

f K T M : P S K � u M K T M)T SK � u M K T M�U U (9.206)P S Xu T SXuU U � S Xu T SKwxU U � S Kwx T SXuU U � S Kwx T SKwxU U Z (9.207)

Now x K T M Q HB neednotbelongto DomK AM , yet thedefinitionof K andthe
Riccatiequationgive us informationfor x0 Q DomK AM only. To overcomethis
problem,we definexs : P sK s � AM � 1x K T M Q DomK AM for s R ωA, getting(we
first useProposition 6.2.8(a1),thenthe third andfirst equationof theeCARE
with S P Sh )

f K T M P lim
r 
 H ∞

lim
s
 H ∞

� S
u T X h SXuU U � S u T X h SKxsU U � S X h Sh Kxr T uU U � S Kxr T SKxsU U �P lim

r 
 H ∞
lim

s
 H ∞
� S u T X h SXuU U � S Xu T K Bhw � � D h JCM xsU U� S K Bhw � � D h JCM xr T XuU U � S Kxr T SKxsU U �P lim

r 
 H ∞
lim

s
 H ∞

� S
u T D h JDuU U � S u T K X h SX � D h JD M uU U� S u T K Bhw � � D h JCM xsU U � S K Bhw � � D h JCM xr T uU U� S Axr T¯� xsU H � S � xr T AxsU H � SCxr T JCxsU Y � P g K T M � h K T M)T

where g K T M : P limr 
 H ∞ lims
 H ∞
� S
u T D h JDuU U � S

u T D h JCxsU U �S
D h JCxr T uU U � SCxr T JCxsU Y � P S K I u M K T M)T K J I u M K T M�U Y, and

h K T M : P lim
r 
 H ∞

lim
s
 H ∞

� S u T K X h SX � D h JD M uU U � S u T Bhw � xsU U (9.208)� S Axr T¯� xsU H � S Bhw � xr T uU U � S � xr T AxsU H � Z (9.209)
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On theotherhand,h K T M P h1 K T M � h2 K T M , where3

h2 K T M : P lim
r 
 ∞

lim
s
 ∞

� S Bhw � xr T uU U � S � xr T AxsU H �P lim
r 
 ∞

lim
s
 ∞

� S Bh sK s � A h M � 1 � xr T uU U � S � xr T AxsU H �P lim
r 
 ∞

lim
s
 ∞

~ S � xr T sK s � AM � 1BuU H � S � xr T sK s � AM � 1AxU H �P lim
r 
 ∞

lim
s
 ∞

� S � xr T sK s � AM � 1xs U H �P S � x T xs U H P S x T¯� xs U H
(thenext to lastidentity is from LemmaA.4.4(d1)),and

h1 K T M : P lim
r 
 ∞

lim
s
 ∞

� S u T K X h SX � D h JD M uU U � S u T Bhw � xsU U � S Axr T¯� xsU H � Z
Now (weusefirst theeCARE,thenLemma9.11.5(a))

lim
s
 ∞

S
u T Bhw � xsU U � S u T K X h SX � D h JD M uU U (9.210)P lim

s
 ∞

S
u Tj� K D h JC � XSK M xsU U � S u T K X h SX � D h JD M uU U (9.211)P S u Tj� K D h JCw � XSKw M x � K X h SX � D h JD M uU U P S u T Bhw � xU U T (9.212)

becausēAx � Bu P xs Q H, asrequiredin Lemma9.11.5.ThereforeS
xs�T¯� xU H P lim

r 
 ∞

S
r K r � AM � 1 � xs � T¯� xU HP lim

r 
 ∞

S
r K r � AM � 1 �Ax � Bu�pT¯� xU HP lim

r 
 ∞
~ S r K r � AM � 1AxT¯� xU H � S r K r � AM � 1BuT¯� xU H �P lim

r 
 ∞

S
Axr T¯� xU H � S u T Bhw � xU U P h1 K T M Z

(N.B. limr 
 ∞
S
Axr T¯� xU H exists.)4 Thus,still for anarbitraryT Q R, wehave

h K T M P h1 K T M � h2 K T M P S xs¯T¯� xU H � S x T¯� xs U H P S x T¯� xU sH K T M Z (9.213)

BecauseT Q R wasarbitrary, weget(recall that I t : P π ø 0 ¥ t e I π ø 0 ¥ t e )S � t u T S� t uU L2 � S I t u T J I t uU L2
P ï t

0
f K T M dT � ï t

0
g K T M dT (9.214)PÏï t

0
h K T M dT P ï t

0

S
x T¯� xU sH K T M dT (9.215)P S x K t M�T¯� x K t M�Uq� 0 P S u t u T¯��u t uU H Z (9.216)

3To clarify this partof theproof, we useherebarsfor (uniquecontinuous)extensions,e.g.,byD
s E AFHG 1 IKJ D H G 1 L H F we denote theextensionof

D
s E AF G 1 IKJ D H L H1 F . Onecaneasilyverify

that
D
s E AFHG 1 is the inverseof s E Ā and M x L D s E AF(G 1zN H �OM D s E APHF G 1x L zN2Q H R1 SH T 1 U for all x I H,

z I H G 1. Consequently, M B Pwx L uN U � limsV�W ∞ M sxL D s E AFHG 1BuN H for any u I U , x I Dom
D
B Pw F (see

Definition6.1.17). (All this holds for any Σ I WPLS.)
4Note that the commutator

D
lim s limr E limr lims FYXZM u L B Pw [ xsN U \ M Axr L [ xsN H ] of the expres-

sion in h1
D
t F is equal to the term M u L D X P SX E D P JD F uN U (which is frequently zero, cf. Remark

9.9.14). Whenthis commutatoris zero,we cancomputeh1
D
T F in thesamewayash2

D
T F .
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Since ô ∞
c ^*^ 0 _ t ` ;U ` ¹ W1 ¥ 2 ^ R;U ` is continuousin L2 ^*a 0 _ t ` ;U ` , we obtain

(9.205). b
Any solution of theCARE with S c 0 is WR:

Proposition9.11.8(S c 0 dfeS c 0 dfeS c 0 dge is WR) Let Σ beWR,andlet ^ eh_ S_ K ` bea so-
lutionof theeCARE.Thenwehavei t j Si t kml t j J l t npo t j e o t onW1 q 2

0 ^ R r ;U ` ks
u t W1 q 2 ^ R;U `vuu π w u k 0 x , for all t y 0.

If, in addition, S c 0 and X k I , then z A B
K 0 { generate a WRWPLS z(| }~ � { ,

and ^ eh_ S_Yz�� � { ` is a WRsolutionof theIARE.

(In the first claim, we have set ^ i u ` ^ t ` : k�� Kwx ^ t ` n Xu ^ t ` (a.e.), where
x : k�o τu. The claim meansthat �Zi t u _ Si t u� k � l t u _ J l t u� n � o t u _�e o t u� for all^ u t W1 q 2

0 ` .)
Proof: The original proof of Lemma9.11.7will do for theclaim on W1 q 2

0

(seeLemmaB.7.9for W1 q 2
0 ). AssumethenthatS c 0 andX k I .

By Lemma9.12.2(a1), z AK { generatea WPLS,hence(1.)–(4.) of Lemma

6.3.13aresatisfiedby � A Bw Kw I � (with Cc �� � Kw andDc �� I ). Fromequationi t j Si t k�l t j J l t n�o t j e o t we deducethat � S1� 2 i t u � 2 � M � u � 2 for all u t� ∞
c ^*^ 0 _ t ` ;U ` , so that also(5.) of Lemma6.3.13holds. Therefore, � A Bw Kw I �

generateaWPLS.
By Lemma9.11.5(b),we have Kw tA� ^ HB _ U ` , hencethis WPLS is WR.b

In theSRcase,theabove proofscanbemodifiedto cover thecasewherethe
[e]CARE is replacedby thecorrespondinginequality:

Proposition9.11.9(Riccati inequality) Assumethat Σ is SRandthatsomee ke j tp� ^ H ` , S k Sj _ X th� ^ U ` andK th� ^ H1 _ U ` satisfy���� ��� K j SK � Aj e n e A n C j JC tp� ^ Dom̂ À�_ Dom̂ À j `
X j SX k D j JD n s-lim

s� r ∞
Bjw e ^ s � À

w 1B tp� ^ U `
X j SK k�� ^ Bjw e n D j JC̀ tp� ^ Dom̂ À�_ U `�� (9.217)

(a) We have � t j S� t �B� t j e � t � e nm� t j J � t on Dom̂ À , where ^ � x0 ` ^ t ` : k
K � t x0 for all t y 0, x0 t H1.

If S c 0, then z AK { generatea WPLSand � t j S� t �B� t j e � t � e n�� t j J � t

(onH) for all t y 0.

(b) If HB � Dom̂ Ks ` (this holds if X _ S tB K�¢¡ U £ ), then we have i t j Si t �l t j J l t n¤o t j e o t onW1 q 2
0 ¡ R r ;U £ , for all t y 0.

(c) If � A Bw K X � generatea SRWPLS � | }w ~ ¥ � , thenwehavei t j Si t � l t j J l t no t j e o t for all t y 0 andX j SX � D j JD n s-lims� r ∞ 2sBj ¡ s � Aj £ w 1 ep¡ s �
A£ w 1B.
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(d) If wecanhave“K j SK n εI n ” in placeof “K j SK” in (9.217),thenwecan
havei t j Si t n ε ¦ t j ¦ t in placeof i t j Si t in both(b) and(c).

(e) If S c 0 andX k I , then � A Bw K X � generatea SRWPLS � | }w ~ ¥ � , hencethen

(c) applies.

(In (a),wehaveset ¡0i u £§¡ t £ : k¨� Kwx ¡ t £ n Xu ¡ t £ (a.e.),wherex : kmo τu. In (b),
we have set ¦ : kBo τ t TIC∞ ¡ U © H £ ; donotmix up ¦ t : k π ª 0 q t « o τπ ª 0 q t « : L2

ω � L2
ω

with o t : k¬o τtπ r : L2
ω � H.)

Thus,for theRiccati inequality (9.217),thefirst andthethird equationof the
eIARE becomeinequalities. However, the third equationseemsto be lost in the
abovecase,dueto its asymmetry(cf. theproofof Lemma9.11.6).

By (d), in thecaseof “ ­ ”, wehave i t j Si t n ε ¦ t j ¦ t � l t j J l t n¢o t j e o t ¡ t y
0£ for someε ® 0. To treattheoppositesigns,multiply S© J ©¯e by � 1.

SeeLemma9.12.2for analogousresults.
Proof of Proposition 9.11.9: (a) This is containedin Lemma9.12.2(a1)

and(9.220).
(b) 1° We observe from 2° of the proof of Lemma9.11.5(a)that if X © S t ±�"¡ U £ , thenX j SKs tp�¢¡ HB © U £ , hencethenKs tp�¢¡ HB © U £ .
2° SetR : k Aj e n e A n C j JC � K j SK tp�¢¡ H1 © H jw 1 £ , sothat � x0 © Rx0�²y 0

for all x0 t H1. SinceCxr � Cwx strongly andKxr � Kwx strongly, asr � n ∞,
wemayreplace“lim r � r ∞ lims� r ∞” by “lim r ³ s� r ∞” in theproofof thelemma
(by LemmaA.3.1(i2)). (This is thereasonfor theexplicit andimplicit “strong
regularityassumptionson l and i ” ).

Then“ f ¡ T £ k g ¡ T £ n h ¡ T £ ” mustbe replacedby “ f ¡ T £ k g ¡ T £ n h ¡ T £ �
k ¡ T £ ”, where k ¡ T £ : k limr � r ∞ � xr © Rxr �´y 0 (the limit exists since g ¡ T £ �
h ¡ T £ � f ¡ T £ converges, as shown in the proof). Consequently, we have
obtained(9.215)with “ � ” in placeof “ k ”.

(c) Thefirst claim follows from (b), by density(seeTheoremB.3.11(b1)).
Thesecondclaim follows asin theproofof Proposition9.11.3(b).

(d) Now, in the proof of (b), there is ε ® 0 s.t. � x0 © Rx0� � ε � x0 © x0�µy 0
for all x0 t H1. Set ¶C : k z CI { , ¶D : k z D0 { , ¶J : k z J 0

0 w εI { to get the setting

of (b) with ¶Σ : k¸· A B¹
C
¹
D º t WPLS¡ U © H © Y » U £ , ¶J and ¶R : k R � εI y 0 in

placeof Σ, J and R, respectively. Then ¶l t j ¶J ¶l t k¼l t j J l t � ε ¦ t j ¦ t , where¦ : k�o τ t TIC∞ ¡ U © H £ , hencethis follows from (b). (Analogously, we have� t j S� t n ε ½ t j ½ t �¾� t j e � t � e nB� t j J � t on Dom¡ A£ , where ¡0½ t x0 £§¡ t £ : k� t x0 x0 t H © t y 0.)
(e) By (a), z AK { generatea WPLS, hence(1.)–(4.) of Lemma6.3.13are

satisfiedby � A Bw Kw I � (with Cc �� � Kw andDc �� I ).

Also (5.) of Lemma6.3.13holds,by (b). Therefore � A Bw Kw I � generatea

WPLS.SinceKs tp�¢¡ HB © U £ (by (b)), thisWPLSis SR. b
Notesfor Sections9.10and 9.11
In [S97b], Olof Staffansshowed that the existencea spectralfactorization

leadsto an optimal statefeedbackpair. In [S98b,Section4], this wasapplied
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to the stabilizedform of a jointly stabilizableanddetectablesystem. In [S98b,
Section 5], the state feedbackpair was shown to lead to formulae (9.153)–
(9.161). The proofsof (“necessityparts” of the) Lemma9.10.1(a1)–(b4)&(c2)
areessentiallyfrom there.

In the samesense,Lemma9.11.1equalsCorollary 5.7 of [S98b], and also
Lemma9.11.2andformulae(a), (b1), (c1)and(d) of Proposition 9.11.4arefrom
[S98b,Sections6–7]. Most of Proposition9.11.3is from a preprintof [SW01a]
in thesamesense.

In thegeneralityof [S98b],mostof thestablecaseof Lemmas9.11.2,9.11.5
and9.11.7andProposition 9.11.4is containedin [Mik97b] and[Mik98].
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9.12 Further eIARE and eCARE results

’My feethathfate, O king,’ hesaid,
’here over themountainsbleedingled,
andwhatI soughtnot I havefound,
andloveit is hathere mebound.
For fairer thanareborn to Men
A daughterhastthou,Lúthien.’

— J.R.R.Tolkien (1892–1973),"TheLay of Leithian"

In this section,we shallextendsomeclassicalresultssuchasthecorrespon-
dencebetweenopen-loopandclosed-loopRiccatiequations; we shallalsostudy
“pseudospectralfactorizations”(somethingcloseto aspectralfactorization).

However, westartby makinga remarkon “irregularCAREs”:

Remark 9.12.1(“Compatible CARE”) By applying Lemma6.3.10(b)instead
of Theorem6.2.13in theproofs,we seethat Proposition9.11.4(a)&(d) hold for
anyWPLSprovidedthat wemake replacements¡ Cw © D £ �� ¡ Cc © Dc £ , ¡ Bjw © D j £ ��¡ Bjc © D jd £ etc. We haveto remindthat compatible pairs are not uniquein general
(theequationshold for anysuch pairs).

In particular, the third equation of the eCAREhold in the compatiblecase
too. Thefirst (Lyapunov) equationof theeCAREholdsfor anyWPLS,by Lemma
9.11.2.

Unfortunately, wehavenodecentformulaefor Sin thegeneral case, andthus
any attemptsto definean “eCARE” that would imply the eIAREseemdoomed.
Therefore, it seemsmore adviseableto useSection9.7 with someadmissibility
conditionin thecasewhere thestatefeedback pair is notknownto beregular.

Notethatin theabovecase,formulaesuchas ÀiÁ¡ s£ k Xc
� Kc ¡ s � A£ w 1B hold,

by Lemma6.3.10(a),andthat z � � { is uniquelydeterminedby Kc andXc.
Theoutputstability of Σ is equivalentthesolvability of aCARE:

Lemma 9.12.2(�ÃÂ ��ÃÂ ��ÃÂ � is stable Ä Ä Ä CARE) Let ¶C tÅ�"¡ H1 © Z £ , ¶J tÅ�¢¡ Z £ . Define¶� : H1 � � ¡ R r ;Z £ by ¶� x0 : k ¶C� x0 ¡ x0 t H1). We saythat “ ¶� is stable” if � A¹
C �

generatea WPLS � | ¹Æ � with ¶� th�¢¡ H © L2 ¡ R r ;Z £*£ . Thefollowing hold:

(a1)Assumethat ¶J c 0. If somee¾tp�¢¡ H £ satisfies¶C j ¶J ¶C � Aj e n e A n C j JC on Dom¡ A£�© (9.218)

then � A¹
C � generatea WPLS.

(a2)Assumethat ¶J c 0. Then ¶� is stable iff there is e�th�¢¡ H £ s.t. e�y 0 and

Aj e n e A n ¶C j ¶J ¶C � 0 on Dom¡ A£�� (9.219)

(b) Assumethat ¶� is stable. Then e k ¶� j ¶J ¶� satisfiesA j e n e A n ¶C j ¶J ¶C k 0,
and ¶e¾y�e for any ¶e�y 0 thatsolves(9.219).
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In particular, if ¶J y 0, then e k ¶� j ¶J ¶� is thesmallestnonnegativesolution
of (9.219).

(c) Assume, that � is stronglystableand ¶� stable. Thene k ¶� j ¶J ¶� is theunique
solution (in �¢¡ H £ ) of A j e n e A n ¶C j ¶J ¶C k 0.

(d) The semigroup � is exponentially stable iff A j e n e A ­ 0 for some
nonnegative e�th�"¡ H £ (andanysuch e necessarilysatisfies e�® 0).

Notethatwe cantake ¶C : k I k : ¶J in (a2)to checktheexponentialstability of� , by (d). Naturally, weobtainanalogousresultsfor ¡ A © ¶B£ , by duality(recallthat
strongstability is thenmappedto strong-Ç stability).

Proof: (a1)Fix t ® 0. By Lemma9.7.8(b),(9.218)is equivalentto¶� t j ¶J ¶� t ��� t j e � t � e n�� t j J � t ¡ t y 0£�© (9.220)

on Dom¡ A£ . Thus,thereis M È ∞ s.t. � ¶J1� 2 ¶� t x0 � 2L2 É¯ª 0 q t « ;Z « � M � x0 � 2H for all

x0 t Dom¡ A£ . Since ¶J1� 2 c 0 (by LemmaA.3.1(b4)),it followsfrom Corollary

6.3.14that � A¹
C � generateaWPLS.

(a2)1° Let e beany nonnegativesolutionof (9.219),andassumethat ¶J c 0.
By Lemma9.7.8)(b),inequality (9.219)is equivalent toe�y � t j e � t n ¶� t j ¶J ¶� t ¡ t y 0£�© (9.221)

on Dom¡ A£ , hence � ¶J1� 2π ª 0 q t « ¶� x0 � 22 � � x0 ©�e x0�¸¡ t y 0 © x0 t H1 £ . Conse-

quently, ¶� has a uniqueextension ¶� t��¢¡ H © L2 ¡ R r ;Z £*£ , hence · A¹
C º is an

output-stableWPLS.

2° Assumethat � | ¹Æ � t WPLS, ¶� is stableand ¶J k ¶J j t��¢¡ Z £ . Let Σ Ê
be the systemgeneratedby z A 0

C Ë D Ë0{ : k � A 0¹
C 0
0 I � . Set J Ê : k � ¹J 0

0 I � , so that the

correspondingcostfunctionbecomesÌ Ê ¡ x0 © u£ k � ¶� x0 © ¶J ¶� x0� n � u � 22 © and (9.222)� � Ê x0
nÅl Ê u © J Ê l Ê η� k � u © η� L2 ¡ x0 t H © u © η tÎÍ Êout ¡ x0 £ k L2 ¡ R r ;U £Ï£��

(9.223)

Thus, ucrit ¡ x0 £ k 0 is the uniqueJ Ê -critical control for eachx0 t H, so thate k ¶� j ¶J ¶� . SinceB k 0 isboundedandD Ê j J Ê D Ê k I , theoperatore corresponds
to the unique Í¢Êout-stabilizing solution of the CARE (or B jw-CARE) Aj e ne A n ¶C j ¶J ¶C k 0, S k I , SK k 0.

(b) Assume that ¶� is stable and that e k ¶� j ¶J ¶� , so that e solves
(9.221),by 2° . By (9.221),any othersolution ¶eÐy 0 satisfies ¶eÑy ¶� j ¶J ¶��n
s-limt � r ∞ � t j ¶e � t y ¶� j ¶J ¶� .

If ¶J y 0, then e¼y 0, hencethen e is thesmallestnonnegative solution of
(9.219).

(c) Now ¶e k ¶� j ¶J ¶��n s-limt � r ∞ � t j ¶e � t k ¶� j ¶J ¶� for any solution eÒt�¢¡ H £ , asin (b).
(d) Naturally, theinequality“A j e n e A ­ 0” (onDom¡ A£ ) meansthatthere

is ε ® 0 s.t. � Ax0 ©�e x0� H n � x0 ©�e Ax0� H � � ε � x0 © x0� H for all x0 t Dom¡ A£ (cf.
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DefinitionA.3.23;it obviously followsthatKer¡¯eÓ£ k s 0 x , i.e.,that e¨® 0 (evene�c 0 if A is bounded)).
If Aj e n e A � � εI and eÒy 0, then ¶� is stable,where ¶� t x0 : k � t x0¡ t ® 0 © x0 t H £ , by (a) (set ¶C : k I , J : k εI c 0), hencethen � is exponentially

stable,by LemmaA.4.5(i)&(ii).
Conversely, if � is exponentially stable, then A j e n e A n I j I I � 0 on

Dom¡ A£ for someeÔy 0, by (a2)(andwe canhave e k ¶� j ¶� ® 0, where ¶� is
asabove). b
We now adopt the notation eÕt eIARE¡ Σ © J £ (or ¡¯eÁ© S© z � � { £¤t

eIARE ¡ Σ © J £ ) for the solutionsof the eIARE for Σ andJ. In the lemmabelow,
we show how thesolutionsof a perturbedsystemcorrespondto thesolutionsfor
theoriginalone:

Lemma 9.12.3 Let zÖ� Ê � Ê { be admissible for Σ with closed-loopsystemΣ × .
SetØ�Ê : k ¡ I � � ÊÙ£ w 1. Then¡¯eÁ© S©Yz�� � { £Út eIARE ¡ Σ © J £²Ä (9.224)¡¯eÁ© S© z � � i �Ó× I � i�ØBÊ { £Út eIARE ¡Û� |ÛÜ }ÝÜÆ Ü ÞÛÜ � © J £�� (9.225)

Moreover,

(a) If � Ê and i�ØBÊ (resp.and � ) are asaboveandhaveanystrong or uniform
regularity property, thensodoes� (resp.i�Ø¨Ê ).

(b) Thetwo top rows( � |Ûß }àßÆ ß ÞYß � ) of thecorresponding closed-loopsystemsare

equal(hence(P) is satisfiedfor Σ iff it is satisfiedfor � |ÛÜ }ÝÜÆ Ü ÞÛÜ � ) andLemma

6.7.11(a1)–(a6)applyfor thethreepairs.

(c) Assumethat z�� Ê � Ê { is [q.]r.c.-SOS-stabilizing and e k e j th�¢¡ H £ .
Thene is [q.]r.c.-SOS-stabilizing for Σ iff e is q.r.c.-SOS-stabilizing (equiv-

alently, stableand[[r .c.-]]SOS-stabilizing) for � |ÛÜ }ÝÜÆ Ü ÞÛÜ � .
(d1) If Í jj k Í exp, thentheJ-critical statefeedback pairs (equivalently, expo-

nentiallystabilizing solutionsof theeIARE)for Σ and � |ÛÜ }ÝÜÆ Ü ÞÛÜ � correspond

to each otherthrough(9.224).

(d2) Assumethat Í jj k Í sta [ Í str/ Í out], and that z � Ê � Ê { is q.r.c.-SOS-
stabilizing

Then the J-critical q.r.c.-[strongly/SOS-]stabilizing state feedback pairs
(equivalently, P-q.r.c.-[strongly/SOS-]stabilizing solutionsof theeIARE)for

Σ and � |ÛÜ }ÝÜÆ Ü ÞÛÜ � correspondto each otherthrough(9.224).

Proof: Assumethat ¡¯eÁ© S©ázÖ� � { £ât eIARE ¡ Σ © J £ . Set i´ã : k i�Ø¬Ê ,� ã : k I � i±ã , � ã : k � � i±ã � Ê . Thenit iseasytoverify that ¡¯eh© S© z � ã � ã { £²t
eIARE ¡ � |ÛÜ }ÝÜÆ Ü ÞÛÜ � © J £ . Exchangetherolesof Σ andΣ1× to obtaintheconverse.
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Σääää å æ æ æ æèçéΣ × Σ êëvìYí î íèï ðKñ òàó
z�� � i �ô× I � i�Ø¬Ê {
Figure9.2: Thesettingof Lemma9.12.3

Σääää å æ æ æ æèçéΣ × Σ êKí K õ
K ö ÷

Kø
w

K ã
Figure9.3: Thesettingof Proposition 9.12.4

(a) Set i´ã : k i�Ø¬Ê . Since i±ãù©Hiú©(Ø�Ê�tû  TIC∞ ¡ U £ , any strongor uniform
regularitypropertysharedby two of theseis sharedby thethird too,sincesuch
propertiesarepreservedin compositions,by Lemma6.2.5.

(b) This is the settingof Lemma6.7.11(a’) with zÖ� � { in place ofzÖ� 2 � 2 { and z � Ê � Ê { in place of z � � { , hencethe conclusions
(a1)–(a6)applywith thesereplacements.

(c) This follows from Lemma6.7.11(a2)&(a1)andLemma6.6.17(b).
(d1) This follows from Theorem9.9.1(a1)andthefact that � ê is common

for bothsolutions,by (b) (andLemma6.1.10).
(d2) For Í out this follows from (c) (“q.r.c.-SOS-”), (b) (for “P-” ) and

Theorem9.9.1(b).Since z � ê o ê { arecommonfor bothsolutions,by (b),
this leadsto theclaimson Í sta and Í str. b
Thus,if K ã is anoptimalfeedbackfor Σ × , thenthepreliminaryplustheoptimal

closed-loopfeedbackK Ê n K ã producetheoptimal open-loopfeedbackK (i.e., the
same� ê � ê , hencethesame(possibly optimal) statex ê andoutputyê ):

Proposition9.12.4(ΣΣΣ-CARE ük Σ ×ük Σ ×ük Σ × -CARE) Let K Ê be an admissible SR state
feedback operator for Σ with closed-loopsystemΣ × .

TheWRsolutionsof form ¡¯eÁ© S©ýz K 0 { £ of theeCAREfor Σ correspond1-1

to theWRsolutionsof form ¡¯eÃã(© Sã(© z K ã 0 { £ of theeCAREfor � |ÛÜ }ÝÜÆ Ü ÞÛÜ � through

K k K Ê n K ã w © S k Sã(©he k e�ã(� (9.226)

Also(a)–(d2)of Lemma9.12.3apply; in particular, if K Ê andK ã (resp.andK)
are asaboveandhaveanystrong or uniformregularity property, thensodoesK
(resp.K ã ).

(To beexact,by K k K Ê n K ã w we meanthatK k K Ê n K ã w þDomÉ A« .) Thus,all
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WR J-critical statefeedbackoperatorsK for Σ over Í exp correspond1-1 to the

WR statefeedbackoperatorsK ã for � |ÛÜ }ÝÜÆ Ü ÞÛÜ � over Í Σ Üexp throughK k K Ê n K ã w.

(SeeTheorem8.4.5(f)for other Í jj ’s.
Conversely, given K, the optimal feedbackfor Σ × is K ã k ¡ Ks

� K Êw £ þDomÉ AÜ « ,
i.e., we must remove the preliminary feedbackK Ê and replaceit by K, the
optimizing one.

Proof: The correspondenceand (a) follow by combining Lemma9.12.3

andProposition 6.6.18(f)(interchangetherolesof Σ and � | Ü } ÜÆ Ü Þ Ü � for theother

direction).Therestfollows from Lemma9.12.3. b
Two differentsolutionsof theeIAREcorrespondto eachotherin thefollowing

way:

Lemma 9.12.5 Let ¡¯e 1 © S1 © z � 1 � 1 { £ÿt eIARE ¡ Σ © J £ . Then¡¯e 2 © S2 ©YzÖ� 2 � 2 { £�t eIARE ¡ Σ © J £²Ä (9.227)¡¯e 2
� e 1 © S2 ©YzÖ� 2 � 2 { £�t eIARE ¡ · | }w ~ 1

¥
1 º © S1 £�� (9.228)

Equivalently, for any ¡¯eh© S©Úz�� � { £�t eIARE ¡ Σ © J £ wehave

eIARE¡ Σ © J £ k e n eIARE¡ � | }w ~ ¥ � © S£�� (9.229)

Naturally, an analogousresultholdsfor ¡¯e k © Sk © Kk £â¡ k k 1 © 2£ in the regular
case.

Proof: SetΣ � 1 : k · | }w ~ 1
¥

1 º t WPLS¡ U © H © U £ .
1° “ d ”: Let ¡¯e 2 © S2 ©YzÖ� 2 � 2 { £út eIARE ¡ Σ © J £ and t ® 0. Set e : ke 2
� e 1. Substractthetwo Lyapunov equationsto obtain¡ � t

2 £ j S2 � t
2
k � t j e � t � e n ¡ � t

1 £ j S1 � t
1 � (9.230)

This is thefirst (i.e., Lyapunov) equationof theeIARE for · | }w ~ 1
¥

1 º andS1.

Now ¡0i t
2 £ j S2 i t

2
k l t j J l t n¤o t j e 1

o t n¤o t j e o t k ¡0i t
1 £ j S1 i t

1
n¤o t j e o t , and� ¡0i t

2 £ j S2 � t
2
kBl t j J � t n¤o t j e 2 � t k�� ¡0i t

1 £ j S1 � t
1
n¤o t j e � t � (9.231)

Thus,thethreeequationsof theeIAREaresatisfied,i.e., ¡¯eh© S2 ©Yz�� 2 � 2 { £>t
eIARE ¡ Σ � 1 © S1 £ .

2° “ � ”: Let ¡¯e 2
� e 1 © S2 ©YzÖ� 2 � 2 { £±t eIARE¡ Σ � 1 © S1 £ . By going 1°

backwards,weseethat ¡¯e 2 © S2 ©YzÖ� 2 � 2 { £�t eIARE¡ Σ © J £ . b
As Example9.13.9shows, the CARE may have solutions ¡¯e n ∆ © S© K £ for

infinitely many ∆ k ∆ j tA�¢¡ H £ . If oneof these,say e , is Í jj -stabilizing(or at
leastP-stabilizing),then∆ correspondsto “f ake cost”, i.e., e n ∆ k¨� jê J � ê n ∆,
where � jê J � ê is the corresponding(optimal) closed-loopcost. The following
corollaryformulatesnecessaryandsufficientconditions:

Corollary 9.12.6 Let ¡¯eh© S©áz�� � { £>t eIARE ¡ Σ © J £ and∆ k ∆ j tÓ�¢¡ H £ . Then
(i) Ä (ii) ( Ä (iii) providedthat z � � { is admissible):
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(i) ¡¯e n ∆ © S©Yz�� � { £�t eIARE ¡ Σ © J £ ;
(ii) ∆ k � t j ∆ � t and o t j ∆ � t k 0 k¬o t j ∆ o t for all t y 0;

(iii) ∆ k � tê j ∆ � tê and o tê j ∆ � tê k 0 kBo tê j ∆ o tê for all t y 0.

Proof: By Lemma9.12.5,we have (i) if f ∆ t eIARE¡Y� | }w ~ ¥ � © S£ , i.e., if f

(ii) holds.
Assumethat z�� � { is admissible for Σ. Then zÖ� � { is admissible

for � | }w ~ ¥ � with closed-loopsystem zÙ|Yß }àß0 I { , sothat∆ t eIARE¡ � | }w ~ ¥ � © S£
becomesequivalentto (iii), by Lemma9.10.1(b4)(i)&(iv). b
If, e.g.,Σ is exponentially stable,thenany stabilizing solutionof the IARE

leadsto thespectralfactorizationl j J l¨k i j Si , by Proposition9.8.11(d1)(see
also Corollary 9.9.11). Under weaker assumptions than thosein Proposition
9.8.11, we can still obtain a “pseudospectralfactorization”, a weak form ofl j J l k i j Si ” :

Proposition9.12.7 Let Σext : k � | }Æ Þ~ � � t WPLS¡ U © H © Y » U £ , and let (9.160)

hold for all t ® 0 andsomeJ © S©¯eÔth� , where i : k I � � . Then�Zi v © π É w ∞ q t « Si u� k � l v © π É w ∞ q t « J l u� n � o τtv©�e o τtu��¡ u © v t L2
c ¡ R;U £�© t t R £��

(9.232)
Moreover, wehavethefollowing:

(a) If o , l and i arestable, theni j Si kBl j J lpn s-lim
t � r ∞

τ w t o j e o τt � (9.233)

If, in addition, o is stronglystable, then i j Si k l j J l .

(b) If o and l are strongly stableand u t L2 ¡ R;U £ , then i j π ª w T q t « Si u �l j J l u in L2 ¡ R;U £ , as t © T � n ∞ (independently);in particular, we have
(uniformlyin v)

lim
T q t � r ∞

� π ª w T q t « i v © π ª w T q t « Si u� k � l v © J l u� ¡ u © v t L2 ¡ R;U £*£ù� (9.234)

(Naturally, thestatementsincludetheconvergenceof limits presented.)
RecallthattheeIAREimplies(9.160).If, e.g.,l and i arestable,S t¤ ±�¢¡ U £

and(P) holdson Ran¡ o £ , thenwe have thespectralfactorizationl j J l k i j Si ,
by (9.232)andcontinuity.

Proof: 1° Let vk t L2 ¡ a � t © 0£ ;U £ (k k 1 © 2), and substitute τ w tvk ( t
L2 ¡ a 0 © t £ ;U £ ) into (9.160)to obtain(notethatπJτr k τrπr r J)�Zi v2 © π w Si v1� k � l v2 © π w J l v1� n � o v2 ©�e o v1�'� (9.235)

This holds for arbitrary t t R, hencefor arbitrary vk t L2
c ¡ R;U £ (k k 1 © 2),

becauseπ r vk doesnotaffect theequation.
Let now t © u © v beasin (9.232)andsubstitutev1 : k τtu, v2 : k τtv into (9.235)

to obtain(9.232).
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(a) Let o © l ©*i be stable. By (9.232), we have i j π É w ∞ q t « Si u kl j π É w ∞ q t « J l u n τ w t o j e o τtu for all u t L2
c, hencefor all u t L2, by continuity.

Let t � n ∞ anduseCorollary B.3.8 to obtain(9.233). The secondclaim is
obvious (becauseτ w t o j k ¡ o τt £ j is boundedH � L2).

(b) Now i dπ ª w t q T « tO�¢¡ L2 £ for all t © T ® 0, by Lemma6.1.11(since o d is
stable),hencei j π ª w T q t « © π ª w T q t « i�th�¢¡ L2 £ . Thus,from (9.232),weobtaini j Sπ ª w T q t « i u k l j π ª w T q t « J l u n π ª w T q t « τ w t o j e o τtπ ª w T q t « u (9.236)

(in L2 ¡ R;U £ ) for all u t L2
c ¡ a � T © n ∞ £*£ (apply (9.232) to eachv t L2

c and
recall that L2

c is densein L2 k ¡ L2 £ j ). By continuity, this holds for all
u t L2. SinceπR � ª w T q t « u � 0 (seeCorollary B.3.8), we have o τtπ ª w T q t « u ko τtu �¢o τtπR � ª w T q t « u � 0, asT © t � n ∞. Consequentlyl j π ª w T q t « J l u n π ª w T q t « τ w t o j e o τtπ ª w T q t « u � l j J l u © (9.237)

i.e., i j π ª w T q t « Si u � l j J l u in L2, as t © T � n ∞ (independently).Thus,(b)
holds. b
As indicatedin Chapter5, the factorization“ l j J l�k i j Si ” corresponding

to a J-critical statefeedbackpair for a stablesystemneednot bestable(that is, a
spectralfactorization),but we mayhave À� Ài�t H2 � H∞ in casedimU È ∞. We
statethisandmoregeneralresultsbelow:

Lemma 9.12.8(o © lo © lo © l stable d l j J l k i j Si & Ài�t�  Hd l j J l k i j Si & Ài�tÎ  Hd l j J l k i j Si & Ài�tÎ  H) Assumethat o andl are stable, ϑ k 0, and ¡¯eÁ© S©Úz�� � { £ is a Í jj -stabilizing solution of the

eIARE.SetØ w 1 : k i : k I � � , � : k l Ø , Ài d : k ÀiÁ¡ �̄ £ j . Let r ® 0. Then

(a1) i�tÎ  TICω ¡ U £ for all ω ® 0.

(a2) ¡�� n 1£ w 1 À�â©?¡�� n 1£ w 1 ÀØ¾©?¡�� n 1£ w 1 Ài d t H2
strong¡ C r ; �¢¡ U ©ÏÇ7£*£ ; in particular,Ài�tÎ  H ¡ C r ; �¢¡ U £*£ .

(b1) �±©ÏØB©èi j map L2
c ¡ R;U £ � L2, and i j π �²Ø j ©0Ø π ª w T q t « ©Hi j π ª w T q t « t�¢¡ L2 ¡ R;U £Ï£ for all T © t ® 0.

(b2) Ø π r>iú© π ª w T q t « i�t��¢¡ L2
ω ¡ R;U £Ï£
	¢�¢¡ L2 ¡ R r ;U £*£ for each ω ® 0, andØ π r>i andπ ª w T q t « i havea continuous extensionsto �¢¡ L2 ¡ R;U £Ï£ .

(c1) ��� u © J � v� k � u © Sv� for all u © v t L2
c ¡ R;U £ .

(c2) i j π ª w T q t « Si u � l j J l u in L2 ¡ R;U £ , ast © T � n ∞, if o is strongly stable
andu t L2 ¡ R;U £ .

(d) (dimU È ∞ d Ài j SÀi k Àl j J ÀldimU È ∞ d Ài j SÀi k Àl j J ÀldimU È ∞ d Ài j SÀi k Àl j J Àl ) If dimU È ∞, then ¡�� n 1£ w 1 Ài � 1 t
H2 ¡ C r ; �¢¡ U £Ï£�	 L2 ¡ iR; �"¡ U £Ï£ , and Ài t  ±�"¡ U £ and Ài j SÀi k Àl j J Àl a.e.
on iR.

(e) ( ¡ π r l j J l π r�£ w 1 k Ø π r Sw 1Ø j¡ π r l j J l π r�£ w 1 k Ø π r Sw 1Ø j¡ π r l j J l π r�£ w 1 k Ø π r Sw 1Ø j ) If 
 : k π r l j J l π r is invertible on
L2 ¡ R r ;U £ . o is stronglystable, thenS t¤ ±�¢¡ U £ and 
 w 1 k Ø π r Sw 1Ø j t ±�"¡ L2 ¡ R r ;U £*£ .
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(SeeLemma14.2.8for additional information.) Recall that ϑ k 0 for Í out,Í sta, Í str and Í exp.
Proof: (a1)–(c2)Thesefollow as in the proof of Lemma14.2.8(alterna-

tively, wecanusediscretization).
(d) By (a2) and Theorem 3.3.1(c3), we have ¡�� n 1£ w 1 Ài � 1 t

H2 ¡ C r ; �¢¡ U £*£�	 L2 ¡ iR; �"¡ U £Ï£ . By continuity, Ài ÀØ k I k ÀØ Ài and À� k Àl ÀØ
a.e.on iR (sincetheseholdonC r ); in particular, Ài�t� ±�"¡ U £ a.e.on iR.

Since �Zi u © Si v� L2
k � l u © J l v� L2, i.e., � Ài Àu © SÀi Àv� L2 É iR;U « k � Àl Àu © J Àl Àv� L2 É iR;U «

for all Àu © Àv t L2
c ¡ R r ;U £ , wehave Ài j SÀi k Àl j J Àl a.e.on iR.

(e) This follows from Lemma14.2.8(e),by discretization. b
Notes
For boundedC, part of Lemma9.12.2(with “ k ” in placeof “ � ”) is known

(see[CZ, Section5]). For generalC, Lemma9.12.2(a2)wasessentiallygivenin
[Grabowski91,Theorem3] and(c) in [Sbook,Theorem9.5.2](bothwith “ k ” in
placeof “ � ”); the latteralsocontainsfurthernecessaryandsufficient conditions
for z AC { to generateanoutput-stableWPLS.

Formula (9.224)was usedin [S98b]. Lemma14.2.4is from [Mal00], and
Lemma 9.12.5 is its IARE variant. Part of Proposition 9.12.7 was given in
[Mik97b].
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9.13 Examplesof Riccati equations

Thoughthedayof mydestiny’sover,
Andthestarof myfatehathdeclined,
Thysoftheartrefusedto discover
Thefaults which somanycouldfind.

— Lord Byron (1788–1824),"Stanzasto Augusta"

In this section,we shall illustrateby examplesseveral “pathological” cases
due to which the generalRiccati equationtheory is rathercomplex. The part
correspondingto different Í jj ’s maybenew evenfor finite-dimensionalsystems.

The studieson Riccati equationshave mainly concentratedon exponentially
stabilizingsolutions of Riccatiequations.Thearticleson optimizationover Í out

or Í sta have usuallyeitherneglecteduniquenessor usedestimatability (e.g.,put
somecoston thestate)to reduceÍ out to Í exp.

Wefoundthecondition (P) for theSOS-stablecasein [Mik97b] (cf. Corollary
9.9.11);thecondition(PB)is new. In Proposition9.13.1(a)&(b)&(e)weshow that
theseconditionsarenecessary. ThedifferencebetweenÍ out- and Í exp-stabilizing
solutionsandtherole of coprimenessareillustratedin Example9.13.2.We also
presentplenty of examples that illustratethe differentaspectsof the role of the
signatureoperatorS and the insignificanceof D j JD (when the latter doesnot
coincidewith theformer).

By discretization(see Proposition 9.8.7), all our examples apply also in
discretetime (eDAREs). In particular, our CARE “counter-”examplesarealso
eCARE, IARE, eIARE,DARE andeDARE “counter-”examples.

Most examplesalsohave obviousdiscrete-timeanalogies(without artificial
discretization); in particular, all our finite-dimensional exampleshave finite-
dimensionaldiscrete-timecounterparts.

Our examplesaremathematically motivated; for physically moremotivated
examplesonWPLSsandRiccatiequations,see,e.g.,[Sal87].

Thefollowing proposition summarizeswhichconclusionscanbedrawn from
thedifferentexamples:

Proposition9.13.1(Non- Í jj -stabilizing solutions)

(a) ((P) �d �d �d (PB)) [Example 9.13.2] There can be several P-SOS-stabilizing
solutionsof theCARE,onlyoneof which is Í out-stabilizing.

A Í out-stabilizing solutionneednot be internally stabilizing, evenif there
were exponentiallystabilizingsolutions.

(b) ((PB2)�d �d �d (P)) [Example9.13.9] There can be several r.c.-stabilizing solu-
tions e satisfying � o t x0 ©�e � tê x0� � 0, of the CAREfor a stableminimal
system,onlyoneof which is P-stabilizing (henceÍ out-stabilizingandequal
to theJ-critical costoperator over Í out (andover Í sta)).

Moreover, our example is exactly reachable and of the standard LQR
(minimization) formwith � j strongly stable.
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(c1) (l t ULR �d zÖ� � { t WRl t ULR �d z�� � { t WRl t ULR �d zÖ� � { t WR) [WW, Example 11.5] There is l t
TIC ¡ C £�	 ULR, for which D k 0 and l j l k i j i c 0 with an irregu-
lar (I -spectral factor) iÐt   TIC ¡ C £ (in fact, ÀiÁ¡ 2k £ k 2 n ¡ � 1£ k, henceiú©èi w 1 �t WR).

Alternatively, wecanchoosel t TIC ¡ C © C2 £�	 ULR s.t. l k z Þ 1
I { , D1

k 0
and l j l k i j i c 0 for thissamei multipliedbysomepositiveconstant.

In particular, if Σ is a stronglystablerealization of (either) l (asin (6.11)),
thenthe IARE hasa strongly PB-r.c.-stabilizing solution, but there are no
PB-output-stabilizing solutionsof theeCARE.

(c2)(BoundedC �d S k D j JDC �d S k D j JDC �d S k D j JD) [Example9.13.8]There is a stablepositivelyI -
coerciveWPLS(in standard LQRform)with J k I , boundedC andD j C k 0
s.t. l ©*i�t ULR but S �k D j JD, K is unboundedand e aH ���� Dom¡ B jw £ .

(d1) Condition S k D j JD c 0 doesnot guaranteesufficientcoercivity for the
existenceof a minimizing(J-critical) control over Í exp; seeExample9.13.5.

(d2) We may haveD j JD c 0 c S for a maximizingsolution, henceD j JD
doesnot characterize the signature properties of the problem; seeExam-
ple9.13.7.

(e) Let Σ t SOS. If there is a stable, stabilizingsolution ¡¯eÁ© S© z�� I � i { £
of the IARE s.t. � � t x0 ©�e � t x0� � 0, as t � n ∞, for all x0 t H} , theni j Si is the uniquespectral factorization of l j J l , and the IARE has a
(unique)stablePB-r.c.-stabilizing solution, namely ¡ ¶eÁ© S©Yz�� I � i { £ ,
where ¶e : k � jê J � ê .

Thus, the open-and closed-loopsystemsfor e and ¶e are identical; the
only difference is that ¶e is the J-critical cost operator and e k ¶e n
s-limt � r ∞ � ¡ t £ j e � ¡ t £ , asin Example9.13.12.

(f) Evenif Σ is strongly stableand the Popov Toeplitz operator π r l j J l π r
is invertible (as in Proposition 8.3.10),so that there is a uniqueJ-critical
control for each x0 t H over Í jj : k Í out

k Í sta
k Í str, 1. it may be

that there is no J-critical state feedback pair (Example11.3.7(a)),2. it
maybethat theJ-critical statefeedback pair zÖ� � { andits closed-loop
form zÖ� ê � ê { are unstable (Example11.3.7(b))thoughthey andΣ are
UHPR; in particular there is nospectral factorization of l j J l .

Proof: (a)&(b)&(c2)&(d1)&(d2)&(f) Seecorrespondingexamples.
(c1) (We do not know whetherthis canhappenfor exponentially stablel .)

Theexistenceof i is provedin [WW, Example11.5](althoughany irregular i
woulddo). Wecanthensimply take Àl ¡ s£ : k ew s ÀiÁ¡ s£ in theformercase;in the
lattercasewemustmultiply i by apositiveconstantsothat i j iûc I . Let � be
an I -spectralfactorof i j i � I , andset l 1 : k ew�� � to guaranteethat l t ULR
(asin [WW]).

By Corollary 9.9.11(Crit4SOS), we have i k I � � , where¡¯eÁ© S©Yz�� � { £ is the unique Í out-stabilizing solution of the eIARE. Be-
cause� is notWR, theeCAREdoesnothavea Í out-stabilizingsolution.
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(e) Now e k � j J ��� � j S� on Ran¡ o £ , by (9.159). Consequently,i j Si u k l j J l u for u t L2, by (9.160) (since ��o t k π r l π w τtπ r k
τtπ ª t q∞ « l π ª 0 q t « � 0, becauseπ ª t q∞ « l π ª 0 q t « � π /0

l π r k 0, ast � n ∞, by Corol-

lary B.3.8).Becausei tÎ  TIC, theoperator¶e is q.r.c.-P-stabilizing, by Theo-
rem9.9.10(b)&(e2),henceit is stableandPB-r.c.-stabilizing(andunique).By
(9.159),wehavee � � t j e � t k � t j J � t � � t j J � t � � j J �¢� � j S� k ¶e (9.238)

strongly, ast � n ∞. b
We continueby presentingtheactualexamples,startingwith a simple(unob-

servable)systemillustrating that thesolutionsover Í out and Í exp maybediffer-
ent:

Example 9.13.2 (Std. LQR: Í outÍ outÍ out-stabilizing �k Í exp�k Í exp�k Í exp-stabilizing, (P) �d (PB))
Let U k C k H k Y, A k 1 k B k D k J, C k 0. ThentheCARE becomes

S k 1 © SK k�� eÁ©pe n e n 0 k K j SK k e 2 � (9.239)

Thus,the solutionsof the CARE aregiven by ¡ 0 © 1 © 0£ (PB-r.c.-SOS-stabilizing,
hence Í out-stabilizing) and ¡ 2 © 1 © � 2£ ( Í exp-stabilizing, henceexponentially P-
stabilizing).Thecorrespondingclosed-loopsystemsare

Σ ê : k ��
1 1

0 1
0 0

��
and Σ Ê ê : k �� � 1 1

0 1� 2 0

�� � (9.240)

Now l k 1 k l ê k l Ê ê , �¼k 0 kÐ� ê kÐ� Êê , � ê k 0 k � ê , i k I , hence¡ 0 © 1 © 0£ is, indeed,theunique Í out-stabilizingsolution, (in fact,it is PB-r.c.-SOS-
stabilizingandcost-minimizing; thecondition(PB)is trivially satisfiedfor e k 0),
whereas¡ 2 © 1 © � 2£ is theunique Í exp-stabilizing solution.

Let usseewhy thishappens:Oneeasilyverifiesthat À�ÿÊ*¡ s£ k ¡ s � 1£ Â ¡ s n 1£ kÀØ�Êè¡ s£ (indeed,�ÖÊ andØ�Ê arenotq.r.c.,becausebothhaveazeroats k 1),andthat����Ê u× © J � Ê ê x0� k 0 for all x0 t H andu× t π r L2 (we have ¡ J � Ê ê x0 £§¡ t £ k�� 2ew tx0

(t y 0)), but � l u © J � Ê ê x0���k 0 for x0 �k 0, u t π r L2 s.t. Àu ¡ 1£��k 0.

Thus,althoughΣ Ê ê is J-critical over Í Σ ßout, i.e., J-critical w.r.t. “closed-loop
stable”controls(u× t π r L2), thesystemΣ Ê ê “doesnotsee”signalswith Àu ¡ 1£��k 0,
i.e.,u× : k ¡ Ø�ÊÙ£ w 1u �t L2 for suchu, because��Ê and Ø�Ê arenotq.r.c. Onecanalso
verify that� o t u ©�e � Ê ê x0� H k 2e

w tx0 � t

0
ete
w su ¡ s£ ds � 2x0 Àu ¡ 1£��k 0 (9.241)

whenx0 �k 0 andu t L2 is s.t. Àu ¡ 1£��k 0, i.e., (PB) doesnothold for e k 2 (unless
we replace Í out by Í exp in (PB), seeTheorem9.9.1(g1)).Trivially, (PB) holds
for e k 0. �

SeealsoExample6.6.16
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Even for exponentially stablesystems, the existenceof a unique J-critical
controldoesnotguaranteethat l is J-coercive,nor thattheCAREhasasolution:

Example 9.13.3 (Singular control: unique optimum without CARE and J-
coercivity, �� ¡ D j JD £ w 1�� ¡ D j JD £ w 1�� ¡ D j JD £ w 1) Assumethat � is exponentially stable(e.g.,H k C and
A kÔ� 1), C k 0 k B, J k I , and l k D tO�¢¡ U © Y £ is one-to-onebut not coercive
(i.e.,S: k D j D �t� ±�"¡ U £ ). Let Í jj t s Í out ©ùÍ sta©ùÍ str ©ùÍ exp x .

Thenu k 0 is theuniqueminimizingcontrolfor x0, and Í jj ¡ x0 £ k L2 ¡ R r ;U £ ,
for eachx0 t H. Thecorrespondingunique Í jj -stabilizingsolution of theeCARE
is givenby ¡ 0 © D j D © 0£ (by Theorem9.9.6,equationSK k 0 forcesK to bezero).

However, l j J l k D j D is notJ-coerciveover Í jj . �
EvenwhenΣ is exponentiallystableandS ® 0, thereneednot exist any PB-

stabilizingsolutions norminimizingcontrolover Í out
k Í exp:

Example 9.13.4 (Stable ΣΣΣ and S ® 0 �d � Í jjS ® 0 �d � Í jjS ® 0 �d � Í jj -stabilizing solution (or optimal
control)) TakeU : k�� 2 ¡ N £ : k Y, J : k I . Define l : k D t �¢¡ U © Y £ by ¡ Du0 £§¡ n£ : k
ew 2nu0 ¡ n£ ¡ n t N © u0 t U £ (note that 0 È D j D �c 0). Let Σ be the � 1-stable
exactly observable realizationof D, so that H k L2w 1 ¡ R r ;Y £ , ��k π r . Define
x0 t H andu t L2

loc ¡ R r ;U £
x0 ¡ t £ : k e

w t ∑
n  Nπ ª n q n r 1« ¡ t £ en t H © (9.242)

u∞ ¡ t £ : k�� e
w t ∑

n  Ne2nen t H © (9.243)

where
s
en x is the naturalbaseof U . Then � x0

n Du k 0, so that u∞ minimizesÌ ¡ x0 © u£ : k � x0
n Du � 22 overall u t L2

loc ¡ R r ;U £ . SinceD is one-to-one,u∞ is the
uniqueminimum.

However,
Ì ¡ x0 © π ª 0 q T « u∞ £ k � π ª 0 q T « x0 � 22 k ¡ ew 2T Â 2£ 1� 2 � 0 as T � ∞, and

π ª 0 q T « u∞ t�Í jj ¡ x0 £ k L2 ¡ R r ;U £ (we assumethat Í jj t s Í exp ©ùÍ str ©ùÍ sta©ùÍ out x ).
Sinceu∞ �t L2, thereis no minimum (henceno J-critical control)over Í jj , hence
thereis no Í jj -stabilizingsolutionof theeIARE (notethatS k D j D ® 0). �

Now we show that for theexistenceof a minimum, 1. even for anexponen-
tially stablesystem(Σ1× ), conditionS c 0 is notsufficient,and2. asystemmaybe
exponentially stabilizableandJ-coerciveover Í out withoutbeingJ-coerciveoverÍ exp:

Example 9.13.5 (Exponentially stabilizable with S k D j JD c 0S k D j JD c 0S k D j JD c 0 but no mini-
mum over Í expÍ expÍ exp) Let J k 1.

(a) For Σ : k"! 0 1

0 1 # , we have S k D j JD k 1 c 0, and ¡ 0 © 1 © 0£ is the

unique solution of the CARE e 2 k 0, and correspondingcontrol u k 0 is
minimizing over Í out (and Í sta), but thereis no minimum over Í exp (nor Í str),
andinfu  %$ exp É x0 « Ì ¡ x0 © u£ k 0 for all x0 t H.

Here Àx ¡ s£ k sw 1 ¡ x0
n Àu ¡ s£*£ , so thatwe musthave Àu ¡ 0£ k¼� x0 in somesense

(for theboundaryfunctionof Àu t H2 ¡ C r £ ), but we wish to minimize
Ì ¡ x0 © u£ k



534 CHAPTER9. RICCATI EQUATIONS AND J-CRITICAL CONTROL� Àu � 22 underthiscondition,andthelatterexpressioncanbetakenarbitrarilysmall.
In timedomain,wehavex ¡ t £ k x0

n'& t
0 u ¡ r £ dr, sothat

Ì ¡ x0 © un £ � 0n , asn � ∞,
whereun : k¾� x0n w 1χ ª 0 q n « t�Í exp ¡ x0 £ .

(b) By usingtheexponentially stabilizingstatefeedbackoperatorK k � 1 (and

thenremoving the statefeedback(= third) row), we obtainΣ1× : k ! � 1 1� 1 1 # .

TheCARE becomesagain e 2 k 0 with theuniquesolution ¡ 0 © 1 © 1£ , hencethere
is no minimizing controlover Í exp

k Í out, althoughtheinfimum costover Í exp

is againzero.
Now y k xÊ k u � x, so

Ì ¡ x0 © u£ k � u � x � 22, andit would beoptimal to have
u ( x ( x0, but this is notallowed,sincewe requirethatu t L2.

(c) The systemΣ is J-coercive over Í out (since l j J l�k 1 c 0), hencewe
knew that therehadto be a uniqueminimizing controlover Í out; however, Σ is
not J-coercive over Í exp (analternative proof for this is that ¡ s � A£ w 1B k sw 1 is
notmajorizedby Àl ( 1 on iR; seeProposition 10.3.2(iv)&(i)).

ThesystemΣ1× is notJ-coerciveovereither Í out or Í exp.
Note that the statefeedbackK k � 1 for Σ usedin (b) is not r.c.-stabilizing,

since� k Ø k sÂ ¡ s n 1£ hasacommonzeroats k 0; thus,theminimizingcontrol
u k 0 over Í out is lost in thispreliminarystabilization. �

Evenif S k 0 andtheJ-critical controlis notunique,theremight beonly one
J-critical controlin feedbackform:

Example 9.13.6 ( Í outÍ outÍ out: Unique � ê� ê� ê although S k 0S k 0S k 0) Let z A B
C D { k z 0 0

0 0 { (i.e.,� k I and o k 0 k��¨k�l ). Thenthe eCAREbecomes0 k K j SK, X j SX k 0,
X j SK k 0 (seeTheorem9.9.6(e2)andthe remarkin its proof). The admissible
solutionsaretheoneswith X tÅ ±�¢¡ U £ ; for themwehaveS k 0, sothat e , K and
X canbearbitrary.

SinceB k 0, we have Aê k A n BK k A, so that � ê k � k I and hence
K k K ê k 0 is the only output-stabilizing statefeedbackoperator(note that
H1 : k Dom¡ A£ k H). Condition (P) requiresthat e k 0. Thus, all P-output-
stabilizingsolutionsaregivenby ¡ 0 © 0 ©ýz 0 I � X { £ ¡ X tÎ ±�¢¡ U £*£ (andthey all
areP-SOS-r.c.-stabilizing, henceÍ out-stabilizing, by Theorem9.9.1(b)).

Obviously, Í out ¡ x0 £ k L2 ¡ R r ;U £ for all x0 t H, andeachcontrolis J-critical
(thecostis zerofor eachcontrol). Nevertheless,0 is theonly J-critical control in
statefeedbackform. �

(To obtainthe correspondingdiscrete-timeexamplewe mustsetA k I , B k
C k D k 0 (sothatstill � k I , o�k �¬k l k 0).)

Evenfor l ©*i¾t MTIC, theoperatorD j JD neednot containany information
on thesignature propertiesof theproblem:

Example 9.13.7 [D j JD c 0 c SD j JD c 0 c SD j JD c 0 c S] Let Σ t SOS, lÔk z 2τ ) 1

I { t MTICd ¡ U © U2 £ ,
J k z w I 0

0 I { . Then D j JD k I c 0 but l j J lÐk � 3I k I j SI t TI ¡ U £ , where
S k�� 3I ­ 0.

It followsthattheCARE hasaULR unique Í out-stabilizingsolution,andthis
solutionis q.r.c.-SOS-stabilizing andmaximizing over Í out (and Í sta and Í str if� is strongly stable),by (9.139).
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Wecanset l : k � 2τ ) 1

D2 � , J k � w I 0
0
¹
J � for any Y2, D2 t �¢¡ U © Y2 £ , ¶J k ¶J j t �¢¡ Y2 £

s.t. � D j2 ¶JD2 ��È 4 without affecting the above (except that S is alteredbut still
S ­ 0). In particular, D j JD k D j2 ¶JD2 may be uniformly/strictly/nonstrictly
positive/negative,zero,or indefinite. �

G. Weiss and H. Zwart [WZ] have shown that even if C is boundedandl ©*i�t ULR, we mayhaveS �k D j JD andK unbounded:

Example 9.13.8 [CCC bounded, Bjw eÁ© KBjw eÁ© KBjw eÁ© K not] Let z � o { be as in Exam-
ple9.8.15,but set Ì ¡ x0 © u£ : k � ∞

0
¡?� π ª 0 q 1 « x ¡ t £ � 2H n � u ¡ t £§� 2U £ dt © (9.244)

i.e., z C D { : k z π * 0 + 1, 0
0 I { andJ : k I . Theseoperatorsare bounded,andone

easilyverifies l j J l�k 2I andthat z | }Æ Þ { t WPLS0 ¡ C © H © H » C £ , whereH : k
L2 ¡ R r £ (see(19) of [WZ]). Thus,S: k 2I , i : k I definesa spectralfactorization
of l j J l (by Corollary 9.9.11,this correspondsto the stabilizing solution overÍ out

k Í sta
k Í str).

However, D j JD k I �k S, hence e.-H �/�� Dom¡ Bjw £ and K k � Bjw e is un-
bounded(by Proposition9.11.4(b3)). One can verify from Proposition8.3.10
that e k π ª 0 q 1 « n 1

2π ª 1 q∞ « . (See[WZ] for details.) �
Evenfor a minimal system(andstandardLQR costfunction),condition(PB)

is notalwayssuperfluous:

Example 9.13.9 ((P) is necessaryeven for minimal weakly stable Σ) We
constructhereanexactly reachableandapproximatelyobservable(weakly, even
strongj ) stablesystemΣ with scalarinputs.t.theLQR for Σ hasauniquesolution
over Í out, but therearealsoother(non-PB-)r.c.-stabilizingsolutions.

Take U k C, H k L2 ¡ R w ;C £ , Y k0� 2 ¡ N £ , � k τπ w , o k π w , � 1
k¡ 2 w k � 2τ w kπ ª w k q 01 £ k  N, l 1

k ¡ 2 w k � 2τ w k £ k  N, � : k z Æ 1
0 { © l : k z Þ 1

I { , J k I to geta
standardLQR form minimal (exactly reachable( o�o j k π wpc 0 th�¢¡ H £ ) andap-
proximatelyobservable( � j �¨k ∑k2 w kπ ª w k q 01 k ∑∞

k ³ 02 w kπ ª w k w 1 q w k1 ® 0)) stable
minimizationproblem(theminimizationof

Ì ¡ u © x0 £ : k � l 1u n�� 1x0 � 2 n � u � 2).
The generatorsof Σ k zÙ| }Æ Þ { are z A B

C D { , where A k d
dθ , B k δ0, H1 : k

Dom¡ A£ k W1 q 2
0 ¡ R w>£ , ¡ s � A£ w 1B : u0 �� es� u0 t HB

k W1 q 2 ¡ R w�£ , Aj k� d
dθ © H j1 : k Dom¡ A j £ k W1 q 2 ¡ R w>£ , Bjw k δ j0 w ; C1 : k ¡ 2 w k � 2δ j w k £ k : H1 � � 2 ¡ N £ ,

C k z C1
0 { , D k z 0I { (hereθ is the argumentof an elementx0 t H; cf. Exam-

ple6.2.14).
Let e be a multiplication operator, say, e�t L∞ ¡ R w�£2� . Then Bjw e x0

k¡¯e x0 £§¡ 0 � £ k 0 for all x0 t H1 (weusethisonly for e s.t. e x0 (left-)continuousat
0 for all x0 t H1; thegeneralcasewould follow asat theendof Example6.2.14),
hencethen K k 0, � k 0, i k X tB ±�¢¡ U £ for any admissible multiplication
operatorsolution(soit is optimal to haveno feedback,becausesuchwouldnever
catchup the τx0 term moving towards � ∞). Thus,all admissible multiplication
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operatorsolutions arer.c.-stabilizing. Thefirst equationof theeCAREbecomes� xÊ0 ©�e x0� H n � x0 ©�e xÊ0� H k�� ∞

∑
k ³ 1

2
w k þ x0 ¡ � k £ þ 2 for all x0 t H1 � (9.245)

Settinge : k ∑∞
k ³ 1 rkπ ª w k q w k r 11 , theleft-handsidebecomes∑∞

k ³ 1 rk - x0 ¡ � k n 1£ �
x0 ¡ k £3� , hencewe shouldhave r2

� r1
k � 2 w 1, r3

� r2
k � 2 w 2, �*�*� , rnr 1

� rn
k� 2 w n. Thus,rnr 1

k r1
� ∑n

k ³ 12 w k k 2 w n n r1
� 1.

Therefore, e r : k rI n ∑∞
k ³ 02 w kπ ª w k w 1 q w k1 t��¢¡ H £ is a stabilizing solution

of the eCARE for eachr t R. Note that S k I n lims� r ∞ Bjw ep¡ s � A£ w 1B k
1 n ¡*¡ r n 1£ es� £§¡ 0 � £ k 2 n r, hencefor r �k�� 2 andX k I , theoperatore becomes
a stabilizing solution of theCARE.

Thus, r k 0 gives e 0
k�� j � , the unique (by Proposition 9.8.11) P-r.c.-

stabilizingsolution (becauseit is theJ-critical cost).For r t R � s 0 x , theformulaÌ ¡ umin ¡ x0 £�© x0 £ k � x0 ©�e rx0� doesnotholdandi jr Sr i r
k Sr

k ¡ 2 n r £��k 2 kBl j J l (9.246)

(but l j J lOn w-limt � r ∞ τ ¡ t £ j o j e r
o τ ¡ t £ k 2 n r, asin (9.233)).

Weconcludethatthecondition(PB) is, indeed,necessary, evenfor aminimal
weaklystableWPLS.For othervaluesof r, wegetastable,r.c.-stabilizingsolution¡¯e r © Sr © Kr £ s.t. e r differs from the critical costoperatore 0, and i jr Sr i r is not a
spectralfactorizationof l j J l (sinceKr

k 0 and i r
k I ).

Finally, we notethatsince� ê k � n 0 k τπ w (for any r t R), weobtainthat� o t u ©�e r � tê x0� k � π w τtu ©�e rτtπ w x0� k 0 � 0 © ast � n ∞ (9.247)

for all r t R andu t�Í jj ¡ 0£ (evenfor all u t L2
loc ¡ R r ;U £ ), sinceu k π r u. Thus,

(9.247)doesnot imply (P),sincethelatteris satisfiedfor r k 0 only. �
Thus, if ¡¯eÁ© S©áz�� � { £ is a Í out-stabilizing (or Í sta-stabilizing) solution

of the IARE, CARE or DARE, it can happenthat thereare solutions of form¡¯e Ê0© S© z � � { £ (hencenecessarilyoutput-stabilizing)s.t. eôÊác e¼® 0 or e ®
0 c e Ê , by Example9.13.9(discretizeit for the DARE example). Thus,even
q.r.c.-stabilization doesnot suffice, but we do have to verify the condition (P)
(equivalently, that e k � jê J � ê ) to avoid “f ake cost” (or residualcostat infinity).

Above we addedthe copy of u to the output to get a standardLQR cost
function;wecouldaswell remove it andsubstract I from SandSr .

Example 9.13.10 (Unique JJJ-critical control though D j JD k 0D j JD k 0D j JD k 0) In Exam-
ple 9.13.9,we may remove the secondrow of � and l , to obtainexactly same
resultsexceptthat thenD j JD k 0 andhenceS k 1 andSr : k 1 n r. Indeed,still
SK k 0 andK j SK k 0, sothat ¡¯e r © Sr © 0£ is againastable,r.c.-stabilizing solution
of theCARE for eachr �k�� 1 ( Í out-stabilizing for r k 0).

SinceS is one-to-one,the J-critical control is uniquefor eachx0 t H. Note
also that l j l k ∑k ¡ 2 w k � 2 £ 2 k 2 k S k I j SI is the correspondingI -spectral
factorizationandthat l is J-coerciveover Í out. �

Also thesystemof Example9.8.15hasD k 0 anda uniqueJ-critical control
over Í out; however, herewe have severaloutput-stabilizingsolutions, sothat the
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condition(PB) is neededalsoin thiscase.
Thenext exampleshows that for unstable� ê (andnon–internally stabilizinge ) thecondition“ e � tê x � 0 ¡ x t H £ ” of Lemma9.10.1(d1)is not sufficient for

(P):

Example 9.13.11 (e � tê x � 0 �d � tê j e � tê x � 0e � tê x � 0 �d � tê j e � tê x � 0e � tê x � 0 �d � tê j e � tê x � 0) Let H k L2 ¡ R r�£ , � t : k etτ w t ,¡ ¶e x£§¡ s£ : k ew 2sx ¡ s£ , D k I k J, B k 0 (sothatΣ is ULR). Let � bestable.
Then, for any solution of the eCAREwith X k I , we have � ê k � , l ê kl¾k D, S k I , K k � C, Cê k C n DK k 0, C j JC k K j SK, hence ¡ 0 © I © � C £ is

theuniquer.c.-SOS-PB-stabilizing solution(henceÍ out-stabilizing, by Theorem
9.9.1(b)).

However, ¶e k � t j ¶e � t y 0, asoneeasilyverifies,hencealso ¡ ¶eh© I © � C £ is a
r.c.-SOS-stabilizingsolutionof theeCAREandtheeIARE.Wehave � ¶e � t x � 2H �
ew 2t � x � 2H � 0 for all x t H, but � t j ¶e � t x k ¶e x �� 0 for x �k 0. �

Onecanaddanunobservableandunreachablepartto thesemigroupandthus
alter the propertiesof the solution without affecting the J-critical cost,nor the
J-critical feedbackor signatureoperator:

Example 9.13.12 (Wr ong e e e , fake cost)Let e beastable,P-stabilizingsolution

for Σ andJ, andlet Σ be stable. ExtendΣ to Σ Ê : k"4 | 0 }0
¹| 0Æ
0 Þ65 t WPLS0 ¡ U © H »¶H © Y £ with anon–strongly stable ¶� (sowehave Σ and ¶Σ put togetherinto (stable)

Σ Ê ). e Ê : k � � 0
0
¹� � k e Ê j th�¢¡ H » ¶H £ is astable,r.c.-stabilizing solution for Σ Ê and

J Ê k J if f ¶Aj ¶e n ¶e ¶A k 0 (because¡ BÊ j £ w e Ê k z Bjw e 0{ and o Ê j e Ê k z o j e 0{ ,
thusSÊ k S© � Ê k z � 0{ © � Ê k � ©�iµÊ k i ). By Lemma9.8.11(a),suchasolution

is P-stabilizingif f � ¶� ¶x0 © ¶e ¶� ¶x0� � 0 for all ¶x0 t ¶H, because� � Ê z x0¹
x0 { ©�e Ê � Ê z x0¹

x0 { � k� � x0 ©�e � x0� n � ¶� ¶x0 © ¶e ¶� ¶x0� , but, by theuniquenessof eôÊ , only ¶e k 0 cansatisfy
thiscondition.

(a) Taking ¶� k eit ( ¶A k i kÑ� ¶Aj t C1 7 1) we seethat any ¶eÑt R definesa
stable,r.c.-stabilizingsolution eÓÊ , but only ¶e k 0 definesaP-stabilizingsolution.

(b) Require,in addition,thatΣ is weaklystable.Take ¶� k τ on ¶H : k L2. Then¶� andhencealso � Ê is weaklybut notstrongly stable.Moreover, ¶Aj k¾� ¶A, hence¶e : k rI definesa stable,r.c.-stabilizingsolution for any r t R. �
Notethatif � and ¶� werestrongly stableandS c 0, thenthe Í out-stabilizing

solution z � 0
0 0 { would be the greatestsolution of the eIARE having S y 0, by

Corollary9.2.11.By (a) (or (b)), theis not thecasein theweaklystablecase.
Naturally, theminimal costcanbenegative:

Example 9.13.13 (Negativeminimum, e�­ 0e¨­ 0e�­ 0) Thesystem4 A B

C D 5 : k �� � 1 1

1 0
0 1

��
(9.248)
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is minimal andexponentially stable.For J k z w 1 0
0 2 { , we have l j J l c 0 (sinceÀl j J Àl¨k 2 � þ s n 1 þ w 2 y 1 for s t iR), so that thesystemis positively J-coercive

over Í out
k Í exp.

The[e]CAREhasatwo solutions, e k¨� 2 8:9 2 (with S k 2,K k¨� e Â 2). The
smalleroneis unstable,andthebiggerone, ¡ � 2 n 9 2 © 2 © � 1 n 2 w 1� 2 £ , minimizing
over Í out

k Í exp. Thus,theminimalcostis givenby � x0 ©�e x0� k � ¡ 2 � 9 2£ � x0 � 2.�
Finally, we give an exampleof a minimal exponentially stabilizablesystem,

which hasa Í str-stabilizing(and Í str-minimizing) solution that is not strongly
stabilizing(hencenotminimizing over Í exp):

Example 9.13.14 ( � | Æ~ �� | Æ~ �� | Æ~ � and 4 |YßÆ ß ÞYß~ ß � ß 54 |YßÆ ß ÞYß~ ß � ß 54 |YßÆ ß ÞYß~ ß � ß 5 stablebut o © l © � © o ê unstable)

Let A k ¡ � k w 1 £ k  N r 1, B k I , C k ¡Y� k ) 1; 2
0 � £ k  N r 1, D k z 0I { , U : k H : k Y : k� 2 ¡ N n 1£ , asin Example6.1.14(we have addeda copy of u to theoutput), and

setJ : k I .
By Example6.1.14(b), z | Æ { is strongly stableand o and l areunstable.Sincel is positively J-coerciveover Í out, thereis aunique Í out-stabilizingsolutionof

theCARE (=Bjw-CARE)

S k I © K k¾� eh© C j C n Aj e n e A k e 2 � (9.249)

sinceB (andA andC andD) is bounded.Onecanverify thatthissolution is given
by theuniquenonnegativediagonalsolution, namelye k

k�� k
w 1 n k

w 1 9 1 n k k�� Kk ¡ k t N n 1£�� (9.250)

Sincee is also Í str-stabilizing (becauseAê k A n BK k A � e k ¡ � k w 1 9 1 n k £
is stronglystable),it mustbe Í sta-stabilizing, by Lemma8.3.3. By Proposition
10.7.3(d), e is also SOS-stabilizing. One can verify that � is stablebut � is
unstable.Theunstability of o ê and o ê τ follow asin Example6.1.14(b).

Sincethereis no exponentially stabilizing solution (sucha solution would be
diagonalandnonnegative; analternative proof follows from Corollary9.7.2and
theuniquenessof e ), we candeducethat thereis no J-critical controlover Í exp

(for somex0 t H), equivalently, l is notJ-coerciveover Í exp, by Theorem9.2.16.
(Recallfrom Example6.1.14(b)thatΣ is minimal andexponentially stabiliz-

ablebut notdetectable.) �
In the above example, the cost function is coercive enoughto provide a

minimizing control over Í out, Í sta and Í str, but the existenceof a minimizing
controlover Í exp would requireevenfurthercoercivity.

Notes
Most of Proposition9.13.1(c1)is from [WW, Example11.5] and Exam-

ple9.13.8is from [WZ].
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9.14 < J =?>A@ -critical factorization ( BDCFEHG � 1)

There comesa critical momentwhere everythingis reversed,after
which the point becomesto understand more and more that there is
somethingwhich cannotbeunderstood.

— SørenKierkegaard(1813-1855)

In this section,we shalldevelopanextension of canonical(H2) factorization
theoryof L∞ ¡ ∂D;Cn 7 n £ maps[LS] [GlaGoh]for thecasewhereCn 7 n is replaced
by �¢¡ U £ . Mostof our resultsaregivenin continuoustime.

We start by formulating an additional equivalent condition for a uniqueJ-
critical controlto beof statefeedbackform:

Definition 9.14.1( ¡ J ©(Ç7£¡ J ©(Ç7£¡ J ©ÏÇ7£ -critical factorization) Assume that Í jj k Í out orÍ jj k Í exp. Let Ø t   TIC∞ ¡ U £ be s.t. π rÎz2IJ { π w Ø w 1 - L2
ω � � L2 (and

π r o Ø τπ w Ø w 1 - L2
ω � � L2 if Í jj k Í exp) for someω t R, where � : kBl Ø , and��� π wvØ w 1v© J l η � L2 É R K ;Y « k 0 ¡ η tÎÍ jj ¡ 0£�© v t L2

ω ¡ R w ;U £Ï£�� (9.251)

Thenl k ��Ø w 1 is calleda ¡ J ©ÏÇ7£ -critical factorization(of l ) over Í jj .
It follows thatπ rÎz2IJ { π w Ø w 1 tp�¢¡ L2

ω © L2 £ (and o Ø τπ w Ø w 1 th�¢¡ L2
ω © � L2 £

for Í exp), by LemmaA.3.6. Notethatwemayincreaseω, sinceL2
ω Ë ¡ R w ;U £ � L2

ω
for ω ÊÚ® ω.

Lemma 9.14.2 Make the assumptions and usethe notationof Definition 9.14.1
[and assumethat Í jj k Í exp]. Then

(a) z IJ { - L2
c ¡ R;U £L� � L2 [and o Ø τ - L2

c � � L2]; in particular, - o Ø τ ©M���´©ÏØ t
TICγ for all γ ® 0.

(b) Set
 : k π r²Ø π w Ø w 1, N : k π w n 
 k Ø π w Ø w 1. Then 
�tp�¢¡ L2
ω © L2 £ and- π r o τ NÖ©O��
 © π r l NÎth�¢¡ L2

ω © L2 £ .
(c) If Σ is stable, Í jj k Í out, andSis one-to-one, thenall choicesof ¡P�±©'Ø�£ are

givenby ¡P� E ©0Ø E £ (E t� ±�¢¡ U £ ).
Proof: (a) Let vê�t L2

c ¡ R w ;U £ . Then v : k π w Ø v ê�t L2
c � L2

ω, hence� v ê k π wQ� v ê n π r�� π w Ø w 1v t L2
c
n L2 � L2. Thus, � L 2

c � L2. By Lemma
2.1.13,wehave �¨t TICγ for all γ ® 0. Replace� by Ø [andthenby o Ø τ] to
obtaintheotherclaims.

(b) Now N k π w Ø π w Ø w 1 n π r²Ø π w Ø w 1 k Ø π w Ø w 1. hence l N k� π wvØ w 1. By assumption, [π r o τ N ,] 
 and π r l N map L2
ω � L2, hence- π r o τ Nµ©R��
 © π r l NÎth�¢¡ L2

ω © L2 £ , by LemmaA.3.6.
(c) This follows from Theorem9.14.3andTheorem8.3.13(f)(since��Ø w 1

is independenton zH| }Æ Þ { ). S
Now we arereadyto show thata strictly optimalcontrol is of statefeedback

form iff thereis aJ-critical factorization:
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Theorem9.14.3(JCFÄ � zÖ� � {Ä � zµ� � {Ä � zµ� � { ) Assumethat l has a unique J-critical
control over Í jj for each x0 t H, where Í jj k Í out or Í jj k Í exp. Thenthe
followingareequivalent:

(i) l hasa ¡ J ©(Ç7£ -critical factorizationover Í jj ;
(ii) there is a J-critical statefeedback pair for Σ over Í jj ;
(iii) there is a Í jj -stabilizing solution of theeIARE.

Moreover, if l k ��Ø w 1 solves(i), then zÖ� � { : k z�Ø w 1 � crit uu I � Ø w 1 {
is a J-critical statefeedback pair for Σ over Í jj . Conversely, if z � � { solves
(ii), then Ø : k ¡ I � � £ w 1 and � : k¨l Ø form a ¡ J ©ÏÇ7£ -critical factorizationoverÍ jj .

A sufficient condition for (i)–(iii) (and for the eIAREbecominga CARE)is
thatanyof (1.)–(4.)of Remark9.9.14holdsandD j JD t� K�¢¡ U £ .

In eithercase,Theorem8.3.13applies. SeeTheorem9.9.1(a1)&(e)for the
correspondenceof (ii) to (iii).

Proof: (In fact,it wouldsufficeto assumethatthereis aJ-critical controlin
WPLSform for Σ, asoneobservesfrom theproof of Theorem8.3.13(c2)and
from Proposition 9.3.1.)

1° (ii) d (i): Let z � � { beJ-critical (asin (ii)), andset Ø : k ¡ I � � £ w 1,� : kml Ø . Then ¡ π r�� π w�£ÙØ w 1 k ¡ � crit
o Ø¨£ùØ w 1 kû�

crit
o , hence(9.251)holds

for any ω ® ωA. Becauseπ r²Ø π wvØ w 1 k � crit
o�k : 
 , the requirementsof

Definition 9.14.1aresatisfiedin caseÍ jj k Í out. For Í jj k Í exp, we have on
R r thato Ø τπ w Ø w 1 k¬o τ ¡ π w n ¡ π rvØ π w�£ÙØ w 1 £ (9.252)k¬o τπ w n¤o τ ¡ � crit

o £*Ø π w Ø w 1 k � � o n�o τ � crit
o�k � �crit

o ©
(9.253)

andπ r � �crit
o mapsL2

ω � π r L2, because� crit is exponentiallystable.
2° (i) d (ii): With thenotationof Lemma9.14.2(b)(assume,in addition, that

ω ® ωA), 
 is theoperatorof Theorem8.3.13(a),and 
>Ø k π r²Ø π w , hence(ii)
holdsand z�Ø w 1 � crit uu I � Ø w 1 { is J-critical, by Theorem8.3.13(c2).

3° (ii) Ä (iii ): SeeTheorem9.9.1(a1)&(e).
4° The“moreover” claimswereestablishedin 1 ° –2° . Thesufficient condi-

tion is obtainedfrom Remark9.9.14(d). S
Next we establisha canonical(H2) factorizationasa specialcaseof J-critical

factorization.Themainresultof thissection,Theorem9.14.6,is givenin discrete
time,asaretheclassicalresults,but westartwith two continuoustimeresults.

If a function is H∞ over theunit circle, thenit is alsoH2 over theunit circle.
Thesamedoesnothold in continuoustime,henceourcontinuous timeresultsand
assumptions differ somewhat from thoseof Theorem9.14.6. We startwith the
exponentiallystablecase:
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Theorem 9.14.4(Exponential H2H2H2-SpF) Assume that Àl � D t
H2

strong¡ C r w ε; �¢¡ U © Y £*£ for some ε ® 0, J k J j t¨�¢¡ Y £ , and π r l j J l π r t ±�"¡ L2 ¡ R r ;U £Ï£ .
Then there are ε Ê ® 0 and ÀiÕt  Á¡¯�"¡ U £ n H2

strong¡ C r w ε Ë ; �¢¡ U £*£Ï£ , s.t.i j ¡ D j JD £'i k l j J l , X k I andD j JD tm K�¢¡ U £ . In particular, Ài j ¡ D j JD £ Ài kÀl j J Àl on iR T s ∞ x .
Moreover, l k ¡ l i w 1 £'i is theunique ¡ J ©ÏÇ7£ -spectral factorizationof l overÍ out havingX k I .

NotethatH2
strong¡ C r w ε; �¢¡(Ç7£*£ � H∞ ¡ C r w ε � 2; �¢¡(Ç7£*£ , by LemmaF.3.2(a1).

By Lemma2.2.2(d),we have π r l j J l π r�c 0 iff l j J l c 0, equivalently,
if f Àl j J Àl c 0 in L∞

strong¡ iR; �"¡ U £Ï£ , by Theorem3.1.3(a1)&(e1). However, in
the indefinitecase,the invertibility of the Toeplitzoperatoris a strictly stronger
condition than the invertibility of Àl j J Àl (i.e., of l j J l ). This also appliesto
Proposition9.14.5andTheorem9.14.6.

Proof of Theorem 9.14.4: Seethe proof of Theorem9.2.14(c2)(and
(a)2° ). Theuniquenessfollowsfrom Lemma9.14.2(c). S
In thepositivecase,wemaygiveupexponentialstability:

Proposition9.14.5(PositiveH2H2H2-SpF) Assume that Àlf� D t H∞ 	
H2

strong¡ C r ; �¢¡ U © Y £*£ , J k J j tp�¢¡ Y £ , andπ r l j J l π r"c 0.

Then there is Ài t� Á¡¯�"¡ U £ n H∞ 	 H2
strong¡ C r ; �¢¡ U £Ï£*£ s.t. i j ¡ D j JD £'i kl j J l , X k I andD j JD t� K�¢¡ U £ . Moreover l k ¡ l i w 1 £'i is theunique ¡ J ©(Ç7£ -

critical factorizationof l over Í out havingX k I .

It follows that, �'Ài u0 © D j JD Ài u0� U k �ÙÀl u0 © J Àl u0� Y a.e.on iR, for any u0 t U .

An analogousindefiniteresultalsoholds,exceptthat Ài � 1 neednotbestable;
indeed,the continuous-timeequivalent of Theorem9.14.6alsoholdsunderthe
assumption that ÀlB� D t H∞ 	 H2

strong (useTheorem9.9.6 insteadof Theorem
14.1.6in theproof,etc.).Notethat l ©èi�t ULR in bothcases.

Proof of Proposition 9.14.5: Take a stronglystablerealizationΣ of l
with B bounded(seeTheorem6.9.1(a)&(d2)).Now weobtainourclaimsfrom
Theorem10.6.3(a)(seealso(d)) (which alsocontainstheconverse)combined
with Lemma10.6.2(d)(7.) except for the regularity of i ; but, by Theorem
6.9.1(a), i � I and i w 1 � I are in H2

strong¡ C r ; �¢¡ U £*£ . By Theorem9.14.3,��Ø w 1 is a ¡ J ©ÏÇ7£ -critical factorization.The uniquenessfollows from Lemma
9.14.2(c).

(Notethat i correspondsto a J-critical statefeedbackpair for Σ over Í out

andto astronglyr.c.-stabilizing solution of theB jw-CARE.) S
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Now we establishthecanonicalfactorizationfor L∞
strong¡ ∂D; �¢¡ U £*£ functions

of form Àl j J Àl , Àl t H∞ ¡ D; �¢¡ U £Ï£ , with aninvertibleToeplitzoperator:

Theorem9.14.6(DiscreteH2-factorization) Assumethat l t tic ¡ U © Y £ andJ k
J j tp�¢¡ Y £ ares.t.π r l j J l π r tÎ ±�"¡ � 2 ¡ N;U £*£ .

Then l has a unique ¡ J ©ÏÇÝ£ -critical factorization l�k ��Ø w 1 over Í out s.t.
M k I . Moreover, Ài : k ÀØ w 1 tm  H ¡ D; �¢¡ U £Ï£ , � k l i w 1 t H2

strong¡ D; �¢¡ U © Y £*£
and ��� u © J � v� k � u © Sv� ¡ u © v t � 1 ¡ Z;U £*£ (9.254)

for some S k Sj t� ±�"¡ U £ . Furthermore, ÀØ¾© ÀiÁ¡ �̄ £ j t H2
strong¡ D; �¢¡ U £*£ ,¡ π r l j J l π r £ w 1 k Ø π r Sw 1Ø j t� ±�"¡ � 2 ¡ N;U £Ï£ , and all claimsin (a1)–(c2)of

Lemma14.2.8hold.
If dimU È ∞, then ÀiÓ©ÛÀØ t H2 ¡ D; �¢¡ U £*£U	 L2 ¡ ∂D; �¢¡ U £Ï£ , and Ài t¬ ±�"¡ U £

and Ài j SÀi k Àl j J Àl a.e. on ∂D.
If l is exponentiallystable, then so are i and i w 1, and then we have� j J � k Sand l j J l k i j Si , i.e.,Àl j J Àl k Ài j SÀi on ∂D � (9.255)

(In the above theorem,we have given up StandingHypotheseson Σ.) By
usingthe Cayley transform,we obtainthe correspondingcontinuous-time “f ac-
torization”. However, this factorizationneednotbewell-posed,sincethe“f actor”
operator ÀiÑt   H ¡ C r ; �¢¡ U £Ï£ (for Àl t TIC ¡ U © Y £ ) may satisfy iú©èi w 1 �t TIC∞
(i.e., ÀiÓ© Ài w 1 �t H∞ ¡ C rω ; �¢¡ U £*£ for all ω t R), even whendimU È ∞, asshown
in Example8.4.13(seealsoExample11.3.7).Thus,thereis no equivalentresult
in continuous time (unlesswe have l j J l c 0 or l is assumedto besufficiently
regular;cf. theremarkbelow Proposition9.14.5).

By Lemma14.2.8(d),wehave

lim
t � r ∞

�Zi u © Sπ ª0 q t « i v� k � l u © J l v��¡ u © v t � 2 ¡ N;U £Ï£�� (9.256)

However, we cannotwrite “ Ài j SÀi ”, becauseit is not evenknown whether Ài has
a boundaryfunction. Thus,to obtain Ài j SÀi k Àl j J Àl , we must,e.g.,assumethatl is exponentially stable( Àl t H∞ ¡ rD; �"¡ U £*£ for somer ® 1), in which casethe
above factorizationbecomesanexponentialspectralfactorization).

If l j J l c 0, thenS c 0, asoneobservesfrom theproofandLemma9.10.3,
hencethen it follows from (9.256)that i is in tic, and from (9.254)that Ø is
in tic; in particular, then i k Ø w 1 tm  tic (i.e., Ài k ÀØ w 1 tm  H∞ ¡ D; �¢¡ U £Ï£ ), so
thatthis would beanalternative (system-theoretic)proof for thepositive spectral
factorizationresultLemma5.2.1(a)(for operatorsof form l j J l , as is the case
with the applicationsof the lemmain this monograph). (Note that we obtain
the correspondingcontinuous-time result throughthe Cayley transformin this
positivecase.)

Proof of Theorem 9.14.6: Choosea strongly stable realization Σ kzÙ| }Æ Þ { t wpls¡ U © H © Y £ of l . By Proposition8.3.10,thereis auniqueJ-critical
controlfor eachx0 t H. By Theorem9.14.3,thiscorrespondsto a ¡ J ©ÏÇ7£ -critical
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factorization(which is unique,by Lemma9.14.2(c))andto a Í out-stabilizing
solution ¡¯eh© S© K £ of theDARE (wehaveS tÎ ±�"¡ U £ , by Lemma9.10.3).

Let Σ ê , i , Ø and � beasin Definition14.1.1,sothat � ê , � ê and � ê are
stronglystableby Theorem8.3.9(a3). Now we obtainthe otherclaimsfrom
Lemma14.2.8. S
We finish this sectionby a discussion on spectralandotherJ-critical factor-

izationsin continuoustime.
By Example8.4.13,J-coercivity over Í out doesnot imply theexistenceof a

spectralfactorizationin theindefinitecase(seealsoExample11.3.7).Instead,we
needsomeadditionalassumptions,asin Theorems8.4.9and9.2.14.

In discretetime, we alwayshave the“H 2-factor” (the ¡ J ©(Ç7£ -critical factor)of
Theorem9.14.6,andit sufficesfor thepurposesof optimal control(by Theorems
9.14.3and8.4.3).If theI/O mapis exponentially stable,thenthisJ-critical factor
is aspectralfactor(cf. Theorem14.3.2).

For a continuous-time I/O map l , the correspondingfactor and its inverse
may be non-well-posed(i.e., i � 1 �t TIC∞, as in Example 11.3.7), and the
corresponding“statefeedbackpair” maythusbenon-well-posed.

If Àl t H∞ ¡ C r ; �¢¡ U © Y £*£ is H∞ ¡ K c; �¢¡ U © Y £*£ for somecompactK � C w , then
an analogouscondition is satisfiedby Ài � 1 (since this condition holds if f the
mapis a Cayley transformof an exponentially stable(discretetime) map),and
in this casewe do have an exponentially stablespectralfactorization(whenever
the Popov Toeplitz operatoris invertible), but this condition is too strong for
our purposes.Unfortunately, it doesnot seemthat continuous time exponential
stability would be a sufficient condition (it seemslikely that both Ài and Ài w 1

mightstill beunboundednearinfinity).
However, if Àl�� D t H∞ 	 H2

strong over C r (for someD t¢�¢¡ U © Y £ ), thenthe
“H2-spectralfactorization”mentionedabove is, indeed,well-posed(andULR) in
continuoustime too,asnotedbelow Proposition9.14.5;Thenalsothecontinuous
time form of Theorem9.14.6andits proofarevalid.

(In the above setting,the discretized ¡¯eÁ© S© z � � { £ is a Í out-stabilizing
solution of the discretizedeIARE, hencethe original proof of Theorem9.14.6
leadsto correspondingresultson ∆Sl and∆Si , but thesearenotasstrongasthe
onesobtainedfrom thecontinuous timeversion.)

Notesfor Sections9.14and 9.15
Theorem9.15.3is abasicresultof classical(generalized)canonicalfactoriza-

tion theory, andalsovariantsof Lemmas9.15.2and9.15.5arewell known.
Actually, in theclassicaltheory, onecanreplacel j J l by any ti0 operator(i.e.,Àl j J Àl by any L∞ ¡ ∂D;Cn 7 n £ function),and∂D canbereplacedby any “standard

contour” (and L2 by Lp). Thus, Theorem9.14.6only extendsthe part of the
factorizationtheorythatis neededfor standardcontroltheory.

Classicalreferencesonthesubjectin English include[CG81]and[LS], andan
up-to-datebook [BKS] appearedduring the refereeprocessfor this monograph.
Seealsothenotesonp. 148.
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9.15 H2-factorization whendimU V ∞
Divideet impera!

— LouisXI

We presenthere somebasic facts on a weaker form of finite-dimensional
canonical(generalized)factorizationsfor later use. We mainly work in discrete
time(i.e.,onD, notC r ); in particular, werelaxStandingHypothesis9.0.1(except
in Lemma9.15.4);westill assumethatH andY areHilbert spaces.

Letn t N n 1,U : k Cn. SetH2 : k H2 ¡ D;Cn £ . Recall thatD k s z t C uu þ z þ È 1 x ,
hence∂D k s

z t C uu þ z þ k 1 x . Note that Wπ r ∑∞
n³ w ∞ unzn k ∑∞

n³ 0Lnun for each¡ un £ n  Z tX	 r Y 0
� 2
r ¡ Z;Cn £ .

Definition 9.15.1(   H2-factorization) Let l t tic ¡ Cn © Y £ andJ k J j tâ�¢¡ Y £ . We
saythat Ài j SÀi is a   H2-factorization of Àl j J Àl if ÀiÔt�  H2 ¡ D;Cn 7 n £ , S k Sj t ±�"¡ Cn 7 n £ , and Ài j SÀi k Àl j J Àl a.e. on∂D.

In standardfactorization theory, a   H2-factorizationwith the additional

condition“ Ài w 1 Wπ r Ài is boundedon L2 ¡ ∂D;Cn £ ” (cf. Theorem9.15.3)is calleda
“generalizedcanonical(right-)factorizationrelative to L2” (see,e.g.,pp.142–143
of [CG81]).

A   H2-factorizationis uniqueup to an invertible constantmatrix, andone
canalwaysredefineÀi sothatS k J1 (i.e.,makeSadiagonalmatrixwith diagonal
elements8 1):

Lemma 9.15.2(Uniqueness) Let l t tic ¡ Cn © Y £ andJ k J j t¢�¢¡ Y £ . Let Àl j J Àl
havea   H2-factorization Ài j SÀi .

Thenall   H2-factorizations of Àl j J Àl are given by ¡ E Ài £ j ¡ E w j SE w 1 £§¡ E Ài�£¡ E t¾ ±�¢¡ Cn £*£ , and there is E t� K�¢¡ Cn £ s.t. ¡ E w j SE w 1 £ k J1 : k z I 0
0 w I { t�¢¡ Ck » Cn w k £ for somek t s 0 © 1 ©*�Ï�*�*© n x .

Moreover, then Àl j J Àl k ¡ÏÀi w 1Sw 1 Ài w j £ w 1 tÑ  L1 ¡ ∂D;Cn 7 n £ and Ài � 1 t  Cn 7 n a.e. on∂D.

Proof: 1° Obviously, any E tB ±�¢¡ Cn £ definesa   H2-factorization. By
Lemmas2.4.4and2.4.1,we have S k ¡ VE ÊZ£ j J1 ¡ VE ÊZ£ for someV © E Ê t"�¢¡ U £
(setk : k dimH r ).

2° By Theorem3.3.1(e)&(a4),the functions Àl t H∞ � H2, ÀØ : k Ài w 1 t  H2, À� : k Àl Ài�t H2 haveL2 boundaryfunctionson∂D.
By continuity, ÀØ Ài k I k Ài ÀØ , À� k Àl ÀØ and À� j J À� k S a.e. on ∂D,

henceÀiÓ©ÛÀØ¾©*À� j J À�ô©*Àl j J Àl tA ±�"¡ U £ a.e.on∂D and ¡ÏÀl j J Àl £ w 1 k Ài w 1Sw 1 Ài w j t
L1 ¡ ∂D; �¢¡ U £*£ , by TheHölderInequality.

3° All   H2-factorizations: Conversely, let Ài j2J1 Ài 2 bea   H2-factorization
of Àl j J Àl . Set Ài : k Ài 1, À� 1 : k À� (redefinedsothatS k J1).

By TheHölderInequality, E : k Ài 1 Ài w 1
2 t�  H1 ¡ D; �¢¡ U £Ï£ . Fromequations

J1
k À� j1J À� 1 and À� 2

k À� 1E, we obtainthatE j J1E k J1, henceE k J
w 1
1 E w j J1
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a.e. on ∂D. By Lemma B.3.6, ¡ E w 1 £ d : k E ¡ z̄£ w j t¾  H1 ¡ D; �¢¡ U £Ï£ . Set
E ¡ z£ : k J

w 1
1 E ¡ 1Â z̄£ w j J1 for z t D

c
, so thatE t"�¢¡ U £ , by PropositionD.1.20.

But Ài 1
k E Ài 2, asrequired. S

If the Popov Toeplitz operatoris invertible (i.e., l is J-coercive over Í out),
then Àl j J Àl hasa   H2-factorization:

Theorem 9.15.3(
� ¡ π r l j J l π r £ w 1 d �   H2� ¡ π r l j J l π r £ w 1 d �   H2� ¡ π r l j J l π r £ w 1 d �   H2-factorization) Let l t tic ¡ Cn © Y £

and J k J j tÎ�¢¡ Y £ . If π r l j J l π r t  ±�"¡ � 2 ¡ N;Cn £*£ , then Àl j J Àl has a   H2-
factorization Ài j SÀi .

Moreover, Ài w 1 Wπ r Ài is boundedonL2 ¡ ∂D;Cn £ and Àl j J Àl t�  L∞ ¡ ∂D;Cn 7 n £ .
Naturally, theToeplitz invertibility conditioncanbewritten as Wπ r Àl j J Àl Wπ r t ±�"¡ H2 ¡ D;Cn £*£ ,

Proof: The existenceof Ài and S with Ài w 1 Wπ r Ài boundedfollows from
Theorem9.14.6.By Lemma2.2.2(d),l j J l tÅ  ti ¡ U £ , henceÀl j J Àl tÅ  L∞, by
Lemma13.1.5. S
In fact,thecoercivity assumptioncanbereplacedby aweaker condition:

Lemma 9.15.4(CT: zÖ� crit � crit { d   H2z � crit � crit { dÕ  H2zÖ� crit � crit { dÕ  H2-factorization) Let Σ k z | }Æ Þ { tWPLS¡ Cn © H © Y £ bes.t. o and l arestable, andlet J k J j tÁ�¢¡ Y £ . Let zÖ� � {
bea J-critical statefeedback pair for Σ over Í out.

Then ¡ À� Ài�£ j S¡ À� Ài�£ k ¡ À� Àl £ j J ¡ À� Àl £ is a   H2-critical factorization, wherei : k I � � andSis thecorrespondingsignatureoperator. S
(This follows from Lemma9.12.8(d)andLemma13.2.1(e2).In fact,any Í jj

with ϑ k 0 woulddo,with thesameproof.)
We shall also needthe following local variant of Proposition5.2.2, which

statesthatif l is holomorphicaroundsomesubarcof ∂D, thensoare i � 1:

Lemma 9.15.5(Local holomorphic extension) Assumethat ÀZ t L∞ ¡ iR;Cn 7 n £
and that ÀiÓ©*À[ t H2 ¡ D;Cn 7 n £ . Let Ω � C be openand Γ : k Ω 	 ∂D �k /0. IfÀZ k À[ j Ài a.e. on ∂D and ÀZ þ Γ hasan holomorphic extensionto Ω, then Ài � 1 andÀ[ � 1 haveholomorphicextensionsto D T Ω andD T s 1Â s̄ uu s t Ω x , respectively.

(Note that Ω Ê : k Ω 	 s 1Â s̄ uu s t Ω x containsΓ. Note also that if Àl t
H∞ ¡ D; �¢¡ Cn © Y £*£ and Àl hasa holomorphicextension to D T Ω, then Àl j J Àl þ Γ has
aholomorphic extensionto Ω Ê , sothatthelemmaapplies.)

Proof: 1° Case � 1 �t Ω: Set À� ¡ s£ : k À[ ¡ 1Â s̄£ j for s t C s.t. 1Â s̄ t D. We
have s k 1Â s̄, hence À[ ¡ s£ j k À�ú¡ s£ for all s t ∂D. Since À[ t H ¡ D;Cn 7 n £ , we
have À�ût H ¡ Dc

;Cn 7 n £ .
Consequently, À�KÀi k ÀZ a.e.on ∂D, sothat f : k Ài k À� w 1 ÀZ a.e.on ∂D (note

from Lemma9.15.2that ÀiÓ© À�Ît"  Cn 7 n a.e.on∂D). By Theorem3.3.1(e)&(a2),ÀiÁ¡ r � £ � ÀiÁ¡�� £ in L2 ¡ ∂D;Cn 7 n £ , as r � 1 � . It follows that the (inverse)
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Cayley transformÀ� w 1 Ài ¡ r n i � £ convergeslocally in L1 asr � 0n ; analogously,À� w 1 À�ú¡ r n i � £ convergeslocally in L1 asr � 0 � (seeLemma13.2.1(e1)).
We concludefrom PropositionD.1.18 that f : ∂D 	 Ω � Cn 7 n has an

holomorphic extension f : Ω � Cn 7 n s.t. f k Ài on D 	 Ω and f k À� w 1 ÀZ on
D

c 	 Ω. Thus, Ài hasanholomorphic extensionto D T Ω.
Apply the above to ÀZ j k Ài j À[ in place of ÀZ to obtain the claim onÀ[ (equivalently, an holomorphic extension of À� þDc \ Ω to Ω). But f w 1 kÀZ w 1 À�mt H ¡ Ω;Cn 7 n £ , and f w 1 k Ài w 1 onD 	 Ω, henceÀi w 1 hasanholomorphic

extensionto D T Ω.
2° Case∂D �� Ω: Rotatethefunctionssothat1 ° applies.
3° Case∂D � Ω: Apply 2° to two subsetsof Ω. S

(Thenotesfor thissectionaregivenonp. 543.)



Chapter 10

Quadratic Minimi zation (min )
Alas,I amdyingbeyondmymeans.

— Oscar Wilde (1856–1900)[as he sipped champagneon his
deathbed]

Throughout thischapterweassumethatStandingHypotheses9.0.1and10.6.6
hold (i.e., Σ k zÙ| }Æ Þ { t WPLS¡ U © H © Y £ , Í jj is reasonableand “ ¶] r ” denotes
someULR classadmittingpositivespectralfactorization).Hypothesis10.1.1will
beassumedthroughSection10.1.

We stronglyrecommendthereaderto startby readingtheintroduction to this
chapter(p. 31), wherealso the main results(particularly the LQR problembut
alsothereal lemmasandtheH2 problem)areexplained.

Weshallfirst presentsomeminimizationresultsfor costfunctions & ∞
0 ¡?� x � 2H n� u � 2U £ dm, & ∞

0 ¡?� y � 2H n � u � 2U £ dm andtheir variantsin Section10.1. Theseallow
one to simplify significantly the Riccati equationtheory, and, for & ∞

0 ¡?� x � 2H n� u � 2U £ dm, any nonnegative solutionof the LQR-CARE becomesunique,expo-
nentiallystabilizing andminimizing (andalsoaconverseholds), sothatoneonly
hasto find anonnegativesolutionwithoutany stabilization requirements.

Section10.2 containsa more detailedstudy on minimization for general
WPLSsandcost functions. In Section10.3,we presentseveral conditions that
areequivalentto positive J-coercivity over Í out or over Í exp andshow how they
are implied by or equivalent to variousclassicalassumptions for minimization
problemsin theliterature.TheH2 problemis solvedin Section10.4.

In Section10.5,we presenttheBoundedRealLemmaandthePositive Real
Lemma,which allow oneto usetheRiccatiequationor theRiccati inequality to
verify whether � l � TIC � γ or Re� l �H©^� � c 0, respectively. We giveour resultsfor
sufficiently regular systemsandsketchcorrespondingmoregeneralresults(the
latterlacknecessityunlessweacceptIAREs in placeof CAREs).

In Section10.6, we presentthe equivalencebetweenthe uniform positivity
of the Popov operator( l j J l c 0), I -spectralfactorization( l j J l¾k i j i ) and
stabilizing solutions of the Riccati equationor of the Riccati inequality under
varyingassumptions.Theseareusedfor theminimizationresultsin othersections.
Wealsogivesufficient conditionsfor differentversionsof theequivalence.

In Section10.7,we show how any solutionsof positive Riccatiequationsare
WR andadmissible,evenstabilizingundersuitableconditions.

547
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Theproofscanmosteasilybereadin theorderSection10.7 � Section10.6� Section10.2 � theothersections.
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10.1 Minimizin g _ ∞
0 <
` y ` 2

H a ` u ` 2
U @ dm (LQR)

In spiteof thecostof living, it’ sstill popular.

— KathleenNorris (1880–1960)

Here we study the Linear QuadraticRegulator (LQR) problem for cost
functions & ∞

0 ¡?� x � 2H n � u � 2U £ dm and & ∞
0 ¡?� y � 2H n � u � 2U £ dm; or more generally,Ì ¡ x0 © u£ : k � y© Qy� L2

n � u © Ru� L2 for someQ © R c 0; herex : k � x0
nmo τu, y : k� x0

nÎl u. More generalminimizationproblemswill bestudiedin Section10.2,
which also provides further definitions,resultsand explanations. Seealso the
presentationin theintroduction (p. 31).

Givenaninitial statex0 t H, weminimizethecostfunctionoveraset Í jj ¡ x0 £
of admissible controls. We are mainly interestedin the classicalcasesÍ jj kÍ exp : k s u t L2 ¡ R r ;U £ uu x © y t L2 x and Í jj k Í out : k s u t L2 ¡ R r ;U £ uu y t L2 x
(seeDefinition8.3.2).Notethat

Ì ¡ x0 © u£ k�n ∞ for u �t�Í out ¡ x0 £ .
To formulatethe systemandcost function asbefore,we augmentΣ by the

extra row z 0 I { whenwewish to applytheresultsof theothersections:

Standing Hypothesis10.1.1(LQR) Throughout this section,weassumethat l
is URor dimU È ∞ and l is WR,andthatJ k z Q 0

0 R { tp�¢¡ Y » U £ andJ c 0.
By minimizationandCAREs(and IAREs),we refer to theaugmentedsystem

Σaug : k - Σ
0 I � t WPLS¡ U © H © Y » U £ andto theoperator J.

Thus,themaps“C” and“D” in theCARE arereplacedby z C0 { and z DI { , etc.,
andthecostfunctionbecomes

Ì ¡ x0 © u£ : k � y© Qy� L2
n � u © Ru� L2.

For general l ’ s (WR or even irregular), one can apply the resultsof Sec-
tion 10.2to obtainresultssimilar to thosein this section.Thereforewe omit the
mostgeneralcaseandstudythe (rathergeneral)casethat l and(at least) i are
UR.Thisallowsusto rewrite theCAREasfollowsandguaranteethatany solution
is admissible (seeTheorem10.1.4):

Definition 10.1.2(LQR-CARE) Wecall ¡¯eh© S© K £ (or e ) a nonnegativesolution
of theLQR-CARE iff 0 � eÔth�¢¡ H £ , S tp�¢¡ U £ , K th�¢¡ H1 © U £ ,���� ��� K j SK k Aj e n e A n C j QC ©

S k R n D j QD n lim
s� r ∞

Bjw ep¡ s � A£ w 1B ©
K k¾� S

w 1 ¡ Bjw e n D j QC £�© (10.1)

and lims� r ∞ Bjw ep¡ s � A£ w 1B y 0 or S c 0. We usepreficesand suffices(e.g.,
“PB-”) asin Definition9.8.1.

If Σ is ULR, thenwecall e (or ¡¯eh© S© K £ ) a nonnegativesolution of theLQR-
Bjw-CARE iff 0 � e¾tp�¢¡ H © Dom¡ Bjw £*£ and e satisfies

K j SK k Aj e n e A n C j QC © (10.2)

where S: k R n D j QD, andK k�� Sw 1 ¡ Bjw e n D j QC £ .
(OneoftenhasD k 0, sothatthestatefeedbackbecomesK k�� Sw 1Bjw e .)
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Thus, the LQR-CARE is the CARE for Σaug and J with the additional
conditionsthatS y D jaugJDaugor S c 0 andthatthelimit in Sconvergesuniformly
(i.e., in �"¡ U £ ; seeLemmaA.3.1(h)). The LQR-B jw-CARE is thecorresponding
Bjw-CARE (cf. Definition9.2.6).If dimU È ∞, thenany WR K (or zÖ� � { ) is
UR, by Lemma6.3.2(a1)&(a2).

The advantageof the LQR-CARE is that any nonnegative solution is SOS-
stabilizing(in particular, it is admissible):

Lemma 10.1.3

(a) Thenonnegativesolutionsof theLQR-CAREareexactlytheURnonnegative
admissible solutionsof theCARE(for Σaug).

Moreover, all of them are SOS-stabilizing and have Ø � 1 t UR, M t ±�"¡ U £ , ��t WR, S c 0 andlims� r ∞ Bjw ep¡ s � A£ w 1B y 0.

(b) Anysolutionof theLQR-CAREis a solutionof theCARE.

(c) e is a UR Í jj -stabilizingsolutionof theeCAREiff e is a nonnegative Í jj -
stabilizing solution of theLQR-CARE.

(d1) Thenonnegativesolutionsof theLQR-Bjw-CAREare exactlythenonnega-
tive solutionsof theB jw-CARE(for Σaug), henceall of themare nonnegative
solutionsof theLQR-CARE.

(d2) If Hypothesis9.2.1holds(for correspondingÍ jj ), thenthe Í jj -stabilizing
solutionsof theLQR-Bjw-CAREare exactly thenonnegative Í jj -stabilizing
solutionsof theLQR-CARE,henceexactly theUR Í jj -stabilizing solutions
of theeCARE.

Note from Proposition9.8.10that the UR nonnegative admissible solutions
of the CARE areexactly the UR nonnegative admissible solutions of the IARE
modulo(9.114).

By Theorem9.2.9andthe above lemma,the Í jj -stabilizingsolutions of the
LQR-Bjw-CARE are exactly the Í jj -stabilizing solutions of the LQR-CARE if
Hypothesis9.2.1holds.

Proof: Obviously, any solution of the LQR-CARE is a solution of the
CARE (evenUR, by Lemma9.11.5(e)).

(a)&(b) By Proposition10.7.4,anonnegativesolution of theLQR-CAREis
aUR SOS-stabilizingsolutionof theCARE with S c 0.

Conversely, any UR admissiblenonnegativesolution ¡¯eh© S© K £ of theCARE
hasa uniform (not merelyweak)limit in S, eitherbecausedimU È ∞ (sothat
weak=uniform)or by Lemma9.11.5(e). Thus, ¡¯eh© S© K £ satisfiesthe LQR-
CARE (andlims� r ∞ Bjw ep¡ s � A£ w 1B k S � ¡ D j QD n R£µy 0, by Proposition
9.11.4(c2);in particular, S y D j QD n R y R c 0).

Sincei k : Ø w 1 is necessarilyUR for suchasolution, wehave Ø � 1 t UR,
M t� ±�"¡ U £ and � kBl Ø t WR, by Proposition 6.3.1(b1)andLemma6.2.5.

(c) By (a), a nonnegative Í jj -stabilizingsolution of the LQR-CARE is a
nonnegative ULR Í jj -stabilizing solution of the eCARE. Conversely, a Í jj -
stabilizing solution ¡¯eh© S© z K F { £ of the eCARE hasS c 0, by Lemma
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9.10.3,and e y 0, since
Ì y 0 (seeTheorem9.9.1), and X t  K�¢¡ U £ , by

Proposition6.3.1(b1),henceit is equivalent to a UR Í jj -stabilizingsolution¡¯eÁ© S© K Ê2£ of theCARE,by Remark9.8.2,henceof theLQR-CARE,by (a).
(d1) By Proposition 9.2.7,thesolutionsof theLQR-B jw-CARE areadmis-

sibleULR solutionsof theCARE andtheIARE, henceof theLQR-CAREtoo,
by (a).

(d2) By (d1) andProposition 9.2.7(a)&(b),a Í jj -stabilizing solution of the
LQR-Bjw-CARE is a URL Í jj -stabilizingsolutionof theCARE; theconverse
follows from Theorem9.2.9, and the secondequivalencefollows from (c).S
Now we statethe connectionbetweenthe LQR-CARE andUR minimizing

statefeedbackoperators:

Theorem 10.1.4(minu
& ∞
0 ¡?� y � 2Y n � u � 2U £minu
& ∞
0 ¡?� y � 2Y n � u � 2U £minu
& ∞
0 ¡?� y � 2Y n � u � 2U £ )

(a1) ( Í jjÍ jjÍ jj ) There is a minimizing UR state feedback operator iff there is a
[nonnegative] Í jj -stabilizingsolutionof theLQR-CARE.

(a2) (Uniqueness)Any Í jj -stabilizing solution of theLQR-CARE,minimizing
control or minimizing statefeedback operator is unique.

(b1) ( Í outÍ outÍ out) There is a UR minimizing state feedback operator over Í out iff
there is a minimalnonnegative solution of theLQR-CAREandthis solution
satisfies(PB) for Í out.

(b2) ( Í expÍ expÍ exp) There is a UR minimizing statefeedback operator over Í exp iff
there is a maximalnonnegativesolution of theLQR-CAREandthissolution
is exponentially stabilizing.

(b3)(SmoothΣΣΣ) If Hypothesis9.2.1holds(for thecorrespondingchoiceof Í jj ),
thenwe can replacetheLQR-CAREby LQR-Bjw-CAREeverywhere in this
theorem.

(b4) (Smooth Σ : Í outΣ : Í outΣ : Í out) Assumethat Hypothesis9.2.1 holds for Í jj k Í out.
Thenthefollowingareequivalent:

(i) (Min) there is a � y© Qy� n � u © Ru� -minimizing control umin ¡ x0 £ over
u t L2 ¡ R r ;U £ for each x0 t H;

(ii) (FCC) for each x0 t H there is u t L2 ¡ R r ;U £ s.t.y t L2.
(iii) TheLQR-Bjw-CAREhasa nonnegativesolution.
(iv) The LQR-Bjw-CAREhas a smallestnonnegative solution, and that

solution correspondsto a (unique) ULR minimizing state feedback
operator over Í out.

(We can replaceLQR-Bjw-CAREby LQR-CAREin (iii) and (iv).) If, in
addition, D k 0, thentheLQR-Bjw-CAREbecomes¡ Bjw eô£ Rw 1Bjw e k Aj e n e A n C j QC (10.3)

(in eithercase, weonly require that0 ­�eÔtp�¢¡ H © Dom¡ B jw £*£ ).
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(b5)Wehaveabove(i) Ä (ii) � (iii) � (iv) � (v) in general.

(b6)(SmoothΣ : Í expΣ : Í expΣ : Í exp) Assumethat Í jj k Í exp, andthat(1.) Hypothesis9.2.1
holds, or that (2.) � B t L2 ¡^- 0 © T £ ; �¢¡ U © H £*£�© Cw � t L1 ¡^- 0 © T £ ; �¢¡ H © Y £*£
andCw � B t L1 ¡^- 0 © T £ ; �¢¡ U © Y £*£ . Thenthefollowingareequivalent:

(i) There is a [unique] minimizingcontrol for each x0 t H.
(ii) There is a [unique] exponentially stabilizing solution ¡¯eh© S© K £ of the

LQR-CARE.
(iii) z � o { is optimizable, and l aug is I -coercive, i.e., there is ε ® 0

s.t.¡ ir � A£ x0
k Bu0

k d � Cwx0
n Du0 � Y n � u0 � U y ε � x0 � H ¡ x0 t H © u0 t U © r t R £��

(10.4)

Let ¡¯eh© S© K £ be as in (ii). Then S k R n D j QD c 0, and K is ULR
and the uniqueminimizing statefeedback operator. In case(2.), we haveo τ © l © � t MTICL1

∞ and o ê τ ©L�´©ÏØ t MTICL1

ω � UHPR for someω È 0.

(c1) (minu
& ∞
0 ¡?� x � 2H n � u � 2U £minu
& ∞
0 ¡?� x � 2H n � u � 2U £minu
& ∞
0 ¡?� x � 2H n � u � 2U £ : unique ee e )

AssumethatΣ is estimatable (e.g.,C th�¢¡ H © Y £ andC j C c 0).

Thenthere is at mostonenonnegativesolutionof the LQR-CARE.Such a
solution(if any) is strictly minimizing over Í out, Í sta, Í str and Í exp, and
exponentiallyq.r.c.-stabilizing.

Moreover, such a solutiondefinesan exponentialnormalizedq.r.c.f. (even
r.c.f. if C t��¢¡ H © Y £ ) l¼k ��Ø w 1, where À� ¡ s£ : k D n ¡ C n DK £§¡ s � A �
BK £ w 1B and ÀØÔ¡ s£ : k I n K ¡ s � A � BK £ w 1B are exponentiallyq.r.c. and
stable, Ø � 1 t UR and � j Q� n Ø j RØ k I .

(c2)AssumethatΣ is strongly top row–detectable.

Thenthere is at mostonenonnegativesolutionof the LQR-CARE.Such a
solution(if any)is strictly minimizing over Í out, Í sta and Í str.

(d) A CARE solution ( ¡¯eh© S© K £ ) of the form mentionedin any of (a1)–(c2)
(except in (b4)(iii)) is unique(of thatform)and Í jj -stabilizing, andthesame
K is theuniqueminimizing statefeedback operator.

(Note that (2.) of (b6) is implied by the “Parabolic systemassumption”
Hypothesis9.5.1,by Lemma9.5.2.)

Thus,whenminimizing over Í out, we only have to find a minimal solution
andcheckthecondition(PB) for thatsolution only, by (b1). Analogously, when
minimizingover Í exp, insteadof lookingfor anexponentially stabilizingsolution,
it sufficesto look for amaximalsolutionandchecktheexponential stabilityof � ê
for thatsolutiononly. (If noneexistsor (at least)oneexistsbut doesnot satisfy
(PB), thenthe minimizing control (if any) cannotbe given in thestatefeedback
form.)

By (b3)–(b6),theLQR-CARE canbereplacedby the“LQR-Bjw-CARE” if Σ
is smooth enough,andin this caseany minimizing control is necessarilyof state
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feedbackform (and ULR). SeeTheorems9.2.10–9.2.12 for further analogous
results.SeealsoCorollary9.5.10for thecasewhere� is analytic.

By (c1)&(c2),estimatability or strongdetectabilityimpliesthatanonnegative
solution of theLQR-CAREis uniqueandminimizing. ThesameholdswhenΣ is
exponentially q.r.c.-stabilizableor stronglystable,by Theorem10.1.6.

Proof of Theorem 10.1.4: (a1) This follows from Lemma10.1.3(c),and
Corollary9.9.2(a2)&(e1)&(e2).

(a2) By Theorem9.9.1(f2) (Lemma10.1.3(c)),a Í jj -stabilizing solution
is unique. By Lemma8.3.8,a minimizing control is unique;consequently, a
compatiblestatefeedbackoperatoris unique(onHB), by Lemma8.3.17(b).

(b1)&(b2) If we droptheminimality/maximality condition, thentheequiv-
alencefollowsfrom (a1)andTheorem9.8.5(for (b1)weusedthefactthat e is
SOS-stabilizing,by Lemma10.1.3(a)).

But the minimality in (b1) (resp. maximality in (b2)) is necessary, by
Theorem9.9.1(a2).

(b3) This follows from Lemma10.1.3(d2).(Note that in (b1) (resp.(b2))
wemusthaveHypothesis9.2.1for Í out (resp.for Í exp) etc.)

(b4)By Theorem9.2.10(b),(ii) implies(iv); therestfollowsfrom (b5).
(b5) Since l aug is positively J-coercive over Í out, we have (i) Ä (ii), by

Theorem8.4.3andLemma10.2.2.
Implication“(i v) d (iii)” is trivial. and“(iii) d (ii)” followsfrom thefactthat

any nonnegativesolution is SOS-stabilizing,by Lemma10.1.3(d1)&(a).
(b6) This follows from Corollary 10.2.9(case(1.)) or Corollary 10.2.10

(case(2.)),Lemma10.1.3andProposition10.3.2(ii’) (notethatJ c 0, hencel
is positively J-coercive if f it is [positively] I -coercive).

(Obviously, u k 0 is the uniqueminimizing control for x0
k 0, henceany

minimizing control(for any Í jj ) is unique,by Lemma8.3.8.)
(c1) This follows from Proposition10.7.3(d3) except for the last claim,

whichis from Theorem10.1.6(if C tÁ�¢¡ H © Y £ , thenany exponentiallystabiliz-
ing statefeedbackoperatoris exponentially r.c.-stabilizing, by Lemmas6.6.25
and6.6.26,hencethen“q.r.c.” becomes“r.c.”).

(N.B. the lastequationis equivalent to À� ¡ s£ j Q À� ¡ s£ n ÀØÔ¡ s£ j R ÀØÔ¡ s£ k I on
iR.)

(c2) (By top row–detectability we mean that some admissible output
injection pair zMbc { makes z ��d efd o d { strongly stable. This obviously
holds if Σ is stronglydetectable.Actually, it suffices to assumethat ∆SΣ is
top row–detectable,asoneobservesfrom theproof.)

1° Let e be a nonnegative solution of the LQR-CARE, hence SOS-
stabilizing, by Lemma10.1.3(a). By 2 ° , � ê is strongly stable,hence e isÍ str-stabilizing, by Theorem9.8.5,henceuniqueandstrictly minimizing overÍ str, by (a2).

Let e Ê betheJ-critical costoperatorover Í out (recall that l is J-coercive
over Í out). Then e Ê k e , by uniqueness(usethediscreteversionof (c2)). By
Lemma8.3.3, e is (strictly) minimizing over Í sta too.

2° � ê is strongly stable: We prove this in discretetime (note that state
feedbackand output injection pairs can be discretizedand also stability is
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preservedunderdiscretization in bothdirections).
As at the end of the proof of Lemma 6.7.11(a),we note that also Σ ê

has the above detectabilityproperty (note that ¶H : kÒ�Ag D � B implies that¶ehd k�� ehd D �ho d , henceit is stabletoo;by assumption, sois z ��d ehd o d { ).
Thus, � ê n e Ê d τ � ê and e Ê d becomestablefor theoutputinjectionpair · H Ë

0 º ,

whereH Ê : k z g ¶H { . Consequently, also � ê is stable(sincee Ê d τt � ê x0 � 0, as
t � ∞, for all x0 t H; theproofof this is analogousto thatof Lemma6.6.8(a)).

(d) Sincethesolutions mentionsaboveare Í jj -stabilizing, they containthe
minimizing K. S

Remark 10.1.5 Thecostis finite for u t�Í out ¡ x0 £ only, henceminimizationover
all (measurable) u : R � U correspondsto minimization over Í out (this was
appliedin Theorem10.1.4(b3)&(b4)).

In Theorem10.1.4(b1)weshowedthatsuch a minimizingcontrol is generated
by anUR statefeedback operator iff there is a (necessarilysmallestnonnegative)Í out-stabilizingsolution of theLQR-CARE. S

In thestronglystablecasethereis atmostonesolution of theLQR-CARE(see
alsoTheorem10.1.4(c1)&(c2)):

Theorem10.1.6( Í outÍ outÍ out: LQR Ä r.c.f.Ä CARE) Assumethat Σ is strongly stable
or exponentially q.r.c.-stabilizable. Thenthefollowingareequivalent:

(i) (KKK) There is a [unique] URminimizingstatefeedback operator K over Í out.

(ii) (CARE) TheLQR-CAREhasa [unique] nonnegativesolution e .

(iii) (R.c.f.) There is a q.r.c.f. lBk ��Ø w 1 with Ø t UR and � j Q� n Ø j RØ k
I .

Moreover, thefollowingholds:

(a1)Theaboveconditions imply(Crit1+WR)–(Crit4+WR)of Theorem10.2.14,
hence(a1)–(g3)of Theorem9.9.10apply(for Σaug andJ).

(a2) The solutions K of (i) and e of (ii) are unique, UR, strongly q.r.c.-
stabilizing, strictly minimizingover Í out, Í sta and Í str, andequalto those
of Theorem9.1.7(sois thesolutionof (iii) too if werequire thatM k I ).

If Σ isexponentiallyq.r.c.-stabilizable, thenK and e areexponentiallyq.r.c.-
stabilizing andstrictly minimizingover Í exp too.

(b1) (BjwBjwBjw-CARE) AssumethatHypothesis9.2.1holdsandD j JD c 0.

Then(i)–(iii) havesolutions, we mayreplacethe LQR-CAREby the LQR-
Bjw-CARE,and l © � ©i�±©'Ø � 1 t ULR.

(b2) Assumethat Σ is strongly stableandsatisfiesHypothesis10.6.1(3.)(resp.
(6.)).

Then(i)–(iii) havesolutions(resp.and(b1)applies).
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(b3) Assumethat Σ hasa UR (resp.URL) exponentiallyq.r.c.-stabilizing state

feedback operator ¶K s.t. the resulting closed-loopsystem � |ÛÜ }ÝÜÆ
aug+ Ü Þ aug+ Ü �

satisfiesHypothesis10.6.1(3.)(resp.(6.)).

Then(i)–(iii) havesolutions(resp.and(b1)applies).

(b4)Assumethat l t ¶] r andΣ is strongly stable(resp.that l is exponentially
q.r.c.-stabilizablein ¶] r ).

Then(i)–(iii) havesolutionswith �±©'Ø t ¶] r .

(SeeStandingHypothesis10.6.6for ¶] r .) Note that (iii) is equivalentto the
existenceof a ¡ J © I £ -innerq.r.c.f. l aug

k � augØ w 1 with Ø t UR (it follows that� aug
k z2IJ { ). For stable(d), this becomesequivalent to the existenceof an I -

spectralfactorizationl j QlOn R k i j i , by Lemma6.4.8(a).
If wedropthestability/stabilizability assumptionsof thetheorem,thenK ande mustbeassumedto bestronglyq.r.c.-stabilizing (or q.r.c.-SOS-stabilizing and

q.r.c.-SOS-P-stabilizing)in (i) and (ii), and Σ must be assumedto be strongly
q.r.c.-stabilizable in (iii) (or q.r.c.-SOS-stabilizable),by Theorems9.1.7 and
9.9.10(or Corollary10.2.12,whichweakens(b3)).

Recall from Theorem6.7.15(c1)that if Σ is estimatable, then any output-
stabilizingstatefeedbackoperatoris exponentiallyq.r.c.-stabilizing.

Proof of Theorem 10.1.6: 1° (i) Ä (ii), (a2): This follows from Theorem
10.1.4(b1)&(a2)andProposition10.7.3(d2)&(d3).

2° (iii) Ä (ii ): This follows from Lemma 6.5.7(c) and Theorem 9.1.7
(indeed,a solution of (ii) is a q.r.c.-stabilizing solution of the CARE, by (a2)
andLemma10.1.3;a solutionof (iii) canbechosens.t.X k I , by (a2);on the
otherhand, Ø � 1 t UR for any solution of (ii) or (iii), by Lemma10.1.3and
1° ).

(It follows that � aug is ¡ J © S£ -inner, whereS c 0 is from the(LQR-)CARE;
replaceØ by Ø Sw 1� 2 to getS k I .)

(a1)This follows from (a2)andLemma10.1.3.
(b1)–(b4) These follow from Theorem 10.2.14(b1)–(b4) or Corollary

10.2.15(b1)(resp.(b2)) (sincenow i and henceØ : k i w 1 (by Proposition
6.3.1(b1))is necessarilyUR (resp.ULR and so is l )), Lemma10.1.3and
Proposition9.2.7(c).

For (b4) we notethat if l t ¶] r (resp.�±©'Ø t ¶] r ), then l aug t ¶] r (resp.l
augq × k z IJ { t ¶] r ). Thus,wecouldequivalently posetheassumption onΣaug.S
Notes
Oneoften calls any minimizationproblems(with a quadraticcost function)

Linear Quadratic Regular (LQR) problems,and the problemsof this section
(thosesatisfyingHypothesis10.1.1)are thencalledstandard LQR problemsor
somethingsimilar.

Since the LQR problem is perhapsthe most popular subject in infinite-
dimensional controltheory, wecanonly try to giveapictureof somemostgeneral
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currentresults. The earlier history of infinite-dimensionalRiccati equationsis
documentedin thenotesto Section6 of [CZ].

Most of our resultsareknown for severalspecialcases(see,e.g.,Section6.2
of [CZ] for WPLSswith boundedB andC andTheorems3.3 and3.4 of [PS87]
for Pritchard–Salamonsystems;thesetreatboth Í out and Í exp to someextent).

For Í jj k Í out, the casecoveredby Proposition 9.7.6wassolved in [FLT]
(with a“generalizedCARE” andpossibly non-well-posedfeedback;for parabolic
systemstheseissuesarewell settledandtheresultsverygeneral,see[LT00a]).A
similar result for generalWPLSswas given in [Zwart], and the regular stable
minimization problem was solved independentlyin [S97b] and [WW] (with
roughlytheimplication“(iii) d (i)&(ii )” of Theorem10.1.6for stableWPLSswithÍ jj k Í out). Theorem10.1.4(c2)generalizesTheorem3.3.2of [Oostveen](which
assumedboundedB andC); see[Oostveen]for its physical applications.Seealso
thenotesonp. 571



10.2. GENERALMINIMIZA TION (LQR) 557

10.2 General minimization (LQR)

Incidis in Scyllam,cupensvitareCharybdim.

— Homer

In this sectionwe shall presentsomeapplicationsof the CARE theory to
minimizationproblems,whereonewishesto find aminimizing controloversome
set Í jj of allowablecontrols,in statefeedbackform (i.e., to find a [regular] state
feedbackoperatorK or a pair zÖ� � { that producesa minimizing control).
Thus,this is ageneralizationof Section10.1.

Sincethis sectionis rathertechnical,lengthyandboring (dueto the reasons
explainedbelow Corollary10.2.3),acasualreadermightwishto justhaveaglance
at Subsections10.2.1–10.2.10(or less)andthenproceedto thenext section.

MostresultsbecomeessentiallysimplerunderHypothesis9.2.1,asillustrated
in Section9.2(in particular, in Theorems9.2.10–9.2.12),or in their discrete-time
forms,asillustratedin Section15.1.

Therefore,in this sectionwe have theemphasison generalWPLSresultsand
onresultsfor MTIC I/O maps.Thismakesseveralclassicalresultsrathercompli-
cated,andalmosteachpieceof simplicity mustbeobtainedat thecostof general-
ity. Consequently, we give certainresultsundersomedifferentassumptions,and
leave it to the readerto extra- andinterpolatefurther resultsunderotherkind of
assumptions,usingtheresultsof Sections8.3–8.4,Chapter9, andtherestof this
chapter.

Weusetheword “minimizing” in thesamewayastheword “J-critical”:

Definition 10.2.1(Minimizing zÖ� � {zÖ� � {z�� � { and KKK) We call umin t Í jj ¡ x0 £ a
[strictly] minimizingcontrol (over Í jj ) for x0 t H (andΣ andJ) if

Ì ¡ x0 © umin £ �Ì ¡ x0 © u£ for all u t�Í jj ¡ x0 £ [and umin is unique].
Let zÖ� � { be an admissible statefeedback pair for Σ with closed-loop

systemΣ ê . Thenwecall zÖ� � { minimizing (over Í jj for Σ andJ) iff � ê x0 is
minimizing for each x0 t H. In this case, wesaythat theminimizing control is of
statefeedbackform.

Wecall a WRadmissible statefeedback operator K th�¢¡ H1 © U £ minimizing ifz K 0 { generateminimizing pair zÖ� � { for Σ.

Consequently, ucrit t L2 ¡ R r ;U £ is [strictly] minimizing for x0 over Í out (resp.Í exp) if f y : k¼� x0
n�l u t L2 (resp.and x : k � x0

nmo τu t L2) and u [strictly]
minimizesthe costfunction

Ì ¡ x0 © u£ : kj& ∞
0 � y ¡ t £ù© Jy ¡ t £H� Y dt amongsuchcontrols.

SeeDefinition9.1.4(or Definition6.6.10)for K, zÖ� � { , andΣ ê .
Notethat“minimizing over Í jj ” doesnot affect theotherattributes(prefices)

andviceversa,i.e.,“minimizing exponentially stabilizing statefeedbackpairoverÍ out” producesacontrolthatis minimizing overall elementsof Í out ¡ x0 £ for each
x0 t H, not justover thoseproducedby exponentially stabilizingstatefeedback.

Lemma 10.2.2(Min Ä JÄ JÄ J-crit. & pos.) Let x0 t H. A control u t¾Í jj ¡ x0 £ is
[strictly] minimizing for x0 iff u is J-critical for x0 and � l η © J l η �>y 0 [ ® 0] for
all η tÎÍ jj ¡ 0£ � s 0x .
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Thus,if thereis a [strictly] minimizingcontrolfor any x0, then0 is a [strictly]
minimizingcontrolfor x0

k 0 (since
Ì ¡ 0 © η £ k � l η © J l η � ).

If thereis a minimizing controlfor all x0, thenwe maycall theJ-critical cost
operatore k e j th�¢¡ H £ (theonefor which

Ì ¡ x0 © umin ¡ x0 £*£ k � x0 ©�e x0� ¡ x0 t H £ ,
as in Theorem8.3.9(b1))the minimal cost operator. Recall that it is equal to
the (unique) Í jj -stabilizing solution of the Riccati equation(if any, i.e., if a
minimizingcontrolis of statefeedbackform).

Proof of Lemma 10.2.2: Proof1: Corollary8.1.8andRemark8.3.4.
Proof2: “If ”: This follows from Lemma8.3.7(ii). “Only if ”: This follows

from Lemma8.3.6andLemma8.3.7(ii). S
At their best,ourminimizationresultsfor generalcostfunctionslook like the

following one:

Corollary 10.2.3(Minimization for bounded B) Assume that B tÐ�"¡ U © H £ ,
dimU È ∞. Thenthefollowingareequivalent:

(i) there is a uniqueminimizing control for each x0 t H;

(ii)
Ì ¡ 0 ©^� £ÿy 0, D j JD c 0, andthe“B-CARE”¡ Bj e n D j JC£ j ¡ D j JD £ w 1 ¡ Bj e n D j JC£ k Aj e n e A n C j JC (10.5)

hasa (unique) Í jj -stabilizingsolution e .

(iii) there is a uniqueminimizing statefeedback operator for Σ.

Moreover, if (ii) holds,thenminimizing statefeedback is givenby umin ¡ t £ k
KL q sx ¡ t £ a.e., where K : k¼� ¡ D j JD £ w 1 ¡ Bj e n D j JC£ is URL, theminimalcostisÌ ¡ x0 © umin £ k � x0 ©�e x0� etc.as in Proposition 9.9.1. If Í jj k Í exp, thenalso the
following is equivalentto (i):

(iv) Σ is positivelyJ-coerciveandoptimizable.

(Condition
Ì ¡ 0 ©^� £vy 0 is redundantatleastfor Í jj k Í exp, byCorollary10.2.6.

TheoperatorKL q s canbereplacedby any of its extensions, suchasKL qw, Ks and
Kw.)

We recall from Theorem9.8.5that “ Í exp-stabilizing” means“exponentially
stabilizing”,whereas“ Í out-stabilizing” is rathercomplicatedfor generalunstable
Σ. If Σ is q.r.c.-SOS-stabilizable(e.g., jointly stabilizableand detectable)and
J-coercive, thenthelattercasecanbeslightly simplified, asin Corollary10.2.12–
Theorem10.2.14.

Proof of Corollary 10.2.3: By Proposition10.3.2(e2)&(i)&(v), we have
“(ii) d (iv) d (i)” for Í jj k Í exp. The rest follows from Lemma10.2.2and
Theorem9.9.6(seealsoTheorem9.9.1(a2)&(e2)etc.). S
Insteadof B beingbounded,we canassumethatHypothesis 9.2.1holdsand

thatD j JD c 0, by Theorem9.2.9(thenB j mustbereplacedby B jw, andwemust,
additionally, require e.-H � � Dom¡ B jw £ in (ii)). Sincethegeneratorsof a wpls (a
discrete-timesystem)arebounded,Corollary10.2.3alwaysholdsin discretetime
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(we just have to replaceequationsfor e , D j JD andK by theDARE; this follows
from Theorem15.1.2,asin theabove proof). Unfortunately, for generalWPLSs,
thesituation is notasnice(in continuous time):

(1.) If B is unbounded,thenB j e is not definedin general,andevenB jw e need
not alwaysbebounded(it is definedat leaston Dom¡ Amin £ when l is WR,
by Theorem9.7.3(b)).

Thus, the “B-CARE” (10.5) must be replacedby the more complicated
CARE (for whichD j JD is replacedby thelimit S).

(2.) Even worse, the minimizing statefeedbackneednot be regular (even
when l were ULR, by Proposition 9.13.1(c1)),hencethe CARE must
be replacedby the IARE (or onemustusediscretization) and the unique
minimizing state feedbackoperatormust be replacedby an essentially
uniqueminimizing statefeedbackpair.

(3.) Still worse: for generalWPLSswe do not evenknow whether(i) implies
(ii) and(iii), i.e.,whetheraminimizingcontrolisof statefeedbackform(it is
of thegeneralized,non-well-posedsenseof Definition 8.3.15,by Theorem
8.3.9); thus, insteadof the IARE we mustusethe “generalizedIARE” of
Theorem9.7.1 (or the “CARE on Dom¡ Amin £ ” of Theorem9.7.3 if l is
regular).

(4.) If dimU k ∞, thenthe IARE (resp.CARE) mustbe replacedby eIARE
(eCARE),sinceweonly know thatS ® 0 (eventhoughB werebounded).

We shallpresentbelow someresultsfor generalWPLSandthenusedifferent
assumptionsto getrid of someof theaboveproblems.

By usingHypothesis9.2.1,we get rid of (2.), (3.) and mostof (1.); some
correspondingresultsaregivenSection9.2;see,e.g.,Theorems9.2.10–9.2.12.

A setof weaker assumptions is given in Hypothesis10.6.1;they allow us to
get rid of (2.) and(3.) (anda partof (1.)), asshown in severalresultsbelow and
in Section10.1.Also Corollaries10.2.10and9.5.10presentsimilar resultsunder
differentassumptions.

For stable(or suitablystabilizable)systems,thepositivespectralfactorization
resultof Lemma6.4.7(a)canbeusedto avoid problem(3.) for generalWPLSs;
seeCorollaries10.2.6–10.2.13.

Sometimeswe useJ-coercivity or analogousassumptions to overcome(4.).
Undersufficient regularity assumptionswe have S k D j JD, hencethenwe can
makeS invertiblejustby assumingthatD j JD c 0.

In Section10.1,we give someanalogousresultsfor the morespecificLQR
problem,and in Section10.6, we give further minimization and [e]IARE and
[e]CARE results.

Naturally, onecanobtainseveralanalogoustheoremsby combining theresults
of this and the previous chapterin different ways; we hopethat the following
resultsprovideahelpfulguideline.

Standardcoercivity assumptionsguaranteetheexistenceof auniqueminimiz-
ing control:
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Lemma 10.2.4 Let Zs be reflexive, and let l be positively J-coercive, i.e., let
therebeε ® 0 s.t. � l u © J l u�²y ε � u � 2$lkk ¡ u t�Í jj ¡ 0£*£ù� (10.6)

If x0 t H is s.t. Í jj ¡ x0 £��k /0, thenthere is a uniqueminimizingcontrol for x0. S
(This follows from Theorem8.2.5,Lemma8.2.3andLemma10.2.2through

Remark8.3.4.RecallthatZs is reflexive for Í exp and Í out.)
Thus,if Í jj ¡ x0 £A�k /0 for all x0 t H (i.e., theFinite CostConditionholds) andl is positively J-coercive (seeSection10.3for severalequivalent conditionsforÍ jj k Í out and Í jj k Í exp), thenthereis a uniqueminimizing control for each

x0 t H (providedthatZs is reflexive). Theminimizing controlandcorresponding
state,outputandcostarethengivenin WPLSform by Theorem8.3.9

However, as noted above, without further assumptions we do not know
whethertheuniqueminimizing control is of statefeedbackform. We givebelow
differentformulations of sufficientconditions.

We now recall the basicminimizationresultsfrom Chapter9 (do not forget
ourdefinitions:we requirethesolutions of Riccatiequationsto beself-adjoint):

Corollary 10.2.5(Minimizing control Ä eCARE/eIARE) Let
Ì ¡ 0 ©^� £ÿy 0. Then

thefollowinghold:

(a) There is a minimizingstatefeedback pair z�� � { for Σ iff theeIAREhas
a Í jj -stabilizing solution ¡¯eÁ© S© z � � { £ .

(b) Let l beWR.Thenthere is a minimizing WRstatefeedback operator K for
Σ iff theeCARE ���� ��� K j SK k Aj e n e A n C j JC ©

S k D j JD n w-lim
s� r ∞

Bjw ep¡ s � A£ w 1B ©
SK k¾� ¡ Bjw e n D j JC£�© (10.7)

hasa Í jj -stabilizingsolution ¡¯eÁ© S© z K 0 { £ .
If such a solutionexistsand x0 t H, thenthe minimizing control umin ¡ x0 £
is given by umin ¡ x0 £§¡ t £ k Kwx ¡ t £ a.e., where x k � x0

nmo τumin ¡ x0 £ is the
correspondingstate.

(c) Let e be a Í jj -stabilizing solutionof the eIARE(resp.eCARE,henceof
both).

Then e is unique, S y 0, and zÖ� � { is thepair determinedby e (resp.
generatedby z K 0 { ). Thecontrol � ê is strictly minimizing iff S ® 0.

Alsoparts(f1)–(k)of Theorem9.9.1applyto ¡¯eh© S© zÖ� � { £ ; in particu-
lar, theminimalcostis givenby

Ì ¡ x0 © umin ¡ x0 £*£ k � x0 ©�e x0� .
If
Ì ¡��Z©^� £´y 0 and Í jj k Í out, then e is the smallestnonnegative output-

stabilizing solution of theeIARE(resp.eCARE).

(d) If Í jj k Í exp, then“
Ì ¡ 0 ©^� £�y 0” canbedroppedfrom this corollary if we

require thesolutionsof theeIAREandtheeCAREto satisfyS y 0.
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In particular, (b)–(d)applyto the( Í jj -stabilizing)solutionsof theeCARE(for
Σ) mentionedin otherresultsof thischapter.

Proof: (a)–(c) This is a combination of Theorem9.9.1(a2)&(f1)–(k)and
Corollary9.9.2.

(d) If thereis a minimizing control for any x0 t H, then
Ì ¡ 0 ©^� £Ãy 0, by

Lemma10.2.2,hencethenS y 0, by (c). Conversely, any solutionwith S y 0
is minimizing, by Theorem9.9.1(k). S
By combining (a)&(b)&(d) of Corollary 10.2.5 with Theorem9.8.5, we

obtain:

Corollary 10.2.6( Í expÍ expÍ exp-min Ä Ä Ä eIARE) There is a minimizing state feedback
pair over Í exp iff theeIAREhasanexponentiallystabilizingsolution with S y 0.

Let l be WR.Thenthere is a minimizing WR statefeedback operator overÍ exp iff theeCAREhasanexponentially stabilizing solution with S y 0. S
If e is sucha solution andS c 0 (equivalently, l is J-coercive over Í exp,

by Proposition9.9.12),then e is the greatestadmissible solution of the eIARE
having S y 0, by Corollary15.1.3.Naturally, alsoCorollary10.2.5(c)applies.

Next wenotesome“anomalies”(seeSection9.13for more):

Example 10.2.7 1. Wemayhave e�­ 0 (this is trivial; seeExample9.13.13).
2. All minimizing controlsneednotbeof thestatefeedbackform eventhough

oneof themis (seeExample9.13.6). �
To startwith a simplecase,we first generalizeTheorem16.3.3of [LR] (see

Proposition10.3.1(d)for (10.87)andpositiveJ-coercivity):

Corollary 10.2.8 AssumethatΣ is optimizableandestimatable, l is positivelyJ-
coerciveover Í out, and(1.), (2.) or (4.) of Hypothesis9.2.2holds.Thenthere is
a uniqueexponentiallystabilizing solution ¡¯eh© S© K £ of theB jw-CARE.Moreover,

(a)
Ì ¡ x0 © u£ k � x0 ©�e x0� for all x0 t H;

(b) For each x0 t H, there is a strictly minimizing control over Í out
k Í exp,

namelythatgivenby thestatefeedback operator K.

(c) K is ULR andexponentially stabilizing.

(d) If (10.87)holdsfor someε ® 0, then e is theuniquenonnegativesolution
of theB jw-CARE.

(e) e is thegreatestsolutionof theB jw-CARE.

SeeProposition10.3.1for necessaryandsufficient conditionsfor positive J-
coercivity over Í out.

Proof: By Lemma8.3.3,wehave Í out
k Í exp. By Lemma9.2.17,wehave

D j JD c 0. By Corollary 10.2.9, ¡¯eÁ© S© K £ existsandclaims(b) and(c) hold;
we thenobtain(a) from Theorem9.9.1. Claim (d) follows from Proposition
10.7.3(d3)andclaim(e) follows from Corollary9.2.11. S
Undersufficient regularity, minimizationover Í exp is easy:
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Corollary 10.2.9( Í expÍ expÍ exp: Unique minimum Ä BjwBjwBjw-CARE Ä J-coercive)
AssumethatHypothesis9.2.1holdsfor Í jj k Í exp, andthatD j JD c 0. Thenthe
followingareequivalent:

(i) There is a unique minimizingcontrol over Í exp ¡ x0 £ for each x0 t H.

(ii) TheBjw-CARE(9.13) hasan exponentiallystabilizing solution e k e j t�¢¡ H © Dom¡ B jw £*£ .
(iii) Σ is optimizableand l is positivelyJ-coerciveover Í exp (i.e., any(hence

all) of Proposition 10.3.2(i)–(iii) holds).

If (ii) holds,thenK : k�� ¡ D j JD £ w 1 ¡ Bjw e n D j JC£ is theuniqueminimizing state
feedback operator over Í exp andULR.

If J y 0, then the word “unique” is redundant in (i). If π ª 0 q 1 « � B t
L1 ¡^- 0 © 1� ; �"¡ U © H £*£ then“D j JD tÎ K�¢¡ U £ ” is redundantin (iii).

Furtherresultsaregivenin Theorems9.2.10–9.2.12.SeeCorollary9.5.10for
applicationsof thisandthefollowingcorollaryfor parabolicproblems.

Recall that if e is a solution of the B jw-CARE (which requiresthat D j JD t ±�"¡ U £ , by Definition 9.2.6),thenA ê : k A n BK generatesaC0-semigroup� ê ;
theadditionalrequirementin (ii) is thatthissemigroupsatisfies� � êâ¡ t £§� � Mew εt

(t y 0) for someε ® 0 andM È ∞.
If J c 0, then l is positively J-coerciveover Í exp if f thereis ε ® 0 s.t.¡ ir � A£ x0

k Bu0
k d � Cwx0

n Du0 � Y y ε � x0 � H ¡ x0 t H © u0 t U © r t R £��
(10.8)

(Note that ¡ ir � A£ x0
k Bu0 d x0 t HB � Dom¡ Cw £ .) The sameholds for

Corollary10.2.10.
Proof of Corollary 10.2.9: Set Í jj : k Í exp.
1° (i) Ä (ii) Ä (ii i): By Theorem9.2.16,(i) and(iii) imply (ii). If (ii) holds,

then we obtain Theorems9.2.16 and 9.9.1(k)&(a2) that (i) holds, l is J-
coerciveand

Ì ¡ 0 ©^� £ y 0,hencel is positively J-coercive,hencealso(iii) holds.
2° Proposition 10.3.2(i)–(iii): By Proposition 10.3.2(c)&(g1), any of

Proposition10.3.2(i)–(iii) implies Proposition10.3.2(i). Conversely, if (iii)
holds, then(ii) holds,hencethenΣ hasan exponentially stabilizing ULR K,
henceProposition10.3.2(i)–(iii) areequivalent(hencethey all hold),by Propo-
sition10.3.2(e2)(sinceD j JD c 0).

3° The uniquenessof K follows from Proposition6.6.18(g).The “J y 0”
claim follows from Lemma9.3.7(1+). If π ª 0 q 1 « � B t L1 ¡^- 0 © 1� ; �"¡ U © H £*£ , then
“D j JD tÎ K�¢¡ U £ ” is redundantin (iii) by Proposition10.3.2(e2). S
We now establishCorollary 10.2.9under“weaker” assumptions(this forces

usto replacetheB jw-CARE by theCARE):

Corollary 10.2.10( Í expÍ expÍ exp: Unique minimum Ä CARE Ä J-coercive) Assume
that � B t L2 ¡^- 0 © 1£ ; �"¡ U © H £*£�© Cw � t L1 ¡^- 0 © 1£ ; �"¡ H © Y £*£ , and Cw � B t
L1 ¡^- 0 © 1£ ; �"¡ U © Y £*£ .

Thenthefollowingareequivalent:
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(i) there is a [unique] minimizing control over Í exp ¡ x0 £ for each x0 t H, and
D j JD c 0;

(ii) there is a [unique] exponentiallystabilizingsolution ¡¯eÁ© S© K £ of theCARE,
andS c 0 (or D j JD c 0);

(iii) z � o { is optimizable, and l is positively J-coercive over Í exp (i.e.,
any(henceall) of Proposition 10.3.2(i)–(iii) holds).

Moreover, any solution of (ii) is as in Theorem 9.2.18(in particular, S k
D j JD c 0), and K is ULR and the uniqueminimizing statefeedback operator
over Í exp. If J y 0, thentheword “unique” is redundantin (i).

ForL1 in placeof L2 above,wehaveananalogouscorollaryof Theorem9.2.18
(thus,thenwemustassumepositiveJ-coercivity andwemayremove“D j JD c 0”
from (i) and(ii)).

Proof: 1° (i) d (ii)&(ii i): Assume (i). By Corollary 9.2.19,(ii) and (iii)
aresatisfied(andS k D j JD c 0) except for the word “positively”, which is
obtainedfrom Proposition9.9.12(b).

2° (iii) d (i): This follows from Corollary 9.2.19, since D j JD c 0, by
Lemma9.2.17.

3° (ii) d (i): If D j JD c 0, thenthis is trivial. If S c 0, thenwe obtain(iii)
from Corollary9.2.19,andProposition9.9.12(b),hence(i) holds,by 2 ° .

4° Proposition 10.3.2(i)–(iii): UseProposition10.3.2(e2)in 2 ° of theproof
of Corollary10.2.9.

5° Final claims: By Corollary9.2.19,any solution of (ii) is asin Theorem
9.2.18The uniquenessof K follows from Proposition 6.6.18(g).The “J y 0”
claimfollowsfrom Lemma9.3.7(1+). S
For generalWPLSs,theaboveproblembecomesrathertricky, andwe cannot

saymuchmorethanin Corollary 10.2.5. To make our resultneater, we assume
thatJ y 0 andstartwith thecasedimU È ∞:

Theorem 10.2.11( Í expÍ expÍ exp: Unique zÖ� min � min { Ä IARE Ä J-coercive)
AssumethatJ y 0, dimU È ∞ and Í jj k Í exp. Then(i)–(iii) areequivalent.

(i) There is a unique(modulo(9.114))minimizing statefeedback pair for Σ.

(ii) TheIAREhasanexponentiallystabilizingsolution.

(iii) Σ is exponentiallystabilizableand[positively] J-coercive.

Moreover, thefollowinghold:

(a) If (ii) holds, then this exponentially stabilizing solution is the greatest
nonnegativeadmissible solution andstrictly minimizing.

(b) If Σ hasanSR(resp.ULR)exponentially stabilizing statefeedback operator

with closed-loopsystem � | Ü } ÜÆ Ü Þ Ü � satisfying Hypothesis10.6.1(1.) (resp.

(6.)), thentheIAREis equivalentto theCARE(resp.andto theB jw-CARE),
andalso(i’)–(iii’) belowbecomeequivalentto (i)–(iii).

Thus, then there is a uniqueWR (resp.ULR) minimizing state feedback
operator iff any(henceall) of thesehold.
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(c) (dimU k ∞dimU k ∞dimU k ∞) Drop the assumption that dimU È ∞. Thenall of the above
holds if we add to (i) and (i’) the requirement“and l is J-coercive” (or
“and � l u © J l u�²y ε � u � 22 for someε ® 0 andall u t�Í exp ¡ 0£ ”).
Theoriginal (i) holdsiff theeIAREhasanexponentially stabilizingsolution
with S ® 0.

(Webelieve thatimplication (iii) d (i) doesnothold in theindefinitecase.)
SeeProposition10.3.2for equivalent conditionsfor (positive) J-coercivity.

For (b) wenotethatwhendimU È ∞ (but not in case(c)), theconceptWR (resp.
WLR) is equivalent to SR(resp.SLR) andto UR (resp.ULR) (for statefeedback
operatorsandpairsandsolutionsof theAREs),by Lemma6.3.2(a1)&(a2).

By (a), it sufficesto find a maximal nonnegative admissible solution (if any)
andcheckwhetherit is exponentially stabilizing (if none/not, then(i)–(iii) donot
hold).

In additionto the equivalencebetween(i)–(iii), we have an equivalencebe-
tweenthe following, weaker conditions correspondingto a minimizing, possi-
bly non-well-posed“statefeedback”(still underthe assumptionsthat J y 0 and
dimU È ∞):

(i’) Thereis auniqueminimizing controlfor Σ over Í exp ¡ x0 £ for eachx0 t H.

(ii’) ThediscretizedIARE hasanexponentially stabilizingsolution.

(iii’) Σ is optimizableand[positively] J-coerciveover Í exp.

(Any of theseis equivalent to the existenceof a uniqueminimizing control in
WPLSform, seeTheorems8.3.9.) If l is SRandD j JD ® 0, then(ii’) becomes
equivalent to the Dom¡ Acrit £ -CARE (9.67) having an exponentially stabilizing
solution(cf. Remark9.7.7(b2)).

(Modify theproofof Proposition9.9.12to observethatthediscrete“S” is c 0
to obtain(i’) Ä (iii’). Equivalence(i’) Ä (ii’) follows from the above proposition
(in its discrete-timeform) andTheorem14.1.6. If l is SR andD j JD ® 0, thenl (andhencealso l d) is UR andD j JD c 0 (sincedimU È ∞), so that the last
equivalencefollowsfrom Remark9.7.7(b2).)

If Hypothesis9.2.1holds for Í jj k Í exp andD j JD c 0, thenany of (i’)–
(iii’) is equivalentto (i)–(iii), aswell asto theB jw-CARE having anexponentially
stabilizingsolution, by Corollary10.2.9,evenfor generalJ andU . Thesituation
in discretetime is aboutthesameasfor boundedB (with theexceptionthatD j JD
mustbereplacedby S k D j JD n Bj e B).

Proof of Theorem 10.2.11: 1° (i) Ä (ii): This follows from Theorem
9.9.1(a2)&(e1)&(f2)(for “(i) d (ii)” we note that S ® 0 implies that S c 0;
for “(ii) d (i)” wenotethat e k � jê J � êmc 0 andJ y 0 imply thatS y 0, hence
S c 0).

2° (ii) d (iii ): This follows from Proposition9.9.12,sinceJ y 0 implies
thatJ-coercivity is equivalentto positiveJ-coercivity (andtheinvertibility of S
impliesthatof 
 t ).

3° (iii) d (i): Assume (iii). Let zÖ� Ê � Ê { be exponentially stabilizing
for Σ with closed-loopsystemΣ × , so that Σ × is positively J-coercive overÍ Σ Üexp

k Í Σ Üout, by Theorem8.4.5(d),i.e., l j× J l × c 0, by Lemma8.4.11(a2).
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By Corollary10.2.13(b)(whoseproof is independentof this), theIARE for
Σ × hasanexponentially stabilizing,minimizing solution,hencesohastheIARE
for Σ, by Lemma9.12.3(d1). The uniquenessclaim follows from Theorem
9.9.1(f2).

(a) Since J y 0, we have S y 0, henceS c 0 (becauseS t¾ ±�"¡ U £ ,
by 1° ) and the solution is the greatestnonnegative solution, by Theorem
9.9.1(a2)&(e1)&(f2).

(b) Let ¶K be a SR (resp.ULR) statefeedbackoperatorfor Σ with closed-

loopsystemΣ × having l × t ¶] r . Let � ¶� ¶� � bethecorrespondingpair.

Assume(iii’). ThenΣ1× : k � |ÛÜ }ÝÜÆ Ü ÞÛÜ � is (exponentially stableand)positively

J-coercive over Í Σ Üexp
k Í Σ Üout, by Theorem8.4.5(d). By Theorem10.6.3(f1)

(resp.(a)), thereis a (unique)exponentially stabilizing solution ¡¯eÁ© S© K ã0£ of
theCARE (resp.andtheBjw-CARE) for Σ1× . SetK : k ¶K n K ã . By Proposition
9.12.4(b),¡¯eh© S© K £ is anexponentially stabilizing solution of theCARE (resp.
andtheBjw-CARE,by Proposition9.3.5(a).(By (a),K is strictly minimizing.)

(c) Parts1° –3° still hold exceptthat now “S c 0” in 1 ° mustbe deduced
from Lemma9.9.7(c3)&(c4)(notethatnecessarilye kB� jê J � ê�c 0). Thelast
claim followsfrom Corollary10.2.5(a)&(c).

Theproofsof (a) and(b) donotusetheassumption dimU È ∞ (this is why
wewrite “SR” insteadof “WR” or “UR” in (b)). S
For mostof the rest of this section,we shall presentresult for Í out (recall

that Í exp
k Í str

k Í sta
k Í out when Σ is estimatable or exponentially q.r.c.-

stabilizable,by Lemma8.3.3).
Whenminimizing over Í out, we cannotwe cannotreducetheproblemto the

stablecaseasin Theorem10.2.11,(unlesswe chooseto useTheorem8.4.5(f)),
asillustratedin Example9.13.2.However, if thesystemis q.r.c.-SOS-stabilizable
(e.g.,SOS-stable),thenthe reductionwill succeed.This fact will be appliedin
mostresultsbelow. We first give two resultson the IARE andthentwo on the
CARE.

Corollary 10.2.12( Í outÍ outÍ out: Unique z � min � min { Ä IARE Ä J-coerciveÄ r.c.f.)
Thenthefollowingconditionsare equivalentto each otherandstronger thanthe
conditions(Crit1)–(Crit4) of Theorem9.9.10:

(Crit1+) (Minimizing zÖ� � {zÖ� � {zÖ� � { ) There is a [strictly] minimizingq.r.c.-SOS-
stabilizing statefeedback pair for Σ over Í out, and l is J-coercive overÍ out.

(Crit2+) (IARE) The IARE (9.111) has a q.r.c.-SOS-P-stabilizing solutione k e j th�¢¡ H £ s.t.S c 0.

(Crit3+) (JJJ-coercivity) Σ is positivelyJ-coercive over Í out and q.r.c.-SOS-
stabilizable.

(Crit4+) (R.c.f.) The map l hasa ¡ J © I £ -inner q.r.c.f. l�k ��Ø w 1, and Σ is
q.r.c.-SOS-stabilizable.
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If any of thesehasa solution,thenthat solutionsolvesthe other conditions
and(Crit1)–(Crit4), and(a1)–(g3)of Theorem9.9.10apply.

SeeTheorem10.2.14for correspondingCAREs.
Werecallthat l is positively J-coerciveover Í out if f thereis ε ® 0 s.t.� l u © J l u�²y ε m�� u � 22 n � l u � 22 n ¡ u tÎÍ out ¡ 0£*£ù� (10.9)

Proof: 1° (Crit1+) Ä (Crit2+) Ä (Crit4+): Exceptfor (Crit3+),Thisfollows
from Theorem9.9.10(e2)(usenormalization� Ê : k � Sw 1� 2, Ø�Ê : k Ø Sw 1� 2 for
implication(Crit2+)&(Crit4) d (Crit4+)).

2° (Crit1+) Ä (Crit3+): Obviously, (Crit1+) implies (Crit3+) (positive J-
coercivity follows from Lemma10.2.2).For theconverse,assume(Crit3+) and
let Σ × bethecorrespondingclosed-loopsystem. By Lemma8.4.11(c),l × is J-
coercive over Í out, hencethereis a minimizing q.r.c.-SOS-stabilizingpair for� |ÛÜ } ÜÆ Ü ÞÛÜ � , by (theproofof) Corollary10.2.13.By Theorem8.4.5(g1)&(a),there

is a minimizingq.r.c.-SOS-stabilizingpair for Σ too.
3° Thefinal claimsfollow from Theorem9.9.10(a1)–(a3). S

In thestablecase,onemoreequivalentcondition is theuniform positivity of
thePopov operator(which is obtained,e.g.,by addingε � u � 2 to thenonnegative
costfunction):

Corollary 10.2.13( Í outÍ outÍ out: zÖ� min � min { — Stablecase) Let Σ t SOS. The
following conditionsare equivalentto andhavethesamesolutionsas(Crit1+)–
(Crit4+) of Corollary 10.2.12:

(Crit1SOS+)There is a stableuniformly minimizingSOS-stabilizing feedback
pair zÖ� � { for Σ over Í out;

(Crit2SOS+)theIAREhasa stable P-SOS-stabilizing solution havingS c 0;

(Crit3SOS+)l j J l c 0;

(Crit4SOS+)l j J l k i j i for somei�tÎ  TIC ¡ U £ .
Moreover,

(a) If Σ satisfiesHypothesis10.6.1(1.)(resp.(6.)), thenwecanreplacetheIARE
by theCARE(resp.B jw-CARE)above.

(b) If Σ is exponentially stable, then solutions of (Crit1SOS+)–(Crit2SOS+)
are exactly theminimizing pairs over Í exp, equivalently, the exponentially
(equivalently, I/O-)stabilizingsolutionsof theIAREhavingS c 0.

Recall from Lemma8.4.11(a2)that (Crit3SOS+)holdsif f l is positively J-
coerciveover Í out.

By a “uniformly minimizing” umin we meanherethat
Ì ¡ x0 © umin ¡ x0 £ n η £ �Ì ¡ x0 © umin £�y ε � η � 22 for all η t L2 ¡ R r ;U £ . If dimU È ∞, thenwe couldreplace

“uniformly minimizing” by “strictly minimizing” in (Crit2SOS+),becausethen
S c 0 Ä S ® 0 (cf. the proof below). The minimizing pair is givenby (9.140),
i.e.,by z � � { : k z � π r>i w j l j J � I � i { © (10.10)
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wherei is asin (Crit4SOS+).
If Σ is [strongly] stable, then “SOS-” [and “P-”] can be removed from

conditions (Crit2SOS+) and (Crit3SOS+) [and “strongly” can be added], by
Corollary6.6.9.

Proof of Theorem 10.2.13: By Theorem10.6.3(f2)&(b), (Crit2SOS+)–
(Crit4SOS+)and (Crit2+) are equivalent (and the (unique) solutions e of
(Crit2+) areexactly theonesof (Crit2SOS+)).

Finally, we obtain (Crit1+)Ä (Crit1SOS+), i.e., the fact that the control� ê x0 is uniformly minimizing if f S c 0, by settingu ê : k Ø w 1η in Theorem
9.9.10(e1),becauseS c 0 iff Ø w j SØ w 1 c 0 (note that Ø k ¡ I � � £ w 1 t  TIC).

(a) This follows from Theorem10.6.3(b)&(f1).
(b) This follows from Theorem9.9.10(c1)&(c2). S

Thatwasthecasewith IAREs,but wewould liketo usetheCAREsinsteadof
IAREs. Therefore,we shallassumefurtherregularity. Oneway for this is to use
the class ¶] r (seeStandingHypothesis10.6.6and(b3) below) ¶] r to formulate
conditionsunderwhichauniqueminimizing controlnecessarilycorrespondsto a
( Í jj -stabilizing)solutionof theCARE,henceto aWR statefeedbackoperator.

Theorem 10.2.14( Í outÍ outÍ out: Unique Kmin ÄKmin ÄKmin Ä CARE Ä JÄ JÄ J-coercive Ä Ä Ä r.c.f.) LetÍ jj k Í out. Assumethat l is WR.Thenthe followingconditionsare equivalent
to each other and stronger than the conditions (Crit1+)–(Crit4+) of Corollary
10.2.12:

(Crit1+WR) (Minimizing K) There is a WR[strictly] minimizing q.r.c.-SOS-
stabilizingstatefeedback operator for Σ, and l is J-coercive.

(Crit2+WR) (CARE) TheCAREhasa q.r.c.-SOS-P-stabilizing solution having
S c 0.

(Crit4+WR) (WR r.c.f.) Themap l hasa ¡ J © I £ -inner q.r.c.f. l¨k ��Ø w 1 withi : k Ø w 1 beingWRwith X t� ±�¢¡ U £ , andΣ is q.r.c.-SOS-stabilizable.

Moreover, thefollowinghold:

(a) If any of (Crit1+WR)–(Crit4+WR) has a solution, then that solution
solvestheotherconditionsand(Crit1+)–(Crit4+) of Corollary 10.2.12and
(Crit1)–(Crit4), andthen(a1)–(g3)of Theorem9.9.10apply.

(b1) Assumethat Σ hasa SR(resp.URL) q.r.c.-SOS-stabilizing statefeedback

operator ¶K s.t.theresultingclosed-loopsystem� |ÛÜ }ÝÜÆ Ü ÞÛÜ � satisfiesHypothesis

10.6.1(1.)(resp.(6.)).

Then (Crit7+WR) (resp.and (Crit6+WR)) is equivalentto (Crit1+WR)–
(Crit4+WR):

(Crit6+WR) (BjwBjwBjw-CARE) TheBjw-CAREhasq.r.c.-SOS-P-stabilizing so-
lution.

(Crit7+WR) l is positivelyJ-coercive(equivalently, l j× J l × c 0).
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(b2) (BjwBjwBjw-CARE) AssumethatHypothesis9.2.1holdsandD j JD c 0.

Thenconditions(Crit1+WR)–(Crit6+WR)areequivalent.

(b3)(MTIC) AssumethatΣ is q.r.c.-SOS-stabilizablein ¶] r , then(Crit1+WR)–
(Crit4+WR)areequivalentto (Crit7+WR),andimply that �±©'Ø t ¶] r .

(b4) In (b1)–(b3),conditions(Crit1+WR)–(Crit4+WR)and(Crit1+)–(Crit4+)
(and(Crit1)–(Crit4) in (b2))areall equivalentto each other.

(c) If Σ is exponentially [q.]r.c.-stabilizable, thenany I/O-stabilizing or input-
stabilizing solution of the CARE having S c 0 is exponentially [q.]r.c.-
stabilizing andminimizingover Í exp

k Í str
k Í sta

k Í out. (SeeTheorem
6.7.15for further reductions.)

If Σ is estimatable,thenany minimizing pair over Í out is exponentially q.r.c.-
stabilizingandminimizing over Í exp

k Í str
k Í sta

k Í out, by Theorem9.9.1(d).
Therefore,thenwe get furtherequivalent conditions from theresultsfor Í exp in
thefirst partof thissection.

Proof: Theequivalenceand(a)follow from Corollary10.2.12andTheorem
9.9.10(d1)(notethatthe i of (d1) is replacedby S1� 2 i ).

(a) This followsfrom theaboveandCorollary10.2.12.
(b1) 1° (1.): By Proposition 9.12.4(c) the (unique) solutions of

(Crit2+WR) correspond1-1 to the q.r.c.-SOS-P-stabilizingsolutions of the

CARE for � |ÛÜ }ÝÜÆ Ü ÞÛÜ � . By Corollary 10.2.15(b1) (and (Crit2stable+WR)and

(Crit2stable+WR’)),sucha solution exists if f l j× J l × c 0, i.e., if f l is posi-
tively J-coercive (by Lemma8.4.11(b1)).

2° (5.): This is containedin 1 ° exceptfor the Bjw-CARE claim which can
beobtainedasin theproofof Proposition9.3.5.

(Note that Hypothesis9.2.1 would not necessarilyguaranteethat the
minimizing K is q.r.c.-stabilizing.)

(b2) By the above, we have (Crit1+WR)–(Crit4+WR)d (Crit1-4+). By
Theorem9.9.10(d2),(Crit6+WR) is weaker than any of the above, and by
Theorem9.2.9,(Crit6+WR) implies(Crit2+WR).

(b3) This is containedin (b1) except for the fact that �±©'Ø t ¶] r , which
followsfrom Lemma10.6.7(b).

(b4) For (b2), this was noted in the proof of (b2). Obviously, (Crit3+)
implies(Crit7+WR),hencealsotheclaimson (b1)and(b3)hold.

(c) By Theorem6.7.15(b1),any I/O-stabilizing solution of the CARE is
exponentially [q.]r.c.-stabilizing. The restfollows from (Crit2+WR) (and(a))
andLemma8.3.3. S
Thestablecaseis abit simpler:

Corollary 10.2.15( Í outÍ outÍ out: KminKminKmin — Stablecase) Let Í jj k Í out. Assumethat l is
WRandΣ is stronglystable. Thenthefollowingconditionsareequivalentto each
otherandto (Crit1+WR)–(Crit4+WR).

(Crit1stable+WR)(Minimizing K) There is a WR[strictly] minimizing stable,
stabilizing statefeedback operator for Σ, and l is J-coercive.
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(Crit2stable+WR)(CARE) TheCAREhasa stable, stabilizingsolution having
S c 0.

(Crit2stable+WR’) (CARE) The CAREhas a solution having Ø stableand
S c 0.

(Crit4stable+WR)(WR SpF) We have l j J l�k i j i for someWR i¾tm  TIC
havingX tÎ ±�"¡ U £ .

Moreover, thefollowinghold:

(a) If any of (Crit1stable+WR)–(Crit4stable+WR)has a solution, then that
solution solvesthe other conditions,(Crit1+WR)–(Crit4+WR)of Theorem
10.2.14,(Crit1+)–(Crit4+) of Corollary 10.2.12and (i)–(iii) of Theorem
9.1.7, and then (a1)–(g3) of Theorem 9.9.10 apply. In particular, such
solutionsarestableandstrongly r.c.-stabilizing.

(b1) (MTIC) If Σ satisfiesHypothesis10.6.1(1.) (seeLemma10.6.2), then
(Crit1stable+WR)–(Crit4stable+WR)are equivalentto (Crit1+)–(Crit4+)
andto

(Crit7stable+WR)l j J l c 0.

(b2) (BjwBjwBjw-CARE) If Σ satisfiesHypothesis10.6.1(6.),then(Crit1stable+WR)–
(Crit7stable+WR)areequivalent:

(Crit6stable+WR)D j JD c 0 and(theB jw-CARE)¡ Bjw e n D j JC£ j ¡ D j JD £ w 1 ¡ Bjw e n D j JC£ k Aj e n e A n C j JC
(10.11)

has a solution e k e j t �¢¡ H © Dom¡ B jw £*£ s.t. s �� Kw ¡ s � ¡ A n
BKw £*£ w 1B is in H∞ ¡ C r ; �¢¡ U £*£ , where K : k � ¡ D j JD £ w 1 ¡ Bjw e n
D j JC£ .

(equivalently, s.t.K is stableandstabilizing).

Proof: (The labelsof equivalentconditionsfollow roughly thoseof Theo-
rem9.9.10andCorollary10.2.13.)

The above equivalence is that of Corollary 10.2.13with the additional
requirementthat i k I � � is WR andX t� ±�¢¡ U £ . (Notethatwe couldagain
removetheJ-coercivity assumption from thefirst conditionif werequiredK to
beuniformly minimizing.)

(a) This follows from theaboveandCorollary10.2.13(a).
(b1)This followsfrom Theorem10.6.3(f1)&(i)&(i v)&(i v’).
(b2)This followsfrom (b1)andTheorem10.6.3(i)&(iv)&(i v’). S

We extendonemoreclassicalresult: if Σ is (approximately)observableand
thecostfunctionis somewhatstandard,then e¾® 0:

Lemma 10.2.16(eÔ® 0e�® 0e�® 0) If Σ is observable, J ® 0,
Ì ¡ x0 © u£�® 0 for all x0 t H and

all nonzero u tmÍ jj ¡ x0 £ , and there is a minimizing control for each x0 t H, thene�® 0, where e is theminimalcostoperator.
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Proof: Obviously, u k 0 is strictly minimizing for x0
k 0, hencethe

minimizing control is uniquefor eachx0 t H, by Lemma8.3.8. By Theorem
8.3.9(b1),wecandefinetheminimalcostoperatore .

If x0 t H and 0 yÔ� x0 ©�e x0� k Ì ¡ x0 © ucrit ¡ x0 £*£ , then ucrit ¡ x0 £ k 0, by the
assumption. But then � � x0 © J � x0� k Ì ¡ x0 © 0£ k 0, hencethen � J1� 2 � x0 � 2 k 0,
i.e.,x0 t Ker¡ � £ k s 0 x , hencethenx0

k 0. Weconcludethat eÔ® 0. S
Naturally, all of the above theory can be applied to the dual of the LQR

problem(whichwasformulatedin [WR00]):

Remark 10.2.17(Final stateestimationproblem) Let Σ : k zÙ| }Æ Þ { t
WPLS¡ U © H © Y £ . In the Optimal Final State Estimation Problem (OFSEP)
we wish to find an estimator e ê t��¢¡ L2 ¡ R r ;U £ù© H £ s.t. e ê l is an optimal
estimatefor � , i.e., � op� e ê l � is minimal.

Thedual problemof this is the optimal open-loopL2-stabilizationproblem,
where wewishto finda controller � êBtp�¢¡ H © L2 ¡ R r ;U £*£ s.t. l � ê is minimizes� , i.e., � ��nml � êÓ� is minimal (the solutions of this problem correspondone-
to-one to those of the OFSEP for Σd through e ê k�� � dê ); this obviously
correspondsto a minimizing control in WPLSform (i.e., thecorrespondingstate
feedback neednotbewell-posed;cf. Theorem8.3.9).

If onerequires e ê to be generatedby someweaklyregular H tA�¢¡ H w 1 © U £
thatstabilizesΣ, equivalently, if onerequires � ê to begeneratedbysomeweakly
regular K tO�"¡ U © H1 £ that stabilizesΣ, thenoneendsup with our LQRproblem,
henceonecanuseapplicabletheoremsandcorollariesfrom above. In particular,
theOFSEPCAREbecomes(here J k I )���� ��� HSH j k Ae n e Aj n BJBj ©

S k DJD j n w-lim
s� r ∞

Cw ep¡ s � Aj £ w 1C jw ©
H k�� S

w 1 ¡ Cw e n DJBj £�� (10.12)

In any case, onecan find a solution for the OFSEPby usingthe theorythis

section.If weminimize� � } w b ß Þb ß � � asin [WR00],thedualcostfunctionbecomes

thatof Section10.1; in particular, then(thedualsof) Theorems10.1.4and10.1.6
apply. (Cf. alsoDefinitions6.6.10and6.6.21.) S

Section5 of [WR00] explores the connectionbetweenthe OFSEPandesti-
matability (in the open-loopform only, excluding closed-loopsystems,factor-
izationsandCAREs). The main ideaof this formulation (OFSEP)of the dual
problemis to guaranteetheexistenceof asolution regardlesswhetherthesolution
is of outputinjectionform or not.

For WPLSswith boundedC (e.g.,for finite-dimensionalsystems; see[IOW]),
oneoften definesthe systemandthe cost function without any referenceto the
output:
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Remark 10.2.18(BoundedC) Let zÙ| }Æ Þ { t WPLS¡ U © H © Y £ , and let C be
bounded.Set¶J : k zC D { j J zC D { ko4 C j JC C j JD

D j JC D j JD 5 tp�¢¡ H » U £�� (10.13)

Then � y© Jy� k �3- xu � © ¶J - xu � � , where x : k � x0
n¤o u, y : k � x nÅl u k Cx n Du.

Theconverseis trivial: given � , o and ¶J, onemayjusttakeC : k z I0 { , D : k z 0I {
to gety k - xu � , andsetJ : k ¶J to obtainthesamecostfunctionasabove.

If weminimizeover Í exp, thenwedo not haveto knowy; knowledge on x, u
and

Ì ¡ x0 © u£ is enough,hencethenit is not a problemthat different � , l and J
mayresultin same ¶J. S

The above remarkcanbe usedwhentranslationour resultsto the language
of several of the articles where a boundedoutput operator is assumed,and
conversely. Note that the above remarkcanbe generalizedto arbitrary regular
WPLSs.

Notes
Thespecialcaseof astandardcostfunction(asin Section10.1)wasexplained

in thenoteson p. 555. Implications“(Crit4SOS+)d (Crit1SOS+)–(Crit3SOS+)”
of Corollary 10.2.13and the SR caseof “(Crit4stable+)d (Crit1stable+WR)–
(Crit2stable+WR’)”aremoreor lessimplicitly containedin [S97b] and[WW].
Thesewere extendedfor jointly stabilizableand detectablesystems in [S98b]
(cf. Theorems10.2.11and10.2.14). See[WR00] for the first the paragraphsof
Remark10.2.17. All theseresultstreatonly thecaseÍ jj k Í out.

Corollary10.2.9generalizesTheorem3.10of [Keu],which replacesHypoth-
esis 9.2.1 by the strongerassumption that Σ is a Pritchard–Salamonsystem;
mostclassicalfinite-dimensionalresults(includingTheorem16.3.3of [LR], Sec-
tion 14.3of [ZDG], Section5.2.2of [GL] andCorollary4.5.7of [IOW]) arespe-
cial casesof Corollary10.2.9or of Corollary10.2.8,all theseresultsassumepos-
itiveJ-coercivity or somethingstronger, asonecanshow by applyingProposition
10.3.2.All theseresultstreatonly thecaseÍ jj k Í exp.

In a sense,Corollary10.2.9usestheweakestpossiblecoercivity assumption
(positive J-coercivity; this canbe relaxed if eCAREs(D j JD �c 0) areallowed).
We do not know analogousresultsfor more generalsystems(than Pritchard–
Salamonsystems), but thereare someresultswith strongercoercivity or stabi-
lizability assumptionsfor several subsetsof WPLSs,asexplainedabove and in
thenotesonp. 555.
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10.3 Standard assumptions

Euclid taughtmethat withoutassumptionsthere is no proof. There-
fore, in anyargument,examinetheassumptions.

— Eric TempleBell (1883–1960)

In this sectionwe studypopularassumptions of LQR (minimization) prob-
lems; moreexactly, we list sufficient (andnecessary)conditions for positive J-
coercivity over Í exp or Í out.

In classicalresults (in particular, in most minimization results for finite-
dimensional[LR] [GL] [ZDG] [IOW] or Pritchard–Salamonsystems[Keu]
[LW]), oneusuallyassumessomeof (i)–(iv) of Proposition 10.3.2(seealsoRe-
mark 10.3.3)or somethingstronger, andshows that the CARE hasan exponen-
tially stabilizing solution if f the systemis exponentially stabilizable,andthat in
eithercasethesolutionleadsto theuniqueminimizing statefeedbackover Í exp.
In thoserareresultswheretheassumptionsareweaker thanpositiveJ-coercivity,
the CARE doesnot needto have a solution, althoughthe eCAREor something
similarmighthave(asin Corollary10.2.5).

Sometimestheminimizationis doneover Í out andthe assumption is oneof
(ai)–(biv) of Proposition10.3.1. The purposeof this sectionis to show that all
theseassumptions areequivalent to or strongerthanpositive J-coercivity. This
alsoleadsto a list of differentwaysto verify thepositive J-coercivity of a given
WPLSandthusmake theminimizationresultsof Section10.2moreapplicable.

Popularclassicalassumptions for LQR, H2 andH∞ problemsincludecondi-
tions“no invariantzeroson iR T s ∞ x ” (see(iii) far below) and“no transmission
zeroson iR T s ∞ x ” ((aiv) below); for minimalfinite-dimensionalsystemstheseare
equivalent,asshown below. Westartby showingthatthelatterconditionis equiv-
alentto I -coercivity over Í out (recallthat Í out ¡ 0£ : k s u t L2 ¡ R r ;U £ uu l u t L2 x ):
Proposition10.3.1( Í outÍ outÍ out: y t L2 d u t L2y t L2 d u t L2y t L2 d u t L2) Let Σ : k zÙ| }Æ Þ { t WPLS¡ U © H © Y £
andJ k J j th�¢¡ Y £ . Considerthefollowingconditions:

(ai)
Ì ¡ 0 © u£�y ε m � u � 22 n � l u � 22 n for someε ® 0 andall u t�Í out ¡ 0£ ;

i.e., l is positivelyJ-coerciveover Í out.

(aii) � l u � 2 y ε � u � 2 (u t L2 ¡ R r ;U £ ) for someε ® 0.

(aiii) Àl ¡ s£ j Àl ¡ s£ÿy εI for all s t iR T s ∞ x andsomeε ® 0.

(aiv) Àl ¡ s£ u0 �k 0 for all s t iR T s ∞ x andall nonzero u0 t U.

(bii) � l u © J l u�²y ε � u � 22 (u tÎÍ out ¡ 0£ ) for someε ® 0.

(biii) Àl ¡ s£ j J Àl ¡ s£ÿy εI for all s t iR T s ∞ x andsomeε ® 0.

(biv) Àl ¡ s£ j J Àl ¡ s£�® 0 for all s t iR T s ∞ x .
(bv)D j JC k 0, D j JD c 0, C j JC y 0.

Wehavethefollowing implications:

(a) (J c 0J c 0J c 0) Assumethat J c 0. Then (ai) Ä (aii) Ä (bii). If, in addition,
dimU » H » Y È ∞, then(ai)–(biv)areequivalent.



10.3. STANDARD ASSUMPTIONS 573

(b) (Rational Àl Àl Àl ) Assume that dimU » H » Y È ∞. Then
(ai) Ä (bii) Ä (biii) Ä (biv)� (bv).

If, in addition, Σ is exponentiallystabilizableandexponentially detectable
(e.g., minimal),thenalso(i)–(vi) of Proposition 10.3.2areequivalentto (ai)
(seeProposition 10.3.2(d)).

(c) (l t TICl t TICl t TIC) Assumethat l is stable. Then(ai) Ä (bii) Ä l j J l y εI Ä�ÙÀl ¡ s£ u0 © J Àl ¡ s£ u0� Y y ε � u0 � 2U a.e., for all u0 t U.

If U is separable or Àl is piecewise continuous, then a fifth equivalent
conditionis that ¡ Àl £ j J Àl y εI a.e.

(d) Assumethat ¶J : k zC D { j J zC D { k : z Q N k
N R { satisfies ¶J y 0, R c 0, and

dimKer¡ ¶J £ k dimKer¡ Q£ , anddimU » H » Y È ∞.

Then there is ε ® 0 s.t. �3- x0
u0 � © ¶J - x0

u0 � �´y ε � u0 � 2U for all x0 t H, u0 t U.
Therefore,

Ì ¡ x0 © u£ÿy ε � u � 22 for all measurable u : R r � U andall x0 t H.
In particular, then(bii)–(biv) hold.

(Consequently, if wewishto optimizeover all measurable controls,wemay
replace zC D { by ¶J1� 2 andJ by I t"�¢¡ H » Y £ to make Í out ¡ x0 £ equaltos
u uu Ì ¡ x0 © u£�È ∞ x ; thenew systemis observableif z AQ { is.)

Condition (aiv) is the standardassumption that Àl hasa full columnrank on
iR T s ∞ x . Equivalently, onecansaythat Àl hasno transmissionzeroson iR T s ∞ x
(see,e.g.,Lemma3.27of [ZDG]).

Notethat,whenJ y 0, l is J-coercive if f l is positively J-coercive; for stablel this holdsif f l j J l c 0 (cf. (c)). Notealsothat (ai) is includedin (a) and(c)
only (since(bii)–(biv) donot requirethat � l u © J l u�²y ε � l u � 22).

WhenJ c 0, theconditionin (bii) holdsfor all u tÎÍ out ¡ 0£ if f it holdsfor all
u t L2

loc.

WhendimU » H » Y È ∞, thefunction Àl is rational,henceÀl þ iR is thenwell

definedalsofor unstablel . In thiscase,wedefine�(Àl u0 © J Àl u0� asthelimit of itself
atthepolesof A, e.g.,if Àl ¡�� £ u0 hasapoleats0, it is consideredthat �àÀl ¡ s0 £ u0 � k ∞
(in (aiii), (aiv), (biii) and(biv)). Thus,(aiii) holdsif f �ÛÀl ¡ s£ u0 ��y ε � u0 � for u0 t U
ands t iR � σ ¡ A£ . Naturally, Àl ¡L8 ∞ £ k D (whendimH È ∞). Notealsothat, in
this finite-dimensional case,a minimal systemis exponentially stabilizableand
detectable(see[LR, p. 91]).

Proof of Proposition 10.3.1: (a) By Lemma 8.4.11(d2), we have
(ai)Ä (bii). Trivially, � l u © J l u� k ∞ y ε � u � 2 whenever u t L2 ¡ R rÖ© U £ �Í out ¡ 0£ , hence(aii) Ä (bii). Therestof (a) follows from (b).

(b) WeassumethatdimU » H » Y È ∞ anddividetheproof in parts.
1° “If u © l u t L2 ¡ R r ; Ç7£ , then p q l u k Àl Àu a.e. on iR”: (In fact, this holds

alsowhenever, e.g.,thesetN below isatmostcountable(thishappenswhenever
A is compact)or l is stable(then p q l u k Àl Àu a.e.on iR, by (3.36)).)

BecausedimH È ∞, the set N : k σ ¡ A£ is finite, and thereis ω t R s.t.l t TICω and Àl t H ¡ C � N; �¢¡ U © Y £*£ .
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SetΩ : k C r � N. The functions Àl Àu t H ¡ Ω;Y £ andG : k Wl u t H2 ¡ C r ;Y £
coincideon C rω , hencethey are identicalon Ω, by LemmaD.1.2(e). Conse-
quently, Àl Àu þ iR t L2 is the boundaryfunction of G t H2 a.e.,by (a1)(1.) and
(a2)of Theorem3.3.1.)

(Notethat if, e.g., Àl ¡ s£ k ¡ s � 1£ w 1, thenthemap Àu �� Àl Àu on iR inducesa
TI0 mapthat is differentfrom l (which is in TIC∞

� TIC). Above we showed
that thesetwo mapscoincideon theset

s
u t L2 uu l u t L2 x . Anotherexample

in thisdirectionis providedbelow Example3.3.10.)
2° (biii) d (biv): This is trivial.
3° (biii) d (bii): Assume(biii). Let u t�Í out ¡ 0£ . Then p q l u k Àl Àu a.e.on

iR, by 1° , hence� l u © J l u� k ¡ 2π £ w 1� 2 �ÙÀl Àu © J Àl Àu�vy¾¡ 2π £ w 1� 2ε � Àu � 22 k ε � u � 22 © (10.14)

by thePlancherelTheorem(see(D.36)).Thus,(bii) holds.
4° (bii) d (biii): SetF : k Àl ¡ � �̄ £ j J Àl , sothatF t H ¡ Nc; �¢¡ U £*£ , whereN � C

is finite, andF k Àl j J Àl on iR T s ∞ x .
Assumethat (biii) is false(we aim to show that thenalso (bii) is false).

Thenthereareε Ê0© ε Ê ÊvÈ ε, ir0 t iR T s ∞ x , u0 t K : k s u0 t U uu � u0 � k 1 x s.t.
G ¡ ir0 £ È ε ÊvÈ ε Ê Ê , whereG ¡ ir £ : k � u0 © F ¡ ir £ u0� (r t R). We may assumethat
ir0 t iR � N (alterr0 slightly if necessary).

NotethatG t H ¡ Nc £ andG ¡ ir £�t R for all r t R. LetÀg ¡ s£ : k ∏
p
¡ s � p£ Â ¡ s n p n 2£�© (10.15)

wherep runsover thepolesof Àl u0 onC r w 1, countingmultiplicities.

Then Àg Àl u0 t H∞ ¡ C r w 1;Y £ , Àg t H∞ ¡ C r w 1 £ and þ Àg þ � 1 on C r w 1. Set a : kþ Àg ¡ ir0 £ þ , M : k � J �Û� Àl Àgu0 � , so that þG þZþ Àg þ 2 � M on C r T s ∞ x , M È ∞ and
a ® 0. Given ε0 t¾¡ 0 © a£ , there is δ ® 0 s.t. a � ε0 È þ Àg ¡ ir £ þ È a n ε0 on
Jδ : k i ¡ r � δ © r n δ £ .

For eacht t¬¡ 0 © δ £ , we chooseft t L2 ¡ R r�£ asin LemmaD.1.24,andsetÀht : k Àft Àg t H2 ¡ C r £ , so that Àl Àhtu0 t H2; in particular, ut : k htu0 t¬Í out ¡ 0£ .
Now

R : k 2π � l htu0 © J l htu0� L2 É R K ;Y « k �
iR
� Àhtu0 © F Àhtu0� U dm k �

iR
G þ Àg Àft þ 2dm

(10.16)� �
Jδ

ε Ê ¡ a n ε0 £ 2 þ Àft þ 2dm n �
iR � Jδ

M þ Àft þ 2dm � 2πε Ê ¡ a n ε0 £ 2 n Mεt © (10.17)

whereεt � 0 ast � 0n . By choosingt small enough,we get R È 2πε Ê Ê0¡ a n
ε0 £ 2 and �(Àht � 22 y 2π ¡ a � ε0 £ 2. Becauseε0 t�¡ 0 © a£ was arbitrary, we have� l Àhtu0 © J l Àhtu0� � ε Ê ÊÙ� htu0 � 22 for ε0 andt small enough.Therefore,(bii) does
nothold.

5° (ai) d (bii): This follows from Lemma8.4.11(d1).
6° (biv)d (ai): SetF : k Àl ¡ � �̄ £ j J Àl , so that F k Àl j J Àl on iR T s ∞ x and

F t H ¡ Nc; �¢¡ U £*£ (in fact,F is rational),whereN � C is finite.
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6 � 1° “(biv) d (biii)” when l is exponentially stable: Now F ¡ i � £µt � b ¡ iR Ts
∞ x ; �¢¡ U £Ï£ . Assume (biv).

Obviously, ¡ r © u0 £ �� � u0 © F ¡ ir £ u0� is continuous iR T s ∞ xú» U � ¡ 0 © n ∞ £ .
Therefore, ε : k minr  iR rts ∞ uèq u0  K � u0 © F ¡ ir £ u0� exists, where K : k s

u0 t
U uu � u0 � k 1 x . By (biv), wehaveε ® 0, hence(biii) holds(with thisε).

6 � 2° (biv)d (ai): Assume(biv). Beingrational, Àl hasan(exponential)r.c.f.Àl k À�ÎÀØ w 1 (by Lemma6.5.10(b)).Since

0 È¬� l Ø u ê © J l Ø u ê � k ��� u êµ© J � u ê ��¡ uêÎt L2 ¡ R r ;U £*£ù© (10.18)

we have À� j J À��y εI for someε ® 0, by 5 � 1 ° . By Lemma8.4.11(a2)&(b1), it
follows that l (resp. � ) is positively J-coercive over Í out (resp. Í Σ Üout), hence
(ai) holds.

7° (bv)d (biv): Assume (bv). Then Àl ¡ s£ j J Àl ¡ s£ k D j JD n Bj ¡ s �
A£ w j C j JC ¡ s � A£ w 1B y D j JD c 0 for all s t iR T s ∞ x , hencethen(biv) holds.

8° (i)–(vi): Proposition10.3.2(d)providesthelastequivalence.
(c) Now Í out ¡ 0£ k L2 ¡ R r ;U £ , hencel j J l y εI is equivalent to (bii), by

Lemma6.4.6. Trivially, (ai)d (bii); the conversealso holds since � l u � 2 �� l � � u � 2. By Theorem3.1.3(e2),alsotheremainingtwo equivalenceshold.

(d) Finding ε ® 0: Assume(iv). We have ¶J k Pj � ¹Q 0
0 R � P k E j E, where¶Q : k Q � NRw 1N j , P : k � I 0w R) 1N k I � t� ±�"¡ H » U £ (hence ¶Q y 0), E k� ¹Q1; 2 0

0 R1; 2 � P. Thus,0 � � z©Û¶Qz� � � z© Qz� for all z t H » U , henceKer¡ Q£ �
Ker¡Ý¶Q£ . But dimKer¡à¶Q£ k dimKer¡ Q£ÿÈ ∞, by (iv), henceKer¡ Q£ k Ker¡à¶Q£ .
Because0 � ¶Q, wemusthave

Ker¡ Q£ � Ker¡ NR
w 1N j £ k Ker¡ N j £�� (10.19)

Therefore, Ker¡ ¶Q£ � Ker¡ N j £ , henceKer¡ ¶Q1� 2 £ � Ker¡ N j £ . By Lemma
A.3.1(f), we have L ¶Q1� 2 k � Rw 1N j for someL tA�¢¡ U £ . ChooseεR ® 0 s.t.
R y ε2

RI . Givenx0 t H andu0 t U , setv0 : k u0
� Rw 1N j x0, sothat

κ ¡ x0 © u0 £ : k � 4 x0

u0 5 © ¶J 4 x0

u0 5 � k � v0 © Rv0� n � x0 ©7¶Qx0� k � E 4 x0

u0 5 � 2 � (10.20)

To obtaina contradiction,assumethat x0 t H andu0 t U ares.t. � u0 � k
1 but � E - x0

u0 �7� 2 È ε : k min
s
εR Â 2 © 1Â 4 � L � 2 x¤® 0. Then � v0 � U È εε w 1

R �
1Â 2, hence � Rw 1N j x0 � y 1Â 2, hence ¶Q1� 2x0 y 1Â 2 � L � , henceκ ¡ x0 © u0 £�y
1Â 4 � L � 2 y ε, a contradiction,asrequired.Thus, ¶J y εI .

2° Theotherclaims:Sincey k Cx n Du, wherex : k � x0
n¤o τu, wehaveÌ ¡ x0 © u£ k � ∞

0
� 4 x

u5 © ¶J 4 xu5 � dm y ε � u � 22 ¡ u t L2 ¡ R r ;U £*£�� (10.21)

Thus, the secondclaim holds. Condition(bii) follows from this, by (b) also
(biii) holds(and(biv) if J y 0).

Let usnow studythenew systemwith zCÊ D Ê { : k ¶J1� 2. As shown above,Ì ¡ x0 © u£ k ∞ for all u �t L2. With this new setting, Í"Êout ¡ x0 £ (for Σ Ê ) consists
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of all u t L2 ¡ R r ;U £ for which (10.21) is finite; in particular, we may have� x0
nÅl u �t L2 (but � Ê x0

nÅl Ê u t L2). Thus, ÍOÊout includestheoriginal Í out.
Then ¡ CÊ2£ j CÊ k Q, hencethentheobservability of z AQ { impliesthatof z AC Ë { ,

by theHautustest(seep. 7 of [IOW]; obviously, rank � λ w AÉ C Ë « k C Ë � � rank � λ w A
C Ë � ).S

Next we studyJ-coercivity over Í exp ¡ 0£ : k s u t L2 ¡ R r ;U £ uu o τu t L2 x (we
shallhaveCc : k Cw, Dc : k D for mostapplications):

Proposition10.3.2( Í expÍ expÍ exp: y t L2 d u © x t L2y t L2 d u © x t L2y t L2 d u © x t L2) Let Σ : k zH| }Æ Þ { t
WPLS¡ U © H © Y £ have compatible generators ¡ Cc © Dc £ . Let J k J j t �¢¡ Y £ ,
andset

κ ¡ x0 © u0 £ : k �'¡ Ccx0
n Dcu0 £�© J ¡ Ccx0

n Dcu0 £H�(© Ì ¡ 0 © u£ : k � l u © J l u�'� (10.22)

We have the following implications betweenthe conditions (i)–(iii’) given
below:

(a1)Condition(i) is invariantunderadmissible statefeedback (in thesensethat

if Σ × is the corresponding closed-loopsystem,then � |ÛÜ } ÜÆ Ü ÞÛÜ � satisfies(i) iffz | }Æ Þ { satisfies(i)).

(a2) Conditions(i)–(iii’) are invariant under admissible statefeedback by a
compatiblestatefeedback operator Kc (in the above sense, with ¡ C× £ c : k
Cc
n DKc, ¡ D × £ c : k Dc).

(b) If Σ is estimatable, then Í out
k Í exp, hencethen(i) becomesequivalentto

(ai) of Proposition10.3.1.

(c) (i) Ä (i”) � (ii) � (iii) d (iii’) (withoutfurtherassumptions).

(d) (dim È ∞È ∞È ∞) AssumethatdimU » H » Y È ∞. Then(iii) Ä (iii ’) � (vii).

Assume, in addition, that Σ is exponentially stabilizable. Then(i)–(vi) are
equivalentto each other(andto (ai) and(bii)–(biv) of Proposition10.3.1if
Σ is exponentially detectable).Moreover, in (ii), (ii’), (iii) and(iv), wemay
replace“r t R” by “r t E”, where E � R is dense.

(e1) (BwCARE) Assumethat Hypothesis9.2.1holdsfor Í jj k Í exp, Σ hasa
compatibleexponentiallystabilizingstatefeedback operator, andDc

k D.

Then (v)� (i’) Ä (ii’) Ä (vi) d (i) Ä (i”) Ä (ii) Ä (iii) d (iii’). If, in addition,
D j JD c 0, then(i)–(iii), (v) and(vi) areequivalent.

(e2) (Bounded or smoothingBBB) Assumethat π ª 0 q 1 « � B t L1 ¡^- 0 © 1£ ; �"¡ U © H £*£ ,l t ULR, Σ is optimizable, andDc
k D.

Then (i)–(iii) are equivalent. If, in addition, Hypothesis9.2.1 holds forÍ jj k Í exp, then(i)–(iii), (v) and(vi) areequivalent.

(f) If Σ hasanexponentially stabilizingcompatible statefeedback operator, then
(i’) Ä (ii’), and(i) Ä (i”) Ä (ii) Ä (iii) d (iii’).

(g1) If l is ULR andDc
k D, then(i’) d (i), and(ii’) d (ii).
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(g2) If Σ hasan exponentially stabilizing compatible state feedback operator
s.t. l × t SHPR(or o × τ t SHPRand l t SLR), then(ii) d (ii’), and(i) d (i’)
(with Dc

k D × ).
(i)
Ì ¡ 0 © u£ y ε m � u � 22 n � o τu � 22 n for someε ® 0 andall u t�Í exp ¡ 0£ ;
i.e., l is positivelyJ-coerciveover Í exp.

(i’)
Ì ¡ 0 © u£�y ε � o τu � 22 for someε ® 0 andall u t�Í exp ¡ 0£ , andD jcJDc c 0.

(i”)
Ì ¡ 0 © u£�y ε m � u � 22 n � o τu � 22 n � l u � 22 n for someε ® 0 andall u tÎÍ exp ¡ 0£ .

(ii) There is ε ® 0 s.t.¡ ir � A£ x0
k Bu0

k d κ ¡ x0 © u0 £ y ε ¡?� x0 � 2H n � u0 � 2U £�¡ x0 t H © u0 t U © r t R £��
(10.23)

(ii’) D jcJDc c 0 andthere is ε ® 0 s.t.¡ ir � A£ x0
k Bu0

k d κ ¡ x0 © u0 £ÿy ε � x0 � 2H ¡ x0 t H © u0 t U © r t R £��
(10.24)

(iii) There is ε ® 0 s.t. T jir z IH 0
0 J { Tir y εI (r t R) on H » U, where Tir : k� A w ir B

Cc Dc � .
(iii’) T jir z IH 0

0 J { Tir ® 0 (r t R). Equivalently,

r t R & z 00 { �k - x0
u0 � t H » U & ¡ ir � A£ x0

k Bu0
k d κ ¡ x0 © u0 £ÿ® 0 �

(10.25)

(iv) There is ε ® 0 s.t. � u0 ©*Àl ¡ s£ j J Àl ¡ s£ u0��y ε m � u0 � 2U n �à¡ s � A£ w 1Bu0 � 2H n for
a.e. s t iR.

(v) There is a uniqueminimizingu tÎÍ exp ¡ x0 £ for each x0 t H, andD j JD c 0.

(vi) TheBjw-CAREhasanexponentiallystabilizingsolutionandD j JD c 0.

(vii) ¡ C © A£ hasnounobservablenodeson iR, J k I , D j D ® 0 andD j C k 0.

In classicalLQR results,the assumptions areusuallywritten in someof the
following forms:

Remark 10.3.3 Obviously, any J c 0 is equivalentto J k I in all above con-
ditions. Therefore, for J c 0, we get the following equivalentforms of above
conditions:
(i) � l u � 2 y ε ¡ù� o τu � 2 n � u � 2 £ ;
(ii) ¡ ir � A£ x0

k Bu0 d � Ccx0
n Dcu0 � Y y ε ¡?� x0 � H n � u0 � U £ ;

(ii’) D jcDc c 0, and ¡ ir � A£ x0
k Bu0 d � Ccx0

n Dcu0 � Y y ε � x0 � H ;

(iii’) Tir : k � A w ir B
Cc Dc � : H » U � H » Y hasa full columnrank (i.e., T jir Tir c 0)

for all r t R;
(iv) � Àl ¡ s£ u0 � Y y ε ¡?� u0 � U n �à¡ s � A£ w 1Bu0 � H £ for a.e. s t iR andall u0 t U. S

Recallthatweset � x � X k ∞ for x �t X, hence� Ts - x0
u0 �7� H 7 Y k ∞ y ε �Q- x0

u0 �7� H 7 U
for all x0 t H � HB, ε ® 0. In (iv) and (iv’), the valuesof �à¡ s � A£ w 1Bu0 � H ,
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)� Àl ¡ s£ u0 � U and � u0 ©*Àl ¡ s£ j J Àl ¡ s£ u0� aredefinedby continuityat ∞ andat thepoles
of ¡ s � A£ w 1 (in particular, thevalue n ∞ is allowed).

Condition (iii’) saysthat Σ hasno invariant zeros on iR T s ∞ x (see,e.g.,
Definition3.16of [ZDG]). If A is bounded(this is thecasewhendimH È ∞), then
H k H w 1

k H1, hencethennecessarilyz A B
C D { arebounded,Cc

k C andDc
k D.

Whenapplyingtheabove results,we oftenassumethat l is WR, so thatwe
cantakeCc

k Cw, Dc
k D.

Example9.13.5showsthatpositiveJ-coercivity over Í out doesnotimply pos-
itive J-coercivity over Í exp, not even whenΣ is one-dimensional andexponen-
tially stabilizablewith D j JD c 0.

Proof of Proposition 10.3.2: Remarks: The numbersε ® 0 in (i)–
(iv) neednot be equal, but they are always independentof x0, u0 and r.

Since �à� ¹x¹y � © z IH 0
0 J { � ¹x¹y � � H 7 U : k � ¶x � H n � ¶y © J ¶y� Y k ∞ for ¶x t H w 1

� H, we have� Tir - x0
u0 �§©Yz IH 0

0 J { Tir - x0
u0 � � H 7 U k ∞ when ¡ A � ir £ x0

n Bu0 �t H; in particular, (iii)
needto becheckedfor x0 t HB only.)

Aboutthe proof: By Lemma6.7.8,(i) is equivalent to (i”) and Í exp ¡ 0£ ks
u t L2 ¡ R r ;U £ uu o τu © l u t L2 x . Thus,wemayandwill neglect(i”) in therest

of theproof.
We shall use the notation of Definition 6.6.10 when referring to state

feedback.
(a1)This is Theorem8.4.5(d).
(a2) For (i) this follows from (a1); for (i’) this follows from the formulaÍ exp ¡ 0£ k ¶Ø�Í Σ Üexp ¡ 0£ from Theorem8.4.5(c1)(since ¡ D × £ c : k Dc, by (6.144)),

so we concentrateon (ii)–(iii’). Let Kc be an admissible compatiblestate
feedbackoperatorfor Σ, andlet Σ × be the correspondingclosed-loopsystem.
Then4 A � s B

Cc Dc 5 4 I 0
Kc I 5 ko4 A n BKc

� s B
Cc
n DcKc Dc 5 kv4 A× � s B×¡ C× £ c ¡ D × £ c 5 k : T

×
s (10.26)

for all s t C, by Proposition6.6.18(d2).
In 1° –4° , we assumea claim for zÙ| }Æ Þ { (as above), andprove the same

claimfor � |ÛÜ }ÝÜÆ Ü ÞÛÜ � . Theconverseis alwaysobtainedby using � Kc for � |ÛÜ } ÜÆ Ü ÞÛÜ �
(seeProposition6.6.18(d2)).

1° Claim (ii) is Kc-invariant: Assume(ii). Given x0 t H, v0 t U , set
u0 : k x0

n Kcv0, y0 : k Ccx0
n Dcu0, sothat - x0

u0 � k z I 0
Kc I { - x0

v0 � andy0
k ¡ C×Ù£ cx0

n¡ D × £ cv0, by (10.26).
Now κ ¡ x0 © u0 £ k � y0 © Jy0� k : κ × ¡ x0 © v0 £ , sothatobtain(ii) for Σ × too,because� x0 � 2 n � v0 � 2 � ¡ M0

n 2£ 2 ¡?� x0 � 2 n � u0 � 2 £ , whereM0 is asin Lemma6.3.21
for z | }~ � { (notethat � v0 � � � x0 � n M0 � u0 � , sincev0

k x0
� Kcu0).

2° Claim(ii’) is Kc-invariant: Drop thelastpartfrom theaboveproof.
3° Claim (iii) is Kc-invariant: Assume (iii). Givenx0 t H, v0 t U , r t R,

setu0 : k x0
n Kcv0 and 4 x1

y0 5 : k Tir
4 x0

u0 5 k T
×

ir
4 x0

v0 5 © (10.27)
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asin (10.26).
By (10.29)and(iii), thesum � x1 � 2H n � y0 © Jy0� Y is at leastε ¡?� x0 � 2H n � u0 � 2U £ ,

henceat least ¡?� x0 � 2H n � v0 � 2U £ ε Â ¡ M0
n 1£ 2, as in 1° . Thus, (iii) holds for� |ÛÜ }ÝÜÆ Ü ÞÛÜ � .

4° Claim (iii’) is Kc-invariant: This is analogousto 3 ° .
(b) This is givenin Lemma8.3.3.
(c) 1° (iii) d (iii ’): This is trivial. (Moreover, the equivalencein (iii’) is

obviousfrom (10.29).)
2° (ii) d (i): Assume(ii). Let u t¨Í exp ¡ 0£ , so that u © x © y t L2 ¡ R r ; Ç7£ ,

wherex : k¨o τu andy : k�l u. By Lemma6.3.20,we have ¡�� � A£ Àx k BÀu andÀy k Cc Àx n Dc Àu a.e.on iR. By (3.34),we have� Ày © J Ày� k �
R

κ ¡ Àx ¡ ir £�© Àu ¡ ir £*£ dr y ε ¡?� Àx � 22 n � Àu � 22 £ (10.28)

hence
Ì ¡ 0 © u£ k � y© Jy�vy ε ¡?� x � 22 n � u � 22 £ , by (3.34).Therefore,(i) holds.

3° (iii) d (ii): Now� 4 x0

u0 5 © T jir 4 I 0
0 J 5 Tir

4 x0

u0 5 � k � Bu0
� ¡ ir � A£ x0 � 2H n κ ¡ x0 © u0 £�� (10.29)

Thus, if ¡ A � ir £ x0
n Bu0

k 0, then (iii) implies that κ ¡ x0 © u0 £Ky ε ¡?� x0 � 2H n� u0 � 2U £ for someε ® 0 independentof x0 andu0. Thus,then(ii) holds.
(f) By (c), we only have to show the implications “(i) d (ii) d (iii)”, and

“(i’) Ä (ii’)”. Thiswill bedonebelow.
1 � 1° (ii) d (iii ) for exponentially stableΣ: Let Σ be exponentially stable.

Assume(ii) with ε t�¡ 0 © 1Â 2£ . By Lemma A.4.4(g1), there is M È ∞ s.t.�à¡ ir � A£ w 1z0 � H � M � z0 � H for all r t R andz0 t H (becauseωA È 0).
Let � x0 � 2H n � u0 � 2U k 1 andr t R. Assumethat� z1 � H È δ : k ε Â 3 ¡ 1 n M n �ÝÀ� � 2 � J � n 2 � À� �Û� J �Û� Àl � £�© (10.30)

wherez1 : k ¡ ir � A£ x0
� Bu0. Set x1 : k ¡ ir � A£ w 1z1, x2 : k x0

� x1, so that¡ ir � A£ x2
k Bu0, i.e.,x2

k ¡ ir � A£ w 1Bu0. It follows that

y0 : k Ccx2
n Dcu0

k Àl ¡ ir £ u0 and Ccx0
k Ccx2

n À� ¡ ir £ z1 © (10.31)

henceκ ¡ x2 © u0 £ k � y0 © Jy0� andκ ¡ x0 © u0 £ k � y0
n À� ¡ ir £ z1 © J ¡ y0

n À� ¡ ir £ z1 £H� . Con-
sequently,

κ ¡ x0 © u0 £ � κ ¡ x2 © u0 £ k �ÙÀ� ¡ ir £ z1 © J À� ¡ ir £ z1� n 2Re�ÙÀ� ¡ ir £ z1 © Jy0� (10.32)� � À� � 2 � J � δ2 n 2 � À� �Û� J �Û� Àl � δ È ε Â 3 (10.33)

(notethatδ È ε Â 3 È 1,henceδ2 È δ). But � x2 � 2 n � u0 � 2 y 1 n � x2 � 2 � � x0 � 2 y
1 � 2 � x1 �Û� x0 ��y 1 � 2M � z1 ��y 1 � 2ε Â 3,henceκ ¡ x2 © u0 £ y ε ¡ 1 � 2ε Â 3£²® 2ε Â 3,
by (ii). By (10.32),weobtainthatκ ¡ x0 © u0 £ÿ® 2ε Â 3 � ε Â 3 k ε Â 3.

Thus,(10.29)y min ¡ δ2 © ε Â 6£ k : ε Ê , hence(iii) holdswith ε Ê in placeof ε.
1 � 2° (ii) d (iii ) for Σ havingan exponentiallystabilizing Kc: Apply 1° and

twice (a2).
2 � 1° (i) d (ii) for exponentiallystable Σ: Let Σ beexponentially stableand
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assumethat(ii) doesnot hold for someγ ® 0, sothattherearex0 t H, u0 t U
andr0 t R s.t. ¡ ir 0

� A£ x0
k Bu0, κ ¡ x0 © u0 £µÈ γ and � x0 � 2 n � u0 � 2 k 1. Note

thatx0
k ¡ ir0

� A£ w 1Bu0.
Let ε Ê t ¡ 0 © 1£ be arbitrary. Chooseδ ® 0 s.t. κ ¡ xr © u0 £±È γ and � xr � 2 n� u0 � 2 ® 1 � ε Ê for þ r � r0 þ È δ, wherexr : k ¡ ir � A£ w 1Bu0. Set

M : k max
s
1 © � l � 2 � J � xY� (10.34)

By LemmaD.1.24,thereis f t L2 ¡ R r�£ s.t. &%w r w r0
w Y δ þ Àf ¡ ir £ þ 2dr È ε Ê Â M and� Àf � 2 k 1. Setu : k f u0, Ày : k Àl Àu, so that � Ày ¡ ir £ � � � l � � Àf ¡ ir £ � (r t R), and

hence � w
r w r0

w Y δ
� Ày © J Ày� dr � � w

r w r0
w Y δ

M � Àf � 2dr È Mε Ê Â M k ε Ê © (10.35)� w
r w r0

w x
δ
� Ày © J Ày� dr k � w

r w r0
w x

δ
κ ¡ xr © u0 £ þ Àf þ 2dr È γ © and (10.36)�

iR
¡?� Àu � 2 n � Àx � 2 £ dr ®�¡ 1 � ε Ê £ � w

r w r0
w x

δ
� Àf � 2dm ®¾¡ 1 � ε Ê £ 2 (10.37)

In particular,
Ì ¡ 0 © u£ÖÈ¼¡ γ n ε ÊZ£ Â 2π and � u � 2 n � x � 2 ®¼¡ 1 � ε ÊZ£ 2 Â 2π. Because

ε Ê ® 0 wasarbitrary, weseethat(i) cannothold for any ε ® γ.
Thus, if (i) holds for someε ® 0, we must alsohave (ii) for the sameε

(otherwise(ii) would fail for someγ È ε too, hence(i) would be falsefor ε, a
contradiction).

2 � 2° (i) d (ii) for Σ havingan exponentially stabilizing Kc: Apply 3 � 1° and
twice (a2).

3° (i’) Ä (ii’) : DefineΣ Ê and
Ì Ê by setting J Ê : k z J 0

0 I { ,CÊc : k z Cc
0 { , D Êc : k z Dc

I {
(thus,

Ì Ê k Ì n � u � 22). Thenfor
Ì Ê , condition (i) is satisfied,henceso is (ii),

by 2° . But κ ÊH¡ x0 © u0 £ k κ ¡ x0 © u0 £ n � u0 � 2U , hence(ii’) is satisfiedby
Ì

. The
converseis analogous,using “(ii) d (i)” (henceit doesnot even require the
stabilizability assumption).

(g1)1° (ii’) d (ii): To deriveacontradiction,assumethat l is ULR, Dc
k D

and(ii’) holdsbut (ii) doesnothold. Chooseε Ê ® 0 s.t.D j JD c ε Ê I . Thenthere
are

s
rn x � R,

s
xn x � H,

s
un x � U s.t. � un � U k 1 (n t N), ¡ irn

� A£ xn
k Bun

andκ ¡ xn © un £ � 0, asn � ∞. Consequently, xn � 0 (by (ii’)).
Given δ ® 0, we obtain from Lemma 6.3.22 that there is M È ∞ s.t.� Cwxn � Y � M � xn � H n δ � un � U Â 2 ¡ n t N £ . Consequently, thereis Nδ t N s.t.� Cwxn � Y È δ for n y Nδ. It followsthat

κ ¡ xn © un £ k � un © D j JDun� n 2Re�Cwx © JDun� n �Cwx © JCwx� (10.38)y ε Ê � 2 � D �Û� J � δ � � J � δ2 � (10.39)

Becauseδ ® 0 wasarbitrary, wehave lim infn� ∞ κ ¡ xn © un £ y ε Ê , acontradiction,
asrequired.

2° (i’) d (i): To derive a contradiction,assumethat l is ULR, Dc
k D and

(i’) holdsbut (i) doesnot hold. Chooseε Êý® 0 s.t.D j JD c ε Ê I . Thenthereares
un x � Í exp ¡ 0£ s.t. � un � 2 n � xn � 2 k 1 (n t N), and � l u © J l u� � 0, asn � ∞,

wherexn : kmo τun. Consequently, � xn � 2 � 0 and � un � 2 � 1 (by (i’)), asn � ∞.
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Given δ ® 0, chooseM as in 1 ° . Since ¡ ir � A£ Àxn ¡ ir £ k BÀun ¡ ir £ for a.e.
r t R, by Lemma6.3.20,weobtainthat� Cw Àxn ¡ ir £ � Y � M � Àxn ¡ ir £ � H n δ

2
� Àun ¡ ir £ � U for a.e. r t R (10.40)

andfor all n t N. Consequently, thereis Nδ ® 0 s.t. � Cw Àxn ¡ ir £ � Y � δ � Àun ¡ ir £ � U
for a.e.r t R andall n y Nδ, hence� Cw Àxn �zyL2 É iR;Y « 2πδ2 for all n y Nδ (because� Àun � 22 k 2π � un � 22 � 2π). But

2πÌ ¡ 0 © un £ÿy¬� D Àun © JD Àun� L2
� � J �Û� Cw Àxn � 22 � 2 � J �Û� D Àun � 22 � Cw Àxn � 22 © (10.41)

by (6.90), hence
Ì ¡ 0 © un £úy ε ÊÙ� un � 22 � M Ê δ2 � M Ê(� un � 2δ for n y Nδ, where

M Ê : k � J � max
s � D � © 1 x . Consequently, lim inf

Ì ¡ 0 © un £ y ε Ê � M Ê δ2. Because
δ ® 0 wasarbitrary, wehave lim inf

Ì ¡ 0 © un £�y ε Ê , a contradiction,asrequired.
(g2) Let Kc be the exponentially stabilizing compatiblestate feedback

operator. Notethat l × t SHPRin eithercase,by theassumption or by Lemma
6.3.23.

1° CaseKc
k 0: Assumethat(i) holds(by (c), this is thecaseif (ii) holds).

By Lemma6.3.6(c2),we have D j× JD × c 0, i.e., D j JD c 0. Thus,(i’) holds
(and(ii’) if (ii) holds).

2° (ii) d (ii’), and (i) d (i’) assumingthat Kc stabilizes Σ exponentially,o × τ t SHPRand l × t SLR: Assumethat Kc is an exponentially stabilizing
compatible state feedbackoperatorfor Σ. Assumethat the corresponding
closed-loopsystemΣ × is s.t. l × t SHPR. Assumethat (ii) (resp.(i)) holds
for Dc

k D × k : D.
(By applying twice Proposition6.6.18(d2)(seealso Lemma6.6.14),we

seethat � Kc is an admissible compatible statefeedbackoperatorfor Σ × , and¡*¡ C×H£ w � D × Kc © D ×Ù£ is a compatiblepair for Σ. Thuscondition (ii) for Dc
k D ×

is well defined.)

Then(ii) (resp.(i)) holdsfor � |ÛÜ }ÝÜÆ Ü ÞÛÜ � , by (a2),hence(ii’) (resp.(i’)) holds

for � |ÛÜ }ÝÜÆ Ü ÞÛÜ � , by 1° , hence(ii’) (resp.(i’)) holdsfor Σ, by (a2).

(e1) The first chainof implications follows from (f), (g1) and(g2) except
for (v) and(vi).

“(ii’) d (v)”: This follows from Lemma 10.2.4 (since (ii’) implies (i)).
“(v) Ä (vi) d (i)”: This follows from Theorem9.2.16“(vi) d (i’)”: If (vi) holds,
thenD j JD c 0 and(i) holds,by theabove,hencethen(i’) holds.

(e2) 1° (i) d (i’)–(iii’)& (v): Assume(i). By Lemma9.2.17andits proof,
D j JD c 0 (hence(i’) holds) and there is an exponentially stabilizing ULR
K th�"¡ H © U £ , hence(i)–(iii’) and(v) hold,by (f).

2° (i’)/(ii)/(ii’)/(iii) d (i): This follows from (g1)and(f).
3° (i)&(i’) Ä (vi) Ä (v) underHypothesis9.2.1: AssumeHypothesis9.2.1

for Í jj k Í exp. By Theorem9.2.16, (i)&(i’) implies (vi) and (v) implies
(vi). Conversely, if (vi) holds, then we obtain from Theorems9.2.16 and
9.9.1(k)&(a2) that (v) holds, l is J-coercive and

Ì ¡ 0 ©^� £�y 0, hence l is
positively J-coercive, i.e., (i) holds.

(d) AssumethatdimU © dimH © dimY È ∞. (Notethat(iv) is notwell defined
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in general,but it is well definedin thisfinite-dimensional case.)
1° (iii’) d (iii): Then A © B © C © D are bounded. Let K : k s ¡ x © u£ât H »

U uu � x � 2H n � u � 2U k 1 x . Thefunction

F ¡ r © x0 © u0 £ : k �3- x0
u0 � © T jir z I 0

0 J { Tir - x0
u0 � � k � Ax0

n Bu0
� ir x0 � 2 n κ ¡ x0 © u0 £ (10.42)

is continuousonH » U for afixedr t R, henceM : k maxx q u  K F ¡ 0 © x © u£�È ∞.
Obviously, there is R È ∞ s.t. F ¡ r © x © u£"® M for all þ r þ ® R and¡ x © u£ t K. But F is obviously continuous on - � R© R��» K, hence ε : k

minr  R q É x q u «{ K F ¡ r © x © u£ exists. By (iii’), ε ® 0. Apparently, (iii) holdsfor this
ε.

2° (vii) d (iii’): The first conditionin (vii) meansthat Ker¡Úz ir w A
C { £ k s 0 x

for all r t R. If u0 �k 0, then κ ¡ x0 © u0 £úy¼� u0 © D j Du0�µ® 0. If u0
k 0 and¡ ir � A£ x0

k Bu0 for somer t R, thenwehaveCx0 �k 0, hencethenκ ¡ x0 © u0 £ k�Cx0 © Cx0�²® 0.
3° (ii) Ä (iv): Let ε beasin (ii), andsetM k � C � n � D � . If ir t iR � σ ¡ A£ k :

R and ¡ ir � A£ x0
k Bu0, thenCx0

n Du0
k Àl ¡ ir £ u0, hencethen F : k Àl j J Àl

satisfies � u0 © F ¡ ir £ u0� k κ ¡ x0 © u0 £ , so that (ii) becomesequivalent to (iv) for
ir t R. SinceR is densein iR T s ∞ x , and both sidesof the inequalities in
(ii) and (iv) are continuous iR T s ∞ x � ¡ 0 © n ∞ � , any ir t iR T s ∞ x will do.
(Recallthatwe interpretthevaluesastheir limitsasR | r � r0 for r0

k ∞ and
for termshaving apoleat ir 0.)

4° The rest of (d) except E: If Σ is exponentially stabilizable [and de-
tectable],thenwe get theotherimplicationsfrom (e) [and(b) andProposition
10.3.1(b)].

5° The denseset E � R: In the proof of (ii) Ä (ii’) Ä (iii) (including the
invarianceof (ii), (ii’) and(iii) w.r.t. Kc

k K in (a2)),we canrestrictr to any
E � R. But T�Út � ¡ iR; �¢¡ U » H £*£ , hence(iii) is invariantunderthe replace-
mentof R by its densesubset.Thesameholdsfor (iv), becausebothsidesof
theinequality in (iv) arecontinuousiR � - 0 © n ∞ � . S
In conditions (i)–(i”) of Proposition10.3.2,we posedrequirementson u tÍ exp ¡ 0£ only; hereweshow thatevenin thefinite-dimensionalcase,thisis strictly

weaker thanrequiringthesamefor all u t L2 ¡ R r ;U £ (or for all u tÅÍ out ¡ 0£ ), and
thatnoneof (i)–(iv’) implies the samefor all u t�Í out ¡ 0£ (naturally, this cannot
bethecasewhenΣ is exponentially detectable,by (b)):

Example 10.3.4 Let A k 1 k B k D, C k 0, C k U k H k Y. Then l u k u
for all u, so that Í out ¡ 0£ k L2 ¡ R r ;U £ , but ¡ s � A£ w 1B k ¡ s � 1£ w 1, hencep q o τu k ¡�� � 1£ w 1 Àu, sothat Í exp ¡ 0£ k s u t L2 uu Àu ¡ 1£ k 0 x . Moreover, then þ Àl þ k 1
and þ ¡ s � A£ w 1B þ � 1 on iR, hencecondition (ii’) of Proposition10.3.2holdsfor
ε k 1, hence(i)–(iv’) hold,by (d) (becauseΣ is exponentially stabilizable).

Nevertheless, we have
Ì ¡ 0 © u£ k � u � 22 and � o τu � 2 k ∞ for all u tûÍ out ¡ 0£ �Í exp ¡ 0£ , hencewe cannotallow for arbitraryu t L2 ¡ R r ;U £ , not even arbitrary

u t�Í out ¡ 0£ in (i) (nor in (i’) or in (i”)). �
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Notes
Many of the above resultsareknown for finite-dimensional systems, part of

themalsomoregenerally. Themethodof theproof of “(ii’) Ä (i’)” in Proposition
10.3.2is partially from [Keu,Section3], wherethesetwo conditions,(v) and(vi)
areshown to beequivalent for Pritchard–Salamonsystems.

The two propositions show that even in the finite-dimensional case,several
classicalresultscontainsuperfluousor redundantassumptions. Seethenoteson
p. 555for moreonminimizationproblemsandtheir assumptions.

Proposition 10.3.1alsoholds in its discrete-timeform, whereasProposition
10.3.2needsto be rewritten (sinceS takes the role of D j JD); seeProposition
15.2.2.
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Figure10.1:TheH2 problem

10.4 The H2 problem

Grabel’sLaw:
2 is notequalto 3 – notevenfor largevaluesof 2.

In this section,we shallshow how thesolutionfor theminimizationproblem
of Section10.2(for Σ) providesalsothe solution of theH2 full information and
statefeedbackproblems(for ¶Σ) asacorollary.

Wefirst show thatgivenanadditional(bounded)inputoperatorB2 tÓ�¢¡W© H £ ,
the norm � l u n�� B2w0 � 2 is minimizedby u ¡ t £ k Kx ¡ t £ (Theorem10.4.2),i.e.,
thatK solves theH2 problem.Thenwe allow for unboundedB2 but requirethat
K is bounded(Proposition10.4.3).Finally, we give a corollary, whoseregularity,
coercivity andstabilizability assumptionsguaranteethatK necessarilyexistsand
is bounded,sothatit alsosolvestheH2 problem(Corollary10.4.4).

Standing Hypothesis10.4.1(J k I © B2J k I © B2J k I © B2) Throughout thissection,weassumethe
existenceof anadditional WRinputoperator B2 tÁ�¢¡W© H w 1 £ , such thatΣ canbe
extendedto¶Σ : k 4 � o o

2� l l
2 5 t WPLS¡ U » W © H © Y £ with generators 4 A B B2

C D 0 5 �
(10.43)

WealsoassumethatJ k I .

(By B2 being WR we meanthat l 2 is WR. The assumptionJ k I implies
that minimization refers to the cost function

Ì ¡ x0 © u£ : k � � x0
n¨l u � 22 (see

Section10.2).Thiscouldeasilyberelaxedto obtainamoregeneralH2 problem.)
In theH2 problem, wewish to find a “controller”

�
thatminimizesthenorm� Àl À� n Àl 2 � H2

strong
É C K ; � ÉWqY « « (10.44)

where Àl 2 ¡ s£ k C ¡ s � A£ w 1B2 (seeFigure10.1;this is ageneralizationof thetradi-
tional H2 problem,by Remark10.4.6). But � ÀZ � H2

strong

k sup� w0
�
W y 1 � Z w0δ0 � 2

for any ÀZ t H∞
∞; indeed, the Laplacetransformis an isometric isomorphism

of �¢¡W© L2 ¡ R r ;Y £*£ onto H2
strong¡ C r ; �¢¡W © Y £*£ , by Lemma F.3.4(d). (HereZ

w0δ0 : k p q w 1 ÀZ w0.) Thus,an equivalent definition for the H2 problemasfind-
ing for an arbitraryw0 t W a “stabilizing” control (seethe proofsof Theorem
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10.4.2andProposition10.4.3for explanations) s.t.Ì
H2 ¡ w0 © u£ : k 1

2π
� Àl Àu n Àl 2w0 � 2H2 É C K ;Y « ¡ k � l u n�� B2w0 � 22 if B2 th�¢¡W© H £*£

(10.45)
is minimized. Thus,we areminimizing the energy of the impulse response(the
outputcorrespondingto “secondinputw0δ0”, whereδ0 is theDiracdeltafunction)
of thesystem.

This impliesthattheassumptionÀl 2 t H2
strong¡ C rω ; �¢¡W © Y £*£ for some ω ® 0 (10.46)

is necessary(becauseÀl Àu t H2
ω for all Àu t�pq/- L2

ϑ ¡ R r ;U £3� , whereω y ϑ is s.t.Àl t H∞
ω (andwhereϑ is s.t. the controlsarerequiredto be ϑ-stable),it follows

thatwemusthave Àl 2w0 t H2
ω, for all w0 t W).

Therefore, z l l
2 { has a realization with a boundedB2 (see (6.213),

althoughone is usually more interestedin the original system,whereB2 may
be unbounded.Usually onealsorequiresthe control law

�
: w0 �� u to be of a

specificform (e.g.,astatefeedbackcontroller).
Due to the above, we startwith the caseB2 tA�¢¡W© H £ (which implies that

(10.46)holds).As explainedabove,at leastwith suchsystemsweendupwith the
minimization problemof Section10.2exceptthat the initial statesarerestricted
to B2 -W � ; in particular:

Theorem 10.4.2( Í jjÍ jjÍ jj : LQR d H2d H2d H2) AssumethatB2 th�¢¡W© H £ andthat there is
a minimizing WRstatefeedback operator K over Í jj .

ThenK solvestheH2 problem(strictly if K is strictly minimizing),i.e., it leads
to theminimization of thecost(10.45),for each w0 t W; seeFigure10.2.

Thus,in thiscase,thestatefeedbackandfull informationH2 problemshavea
commonsolution, namelytheminimizing K. SeeSection10.2for sufficient and
necessaryconditionsfor theexistenceof K.

Assume for a while that alsoB is bounded.Thena sufficient conditionfor
the existenceof K is that Σ is positively J-coercive (seeSection10.3)and“ Í jj -
stabilizable”(i.e., Í jj ¡ x0 £/�k /0 for all x0 t H) if, e.g., Í jj k Í out or Í jj k Í exp.

Moreover, thenK is necessarilyULR andthe optimalcontroller
�

becomes
themap

� k � ê B2 : W � L2 ¡ R r ;U £ (since � ê B2w0
k�� B2w0

nÎl � ê B2; note
that À� k ” �� ê 2”, where � ê 2 t TIC∞ ( t TIC if Í jj k Í exp) is the inverseLaplace
transformof À� asa H∞

∞ function,whereas
�

is the inverseLaplacetransformofÀ� th�¢¡W© L2 ¡ R r ;U £*£ (when,e.g., Í jj k Í out or Í jj k Í exp)).
Proof of Theorem 10.4.2: By definition, the control u : k � ê B2w0

minimizesthecost � � B2w0
n�l u � 22 over u tmÍ jj ¡ B2w0 £ (which in case Í jj kÍ exp meansthecontrolsu t L2 ¡ R r ;U £ thatmakex : k � B2w0

npo τu (andhence
y : k � B2w0

nÅl u) stable).(If this minimizationis strict for all x0 t H in place
of B2w0, thenit is strict for aparticularw0 t W.)

N.B. If Í jj k Í exp, thenK is an exponentially stabilizing statefeedback
operator(andit minimizestheH2 normover all suchoperatorsaswell asover
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)� o o
2� l l
2� � � 2

}
Σ~ x~ y~ u �u w�

Figure10.2:TheH2 statefeedbackproblem

all u tÎÍ exp ¡ B2w0 £ , for eachw0 t W). S
In classicalH2 problems,onehas Í jj k Í exp (anddimU » H » Y È ∞), and

oneassumesthattheoriginalsystemΣ is exponentially stabilizableandpositively
J-coercive,sothatthereisaunique(bounded)minimizingstatefeedbackoperator.
Thus,thenTheorem10.4.2becomesapplicable.

Next wedroptheassumption thatB2 is boundedandassume,instead,thatthe
cost-minimizing statefeedbackoperatorK is bounded. We againshow that K
alsosolves theH2 problem(assuming that Í jj k Í exp andthatthetwo necessary
“L 2

strong” assumptionshold):

Proposition10.4.3( Í expÍ expÍ exp: LQR d H2d H2d H2) Assumethat Í jj k Í exp. Assumethat
π ª 0 q 1 « � B2w0 t L2 ¡^- 0 © 1£ ;H £ andπ ª 0 q 1 « Cw � B2w0 t L2 ¡^- 0 © 1£ ;Y £ for all w0 t W (this
is necessaryfor theexistenceof admissiblecontrols for each w0 t W).

Assumealsothat there is a boundedminimizingstatefeedback operator K for
Σ.

ThenK solvesthe H2 problem(strictly if K is strictly minimizing); i.e., the
minimumof � Àl Àu n Àl 2w0 � H2 É C K ;Y « over Í exp-stabilizingcontrols u is equalto� Àl ê 2w0 � H2 É C K ;Y « k � � ê B2w0 � L2 É R K ;Y « k �à¡ Cêÿ£ L q s� �ê B2w0 � L2 É R K ;Y « (10.47)

TheaboveassumptionsonB2 holdif f ¡�� � A£ w 1B2 t H2
strong¡ C rω ; �¢¡W © H £*£ andÀl 2 t H2

strong¡ C rω ; �¢¡W © Y £*£ for someω t R, by Lemma6.8.1(a)&(d1).
Here Í exp-stabilizingcontrolsmeansuchu t L2 ¡ R r ;U £ that the stateof Σ

with “initial stateB2w0” is in L2. Since o τu t L2
∞, theconditionπ ª 0 q 1 « � B2w0 t

L2 ¡^- 0 © 1£ ;H £ is necessary;it wasshown above thatπ ª 0 q 1 « Cw � B2w0 t L2 ¡^- 0 © 1£ ;Y £
(and D2

k 0) is alsonecessary. Thus, the assumptionsat the beginning of the
propositiondonot reducegenerality.

Note that we cannotrequire that x t � unless � B2w0 t � ¡ R r ;H £ for all
w0 t W (e.g.,B2 is bounded),sinceo τu t � (for any u t L2

∞ ¡ R r ;U £ ); see(10.50).
Proof of Proposition10.4.3: 1°ÿ¶Σ ê : SinceK is bounded,it extends¶Σ to¶Σext : k �� � o o

2� l l
2� � � 2

�� t WPLS¡ U » W © H © Y » U £ with generators

��
A B B2

C D 0
K 0 0

�� ©
(10.48)

by Lemma6.3.16(c).It follows from that z K0 { is aboundedULR exponentially
stabilizing statefeedbackoperatorfor ¶Σ, by Lemma6.6.11(alternatively, we
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canusethestatefeedbackoperator z 0 I
0 0 { for ¶Σext). Thecorrespondingclosed-

loopsystemis given by¶Σ ê : k �� � ê o ê o ê 2� ê l ê l ê 2� ê � ê � ê 2

�� k �� � nûo ê � o Ø o ê � 2
n¤o

2�hnûl ê � l Ø l ê � 2
nÅl

2Ø � Ø � I Ø � 2

��
(10.49)

(use(6.133)with Ø k z J�J�� 2
0 I { or (6.125)with I � L lÔk z ¥ w � 20 I { ; two left

columnsof ¶Σ ê areexactly Σ ê , the closed-loopsystemof Σ correspondingto
K).

2° We have � ê B2w0 ©?¡ Cêÿ£ w � ê B2w0 t L2: Let w0 t W bearbitrary. Since� k K � , wehave� ê B2w0
k � B2w0

n¤o ê τK � B2u0 t L2 ¡^- 0 © 1£ ;H £ (10.50)

since � B2w0 t L2 ¡^- 0 © 1£ ;H £ andK tp�¢¡ H © U £ . By Lemma6.8.1(a),it follows
that � ê B2w0 t L2 ¡ R r ;U £ , (sinceω |áß È 0). Analogously,Àl ê 2w0

k Wl ê À� 2w0
n Àl 2w0

k Wl ê K ¡�� � A£ w 1B2w0
n Àl 2w0 t H2 ¡ C rω ;Y £ (10.51)

for someω ® 0, henceÀl ê 2w0 t H2 ¡ C r ;Y £ (i.e., ¡ Cêÿ£ w � ê B2w0 t L2 ¡ R r ;Y £ ),
by Lemma6.8.1(d1).

3°úÍ exp-stabilizing controls u: Let w0 t W. Assumethatu t L2 ¡ R r ;U £ isÍ exp-stabilizing, by whichwemeanthatx t L2, where

x : k � B2w0
n¤o τu k � ê B2w0

n¤o ê τ ¡0i u � � B2w0 £ (10.52)

(weusedherethefactsthat � ê k � n�o ê τ � and o ê k�o i w 1). By assumption,� ê B2w0 t L2, henceo ê τuêmt L2, whereuê : k i u � � B2w0
k u � Kx t L2.

Then(recall that À� 2 ¡ s£ k K ¡ s � A£ w 1B2
k À� ¡ s£ B2)Ày : k Àl 2w0

n Àl Àu k Àl 2w0
n Wl êôÀ� B2w0

� Wl êôÀ� B2w0
n Wl ê Ài Àu k Àl ê 2w0

n Wl ê uê �
(10.53)

4° Minimumat u ê k 0: Let w0 t W bearbitrary, andsetÀz: k Àl ê 2w0, sothat
z k ¡ Cêÿ£ L q s� �ê B2w0, by Lemma6.8.1(d1).For eachn t N, choosetn tÅ¡ 0 © 1Â n£
s.t.xn : k � tnê Bw0 t H. Then

zn : k ¡ Cê�£ L q s� �ê � tnê B2w0
k � ê xn th� ¡ n t N £�� (10.54)

But zn
k τ w tnπ r τtnz, hencezn � z in L2 ¡ R r ;Y £ asn � ∞, by CorollaryB.3.8.

Consequently,� z© l ê uê � L2
k lim

n
� � ê xn © l ê uê²� L2

k 0 ¡ uê�t L2 £�� (10.55)

Thus,if u anduê areasin 3° , then �(Àl ê 2w0 © Wl ê uê � H2
k 0, sothat� Àl 2w0

n Àl Àu � 2H2
k � Àl ê 2w0 � 2H2

n � Àl ê uê±� 2H2 � (10.56)

Consequently, theminimumis achievedat u ê k 0. This minimumis strict if f
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)l is injective(on Í exp-stabilizingcontrolsu, e.g.,onL2 ¡ R r ;U £ ). S
WhenΣ is very regular (cf. Theorem9.2.3)andD j C k 0 (or C is bounded),

theassumptionsof thepropositionaresatisfied:

Corollary 10.4.4(H2H2H2 problem when � Bu0 t L2) Assume that Í jj k Í exp,� B2w0 t L2 ¡^- 0 © 1£ ;H £ andCw � B2w0 t L2 ¡^- 0 © 1£ ;Y £ for all w0 t W. Assumealso
thatHypothesis9.2.1holds,D j C tp�"¡ H © U £ , andD j D c 0.

Thenthere is a minimizingcontrol for each x0 t H iff Σ is optimizable and l
is I -coercive(seeProposition 10.3.2).Assumethat this is thecase.

Thenthere is a boundedstrictly minimizing state feedback operator K for
Σ (correspondingto the unique exponentially stabilizing solution ¡¯eÁ© D j D © K £
of the B jw-CARE), and K solvesthe H2 problem strictly; i.e., the minimum
of � Àl Àu n Àl 2w0 � H2 É C K ;Y « over Í exp-stabilizing controls u is strict and equal to� Àl ê 2w0 � H2 É C K ;Y « .

In particular, theproblemcanbesolvedin theparaboliccase(whenHypothe-
sis9.5.1holds,γ È 1Â 4, β È � 1Â 2, D j D c 0 andD j C tp�"¡ H © U £ ), by Theorem
9.2.3.

Alternatively, whenB andB2 arebounded,D j C tO�"¡ H © U £ , D j D c 0 and l
is J-coercive, all assumptions of the corollary aresatisfied. In eithercase,also
the statebecomescontinuous. Hypothesis9.2.1is alsosatisfiedin the casethat� Bu0 t L2 ¡^- 0 © 1£ ;H £ andCw � Bu0 t L2 ¡^- 0 © 1£ ;Y £ for all u0 t U , i.e., thatalsoB
satisfiestheassumptionsposedonB2.

Proof of Corollary 10.4.4: By Corollary10.2.9,thereis aminimizing con-
trol for eachx0 t H if f Σ is optimizableand l is (necessarilypositively, since
I y 0) I -coercive, andsucha control is necessarilyunique,with ¡¯eh© D j D © K £
being the uniqueexponentially stabilizing solution of the B jw-CARE. Since
D j C tp�"¡ H © U £ , theoperatorK is bounded.Therestfollows from Proposition
10.4.3. S

Remark 10.4.5(x0 �k 0x0 �k 0x0 �k 0) As one observesfrom the proofs, the (statefeedback)
controller z � 0

� { : ¡ x0 © w£ �� u : k � ê x0
n � ê B2w0 of Theorem10.4.2,Propo-

sition10.4.3andCorollary 10.4.4actually minimizesthenorm� À� x0
n Àl Àu n Àl 2w0 � H2 É C K ;Y « (10.57)

for anyx0 t H (notmerely for x0
k 0 asin theH2 problem).Indeed,the“cost”� W� ê x0

n Wl ê Wuê n �l ê 2w0 � 2H2
k � W� ê x0

n �l ê 2w0 � 2H2
n � Wl ê WuêK� 2H2 (10.58)

inducedby K correspondsto thecontrol law z � 0
� { , where Wuê is theexternal

input. For u ê�t L2
c ¡ R r ;U £ wehave � Wl ê WuêK� 2H2

k � WuêÃ© SWuê²� (where S k D j D if Σ
is regular enough;this is thecasein Corollary 10.4.4),by(9.162);if l ê is stable
(e.g., Í jj k Í exp), thenthis is thecasefor all u ê�t L2 ¡ R r ;U £ .

Thus,not only is there a unique
Ì

H2-minimizing u for each w0 (and x0
k 0),

there is a unique
Ì

H2-minimizingu for each w0 and x0, and this u is of state
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feedback form, namelygenerated by the (
Ì

-)minimizing K (in particular, the
(optimal)functionfromstateto u is static).

AsnotedbelowProposition10.4.3,conditions� B2w0 © Cw � B2w0 t L2
loc (w0 t

W) arenecessaryfor theexistenceof a solutionover Í exp. S
Remark 10.4.6(Traditional H2 problem) Traditionally, in the (finite-
dimensional) H2 problemoneminimizesthe(squared)norm� Àl ê 2 � 2 : k ∑

q  Q � Àl ê 2wq � 2H2 © (10.59)

where
s
wq x q  Q is an orthonormal basefor W (this form is definedas the H2

normof thetraceof Àl jê 2 Àl ê 2, seep. 265of [IOW] for theequivalenceof thetwo
definitions).

Sinceweminimize �ÝÀl ê 2w0 � 2H2 for each w0 t W, our solutiona fortiori solves
the traditional H2 problemprovided that it is solvable, i.e., that the norm can
be madefinite (e.g., whendimW È ∞ and the conditionsof of Theorem10.4.2,
Proposition 10.4.3or Corollary 10.4.4are satisfied).Thus,whendimW k ∞, we
haveto strengthenour optimizabilityassumption theincludetheconditionthat

∑
q  Q � Àl 2wq

n Àl Àuq � 2H2 È ∞ (10.60)

for somefunctions uq tûÍ jj ¡ B2wq £ (q t Q) to guaranteea solution also for the
traditional H2 problem(if B2 is unbounded,wemustextend Í jj to B2 - s wq x�� asin
3° of theproof of Proposition 10.4.3). S

We have solved above the statefeedbackand full informationH2 problems
(they have a commonsolution). In classicalliterature,oneusuallyalsosolves
other specialH2 problemsand then the generalH2 (dynamicpartial feedback)
controlproblemfor a given(evenmoreextended)system�� � o o

2� l l
2�

2
l

21
l

22

�� t WPLS¡ U » W © H © Y » Y2 £ with generators

��
A B B2

C D 0
C2 0 D22

�� �
(10.61)

We end this sectionby a brief overview of the generalH2 problem. One

usually posesfor � | } 2Æ
2 Þ 22 � d

the sameassumptions as on Σ (thus guaranteeing

thesolution for theLQR problemfor thatsystem).
It seemsthat it is straightforward to extendthe classicalresultsfor infinite-

dimensional systemsby usingtheseparationresultof Proposition10.4.3(andits
proof). (An alternative approachwould beto formulatetheproblemsin I/O map
form andsolve themasin Section12.3.)

Indeed,since Wl ê is ¡ I © D j D £ -inner(andit canbemadeinnerby replacingK byz K Ê F Ê { with K Ê : k XK, F Ê : k I � X, X : k ¡ D j D £ 1� 2), thecostfor a (dynamic
partialfeedback)controller

� ê : w0 �� uê is equalto
Ì

H2
k � l ê w0 � 22 n � � ê w0 � 22.

Thus,the solution of the generalH2 problemis obtainedby finding the optimal
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)� ê , i.e.,by solving theH2 outputestimationproblem(OEP)for�� � o o
2� � i � � 2�

2
l

21
l

22

�� t WPLS¡ U » W © H © U » Y2 £ with generators

��
A B B2� K I 0
C2 0 D22

�� �
(10.62)

Since we cannotuse the theory of Section10.2 directly for the H2 OEP
(unlike for the H2 full informationproblem(FIP)), we leave it to the interested
readercompletethe detailsundersuitableregularity assumptions, suchasthose
of Lemma 6.8.5 for p k 2 k q or thoseof Hypothesis9.5.7(3.) (no special
assumptions seemto beneededin thediscrete-timecase).See,e.g.,pp. 316and
395–396of [ZDG], Chapter9 of [IOW] or ChapterVIII of [DGKF] for detailsfor
finite-dimensionalsystems.

Notes
See,e.g.,[AM90], [AM79], [KS] or [GL, p. 207] for themotivationandthe

historyof theH2 problemand[IOW] or [ZDG] for completesolutionsin thefinite-
dimensionalcase.Thefirst state-spacesolution seemsto begiven in [DGKF] and
a verygeneralonein [IOW].

The classicalassumptions for the state feedbackand full information H2

problemsarepositive J-coercivity, exponential stabilizability andD j D c 0, so
that correspondingresultsare containedCorollary 10.4.4 (since B and C are
boundedfor finite-dimensional systems).

Naturally, by takingcausaladjointsweobtainasolution of thedualproblems,
the H2 output injection and full control problems(see[GL]). Their stochastic
counterpartis calledtheKalmanfilter problem(see,e.g.,[GL] or [LR]).

Also the generalH2 problem has a stochasticcounterpart,the so called
Linear Quadratic Gaussian (LQG) problem;it hasbeenstudiedalsofor infinite-
dimensionalsystems,see[CP78].

Accordingto [Helton85],p. 17,G. Zamesindicatedin thelate1970show the
H∞ problemis usuallyphysically bettermotivatedthanthe H2 problem. Since
thattimetheformerproblem(whosesolutionsaremorecomplicated)hasbecome
muchmorepopularthanthelatterone.
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10.5 Real lemmas

Rocky’s Lemmaof InnovationPrevention:
Unlesstheresultsareknownin advance, funding agencieswill reject
theproposal.

In this section,we presenttheBoundedRealLemma(in two forms)andthe
StrictPositiveRealLemma,whichallow oneto usetheRiccatiequationto verify
whether � l � TIC � γ or Re� l �H©^� �ýc 0, respectively.

Wegiveour resultsfor “L 1-type” systems;seeTheorem10.6.5(e)for alterna-
tive regularity assumptions. For generalregularsystemsonly thesufficiency part
holds(unlesswe acceptIAREs in placeof CAREs). SeeTheorems15.4.1and
15.4.3andProposition 15.4.2for the discrete-timecounterpartsof theseresults
(andto getanoverview of thissectionwithoutany regularityconsiderations).

Our theoremsdo not needany verification of stability/stabilizability; this
is basedon the fact that we may apply the theory of the next sectionin case
“C j JC � 0”, asoneobservesfrom theproofs.

Thus,undersufficient regularity, a uniform Riccati inequalityhasa solution
if f Σ is exponentially stableand � l � È γ:

Theorem 10.5.1(GeneralizedStrict BoundedRealLemma) Assumethat γ ®
0.

(a) If (1.) or (2.) or (5.) of Hypothesis9.2.2holds,or if C is boundedandat
leastoneof thefollowingconditionsholds:

1. dimY È ∞;
2. π ª 0 q 1 « � B t L1 ¡^- 0 © 1£ ; �"¡ U © H £*£ ;
3. π ª 0 q 1 « � Bu0 t L1 ¡^- 0 © 1£ ;H £ for all u0 t U andD j C k 0;

4. D j C k 0 and ¡ Àl�� D £ u0 t H2
strong¡ C r ; �¢¡ U © Y £*£ for all u0 t U;

thenthefollowingareequivalent:

(i) Σ is exponentiallystableand � l � È γ;
(ii) There is e � 0 s.t. e.-H � � Dom¡ B jw £ and4 Aj e n e A � C j C ¡ Bjw e � D j C £ j

Bjw e � D j C γ2I � D j D 5 c 0 on Dom¡ A£ » U �
(10.63)

(iii) There is e � 0 s.t.S: k γ2I � D j D n s-lims� r ∞ Bjw ep¡ s � A£ w 1B exists
and 4 Aj e n e A � C j C ¡ Bjw e � D j C £ j

Bjw e � D j C S 5 c 0 on Dom¡ A£ » U �
(10.64)

(b) If π ª 0 q t « � B t L1 ¡^- 0 © t £ ; �¢¡ U © H £*£�© π ª 0 q t « Cw � t L1 ¡^- 0 © t £ ; �¢¡ H © Y £*£ , and
π ª 0 q t « Cw � B t L1 ¡^- 0 © t £ ; �¢¡ U © Y £*£ for somet ® 0, then(i) Ä (iii) � (ii ).
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(c1) If l is ULR, thenwehave(i) � (iii) � (ii).

(c2) Anysolutionof (ii), (iii), (ii’) or (iii’) is strictly negative( e È 0). Under
the assumptions of (a), there is an exponentiallystabilizing solution(if (i)
holds).

(d) If l is SR,thenwehave(ii) Ä (ii’) d (iii) Ä (iii’), where

(ii’) � D � È γ, andthere is e � 0 s.t. e�-H � � Dom¡ B jw £ and¡ Bjw e � D j C £ j ¡ γ2I � D j D £ w 1 ¡ Bjw e � D j C £>­ Aj e n e A � C j C �
(10.65)

(iii’) There is e � 0 s.t.

S: k ¡ γ2 � D j D £ n s-lim
α � r ∞

Bjw ep¡ α � A£ w 1B c 0 © and (10.66)¡ Bjw e � D j C £ j Sw 1 ¡ Bjw e � D j C £�­ Aj e n e A � C j C � (10.67)

We alwaysrequirethat e�th�¢¡ H £ . As in Definition9.1.5,conditions(iii) and
(iii’) includethe requirementsthat the termsaredefined(in particular, that the
limits convergestrongly;asin Remark9.1.6,it follows that e.-HB � � Dom¡ B jw £ ).
If B is bounded,thenB jw k Bj andDom¡ B jw £ k H, so that then((a) appliesand)
(ii) becomesessentially simpler.

Recallthat“C j JC � 0” meansthat � x0 © C j JCx0�{� H1 q É H1 « kO� � 0 for all x0 t H1 : k
Dom¡ A£ . Thephrase“on Dom¡ A£�» U ” refersto theinnerproduct �3- x1

u1 �§©�- x2
u2 � � : k� x1 © x2� H1 qH k) 1

n � u1 © u2� U , sinceH is thepivot spaceandH1 : k Dom¡ A£ .
Note that (10.65)(resp.(10.66)&(10.67)) is an “inequality form” of the B jw-

CARE (resp.of the (stronglyregular)CARE). Hypothesis 9.5.1is strongerthan
theassumptionof (b), and l is ULR whenever theassumptionsof (a)or (b) hold.

SeeTheorem10.6.5(e)(with Σaug and Jaug in placeof Σ and J, i.e., with

substitutions ¶C k � C0
I � , ¶D k � DI

0 � , ¶J k diag¡ � I © γ2 © ε £ ), for alternative regularity

assumptions.
Notethatwe couldalsohave thereal lemmasof this sectionbasedon IAREs

insteadof B jw-CAREs or CAREs, to make them look like their discrete-time
counterparts.

If one replacesJ by � J in the proof, the operatorse � 0 and S c 0 are
replacedby � eÔy 0 andS ­ 0, sothatthecondition(ii) becomes“ � D �ÃÈ γ, and
thereis e�y 0 s.t. e.-H � � Dom¡ B jw £ and� ¡ Bjw e n D j C £ j ¡ γ2I � D j D £ w 1 ¡ Bjw e n D j C £>­ Aj e n e A n C j C"; (10.68)

(specialcasesof) thiscondition is commonin theliterature,but wehavemadethe
choicethat leadsto a positive Popov operatorandto thesettingof Section10.6.
Obviously, analogouschangescanbemadeto theotherconditions(multiply the
inequalitiesby � 1 andreplacee by � e ).

Proof of Theorem 10.5.1: 1° Define Jaug : k � w I 0
0 γ2I � , � aug : k z Æ0 { ,l

aug : k z Þ I { andΣaug : k � | }Æ
aug Þ aug � .
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Then � l � TIC È γ if f l jaugJaug
l

aug
k γ2I ��l j l c 0. Moreover, Σaug is

exponentially stableif f Σ is,by Lemma6.1.10(a1),andC jaugJaugCaug
k¨� C j C �

0 (and D jaugJaugCaug
k � D j C and D jaugJaugDaug

k γ2I � D j D whenever l is
regular). Consequently, thetheoremfollows directly from Theorem10.6.5,by
2° .

2° Theassumptions of (a) imply thoseof (a) or (e) of Theorem10.6.5for
Σaug: Obviously, (1.) or (2.) or (5.) of Hypothesis 9.2.2for Σ impliesthat for
Σaug.

AssumethenthatC is bounded.Case1. wasgiven in Theorem10.6.5(e).
Cases2., 3., and4. (with (i)) imply (4.), (3.) and(6.) of Hypothesis 9.2.2,
respectively, because(i) impliesthat � D �KÈ γ (hencethat γ2 � D j D c 0), by
Lemma6.3.2(e)(thus,weneedTheorem10.6.5(e)in case4.). S
Note that the spectralfactorizationγ2I ��l j lÔk i j Si is equivalent to the

normalizedfactorization l k ��Ø w 1, γ2 Ø j Ø � � Ç�� k S, �¢¡ U £�| S c 0,Ø : k i w 1 t�  TIC ¡ U £ , � : kBl Ø t TIC ¡ U © Y £ .
When one wishes to find an estimatefor l without requiring Σ to be

exponentially stable,oneshouldusethe proposition below insteadof the above
theorem(andoneshouldknow, apriori, that � is stable).

Proposition10.5.2(Nonexp. � l � TIC È γ� l � TIC È γ� l � TIC È γ) Assumethat l is SRandγ ® 0.
If (ii) or (iii) holds,then l t TIC and � l � � γ.
Conversely, if Σ t SOS, � l � È γ, and Σaug, Jaug satisfy (2.) (resp.(6.)) of

Hypothesis10.6.1,then(iii) (resp.(iii) and(ii)) holds(alsowith “ k ” in placeof
“ y ”) .

Herewehavereferredto thefollowingconditions:

(ii) � D � È γ, andthere is e � 0 s.t. e�-H � � Dom¡ B jw £ and4 Aj e n e A � C j C ¡ Bjw e � D j C £ j
Bjw e � D j C γ2I � D j D 5 y 0 on Dom¡ A£ » U � (10.69)

(iii) There is e � 0 s.t.S: k γ2I � D j D n s-lims� r ∞ Bjw ep¡ s � A£ w 1B c 0, and4 Aj e n e A � C j C ¡ Bjw e � D j C £ j
Bjw e � D j C S 5 y 0 on Dom¡ A£ » U � (10.70)

Moreover, we have (ii) Ä (ii’) d (iii) Ä (iii’), where (ii’) and (iii’) are from
Theorem10.5.1(d)with “ � ” in placeof “ ­ ”.

If o is stronglystable, thenwecanreplace“ e � 0” by e k e j everywhere in
thisproposition.

(Seethe proof of Theorem10.5.1for Σaug andJaug. Note that herewe may
have e k 0 (take Σ k 0) wherease¾È 0 in thetheoremsof thissection.)

Thus,if � is stable,l is SR,andany of (1.)–(10.)(resp.(1.)–(8.))of Lemma
10.6.2(c)(with D j JC �� D j C and D j JD �� γ2 � D j D) holds, then Hypothesis
10.6.1(2.)(resp.(6.)) holds,andwecanestimate� l � asfollows:

Takesomeγ ® 0,andthenverify, whethertheRiccatiinequalitycondition(iii)
(resp.(ii)) hasany solutions. If so,then � l � � γ, otherwise� l �ây γ. Thenvary
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γ andfind anestimatefor � l � by, e.g.,a binarysearch.(Also thecorresponding
Riccatiequation(thatis, “ k ” in placeof “ y ”) canbeused.)

Proof of Proposition 10.5.2: The proof of Theorem10.5.1applieshere
too,with Proposition10.6.4in placeof Theorem10.6.5.

(If o t is strongly stable,then, in the proof of Proposition 10.6.4(d),we
have γ2I �¤l t jèl t y �´o t j e o t � 0, which impliesthat l t TIC and � l � � γ.
Therefore,we do not have to assumel to bestablefor thelastclaim unlike in
Proposition10.6.4(d).)

Remark: As notedin the proof of Proposition10.6.4(b),in the converse
claim we canchoosee � 0 so that it is P-SOS-r.c.-stabilizing (alsowith “ k ”
in placeof “ y ” in (iii) (resp.in (iii) and(ii)). S
In classicalliterature,an operator l t TIC ¡ U £ is called strictly positive if

Re� l �H©^� �vc 0, i.e., if l"nBl j c 0 (onecanshow thatσ ¡ l £ � C r is a necessary
condition;it is sufficient for normal l ). An equivalentcondition is that ÀlÎn Àl j y
εI in L∞

strong¡ iR; �"¡ U £*£ for someε ® 0. We usethis definition in the following
generalizedextensionof theclassicalStrictly PositiveRealLemma:

Theorem10.5.3(GeneralizedStrictly Positive (Real) Lemma)

(a) If C is boundedanddimY È ∞, or if (1.) or (2.) or (5.) of Hypothesis9.2.2
holds,thenthefollowingareequivalent:

(i) Σ is exponentially stableand l is strictly positive;

(ii) There is e � 0 s.t. e.-H � � Dom¡ B jw £ and4 Aj e n e A ¡ Bjw e n C £ j
Bjw e n C D n D j 5 c 0 on Dom¡ A£ » U � (10.71)

(iii) There is e � 0 s.t. S : k D n D j n s-lims� r ∞ Bjw ep¡ s � A£ w 1B exists
and 4 Aj e n e A ¡ Bjw e n C £ j

Bjw e n C S 5 c 0 on Dom¡ A£ » U � (10.72)

(b) If π ª 0 q t « � B t L1 ¡^- 0 © t £ ; �¢¡ U © H £*£�© π ª 0 q t « Cw � t L1 ¡^- 0 © t £ ; �¢¡ H © Y £*£ , and
π ª 0 q t « Cw � B t L1 ¡^- 0 © t £ ; �¢¡ U © Y £*£ for somet ® 0, then(i) Ä (iii) � (ii).

(c1) If l is ULR, thenwehave(i) � (iii) � (ii).

(c2) Anysolutionof (ii), (iii), (ii’) or (iii’) is strictly negative( e È 0). Under
the assumptions of (a), there is an exponentiallystabilizing solution(if (i)
holds).

(d) If l is SR,thenwehave(ii) Ä (ii’) d (iii) Ä (iii’), where

(ii’) D n D j c 0, andthere is e � 0 s.t. e�-H � � Dom¡ B jw £ and¡ Bjw e n C £ j ¡ D n D j £ w 1 ¡ Bjw e n C £�­ Aj e n e A (10.73)
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(iii’) There is e � 0 s.t.

S: k D n D j n s-lim
α � r ∞

Bjw ep¡ α � A£ w 1B c 0 © and (10.74)¡ Bjw e n C £ j Sw 1 ¡ Bjw e n C £�­ Aj e n e A � (10.75)S
(Theproofof Theorem10.5.1appliesmutatismutandis, with Jaug: k z 0 I

I 0 { (so
that l jaugJaug

l
aug

k�l"nBl j ). Also the comments below Theorem10.5.1apply,
mutatismutandis.)

Wemayalsouseabinarysearchfor findinganestimatefor supremalγ ® 0 s.t.
Re� l �H©^� � y γ2I ; thena positive real -variantof Proposition10.5.2applies(sucha
resultholdswith thesameproof,mutatismutandis).

We can again rewrite the conditions for e �� � e�y 0, S �� � S ­ 0 and
J �� � J; e.g.,(ii’) becomes:D n D j c 0,andthereis e�y 0 s.t. e�-H � � Dom¡ B jw £
and � ¡ Bjw e � C £ j ¡ D n D j £ w 1 ¡ Bjw e � C £�­ Aj e n e A � (10.76)

Notesfor Sections10.5and 10.6
In Section8 of [S98b],it wasshown thatif “(i)” holdsandthecorresponding

spectralfactoris sufficiently regular, then“(iii)” holds;this appliesto both “real
lemmas”.

The results of this section generalizemost analogousresults, including
Theorem3.7.1andProblem3.25of [GL] (finite-dimensional case),Section4.5
of [Oostveen](thestronglystabecasewith boundedB andC), andRemark3.14
of [Keu] (exponentially stablePritchard–Salamonsystems);all theserequireone
to assume,apriori, thatΣ is stronglystable,andto checkwhethertheasolution is
stabilizing. Oneobtainssuchlemmasby usingTheorem10.6.3(whoseconditions
(iv) and(v) arepopularin theliterature)insteadof Theorem10.6.5in ourproofs.

An exceptionto this is theStrictBoundedRealLemmagivenin Section7.1of
[IOW], which equalsTheorem10.5.1(a)restrictedto finite-dimensional systems.
Analogously, Theorem10.6.5is the generalizationof Theorems4.6.1–4.6.2 of
[IOW]. In both cases,the proofsof [IOW] cannotbe extended,becauseeÑÈ 0
does not imply that eÒ­ 0 when dimH k ∞. The strengthof our results
reflectthepower of theintegral notation( zH| }Æ Þ { andtheIARE insteadof z A B

C D {
and the CARE), which allows one to observe connectionsnot visible from the
generatornotation.Similar remarksapply to correspondingdiscrete-timeresults
(Section15.4).

Propositions 10.5.2 and 10.6.4 might be new even for finite-dimensional
systems. SeeChapter5 for noteson (i)–(ii”) of Theorem10.6.3(a);also the
necessityof theexistenceof asolutionto theCAREis well known [WW] [S97b].
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10.6 PositivePopov operators (0 � B Ç J B�CF� Ç � )

Positive, adj.:
Mistakenat thetopof one’s voice.

— AmbroseBierce(1842–1914), "TheDevil’ sDictionary"

In this section,we presentnecessaryandsufficient conditions for theuniform
positivity of thePopov operator(i.e., for l j J l y εI for someε ® 0; equivalently,Àl j J Àl y εI in L∞

strong¡ iR; �"¡ U £*£ ), in termsof [regular] spectralfactorizationsand
Riccati equationsor Riccati inequalities. In the finite-dimensional setting, the
connectionbetweentheseconceptsis rathersimple;thesameholdsin theinfinite-
dimensionalsettingwith boundedinput andoutputoperators.Therefore,to have
an nice overview of the contentsof this section,the readermight first wish to
readour correspondingdiscrete-timeresults,namelyLemma15.3.1,Proposition
15.3.2andTheorem15.3.3.

Whenworking with stablefinite-dimensional or Pritchard–Salamonsystems,
or with stableWPLSshaving l t MTIC, the uniform positivity of the Popov
operator( l j J l c 0) impliesthatit hasa ULR spectralfactorization(by Lemma
10.6.2(b)). For general(or even for ULR) stableWPLSs,this is not the case,
by Proposition9.13.1(c1),andthereforewe mustsometimesreplacethe CARE
theoryby theIARE theory.

To overcomethis difficulty, we often assumethat l t MTIC or that Σ is
otherwisesufficiently regular; that is, we assumesomeof the six alternative
hypothesesbelow:

Hypothesis10.6.1( l admits positive regular SpF) We have l t WR 	 TIC,
andif somei�tÎ  TIC ¡ U £ satisfies i j i kBl j J l , then

(1.) i�t WR andX tÎ ±�¢¡ U £ .
(2.) i�t SRandX tÎ K�¢¡ U £ .
(3.) i�t UR.

(4.) i�t ULR.

(5.) i�t ULR andX j X k D j JD.

(6.) theBjw-CAREhasa stableP-I/O-stabilizingsolution. Moreover, Σ t SOS
and l t ULR.

Note that for any l t TIC ¡ U © Y £ , we have i j i kÐl j J l for some iÒt  TIC ¡ U £ if f l j J l c 0, by Lemma6.4.7(a).Conditions(1.)–(5.) of theabove
hypothesis just requirethat l and i (if any) areregular (by Lemma6.4.5(a),all
possiblei ’s differ by anunitaryconstant,hencethey areequallyregular).

By Theorem10.6.3(f1)&(i)&(iii)&(d), condition(1.) impliesfor any Σ t SOS
that the CARE hasa uniquestableP-I/O-stabilizing solution e y 0; condition
(6.) just saysthat this solution mustalsosolve the B jw-CARE, i.e., that e�-H � �
Dom¡ B jw £ .

Next we list sufficient conditions for the above hypotheses(seeStanding
Hypothesis10.6.6for ¶] r ):
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Lemma 10.6.2

(a1)Wehave(6.)d (5.)d (4.)d (3.)d (2.)d (1.) in Hypothesis10.6.1.

(a2) If dimU È ∞, then(1.)–(3.)of Hypothesis10.6.1areequivalent.

(b) If l t ¶] r , then l satisfies(1.)–(4.)of Hypothesis10.6.1.

(c) AssumethatΣ t SOSandat leastoneof conditions (1.)–(10.)belowholds.
Thenl satisfiesHypothesis10.6.1(1.)–(5.).

(1.) B is bounded(i.e., B th�¢¡ U © H £ );
(2.) (Analytic � � � ) Hypotheses9.5.1and9.5.7hold.
(3.) C k z C1

0 { tp�¢¡ H © Y1 » Y2 £ , dimY1 È ∞, and o is stable;

(4.) � B t L1 ¡ R r ; �¢¡ U © H £*£ andC tp�¢¡ H © Y £ ;
(5.) � B t L1 ¡^- 0 © 1� ; �"¡ U © H £*£ , C tÁ�¢¡ H © Y £ and � is exponentiallystable;
(6.) C is bounded,D j JC k 0, and l th�¢¡ U © Y £ n �"¡ U © L1 ¡ R r ;Y £*£ùÇ ;
(7.) l tp�¢¡ U © Y £ n �¢¡ U © L2 ¡ R r ;Y £*£ùÇ ;
(8.) Hypothesis9.2.1(or 9.2.2)is satisfiedandD j JD c 0;

(9.) l t MTICL1
;

(10.) (Analytic � � � ) Hypothesis9.5.1holdsand � is exponentiallystable.

(d) Assumethat Σ is stable andthat at leastoneof conditions(1.)–(8.) above
holds.ThenΣ satisfiesHypothesis10.6.1(1.)–(6.).

Assumptions(1.)–(7.) of (c) are roughly the stableversionsof (1.)–(7.) of
Hypothesis9.2.2.

Proof: (a1) Trivially, (5.)d (4.)d (3.), and (2.)d (1.) By Theorem
10.6.3(b)(ii)&(iii), (6.) implies (5.). By Proposition 6.3.1(b1),(3.) implies
(2.).

(a2)Use(a1)andLemma6.3.2(a1)&(a2).
(b) This follows from StandingHypothesis10.6.6.
(c) 1° Cases(9.) and (10.): We have l t MTICL1

, by Lemma 9.5.2.
Therefore,this follows from Theorem8.4.9(and i�t MTICL1 � UHPR).

2° Cases(1.)–(8.)& (d): (N.B. We do not know whetherHypothesis 9.2.2
is sufficientwithout theassumption D j JD c 0. As shown below, l j J l c 0 d
D j JD c 0 underany of (1.)–(8.).)

By Proposition 9.2.4,(3.) implies(7.), i.e., that Àl t H2
strong¡ C r ; �¢¡ U © Y £*£ .

By Lemma6.8.3(a),(5.) implies(4.). Therefore,any of (1.)–(8.) implies that
Hypothesis 9.2.1holds(seeHypothesis9.2.2andTheorem9.2.3).

By Theorem6.9.1(d2),we have Àl t H2
strong 	 H∞ ¡ C r ; �¢¡ U © Y £*£ in (1.); the

sameholdsin (7.),hencein (3.) too. In case(2.),wehave l t UHPR � SHPR,
by Lemma9.6.3. In cases(4.), (5.) and(6.), we have l t SMTICL1 � SHPR,
by Theorem2.6.4(h1).

Assumethat l j J l c 0, i.e., that l j J l y εI for some ε ® 0. Then
D j JD y εI , by Lemma6.3.5(cases(1.), (3.) and(7.)) or by Lemma6.3.6(b)
(cases(2.), (4.), (5.) and(6.)) or by assumption (case(8.)). By Lemma6.4.7(a),
we have l j J l k i j i for somei�tÎ  TIC ¡ U £ , Therefore,thereis aJ-critical,
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strictly minimizing, stable,SOS-stabilizingstatefeedbackpair zÖ� � { for
Σ over Í out, by Corollary 9.9.11(Crit1SOS)&(Crit4SOS),and � k I � i , by
(9.140).

Thus,wecanapplyTheorem9.2.9(v)&(iii) to obtainthattheB jw-CAREhas

asolution ¡¯eh© S© � ¶� ¶� � £ with S k D j JD c 0, ¶i : k I � ¶� t ULR and ¶X k I .

By Theorem9.9.1(a1)&(f2),wehave ¶i k E i for someE tÅ K�¢¡ U £ (hencefor
E k X w 1). Consequently, ¶i�t�  TIC ¡ U £ .

It followsthat ¶� : k�l ¶i w 1 is stable,hence¶� j J ¶� k S, by Theorem9.9.1(g2),
sothat l j J l k ¶i j S¶i . By Lemma6.4.5(a),it follows thatS k ¡ E j £ w 1IE w 1 k
X j X. Thus,D j JD k S k X j X, asrequired.

3° Remarks:Theassumption that � is stableis superfluous(for (c)) in (4.),
(5.), (9.) and(10.) andtheassumption that l is stableis redundantin (4.), (5.),
(6.), (9.) and(10.).

We notethat i¾tm  MTICL1
in cases(4.), (5.), (9.) and(10.) (by 1° ), andiú©èi w 1 tA� n H∞ 	 H2

strong¡ C r ; �¢¡ U £*£ in cases(1.), (3.) and(7.). The latter
claim follows from Theorem4.1.6(j), and from the fact that l hasa stable
realizationwith a boundedB, by Theorem6.9.1(a)&(d2)andCorollary6.9.7,
sothatwe canobtain i for that realizationinsteadof Σ (notethat (1.)–(5.) of
Hypothesis10.6.1dependon l andJ only).

(d) Part “if ” from thelastclaim follows from 2 ° above; and“only if ” from
Proposition9.8.11. S
In fact,thesolutionof theB jw-CAREin Hypothesis10.6.1(6.)isactuallystable

andP-SOS-r.c.-stabilizing,andwehavetheclassicalequivalencebetweenpositive
J-coercivity, I -spectralfactorizationandRiccatiequationsin thisgeneralitytoo:

Theorem10.6.3(l j J l c 0 Äl j J l c 0 Äl j J l c 0 Ä SpF Ä Ä Ä CARE) AssumethatΣ isSOSandULR.

(a) If Hypothesis10.6.1(6.) holdsand Σ is strongly stable, then(i)–(iv’) are
equivalent(and(v) if Σ is exponentially stable).

(i) l j J l c 0;
(i’) l j J l c 0 andD j JD t� K�¢¡ U £ ;
(ii) l j J l k i j Si for somei�tÎ  TIC ¡ U £ andS c 0;
(ii’) l j J l k i j i for somei�tÎ  TIC ¡ U £ ;
(ii”) l j J lûk i j i for somei t¤  TIC ¡ U £ , and l ©*i t ULR andD j JD k

X j X c 0;
(iii) the B jw-CARE (or CARE or IARE) has a stable P-I/O-stabilizing

solutionwith S c 0;
(iii’) theB jw-CAREhasa stableP-SOS-r.c.-stabilizing with S c 0;
(iv) the Bjw-CARE(or CAREor IARE) has a solution with S c 0 andØ t TIC;
(iv’) theBjw-CAREhasa stronglystabilizing solutionwith S c 0;
(iv”) the Bjw-CARE has a stable strongly r.c.-stabilizing solution with

S c 0;
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(v) theBjw-CAREhasanexponentiallystabilizingsolution with S c 0.

(b) If Hypothesis10.6.1(6.)holds,then(i)–(iii’) areequivalent.

(c1)Wehave(iii’) d (iii ) d (ii’) Ä (ii) Ä (i), and(iv) � (iv’) � (iv”) d (iii’) d (ii”) d (i’) d (i).

(c2) If Σ is stronglystable, then(iii’) Ä (iv’) Ä (iv”), and(iii) Ä (iv).

(d) Thesolutionsof theB jw-CAREmentionedin (a)–(b)are uniqueandequal,
andthey solve(ii) (and(ii’) and(ii”) if wereplacei byS1� 2 i ).

(e) If Σ is strongly stable and the eIARE has a solution with S y 0, thenl j J l y 0.

(f1) (CARE) Replace“(6.)” by “(1.)”, andremove(i’) and(ii”) and“ULR”,
and replace“B jw-CARE” by “CARE”, everywhere in this theorem. Then
(a)–(e)still hold.

(f2) (General WPLSs) Remove (i’), (ii”), “ULR” and Hypothesis10.6.1(6.),
andreplace“B jw-CARE” by“IARE”, everywherein thistheorem.Then(a)–
(e) still hold.

The proposition providesus necessaryandsufficient conditions for (i) (i.e.,
for the positive J-coercivity over Í out) underdifferent stability and regularity
assumptions. Suchconditionsareneededfor positive andboundedreal lemmas
and for minimization problems; the readercan find hereadditional equivalent
conditionsfor thoseresultsundersameor differentassumptions.

Recall that S : k D j JD for the Bjw-CARE (but not necessarilyfor the CARE
or IARE), andthat any solution of the B jw-CARE (andany WR solution of the
eCARE)is asolutionof theeIARE.

In the unstable case,we have threealternatives for minimization: 1. If Σ
is regular enough,we may use the B jw-CARE resultsof Section9.2. 2. If
Σ is stabilizablewith closed-loopsystemΣ × as in Hypothesis 10.6.1(6.) (or
(1.)), we may combinethe above result and Proposition9.12.4 (cf. Theorem
10.2.14(b1)&(b2)). 3. In the generalcase,we have to be satisfiedwith results
suchasTheorem10.2.11andCorollaries10.2.5(a),10.2.6and10.2.12.

Proof of Theorem 10.6.3: (a) Trivially, (v) implies (iv’); the converse
(for exponentially stableΣ) follows from Corollary 6.6.9 (in fact, e is then
exponentially stableandexponentially r.c.-stabilizing). The restfollows from
(b) and(c2).

(b) 1° (i) d (ii’)&(iii’): Assume(i), sothatX j X c 0 andtheB jw-CARE has
aP-I/O-stabilizingsolution ¡¯eÁ© S© K £ s.t. i K

k ¡ X j X £ w 1� 2 iBt"  TIC ¡ U £ , whereÀi K : k I � Kw ¡�� � A£ w 1B, i�tm  TIC ¡ U £?	 ULR, X j X c 0 and i j i k�l j J l ,
by thehypothesis.Consequently, (iii’) holds,by Proposition9.8.11.

Since Ài K t ULR, we have iÒt ULR and henceX t¾ ±�¢¡ U £ . From
(9.162),we obtainthat �'¡ X j X £ 1� 2u ©?¡ X j X £ 1� 2v� k � u © Sv� for all u © v t L2

c (sincel ê kÔl i w 1
K
kÔl i w 1 ¡ X j X £ 1� 2), henceX j X k S; in particular, S c 0. But

S k D j JD, henceD j JD k X j X c 0, sothat(ii’) holds.
2° Therestof theequivalencefollows from (c1).
(c1) Implications “(iii’) � (iv”) d (iv’) d (iv)”, “(iii’) d (iii)”, “(ii’) d (ii)”,

and“(i’) d (i)” aretrivial, and“(ii’) d (i’)” is obvious. Equivalence“(i) Ä (ii)”
follows from Lemma6.4.7(a),
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Weobtain“(iii) d (ii)” from Proposition 9.8.11(in particular, astableP-Ø -
stabilizing solution suffices)(andProposition9.2.7(b)).

Finally, we obtain“(iii’) d (ii’)” from Proposition 9.2.7(b)andProposition
9.8.11(c),by replacingi by S1� 2 i .

(c2) This follows from Proposition9.8.11(b).
(d) This follows from theaboveproofs(especiallyof thatof (c1)).
(e) By (9.160), we have � l t u © J l t u�Ãy � � o t u ©�e o t u� � 0, as t � n ∞,

becauseo is stronglystable(by Lemma6.1.13),hencel j J l y 0. (Note that
whenever S y 0, e � 0, we have � l t u © J l t u� y 0 for all t, sothat l j J l y 0 ifl is stable.)

(f1) This followsasabove(or from (f2)) (notefrom Proposition10.7.2that
any solution of theCARE with S c 0 is a WR solution of theIARE andfrom
Proposition10.7.1thatsuchasolutionis stableif Σ is).

(f2) Also this follows asabove. S
For aSOS-stablesystem z | }Æ Þ { with sufficientregularity, condition(ii) below

implies that l j J l y 0, and, conversely, l j J l c 0 implies that (ii) holds (by
(b) below). For several applications, suchas the “strict boundedreal lemma”
of Proposition 10.5.2, this “almost equivalence” is in practiceas good as an
equivalence.

Proposition10.6.4(l j J l y 0 Äl j J l y 0 Äl j J l y 0 Ä CARI) Assumethat l is SRand C j JC � 0.
Thenwehave(ii) d (iii) d (i) � (iv) for thefollowingconditions:

(i) l t j J l t y 0 for all t y 0.

(ii) D j JD c 0, andthere is e � 0 s.t. e.-H � � Dom¡ B jw £ and4 Aj e n e A n C j JC ¡ Bjw e n D j JC£ j
Bjw e n D j JC D j JD 5 y 0 on Dom¡ A£ » U � (10.77)

(iii) There is e � 0 s.t.S: k D j JD n s-lims� r ∞ Bjw ep¡ s � A£ w 1B c 0, and4 Aj e n e A n C j JC ¡ Bjw e n D j JC£ j
Bjw e n D j JC S 5 y 0 on Dom¡ A£ » U � (10.78)

(iv) l t TIC and l j J l y 0.

Moreover, thefollowinghold:

(a) If l t TIC, thenwehave(i) Ä (iv).

(b) If Σ t SOS, l j J l c 0, and(2.) (resp.(6.)) of Hypothesis10.6.1holds,then
(i), (iii) and(iv) (resp.(i)–(iv)) hold; in fact,wecanhaveequalityin (10.81)
(resp.in (10.79)).

(c) Wehave(ii) Ä (ii’) d (iii ) Ä (iii’) (evenfor a fixed e ), where

(ii’) D j JD c 0, andthere is e � 0 s.t. e.-H � � Dom¡ B jw £ and¡ Bjw e n D j JC£ j ¡ D j JD £ w 1 ¡ Bjw e n D j JC£ � Aj e n e A n C j JC �
(10.79)
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(iii’) There is e � 0 s.t.

S: k D j JD n s-lim
α � r ∞

Bjw ep¡ α � A£ w 1B c 0 © and (10.80)¡ Bjw e n D j JC£ j Sw 1 ¡ Bjw e n D j JC£ � Aj e n e A n C j JC � (10.81)

(d) If l t TIC and o is strongly stable, thenwecanreplace“ e � 0” by e k e j
everywhere in thisproposition.

(Thecommentsbelow Theorem10.5.1applyheretoo,mutatismutandis. See
Theorem10.6.3for moreon (b).)

Proof: (Naturally, condition “C j JC � 0” meansthat � x0 © C j JCx0� � 0 for all
x0 t Dom¡ A£ . In theproofbelow, theproofsof (c) and(a)comelogically first.)

We get “(ii) d (iii)” as in the proof of Proposition9.2.7(a). Implication
“(i v) d (i)” follows from (a).

To completethe first claim, assume(iii) (i.e., (iii’)). By Proposition
9.11.9(e)&(c),thereis i t TIC∞ ¡ U £ s.t. i t j Si t � l t j J l t nmo t j e o t for all
t y 0, hencel t j J l t y 0. Thus,(iii) implies(i).

(a) Since C j JC � 0, we have C jsJCs � 0 on Dom¡ Cs £�� HB (because�Csx0 © JCsx0� Y k lims� r ∞ �Cs¡ s � A£ w 1x0 © JCs¡ s � A£ w 1x0� Y � 0 for all x0 t
Dom¡ Cs £ ). Therefore,for any t y 0 andu t L2 ¡^- 0 © t £ ;U £ wehave & ∞

0
k�& t

0
n:& ∞

t ,
i.e.,� l u © J l u� L2

k � u © l t j J l t u� L2
n � ∞

t
�Cs
o τru © JCs

o τru� dr � � u © l t j J l t u� L2 ©
(10.82)

by Theorem6.2.13(a2).Consequently, l j J l y 0 implies that (i) holds. The
converseis obvious(useCorollaryB.3.8).

(b) Obviously, (iv) holds,hencesodoes(i), by (a). By (b)&(f1)&(i)&(iii’)
of Theorem10.6.3,condition(iii’) (resp.(ii’)) above holds (with equality in
(10.81)(resp.in (10.79)))if we canshow that e � 0. By (c), thenthe restof
(b) holdstoo.

ConditionC j JC � 0 impliesthat � � x0 © J � x0� L2
k & ∞

0 � � t x0 © C j JC� t x0� dt �
0 for all x0 t Dom¡ A£ , hence� j J � � 0, by density. SinceS c 0, it follows
that � j J �¢� � j S� � 0, hencee � 0, by (9.142).

(Notethatthe e above is P-SOS-r.c.-stabilizing. We coulduse(1.) instead
of (2.) of Hypothesis10.6.1if wewouldhave“w-lim ” in (10.80).)

(c) Implication“(ii) d (iii)” wasshown above. If Dom¡ A£ k H (i.e., if A is
bounded),thentheequivalencesfollow from LemmaA.3.1(p2)(with columns
androwsinterchanged);evengeneralA, theproofof LemmaA.3.1(p2)applies.

(d) The above proofsstill apply except that the proof of “(iii) d (i)” must
bealteredasfollows: Assume(iii). When o t is stronglystable,the inequalityi t j Si t � l t j J l t n�o t j e o t ¡ t y 0£ implies that l t j J l t y �´o t j e o t � 0, as
t � n ∞, i.e., that l j J l y 0. By (a), this is equivalentto (i). S
Next we show that,undersufficient regularity, theuniform Riccati inequality

hasa solution if f Σ is exponentially stableandthe Popov operatoris uniformly
positive:
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Theorem10.6.5(l j J l c 0 Äl j J l c 0 Äl j J l c 0 Ä CARI) AssumethatC j JC � 0.

(a) If any of Hypothesis9.2.2(1.)–(6.)holds(the referencesto Theorem8.3.9
maybeignored),thenthefollowingareequivalent:

(i) Σ is exponentially stableand l j J l c 0.
(ii) There is e � 0 s.t. e.-H � � Dom¡ B jw £ and4 Aj e n e A n C j JC ¡ Bjw e n D j JC£ j

Bjw e n D j JC D j JD 5 c 0 on Dom¡ A£ » U �
(10.83)

(iii) There is e � 0 s.t.S: k D j JD n s-lims� r ∞ Bjw ep¡ s � A£ w 1B exists,and4 Aj e n e A n C j JC ¡ Bjw e n D j JC£ j
Bjw e n D j JC S 5 c 0 on Dom¡ A£ » U �

(10.84)

(b) If π ª 0 q t « � B t L1 ¡^- 0 © t £ ; �¢¡ U © H £*£�© π ª 0 q t « Cw � t L1 ¡^- 0 © t £ ; �¢¡ H © Y £*£ , and
π ª 0 q t « Cw � B t L1 ¡^- 0 © t £ ; �¢¡ U © Y £*£ for somet ® 0, then(i) Ä (iii) � (ii).

(c1) If l is ULR, thenwehave(i) � (iii) � (ii).

(c2) Anysolutionof (ii), (iii), (ii’) or (iii’) is strictly negative( e È 0). Under
the assumptions of (a), there is an exponentiallystabilizing solution(if (i)
holds).

(d) If l is SR,thenwehave(ii) Ä (ii’) d (iii) Ä (iii’) (evenfor a fixed e ), where

(ii’) D j JD c 0, andthere is e � 0 s.t. e.-H � � Dom¡ B jw £ and¡ Bjw e n D j JC£ j ¡ D j JD £ w 1 ¡ Bjw e n D j JC£>­ Aj e n e A n C j JC �
(10.85)

(iii’) There is e � 0 s.t.���� ��� K j SK ­ Aj e n e A n C j JC onDom¡ A£Ö©
S k D j JD n s-lim

s� r ∞
Bjw ep¡ s � A£ w 1B onU ©

K k¾� S
w 1 ¡ Bjw e n D j JC£ onDom¡ A£Ö� (10.86)

andS c 0 (for someSandK).

(e) We canreplacetheassumptionsof (a) (resp.of (b)) by anyassumption that
togetherwith (i) leadsto Hypothesis10.6.1(6.)(resp.(2.)) (or to D j JD c 0
andHypothesis9.2.1)for ¶Σ and ¶J (seethe proof), for all sufficientlysmall
ε ® 0.

Onesuch assumption is thatC tp�"¡ H © Y £ anddimY È ∞.

Seealso the comments below Theorem10.5.1. The casewhere “ c ” is
replacedby “ y ” is coveredby Proposition10.6.4.

Proof: (Naturally, condition“C j JC � 0” meansthat � x0 © C j JCx0� � 0 for all
x0 t Dom¡ A£ .) Let Í jj k Í exp.

We shalluse(d) tacitly throughouttheproof.
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1° “(i) d (ii)&(ii i)” under Hypothesis9.2.2: Assume (i) and Hypothesis
9.2.2.Then¦ : k�o τ t TIC ¡ U © H £ , by Lemma6.1.10,sothat l j J lp� ε ¦ j ¦Îc 0

for someε ® 0. Define ¶Σ : k · A B¹
C
¹
D º t WPLS¡ U © H © Y » U £ by ¶C : k z CI { ,¶D : k z D0 { , andset ¶J : k z J 0

0 w εI { .
Then also ¶Σ satisfiesHypothesis 9.2.2 (including the requirementsof

Theorem8.3.9(b2)). Since ¶l j ¶J ¶l¼kÔl j J l � ε ¦ j ¦�c 0, the B jw-CARE, the
IARE and the CARE for ¶Σ and ¶J have an exponentially stabilizingsolution¡¯eÁ© S© K £ with S k D j JD t� K�¢¡ U £ , by Theorem9.2.9(i) and Proposition
8.3.10.

But theCARE for ¶Σ and ¶J equals(10.86)with “ k�� εI n ” in placeof “ ­ ”.
Therefore,we have established (ii’) and (iii’) oncewe show that e � 0 and
S y 0.

By Theorem9.9.1(a2),S y 0, henceS c 0. ConditionC j JC � 0 implies
that � � x0 © J � x0� L2

k�& ∞
0 � � t x0 © C j JC� t x0� dt � 0 for all x0 t Dom¡ A£ , hence� j J � � 0,by density. Since ¶� j ¶J ¶�mk¬� j J �Á� ε � j ��È 0,where ¡�� x0 £§¡ t £ : k � t x0¡ t y 0£ , weobtainfrom (9.142)that e k ¶� j ¶J ¶�¤� � j S� È 0, asrequired(recall

thatS c 0).
Remark: e È 0 and e is exponentially stabilizing for Σ when (i) holds

(since e is exponentially stabilizing for ¶Σ, hencefor ¡ A © B£ too). (When
the assumptionsof (a) aresatisfiedand (i) holds, thereis onesuchsolution;
however, theinequalities(ii) and(iii) mighthavenon-stabilizingsolutionstoo.)

2° “(ii) d (iii)” (whenever l is SR): This follows from the proof of
Proposition9.2.7(a).

3° “(iii) d (i)” (whenever l t ULR): By Proposition9.11.9(e), z A B
K 0 {

generateaSRWPLS.SinceAj ¡ � eô£ n ¡ � eÓ£ A ­ 0 and � e�y 0, thesemigroup� is exponentially stable(and � eÔ® 0), by Lemma9.12.2(d).
By Proposition9.11.9(d),wehave i t j Si t n ε ¦ t j ¦ t � l t j J l t n¢o t j e o t for

someε ® 0, where ¦ : k o τ t TIC∞ ¡ H © U £ . SinceS c 0 and e � 0, we have
ε ¦ t j ¦ t � l t j J l t , hencel j J l y ε ¦ j ¦ , hencel is positively J-coercive, by
Proposition10.3.2(g1)(with Dc

k D; herewe needthe assumption that l is
ULR); in particularl j J l y εI .

4° Remarks: From 1° we observe that the implication “(i) d (ii)” (resp.
“(i) d (iii)”) also holds under a suitable variant of (6.) (resp. of (2.)) or
Hypothesis 10.6.1.

(a) SinceHypothesis9.2.2implies that l is ULR, theequivalencefollows
from 1° –3° .

(b) By Lemma6.8.5, l is ULR, hencewe have (ii) d (iii) d (i). If (i) holds,
then l ©Ï¦¼t MTICL1

(hence ¶l t MTICL1
), by Lemma6.8.5(a),hencethen

we obtain“(i) d (iii)” from 1° with Theorem9.2.14(c3)in placeof Theorem
9.2.9(i).

(c1)This follows from 2 ° and3° .
(c2)This wasobservedin 3° .
(d) Use the proof of Lemma A.3.1(p4) (with rows and columns inter-

changed)for “(ii) Ä (ii’)” andfor “(iii) Ä (iii’)”, and2° for “(ii) d (iii)”.
(e) (Notethat l t ¶] r is notsufficient,since ¶l alsocontainso τ.)
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1° If Σ is exponentially stable,C tÎ�¢¡ B © Y £ and dimY È ∞, then ¶Σ and¶J satisfy Hypothesis 10.6.1(6.) (and hence(2.)) for all ε ® 0, by Lemma
10.6.2(d)(6.).

2° If D j JD c 0, (i) holds,andHypothesis9.2.1holds for ¶Σ and ¶J, then
Hypothesis10.6.1(6.)is satisfiedby ¶Σ and ¶J for ε ® 0 s.t.D j JD � εI c 0, by
Lemma10.6.2(d)(8.).

3° UnderHypothesis10.6.1(6.)(resp.(2.)), assumption (i) still impliesthat
the Bjw-CARE (resp.the CARE) for ¶Σ and ¶J hasan exponentially stabilizing
solution (cf. 1 ° (resp.theproof of (b))). Therefore,1° (resp.theproof of (b))
still applies;therestfollows from (c1). S
Throughoutthis chapter, ¶] r is assumedto beMTIC or something almostas

regular:

Standing Hypothesis10.6.6(Class ¶] r¶] r¶] r is ULR and admits positiveSpF)

(1.) � � ¶] r � a TIC 	 ULR (seeDefinition6.2.4),and

(2.) if l t ¶] rÃ¡ U © Y £ , J k J j t"�¢¡ Y £ , and l j J l c 0, then l j J l�k i j i for
somei�t�  ¶] r ¡ U £ .

Thus, we have weakenedHypothesis8.4.7 to only cover the positive case;
consequently, all MTIC classesarenow applicablewithout dimensionality dis-
trictions(see(a1)below):

Lemma 10.6.7( ¶] r¶] r¶] r )

(a1) All classeslistedin Theorem8.4.9andtheir exponentially stableversions
(see“

]
exp” in theTheorem)satisfyStandingHypothesis10.6.6.

(a2)Hypothesis8.4.7is stronger thanStanding Hypothesis10.6.6.

(a3)TheclassTIC satisfies(2.) of StandingHypothesis10.6.6.

(b) Let lÑk ��Ø w 1 be a q.r.c.f. with �±©ÏØ t ¶] r . Then the following are
equivalent

(i) � j J �Bc 0;
(ii) � j J � k i j i for somei�t�  ¶] r ;

(iii) l hasa ¡ J © I £ -innerq.r.c.f. l k � Ê Ø Ê w 1.

Moreover, wehave�ÿÊ'©0Ø�Êýt ¶] r andM Ê7t" ±�"¡ U £ for any ¡ J ©ÏÇÝ£ -innerq.r.c.f.l k ��Ê Ø�Ê w 1 of l .

Proof: (a1)By Theorem5.2.8,wemaynow allow for dimU k ∞ in (β) too;
therestfollows from (a2)andTheorem8.4.9.

(a2)Assumethat l j J l c 0, i.e., thatπ r l j J l π rAc 0 (seeLemma6.4.6),
sothat l j J l¬k i j Si for someS t¤ K�¢¡ U £ . ThenS y 0, henceS c 0. Replacei by S1� 2 i to satisfyStandingHypothesis 10.6.6.

(a3)This is Lemma6.4.7(a).
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(b) This follows as in the proof of Corollary 8.4.14 (seealso Lemma
8.4.11). S
(Seethenotesonp. 595.)
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10.7 PositiveRiccati equations ( < 0 =��L@�� 0)

I madeit a rule to forbearall directcontradictionsto thesentiments
of others,andall positiveassertionof myown. I evenforbademyself
the useof every word or expressionin the language that imported
a fixedopinion, such as "certainly", "undoubtedly", etc. I adopted
insteadof them"I conceive","I apprehend",or "I imagine"a thingto
besoor so; or "so it appears to meat present".

— Autobiographyof BenjaminFranklin(1706–1790)

In this section,we shallgive additionalauxiliary resultsfor Riccatiequations
in the positive (minimization) case,where

Ì ¡ 0 ©^� £Öy 0 (e.g.,J y 0). Recall from
Lemma10.2.2,that

Ì ¡ 0 ©^� £±y 0 implies that a control is minimizing if f it is J-
critical.

Suchasolutionis of statefeedbackform iff it correspondsto a Í jj -stabilizing
solutionof the eIARE. Sincesucha solution is necessarilynonnegative, we are
only interestedin nonnegative solutionsof theeIARE (or of theeCARE)in this
section.

In Proposition 10.7.2(resp.10.7.1)weshow thatasolution of theCARE(resp.
the IARE for a stablesystem)with S c 0 is WR (resp.well-posedandstable).
Analogousresultsfor Riccati inequalitiesweregivenin Proposition 9.11.9.

In the two latterpropositionswe show that for standardLQR costfunctions,
solutions of the IARE or CARE are well-posed, admissible and stabilizing
providedthatcertainadditionalassumptionshold.

Proposition10.7.1(S c 0S c 0S c 0) Let Σ be[strongly] stable. Assumethat theIAREfor
Σ andJ hasa solution ¡¯eÁ© S© z � � { £ s.t.S c 0.

Then � and � are stable, and i j Si k¼l j J lûn s-limt � r ∞ τ ¡ � t £ o j e o τ ¡ t £
[ i j Si k l j J l ] .

Proof: By Lemma 9.10.1(b4), the eIARE implies that (9.153)–(9.161)
hold. The stability of i follows from (9.160) as that of � in Proposition
10.7.3(a);similarly, we obtainthe stability of � from (9.159). The claim oni j Si followsfrom Proposition9.12.7(a). S
We recall from Proposition9.11.8thata solution of theCARE with S c 0 is

WR:

Proposition10.7.2(S c 0S c 0S c 0) Let Σ be WR. If the CAREhas a solution e with
S c 0, then e is a WRsolutionof theIARE. S

For J c 0, any admissible nonnegative solution is at least z � l { -
stabilizing; for the standardLQR cost function with C j C c 0, sucha solution
is exponentially stabilizing:

Proposition10.7.3(J c 0J c 0J c 0) Assumethat the eIARE for Σ and J c 0 has an
admissible solution e�y 0. Then(a)–(c3)hold:
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(a) Themaps� ê and l ê arestableandS y 0.

(b) Conversely, anyminimizingsolution is nonnegative.

(c1) If �¬k z Æ 1
0 { , l k z Þ 1

I { , andJ k z Q 0
0 R {l� 0, then(10.87)is satisfied.

(c2) If l t SRand zC D { j J zC D { y ε z 0 0
0 I { onH1 » U for someε ® 0, then

(10.87)is satisfied.

(c3) If C t"�¢¡ H © Y £ , C j C � 0 and zC D { j J zC D { y ε z 0 0
0 I { on H1 » U for

someε ® 0, then(10.87)is satisfied and Σ is estimatable, hencethen(d3)
applies,and e is theuniquenonnegativeadmissible solutionof theeIARE
andminimizingover Í exp (and Í out, Í sta and Í str) andexponentiallyr.c.-
stabilizing.

Assume, in addition, that there is ε ® 0 s.t.� � x0
nÅl u © J ¡ � x0

nÅl u £H� L2 É R K ;Y « y ε � u � 22 ¡ x0 t H © u t L2r q∞ £�� (10.87)

(d) Thenl is positivelyJ-coerciveover Í out, S � 0, e is SOS-stabilizing, and
there is a uniqueminimizing control over Í out for each x0 t H. Moreover,
(d1)–(d6)hold:

(d1) If the minimizing control over Í out is givenby somestate feedback
pair zÖ� � { , then zÖ� � { is the pair (modulo E t¾ K�¢¡ U £ )
determinedby the smallestnonnegative admissible solution of the
eIARE.

(d2)AssumethatΣ is [strongly[exponentially]]stable.

Thenso are Σext and Σ ê . In particular, then e is stable, [strongly
[exponentially]] r.c.-stabilizing [and strictly minimizing over Í out,Í sta and Í str [and Í exp], and e is theuniquenonnegativeadmissible
solution].

(d3)AssumethatΣ isestimatableor exponentiallyq.r.c.-stabilizable. Thene is theuniquenonnegativeadmissiblesolution,andit is exponentially
q.r.c.-stabilizing andstrictlyminimizingover Í out, Í sta, Í str and Í exp.

Thus, in the casedescribedin (c3), we only have to find one nonnegative
solution andcheckwhetherit is exponentially stabilizing. If not, thenthereis no
minimizing statefeedbackpairoverany of Í out– Í exp.

The assumption in (c1) is equivalent to having the cost function
Ì ¡ x0 © u£ k� u © Ru� n � y1 © Qy1� , wherey1

kB�
1x0

n¢l
1u, R � 0,Q � 0 (notethatherey k - y1

u � ).
SeealsoTheorem9.2.10andCorollary15.1.6.

Althoughtheassumptionsin (d) or (c) (andtheexistenceof e ) imply thatthere
is auniqueminimizingcontrolover Í out, wedonotknow in generalwhethersuch
a controlcanbegivenin thefeedbackform (not evenwhetherthereis a minimal
controlamongsuchcontrols),neitherwhethera smallestsolution would becost-
minimizing. In discretetimewehavenosuchproblems,see,e.g.,Corollary15.1.6
(neitherin continuoustime when,e.g.,B is bounded;seeTheorems9.9.6,9.2.10
and10.1.4(b4)&(b6)).
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Proof of Proposition 10.7.3: (a) 1°�� : k¨l ê is stableandS y 0: For all
u t π r L2, t ® 0, wehave

0 � ��� t u © J � t u� � � u © Su� � � S�Û� u � 22 © (10.88)

by (9.157),hence � J1� 2 � t u � 22 � � S�Û� u � 22. But ��� t u � 22 � M2 � J1� 2 � t u � 22 for
someM È ∞, hence ����� � M � S� 1� 2 È ∞, i.e., � k�l ê is stable,by Lemma
6.1.12.From(10.88)wealsoobserve thatS y 0 (takeu k u0χ ª 0 q 1 « ).

2° � ê is stable: By (9.155) and the Monotone ConvergenceTheorem,� J1� 2 � ê x0 � 2 � � x0 ©�e x0� (x0 t H), hence� ê is stable.
(b) Thisfollowsfrom equatione k¬� jê J � ê (seeTheorem9.9.1(a2)&(g2)).

(In fact,any � -P-stabilizingsolutionis nonnegative,by Lemma9.10.1(d1).)
(c1) Now

Ì ¡ x0 © u£ÿy¬� u © Ru�vy ε2 � u � 22 for someε2 ® 0.
(c2)Now y : k � x0

n¤l u k Csx n Du a.e.,hence� y© Jy�²y ε � u � 22, wherex : k� x0
nOo τu (notethat �ÝzCs D { - x0

u0 � © J zCs D { - x0
u0 � �ýy ε � u0 � 2U canbeextendedto

Dom¡ Cs £ » U , by first replacingx0 by r ¡ r � A£ w 1x0, andthenletting r � n ∞).
(c3) BecauseC j C � 0, we have ¡ C j C £ w 1C j C k I , henceΣ is estimatable

by a boundedg , by Lemma6.6.25. Consequently, (d3) applies(by (c2)). By
Lemma6.6.26, zÖ� � { is exponentially r.c.-stabilizing (jointly with g ).

(d) (Naturally, weallow thevalue n ∞ for thenorms.)
1°ÿe is SOS-stabilizing: Let u ê�t L2 ¡ R r ;U £ , x0 t H. Set

u : k � ê x0
n Ø u ê © y : k � x0

nÅl u k¨� ê x0
nÅl ê uê � (10.89)

By (a),y is stable,hencesoisu. Consequently, � ê andØ arestable,byLemma
6.1.12.Thus,Σ ê�t SOS.

2° S � 0 and l is positivelyJ-coercive over Í out: Thesefollow from
Proposition10.3.1(a)andLemma9.10.3.

3° Uniqueminimizing control over Í out: Becausee is SOS-stabilizing,we
have � ê x0 tmÍ out ¡ x0 £ consequently, Í out ¡ x0 £��k /0, for eachx0 t H. Thus,by
Theorem8.4.3,thereis auniqueminimizingcontrolfor eachx0.

(d1) This follows from Theorem9.9.1(a2),sinceany admissible nonnega-
tivesolutionis output-stabilizing,by (d).

(d2) If Σ is [strongly[exponentially]] stable,thensois Σext, by Proposition
10.7.1,andΣ ê , by Corollary 6.6.9(here“ I � L l ” k iÔtû  TIC) andLemma
6.6.8(c). Now l ©*iú©Ïi w 1 are [[exponentially]] stable, hence zÖ� � { is
[strongly[exponentially]] r.c.-stabilizing.

[By Theorem9.9.10(e2)&(c1)&(b),e is minimizing over Í out, Í sta andÍ str [and Í exp], henceunique.]
(d3) A nonnegative admissible solution ¡¯e Ê0© SÊ¯© z � Ê � Ê { £ is SOS-

stabilizing andhasSÊ � 0, by (d), henceit is exponentially q.r.c.-stabilizing,
by Theorem6.7.15(c2)&(b1),henceminimizing over Í out, Í sta, Í str and Í exp

andunique,by Theorem9.9.10(e2)&(c1)&(b). S
In usualquadraticminimization problems,oneneednot checkwhethere is

admissible (seeSection10.1for applications):
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Proposition10.7.4(
Ì k � y© Qy� n � u © Ru�Ì k � y© Qy� n � u © Ru�Ì k � y© Qy� n � u © Ru� ) Let Σ k zÙ| }Æ Þ { t WPLS¡ U © H © Y £ be

WR.Let Y k�� » U, �¨k z Æ 1
0 { , l¾k z Þ 1

I { , J k z Q 0
0 R { , Q y 0, R � 0. Assume

that l t UR or dimU È ∞.
Let theCARE ���� ��� K j SK k Aj e n e A n C j JC ©

S k D j JD n lim
s� r ∞

Bjw ep¡ s � A£ w 1B ©
K k�� S

w 1 ¡ Bjw e n D j JC£ (10.90)

havea solution e�th�"¡ H £ , e�y 0 s.t. lims� r ∞ Bjw ep¡ s � A£ w 1B y 0 or S � 0.
Thene is UR andadmissible.
If Q � 0, then e is SOS-stabilizing and Proposition 10.7.3 applies; in

particular, if Σ is estimatable, then e is theunique nonnegativesolution, strictly
minimizingover Í out andexponentially q.r.c-stabilizing.

Note that for dimU È ∞ (resp. l t UR), the limit in CARE converges
uniformly (asrequiredabove) if f the limit in CARE convergesweakly (resp.if f� t UR, by Lemma9.11.5(e)).

Proof: Choosesomeω ® max¡ 0 © ωA £ . If lims� r ∞ Bjw ep¡ s � A£ w 1B y 0, then
S y D j JD k D j1QD1

n R y R � 0. Therefore,S � 0 undereitherassumption.
By Proposition10.7.2,e is aWR solutionof theCARE.Themap i is UR,

by Lemma6.3.2(a1)&(a2)or Lemma9.11.5(e).
Substitutez k s into (9.188)to observe thatÀiÁ¡ s£ j SÀiÁ¡ s£�y�Àl ¡ s£ j J Àl ¡ s£f¡ s t C rω £ (10.91)

(becausee y 0). But Àl ¡ s£ j J Àl ¡ s£ k Àl 1 ¡ s£ j Q Àl 1 ¡ s£ n R y R � 0 (s t C rω ),
henceÀiÁ¡ s£ j SÀi ¡ s£�y R � 0.

By Proposition2.2.5,we have i¼tû  TIC∞ ¡ U £ (this is why we wanted i
to beUR). Thus, e is alsoadmissible, andS � 0. Therestfollows now from
Proposition10.7.3. S
If, e.g., Hypothesis 9.5.1 holds, then we have � sBj ¡ s � A£ w j ep¡ s �

A£ w 1B � � É U « � 0, as s t C rω , þ s þ � ∞, by Lemma9.4.2(k). Therefore,in that
case,self-adjointsolutionsare UR and admissible even without the nonnega-
tivity assumption (since then we have, insteadof (10.91), that ÀiÁ¡ s£ j SÀiÁ¡ s£úyÀl ¡ s£ j J Àl ¡ s£ � εI y R � εI for someε ® 0, whenRes is big enough,by (9.188),
hencealsothen Ài�t�  H∞

∞).

Notes
Part of Proposition10.7.3 is well known for certain subclasses;see,e.g.,

Theorem3.3 of [PS87] or Section6.2 of [CZ]. In the finite-dimensional case,
[LR] is acomprehensivereferencefor bothgeneralandpositiveRiccatiequations
andinequalities.
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Chapter 11

H∞ Full-Inf ormation Control
Problem ( � w �� z �D  γ)

Of all men’s miseries,thebitterestis this: to knowsomuch andhave
control overnothing.

— Herodotos

In this chapter, we shall solve the H∞ Full-Information Control Problem
(FICP), which is describedonp. 33.

Our main resultsare presentedin Section11.1; applicationsto parabolic
(analyticsemigroup) systemsaregiven in Corollary 9.5.11. Furtherresultsand
proofsaregiven in Section11.2 (including the extensionof the ¡ Jγ © J1 £ -lossless
factorizationsolution of [Green] and [CG97] to an MTIC setting, in Theorem
11.2.7), and the stablecasein Section11.3. Section11.4 treatsminimax J-
coercivity, a property of the Popov operator, equivalent to the existenceof a
nonsingular solution to theH∞ minimaxproblem.

Thediscrete-timeH∞ full-informationcontrolproblem(ficp) is treatedin Sec-
tion 11.5,andcorrespondingproofsaregivenin Section11.6. Thereadermight
wishto readfirst thesetwo sectionsin orderto observethebasiccharacteristicsof
theH∞ FICPin asimplesettingbeforegoinginto thetechnicaldetailsrequiredby
theunboundednessof theinputandoutputoperatorsin continuoustime. A reader
interestedonly in themainresultsshould readonly theintroductionon p. 33 and
Sections11.5and11.1,in thatorder.

The necessitypart of our proofs is basedon the solution of the abstractH∞

FICP(i.e., theFICPin thesettingof Section8.1),which is given in Section11.7.
Themethodsusedfor thestableH∞ FICPalsoapplyto the(one-block)Nehari

problem,whereonewishesto estimated ¡ l © TIC j £ or theHankel norm � π r l π w �
of somel t TIC. Therefore,we takeabrief look at thisproblemin Section11.8.

Standing Hypothesis11.0.1 Throughoutthis chapter (except in Section11.7;
seeHypothesis11.7.1)weassumethat H © U © W© Y© Z are Hilbert spaces,andthat
thespace¶] ¡ U » W £ satisfiesHypothesis8.4.7.

(Cf. Theorem8.4.9(a)andDefinition6.2.4.)NotealsothatHypothesis11.1.1
is assumedthrough Sections11.1–11.3,11.5 and 11.6, Hypothesis11.8.1 is

611
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assumedthrough that Sections11.8–11.9,and that Hypotheses11.2.1, 11.3.1
11.6.1and11.7.1areassumedthroughcorrespondingsections.

Thus,we canusethe equivalenceof Theorem8.4.12whenever we assume
that l t ¶] ¡ U » W© Y £ , for any Hilbert spaceY. (Note that this doesnot put any
restrictionson U andW whenonetakes ¶] to be oneof the classesin Theorem
8.4.9(1.). As notedin Lemma14.3.5,classes� 1r ¡ U » W £ùÇ and ticexp ¡ U » W £
satisfythediscrete-timeversionof Hypothesis 8.4.7.)

As in previouschapters,wedenoteby Σ ê theclosed-loopsystemcorrespond-
ing to thesolution of theRiccatiequation.By Σ ¡ , we denotethecorresponding
“semi-closed-loopsystem”(whereonly thestatefeedbackloop correspondingto
thecontrolu is closedbut thesecondinput, thedisturbancew is unaffected);see
Section11.1for details.Thesub-or superscripts¢ and £ arealsousedfor the
componentsandsignalsin thosesystems.
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11.1 The H∞ Full-Inf o Control Problem(FICP)

Thegoal of scienceis to build bettermousetraps. Thegoal of nature
is to build bettermice.

We stronglyrecommendthe readerto readthe introduction to the H∞ FICP
problem(p. 33) and possiblyalsohave a glanceat the discrete-time resultsof
Section11.5 beforegoing into the technicaldetailsof this section. The results
of this sectionlook like morecomplicatedforms of Theorem11.5.1,dueto the
possiblyunboundedinputandoutputoperators.

In thissection,wegivenecessaryandsufficientconditionsfor theexistenceof
a γ-suboptimal full-information or state-feedbackcontrollersin termsof Riccati
equations.For solutions in termsof lossless factorizations,see,e.g., Theorem
11.2.7or Theorem11.1.5(b).

In Theorems11.1.3and11.1.4,we treatesuboptimal exponentially stabiliz-
ing controllers(or “H ∞-FI-pairs”) assuming “Bjw-CARE” type regularity or a
smoothing semigroup,respectively. In Theorem11.1.6, we treatesuboptimal
output-stabilizing controllersassuming strongernonsingularity (e.g., a copy of
input containedin the output) and “B jw-CARE” type regularity. In Theorem
11.1.5,we treatesuboptimal strongly stabilizing controllersassuming that the
systemis stronglyq.r.c.-stabilizablewith MTIC closed-loopsystem(the above
threeresultsdo not assumeany stabilizability). In all above results,we prac-
tically give sufficient andnecessaryconditions for a suboptimal state-feedback
(andfull-information)controllersto exist, in termsof a Riccati equationandthe
correspondingsignaturecondition.In Remark11.1.11wetreatethedualproblem
(theFull ControlProblem).

As describedonp.33,in theH∞ FICP, wehaveasystem z | }Æ Þ { t WPLS¡ U »
W© H © Z £ , andwe wish to find, for eachdisturbancew t L2 ¡ R r ;W £ , a “subopti-
mal” control u t L2 ¡ R r ;U £ , i.e., onethat is stabilizing andmakesthe (closed-
loop) norm � w �� z � lessthana given constantγ, wherez is the outputof the
systemunderinput - uw � (andunderinitial statex0

k 0). Oneoften alsorequires
thatthecontrolisgivenbysomestatefeedbackpair(with orwithoutfeedthrough).

Wehave � w �� z � L2 � L2 È γ if f the(cost)function � z � 22 � γ2 � w � 22 is uniformly
negative w.r.t. w, i.e., if f � z � 22 � γ2 � w � 22 � � ε � w � 22 for someε ® 0. Moreover,
theJ-critical controlfor thiscostfunctionandthecorrespondingRiccatiequation
leadto thesolution of theH∞ FICP, aswill beshown in following sections.

Therefore,we usuallyaugmentΣ by the extra the row z 0 0 I { to make
the outputequalto y : k - zw � (the input is - uw �>t L2 ¡ R r ;U » W £ ; seeFigure11.1
withoutthefeedbackrow andloop),sothatwecanmakethecost

Ì
: k � y© Jy� equal

to � z � 22 � γ2 � w � 22 by settingJ k Jγ : k � I 0
0 w γ2I � :

Standing Hypothesis11.1.1(H∞H∞H∞ Full-Inf ormation Control Problem(FICP))
ThroughoutSections11.1–11.3,wemake thefollowing assumptions:

Σ ¤ 4A¥ ¦§ ¨ 5 ¤ �� ¥ ¦ 1 ¦ 2§
1

¨
11

¨
12

0 0 I

���©
WPLSª U « W ¬ H ¬ Z « W ­2® (11.1)
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Thecorrespondingdiscrete-timeassumptions(see(13.63))are madein Sections
11.5and11.6.

If thegeneratorsof A, B, C andD of Σ arebounded,i.e., ³ A B
C D ´ ©�µ ª H « U «

W¬ H « Z « W ­ , thenthiscorrespondsto thedynamics¶
x·¸¤ Ax ¹ B1u ¹ B2w¬
z ¤ C1x ¹ D11u ¹ D12w

(11.2)

(andw ¤ Iw) with initial statex ª 0­l¤ x0

©
H. In the caseof a generalweakly

regular systemΣ, equations(11.2)hold in thestrongsense,seeTheorem6.2.13
for details.NotethatC ¤ ³ C1

0 ´ , D ¤ ³ D11 D22
0 I ´ .

As mentionedabove, the suboptimal control is requiredto be “stabilizing”.
In the literature,this sometimesmeansthat for any given initial statex0

©
H and

disturbancew

©
L2 ª R º ;W ­ , thestatefeedbackpair(or amoregeneralcontrollaw

x0 ¬ w °± u) mustproducea controlu

©
L2 ª R º ;U ­ s.t. theoutputz (equivalently,

y : ¤¼» zw ½ ) becomesstable,i.e.,s.t. » uw ½ ©'¾ out ª x0 ­ .
Often one also requiresthat x

©
L2 ª R º ;H ­ , i.e., that » uw ½ ©�¾ exp ª x0 ­ (see

Lemma8.3.3). In eithercase,we denotethesetof correspondingcontrolsby

¾
u

(in thissectionweset

¾À¿¿ ¤ ¾ exp or

¾Á¿¿ ¤ ¾ out, dependingon theapplication):

Definition 11.1.2(Suboptimal H∞H∞H∞-FI-pair) Throughoutthis section,weusethe
followingnotation:¾

exp ª x0 ­�¤ÃÂ?» uw ½ © L2 ª R º ;U « W ­QÄÄ ¥ x0 ¹ ¦ τ » uw ½ © L2 Å ; (11.3)¾
out ª x0 ­�¤ÃÂ?» uw ½ © L2 ª R º ;U « W ­ ÄÄ § x0 ¹ ¨ » uw ½ © L2 Å ; (11.4)¾

u ª x0 ¬ w­ : ¤ÃÂ u © L2 ª R º ;U ­ÆÄÄ » uw ½ ©�¾ ¿¿ ª x0 ­ Å ª x0

©
H ¬ w

©
L2 ª R º ;W ­^­2¬

(11.5)

γ0 : ¤ sup
w Ç L2 È R É ;W Ê{Ë Ì w ÌMÍ 1

inf
u Ç%Î u

È 0 ËwÊ ¯ ¨ 11u ¹ ¨ 12w ¯ 2 ® (11.6)

An admissible statefeedback pair of form ³lÏ Ð ´ ¤Ñ³LÒ 1 Ó 11 Ó 12
0 0 0 ´ (resp.

admissible WRstatefeedback operator K ¤Ô³ K1
0 ´ ) for Σ is called a H∞-FI-pair

(resp.H∞-SF-operator) if³ Ï/Õ ÐUÕ ¹ I ´.Ö× x0

0
w ØÙ ©'¾ ¿¿ ª x0 ­ for all x0

©
H andw

©
L2 ª R º ;W ­2¬ (11.7)

where Σ Õ is thecorrespondingclosed-loopsystem(seeFigure11.1andequation
(11.8);weusepreficesandsufficesasin Definition6.6.10).

By γFI (resp. γSF) we denote the infimum of the norm ¯ w °±
z ¯ L2 È R É ;W Ê�Ú L2 È R É ;Z Ê over all H∞-FI-pairs (resp.all H∞-SF-operators). Given
γ Û 0, a H∞-FI-pair or H∞-SF-operator is calledsuboptimal if ¯iÜ Õ12 ¯ TIC ² γ.

By equation(11.8),we have ¯ w °± z ¯�ÝÞ¯iÜ Õ12 ¯ TIC. Therefore,the H∞ FICP
meansfinding ³ Ï/Õ ÐUÕ ´ s.t. ¯iÜ Õ12 ¯ TIC ² γ. AsoneobservesfromFigure11.1,

the map ³lÏ�Õ ÐUÕ ´ maps ß x0
uà
w á °±â³ u ã uà

0 ´ , i.e., from the initial stateand
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ä å
1τ

å
2τæ

1 Ü 11 Ü 12

0 0 IÏ 1 Ð 11 Ð 12

Σ ç è x0

é xé zé wé u ê uë
ìí ººé uëu

è
ì

w

Figure11.1:A WPLScontrolledby a H∞-FI-pair

external inputs to the feedbacksignal, so that we must add » uàw ½ to obtain the
effective input » uw ½ (thesituation is thesameasin Definition6.6.10).

Notealsothatthecontroller(feedback)is only allowedto affectu. Therefore,
the existenceof a H∞-FI-pair for Σ can be describedas “Σ is exponentially
stabilizablethroughB1” (cf. (11.11)and Figure 11.1). SeeLemma11.1.8for
details.

Thestandard“state-feedback”setting of Figure6.3hasbecomethesettingof
Figure11.1,becausethefeedbackloopdoesnotaffect w (hencewehave omitted
the second,zero row of ³ Ï Ð ´ ) and becausethe secondrow of ³ æ Ü ´
equals ³ 0 0 I ´ , so that the lower elementof the output“y Ý�» zw ½ ” equalsw.
Recallfrom Definition 6.6.10,thatour statefeedbackallows a feedforwardterm,
henceit is actuallya “full-information feedback”.Thecorrespondingclosed-loop
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systemΣ Õ : Ö× x0

uë
w ØÙ °± Ö× x» zw ½³ u ã uà

0 ´ ØÙ is givenby (cf. (6.134))

Σ Õ Ý Öîîîî×
ä Õ å Õ1 å Õ2æ Õ1 Ü Õ11 Ü Õ12
0 0 IÏ Õ1 Ð Õ11 Ð Õ12
0 0 0

ØðïïïïÙ Ý Öîîîî×
ä å

1
å

2æ
1 Ü 11 Ü 12

0 0 IÏ 1 Ð 11 Ð 12

0 0 0

ØðïïïïÙ Ö×
I 0 0ñ ã 1

11 Ï 1
ñ ã 1

11 ê ñ ã 1
11
ñ

12

0 0 I ØÙ
(11.8)

Ý Öîîîîî×
ä ¹ å 1τ

ñ ã 1
11 Ï 1

å
1
ñ ã 1

11
å

2 ê å 1
ñ ã 1

11
ñ

12æ
1 ¹:Ü 11

ñ ã 1
11 Ï 1 Ü 11

ñ ã 1
11 Ü 12 êÁÜ 11

ñ ã 1
11
ñ

12

0 0 Iñ ã 1
11 Ï 1

ñ ã 1
11 ê I ê ñ ã 1

11
ñ

12

0 0 0

Ø ïïïïïÙ (11.9)

Ý Öîîîîî×
ä ë:ê å ë 2τ ò ã 1

22 Ï ë 2
å ë 1 ê å ë 2 ò ã 1

22 ò 21
å ë 2 ò ã 1

22æ ë 1 êXó 12ò ã 1
22 Ï ë 2 ó 11 êXó 12 ò ã 1

22 ò 21 ó 12 ò ã 1
22

0 0 IÏ ë 1 ê.ò 12ò ã 1
22 Ï ë 2 ò 11 ê.ò 12ò ã 1

22 ò 21 ê I ò 12 ò ã 1
22

0 0 I

ØðïïïïïÙ (11.10)

Ý Öî× ä ¹ å τ Ï Õ å ñ ã 1æ ¹ôÜ ÏõÕ Ü ñ ã 1Ï�Õ ñ ã 1 ê I
Ø ïÙ ¬ (11.11)

andΣ Õ © WPLSª U « W ¬ H ¬ Z « W « U « W ­ (here
ñ

: Ý I ê Ð , ò : Ý ñ ã 1, ó : ÝÜ�ò ,
ñ

: Ý0³Lö 11 ö 12
0 I ´ Ý÷ª I ¹ Ð�Õ ­ ã 1; for (11.10)weusedthefactthat òøÝ ñ ã 1ò ,

whereò : Ý0³ I 0ù
21
ù

22 ´ , by (A.9)).
If

¾Á¿¿ Ý ¾
exp, then condition (11.7) holds if f ³lÏ Ð ´ is exponentially

stabilizing (seeRemark11.2.5 for more on (11.7)). Most existing literature
for finite-dimensional control theory is written for

¾�¿¿ Ý ¾
exp, whereasalso

¾Á¿¿ Ý ¾ out is popularin theinfinite-dimensionalcase.
As obviousfrom the above definition,we areinterestedin the infimal value

γ0 of ¯ w °± z ¯ over all “stabilizing” controls(the norm of w °±ú¯iÜ 11umin ª w­�¹Ü 12w ¯ 2), in theinfimal valueγFI of ¯ w °± z ¯ overall “stabilizing” full information
controllers,and in the infimal value γSF of ¯ w °± z ¯ over all “stabilizing” pure
statefeedbackcontrollers(thus,for γSF, we posetheadditionalconditionthatthe
feedthroughoperatorF of ³lÏ Ð ´ exists and is equalto zero ( Ð © WR and
F11 Ý 0 Ý F12); recall from Definition6.6.10thata statefeedbackpair is allowed
to haveany admissible feedthroughterm).Sinceinf /0 Ý�¹ ∞, weobviously have

0 û γ0 û γFI û γSF ûü¹ ∞ ® (11.12)

Thus, γ0 ² γ correspondsto the existenceof a suboptimal control law (for
x0 Ý 0 only), γFI ² γ to the existenceof a causalcontrol law andγSF ² γ to the
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existenceof astrictlycausalcontrollaw (nofeedforwardterm),with theadditional
restrictionthatγFI andγSF requirethecontrollaw to beof statefeedbackform. If
Σ is somewhatregular, then,underthestandardassumptionsthat Ü 11 is coercive
andD12 Ý 0, we have γ0 Ý γFI Ý γSF ² ∞ for systemsexponentially stabilizable
throughB1, asillustratedin thefollowing theorems.If Ü © WR and ¯ D12 ¯�Û γFI,
thenwenecessarilyhave γSF Û γFI (if for Ü © SR, sincethen¯iÜ Õ12 ¯ TIC Ý�¯þýÜ Õ 12 ¯ H∞ ÿ ¯ D Õ12 ¯�� ÈW Ë Z Ê Ý ¯ D12 ¯�� ÈW Ë Z Ê Û γFI ¬ (11.13)

by Proposition6.6.18(d4)(to beexact; this requiresthatwe restrictourselvesto
SR H∞-SF-operators; whendimU ² ∞ or Σ is sufficiently regular, this is not a
restriction,see,e.g.,Theorem11.1.3(a)).Example11.1.9illustratesthis.

Now wearereadyto presentour results.SeeProposition10.3.2andTheorem
9.2.3for thetwo assumptions.

Theorem 11.1.3(

¾
exp : H∞

¾
exp : H∞

¾
exp : H∞ FICP � B

¿
wB

¿
wB

¿
w-CARE) Assumethatγ Û 0andthat(1.)

and(2.) hold.

(1.) (Nonsingularity) AssumeD

¿
11D11

�
0, andthat there is ε1 Û 0 s.t.ª ir ê A­ x0 Ý Bu0 � ¯ C1x0 ¹ D11u0 ¯ Z ÿ ε1 ¯ x0 ¯ H ª x0

©
H ¬ u0

©
U ¬ r © R ­2®

(11.14)

(2.) (Regularity) AssumethatΣ andJγ satisfy Hypothesis9.2.1
andthatπ � 0 Ë 1 Ê ä B

©
L1 ª^» 0 ¬ 1­ ; µ ª U « W¬ H ­^­ or D

¿
JD

© � µ ª U « W ­ .
Then(i)–(iii) areequivalent:

(i) γ Û γ0 andΣ is exponentiallystabilizablethrough B1;

(ii) γ Û γFI, i.e., there is a suboptimal H∞-FI-pair for Σ;

(iii) D

¿
12D12 ê D

¿
12D11 ª D ¿11D11 ­ ã 1D

¿
11D12 � γ2I , and(theB

¿
w-CARE)�

B

¿
w 	 ¹ ß D 
11

D 
12 á C1 � ¿ ª D ¿ JγD ­ ã 1
�
B

¿
w 	 ¹ ß D 
11

D 
12 á C1 � Ý A

¿ 	 ¹ 	 A ¹ C

¿
1C1

(11.15)
has a solution 	 ©Hµ ª H ¬ Domª B ¿w ­^­ s.t. 	 ÿ 0 and A ¹ BKw gener-
atesan exponentially stable semigroup, where Kw : Ý÷ê ª D ¿ JγD ­ ã 1 ª B¿w 	 ¹ß D 
11

D 
12 á ª Cw ­ 1 ­ .
Moreover, thefollowinghold:

(a) Assumethat ª 	 ¬ S¬ K ­ satisfies(iii) (here S: Ý D

¿
JγD). Then� ê ª D ¿11D11 ­ ã 1 ª D ¿11C1 ¹�ª B¿1 ­ w 	 ­ 0 ê ª D ¿11D11­ ã 1D

¿
11D12

0 0 0 
 (11.16)

generatea ULR (exponentiallystabilizing)suboptimal H∞-FI-pair.

There is a suboptimal H∞-SF-operator iff ¯ D12 ¯ ² γ; if this is thecase, then

K1 : Ý ³ I 0́ K Ýüê ª S11 ê S12S
ã 1
22 S21 ­ ã 1 ª D ¿11C1 ¹'ª B¿1 ­ w 	 ê S12S

ã 1
22 ª D ¿12C1 ¹'ª B¿2 ­ w 	 ­^­

(11.17)
is a ULR (exponentially stabilizing) suboptimal H∞-SF-operator, where
S: Ý D

¿
JγD.
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(b) If (i)–(iii) hold, thentheassumptionsof Proposition11.2.8(including those
of (a1))aresatisfiedand(FI1)–(FI5) hold.

Applications to parabolicsystems of this theoremand the onesto follow

are given in Corollary 9.5.11. Recall that Jγ : Ý ß I 0
0 ã γ2I á , hence D

¿
JγD Ýß D 
11D11 D 
11D12

D 
12D11 D 
12D12 ã γ2I á .
Underthenormalizingconditions

D12 Ý 0 ¬ D

¿
11 ³C1 D11́ Ý0³ 0 I ´ ¬ (11.18)

condition(iii) canbewrittenasfollows:ª^ª B¿1 ­ w 	 ­ ¿ ª B¿1 ­ w 	 ê γ ã 2 ª^ª B¿2 ­ w 	 ­ ¿ ª B¿2 ­ w 	 Ý A

¿ 	 ¹ 	 A ¹ C

¿
1C1 (11.19)

with therequirementsthat 	 ©.µ ª H ¬ Domª B ¿w ­^­ , 	 ÿ 0, andA ¹üª γ ã 2B2 ª B¿2 ­ w ê
B1 ª B¿1 ­ w ­ 	 is exponentially stable.Now S Ý Jγ : Ý�» I 0

0 � γ2I ½ andK Ývß ã È B 
1 Ê w �γ � 2 È B 
2 Ê w � á ©µ ª H ¬ U « W ­ ), andif(f) (iii) holds,thenK1 Ýüê ª B¿1 ­ w 	 ©õµ ª H ¬ U ­ isasuboptimal
H∞-SF-operatorfor Σ; this implies that the correspondingclosed-loopstateis
controlledby theequation

x·¸Ý÷ª A ê B1 ª B¿1 ­ w 	 ­ x ¹ B2w a.e. (11.20)

Notethatequations(6.3.5)of [GL], (20.2.5)of [LR], (16.1)of [ZDG], and(4.11)
of [Keu]arespecialcasesof (11.19).

If B is bounded,then(11.19)takestheclassicalform	 ª B1B

¿
1 ê γ ã 2B2B

¿
2 ­ 	 Ý A

¿ 	 ¹ 	 A ¹ C

¿
1C1 ¬ (11.21)

hence K Ý ß ã È B 
1 Ê w �γ � 2 È B 
2 Ê w � á ©�µ ª H ¬ U « W ­ ©�µ ª H ¬ U « W ­2¬ K1 Ý ê B

¿
1 	 ©µ ª H ¬ U ­ . Recall from Definition 9.8.1, that the CARE is given on

µ ª Domª A­2¬ Dom ª A ¿ ­ ¿ ­�Ý :

µ ª H1 ¬ H ¿ã 1 ­ ; e.g.,(11.19)holdsif f� ª B¿1 ­ w 	 x0 ¬�ª B¿1 ­ w 	 x1 � ê γ ã 2 � ª B¿2 ­ w 	 x0 ¬�ª B¿2 ­ w 	 x1�Ý �
Ax0 ¬ 	 x1� ¹ � 	 x0 ¬ Ax1� ¹ �C1x0 ¬ C1x1� (11.22)

for all x0 ¬ x1

©
Domª A­ (wecantakex1 Ý x0 w.l.o.g.,by LemmaA.3.5(a)).

All CAREsof thissectionandthenext two sectionsequaltheCAREfor Σ and
Jγ (undercorrespondingregularityassumptions,thatis, someof theCAREshave
beensimplified).

Obviously, the K in (iii) is bounded(and henceKw Ý K) if f ß D 
11
D 
12 á C1

©µ ª H ¬ U ­ ; analogously, whenD

¿
11C1

©Àµ ª H ¬ U ­ , we may restrictus to bounded
H∞-FI-pairs (with generators³ K F ´ , K Ý ³ K1

0 ´ ©�µ ª H ¬ U ­ , F Ý » F11 F12
0 0 ½ ©µ ª U « W ­ ), i.e., if thereis a suboptimal H∞-FI-pair, thenthereis a boundedH∞-

FI-pair (by (a)).
Recall from Proposition9.2.7 that any K of the form in (iii) (with 	 ©µ ª H ¬ Domª B ¿w ­^­ ) is admissible(in particular, A ¹ BKw generatesaC0-semigroup).

If B

© µ ª U ¬ H ­ , then(2.) is satisfied,thestabilizability assumption in (i) holdsif f



11.1. THE H∞ FULL-INFO CONTROL PROBLEM (FICP) 619ª A ¬ B1 ­ is exponentially stabilizable(or optimizable),andDomª B ¿w ­�Ý H.
Theequivalence(ii) � (iii ) is (anextension of) thestandardresultthatthereis

a suboptimal (exponentially stabilizing) statefeedbackcontroller throughB1 if f
the Riccati equationhasan exponentially stabilizing solutionand the signature
conditionson D

¿
JγD are satisfied. Condition (i) meansroughly that thereis a

suboptimal (exponentiallystabilizing) controllaw x0 ¬ w °± u; thus“(i) � (ii)” says
thatsucha law canalwaysberealizedby astatefeedbackcontroller.

If Σ is exponentially stable,then
ä ë ,

æ ë , Ï ë and 	 are given by (8.43)–
(8.46),by (b) andProposition11.3.4(g),whenever (i)–(iii) hold.

Oneoften has�õª x0 ¬ u ¬ w­�Ý ¯ x ¯ 22 ¹ ε ¯ u ¯ 22 ê γ2 ¯ w ¯ 22 or something similar, so
that(1.) is satisfied(seeProposition10.3.2(e1)and0 ® 2 � ; thecoston x shouldbe
coercive at leastfor x0 Ý 0 to satisfy(1.)); in fact,for this costthenonsingularity
assumptions of all results in this sectionand the following one are satisfied.
The theoremdoesnot hold without this assumption, that is, for “singular H∞

problems”,andsuchproblemsarerarelytreatedin theliterature;see[Stoorvogel]
for anexception(for finite-dimensional systems).

Proof of Theorem 11.1.3: We have tacitly assumedthat

¾ ¿¿ Ý ¾ exp (also
in (2.)). SeeDefinition9.2.6for theB

¿
w-CARE.

0 ® 1� Remark: Exponentially stabilizability through B1: By this we mean
theexistenceof a H∞-FI-pair (over

¾
exp), i.e., of an exponentially stabilizing

statefeedbackpair thatdoesnot affect w (i.e., which is of form ß��Ï �Ð á Ý³��Ò 1 �Ó 11 �Ó 12
0 0 0 ´ , sothatthefeedbackloopgoesthroughB1 only).

If π � 0 Ë 1 Ê ä B1u0

©
L1 ª^» 0 ¬ 1­ ;H ­ for all u0

©
U (this follows from themiddle

assumption in (2.)), then this assumption holds if f ª A ¬ B1 ­ is optimizable
(equivalently, exponentially stabilizable), by Lemma11.1.8(seethat lemma
for furtherremarks).

0 ® 2� Remark:Assumption (1.): Assumption (1.) implies that ß�� � 1�
1 � 11 á is

positively I -coercive, by Proposition 10.3.2(g1)&(c). The converseholds if
D

¿
11D11

�
0 or

ä
B

©
L1

loc, by Proposition10.3.2(e1)&(e2).
0 ® 3� Remark: ª D ¿ JγD ­ ã 1: SetS : Ý D

¿
JγD. ThenS11 Ý D

¿
11D11

�
0, by

(1.), andthefirst condition in (iii) is equalto S22 ê S21S
ã 1
11 S12 � 0. By Lemma

11.3.13(i)&(viii), thesetwo togetherimply thatS

© � µ ª U « W ­ , sothat(11.15)
is well defined.

1� The equivalenceof (i)–(iii): Now (2.) or (3.) of Remark9.9.14 is
satisfied,henceweobtaintheequivalencefrom Proposition11.2.6,since(iii) is
equivalent to (iii’), by which we denote“(iii)” of theproposition, asshown in
2� and3� below. (NotethatHypothesis11.2.1is satisfied,by Lemma11.2.2.)

2� “(iii) � (iii’)”: Assume(iii). SinceS: Ý D

¿
JγD

© � µ ª U « W ­ , by 0 ® 3� ,	 is a solution of theB

¿
w-CARE,henceanadmissible andULR solutionof the

CARE, by Proposition9.2.7,and
ä ë is generatedby A ¹ BKw, by (6.145),so

thatK is exponentially stabilizing.
Thus,(FI5) of Theorem11.2.7is satisfied.By Proposition11.2.9,it follows

that(FI2) holds,i.e., (ii) holds.
3� “(iii’) � (iii)”: This follows from Theorem9.2.9(iii)&(iv) (asnotedin

2� , theclaimonA ¹ BKw holdsif f K is exponentially stabilizing).
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(b) This follows from Proposition11.2.6 (whose assumptions are now
satisfied,asnotedin 1 � above).

(a) This followsfrom Proposition 11.2.8(a1). �
Wenow presentaCARE variantunderassumptionsthatareweaker in certain

sense:

Theorem11.1.4(

¾
exp : H∞

¾
exp : H∞

¾
exp : H∞ FICP � � � CARE: Case

ä
B

©
L1

loc

ä
B

©
L1

loc
ä

B

©
L1

loc) Assume(1.) and
(2.):

(1.) (Nonsingularity) AssumeD

¿
11D11

�
0, andthat there is ε1 Û 0 s.t.ª ir ê A­ x0 Ý Bu0 � ¯ C1x0 ¹ D11u0 ¯ Z ÿ ε1 ¯ x0 ¯ H ª x0

©
H ¬ u0

©
U ¬ r © R ­2®

(11.23)

(2.) (Regularity) Assumethatπ � 0 Ë 1 Ê ä B

©
L1 ª^» 0 ¬ 1­ ; µ ª U « W¬ H ­^­2¬

π � 0 Ë 1 Ê ª C1 ­ w ä © L1 ª^» 0 ¬ 1­ ; µ ª H ¬ Z ­^­ , and π � 0 Ë 1 Ê ª C1 ­ w ä B

©
L1 ª^» 0 ¬ 1­ ; µ ª U «

W¬ Z ­^­ .
Then(i)–(iii) areequivalentfor anyγ Û 0:

(i) γ Û γ0, and ª A ¬ B1 ­ is exponentially stabilizable;

(ii) γ Û γFI, i.e., there is a suboptimal H∞-FI-pair for Σ;

(iii) D

¿
12D12 ê D

¿
12D11 ª D ¿11D11 ­ ã 1D

¿
11D12 � γ2I , andtheCARE�

B

¿
w 	 ¹ ß D 
11

D 
12 á C1 � ¿ ª D ¿ JγD ­ ã 1
�
B

¿
w 	 ¹ ß D 
11

D 
12 á C1 � Ý A

¿ 	 ¹ 	 A ¹ C

¿
1C1

(11.24)
has an exponentially stabilizing solution 	 © µ ª H ­ s.t. 	 ÿ 0 and
limsÚ º ∞ B

¿
w 	 ª s ê A­ ã 1B Ý 0.

In particular, γFI Ý γ0 if ª A ¬ B1 ­ is exponentially stabilizable (equivalently,
optimizable). Moreover, Theorem11.1.3(a)&(b) hold.

Mostof theremarksmadebelow Theorem11.1.3applyheretoo.
Proof: Condition(2.) impliesthat Ü © MTICL1

∞ ª U « W ¬ Z « W ­ � ULR, by
Lemma6.8.5.

0 ® 1� Remark: assumption (11.23) � Ü 11 is I -coercive: By Proposition
10.3.2(e2),(11.23)holdsif f Ü 11 is I -coercive (andalsoconditions(i)–(iii) of

Proposition10.3.2(with J °± I , Σ °±Dß!� � 1�
1 � 11 á ) areequivalentto (11.23)).

0 ® 2� Remark: “ ª A ¬ B1 ­ exponentially stabilizable”: By (2.) andTheorem
9.2.12,this holdsif f ª A ¬ B1 ­ is optimizable,equivalently, if f Σ hasanexponen-

tially stabilizing (bounded)statefeedbackoperator �K Ý ß �K1
0 á ©�µ ª H ¬ U « W ­ .

Seealso0 ® 3� of theproofof Theorem11.1.3.
1� The equivalenceof (i)–(iii): Denote condition (iii) of Proposition

11.2.6by “(iii-Prop)”. Now Remark9.9.14(5.) applies,hencewe obtainthe
equivalencefrom Proposition 11.2.6,becausecondition (iii) is equivalent to
(iii-Prop), asshown in 2 � below. (Note thatHypothesis11.2.1is satisfied,by
Lemma11.2.2.)
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2� “(iii) � (iii-Prop)”: Condition (iii) saysthat (iii-Prop) holds, Ð is UR
(by Lemma9.11.5(e))and S Ý D

¿
JγD. Conversely, if (iii-Prop) holds, then

S Ý D

¿
JγD and Ð is UR, by Remark9.9.14(b)&(a).

(a)&(b) The original proofsof Theorem11.1.3(a)&(b)apply mutatismu-
tandis. �
The case

¾Á¿¿ Ý ¾ out is much more complicatedthan the case

¾:¿¿ Ý ¾ exp

andhencevery rarely treatedin the literature. (We have not found any existing
researchof the H∞ problemstruely over

¾
out in the unstable case. Recall,

however, that

¾
out Ý ¾ exp for estimatablesystems,hencemany historical results

areapplicablefor suchsystems,thoughnonebeforefor WPLSs.)Wegiveamore
thoroughtreatmentof this casein Section11.2,underweaker assumptions, but
herewe show that if Σ is strongly q.r.c.-stabilizable throughB1 with a rather
regularclosed-loopsystem, thenwehave thestandardequivalence:

Theorem 11.1.5( �" ¬ ¾ out Ý ¾ str : H∞�" ¬ ¾ out Ý ¾ str : H∞�" ¬ ¾ out Ý ¾ str : H∞ FICP � CARE) Let

¾ ¿¿
: Ý ¾

out. As-
sume(1.) and(2.):

(2.) (Stabilizability) There is a strongly q.r.c.-stabilizing UR statefeedback

operator �K Ý ß �K1
0 á for Σ, and Ü$# © �" .

(1.) (Nonsingularity) There is ε1 Û 0 s.t. ¯iÜ # 11u ¯ 2 ÿ ε1 ¯ u ¯ 2 ª u % L2 ª R º ;U ­^­ .
Then(i)–(iii) areequivalentfor each γ Û 0:

(i) γ Û γ0;

(ii) γ Û γFI; i.e., there is a suboptimal H∞-FI-pair for Σ;

(iii) theCARE&''''( '''') K

¿
SK Ý A

¿ 	 ¹ 	 A ¹ C

¿
1C1 ¬

S Ý ß D 
11D11 D 
11D12

D 
12D11 D 
12D12 ã γ2I á ¹ lim
sÚ º ∞

B

¿
w 	 ª s ê A­ ã 1B ¬

K Ýjê Sã 1
�
B

¿
w 	 ¹ ß D 
11

D 
12 á C1 � ® (11.25)

has a q.r.c.-stabilizing solution ª 	 ¬ S¬ K ­ , and 	 ÿ 0, S11
�

0 and S22 ê
S21S

ã 1
11 S12 � 0.

In particular, γ0 Ý γFI. Moreover, thefollowinghold:

(a) Assumethat ª 	 ¬ S¬ K ­ satisfies(iii). ThenK is UR and� ê Sã 1
11 ª D ¿11C1 ¹�ª B¿1 ­ w 	 ­ 0 ê Sã 1

11 S12

0 0 0 
 ® (11.26)

generatea UR stronglyq.r.c.-stabilizing suboptimalH∞-FI-pair.

There is a suboptimalH∞-SF-operator iff S22 � 0; if this is thecase, then
(11.17)is a URstrongly q.r.c.-stabilizingsuboptimal H∞-SF-operator.
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(b) Each of conditions (FI1)–(FI7) of Theorem11.2.7is equivalentto (i). If
anyof theseholds,thentheassumptionsof Proposition 11.2.8andTheorem
11.2.7aresatisfied.

(c) If (1.) of Theorem 11.1.6holds, and the CAREhas a UR solution withä ëh¬ æ ë and Ï ë strongly stable, thenγ ÿ γFI Ý γ0.

SeeTheorem11.2.7andCorollary11.2.11for analogousresultsfor

¾
exp,

¾
sta

and

¾
out underslightly differentassumptions.

Someof theremarksmadebelow Theorem11.1.3applyhere,too,with some
minormodifications;in particular, alsoherewehave γ0 Ý γFI ( Ý γSF if D12 Ý 0).

An importantspecialcaseof “(2.)” is thecasewhereΣ is stronglystableandÜ*% �" (take �K Ý 0). By Example11.3.7(c),evenfor strongly stableΣ, condition
“ Ü+% �" ” cannotbeweakenedto e.g.,“ Ü+% ULR” without makingcondition (iii)
is strictly strongerthan (i)–(ii) (indeed,the IARE correspondingto (iii) hasa
irregular(i.e., non-WR)q.r.c.-stabilizing solution leadingto theminimaxcontrol
andto a suboptimal irregularH∞-FI-pair (therearealsoregularH∞-FI-pairs,e.g.,³lÏ Ð ´ Ý ³ 0 0 ´ ), but theCARE doesnothaveastabilizing solution).

As notedbelow Theorem11.1.6,the“almostequivalence”of (c) sufficesfor
thebinarysearchfor γFI, hencewe canusethesimplerstabilizationcondition of
(c) (insteadof q.r.c.-stabilization)in thisstrictly nonsingular case.

Since

¾Á¿¿ Ý ¾
out meansrequiring the (effective) input ( » uw ½ ) and output

(y Ý » zw ½ ) to be stable( % L2), we now musthave u ¬ z % L2, for all x0 % H and
w % L2 ª R º ;W ­ . Because

¾
out Ý ¾ str (by Lemma8.3.3),it follows thatthenalso

thestatebecomesstronglystable( ¯ x ª t ­ ¯ H ± 0 ast ±ø¹ ∞).
Therefore,a H∞-FI-pair is now an admissible statefeedbackpair of form³ Ï Ð ´ Ý ³LÒ 1 Ó 11 Ó 12

0 0 0 ´ s.t. u ¬ z % L2 for all x0 % H and w % L2 ª R º ;W ­ in
Figure11.1(seealso(11.8)–(11.11)andRemark11.2.5).By theabove,it follows
that ¯ x ª t ­ ¯ H ± 0, ast ±ø¹ ∞, for suchx0 ¬ w. Nevertheless, for uë-,Ý 0 thesignals
u andz (andx) arenot requiredto be stable,hencethe middle row of Ü�Õ may
be unstable,althoughwe do have u ¬ z % L2 andx vanishing for any compactly
supporteduë.% L2, by (6.9).

Thus, for the solutionsmentionedin (c), we do not know whetherthe H∞-
FI-pair definedby (11.26) is stabilizing. Therefore,if onehasused(c) to find
an estimateon γFI Ý γ0, one might wish to either 1. verify directly whether
the corresponding(strongly internally and output-stabilizing) K is (strongly)
stabilizing or 2. increaseγ slightly to guaranteethat γ Û γFI and then find a
internallystabilizingsolutionof theCARE(i.e.,onewith stable

ä ë ), becausethen
suchasolutionisnecessarilythestrongly q.r.c.-stabilizingone,by uniqueness(see
Theorem9.8.12(a)).

Proof of Theorem11.1.5: (Notefrom theproofbelow thatwecanreplace
“UR” by “ULR” throughoutthis theorem.)

0 ® 1� Remark: Assumptions (1.)–(2.): Here Σ # is the closed-loopsystem
correspondingto �K (cf. Definition 6.6.10). Recall from Theorem6.6.28that
if �K andsomeoutput injection pair are jointly stronglystabilizing and(I/O-
)detectingfor Σ, then �K is stronglyq.r.c.-stabilizing.

If Σ is stronglystableand Ü # % �" , thenwecantake �K Ý 0 in (2.).
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0 ® 2� Remark: Ü 11 is I -coerciveAssumption (1.) is equivalentto the(pos-
itive) I -coercivity of Ü # 11 (equivalently, of Ü 11; in particular, it is independent
of �K), by Lemma8.4.11(b1).

1� Theequivalenceof (i)–(iii), (a) and(b): Exceptfor (c), all claimsin the
lemmafollow from Theorem11.2.7andCorollary11.2.11(usethe fact thata
solutionof (11.25)isnecessarilyUR,byLemma9.11.5(e);notethatHypothesis
11.2.1is satisfied,by 0 ® 2 � ).

(c) By Theorem9.8.5andTheorem9.9.1(c3),	 is

¾
str-stabilizing,hence

¾
out-stabilizing. By Lemma11.2.14(4.)&(b)&(a2) (with s Ý¼¹ ∞), it follows

that (11.48) is a H∞-FI-pair satisfying ¯iÜ Õ12 ¯hû γ (in fact, ¯iÜ Õ12u ¯ 2 ² γ ¯ u ¯ 2
for all u % L2 ª R º ;U ­ , by theremarkin theproof of (a2)). Thus,thenγ ÿ γFI.�
For

¾
exp, onecanobtaintheequivalence“(ii) � (iii)” directlyfrom Proposition

11.2.19andLemma11.2.13(or Lemma11.2.14),provided that Σ is sufficiently
regular(e.g.,if Hypothesis9.2.1holds).

For any other

¾Á¿¿
than

¾
exp, thereseemsto bea gapbetweentheproposition

andthelemma:it seemsthatΣ Õ neednot bestableenough.In Theorem11.1.5,
we usedthe q.r.c.-propertyto reducethe problemto the stablecase,and the
(stable)spectralfactorizationpropertiesof �" to guaranteethe existenceof a
stronglystabilizingsolution in casethatγ Û γ0.

In practice, the cost function is often of form ��ª x0 ¬ u ¬ w­ : Ý ¯ z1 ¯ 22 ¹¯ Rū 2
2 ê γ2 ¯ w ¯ 22, whereR

¿
R
�

0. This is the casewhen ³ æ 1 Ü 11 Ü 12 ´ Ý³ � 1a � 11a � 12a
0 R 0 ´ and

µ ª U ­0/ R

¿
R ÿ ε2º I for someε ºôÛ 0; obviously, condition

(11.27)is thensatisfied.Suchacostfunctionforcesu to bestable(for stableout-
puts,i.e., for a finite cost)andmakesit possibleto fill thegapmentionedabove
(asnotedin (c) above):

Theorem 11.1.6(

¾
out : H∞

¾
out : H∞

¾
out : H∞ FICP � B

¿
wB

¿
wB

¿
w-CARE) Assumethat γ Û 0 and

¾À¿¿ Ý¾
out, andthat (1.) and(2.) hold.

(1.) (Strict nonsingularity) WehaveD

¿
11D11

�
0, andthere is ε º�Û 0 s.t.¯ æ 1x0 ¹�Ü 11u ¹�Ü 12w ¯ 2 ÿ ε º/¯ u ¯ 2 ª u % L2

ε É ª R º ;U ­i¬ w % L2 ª R º ;W ­2¬ x0 % H ­2®
(11.27)

(2.) (Regularity) Assumethat Σ and Jγ satisfy Hypothesis9.2.1, and that
D

¿
JγD % � µ ª U « W ­ or B % µ ª U ¬ H ­ .

If condition (iii) below holds, then there is a H∞-FI-pair s.t. ¯ w °± z ¯hû γ.
Conversely, if there is a H∞-FI-pair s.t. ¯ w °± z ¯�² γ, then(iii) holds.

(iii) D

¿
12D12 ê D

¿
12D11 ª D ¿11D11 ­ ã 1D

¿
11D12 � γ2I , and(theB

¿
w-CARE)�

B

¿
w 	 ¹ ß D 
11

D 
12 á C1 � ¿ ª D ¿ JγD ­ ã 1
�
B

¿
w 	 ¹ ß D 
11

D 
12 á C1 � Ý A

¿ 	 ¹ 	 A ¹ C

¿
1C1

(11.28)
hasa nonnegative

¾
out-stabilizing solution 	 % µ ª H ¬ Domª B ¿w ­^­ .
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Moreover, thefollowinghold:

(a1) If ª 	 ¬ S¬ K ­ satisfies(iii), then (11.16) generate a ULR H∞-FI-pair s.t.¯ w °± z ¯�Ý�¯iÜ Õ12 ¯ û γ.

(a2) If there is a suboptimal H∞-SF-operator, then ¯ D12 ¯�² γ. Conversely, if¯ D12 ¯ ² γ and (iii) has a solution ª 	 ¬ S¬ K ­ , then K1 Ý (11.17) is a ULR
H∞-SF-operator s.t. ¯ w °± z ¯6Ý ¯iÜ Õ12 ¯�û γ.

Theabove“almostequivalence”is in practiceasgoodasanequivalence:if we
wishto find astatefeedbackcontrollers.t. ¯ w °± z ¯ is (approximately) minimized,
thenwecanuseabinarysearchoverγ (solve (iii) abovefor differentvaluesof γ).
Seealsotheremarksbelow Theorem11.1.3.

See the remarksbelow Theorem11.1.5 for

¾
out and for how stable is

closed-loopsystem(in Figure 11.1) correspondingthe H∞-SF-operator defined
by (11.17). SeeDefinition 9.8.1 for “

¾
out-stabilizing” (which is equivalent to

“onewith stable
ä ëh¬ æ ë and Ï ë ” if Σ is stronglyq.r.c.-stabilizable).

Notefrom Theorem6.7.15(c2)that if Σ is estimatable,then(iii) is equivalent
to (i)–(iii) of Theorem11.1.3(whose(a) and(b) thenapply).

Proof of Theorem 11.1.6: (SeeDefinition9.2.6for theB

¿
w-CARE.)

0 ® 1� Remark on (2.): Condition D

¿
JγD % � µ ª U « W ­ can be omit-

ted if B % µ ª U ¬ H ­ (use Remark 9.9.14(1.)&(b) in 2 � ) or D

¿
12D12 ê

D

¿
12D11 ª D ¿11D11 ­ ã 1D

¿
11D12 � γ2I (cf. 0 ® 3� of theproofof Theorem11.1.3).

0 ® 2� Remark: Ü 11 is I -coercive This follows from (1.). Thus,Hypothesis
11.2.1is satisfied.

1� (iii) � “almost H∞-FI-pair”: SinceS: Ý D

¿
JγD % � µ ª U « W ­ , by 0 ® 3�

of the proof of Theorem11.1.3, 	 is a solution of the B

¿
w-CARE, hencean

admissible andULR solution of theCARE,by Proposition 9.2.7.
By Lemma11.2.14(4.)&(b)&(a2) (with s Ý ¹ ∞), it follows that (11.48)

is a H∞-FI-pair satisfying ¯iÜ Õ12 ¯õû γ (in fact, ¯iÜ Õ12u ¯ 2 ² γ ¯ u ¯ 2 for all u %
L2 ª R º ;U ­ , by theremarkin theproofof (a2)).

2� H∞-FI-pair � (iii ): (We give the proof for the caseD

¿
JD % � µ ª U «

W ­ ; usefirst Remark9.9.14(1.)&(b) under the alternative assumptions B %µ ª U ¬ H ­ .)
By Proposition11.2.19(a1)andTheorem9.2.9(i)&(iv)&(a2), theB

¿
w-CARE

(and hencethe CARE and the IARE) hasan ULR

¾
out-stabilizing solutionª 	 ¬ S¬ K ­ with S Ý D

¿
JγD. By Proposition11.2.19(d1),S22 ê S21S

ã 1
11 S12 � 0.

(a1)See1� .
(a2)DropLemma11.2.14(b)from 1 � andreplace(d1)by (d2) in 2� . �

In [IOW], the signatureconditionon S is formulatedby usingthe following
equivalence:

Lemma 11.1.7 Insteadof Standing Hypothesis11.1.1,assumeonlythat ³ � �� � ´ %
WPLSª U « W ¬ H ¬ Y ­ is WR,J Ý J

¿ % µ ª Y ­ andγ Û 0.
(Even) then the CARE has a

¾X¿¿
-stabilizing solution ª 	 ¬ S¬ K ­ s.t. S11

�
0 and S22 ê S21S

ã 1
11 S12 � 0 iff the IARE has a WR

¾:¿¿
-stabilizing solution
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, �X21 Ý 0, where �X : Ý I ê �F. All prefices

andsufficesapply(seeDefinition9.8.1).

Indeed,this latter formulation is equivalent to a Kalman–Popov–Yakubovich
systemformulationin termsof [IOW]. Notethat if U or W is finite-dimensional,
thenanequivalentconditionis thattheIARE hasWR

¾�¿¿
-stabilizingsolutionwith

X21 Ý 0 (i.e.,with no feedforwardfrom u to w).
Proof: (HereY is an arbitraryHilbert space.)Let ª 	 ¬ S¬ K ­ be asabove.

By Lemma11.3.13(i)&(iii’), thereis �X asabove s.t. �X ¿ Jγ �X Ý S. By Theorem
9.8.12(s1),the latter condition is satisfied. The converseis obtainedanalo-
gously. The last claim canbe observed from the Σ ë E of Theorem9.8.12(s1).�
Thefollowing lemmaclarifiesourbasicconcepts:

Lemma 11.1.8(FCC � � � optimizable) Let

¾ ¿¿ Ý ¾ exp. Then

¾
u ª x0 ¬ w­2,Ý /0 for

all x0 % H andall w % L2 ª R º ;W ­ iff ª A ¬ B1 ­ is optimizable.
If there is a H∞-FI-pair, then ª A ¬ B1 ­ is exponentiallystabilizable (hence

optimizable). Conversely, if ª A ¬ B1 ­ is exponentially stabilizable(or optimizable)
andπ � 0 Ë 1 Ê ä B1u0 % L1 ª^» 0 ¬ 1­ ;H ­ for all u0 % U thenthere is a H∞-FI-pair.

Thus,if thereis a “stabilizingu” for eachx0 (andw Ý 0), then,actually, there
is a “stabilizingu” for eachx0 andw0:

Proof: 1� The equivalencefollows from “(i) � (ii)” of Lemma11.6.4,by
discretization(notethat“(i) 3 (ii)” is trivial).

2� If ³ Ï Ð 1 Ð 2 ´ is a H∞-FI-pair (equivalently, anexponentially stabi-
lizing pair for Σ with secondrow equalto zero),then ³lÏ Ð 1 ´ is obviously
anexponentially stabilizing pair for ³ ä å

1 ´ .
3� Assume that ª A ¬ B1 ­ is exponentially stabilizable (or optimizable)and

π � 0 Ë 1 Ê ä B1u0 % L1 ª^» 0 ¬ 1­ ;H ­ for all u0 % U . Then there is an exponentially

stabilizing �K1 % µ ª H ¬ U ­ for ß!� � 1�
1 � 11 á , hence ß �K1

0 á is a H∞-SF-operator for

Σ (by Lemma6.6.11, it is admissible for Σ; obviously the two closed-loop
semigroups

ä # : Ý ä ¹ å 1 ª I ê �Ð 11 ­ ã 1 �Ï 1.) are equal, henceexponentially
stable).

(This converseholdsalsoundermuchweaker conditions: Theexponential
stabilizability of ª A ¬ B1 ­ meansthe existenceof an admissible statefeedback

pair ß��Ï 1 �Ð 11 á for ³ ä å
1 ´ ; we just have to know that �K1 andB2 “fit”

to the sameWPLS, i.e., that (6.100) is satisfiedundersubstitutionsC °± �K1,
B °± B2, since then we obtain an admissible statefeedbackpair with same
(exponentially stable)closed-loopsemigroup

ä # , asabove.) �
Next wegiveanexample,wherethesignaturecondition S22 ê S21S

ã 1
11 S12 � 0

is satisfiedbut thestrongerconditionS22 � 0 is not,sothatthereis a suboptimal
H∞-FI-pair but nosuboptimal H∞-SF-operators(for γ ² 1):
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Example 11.1.9 (γSF Û γFIγSF Û γFIγSF Û γFI) Let Ü�Ý D Ý ³ I I
0 I ´ , J Ý Jγ, B Ý 0 Ý C, A Ý÷ê I and

U Ý W Ý Z. Then Ü ¿ Jγ Ü�Ýoß I I
I È 1 ã γ2 Ê I á Ý D

¿
JγD Ý : S % � µ , so that theCAREê 2	 Ý ê K

¿
SK, K Ý 0 hasthe uniquesolution 	 Ý 0 (which is exponentially

stabilizing).
By Theorem11.1.3(iii)&(a), thepair (11.16)Ý54 0 0 ã I

0 0 0 6 is a suboptimal H∞-
FI-pair for Σ (indeed,it leadsto Ü Õ12 Ý 0, by (11.8),henceto ¯ w °± z ¯�Ý÷¯iÜ Õ12 ¯�Ý
0 ² γ). Sincethisholdsfor any γ Û 0, wehave γFI Ý 0.

However, each H∞-SF-operator ª K1
0 ­7% µ ª H1 ¬ U « W ­ leads to u Ý 0 (orÜ Õ12 Ý�Ü 12 Ý I , since

ñ Ý I Ýôò , becauseB Ý 0), henceto thecost¯ z ¯ 2 : Ý�¯iÜ 11u ¹:Ü 12w ¯ 2 Ý ¯ w ¯ 2 ¬ (11.29)

sothatany H∞-SF-operatoris suboptimal if f γ Û 1. Thus,γSF Ý 1,whereasγFI Ý 0
(in accordanceto Theorem11.1.3(iii)&(a), sinceS22 ê S21S

ã 1
11 S12 Ý¼ê γ2 � 0 for

all γ Û 0 but S22 Ý 1 ê γ2 � 0 iff γ Û 1). 8
The proofs of our H∞ FICP resultsare basedon the “H∞ minimax game”

(11.58)(not “maximin”, sincetraditionallythecost ê9� hasbeenused).
Thisgameis oftenconsideredasaStackelberg gamewherew, thedisturbance

(or evil player, nature,uncertainties,modelingerrors,sensornoise,dark sideof
the force, ...) tries to maximizethecost,whereasu, thecontrol (or goodplayer,
controlengineer, ourhero)bravely defendsthestabilityof thesystemby trying to
minimizethecost.Lucky for thegoodones,thegoodplayeris allowedto actlast
(althoughnot in a noncausalway, i.e., it hasnoknowledgeon futuredisturbance,
justpastandpresent).

If γ0 ² γ, then,obviously, » uw ½ Ýo³ 00 ´ is the uniquesolutionof the gamefor
x0 Ý 0; if γ Û γ0, thentherecanbenosolution (i.e.,maxwminu ��ª x0 ¬�» uw ½ ­
Ý ∞ for
all x0, sincethequadratictermdominatesthecostfor afixedx0).

Naturally,

¾X¿¿ ª x0 ­:,Ý /0 is anecessaryconditionfor eachx0 % H; by Proposition
11.2.19(a),it is alsosufficient for γ0 ² γ. Thus,thisgameis intimately connected
to theH∞ FICP.

For any x0 % H, the solution » uw ½ , being a saddlepoint of the (J-coercive)
costfunction,constitute theuniqueJ-critical control. This leadsto theexistence
of a unique

¾ ¿¿
-stabilizing solution of the Riccati equation(11.15), with the

saddlepoint (“minimax”, worst disturbanceand bestcontrol) input » uw ½ being
the correspondingstatefeedbackfor eachinitial statex0 % H, by the resultsof
Section9.9. SeeProposition11.2.19for theproofs.

Conversely, givena

¾X¿¿
-stabilizing solution ª 	 ¬ S¬ K ­ of the Riccati equation

(11.15)satisfyingthesignatureconditionabove theequation,we choosea mod-

ified

¾Á¿¿
-stabilizingsolution ª 	 ¬ �S¬?ß1�Ï �Ð á ­ of theequations.t. �S Ýoß �S11 0

0 �S22 á ,�S11
�

0, �S22 � 0. It followsthatevenwhenwedropthebottom row of ß �Ï �Ð á
(to obtaina H∞-FI-pair), the statefeedbackremainssuboptimal, becauseif the
disturbance(“the evil player”) daresto deviate from thesaddlepoint value,it is
punishedby the negative cost

�
w ë�¬ �S22wë � ² 0 (asin (9.139)),wherewë is the

deviation. This leadsto thesuboptimal H∞-FI-pair (11.16). SeeLemma11.2.14
for theproofs.
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As mentionedabove, thesefactsleadto theproofsof our results.In addition,
this shows that for eachx0 % H andw % L2 ª R º ;H ­ , thecost ¯ z ¯ 22 ê γ2 ¯ w ¯ 22 is at
most(11.58).Thus,althoughthesuboptimality requirementwasposedfor x0 Ý 0
only, oursuboptimal controller(11.16)(or (11.48)actuallymakes ¯ z ¯ 2 smallalso
for x0 ,Ý 0 (for the“worstw for a given ¯ w ¯ 2”, thecontrollerminimizesthecost,
hencealso ¯ z ¯ 2, andfor theotherw’swith samenorm,thevalueof ¯ z ¯ 2 becomes
lessthoughnotnecessarilyminimal). For thesamereasons,thesameholdsto the
H∞-SF-operator(11.17).Weemphasizethisobservation:

Remark 11.1.10Thecontrollers (11.16)and (11.17)are “wor st-case-optimal”
in certainsensealsofor x0 ,Ý 0. �

(By Theorem9.9.1(h),thereferenceto (9.139)is allowedalsofor

¾À¿¿ ,Ý ¾ exp

(for x0 % H, uë�Ý 0, wë;% L2 ª R º ;W ­ ), because
æ ë mustbe stablefor a

¾ ¿¿
-

stabilizingsolution, andalso ß �=<12
I á is stable,by Lemma11.2.14(a).)

Wefinish thissectionby a remarkon thedualof theFICP:

Remark 11.1.11(Full Control Problem = FICPddd) Thedual problemof theH∞

FICP is theH∞ Full ControlProblem, whereonelooksfor a (suitably) stabilizing
outputinjectionpair of form �?>@ 
 Ý �

0 A 2
0 B 12
0 B 22 
 (11.30)

for someΣ Ý � � 0 � 2�
1 I � 12�
2 0 � 22 
 % WPLSª Z « W¬ H ¬ Z « Y ­ (i.e., wemayinject only the

lower output,the“measurement”),s.t. ¯iÜ$C 12 ¯�² γ (seeDefinition6.6.21).
By duality, we obtain a solution for this problem from any of the above

solutionsfor H∞ FICP.
For example, if

¾X¿¿ Ý ¾ exp, Ü d
22 is I -coercive,

ä
B2 % L1

loc, Cw
ä % L1

loc, and
Cw
ä

B2 % L1
loc, thenthere is an exponentially stabilizing outputinjectionpair of

form(11.30)for Σ s.t. ¯iÜ?C 12 ¯�² γ iff thefollowinghold:

D22D

¿
22
�

0 ¬ D12D

¿
12 ê D12D

¿
22 ª D22D

¿
22 ­ ã 1D22D

¿
12 � γ2I ¬ (11.31)

and there is a nonnegative exponentiallystabilizing solution 	 % µ ª H ­ of the
Riccatiequation &'''( ''') HSH

¿ Ý A	 ¹ 	 A

¿ ¹ B2B

¿
2 ¬

S Ý0³ D 
22 D 
12
0 I ´ ¿ Jγ ³ D 
22 D 
12

0 I ´ ¬
H

¿ Ý ê Sã 1
� ß C2

C1 á w
	 ¹ ß D22

D12 á B

¿
2 � (11.32)

s.t. limsÚ º ∞ ß C2
C1 á w

	 ª s ê A

¿ ­ ã 1 ³C ¿2 C

¿
1 ´ Ý 0.

(ApplyTheorem11.1.4to thesystemΣY : Ý (12.85)for theproof.) �
The H∞ FCP is also called the H∞ filter problem,since it meansthat γ Û¯iÜDC 12 ¯ TIC Ý ¯iÜ 12 ¹ �ò 12 Ü 22 ¯ TIC, where �ò : Ý�ª I ê @ ­ ã 1, i.e., that ê �ò 12y is an
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estimateof z : ÝüÜ 12w, wherey : Ý�Ü 22w, w % L2 ª R º ;W ­ , with errorof normless
thanγ ¯ w ¯ 2.

Notes
TheH∞ problemswereintroducedby G. Zames[Zames].Thefirst solutions

to the problemusedfrequency-domainmethods; their history can be found in
[Francis]. Our stablecasesolution (Section11.3) is partially basedon such
methods.Thestatespacesolution of this sectionwasgiven by J. Doyle et al. in
[DGKF], for finite-dimensional systems underseveral simplifying assumptions,
andthat article alsocontainsthe early historyof state-spacemethods.All these
worksprovide solutionsto theH∞ 4BP, seethenoteson p. 706for moreon that
problem,whosespecialcasetheFICPis.

Theformulation(11.1)of theH∞ FICPhasbeenusedin severalearlierresults.
The equivalenceof (ii) and (iii) in Theorem11.1.3is an extensionof [DGKF,
p. 836], [ZDG, Section16.4] and [GL, Section6.3]. [ZDG] and [DGKF] also
provide an“all suboptimal controllers”formula,whoseextension is containedin
Theorem12.1.8.

The SF-variant of (ii)–(iii) (of, e.g., Theorem11.1.3(a))is an extension of
[Keu, Theorem4.4], [IOW, Theorem10.9.1] and [LR, Theorem20.2.1]. The
resultsin [Keu]alsocontaintheequivalencewith (i).

Except for [Keu], which treatsPritchard–Salamonsystems(and henceas-
sumesthat B % µ ª U ¬ H ­ ), all of the above resultsassumethatU , W, H andZ
arefinite-dimensional, but otherwise[IOW] hasasgeneralassumptionsaswedo.
(UseProposition10.3.2to observe that the assumptionsof the above resultsare
strongerthanthoseof ours. Notealsothatsinceall resultsmentionedabove as-
sumeaboundedB, Hypothesis9.2.1is satisfied.)

In the generalcase(see,e.g., (11.25), (11.17) and (11.26)), the formulae
becomesimilar to their discrete-time counterparts(e.g., S ,Ý D

¿
JD), given in

Section11.5andin, e.g.,[GL, (B.2.31),p.487]andin [GL, RemarkB.2.1,p.488].
For parabolic(analytic) systems, the equivalenceof (i) and (iii) is given in

[MT94a] (repeatedin [LT00a]), for a settingthat allows the input and output
operatorsto be more unbounded than we do (in Theorem9.5.11; they take
γ Ý 0 but allow for any β ² 1). The costfunction in [MT94a] is ratherspecific
(namelyC Ý ³ R0 ´ , D Ý ³ 0I ´ , R % µ ª H ¬ Y ­ , sothatthesignatureconditionbecomes
redundant;condition (iii) is alsootherwisemodifieddue to different regularity
assumptions) andthe systemis assumedto be estimatable;moreover, condition
(ii) is not treated.

Almost the sameresult is given in [MT94b], for all estimatableWPLSsthat
have C, D, R asabove (in particular, C mustbe bounded,hencethesesystems
areULR) with the additional requirementsthat B2 is boundedandΣ is exactly
reachablein finite time (but

ä
neednot be analytic). In this result, the CARE

is treatedasin Section9.7; in particular, non-well-posedsolutionsareallowed.
Thus, Proposition 11.2.19and Theorem9.7.3 extend the necessitypart of this
result to arbitrary regular WPLSs. However, the converseis not true without
suitablesignatureconditions,asillustratedin Example11.2.17.

Thenonsingularity assumptionsof all above resultsarethesameor stronger
thanthoseof ours.For singularfinite-dimensionalsystems,theH∞ problemshave
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beensolvedin [Stoorvogel].
In Theorems11.1.3and Theorem11.1.6,we have not statedthat γ0 Ý γFI;

however, this follows from the theoremsif (2.) holdsindependently of γ, e.g.,if
Hypothesis9.2.2is satisfied.

The state-spaceresultsmentionedabove treat the case

¾À¿¿ Ý ¾ exp. In the
frequency-domain setting, one usually works with stablerational H∞ transfer
functions, in which casethere is no differencebetween“

¾
exp and

¾
out”, but

thereare alsomoregeneralsolutions, involving only the I/O maps(or transfer
functions),suchasin, e.g.,[FF].

Seethenoteson p. 652for solutionsof theH∞ FICPin termsof spectraland
“J-lossless”factorizations.HistoricalremarksonthestableH∞ FICParegivenon
p. 669.
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11.2 The H∞ FICP: proofs

Thuchanteda songof wizardry,
of piercing, opening, of treachery,
revealing, uncovering, betraying.
ThensuddenFelagund thereswaying
sangin answera songof staying,
resisting, battling against power,
of secretskept,strengthlikea tower,
andtrustunbroken,freedom,escape;
of changingandof shifting shape,
of snareseluded,brokentraps,
theprisonopening, thechain thatsnaps.

— J.R.R.Tolkien (1892–1973),"TheLay of Leithian"

In this section,we shallprove theresultsof theprevious sectionandpresent
somenew, more technicalones. In Theorem11.2.7we solve the H∞ FICP in
termsof J-losslessfactorizations,assuming q.r.c.-stabilizability with MTIC. The
assumptions arethenweakenedin Proposition11.2.8. Most otherresultsof this
sectionarerathertechnicalgeneralizations,partsof proofs,or counter-examples
againstfurtherreductionof assumptions.

In addition to StandingHypotheses11.0.1and11.1.1,we assumethefollow-
ing:

Standing Hypothesis11.2.1(H∞H∞H∞ Full-Inf ormation Control Problem(FICP))
Throughoutthis section,we make the following assumptions: Hypothesis9.0.1
is satisfied(with U °± U « W andY °± Z « W), γ Û 0 and there is ε º Û 0 s.t.¯iÜ 11u ¯ 2 ÿ ε º/¯Q» u0 ½ ¯ Î 

 for all u % ¾ u ª 0 ¬ 0­ .

Thefirst assumption saysthat

¾:¿¿
is something reasonable(andit is satisfied

if, e.g.,

¾Á¿¿ %�Â ¾ out ¬ ¾ sta¬ ¾ str ¬ ¾ exp
Å ). The third assumption is the standard

nonsingularity assumption:

Lemma 11.2.2(Ü 11 IÜ 11 IÜ 11 I -coercive) (Drop Standing Hypothesis11.2.1for the mo-
ment).

If

¾Á¿¿ Ý ¾ exp (resp.

¾
out,

¾
str,

¾
sta) andγ Û 0, thenHypothesis11.2.1holds

iff Ü 11 is I -coerciveover

¾
exp (resp.

¾
out,

¾
str,

¾
sta).

Thus,weobtainseveralequivalentassumptionsfrom Proposition10.3.2(resp.
Proposition10.3.1, the two propositions and Lemma8.3.3, -”-). Recall from
Definition 8.4.1 that I -coercivity is equivalent to positive I -coercivity. It is up
to the readerto choose

¾X¿¿
, i.e., to decidewhich controlsshall be allowed (cf.

(11.6)and(11.7)).
Proof of Lemma 11.2.2: (By I -coercivity, we refer to realizationΣ11 : Ýß!� � 1�

1 � 11 á of Ü 11.)

Thelemmafollowsdirectlyfrom thedefinitions.Indeed,weobviouslyhave¯Q» u0 ½ ¯ Î Σ
exp
Ý ¯ u ¯ Î Σ11

exp
for all u % ¾ u ª 0 ¬ 0­
Ý ¾ Σ11

exp ª 0­ ; (11.33)
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thesameholdswith

¾
out,

¾
str or

¾
sta in placeof

¾
exp. �

In additionto Definition11.1.2,weneedsomeextra notation:

Definition 11.2.3 Throughout thischapter, weusealsothefollowingnotation:Ü 1 : Ý � Ü 11

0 
 Ü 2 : Ý � Ü 12

I 
 ¬ Y : Ý Z « W¬ J : Ý Jγ : Ý �
I 0
0 ê γ2I 
 (11.34)

Thecostfunctionis givenby��ª x0 ¬ u ¬ w­ : ÝE��ª x0 ¬�» uw ½ ­ : Ý �
y¬ Jγy� L2 È R É ;Y Ê ¬ wherey : Ý æ x0 ¹:ÜÁ» uw ½ (11.35)

(for x0 % H, » uw ½ % ¾Á¿¿ ª x0 ­ ).
Thus, ÜjÝ ³ Ü 1 Ü 2 ´ % µ ª U « W¬ Y ­ ; this short-hand-notation makesmany

formulaesimpler.

Lemma 11.2.4 We have γ Û γ0 iff there is ε Û 0 s.t. infu Ç%Î u
È 0 ËwÊ ��ª 0 ¬ u ¬ w­hûê ε ¯ w ¯ 22 for all w % L2 ª R º ;W ­ .

A H∞-FI-pair (or H∞-SF-operator) is suboptimal for Σ iff Ü Õ2 ¿ Jγ Ü Õ2 � 0.

Thus,a H∞-FI-pair is suboptimal if it makes � uniformly negative w.r.t. w.
H∞-FI-pairsandH∞-SF-operatorsandΣ Õ aredefinedasin Definition11.1.2.

Proof: 1� Caseγ Û γ0: Given » uw ½ % L2 ª R º ;U « W ­ , we have
�
y¬ Jγy� Ý¯ z ¯ 22 ê γ2 ¯ w ¯ 22, where » zw ½ : Ý y : ÝjÜÁ» uw ½ , hencethe cost function � becomes

uniformly negative w.r.t. w (��ª 0 ¬ uw ¬ w­�û¼ê ε ¯ w ¯ 22 for all w andsomeε Û 0)
if f the control law w °± uw makes the norm ¯ w °± z ¯ less than γ, i.e., if f¯ z ¯ 22 ê γ2 ¯ w ¯ 22 û ε ¯ w ¯ 22 for someε Û 0.

2� Suboptimality: Since Ü Õ2 Ýøß � <12
I á (see(11.8)),we have Ü Õ2 ¿ Jγ Ü Õ2 Ýª{Ü Õ12 ­ ¿ Ü Õ12 ê γ2I � 0, if f ¯iÜ Õ12 ¯�² γ, by LemmaA.3.1(e2). �

A H∞-FI-pair is a statefeedback(throughu only) pair for which the (con-
trolled) input » uw ½ is in

¾X¿¿
for all x0 % H andw % L2 ª R º ;W ­ :

Remark 11.2.5 Let ³lÏ Ð ´ ÝÑ³MÒ 1 Ó 11 Ó 12
0 0 0 ´ be an admissible statefeedback

pair for Σ. Then ³lÏ Ð ´ is a H∞-FI-pair iff the closed-loopcontrol u : ÝÏ/Õ1 x0 ¹ ÐUÕ12w produced by ³ Ï Ð ´ is in

¾
u ª x0 ¬ w­ for each x0 % H and

w % L2 ª R º ;W ­ . In particular,
æ Õ and Ü Õ2 mustbestable.

Thus,if

¾X¿¿ Ý ¾ exp (resp.

¾Á¿¿ Ý ¾ out), then ³ Ï Ð ´ is a H∞-FI-pair iff the
controller makesthecontrol, stateandoutput(resp.control andoutput) stablefor
all x0 andw; equivalently, iff Σ Õ is exponentially stable(resp.iff

æ Õ1 , Ï�Õ1 , Ü Õ12
and Ð Õ12 arestable).

Proof: The first equivalenceis trivial. Assumethat

¾:¿¿ Ý ¾ exp (the case
¾Á¿¿ Ý ¾ out is analogousandhenceomitted). By definition, » uw ½ % ¾ exp ª x0 ­ if f» uw ½ ¬ x ¬ y % L2. By LemmaA.4.5, theclosed-loopsystemis exponentially stable
if f x : Ý ä Õ x0 % L2 for all x0 % H; conversely, if this is thecase,thenalsothe

output Ö× yu
wØÙ is stable,sothat ³lÏ Ð ´ is aH∞-FI-pair. �
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The

¾
exp-resultsof Section11.1arebasedon thefollowing:

Proposition11.2.6(

¾
exp

¾
exp

¾
exp: (i)–(iii)) Supposethat

¾ ¿¿ Ý ¾ exp and that someof
(1.)–(6.)of Remark9.9.14hold. Then(i)–(iii) areequivalent:

(i) γ Û γ0, andthere is anexponentially stabilizing H∞-FI-pair for Σ;

(ii) γ Û γFI, i.e., there is a suboptimal H∞-FI-pair for Σ;

(iii) TheCAREhasa URexponentiallystabilizing solution ª 	 ¬ S¬ K ­ s.t. 	 ÿ 0,
S11

�
0 andS22 ê S21S

ã 1
11 S11 � 0.

Moreover, if (ii) holds,thentheassumptionsof Proposition 11.2.8(alsothose
of (a1)and(a2))aresatisfied,(FI1)–(FI5) hold,andthesolutionof (iii) is unique
andULR.

Notethat“thereis a H∞-FI-pair for Σ” meansthatΣ is exponentially stabiliz-
ablethroughB1. Cf. alsoLemma11.1.8.

Proof: 0� Weakening the assumptions: In fact, it suffices that ª Σ ¬ Jγ ­F%
coerciveCARE over

¾ ¿¿ Ý ¾ exp except that we have to requirean UR state
feedbackoperatorinsteadof a SR one (implications (ii) � (i) � (iii) are true
evenwithout thisextra requirement);in particular, also(7.) and(8.) or Remark
9.9.14with “UR” in placeof “SR” aresufficient.

1� (iii) � (ii): This follows from Proposition 11.2.9 (implication
(FI5)� (FI2)).

2� (ii) � (i): This followsfrom (11.12).
3� (i) � (iii) and Proposition 11.2.8: Assume (i). By Proposition

11.2.19(a1)andRemark9.9.14(a),theCARE hasanULR

¾
exp-stabilizing so-

lution ª 	 ¬ S¬ K ­ (and ÜG% ULR). SinceÜ ¿ë Jγ Ü�ë�Ý I

¿
SI , by Theorem9.9.1(g2),

alsotheclosed-loopI/O map Ü # correspondingto any exponentially stabilizing
H∞-FI-pair hasa spectralfactorization,by Lemma6.7.13. Therefore,we can
applyProposition11.2.8(a1),to observethatS11

�
0 andS22 ê S21S

ã 1
11 S12 � 0,

sothat(iii) and(FI1)–(FI5)hold. �
If Σ is smoothly exponentially stabilizablethrough u, then we have the

classicalequivalence(for

¾Á¿¿ Ý ¾ exp; we alsogive herea variantof this result
for

¾Á¿¿ Ý ¾ out):

Theorem11.2.7( �" �" �" : FICP) Assumethat �K Ý ß �K1
0 á is a URstatefeedback opera-

tor for Σ with closed-loopsystemΣ # s.t. Ü # % �" . Assumealsothat

¾À¿¿ Ý ¾ exp and�K is exponentiallystabilizing(resp.

¾�¿¿ Ý ¾ out and �K is [q.]r.c.-SOS-stabilizing).
Then(FI1)–(FI5) areequivalent:

(FI1) γ Û γ0; i.e., infu Ç%Î u
È 0 Ë H Ê ��ª 0 ¬ u ¬JIð­ � 0;

(FI2) γ Û γFI; i.e., there is a suboptimal H∞-FI-pair for Σ;

(FI3) Ü ¿# Jγ Ü # Ý ñ ¿ K J1
ñ K

, where
ñ K ¬ ñ K 11 % � TIC;
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(FI4) the IARE has an exponentially stabilizing (resp. P-[q.]r.c.-SOS-
stabilizing)solution ª 	 ¬ S¬ ³ Ï Ð ´ ­ , and 	 ÿ 0, and �S: ÝÃªMLñ ¿ SLñ ­zª s0 ­ sat-

isfies �S11
�

0 and �S22 ê �S21 �Sã 1
11 �S12 � 0 for some(equivalently, all) s0 % C

with Res Û maxÂ 0 ¬ ωA
Å .

(FI5) the CARE(11.36) has a UR exponentiallystabilizing (resp.a UR P-
[q.]r.c.-SOS-stabilizing) solution ª 	 ¬ S¬ K ­ , and 	 ÿ 0, S11

�
0 and S22 ê

S21S
ã 1
11 S12 � 0.

Moreover, thefollowinghold:

(a) There is a suboptimalH∞-SF-operator iff (FI5) hasa solution with S22 � 0;
if this is the case, thenK1 Ý (11.40) is a UR exponentially(resp.[q.]r.c.-
SOS-)stabilizingsuboptimal H∞-SF-operator.

(b) For any solutions of (FI3)–(FI5) (resp. (FI3)–(FI7)) we have
ñ K % �" ,ñ K

11 % � �" ª U ­ , ò 22 % � �" ªW ­ , Ü�¬ Ð ¬ Ü�ëh¬ Ð ëh¬Ló/¬�òON 1 ¬ ñ N 1

K ¬MÜ # % UR.

Moreover, if there is a suboptimal H∞-FI-pair, then(11.39)generatea UR
suboptimal exponentially (resp.[q.]r.c.-SOS-)stabilizing H∞-FI-pair.

(c) If any of (FI1)–(FI5) havesolutions, thenthe assumptions of Proposition
11.2.8 are satisfied (also thoseof (a1)&(a2); in particular, ª 	 ¬ S¬ K ­ is
unique).

(d) If ß��Ï �Ð á is q.r.c.-SOS-stabilizing, then(FI1)–(FI7) (and (FI8) if �K is

ULR; and(FI9) if dimU ² ∞ or dimW ² ∞) areequivalent:

(FI6) Ü hasa ª Jγ ¬ J1 ­ -inner [q.]r.c.f. ÜHÝüó ò ã 1 with ò 22 % � TIC ªW ­ ;
(FI7) Ü hasa ª Jγ ¬ J1 ­ -lossless[q.]r.c.f. ÜôÝ ó ò ã 1 s.t. ò 22 % � TIC∞ ªW ­ ;
(FI8) Ü hasa ª Jγ ¬ J1 ­ -lossless[q.]r.c.f. ÜüÝüó ò ã 1 s.t.M22 % � µ ªW ­ ;
(FI9) Ü hasa ª Jγ ¬ J1 ­ -lossless[q.]r.c.f. ÜüÝüó ò ã 1.

(e)Thistheoremalsoholdswith “ TIC P ULR” in placeof “ �" ” if anyof Remark
9.9.14(1.)–(6.)holds. Moreover, this theoremalwaysholdswith “ULR” in
placeof “UR”.

Naturally,
ñ

: Ý I ê Ð in (FI4). Note from (11.58)that the statefeedbackK
of (FI5) (or ³lÏ Ð ´ of (FI4)) producestheunique“minimax” control. In this
theoremtheCARE canalsobewrittenas(11.25),by Lemma9.11.5(e).

Recallfrom Definition 6.4.4that Ü�Ý�ó ò ã 1 is a ª Jγ ¬ J1 ­ -inner [q.]r.c.f. if f ó
and ò are[q.]r.c., òQ% � TIC∞, and ó ¿ Jγ ó�Ý J1 (and ÜHÝüó ò ã 1).

By Example11.2.16,condition (FI9) is not sufficient in general(by 11.2.15,
11.2.17and11.1.9,alsotheconditionson

ñ
11 andSarenotsuperfluous).

Proof of Theorem 11.2.7: 1�/Ü�¬ �ñ N 1 % UR, Ü # % ULR: By theassump-
tions, Ü�¬ �ñ : Ý I ê �Ð % UR. By Proposition 6.3.1(b1),also �ò : Ý �ñ ã 1 is UR.
SinceÜD#R% �" � ULR, it follows that ÜHÝ�Ü0# �ñ is UR.

2� (FI1)–(FI7)� SpF: By Proposition11.2.9andLemma11.2.10,any of
(FI3)–(FI5) (resp. (FI3)–(FI7)) implies that (FI3) holds, in particular, thatÜ ¿# Jγ Ü # hasaspectralfactorization

ñ ¿S SS ñ S (with SS Ý J1).



634CHAPTER11. H∞ FULL-INFORMATION CONTROL PROBLEM ( ¯ w °± z ¯�² γ)

If (FI1) or (FI2) holds, then (FI1) holds,by (11.12),hencethen Ü is Jγ-
coercive, by Proposition11.2.19,henceso is Ü # , by Theorem8.4.5(d)&(g1),
henceÜ ¿# Jγ ÜD# hasaspectralfactorization

ñ ¿S SS ñ S with
ñ S % � �" ª U « W ­ (sinceÜD#R% �" ).

3� Theequivalenceof (FI1)–(FI7): By 1� &2 � , theassumptionsof Proposi-
tion 11.2.8(a2)(and(a1))aresatisfied(sinceÜ # ¬ ñ S % �" � ULR � UR) when-
ever any of (FI1)–(FI5) (resp.(FI1)–(FI7)) is satisfied.Thus,theseconditions
areequivalent,by Proposition11.2.8(d).

(c) Thiswasestablishedabove.
(d) This wasshown in 3 � above for (FI6) and(FI7). Therestfollows from

Lemma11.2.10,whoseproof shows that ò 22 Ý�ª ñ ã 1

K ­ 22 (henceò 22 % ULR,

becausenecessarily
ñ ã 1

K % �" � ULR).
(a) This followsfrom Proposition 11.2.8(a2)(see3 � above).
(b) b ® 1� (FI3)&(FI6)–(FI9): By 1� &3 � above, Ü�¬ �ñ ¬ �òT% UR andÜD#þ¬ ñ K ¬ ñ S % �" � ULR (from the proof of Lemma11.2.10,we observe that

this holdsfor solutionsof (FI8) and(FI9), exceptthat
ñ K

11 and ò 22 might be
noninvertible if theadditionalassumptionsin (d) arenotmet).

Therefore,
ñ K

11 % � �" , henceò 22 Ý ª ñ ã 1

K ­ 22 % � �" (and ò 21 Ýjª ñ ã 1

K ­ 21 %�" ª U ¬ W ­ ) if ò is asin (FI6), by the proof of Proposition11.2.8(d);notethat
thenalso òøÝ �ò ñ ã 1

K
is UR.

b ® 2� (FI4)&(FI5): (Here ³lÏ Ð ´ refersto a pair solving (FI4) or (FI5),ñ
: Ý I ê Ð , ò : Ý ñ ã 1 Ý Ð ëÁ¹ I , ó : Ý�Ü�ë : ÝüÜ�ò , asin Definition9.8.1.)
By Proposition 11.2.8 (and b ® 1 � ), Ð Ý I ê E · ñ S �ñ % UR, henceñ ¬3ò�¬ Ð ëh¬LóA¬ Ü�ëU% UR.
b ® 3� SuboptimalH∞-FI-pairs: Thisfollowsfrom Proposition11.2.8(a1)(its

assumptionsholdby (c), sincenow wehaveassumed(FI2)).
(e) In fact,thistheoremalsoholdswith “TIC P UR” in placeof “ �" ” if eitherÜ # is not J-coercive or Ü # hasan UR spectralfactorization(exceptthat (FI8)

might becomestrictly strongerthan the otherconditions;this is not the case
whenthefactoris ULR), asshown below.

1� �" : Indeed,theproofonly usesfrom “ Ü # % �" ” thefactsthat Ü # is UR and
that if Ü # is Jγ-coercive, then Ü # hasa UR spectralfactorization(if we replace�" by TIC P UR in (a)). The only exceptionis that the necessityof (FI8) was
shown aboveassumingthat

ñ K % ULR (sothatevenit is truein 2 � below).
2� ULR: Indeed,if �K is ULR, thensoareall theotheroperatorsclaimedto

beUR in this theorem;cf. theproofof (b).
(Even “SR” would be otherwiseacceptablebut it might leadto problems

with (FI5) unlesswemakesomeadditionalassumption in (FI5) (cf. Proposition
2.2.5)or weassumethatdimW ² ∞.) �
In most classicalresults,one assumesthat

¾�¿¿ Ý ¾ exp (or exponentialde-
tectability, which implies that

¾
out Ý ¾ exp), that Σ is exponentially stabilizable

andthatB is bounded(this includes[Keu]). By Theorem9.2.12,this impliesthat
we cantake a boundedexponentially stabilizing �K andchoosethe �" of Theorem
8.4.9(γ), sothattheassumptionsof Theorem11.2.7aresatisfied.
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However, without sufficient regularity assumptions, the above equivalence
doesnot hold, at least in case

¾:¿¿ Ý ¾ out: By Example 11.3.7(b),(FI1) does
not imply any of (FI3)–(FI5) in general(not even for stronglystableuniformly
half-plane-regularsystems(sothatonecantake �K Ý 0); in this example,the

¾À¿¿
-

stabilizingsolution theCAREis notI/O-stabilizing; in Example11.3.7(a),thereis
no

¾Á¿¿
-stabilizingsolutionof theCARE,norof theIARE). Althoughthiscounter-

exampleonly treatsthecases

¾
out,

¾
sta and

¾
str, it is believed thatan example

similar to Example11.3.7(a)couldbeconstructedfor

¾
exp too;seethecomments

below theexample.
To avoid this problem,we madethe �" -assumptionabove, andin thegeneral

WPLSresultbelow we have to make a weaker spectralfactorizationassumption
(which is necessaryfor (FI3), hencefor (FI4) and(FI5) too,by Proposition11.2.9
andLemma11.2.10):

Proposition11.2.8(FICP) Assumethat ß��Ï �Ð á Ý ³��Ò 1 �Ó 11 �Ó 12
0 0 0 ´ is a state

feedback pair for Σ with closed-loopsystemΣ # , and that Ü ¿# Jγ Ü # Ý ñ ¿S SS ñ S for
some

ñ S % � TIC ª U « W ­ and SS % � µ ª U « W ­ . Assumealso that

¾À¿¿ Ý ¾ exp

and ß �Ï �Ð á is exponentiallystabilizing (resp.

¾'¿¿ Ý ¾ out and ß �Ï �Ð á is

[q.]r.c.-SOS-stabilizing).
Then(FI1)–(FI4) of Theorem11.2.7are equivalentto each otherandimplied

by (FI5). Alsothefollowinghold:

(a1) (CARE) Assumethat Ü is WRandtheCARE&'''( ''') K

¿
SK Ý A

¿ 	 ¹ 	 A ¹ C

¿
1C1 ¬

S Ý ß D 
11D11 D 
11D12

D 
12D11 D 
12D12 ã γ2I á ¹ w-lim
sÚ º ∞

B

¿
w 	 ª s ê A­ ã 1B ¬

K Ý ê Sã 1 ª B¿w 	 ¹ ß D 
11
D 
12 á C1 ­2® (11.36)

hasa UR exponentially (resp.P-[q.]r.c.-SOS-)stabilizing solution ª 	 ¬ S¬ K ­ .
Then	 , SandK areunique.

Moreover, (FI1) holds iff S11
�

0 and S22 ê S21S
ã 1
11 S12 � 0; if this is

the case, then (11.39) generate a UR exponentially (resp. [q.]r.c.-SOS-)
stabilizingsuboptimal H∞-FI-pair and(FI5) holds.

There is a suboptimalH∞-SF-operator iff S11
�

0 andS22 � 0; if this is the
case, thenK1 Ý (11.40)is a URexponentially(resp.[q.]r.c.-SOS-)stabilizing
suboptimal H∞-SF-operator.

(a2) Assumethat Ü is WR, �Ð and
ñ S are UR and �F Ý 0. Then(FI1)–(FI5)

areequivalent,andtheCAREhasa URexponentially(resp.P-[q.]r.c.-SOS-
)stabilizing solution ª 	 ¬ S¬ K ­ .

(b1)Theconditionon �Sin (FI4) is independentonthechoiceofSand ³lÏ Ð ´
(and s0 % C º ), and 	 is unique. Condition

ñ K
11 % �

TIC ª U ­ in (FI3) is
independenton

ñ K
(by (c1)).

(b2)Anexponentially(resp.P-[q.]r.c.-SOS-)stabilizing solutionof theCAREis
unique.
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(b3)A solution of (FI3) or (FI4) is uniquemoduloan invertibleconstant.

(c1) If (FI1) holds,Ü ¿# Jγ Ü # Ý ñ ¿ K J1
ñ K

and
ñ % � TIC, then

ñ
11 % � TIC ª U ­ and¯ ñ 21

ñ ã 1
11 ¯ TIC ² 1.

(c2)Anysolution 	 of (FI5) is uniqueanda solutionof (FI4).

(c3) If
ñ K

and Ð are as in (FI3) and (FI4), respectively, then
ñ K

: Ý E
ñ S andª I ê Ð ­ Ý E · ñ S ª I ê �Ð ­ for someE ¬ E · % � µ ª U « W ­ .

(d) If ß1�Ï �Ð á is q.r.c.-SOS-stabilizing, then (FI1)–(FI4) are equivalentto

(FI6) andto (FI7) (andto (FI9) if dimU ² ∞ or dimW ² ∞).

(e)AnyURsolutionof (FI3) canberedefineds.t.X Ý ß X11 X12
0 X22 á ¬ X11 ¬ X22 % � µ .

(f) Evenwithout the above spectral factorizationassumption (that of
ñ S and

SS ), wehave(FI5) � (FI4) � (FI3) � (FI2) � (FI1), part (d) is truewith (FI3)
in placeof (FI1), andpart (a1) is still true (whenever ª 	 ¬ S¬ K ­ exists).

By Proposition 11.2.9,(FI5) and(FI4) aresufficient for (a1) andfor (FI1)–
(FI4) without any further assumptions. Unfortunately, (FI1) implies neitherof
(FI4) and (FI5) in general. By Example11.3.7(c),condition (FI5) is strictly
strongerthan(FI1)–(FI4).

Proof: (Notefrom Lemma6.7.13thattheexistenceof
ñ S andSS (if any) is

independenton ß1�Ï �Ð á .) We set �ñ : Ý I ê �Ð , �ò : Ý �ñ ã 1. By (FI1s)–(FI5s),

we referto theconditionsof Theorem11.3.3for ß �WV �XV� V � V á .
1� (FI1) � (FI2) � (FI3) � (FI1s)–(FI4s): By Lemma 11.2.22, condition

(FI1s) of Proposition11.3.4 for Σ1# : Ý ß � V � V� V � V á is equivalent to (FI1), and

(FI2s) for Σ1# to (FI2). By Proposition11.3.4,(FI1s)–(FI4s)areequivalent(for
¾ ¿¿ Ý ¾ exp this follows from thefact that

¾
Σ Vexp Ý ¾ Σ Vout, by Theorem8.4.5(e)).

Condition(FI3) is trivially (FI3s)for Σ1# .
2� (FI4) � (FI4s): By Lemma9.12.3(d1)&(d2) (anduniqueness),thesolu-

tionsof (FI4) and(FI4s)correspondto eachotherasin (9.224).

Indeed,then
ñ K Ý ñ �ò , by (9.224),henceS· : ÝZYñ K ¿ SYñ K Ý L�ò ¿ �S L�ò where�S : Ý[Lñ ¿ SLñ (at some s0 % C º ). Thus, the claim follows from Lemma

11.3.13(i)&(ii”) (the “(hence all)” claim), because �ò Ý » ¿6¿0 I ½ (note that if
ω Û ωA, then Lñ ÝÞ» ¿6¿0 I ½ % H∞ ª C ºω ;

µ ª U « W ­^­ , by Lemma6.1.10andTheo-
rem6.2.1).

3� (FI5) � (FI1): This is givenin Proposition11.2.9.
(a1) If (FI1) holds, thenso does(FI2), by 1� . Since 	 is

¾Á¿¿
-stabilizing

(see3� above), thesignature conditionsS11
�

0 andS22 ê S21S
ã 1
11 S12 � 0 are

necessary, by Proposition11.2.19(d1)&(d2). The rest follows from Lemma
11.2.13.

(a2)a2.1�Aª 	 ¬ S¬ K ­ exists:Now �ò is UR and �M Ý �X ã 1 Ý I , by Proposition
6.3.1(a3),henceÜ # ÝÃÜ �ò is WR. By Corollary 9.9.11,the IARE for Σ # has
a UR exponentially (resp.stableandP-[q.]r.c.-SOS-)stabilizing solution with
zero feedthrough(useLemma6.7.15(c2)in case

¾X¿¿ Ý ¾ exp), henceso does
thatfor Σ, by Lemma9.12.3(d1)&(d2) (anduniqueness).
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a2.2� (FI1)–(FI5) areequivalent:Wehavealreadyshown abovethat(FI1)–
(FI4) areequivalentandthat(FI5) implies(FI4). By a2.1� and(a1),a solution
of (FI4) is necessarilyasolutionof (FI5).

Remark: In this case(FI1)–(FI5) are equivalent to (FI1s)–(FI5s) (see
Proposition11.3.4(a)).Now 	 andSarethesamein (FI5) and(FI5s)(if either
(henceboth)holds),andK Ý �K ¹ K · , whereK correspondsto (FI5) andK · to
(FI5s),by (9.226).

(b1)–(c3)&(e)Most of thesefollow easilyfrom theabove andProposition
11.3.4;therestfollow asin its proof.

(d) This follows form Lemma11.2.10.

Remark:We necessarilyhave ò�ª I ê Ð ­F% � TIC ª U « W ­ for solutions ò
of (FI6) and Ð of (FI4), by theproofof Lemma11.2.10.

(f) 1� (FI5) � (FI4) � (FI3) � (FI2) � (FI1): If (FI3) holds, then so do
(FI1)–(FI4) (sincewe can take

ñ S : Ý ñ ), by this proposition. Implications
(FI5)� (FI4)� (FI3) follow from Lemma11.2.9.

2� (a1)&(d): Theassumption that(FI5) holdsis morethansufficient for the
proofof (a1).Themodifiedpart(d) still followsfrom Lemma11.2.10. �
Asexplainedabove,theequivalenceof (FI1)–(FI4) doesnotholdunderamere

stabilizability assumption. However, westill havethefollowingsufficiency results
of propositionandlemmabelow:

Proposition11.2.9(FICP: CARE � H∞-SF-operator) Assumethat

¾Á¿¿ Ý ¾ out

or

¾Á¿¿ Ý ¾ exp. If (FI4) or (FI5) holds,then(FI1)–(FI4) holdandtheassumptions
of Lemma11.2.10andProposition 11.2.8aresatisfied.

Thus,if (FI5) holds,thenwecanapplyProposition 11.2.8(a1).

Proof: 1� (FI4) � (FI1)–(FI3): Assume(FI4). RedefineS and ³lÏ Ð ´
by (11.52),so that S11

�
0
�

S22. By Lemma11.2.14(a), ³ Ï Ð ´ : Ý is a
suboptimal H∞-FI-pair and ò ã 1

22 % TIC.

If

¾ ¿¿ Ý ¾
exp, then ³ Ï Ð ´ is exponentially stabilizing, by Remark

11.2.5. If

¾ ¿¿ Ý ¾ out, thenwe observe from (11.10)that ³ Ï Ð ´ is stable

andSOS-stabilizing,andfrom (11.11)thatalso
ñ ã 1 Ý'ò�ò and Ü Õ Ý�Ü�ë6ò ã 1

are [q].r.c., where ò : Ý ³ I 0ù
21
ù

22 ´ % �
TIC, by Lemma6.4.5(c),hencealso³ Ï Ð ´ is [q].r.c.-SOS-stabilizing,

In eithercase,we have shown that theassumptionsof Lemma11.2.10are
satisfied,hence(FI1)–(FI4)holdandtheassumptionsof Proposition11.2.8are
satisfied.

2� (FI5) � (FI1)–(FI4): The proof is analogousto that of 1 � (seeLemma
11.2.13and3� of theproofof Lemma11.2.10). �
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Lemma 11.2.10(FICP: SpF/IARE � H∞-FI-pair) Assumethat ß��Ï �Ð á Ý³��Ò 1 �Ó 11 �Ó 12
0 0 0 ´ is a statefeedback pair for Σ with closed-loopsystemΣ # . Assume

alsothat

¾À¿¿ Ý ¾ exp and ß �Ï �Ð á is exponentially stabilizing(resp.

¾'¿¿ Ý ¾ out

and ß1�Ï �Ð á is [q.]r.c.-SOS-stabilizing).

Either of (FI3) and (FI4) implies that (FI1)–(FI4) and the assumptions of

Proposition 11.2.8are satisfied. If ß �Ï �Ð á is q.r.c.-SOS-stabilizing, then(FI3)

is equivalentto (FI6) and to (FI7) (and to (FI8) if ò 22 % ULR and to (FI9) if
dimU ² ∞ or dimW ² ∞).

Proof: 1� (FI3): For (FI3) this is obvious:take
ñ S : Ý ñ K , SS : Ý J1.

2� (FI6): By Lemma6.4.8(b),thesolutions of (FI3) and(FI6) correspond
to eachotherthroughò"Ý �ò ñ ã 1

K
(if we neglect

ñ K
11 and ò 22), henceò 22 Ýª ñ ã 1

K ­ 22 (because�ò Ý�» ¿6¿0 I ½ ). But ª ñ ã 1

K ­ 22 % � TIC ªW ­ if f
ñ K

11 % � TIC ª U ­ ,
by LemmaA.1.1(c1),hence(FI3) and(FI6) areequivalent.

3� (FI7), (FI8) and(FI9): We obtain“(FI6) � (FI7)” from Corollary2.5.5
(since ó Ý Ü ò , so that ó 22 Ý ò 22, becauseÜ Ýo» ¿6¿0 I ½ ), “(FI6) � (FI9)”
from Proposition2.5.4 (if dimU ² ∞ or dimW ² ∞; not in general!),and
“(FI7) � (FI8)” from Proposition6.3.1(c)(if ò 22 % ULR).

4� (FI4): Assume(FI4). Let Σ ë be theclosed-loopsystemcorresponding
to ª 	 ¬ S¬t³6Ï Ð ´ ­ . Then Ü ¿ë Jγ Ü ë Ý S Ý I

¿
SI , by Theorem9.9.10(a2)&(a1).

Thus, also Ü ¿# Jγ Ü # has a spectralfactorization,by Lemma 6.7.13 (in case
of

¾
exp) or Lemma6.4.5(c) (in caseof

¾
out, sincethen Ü # Ý÷Ü�ëD\ , henceÜ ¿# Jγ Ü # ÝG\ ¿ S\ , for some\]% � TIC). Therefore,the (preliminary)assump-

tionsof Proposition 11.2.8aresatisfied,hencealso(FI1)–(FI3)hold. �
Theaboveresultsalsoholdfor

¾
str or

¾
sta in placeof

¾
out, mutatismutandis:

Corollary 11.2.11(FICP for

¾
str

¾
str

¾
str and

¾
sta

¾
sta

¾
sta) Assume that ß��Ï �Ð á is

[strongly] q.r.c.-stabilizing. Thenthe following hold for Theorem11.2.7,Propo-
sitions11.2.8and11.2.9andLemma11.2.10:

We have

¾
out Ý ¾ sta[ Ý ¾ str], and “SOS-” can be omitted [or replacedby

strongly; moreover, “P-SOS-” canbereplacedbystrongly].

Proof: By Theorem 8.4.5(g2),

¾
out Ý ¾

sta[ Ý ¾
str]. By Theorem

6.7.15(a1)[(a2)], prefices “q.r.c.-SOS-stabilizing” and “q.r.c.-stabilizing”,
[and “strongly q.r.c.-stabilizing”] areequivalent for admissible pairs for Σ orß � V � V� V � V á . [Obviously, that “strongly” implies “P-”.] For ß � V � V� V � V á , “q.r.c.-

SOS-stabilizing”and“stableandSOS-stabilizing”areequivalent, by Lemma
6.6.17(b). �
In the settingof Proposition11.2.8,all suboptimal (i.e., s.t. ¯ w °± z ¯ ² γ)

stablecausaltime-invariantcontrollaws \ : w °± u canbeformulatedasfollows:
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Lemma 11.2.12(All suboptimal TICTICTIC controllers) Assume that ß��Ï �Ð á Ý³��Ò 1 �Ó 11 �Ó 12
0 0 0 ´ is a q.r.c.-SOS-stabilizing statefeedback pair for Σ with closed-loop

systemΣ # .
Thenall \G% TIC ªW ¬ U ­ s.t. ¯iÜ 11 \.¹ Ü 12 ¯ TIC ² γ aregivenbyÂ �ò 11 \ st ¹ �ò 12 ÄÄ \ st % TIC ªW¬ U ­ is s.t. ¯ �ó 11 \ st ¹ �ó 12 ¯�² γ Å ® (11.37)

Givena solutionfor (FI3), we obtaintheparametrizationof all such(closed-
loopsuboptimal TIC controllaws) \ st from Theorem11.3.6.

Recall from Theorem6.7.15(c2),that if Σ is estimatable,thenany exponen-
tially stabilizingstatefeedbackpair isexponentially q.r.c.-stabilizing (henceq.r.c.-
SOS-stabilizing).

If we drop theq.r.c.-condition, then“ \ st % TIC” mustbe replacedby “ \ st %
TIC & �ò 11 \ st ¹ �ò 12 % TIC”.

Theexistenceof a solution \ to the I/O mapproblem(or frequency-domain
problem) formulatedabove obviously implies that γ Û γ0. Recall that if the
assumptions of, e.g., Theorem11.3.6hold, then γ0 Ý γFI, hencethen also the
converseholds(sincethisproblemobviously liesbetweenthosecorrespondingto
γ0 andγFI), so that (FI3) is applicablefor theabove parametrizationwhenever a
solution exists.

Proof of Lemma 11.2.12: (N.B. We observe from the proof that the
theoremalsoholdswith “ û γ” in placeof “ ² γ”.) As elsewhere,wehaveset�ò : Ý¼ª I ê �Ð ­ ã 1 Ý÷» ¿6¿0 I ½ % TIC �ó : Ý�Ü �ò Ý÷» ¿6¿0 I ½ % TIC ® (11.38)

1�^\ st Ý � \ (sufficiency):Let \ st % TIC ªW¬ U ­ . Set \ : Ý �ò 11 \ st ¹ �ò 12 %
TIC ªW¬ U ­ , so that ³`_ I ´ Ý �ò ³ _ st

I ´ . Then ó ³ _ st
I ´ Ý�Ü�ò ³ _ st

I ´ Ý�Üô³a_ I ´ , henceó 11 \ st ¹Àó 12 ÝôÜ 11 \ ¹�Ü 12, sothat \ is suboptimal for Ü if f \ st is suboptimal
for ó .

2� \ Ý � \ st (necessity):Let \b% TIC ªW¬ U ­ bes.t. ¯iÜ 11 \�¹�Ü 12 ¯ TIC ² γ.
Set \ st : Ý ³ I 0́ ò ã 1 ³`_ I ´ . Since Üô³a_ I ´ % TIC and ³`_ I ´ % TIC, we haveò ã 1 ò ³ _ st

I ´ % TIC, by Lemma6.5.6(b),i.e., \ st % TIC. Thus,we have the
settingof 1� . �
In thenext two lemmaswe list someimplicationsof theRiccatiequationand

formulatea sufficientcondition for suboptimality (seeLemma11.2.14(a)):

Lemma 11.2.13(General

¾Á¿¿¾Á¿¿¾Á¿¿
: CARE � � � FICP) Assumethat CAREhas a UR

¾Á¿¿
-stabilizing solution ª 	 ¬ S¬ K ­ s.t. 	 ÿ 0, S11

�
0 and S22 ê S21S

ã 1
11 S12 � 0.

Thentheassumptionsof Lemma11.2.14aresatisfied(including(4.)).

In particular, if

¾ ¿¿ Ý ¾ exp (or

¾ ¿¿ Ý ¾ out and ª I ê Ð ­ ã 1 % TIC), then(11.48)
is a suboptimal H∞-FI-pair for Σ, with generators� ê Sã 1

11 ª D ¿11C1 ¹�ª B¿1 ­ w 	 ­ 0 ê Sã 1
11 S12

0 0 0 
 ; (11.39)
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if, in addition, S22 � 0, then

K1 : Ý ³ I 0́ K Ýüê ª S11 ê S12S
ã 1
22 S21 ­ ã 1 ª D ¿11C1 ¹'ª B¿1 ­ w 	 ê S12S

ã 1
22 ª D ¿12C1 ¹'ª B¿2 ­ w 	 ­^­

(11.40)
is a URsuboptimal H∞-SF-operator for Σ.

Proof: (By Theorem9.8.12(s4)&(s3), 	 , SandK areunique.)
1� All claims except the formulae (11.39) and (11.40): By Proposition

9.8.10, ª 	 ¬ S¬ ³6Ï Ð ´ ­ is a UR

¾Á¿¿
-stabilizing solution of the IARE. Obvi-

ously, (4.) is satisfiedfor s0 Ýü¹ ∞. TheclaimonK1 followsfrom (a)of Lemma
11.2.14,thaton (11.48)from (b) and(a) (with �S Ý S).

Thus,it only remainsto establish (11.39)and(11.40).
2� The generators of (11.48)are given by (11.39): If ª 	 ¬ S¬ K ­ is a UR

solution of the CARE (i.e., s0 ÝÞ¹ ∞ and �S Ý S), then F Ý 0, henceF̄ Ýß 0 ã S� 1
11 S12

0 0 á , andª K̄ ­ 1 Ý K1 ¹ Sã 1
11 S12K2 Ý ê�³ I Sã 1

11 S12́ Sã 1 ª D ¿ JγC ¹ B

¿
w 	 ­ (11.41)Ýjê�³ I Sã 1

11 S12́

�
I ê Sã 1

11 S12

0 I 
 � Sã 1
11 0
0 ª S·22 ­ ã 1 
 � I ê Sã 1

11 S12

0 I 
 ¿ ª D ¿ JγC ¹ B

¿
w 	 ­

(11.42)Ýjê�³ Sã 1
11 0́ ª D ¿ JγC ¹ B

¿
w 	 ­�Ýjê Sã 1

11 ª D ¿11C1 ¹�ª B¿1 ­ w 	 ­2® (11.43)

3� WehaveK1 Ý (11.40):By LemmaA.1.1(c1)(substituteA °± S),� µ ª U ­ / ª Sã 1 ­ ã 1
11 Ý S11 ê S12S

ã 1
22 S21 Ý : S·11 ® (11.44)

SetL : Ý D

¿
JγC ¹ B

¿
w 	 . Then

K1 Ýôêj³ I 0́ Sã 1L Ýjê�³ I 0́

�
I 0ê Sã 1

22 S21 I 
 � ª S·11­ ã 1 0
0 Sã 1

22 
 � I ê S12S
ã 1
22

0 I 
 L

(11.45)Ýjê ª S·11­ ã 1 ³ I ê S12S
ã 1
22 ´ L Ý ê ª S·11 ­ ã 1 ª L1 ê S12S

ã 1
22 L2 ­ (11.46)Ý (11.17). �

Our sufficiency resultsarebasedin the following lemma(all threecasesof
(a2)areusedin Section11.1):

Lemma 11.2.14(General

¾Á¿¿¾ ¿¿¾Á¿¿
: IARE � � � FICP) Assumethat IARE has a

¾:¿¿
-

stabilizing solution ª 	 ¬ S¬U³6Ï Ð ´ ­ s.t. 	 ÿ 0. Assume, in addition, thatat least
oneof (1.)–(4.)holds:

(1.) min ª dimU ¬ dimW ­�² ∞;

(2.)
ñ

11 % � TIC∞ ª U ­ ;
(3.) Lñ 11 ª s0 ­ % � µ ª U ­ for somes0 % C ºα ;

(4.) �S : Ý Lñ ª s0 ­ ¿ SLñ ª s0 ­ safisfies�S11
�

0 and �S22 ê �S21 �Sã 1
11 �S12 � 0 for some

s0 % C ºα .
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(In (3.) and(4.), weallow for anyα ÿ maxÂ 0 ¬ ϑ Å s.t. Ð % TICα; for Ð % UR
wealsoallow for s0 Ý�¹ ∞. In (2.) and(3.),wecanallow right-invertibility (being
onto)insteadof invertibility.)

Thenthefollowing is true:

(a1) If S22 � 0, then ³lÏ Ð ´ satisfies
ñ

11 ¬{ò 22 % �
TIC∞,Ü6Õ12 ¬{ò ã 1

22 ¬ ñ 21
ñ ã 1

11 ¬{ò ã 1
22 ò 21 % TIC and ¯iÜ6Õ12 ¯ TIC û γ.

(a2) Assumethat 1.

¾À¿¿ Ý ¾ exp, or that 2.

¾À¿¿ Ý ¾ out and òc% TIC, or that 3.
¾Á¿¿ Ý ¾ out andthere is ε Û 0 s.t.¯ æ 1x0 ¹�Ü 11u ¹�Ü 12w ¯ 2 ÿ ε ¯ u ¯ 2 ª u % L2

ε ª R º ;U ­i¬ w % L2 ª R º ;W ­2¬ x0 % H ­2®
(11.47)

If S22 � 0, then ³ Ï Ð ´ : Ý0³LÒ 1 Ó 11 Ó 12
0 0 0 ´ is a H∞-FI-pair; in cases1. and

2. it is suboptimal(and ¯iÜ Õ12 ¯�û γ alsoin case3.).

(b) If (4.) holds,thenthe

¾ ¿¿
-stabilizing solution ª 	 ¬ S· ¬t³lÏ · Ð · ´ ­ definedby

(11.52)satisfiestheassumptionsof (a) (i.e., 	 ÿ 0, S·22 � 0 and(4.) holds
for Lñ · ª s0 ­ S· Lñ · ª s0 ­ ); thecorrespondingpair “ ³ Ï Ð ´ ” is givenby� Ï 1 ¹ �Sã 1

11 �S12Ï 2 Ð 11 ¹ �Sã 1
11 �S12Ð 21 Ð 12 ¹ �Sã 1

11 �S12 ª Ð 22 ê I ­
0 0 0 
 (11.48)

In (a), we have usedthestandardnotation
ñ

: Ý I ê Ð , ò : Ý ñ ã 1, ó : ÝHÜ�ò ,Ü Õ12 : ÝHó 12ò ã 1
22 ; cf. Definition9.8.4and(11.8).

Notethatwecanchoose,e.g.,α Ý maxÂ 0 ¬ ϑ ¬ ωA ¹ 1 Å . Recallthatfor

¾
out and

¾
exp onerequiresthatthecontrolis stable,i.e.,ϑ Ý 0.

Proof of Lemma 11.2.14: Remark1: This lemmaalsoholdswithout the
assumption on the existenceof ε º (seeStandingHypothesis11.2.1); indeed,
this proof doesnot useit even implicitly. The sameremarkappliesalso to
Lemma11.2.13.

Remark2: By Theorem9.8.12(s4),�S (and 	 ) is independenton thechoice
of a

¾Á¿¿
-stabilizing ª 	 ¬ S¬ ³ Ï Ð ´ ­ . However, conditions(2.) and(3.) may

dependon ³lÏ Ð ´ : if Ü ¿ Jγ ÜÃÝ J1, S Ý ê J1 andX Ý » 0 I
I 0 ½ , then �S Ý J1 and

(4.) (and(1.) if we chooseso) hold although (2.) and(3.) are falsefor this
solution (but not for all solutions,by (b)); this problemdid not occurwith the
CARE (seeLemma11.2.13).

(a1)By Theorem9.9.1(a1)&(e1),Σ ë isaJγ-critical controlin statefeedback
form. By Theorem8.3.9(a1’),

æ ë is stableand Ï ë is ϑ-stable. By Lemma
6.1.11(andRemark6.1.9),òÑÝ Ð ëÁ¹ I % TICω ª U « W ­ for all ω Û ϑ.

1�fò 22 satisfiessomeof (1)–(5) of Proposition 2.2.5: If any of (1.)–(3.)
holds,then

ñ
11 satisfiessomeof Proposition2.2.5(1)–(5),hencesodoesò 22,

by LemmaA.1.1(c1)(if dimU ² ∞, then ò 22 satisfies(4), which is observed
by exchangingthecolumnsandrowsof ò ).

If (4.) holds,thenwe canapplyLemma11.3.13(b2) to �S : Ý Lñ ª s0 ­ ¿ SLñ ª s0 ­
to observethat Lñ ª s0 ­ 11 % � µ ª U ­ , equivalently, that Lò¼ª s0 ­ 22 % � µ ªW ­ , sothat
(5) holds.
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2�9d¸ò ã 1
22 % TIC: Since	 ÿ 0 andó 2

¿ Ý'ò 2

¿
(becauseÜ�Ý�» ¿6¿0 I ½ ), weobtain

from the(2,2)-blockof (9.157)that

γ2 ª�ò t
22 ­ ¿ ò t

22 ê�ªPó t
12 ­ ¿ ó t

12 ÿ ê π � 0 Ë t Ê S22 ÿ ε2I ª t ÿ 0­2® (11.49)

It follows from Corollary2.2.6,1 � and(11.49)that ò 22 % � TIC∞ ªW ­ and¯ ò 22 ¯ TIC û γ e ε.
3� ¯iÜ Õ12 ¯ TIC û γ: From ª�ò ã t

22 ­ ¿ I (11.49)I ò ã t
22 weobtainthat

γ2I ÿ ª{Ü Õ12
t ­ ¿ Ü Õ12

t ¹ ε2 ª�ò ã t
22 ­ ¿ ò ã t

22 ¬ (11.50)

hencēiÜ6Õ12 ¯ TIC û γ, by Lemma2.1.14.
Remark: Given w % L2 ª R º ;W ­ , we have ¯iÜ Õ12w ¯ 22 û γ2 ê ε2 ¯ ò ã 1

22 w ¯ 22,
hencēiÜ Õ12w ¯ 2 ² γ. If

¾Á¿¿ Ý ¾ exp, thenΣ ë is exponentially stable,hencethenò 22 % TIC, hencethen ¯iÜ Õ12 ¯�û ª γ2 ê ε2 eÆ¯ ò 22 ¯ 2 ­ 1f 2 ² γ.
4� ñ 21

ñ ã 1
11 % TIC: Since ª{Ü t

1 ­ ¿ Jγ Ü t
1 Ý ª{Ü t

11 ­ ¿ Ü t
11 ÿ 0 and 	 ÿ 0,weobtain

from the(1,1)-blockof (9.160)that� ñ t
11ñ t
21 
 ¿ S � ñ t

11ñ t
21 
 ÿ 0 ª t ÿ 0­2® (11.51)

Apply Lemma A.3.1(q) to obtain that there is δ Û 0 s.t. ª ñ t
11 ­ ¿ ñ t

11 ÿ
δ ª ñ t

21 ­ ¿ ñ t
21, i.e., δ ã 1 ÿ ªhg t ­ ¿ g t , for all t Û 0, hence gi% TIC, by Lemma

2.1.14,whereg : Ý ñ 21
ñ ã 1

11 Ýjê�ò ã 1
22 ò 21 (by the(2,1)-blockof ò ñ Ý I ).

(a2) 1� ¾ exp: Suboptimality: Since 	 is

¾
exp-stabilizing, Σ ë (and

å ë τ,
by Lemma 6.1.10) is exponentially stable. From (11.10) we observe thatä Õ x0 % L2 for all x0 % H, henceΣ Õ is exponentially stable,by LemmaA.4.5.
Thus, ³ Ï Ð ´ is a H∞-FI-pair, by Remark11.2.5. By the remark in 3� ,¯iÜ Õ12 ¯ TIC ² γ (sinceòÑÝ Ð ëÁ¹ I % TIC), i.e., ³ Ï Ð ´ is suboptimal.

2� ¾ out: Suboptimalitywhenò 12 ¬{ò 22 % TIC: Because³ Ï Ð ´ is

¾
out-

stabilizing, it is output-stabilizing,by Theorem9.8.5. This andthestability ofò 12 (by theassumption), Ü Õ12 Ý ó 12ò ã 1
22 andò ã 1

22 (by 1� &2 � ), imply that
æ Õ ,Ï Õ , Ü�Õ12 and Ð Õ12 arestable(see(11.10)).Thus, ³ Ï Ð ´ is a H∞-FI-pair, by

Remark11.2.5. By the remarkin 2� , ¯iÜ Õ12 ¯ TIC ² γ (since ò 22 % TIC), i.e.,³ Ï Ð ´ is suboptimal.
3� Casē

æ
1x0 ¹.Ü 11u ¹.Ü 12w ¯ 2 ÿ ε ¯ u ¯ 2: (Recallfrom (a1)that ¯iÜ Õ12 ¯ û γ,

hence ³ Ï Ð ´ is also here“almost suboptimal”.) Since
æ ë and Ï ë are

outputstable(by Theorem9.8.5),we have ÜAëh¬ Ð ë*% TICω for all ω Û 0, by
Lemma6.1.11.This, (a1)2� and(11.10)imply that

æ Õ ¬�Ü Õ ¬ Ï�Õ and ÐUÕ are
ω-stablefor all ω Û 0.

By (a1), Ü�Õ12 is stable. Consequently, L2 /ÀÜ6Õ12w Ý Ü 12w ¹ Ü 11 Ð Õ12w, by
(11.9),henceÐUÕ12w % L2, by (11.47),for all w % L2 ª R º ;W ­ . Thus, ÐUÕ12 % TIC,
by Lemma6.1.12.

By (11.10),
æ Õ1 Ý æ ë 1 ê�Ü Õ12 Ï ë 2 is stable,henceL2 / æ Õ1 x0 Ý æ 1x0 ¹Ü 11 Ï�Õ1 x0, henceÏ/Õ1 x0 % L2, for all x0 % H, sothat Ï/Õ1 is stable.

Thestability of
æ Õ1 , Ü Õ12, Ï�Õ1 andÐUÕ12 imply that ³ Ï Ð ´ is aH∞-FI-pair,

by (11.8)andRemark11.2.5.
(b) By Lemma 9.8.12(s1), also ª 	 ¬ S· ¬ ³ Ï · Ð · ´ ­ is a

¾Á¿¿
-stabilizing
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solutionof theIARE, where³lÏ · Ð · ´ : Ý ³ �E Ï �E Ð ¹ I ê �E ´ ¬ S· : Ý � �S11 0
0 S·22
 ¬ (11.52)

E : Ý ß I �S� 1
11 �S12

0 I á % � µ ª U « W ­ , �E : Ý E Lñ ª s0 ­ ã 1 % � µ
, and S·22 : Ý �S22 ê�S21 �Sã 1

11 �S12 � 0, becauseS· Ý E ã ¿ �SE ã 1 Ý �E ã ¿ S�E ã 1. SinceS·22 � 0 (and �S
remainsinvariant),theassumptions of (a)aresatisfiedby ª 	 ¬ S· ¬t³lÏ · Ð · ´ ­ .

Remark: We could replace �E by

� �S1j 2
11 0

0 È ã �S22 Ê 1j 2 
 to obtain S· Ý J1 above

(thiswouldslightly alter(11.48)). �
Next we notethat

ñ K
11 % � TIC ª U ­ is not superfluousin (FI3) (even

ñ K
11 %�

TIC∞ ª U ­ is notsufficient):

Example 11.2.15 (
ñ K

11 % � TIC ª U ­ñ K
11 % � TIC ª U ­ñ K
11 % � TIC ª U ­ is not superfluous) Let Ü : Ý ³ R 2I

0 I ´ %
MTICd ª U « U ­k� TIC ª U « U ­ , whereR: Ý τ ã 1 (hereU maybeany Hilbert space;
wehavetakenZ Ý W Ý U and

¾Á¿¿ Ý ¾ out). ThenÜ ¿11 Ü 11 Ý I
�

0,henceStanding
Hypotheses11.1.1and11.2.1aresatisfied.Moreover, Ü ¿ J1 ÜüÝ ñ ¿ J1

ñ
, whereñ Ý �

4
3R ¹ 1

3 2
2
3R ¹ 2

3 1
 % � MTICd � �
TIC ® (11.53)

However, (11.106)Ý 3π � 0 Ë 1 Ê ê π � 1 Ë∞ Ê ,� 0, hence Ü is not minimax J-coercive
(alternatively, thisfollowsfrom Lemma11.4.3(b),since

ñ
11 ,% � TIC ª U ­ , becauseLñ ª log4 ¹ πi ­
Ý 0).

This alsoshows that condition 	 ÿ 0 is not superfluousin Lemmas11.2.14
and 11.3.9(a). (Note that 	 can be computedfrom (8.46), oncewe choosea
realizationΣ % SOSof Ü (e.g.,theshift realization(6.11);sinceÜ isexponentially
stable,thisrealizationcanbechosento beexponentially stable,sothat 	 becomes
exponentially stabilizing and

¾
out Ý ¾ exp).) 8

If bothU andW areinfinite-dimensional,thenthedimensionsof positiveand
negative eigenspacesof J1 % µ ª U « W ­ do not determinethoseof Ü ¿ J Ü unless
we require Lò 22 to beinvertiblesomewhere:

Example 11.2.16 (ò 22 % � TIC∞ ªW ­ò 22 % � TIC∞ ªW ­ò 22 % � TIC∞ ªW ­ is not superfluous in (FI7)) Let R be the
right shift τ ã 1 on l 2 ª N ­�Ý : U Ý : W Ý : Z, L : Ý R

¿
, P0 : Ý I ê RL, Q : Ý RL. SetÜ : Ý D : Ý ß R m 2P0

0 I á to obtain D

¿
J1D ÝÑ³ I 0

0 2P0 ã I ´ Ýø³ I 0
0 P0 ã Q ´ Ý X

¿
J1X, whereñ

: Ý X : Ý ³ R P0
0 L ´ % � µ ª U « W ­ .

Then Ü ¿11 Ü 11 Ý I
�

0, so that StandingHypotheses11.1.1and 11.2.1are
satisfied,and so are the assumptions of Propositions 11.2.8 and 11.3.4 (setß��Ï �Ð á Ý ³ 0 0 ´ ).

SetM : Ý X ã 1 Ý ³ L 0
P0 R ´ , N : Ý DM Ý ß Qº m 2P0 0

P0 R á to obtaina ª J1 ¬ J1 ­ -lossless

r.c.f. of Ü , so that (FI9) is satisfied.ThenN22 Ý R ,% � µ ªW ­ , hence(FI6)–(FI8)
donothold (hencenoneof (FI1)–(FI8)holds). 8
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Theexistenceof a

¾Á¿¿
-stabilizingsolutionisnotasufficientcondition;wehave

to know signaturepropertiesthatguaranteethat thesolutionis really a minimax
control:

Example 11.2.17 (S22 ê S21S
ã 1
11 S12 � 0S22 ê S21S
ã 1
11 S12 � 0S22 ê S21S
ã 1
11 S12 � 0 is necessary)To observe thatthecondi-

tionsonSarenotsuperfluousin (FI5) (or in Theorem11.1.3),set

A : Ý ê 1 ¬ B : Ý 0 ¬ C : Ý 0 ¬ D : Ý � ³ 10 ´ ³ 02 ´
0 1 
 % µ ª C « C ¬ C2 « C ­2® (11.54)

ThentheCARE ê 2	 Ý K

¿
SK, S Ý ß 1 0

0 4 ã γ2 á , SK Ý 0 hasauniquesolution 	 Ý 0,

which is exponentiallystabilizing(unlessγ Ý 2, in whichcasethereis nosolution
of the CARE, and the solutionsof the eCARE are given by ª 	 ¬ ³ 1 0

0 0 ´ ¬t³ 0
K2 ´ ­ ).

Since ¯iÜ 11u ¹:Ü 12w ¯ 22 Ý�¯ u ¯ 22 ¹ 4 ¯ w ¯ 22 ¬ (11.55)

theoptimalH∞-FI-pair for Σ is givenby ³lÏ Ð ´ Ý ³ 0 0 ´ , andγ0 Ý γFI Ý
γSF Ý 2. Indeed,Theorem11.1.3(a)confirmsthis,sinceS22 ê S21S

ã 1
11 S12 Ý S22 Ý

4 ê γ2 � 0 iff γ Û 2. For γ ² 2, the J-critical control is obviously a “min-min”
control. 8

The following lemmawill be neededfor the Riccati equationform of the
solutionof theH∞ 4BP:

Lemma 11.2.18(ò 22 % � TIC Ý � H∞ò 22 % � TIC Ý � H∞ò 22 % � TIC Ý � H∞-FI-pair) Assumethat ª 	 ¬ S¬ ³ Ï Ð ´ ­
is an exponentially stabilizing solution of the IARE and

¾�¿¿ Ý ¾ exp (resp.thatª 	 ¬ S¬t³lÏ Ð ´ ­ is a q.r.c.-SOS-stabilizing solutionof theIAREand

¾�¿¿ Ý ¾ out).
If S22 � 0 and ò 22 % � TIC, then ³ Ï Ð ´ : Ý ³LÒ 1 Ó 11 Ó 12

0 0 0 ´ is a suboptimal
H∞-FI-pair and 	 ÿ 0.

If Ð is UR, then(11.48)generatesanothersuboptimal pair (usethelemmaand
Proposition11.2.19(d1)),but thesepairsneednotbeequalin general(theoperatorò aboveneednotbeequalto I ).

Proof: (Here,aselsewhere,
ñ

: Ý I ê Ð , ò : Ý ñ ã 1.)
1�.³ Ï Ð ´ : Ý0³ Ò 1 Ó 11 Ó 12

0 0 0 ´ is a H∞-FI-pair: Since	 is

¾
exp-stabilizing,

the closed-loopsystemΣ ë (and
å ë τ, by Lemma 6.1.10) is exponentially

stable. From (11.10)we observe that
ä Õ x0 % L2 for all x0 % H, henceΣ Õ

is exponentially stable,by LemmaA.4.5. (For

¾�¿¿ Ý ¾ out, we observe from
(11.10)thatΣ Õ % SOS.) Thus, ³ Ï Ð ´ is aH∞-FI-pair, by Remark11.2.5.

2� ³ Ï Ð ´ is suboptimal: By (11.11),wehaveÜ Õ : Ý�Üô³�ö 11 ö 12
0 I ´ ã 1 ÝüÜ ñ ã 1ò ã 1 ¬ (11.56)

where ò Ý ³ I 0ù
21
ù

22 ´ , ò : Ý ñ ã 1, by Schur decomposition (Lemma
A.1.1(d1)(A.9)).Therefore,from ª{Ü ñ ã 1 ­ ¿ Jγ Ü ñ ã 1 Ý S, weobtainthatª{Ü Õ2 ­ ¿ Jγ Ü Õ2 Ý ³ 0 I ´ Ü Õ ¿ Jγ Ü Õ �

0
I 
 Ý ³ 0 I ´ ò ¿ Sò �

0
I 
 Ý ò ¿22S22ò 22 ¬

(11.57)
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hence ª{Ü Õ2 ­ ¿ Jγ Ü Õ2 � 0, becauseò 22 % �
TIC, by Lemma A.1.1(c1). By

Lemma11.2.4,it follows that ³ Ï Ð ´ is suboptimal.
3� 	 ÿ 0: This follows from Proposition11.2.19(b2)(sinceγ Û γFI ÿ γ0,

by 2� ).
Remark:Parts1� –2� hold alsofor the eFICPof Theorem11.3.6(i.e., for

any Σ % WPLSª U « W¬ H ¬ Y ­ ; we do not needStandingHypothesis11.1.1
nor11.2.1).

If we do assumeStandingHypothesis11.1.1, then StandingHypothesis
11.2.1becomesredundant:SinceStandingHypothesis11.2.1is not usedin
1� –2� , as notedabove, we obtain StandingHypothesis11.2.1from Lemma

11.2.22(a)(with ß �Ï �Ð á : Ý ³ Ï Ð ´ ). Indeed,by (d1) (resp.(c)) Lemma

9.12.3, 	 is an exponentially (resp. q.r.c.-SOS-)stabilizingsolution for the
CAREfor Σ # andJγ, henceÜD# hasaspectralfactorization,by Corollary9.9.11.�
Next wepresentarathergeneralnecessityresultthatwasusedin theproofsof

ourmaintheorems:

Proposition11.2.19(General

¾X¿¿¾Á¿¿¾Á¿¿
: Necessaryconditions) Assumethat γ Û γ0

andthatZs is reflexive. ThenÜ is Jγ-coercive. Assumein additionthat

¾:¿¿ ª x0 ­:,Ý /0
for each x0 % H. Thenthefollowing hold:

(a1)There is a uniqueJγ-critical input ß ucrit
È x0 Ê

wcrit
È x0 Ê á for each x0 % H, andthis input

correspondsto the(unique)argumentsof

max
w Ç L2 È R É ;W Ê min

u Ç%Î u
È x0 Ëw Ê ��ª x0 ¬ u ¬ w­2® (11.58)

(a2) If ª Σ ¬ J ­9% coerciveCARE(seeRemark9.9.14),thenthere is a (SR)unique
¾Á¿¿

-stabilizing solution ª 	 ¬ S¬ K ­ of the CARE; the correspondingclosed-

loopcontrol equals ß ucrit
È x0 Ê

wcrit
È x0 Ê á for each x0 % H (with noexternalinput).

(b1) The Jγ-critical input (called the minimax control) can be given in state
feedback form iff the[e]IARE hasa

¾:¿¿
-stabilizingsolution.

(b2) Assumethat a

¾À¿¿
-stabilizing solution ª 	 ¬ S¬ ³ Ï Ð ´ ­ of the (e)IARE

exists.Then 	 ÿ 0, S % � µ ª U « W ­ and ª ñ t

¿
S
ñ t ­ 11 ÿ ε2º eã 2t maxn 0 Ë ϑ o I for

all t ÿ 0.

If, in addition,ϑ û 0, then ª ñ t

¿
S
ñ t ­ 11 ÿ ε2º I for all t ÿ 0, andwecanchoose

Sand ³lÏ Ð ´ sothatS Ý ³ I 0
0 JW ´ , where JW Ý J

¿
W Ý J ã 1

W % � µ ªW ­ .
(b3) If a

¾ ¿¿
-stabilizingsolution ª 	 ¬ S¬U³6Ï Ð ´ ­ existss.t. Ð % MTIC∞, then

theCAREhasa unique

¾À¿¿
-stabilizingsolution ª 	 ¬ S¬ K ­ , andS11 ÿ ε2º I .

If, in addition, there is a suboptimal MTIC∞ H∞-FI-pair (resp.H∞-SF-
operator), thenS22 ê S21S

ã 1
11 S12 � 0 (resp.S22 � 0).

(c) Assumethat a

¾X¿¿
-stabilizing solution ª 	 ¬ S¬U³6Ï Ð ´ ­ exists, there is a

suboptimal H∞-FI-pair, and ϑ û 0. Then ª ñ t

¿
S
ñ t ­ 11 ÿ ε2º I for all t ÿ 0,
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and L p : Ý Lñ ¿ SLñ satisfiesL p 11 ÿ ε2º I and L p 22 ê L p 21 L p ã 1
11 L p 12 � 0 onC ºω ¬ (11.59)

for any ω ÿ 0 s.t.
ñ % TICω. Moreover, there there is a

¾À¿¿
-stabilizing

solution ª 	 ¬ J1 ¬?ß1�Ï �Ð á ­ of theIAREs.t. �ñ 11 % � TIC∞, ¯ �ñ ã 1
11 ¯ TIC û ε ã 1º ,

and ¯ �ñ 21 �ñ ã 1
11 ¯ TIC û 1.

Assumethat the CAREhas a SR

¾:¿¿
-stabilizing solution ª 	 ¬ S¬ K ­ and that

ϑ û 0. ThenS11 ÿ ε2º I andthefollowinghold:

(d1) (S22 ê S21S
ã 1
11 S12 � 0) If there is a suboptimal SR H∞-FI-pair, then

S22 ê S21S
ã 1
11 S12 � 0.

(d2) (S22 � 0) If there is a suboptimal SRH∞-SF-operator, thenS22 � 0.

(e) If ¯ π � 0 Ë t Ê Ü 11u ¯ 2 ÿ ε º/¯ π � 0 Ë t Ê u ¯ 2 for all u % L2 ª R º ;U ­ and t Û 0, then the
assumption “ ϑ û 0” canberemovedeverywhere in this theorem.

(f) In (b3), (c), (d1) and (d2), theexistenceof a suboptimal H∞-FI-pair (resp.
H∞-SF-operator) is not neededif there is \q% TIC∞ ªW¬ U ­ (resp.SR \r%
TIC∞ ªW¬ U ­ having L\ ªL¹ ∞ ­�Ý 0) s.t. ¯iÜ 11 \�¹�Ü 12 ¯ TIC ² γ (in (b3)wemust
alsorequire that \*% MTIC∞ ªW¬ U ­ ; in (c) that \*% TICω, andin (d1) that\ is SR).

See,e.g.,Lemma11.2.14for the converses.Note that

¾
exp and

¾
out have

Zs reflexive (and ϑ Ý 0, henceeã 2tϑ Ý 1 in (b2)). If ª 	 ¬ S¬t³6Ï Ð ´ ­ is as
in (b2), then 	 is uniqueandS and ³lÏ Ð ´ areuniquemoduloan invertible
constantasin (9.114),by Theorem9.9.1(a1)&(f1)&(f2). SeeExample11.1.9for
thedifferencebetween(d1)and(d2).

Undertheassumptionsof Theorem9.9.1(k),we canmake JW equalto ê I in
(b2); this factwasusedin Proposition11.2.8.However, we donot know whether
Sreflectsall signaturepropertiesof theproblemfor general

¾À¿¿
, hencewecannot

improve(b2) in thegeneralcase;seethenotesonp. 481for thisproblem.
Proof: By Theorem11.7.2(b)(and Remark8.3.4; note that Hypothesis

11.7.1requiresthereflexivity assumption), Ü is Jγ-coercive.
(a1)By Theorem11.7.2(c),(11.58)existsandequalstheJγ-critical input.
(a2) Combine(a1)with thedefinitionof coerciveCARE. (Note thatunder

(4.) or (5.) of Remark9.9.14,wehave Ð % MTICL1

∞ , sothat(b3)applies.Under
any of (1.)–(6.) of Remark9.9.14,thesolution is ULR, henceSR,sothat then
(d) applies.)

(b1) This follows from by Theorem9.9.1(a1)(the eIARE is equivalentto
theIARE, by (b2)).

(b2)1� By Lemma9.10.3,wehaveS % � µ ª U « W ­ . By Theorem9.9.1(f1),
wehave 	 Ý æ ¿critJγ

æ
crit. But ��ª x0 ¬ u ¬ 0­ ÿ 0 for eachx0 andu, hence(11.58)ÿ

0, i.e.,
æ ¿

critJγ
æ

crit ÿ 0. Thus, 	 ÿ 0.
Let t Û 0 andu· % L2 ª^» 0 ¬ t ­ ;U ­ be given. Setxt : Ý å 1τtu, �u : Ý u· ¹ τ ã tu,

whereu % ¾Á¿¿ ª xt ­ is to bedefinedlater. By Lemma9.7.9, �u % ¾À¿¿ ª 0­ . We first
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computethat

yu : Ý æ å t
1 �u ¹:Ü 1u Ý π º
Ü 1 ª π ºõ¹ π ã ­ τt �u Ý π º
Ü 1τt �u (11.60)ÝüÜ 1τt �u ê π � ã t Ë 0Ê Ü τt �u Ý�Ü 1τt �u ê τt Ü t

1u·�® (11.61)

Consequently, (11.58)impliesthat� å t
1u·�¬ 	 å t

1u· � Ý max
w Ç L2 È R É ;U Ê min

u Ç%Î u
È x ËwÊ ��ª å t

1u·�¬ u ¬ w­ ÿ min
u Ç%Î u

È x Ë 0 Ê ��ª å t
1u·{¬ u ¬ 0­

(11.62)Ý min
u Ç%Î u

È x Ë 0 Ê � yu ¬ Jγyu� L2 Ý min
u Ç%Î u

È x Ë 0 Ê � τ ã tyu ¬ τ ã tJγyu� L2 (11.63)

†Ý min
u Ç%Î u

È x Ë 0 Ê 4 � Ü 1 �u ¬ Jγ Ü 1 �u� ê � Ü t
1u· ¬ Jγ Ü t

1u· � 6 (11.64)Ý min
u Ç%Î u

È x Ë 0 Ê � Ü 1 �u ¬ Jγ Ü 1 �u� ê � u·�¬�ª{Ü t
1 ­ ¿ Jγ Ü t

1u· � (11.65)

(†: hereboth crosstermsare negative, hencethe minussign thoughpositive
quadraticterms). But

ñ t

¿
S
ñ t Ý¼Ü t

¿
Jγ Ü t ¹ å t

¿ 	 å t , by the eIARE, henceit
follows from theaboveandStandingHypothesis11.2.1that�

u· ¬�ª ñ t

¿
S
ñ t ­ 11u· � Ý min

u Ç%Î u
È x Ë 0 Ê � Ü 1 �u ¬ Jγ Ü 1 �u� ÿ ε2º ¯�³ �u0 ´ ¯ 2Î 

 (11.66)ÿ ε2º ¯ �u ¯ 2L2

ϑ
ÿ ε2º ¯ u·L¯ 2L2

ϑ
ÿ ε2º eã 2t maxn 0 Ë ϑ o ¯ u·L¯ 22 ® (11.67)

Thus, ª ñ t

¿
S
ñ t ­ 11 ÿ ε2º eã 2t maxn 0 Ë ϑ o for all t ÿ 0.

2� Caseϑ û 0: Sinceeã 2t maxn 0 Ë ϑ o Ý 1, wenow have ª ñ t

¿
S
ñ t ­ 11 ÿ ε2º I for

all t ÿ 0.

For any ω Û ωA, wehave
ñ % TICω; if alsoω ÿ 0, then ªsLñ ¿ SLñ ­ 11 ÿ ε2º I on

C ºω , by Lemma2.2.4.Chooses0 % C ºω . Then,T : Ý¼ª Lñ ¿ SLñ ­ 11 ª s0 ­ ÿ ε2º I .

By Lemma 11.3.14, there is E0 % � µ ª U « W ­ s.t. T Ý E

¿
0 �SE0, where�S Ý ³ I 0

0 JW ´ , JW Ý J

¿
W Ý J ã 1

W . SetE : Ý E0 Lñ ª s0 ­ ã 1 % � µ ª U « W ­ . By Theorem

9.9.1(f2), also ª 	 ¬ �S¬ ß1�Ï �Ð á ­ is a

¾Á¿¿
-stabilizing solution of the IARE,

where �S: Ý E ã ¿ SE ã 1 Ý E ã ¿0 TE ã 1
0 , �Ï Ý E Ï and ª I ê �Ð ­�Ý E ª I ê Ð ­ .

Remark: It seemsthat we could get S Ý ³ I 0
0 ã I ´ (i.e., JW Ý I ) at least

whenbothU andW areunseparable,by usingLemmaB.3.16; however, we
have not beenable to establishthis for generalU andW (and henceobtain
“(FI1) � (FIn)” for n % Â 2 ¬ 3 ¬ 4 ¬ 5 Å ) without reductionto thestablecase(under
theassumptionsof Theorem11.2.7or Proposition11.2.8),whereit isultimately
reducedto Lemma11.4.3(a)&(c).

(b3) (Note in particularthat theMTIC∞ assumptionallows usto avoid the
“ϑ û 0” assumption.)

1� TheCARE:We have MTIC∞ � ULR, by Theorem2.6.4(f), hencewe
can redefineX to I so that we obtaina solution of the CARE, by Corollary
9.9.8(still with Ð % MTIC∞).

2� Claim S11 ÿ ε2º : Let u0 % U . Set u· : Ý t ã 1f 2π � 0 Ë t Ê u0. Let t ± 0¹ in
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(11.66)to obtain(by simple computations usingTheorem2.6.4(i3))that�
X ³ u0

0 ´ ¬ SX ³ u0
0 ´ � U t W

ÿ ε2º e0 ¯ u0 ¯ 2U ® (11.68)

Sinceu0 % U wasarbitrary, thissaysthat ª X ¿ SX ­ 11 ÿ ε2º I . By Lemma11.3.14,
wecanredefine ³lÏ Ð ´ andSsothatS Ý ³ I 0

0 JW ´ (cf. (b2)2� ).
3� Thesuboptimal case:Weobtainthis from (11.78)asin 2 � above(cf. the

proofsof (d1)–(d2)).

Remark: In fact, (b3) holds even if we replaceMTIC∞ by SMTIC∞ P
SRd or by

µ ª U ¬ Lp
ω ª R º ;Y ­^­^P SRd for some ω % R (since we only need

that limt Ú 0º�ª Ð χR É u0 uwv t u exists and Ð d % SR, and that
ñ ³ _ I ´ also hassame

properties,where(thesuboptimal) \ (if any) is asin theproofof (c)).

(Indeed,then Ð9x�Ð d % SR,henceX % � µ , by Proposition 6.2.8(a2),andwe
canwork asabove.)

(c) 1� Let ß �Ï �Ð á beaH∞-FI-pair for Σ with closed-loopsystemΣ Õ (we

still denoteby Σ ë theclosed-loopsystemcorrespondingto K). Set \ : Ý �Ð�Õ12,
sothat Ü Õ2 Ý�Ü ³ _ I ´ % TIC v Wx Y u (seeRemark11.2.5).

Let t Û 0. Let π � 0 Ë t Ê w % L2 v » 0 x t u ;W u bearbitraryandsetxt : Ý å τt ³ _ I ´ w. Set

π � t Ë∞ Ê w : Ý τ ã t Ï ë 2xt % L2 v » t x ∞ u ;W u , sothat(usethefactthat ß ucrit
È xt Ê

wcrit
È xt Ê á Ý Ï ë xt)� v xt x π º τt \ w x π º τtwu ÿ min

u Ç%Î u
� v xt x u xLÏ ë 2xt u Ý max�w min

u Ç%Î u
� v xt x u x �wu Ý �

xt x 	 xt �zy
(11.69)

We have

τtπ � t Ë∞ Ê Ü Õ2 w Ý π º τt Üô³ _ I ´ w Ý π º
Ü v π º�¹ π ã^u τt ³ _ I ´ w ÝüÜ π º τt ³ _ I ´ w ¹ æ xt x
(11.70)

and Ü Õ2 Ý π � t Ë∞ Ê Ü Õ2 ¹:Ü Õ2 t , hence� Ü Õ2 wx Jγ Ü Õ2 w� ê � Ü Õ2 twx Jγ Ü Õ2 tw� Ý �
π � t Ë∞ Ê Ü Õ2 wx Jγπ � t Ë∞ Ê Ü Õ2 w� (11.71)Ý �

τtπ � t Ë∞ Ê Ü Õ2 wx Jγτtπ � t Ë∞ Ê Jγ Ü Õ2 w� (11.72)Ý � æ
xt ¹:Ü π º τt ³ _ I ´ wx Jγ v æ xt ¹:Ü π º τt ³ _ I ´ wu{� (11.73)Ý|� v xt x π º τt \ w x π º τtwu (11.74)ÿ � xt x 	 xt � Ý � ³`_ I ´ wx å t

¿ 	 å t ³`_ I ´ w� x (11.75)

by (11.69).Fromthisand(9.160)weobtainthat� Ü Õ2 wx Jγ Ü Õ2 w� ÿ � ñ t ³{_ I ´ wx Sñ t ³`_ I ´ w�My (11.76)

If ß��Ï �Ð á is suboptimal, thenthereis ε Û 0 s.t.
� Ü�Õ2 wx Jγ Ü�Õ2 w� ûjê ε ¯ w ¯ 22

for all w % L2 v R º ;W u . Sincet Û 0 andπ � 0 Ë t Ê w % L2 werearbitrary, we obtain
from (11.76)that� ñ t ³ _ t

I ´ wx Sñ t ³ _ t

I ´ w� û�ê ε ¯ w ¯ 22 v t ÿ 0 x w % L2 v » 0 x t u ;W uJu x (11.77)

i.e., that vJv ñ ³ _ I ´ u t u ¿ Sv ñ ³ _ I ´ u t û¼ê εI for all t ÿ 0. By Lemma2.2.4(a),this
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impliesthat v Lñ � L\
I 
 u ¿ SLñ � L\

I 
 û�ê εI (11.78)

onC ºω , for any ω ÿ 0 s.t.
ñ x \G% TICω.

2� Implication“ ϑ û 0 � S· Ý J1” etc.: Assumethatϑ û 0. Chooseω ÿ 0
s.t.
ñ % TICω (notethat \ : Ý �Ð Õ12 % TIC � TICω, because\ w % L2

ϑ � L2 for all
w % L2 v R º ;W u , by (11.7)). Sincewe assumedthatϑ û 0, we have L p 11 ÿ ε2º I

on C ºω , by (b2). This and (11.78) imply that �S : Ý L p v s0 u satisfies(i’) (hence
(i)–(vi)) of Lemma11.3.13for any s0 % C ºω . Consequently, (11.59)holdsand�S Ý �X ¿ J1 �X for some �X Ý » ¿6¿0

¿ ½ % � µ (with X11 x X22
�

0), henceS Ý E

¿
J1E,

whereE : Ý �X Lñ v s0 u ã 1 % � µ .

By usingthis �E, weobtain v 	 x J1 x ß1�Ï �Ð á u asin (b2)2� above. Moreover,

then L�ñ v s0 u Ý E Lñ v s0 u Ý �X. By (b2),wehave

ε2º I û v Lñ ¿ J1 Lñ u 11 Ý Lñ ¿11 Lñ 11 ê Lñ ¿21 Lñ 21 (11.79)

onC ºω . Thisandtheinvertibility of L�ñ v s0 u 11 Ý �X11, imply that �ñ 11 % � TICω v U u ,
by Proposition2.2.5(5).Therestfollows from Lemma11.2.21.

(d) By (b2),wehave vJv ñ t u ¿ Sñ t u 11 ÿ ε2º IU , hencev Lñ ¿ SLñ u 11 ÿ ε2º IU onC ºω
for ω big enough,by Lemma2.2.4.Therefore,for any u0 % U , wehave

ε2º ¯ u0 ¯ 2 û � Lñ v su ³ u0
0 ´ x SLñ v su ³ u0

0 ´ � U t W ± � ³ u0
0 ´ x S ³ u0

0 ´ � U t W x (11.80)

ass ±ø¹ ∞, by strongregularity. Thus,S11 ÿ ε2º I .

(d1) In (b2)2� we showedthat v Lñ ¿ SLñ u 11 v r u ÿ ε2º I for big r; let r ±"¹ ∞ to
obtainthatS11 ÿ ε2º I (since Lñ v ¹ ∞ u Ý I ). Analogously, from (11.78)weobtain

that v I ß �UI á u ¿ Sv I ß �UI á u û�ê εI , where �U : Ý L\ v ¹ ∞ u . By Lemma11.3.13(i’)&(i),

thismeansthatS22 ê S21S
ã 1
11 S12 û�ê εI .

(d2)Now wehave �U Ý 0 in theproofof (d1),henceS22 û�ê εI .
Remark: In (d1) and (d2), we can useany ε Û 0 s.t.

� Ü Õ ë 2wx Jγ Ü Õ ë 2w� ûê ε ¯ w ¯ 22 for all w % L2 v R º ;W u (whereΣ Õ is the closed-loopsystemcorre-
sponding to thesuboptimal pair or operator, asin theproofof (c)).

Remark: In (d)–(d2), the assumption on the CARE may be replacedby
the weaker assumption that the IARE hasa SR solution v 	 x Sx ³6Ï Ð ´ u s.t.
F Ý 0.

(By Proposition9.8.10, the only differenceis that Ü neednot be WR;
obviously, theregularityof Ü is notneededin theaboveproofs.)

(e) (The assumptionof (e) is rathercommon,sinceoneusuallyhas“ ��Ý¯ u ¯ 22 ¹H¯ y ¯ 22” or somethingsimilar.)
The assumption that ϑ û 0 was only usedin (b2)2� (and later to justify

referationsto (b2)),to show that v ñ t

¿
S
ñ t u 11 ÿ ε2º I ; undertheassumption of (e)

this inequality followsdirectly from (11.66).
(f) In theproofsof (b3), (c), (d1) and(d2), we did not needÏ or Ð , just a
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From the above proposition, onecanconcludethat the existenceof a well-

posedsolution of the FICP in the I/O sense(i.e., of a suboptimal well-posed
control law) implies a solution in the usual senseif the finite cost condition
(

¾Á¿¿ ,Ý 0) is satisfiedandΣ is smoothenoughto guaranteethatuniqueJγ-critical
control (of a Jγ-coercive system)correspondsto a WR statefeedbackoperator
(i.e., to aCARE):

Lemma 11.2.20(I/O FICP � � � FICP) Assume that there is \}% TIC∞ s.t.¯iÜ 11 \�¹�Ü 12 ¯f² γ and ³ _ I ´ » L2 v R º ;W u ½ � ¾ exp v 0u . Assumealso that Σ is op-
timizableand v Σ x J u % coerciveCARE(cf. Remark9.9.14).

Thenthereisauniqueexponentiallystabilizingsolution v 	 x Sx K u of theCARE.
Moreover, 	 ÿ 0, S11 ÿ ε º I , S22 ê S21S

ã 1
11 S12 � 0, and (11.39)generate a SR

suboptimalH∞-FI-pair (hereK1 : Ý0³ I 0́ K).

(This lemmawill beusedfor theH∞ 4BP.)
Proof: (As oneobservesfrom the proof, we could allow for

¾
out instead

of

¾
exp if wewould require(11.47)for someε Û 0 andreplace“exponentially

stabilizing” by “

¾
out-stabilizing”.)

The assumptions ³{_ I ´ » L2 v R º ;W u ½ � ¾Á¿¿ v 0u and ¯iÜ 11 \Á¹�Ü 12 ¯�² γ imply
thatγ Ûj¯iÜ 11 \.¹ Ü 12 ¯ ÿ γ0 (wecouldreplace“ ³ _ I ´ » L2 v R º ;W u ½ � ¾Á¿¿ v 0u ” by
“γ Û γ0” in theassumptions).

By Proposition11.2.19(a2)theCARE for Σ andJγ hasa (unique)SR

¾Á¿¿
-

stabilizing solution v 	 x Sx K u .
By Proposition11.2.19(b2)&(f)&(c), we have that 	 ÿ 0 and (11.59)

holds(the condition“ \]% TICω” is redundantsince \]% TIC v Wx U u (because\h» L2 v R º ;W u ½ � ¾ exp v 0u � L2; usealso(2.13))).
Consequently, Lemma11.2.14(4.)&(b)&(a2) canbeappliedto obtainaSR

(since ³ Ï Ð ´ is SR) suboptimal statefeedbackpair ³ Ï Ð ´ asabove.
Theexistenceof sucha pair implies thatS11 ÿ ε º I andS22 ê S21S

ã 1
11 S12 � 0,

by Proposition11.2.19(d1). �
Thefollowing lemmawasusedabove:

Lemma 11.2.21Letω % R,
ñ % � TICω v U ~ W u , Lñ 11 v s0 u % � µ v U u for somes0 %

C ºω and v ñ t

¿
J1
ñ t u 11 ÿ εI (onL2 v » 0 x t u ;U u ) for all t Û 0. Then

ñ
11 % � TICω v U u ,¯ ñ ã 1

11 ¯ TIC û ε ã 1f 2 and ¯ ñ 21
ñ ã 1

11 ¯ TIC û 1.

Proof: By Lemma2.2.4(a)wehave

εI û v Lñ ¿ J1 Lñ u 11 Ý Lñ ¿11 Lñ 11 ê Lñ ¿21 Lñ 21 (11.81)

onC ºω , hence
ñ

11 % � TICω, by Proposition 2.2.5(5).But

εI û v ñ t

¿
J1
ñ t u 11 Ý ñ t

¿
11
ñ t

11 ê ñ t

¿
21
ñ t

21 (11.82)
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impliesthat

ε
ñ t ã ¿

11
ñ t ã 1

11 ¹ ñ t ã ¿
11
ñ t

¿
21
ñ t

21
ñ t ã 1

11 û I y (11.83)

By Lemma2.1.14,it follows that
ñ ã 1

11 x ñ 21
ñ ã 1

11 % TIC, ¯ ñ ã 1
11 ¯ û ε ã 1f 2, and¯ ñ 21

ñ ã 1
11 ¯�û 1 �

Theproofsof Theorem11.2.7andProposition11.2.8werebasedon the fact
that under their assumptions, we are able to reducethe problemto the (SOS-
)stablecase:

Lemma 11.2.22(Σ � Σ #Σ � Σ #Σ � Σ # ) Assumethat ß �Ï �Ð á Ý ³ �Ò 1 �Ó 11 �Ó 12
0 0 0 ´ is an admissi-

ble statefeedback pair for Σ with closed-loopsystemΣ # , andthat

¾À¿¿ Ý ¾ exp (or

that

¾X¿¿ Ý ¾ out and ß1�Ï �Ð á is q.r.c.-SOS-stabilizing).

(a) (DropStandingHypothesis11.2.1for part (a).)

Then Ü ¿# 11Ü # 11
�

0 iff Hypothesis11.2.1holds. A sufficient condition for
this is that Ü ¿# Jγ Ü # hasa spectral factorization.

(b) Wehave, γ Û γ0 iff

γ Û sup
w Ç L2 È R É ;W Êh�sn 0 o inf

u Ç L2 È R É ;U Ê ¯iÜ # » uw ½ ¯ 2 eÆ¯ w ¯ 2 y (11.84)

(c) There is a suboptimalH∞-FI-pair for Σ iff there is a suboptimalH∞-FI-pair

for ß � V � V� V � V á (thesameholdsfor WRsuboptimal H∞-SF-operators if �Ð is SR

and �F Ý 0).

Recallfrom Theorem8.4.5(g2)thatif ß �Ï �Ð á is [[exponentially] strongly]

q.r.c.-stabilizing, then

¾
out Ý ¾ sta» Ý ¾ str » Ý ¾ exp ½ ½ .

Proof: (a) 1� Theequivalence, case

¾Á¿¿ Ý ¾ exp (resp.

¾Á¿¿ Ý ¾ out): From

(11.10) (and (6.133)),we easily observe that ß��Ï 1 Ð 11 á is an admissible

state feedbackpair for Σ11 : Ý ßM� � 1� � 1 á , with closed loop systemΣ # 11 : Ýß � V � V 1� V � V 1 á , which is exponentially (resp.SOS-)stable,becausesois Σ # .
By Lemma11.2.2,Hypothesis11.2.1is satisfiedif f Σ11 is I -coercive. By

Theorem8.4.5(d)(resp.and(g1)), Σ11 is I -coercive if f Σ # 11 is I -coercive, i.e.,
if f Ü # 11

�
0 (by Lemma8.4.11(b1)).

2� Thelatterclaim followsfrom Lemma11.3.12.
(b)&(c) I Case

¾ ¿¿ Ý ¾ exp:

I y 1� “ γ0 Ý γ # Ë 0”: Set �ò : Ý v I ê �Ð u ã 1 Ý : ß �ù 11 �ù 12
0 I á % TIC∞ v U ~ W u .

By Theorem8.4.5(e)&(c1),

¾
Σ Vexp v x0 u Ý L2 v R º ;U ~ W u for all x0 % H and

¾
exp v 0u Ý �ò¼» ¾ Σ Vexp v 0u ½ . Thus, if » uVw ½ % L2 v R º ;U ~ W u ¾ Σ Vexp v 0u ), then u : Ýßw�ò 11 �ò 12 á » uVw ½ % ¾ u v 0 x wu and ¯iÜÁ» uw ½ ¯6Ý�¯iÜ�#Æ» uVw ½ ¯ .
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Therefore, f v wu : Ý minu Ç%Î u
È 0 ËwÊ � v 0 x u x wu û min

uV Ç%Î Σ Vu
È 0 ËwÊ � # v 0 x u x wu Ý :

f # v wu . Sincew wasarbitrary, f � 0 if f # � 0. Exchangethe rolesof Σ and
Σ # to obtaintheconverse.

I y 2� Suboptimal H∞-FI-pairs: If ³ Ï K Ð K ´ is a suboptimal H∞-FI-pair
for Σ # (i.e., it is exponentiallystabilizing and its secondrow equalszero,by
Remark11.2.5),thenalso(6.193)is exponentially stabilizing andhasa zero
secondrow. Since Ü6Õ is thesamefor thesetwo pairs,(6.193)is a suboptimal
H∞-FI-pair for Σ. Exchangetherolesof Σ andΣ # to obtaintheconverse.

I y 3� Suboptimal H∞-SF-operators: Theproof of 2 � appliesexceptthatwe

have to useProposition6.6.18(f) (which shows that any WR ß È K �OÊ 1
0 á for Σ #

correspondsto theWR statefeedbackoperator ³ K1
0 ´ : Ý ß �K1

0 á ¹ ß È K �RÊ 10 á for Σ).

II Case

¾ ¿¿ Ý ¾ out: The proofsis analogousto that above. In particular,
I y 1� appliessinceagain

¾
out v 0u Ý �ò¼» ¾ Σ Vout v 0u ½ Ý L2 v R º ;U ~ W u (seeTheorem

8.4.5(g1)andits proof).
I I y 1� Suboptimal H∞-FI-pairs — Σ # � Σ: Assume thenthat ³lÏ K Ð K ´ is

a suboptimal H∞-FI-pair for Σ # . Define ³lÏ · Ð · ´ andΣ · ë by (6.193). Let
x0 % H andw % L2 v R º ;W u .

By Theorem8.4.5(g1)&(e), ò K Ï K x0 ¹�ò K » 0w ½ % ¾ Σ Vout v x0 u Ý L2, henceÏF# x0 ¹ �ò » uVw ½ % ¾ out v x0 u , where ò K : Ý I ê Ð K and �ò : Ý I ê �Ð . But Ï�# x0 ¹�ò » uVw ½ Ý Ï · ë x0 ¹Xò · » 0w ½ ; becausex0 andw werearbitrary, ³lÏ · Ð · ´ is aH∞-
FI-pair for Σ. Sincey is thesamefor bothpairs,by Theorem8.4.5(g1)&(c1),
thepair ³lÏ · Ð · ´ is suboptimal for Σ # .

I I y 2� Suboptimal H∞-FI-pair — Σ � Σ # : For the converse,assumethat³ Ï Ð ´ isasuboptimal H∞-FI-pairfor Σ with closed-loopsystemΣ ë . Define³lÏ K Ð K ´ by (6.180)andset ò K : Ý v I ê Ð K u ã 1, ò : Ý v I ê Ð u ã 1. By (6.183),
wehave for any x0 % H andw % L2 v R º ;W u that�

u# ë
w 
 : Ý ³ ò K Ï K ò K ´ ß x0

0
w á Ý ß{�ñ Ï ë:ê �Ï �ñ ò á ß x0

0
w á Ý ê �Ï x0 ¹ �ñ » uàw ½ x

(11.85)

where » uàw ½ : Ý Ï ë x0 ¹�ò » 0w ½ % ¾ out v x0 u , so that » uV àw ½ % ¾ Σ Vout v x0 u Ý L2, by
Theorem8.4.5(g1)&(c1). As in I I y 1 � , we seethat ³lÏ K Ð K ´ is suboptimal
for Σ # .

I I y 3� Suboptimal

¾
out-SFpairs: Thisgoesasin I y 3 � . �

Notes
The “short-hand-notation” or “extendedFICP” formulation of Definition

11.2.3andLemma11.2.4wasgiven in [S98d] for thestablecase.Theprinciple
to reducethe

¾
exp problemto the stablecase(Lemma11.2.22)is old. Lemma

11.2.18andits proofarecloseto [S98d,Theorem7.2].
Condition(FI9) wasusedby MichaelGreen[Green]to solvea problemclose

to theFICP; theresultsof [Green]wereextendedto MTICL1

exp v Cn x Cm u I/O maps
in [CG97]. Hidenori Kimura and othershave producedanalogousresultsfor
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(possiblynonlinear)finite-dimensional systemsby usingtheconjugation method
[KK]. Seealsothenotesonpp.628and669.

Naturally, if we strengthen(FI1) by requiringthatthe“minimax” controlcan
be given in [regular] statefeedbackform, then(FI1) becomesequivalentto the
IARE [andCARE] having a

¾ ¿¿
-stabilizingsolution (seeProposition11.2.19and

Theorem9.9.1).
Thereductionthestablecaseandthecoverageof severalequivalentconditions

hasmadetheproofs“unnecessarilycomplex”. Themainresultscanbeobtained
muchmoredirectly, asexplainedbelow.

The sufficiency of (FI5) (for (FI2)) is shown in Lemma 11.2.13(and in
Lemma11.2.14;seeProposition11.2.9for final details). This proof is direct
andconstructive: we openthedisturbancefeedbackfrom theclosed-loopsystem
correspondingto the CARE, and it appearsthat the resultingpair is a H∞-FI-
pair (i.e., it stabilizes the systemin the desiredway (dependingon

¾ ¿¿
)) and

suboptimal.
The necessityof (FI5) is shown in Proposition11.2.19(a2)&(d1)(assuming

that v Σ x J u % coerciveCARE; note that this is always the casein discretetime
for

¾
exp; this is the casein continuous time too if we make the assumptionsof

Theorem11.2.7or Proposition11.2.8(a2),sothatany uniqueJγ-critical controlis
necessarilyof SRstatefeedbackform).

Also thisnecessityproof is directandconstructive: wefirst show thatif γ Û γ0,
then Ü is Jγ-coerciveover

¾ ¿¿
, sothattheCARE hasa

¾X¿¿
-stabilizingsolution 	 ;

wealsoshow thatthecorrespondingclosed-loopinput is theminimax input,from
whichwededucethat 	 ÿ 0. Thenweassumetheexistenceof acausalsuboptimal
controllaw w °± u (e.g.,of asuboptimalH∞-FI-pair)andusetheminimaxproperty
to show thatthis impliesthesignatureconditionS11

�
0 andS22 ê S21S

ã 1
11 S12 � 0

of (FI5).
However, in the proofs of our main results(see the proof of Proposition

11.2.8),wehave reducedoursolution to thestablecasefor two reasons:
1. this way we wereableto extendtheequivalenceto (FI1), i.e.,we wereableto
show that if thereareany suboptimal controlsfor eachx0 andw, thenthereis a
(causal!)suboptimalstatefeedbackcontroller(H∞-FI-pair) (cf. alsotheremarkin
theproofof Proposition11.2.19(b2));
2. this allowedus to usethe techniquesof [S98d] to provide the formula for all
solutions;this formulawill beneededfor theH∞ 4BP.

The results1. and 2. were established in [S98d] for stableWPLSs over
separableHilbert spaces(for

¾Á¿¿ Ý ¾ out), andweuseessentiallythesamemethods
exceptfor the treatmentof theunseparablecase;seethenext sectionfor details.
Theorem11.1.5illustratesa casewhereit wasnot possibleto usethis reduction
to thestablecase;thisexplains themissing “(i)” (or “(FI1)”).

The resultsof this sectionandSection11.3alsocontain[partial] sufficiency
resultsunderfurtheralternativeconditions,someof which areneededfor theH∞

4BP.
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11.3 The H∞ FICP: stablecase

All theworld’s a stage, Andall themenandwomenmerely players.
They havetheir exits and their entrances,And onemanin his time
playsmanyparts,His actsbeingsevenages.

— William Shakespeare(1564–1616),"As YouLike It"

In this section,we shall solve the H∞ FICP in the stablecase,parameterize
all solutions, andpresentsomeadditionalresults. The stablecaseis interested
in its own right, but it is alsouseful for the H∞ 4BP and for the proofsof the
resultsin previoussections,althoughwewereableto provepartof them(e.g.,the
equivalenceof (FI2)–(FI5))directly in theunstablecase.

In addition to StandingHypotheses11.0.1and11.1.1,we shall assumethe
following:

Standing Hypothesis11.3.1(Stablecase) Throughout this section,we assume
that γ Û 0, Σ % SOS,

¾X¿¿ Ý ¾ out and Ü ¿11 Ü 11
�

0.

(It follows thatϑ Ý 0 andZs is reflexive,by Definition8.3.2.)
Recall from Lemma8.3.3,that if Σ is [[exponentially] strongly] stable,then» » ¾ exp Ý ½ ¾ str Ý ½ ¾ sta Ý ¾ out.
Since Ü is stable,the norm ¯RIt¯ Î out is equivalent to ¯RIt¯ 2. Consequently,

StandingHypothesis11.3.1is equivalentto Hypothesis11.2.1with theadditional
conditionsΣ % SOSand

¾X¿¿ Ý ¾ out. In particular, Hypothesis11.2.1holds.

Lemma 11.3.2 An admissible statefeedback pair ³lÏ Ð ´ Ý ³MÒ 1 Ó 11 Ó 12
0 0 0 ´ is a

H∞-FI-pair iff ÏAÕ and Ð�Õ12 arestable.

However, in thetheoremandproposition below, we shallmake suchassump-
tionsthattheexistenceof aH∞-FI-pair impliestheexistenceof stableH∞-FI-pair.

Proof: This follows from Definition 11.1.2, becausenow

¾
out v x0 u Ý

L2 v R º ;U ~ W u for all x0 % H (notethat Ð�Õ Ý¼» ¿6¿0 I ½ ). �
Now westatethemainresultof thissection,thestablecounterpartof Theorem

11.2.7:

Theorem11.3.3( �" �" �" : StableFICP) Assumethat ÜZ% �" . Thenthe following are
equivalent:

(FI1s) γ Û γ0; i.e., infu Ç%Î u
È 0 Ë H Ê � v 0 x u x I u^� 0;

(FI11
2s) ¯iÜ 11 \.¹ Ü 12 ¯ ² γ for some\G% TIC v Wx U u ;

(FI2s) γ Û γFI; i.e., there is a suboptimal H∞-FI-pair for Σ;

(FI3s) Ü ¿ Jγ ÜüÝ ñ ¿ J1
ñ

where
ñ x ñ 11 % � TIC;

(FI4s) theIAREhasa stable, P-SOS-stabilizingsolution v 	 x Sx ³6Ï Ð ´ u , and	 ÿ 0, and �S: Ý v Lñ ¿ SLñ uwv s0 u safisfies �S11
�

0 and �S22 ê �S21 �Sã 1
11 �S12 � 0 for

some(equivalently, all) s0 % C º .
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(FI5s) the CAREhas a UR stable, P-SOS-stabilizing solution v 	 x Sx K u , and	 ÿ 0, S11
�

0 andS22 ê S21S
ã 1
11 S12 � 0.

Moreover, (a)–(f) of Proposition 11.3.4apply, and any solutions (
ñ

or Ð ) of
(FI3)–(FI5) belongto �" .

In particular, thenthereis a suboptimalH∞-FI-pair (resp.H∞-SF-operator) iff
theCAREhasa (necessarilyunique)stable, P-SOS-stabilizingsolution v 	 x Sx K u ,
andS11

�
0 andS22 ê S21S

ã 1
11 S12 � 0 (resp.S11

�
0 andS22 � 0).

If this is thecase, then(11.39)generates(resp.K1 Ý (11.40)is) a ULR stable,
r.c.-SOS-stabilizingsuboptimal H∞-FI-pair (resp.H∞-SF-operator).

Note from (d1) that “stable,P-SOS-stabilizing”means“exponentially stabi-
lizing” whenΣ is exponentially stable.Naturally,

ñ
: Ý I ê Ð in (FI4s).

Condition (FI11
2s) can be consideredas the “frequency-domain stableH∞

FICP”. Without the requirement\q% TIC, (FI11
2s) would alwaysbe equivalent

to (FI1s),by Lemma11.3.10.
Weconcludefrom thetheoremthat ÜG% �" impliesthatγ0 Ý γFI.

Proof of Theorem 11.3.3: Assumethat someof (FI1s)–(FI5s)holds.
As obvious from the proof of Proposition 11.3.4, this implies that (FI1s)
holds,henceÜ is Jγ-coercive, by Lemma11.3.10,henceÜ ¿ Jγ Ü hasa spectral
factorization

ñ ¿S SS ñ S with
ñ S % �" (becauseÜ*% �" ). Thus,theassumptionsof

thepropositionaresatisfied.
Since

ñ S % �" � ULR, the assumptions of (a) are satisfiedand thus we
obtaintheotherclaims(with Ð Ý I ê E

ñ S % �" for someE % � µ v U ~ W u ); in
particular, K and Ð arenecessarilyULR. �
Since(FI1s) doesnot imply any of (FI3s)–(FI5s)for generalstronglystable

WPLSs,by Example11.3.7(a),we madethe �" assumption above, andwe shall
makeaweakerspectralfactorizationassumption in thefollowing stablevariantof
Proposition11.2.8(thisassumption is necessaryfor (FI3s)–(FI5s)):

Proposition11.3.4(StableFICP) Assumethat Üq% TIC and Ü ¿ Jγ Ü Ý ñ ¿S SS ñ S
for some

ñ S % � TIC v U ~ W u andSS % � µ v U ~ W u .
Then(FI1s)–(FI4s)are equivalentand impliedby (FI5s). Alsothe following

hold:

(a) Assumethat Ü is WRand
ñ S is UR.Then(FI1s)–(FI5s)areequivalent,and

theCAREhasa uniquestable, P-SOS-stabilizing solution v 	 x Sx K u .
There is a suboptimal H∞-FI-pair (resp.H∞-SF-operator) iff S11

�
0 and

S22 ê S21S
ã 1
11 S12 � 0 (resp.S11

�
0 andS22 � 0); if this is the case, then

(11.39) generate (resp.K1 Ý (11.40) is) a UR stable, r.c.-SOS-stabilizing
suboptimal H∞-FI-pair (resp.H∞-SF-operator).

(b1) The condition on �S in (FI4s) is independenton the choice of S and³lÏ Ð ´ (and s0 % C º ), and 	 is unique. Condition
ñ K

11 % �
TIC v U u

in (FI3) is independenton
ñ K

(by (c1)).

(b2)A stable, P-SOS-stabilizingsolutionof theCAREis unique.
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(b3)A solution of (FI3s) or (FI4s) is unique moduloan invertibleconstant.

(c1) If (FI1s)holds, Ü ¿ Jγ Ü�Ý ñ ¿ J1
ñ

and
ñ % � TIC, then

ñ
11 % � TIC v U u and¯ ñ 21

ñ ã 1
11 ¯ TIC ² 1.

(c2)Anysolutionof (FI5s) is uniqueanda solutionof (FI4s).

(c3) If
ñ

and Ð are asin (FI3s) and(FI4s), respectively, then
ñ

: Ý E v I ê Ð u Ý
E · ñ S for someE x E · % � µ v U ~ W u .

(d1) Assumethat Σ is exponentiallystable. Then“stable, P-SOS-stabilizing”
hasthe following equivalentforms: “exponentiallystabilizing” and“I/O-,
input-,output-or internallystabilizing”.

(d2) Assumethat Σ is strongly stable. Then“stable, P-SOS-stabilizing” has
the following equivalentforms: “stable, strongly stabilizing”, “internally
stabilizing (i.e.,

ä
-stabilizing)”.

(e) Any UR solution of (FI3s) can be redefineds.t. X Ý ß X11 X12
0 X22 á x X11 x X22 %� µ

.

(f) Even without the above spectral factorization assumption (on
ñ S

and SS ), we have(FI5s)� (FI4s)� (FI3s)� (FI2s)� (FI11
2s)� (FI1s), and

(FIns)� (FIn) for n Ý 1 x 2 x 3 x 4 x 5.

(g) If (FI1s) holds, then
ä ë ,

æ ë , Ï ë and 	 aregivenby (8.43)–(8.46).

By Example11.2.16,condition
ñ

11 % � TIC v U u is not redundantin general;
i.e., Ü ¿ Jγ ÜüÝ ñ ¿ J1

ñ
and

ñ % � TIC v U ~ W u donot imply any of (FI1s)–(FI5s)).
Recallfrom Lemma5.2.1(d)that thespectralfactorizationassumption could

be formulated by “ Ü ¿ Jγ Ü Ýi� ¿ ñ S for some � x ñ S % �
TIC v U ~ W u ” (since

necessarily�HÝ S
ñ S for someS Ý S

¿ % � µ v U ~ W u ). By Proposition 11.2.8(d),
underthis assumption alsoconditions(FI1)–(FI4),(FI6) and(FI7) areequivalent
to any of (FI1s)–(FI4s)(naturally, this refersto the

¾
out formsof (FI1)–(FI7)(not

to

¾
exp formsunlessΣ is exponentially stable)).

Even if the above spectralfactorizationassumption (on
ñ S andSS ) doesnot

hold, we have (FIns)� (FIn) for n Ý 1 x 2 x 3 x 4 x 5, asoneobservesfrom Corollary
9.9.11(andLemma11.3.9(b)).

Proof of Proposition 11.3.4: 1� (FI3s)� (FI2s)&(FI4s): By Corollary
9.9.11,the pair (9.140)definesa stableandP-r.c.-SOS-stabilizingsolution of
the IARE. By Lemma11.2.18,	 ÿ 0 and ³ Ï Ð ´ is a suboptimal H∞-FI-
pair, hence(FI2s)holds;from Proposition11.2.19(c)weobtain(FI4s).

2� (FI2s)� (FI11
2s): By (11.8)–(11.9)wecantake \ : Ý ÐUÕ12.

3� (FI11
2s)� (FI1s): This follows from Lemma11.3.10.

4� (FI1s)� (FI3s): By Lemma11.3.10,(FI1s) holdsif f Ü is minimax Jγ-
coercive. By Lemma11.4.3(a)&(c),the latter is equivalent to (FI3s) (andany
J1-spectralfactor

ñ
of Ü ¿ Jγ Ü satisfies

ñ
11 % � TIC v U u and ¯ ñ 21

ñ ã 1
11 ¯ TI ² 1).

5� (FI4s)� (FI2s): This is containedin Lemma11.3.9.
6� (FI5s)� (FI4s): This is givenin theproofof Lemma11.3.8.
(a) 1� Uniqueness: A solution of (FI5s) (if any) is

¾:¿¿
-stabilizing (by

Proposition9.8.11(iii)&(ii)), henceunique.
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2� The CARE: By Corollary 9.9.11 (and Theorem9.9.10(a1)–(b)),the
spectralfactorizationÜ ¿ Jγ ÜÃÝ ñ ¿S SS ñ S definesa UR Jγ-critical stable,r.c.-P-
SOS-stabilizingand

¾X¿¿
-stabilizingsolution v 	 x SS x ³lÏ S Ð S ´ u of theIARE.

All stable,P-SOS-stabilizingsolutionsof the IARE aregiven by (9.114).
Oneof them,say v 	 x Sx K u , is a solution of theCARE, sinceI ê FS % � µ , by
Proposition6.3.1(b1)(notethat Ð S Ý I ê ñ S , Ð Ý I ê E

ñ S and Ï Ý E Ï S for
someE % � µ , henceK inheritstheuniformregularityof

ñ S ).
3� (FI2s)� (FI5s): This followsfrom Proposition11.2.19(d1).
4� “if f S11

�
0
�

S22: “Only if ” followsfrom Proposition 11.2.19(d2);“if ”
follows from Lemma11.3.8.

(b1)This followsfrom (b3).
(b2)This is Theorem9.8.12(d)&(s3) (with Proposition 9.8.11).
(b3) For (FI4s), this follows from Theorem9.8.12(d)&(s1)(with Proposi-

tion 9.8.11)(i.e.,all triplesaregiven by (9.114)).
If
ñ ¿

J1
ñ Ý �ñ ¿ J1 �ñ and

ñ x �ñ % � TIC, then �ñ Ý E
ñ

for someE % � µ s.t.
E

¿
J1E Ý J1 (sonotall invertibleE’s will do).
(c1) This follows from Lemma 11.4.3(b) (note also that

ñ
21
ñ ã 1

11 Ýê�ò ã 1
22 ò 21).
(c2)(Here ³ Ï Ð ´ refersto thepairgeneratedby K.) Uniquenessfollows

from Theorem9.8.12(e)&(s1),therestfollows from (11.59).
(c3) Theclaim on

ñ S follows from Lemma6.4.5(a). If ³lÏ Ð ´ is asin

(FI4s),then �ñ : Ý E v I ê Ð u % � TIC satisfies�ñ ¿ J1 �ñ Ý Ü ¿ Jγ Ü for someE % � µ ,
by Lemma 11.3.13(i)&(iii), hence �ñ satisfies(FI3s), by (c1). Therefore,
E : Ý ñ v I ê Ð u ã 1 % � µ , by (b3). (Remark: the pair ³lÏ Ð ´ is necessarily
stableandr.c.-SOS-stabilizing.)

(d1)&(d2) Thesefollow from Proposition9.8.11(d2)&(d3) (and (a)2� ).
(Note that “

¾
out-stabilizing”, “

¾
sta-stabilizing” and“stableandstrongly r.c.-

stabilizing” arealsoequivalentformsin (d1)and(d2); sois also“exponentially
stableandexponentially r.c.-stabilizing” in (d1).)

(e) SetS : Ý X

¿
J1X. By Proposition6.3.1(b1),we have X x X11 % � µ

. It
follows from (c1)andLemma11.3.13(vi)&(iii’) thatS Ý �X ¿ J1 �X, where �X is as
in (e). Replace

ñ
by �XX ã 1 ñ to completetheproof.

(f) In the above proofsof implications (FI5s)� (FI4s)� (FI3s)� (FI2s)�
(FI11

2s)� (FI1s)wedid notusethespectralfactorizationassumption.
The claim “(FIns)� (FIn)” is trivial for n Ý 1 x 2 x 3; for n Ý 4 x 5 we obtain

this from Corollary9.9.11(andLemma11.3.9(b)).(Herewe referredto

¾
out

forms of (FI1)–(FI5); they areequivalentto

¾
exp forms if Σ is exponentially

stable).
(g) By Lemma11.3.10,(FI1s)impliesthat Ü is minimaxJγ-coercive,hence

Jγ-coercive,i.e.,theToeplitzoperatorπ º
Ü ¿ Jγ Ü π º is invertible. By (a)1� , apair³ Ï Ð ´ correspondingto (FI4s) or (FI5s) is Jγ-critical. Thus,Proposition
8.3.10appliesto Σ ë and 	 . �
We have shown above that the spectral factorizationcondition (FI3s) is

sufficient (andnecessarywhen ÜZ% �" ) for theexistenceof a suboptimal control
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Figure11.2:Dynamicfeedforwardcompensator
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Figure11.3:Parameterizationof all suboptimal compensators

law, and that such a law can be realizedas a statefeedbackcontroller. For
the solution of the H∞ four-block problem(seeChapter12), we shall needthe
following standardparametrizationof all suboptimal TIC controllers:

Corollary 11.3.5(All suboptimal controllers) If Ü ¿ Jγ ÜHÝ ñ ¿ J1
ñ

for some
ñ %

TIC v U ~ W u s.t.
ñ

11 % � TIC v U u , thenall solutions \G% TIC v W x U u for ¯iÜ 11 \.¹Ü 12 ¯ TIC ² γ aregivenbyTheorem11.3.6below.

Theproblem“ ¯iÜ 11 \�¹ Ü 12 ¯ ² γ” is illustratedin Figure11.2andits solution
in Figure11.3 (recall that y Ý » zw ½ ). Indeed,from Figure11.3 we observe thatß �_ I á wë'Ý ñ » uw ½ , i.e., ß _ 1_ 2 á wë'Ý�» uw ½ , henceu Ýb\ w (when \ 2 is invertible, and

this is thecasethen ¯ �\ ¯Aû 1). Thus,eachsuboptimal controller canbe realized
asastatefeedbackplusa subunitary dynamicparameter.

Proof of Corollary 11.3.5: (Recallourhypothesisthat Ü ¿11 Ü 11
�

0, henceÜ ¿1Jγ Ü 1
�

0, asrequiredin Theorem11.3.6.)
Indeed,wehavev Ü ³ _ I ´ u ¿ Jγ v Ü ³ _ I ´ u Ý v Ü 11 \.¹ôÜ 12 u ¿ v Ü 11 \.¹ Ü 12 u ê γ2I � 0 (11.86)

if f ¯iÜ 11 \.¹ Ü 12 ¯�² γ, by LemmaA.3.1(d). �
The formulae in the actual proof becomesimpler for the more general

extendedFICPbelow:

Theorem11.3.6(All suboptimal controllers) Assumethat J Ý J

¿ % µ v Y u , and
that Ü : Ý ³ Ü 1 Ü 2 ´ % TIC v U ~ Wx Y u has a (spectral) factorization Ü ¿ J Ü Ýñ ¿

J1
ñ

s.t.
ñ x ñ 11 % � TIC, and Ü ¿1J Ü 1

�
0. Setò : Ý ñ ã 1.
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Thenall solutions \q% TIC v W x U u to v ÜH³a_ I ´ u ¿ J Üô³a_ I ´ � 0 (equivalently, tov w °±i� v 0 x \ w x wuJuk� 0) aregivenby\ : ÝU\ 1 \ ã 1
2 x � \ 1\ 2 
 Ýôò � �\

I 
 x v �\G% TIC v Wx U u x ¯ �\�¯ TIC ² 1u (11.87)

(by ¯ �\�¯ TIC û 1 weget all solutionsto v Ü ³ _ I ´ u ¿ J Ü ³ _ I ´ û 0).
Two alternative formulationsof (11.87)aregivenby (all thesethreeformulae

producethesame\ for anygiven �\G% TIC v Wx U u s.t. ¯ �\�¯�² 1 (or ¯ �\�¯�û 1)):

(2.) \üÝ;� ã 1
2 � 1, ³ � 2 ê�� 1 ´ Ý ß I ê �\ á ñ .

(3.) \üÝ-�R� v�� x �\ u , where� : Ý �
I 0ñ
21

ñ
22 
 � ñ 11

ñ
12

0 I 
 ã 1 Ý � ò 11 ò 12

0 I 
 � I 0ò 21 ò 22 
 ã 1 y
(11.88)

Moreover, wehavethefollowing:\üÝ v ò 11 �\�¹Xò 12 uwv ò 21 �\�¹Xò 22 u ã 1 Ý v ñ 11 ê �\ ñ 21 u ã 1 v ê ñ 12 ¹ �\ ñ 22 u x
(11.89)�\üÝ v ò 11 ê�\�ò 21 u ã 1 v ê�ò 12 ¹|\�ò 22 u Ý v ñ 11 \.¹ ñ 12 uwv ñ 21 \.¹ ñ 22 u ã 1 x
(11.90)�\ ã 1

2 : Ý v ñ 21 \.¹ ñ 22 u ã 1 Ý;\ 2 Ýôò 21 �\�¹Xò 22 % � TIC x (11.91)� ã 1
2 : Ý v ñ 11 ê �\ ñ 21 u ã 1 Ý ò 11 ê�\�ò 21 % � TIC x (11.92)\üÝ0³ I 0́

� ñ
11

ñ
12

0 I 
 ã 1 � �\�\ ã 1
2

I 
 y (11.93)

If Ü�% �" , then
ñ % �" , hencethen \;% �" � �\�% �" (thisalsoholdswith TICexp

in placeof �" ).

As shown in [S98d], much(but not all) of Proposition 11.3.4alsoholdsfor
theabovemoregeneral“extended”H∞ FICP(“eFICP”) in thestablecase.

We shallmeettheabove moregeneral“extended”H∞ FICP(“eFICP”) again
in connectionwith the H∞ four-block problem(this correspondsto the (dualof)
(Factor2Z)partof Theorem12.3.7).However, we shall thenreducethatproblem
to a FICP (seeLemma12.4.8). It seemsthat this is theeasiestway to show that
the hypothesesof eFICP theoryaresatisfied,hencewe have no usefor a direct
eFICPtheoryandwill not treatit further.

Proof of Theorem 11.3.6: (Thetheoremandthis proof holdevenwithout
StandingHypotheses11.1.1and11.2.1.)

We prove theparametrizationof all controllersandobtaintheotherformu-
laeon theway.

1� Sufficiency:Let �\ x \ 1 x \ 2 x \ beasin thestatementof thetheorem.Thev 2 x 1u -block of equationò ñ Ý I impliesthat ò 21
ñ

11 ¹Àò 22
ñ

21 Ý 0, i.e., thatò ã 1
22 ò 21 Ý ê ñ 21

ñ ã 1
11 (wehave ò 22 % � TIC, by LemmaA.1.1(c1)).
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But ¯ ñ 21
ñ ã 1

11 ¯ü² 1, by Lemma 11.4.3(c), hence ¯ ò ã 1
22 ò 21 �\�¯üû¯ ò ã 1

22 ò 21 ¯�² 1, henceò ã 1
22 ò 21 �\'¹ I % � TIC v W u , equivalently,

�
TIC v W u /ò 21 �\�¹Xò 22 Ý : \ 2.

From ³ 0 I ´ ñ ß _ 1_ 2 á Ý ³ 0 I ´ ñ ò ß��_ I á weobtainthatI Ý ñ 21 \ 1 ¹ ñ 22 \ 2 Ýv ñ 21 \.¹ ñ 22 u \ 2, hence(11.91)holds.

Now Ü 1 \.¹ Ü 2 Ý�Üô³a_ I ´ ÝüÜüß _ 1_ 2 á \ ã 1
2 ÝüÜ ò ß �_ I á \ ã 1

2 , hencev Ü 1 \.¹ Ü 2 u ¿ J v Ü 1 \.¹ Ü 2 u ÝU\ ã ¿2

� �\
I 
 ¿ J1

� �\
I 
 \ ã 1

2 ÝU\ ã ¿2 » �\ ¿ �\ ê I ½ \ ã 1
2

is � 0 [ û 0] if f ¯ �\�¯�² 1 [ û 1] (seeLemmaA.3.1(b)&(d)).
2� Restof theformulae:Assume(11.87).
(3.) Theformula \ôÝ�� � v�� x �\ u cannow beverifiedby adirectcomputation

usingtheformula ò ñ Ý ³ I 0
0 I ´ . Wenotefrom LemmaA.3.1(d1)that� Ý � ñ ã 1

11 ê ñ ã 1
11
ñ

12ñ
21
ñ ã 1

11
ñ

22 ê ñ 21
ñ ã 1

11
ñ

12 
 Ý � ò 11 ê.ò 12 ò ã 1
22 ò 21 ò 12 ò ã 1

22ê�ò ã 1
22 ò 21 ò ã 1

22 
 ;

(11.94)
in particular, � 11 x � 22 % � TIC.

(2.) From ß I ê �\ á ñ ò ß �_ I á Ý 0 we get that v ñ 11 ê �\ ñ 21 u ã 1 v ñ 12 ê�\ ñ 22 u ÝÔê v ò 11 �\ ¹Ãò 12 uwv ò 21 �\ ¹Ãò 22 u ã 1 (clearly
ñ

11 ê �\ ñ 21 Ý v I ê�\ ñ 21
ñ ã 1

11 u ñ 11 % � TIC), which is equalto ê?\ . Formulation(11.89)follows
from thisand(11.87),andfrom (11.89)weget(2.). But (2.) impliesthat� 2 ³ I ê?\ ´ òÑÝ¼»�� 2 ã � 1 ½ òøÝ ³ I ê?\ ´ x (11.95)

hence� 2 v ò 11 ê�\�ò 21 u Ý I , sothat(11.92)holds.Theformula(11.90)canbe
obtainedin asimilar way.

By applying ò Ýø³ ö 11 ö 12
0 I ´ ã 1 ³ I 0ù

21
ù

22 ´ (from (A.9)) to \jÝ+\ 1 \ ã 1
2 one

obtains(11.93).
The claim “ \r% �" � �\]% �" ” follows from (11.89),(11.90),andLemma

8.4.10.
3� Necessityassumingthat

ñ
21 \ ¹ ñ 22 % � TIC: Let v Ü 1 \ ¹ Ü 2 u ¿ J v Ü 1 \ ¹Ü 2 u^� 0 [ û 0]. Define ß �_ 1�_ 2 á : Ý ñ ³J_ I ´ , sothat �\ 2 Ý ñ 21 \.¹ ñ 22. Assume that�\ 2 % � TIC.

Then�\ ¿1 �\ 1 ê �\ ¿2 �\ 2 Ý�� �\ 1�\ 2 �
¿
J1 � �\ 1�\ 2 � Ý � \

I 
 ¿ ñ ¿ J1
ñ � \

I 
 (11.96)Ý � \
I 
 ¿ Ü ¿ J Ü � \

I 
 Ý v Ü 1 \.¹ Ü 2 u ¿ J v Ü 1 \.¹ Ü 2 u^� 0 »Rû 0½ x
(11.97)

hencethenormof �\ : Ý �\ 1 �\ ã 1
2 (a r.c.f.) is ² 1 [ û 1].

Moreover, ß _ 1_ 2 á : Ýüò ß=�_ I á Ýüò ß �_ 1�_ 2 á �\ ã 1
2 Ý ³ _ I ´ �\ ã 1

2 , hence\ 1 \ ã 1
2 Ýb\ ,
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so \ is of theform claimedabove.
4� Necessitycompleted:Let ϒ bethesetof all solutions\b% TIC v W x U u for

which v w °±i� v 0 x \ w x wuJu û 0, andϒ0 thoseof \*% ϒ for which
ñ

21 \.¹ ñ 22 %�
TIC (asin 3� ). We shallshow thatϒ0 Ý ϒ; this togetherwith 3 � impliesthe

necessityof (11.87).
Let \+% ϒ bearbitrary. Set \ 0 : Ýôò 12ò ã 1

22 % ϒ0, s : Ý inf » 0 x 1½w� E0, where
E0 : ÝÃÂ t %�» 0 x 1½ ÄÄ \ t : Ý-\ 0 ¹ t v \.ê�\ 0 u % ϒ0

Å . Assumings ² ∞, wewill derive
acontradiction,thusshowing thatE0 Ý÷» 0 x 1½ , hencev \üÝ u \ 1 % ϒ0.

If � v 0 x u x wu û 0 and� v 0 x �u x wu û 0, and f v r u : Ý�� v 0 x u ¹ r v �u ê uu x wu , then
f · · v r u Ý 2

� �u ê u x v Ü ¿1J Ü 1 u �u ê u� ÿ 0 for all r %'» 0 x 1½ , hencef hasnomaximum
on v 0 x 1u , sothat f û 0. This convexity leadsusto concludethat \ t % ϒ for all
t %'» 0 x 1½ .

For each t % E0, define �\ t as in 3� , so that ¯ �\ t ¯Áû 1. We havev ñ 21 \ t ¹ ñ 22 u ã 1 Ý¼ò 21 �\ t ¹�ò 22 % �
TIC v W u for all t % E0, by 1� , hence

for all t ² s. Since ¯ ò 21 �\ t ¹Àò 22 ¯�û÷¯ ò 21 ¯�¹�¯ ò 22 ¯ for all t % E0, we haveñ
21 \ t ¹ ñ 22 % �

TIC v W u for t Ý s too, by LemmaA.3.3(A3). On the other
hand,

�
TIC is open,hences cannotbetheinfimumof E0, QED. �

Minimax J-coercivity doesnot guaranteethat the J-critical (i.e., minimax)
controlwouldbegivenby astatefeedbackcontroller:

Example 11.3.7 (Minimax J-coercive ,� d ³lÏ Ð ´ x d ñ ¿ Sñ,� d ³lÏ Ð ´ x d ñ ¿ Sñ,� d ³ Ï Ð ´ x d ñ ¿ Sñ )

(a) ( ,d ³ Ï Ð ´ , ,d,d ³lÏ Ð ´ , ,d,d ³ Ï Ð ´ , ,d CARE) Let γ Û 0. Thereis a stronglystablesystemΣ Ý³ � �� � ´ % WPLSv C2 ~ C2 x L2 v R º ;C6 u x C4 ~ C2 u s.t. Ü ¿11 Ü 11
�

0, ÜôÝ » ¿6¿0 I ½ ,
γ Û γ0 (i.e., Ü is minimax Jγ-coercive, henceJγ-coercive) but the unique
Jγ-critical (“minimax”) controlfor Σ over

¾
out Ý ¾ sta Ý ¾ str is notof (well-

posed)statefeedbackform; it is ill-posedin bothopen-loopandclosed-loop
forms.

Condition(FI1s)of Theorem11.3.3holdsbut (FI3s)–(FI5s)do not; in fact,Ü ¿ Jγ Ü doesnot have a spectralfactorization.Analogously, condition (FI1)
of Theorem11.2.7holdsbut (FI3)–(FI5) do not (this correspondsto case
¾Á¿¿ Ý ¾ out Ý ¾ sta Ý ¾ str).

(b) (Unstable ³lÏ Ð ´³lÏ Ð ´³lÏ Ð ´ ) Let γ Û 0. There is a strongly stable UHPR
systemΣ Ý ³ � �� � ´ % WPLSv C2 ~ C2 x L2 v R º ;C6 u x C4 ~ C2 u s.t. Ü ¿11 Ü 11

�
0, Ü�Ý�» ¿6¿0 I ½ , γ Û γ0 (i.e., Ü is minimax Jγ-coercive, henceJγ-coercive) but
the uniqueJγ-critical control for Σ over

¾
out Ý ¾ sta Ý ¾ str corresponds

to an unstablestate feedbackpair ³lÏ Ð ´ , whose closed-loopform³lÏ ë Ð ë ´ is alsounstable,since Lñ x Lñ ã 1 areunboundedat � i.

As in (a),conditions(FI1) and(FI1s)holdbut (FI3)–(FI5)and(FI3s)–(FI5s)
do not,sinceÜ ¿ Jγ Ü doesnothavea spectralfactorization.However, in this
casethe CARE andthe IARE have a (uniqueandUHPR)

¾
out-stabilizing

solution 	 ÿ 0 (which is neitherstablenorSOS-stabilizing).

Nevertheless,LÜ and Lñ N 1 areholomorhic at infinity, henceuniformly half-
plane-regular.
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(c) ( d ³ Ï Ð ´ , ,dd ³lÏ Ð ´ , ,dd ³lÏ Ð ´ , ,d CARE, although ÜG% ULRÜG% ULRÜ*% ULR) Let γ Û 0. Thereis a strongly
stableULR systemΣ Ý ³ � �� � ´ % WPLSv C ~ C x L2 v R º ;C2 u x C ~ C u s.t.Ü ¿11 Ü 11

�
0, ÜHÝ ³ � 11 0

0 I ´ , γ Û γFI (hence,Ü is minimax Jγ-coercive, hence
Jγ-coercive).

Moreover, conditions (FI1s)–(FI4s)of Theorem11.3.3holdbut (FI5s)does
not, sincethespectralfactorof Ü ¿ Jγ Ü is not WR; in particular, the CARE
doesnot have a stabilizingsolution. Analogously, conditions (FI1)–(FI4)
of Theorem11.2.7 hold but (FI5) doesnot. (This correspondsto case
¾Á¿¿ Ý ¾ out Ý ¾ sta Ý ¾ str.) 8

(Note that Σ satisfies(Standing)Hypotheses11.1.1,11.2.1and 11.3.1(for
¾

out,

¾
sta and

¾
str).)

Theanomaliesin (a) and(c) cannothappenin discretetime,sincein discrete
timeauniqueJγ-critical controlis alwaysof statefeedbackform andcorresponds
to a DARE, by Theorem 14.1.6 (recall that discrete-timemaps are always
“regular” due to boundedinput and output operators). However, the anomaly
in (b) happensin discretetime too, mutatismutandis (with Lñ x Lñ ã 1 % H2 v D;

µ u �
H∞ v D;

µ u ) unless,e.g., LÜ is exponentially stable.
In the above examples, we have

¾X¿¿ %�Â ¾ out x ¾ stax ¾ str
Å . An expert on the

areaconsidersit almostsurethattheI/O mapof Example 8.4.13canbemodified
so that it is exponentially stable(so thatwe canlet Σ be anexponentially stable
realizationof Ü ); if this is thecase,thentheanomalitiesof (a)and(c) (but notthat
in (b)) alsoexist in case

¾X¿¿ Ý ¾ exp. As mentionedabove with

¾
exp in discrete

time (but theCayley transformof TICexp coversmuchmorethanticexp).
Proof of Example 11.3.7: (a) (We assumehere that γ Ý�� 2 as in

Example8.4.13.For generalγ Û 0, onehasto replaceÜ by ß È γ f m 2 Ê I 0
0 I á Ü andñ

by v γ e � 2u ñ .)

Let �hÜ : ÝôÜ 0 andJγ : Ý �J Ý ß I 0
0 ã γ2I á , whereÜ 0 and �J arethemapsfrom of

Example8.4.13(b),sothat ÜG% TIC v C2 ~ C2 x C4 ~ C2 u is minimaxJγ-coercive

(equivalently, γ Û γ0, by Lemma11.3.10),and L� LÜ hasa
�

H2-factorization(see
Definition9.15.1) v L��Lñ u ¿ J1 v L��Lñ u s.t. Lñ N 1 % H v C º ;

µ v U uMu � H∞ v C ºω ;

µ v U uJu for
all ω % R, asnotedin Example8.4.13.

Let Σ bethestronglystable(shift) realization(13.46)of Ü . Dueto minimax
Jγ-coercivity, thereis a uniqueJγ-critical (i.e., minimax) input for eachx0 % H
over

¾
out. By Lemma8.3.3,

¾
str Ý ¾ sta Ý ¾ out.

If ³lÏ Ð ´ is any Jγ-critical statefeedbackpair for Σ, then I ê Ð Ý E
ñ

for some E % � µ v U u ), by Lemma 9.15.4 (and Lemma 9.15.2); but thenÐ9x Ð ë�,% TIC∞, i.e., the corresponding“controller” is non-well-posedin both
its open-loopandclosed-loopforms!

By Corollary9.9.11,Ü ¿ Jγ Ü doesnothaveaspectralfactorization(although
it is Jγ-coercive), sinceotherwisethe Jγ-critical control could be given state
feedbackform. Wedonotknow whether(FI2s)(equivalently, (FI2)) holds.
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However, by Theorem8.3.9(seealsoSection9.7; Remark9.7.7in partic-
ular), this Jγ-critical control canbe written in WPLS form, i.e., asnon-well-
posedstatefeedback(wheretherearenowell-posedmapsbetweenanexternal
(closed-loop)input “u ë ” andtheinternal(open-loop)control“u”).

(By Theorem11.4.11(i)of [Sbook],onecanapply Cayley transformto Σ
to obtaina strongly stablewpls “ � Σ” (whosesemigroup is a contraction).The
above

�
H2-factorizationdefinestheunique(moduloE) Jγ-critical (well-posed

andadmissible)statefeedbackpair “ �¼³ Ï Ð ´ ” for � Σ, but, asnotedabove,
its continuous-timeequivalentis notwell-posed.)

(b) Theproof of (a) appliesmutatismutandis, just use(c) insteadof (b) of
Example8.4.13.

(c) 1� Theproof: (Weshallassumethatγ Ý 1. For generalγ Û 0, onehasto
replaceÜ by ³ γI 0

0 I ´ Ü and
ñ

by γ
ñ

.)
Let Ü 11 (resp.

ñ
11) betheelementÜ (resp.

ñ
11) of Proposition9.13.1(c1).

Then
ñ

: Ý ³ ö 11 0
0 I ´ satisfies

ñ ¿
J1
ñ ÝüÜ ¿ Jγ Ü and

ñ x ñ 11 % � TIC (in particular,
(FI3s)holds),but ÜG% ULR (sinceÜ 11 % ULR) and

ñ N 1 ,% WR.
Let Σ be the shift realization(6.11). Then(c) is satisfied,by Proposition

11.3.4 (indeed, by Theorem9.9.1(c)&(e2)&(f1), the eIARE has a unique
output-stabilizingsolutionandthis solutionis not WR (becauseÐ Ý I ê ñ is
notWR), henceit is notasolutionof the[e]CARE).

2� Remark: If the readeris not happy with the fact that Ü 12 ,Ý 0 (which
meansthat ³lÏ Ð ´ Ý0³ 0 0 ´ is asuboptimal H∞-FI-pair, sothattheFICP

is trivial), (s)hemaytakefirst somerational(or MTICL1
) LÜ 0 s.t. Ü 0 is minimax

Jγ-coercive, so that
ñ ¿

0J1
ñ

0 Ý�Ü ¿0Jγ Ü 0 for somerational(or MTICL1
) Lñ 0, and

thenuse ß � 11 0
0 � 0 á in placeof Ü , so that

ñ
is replacedby ß ö 11 0

0 ö 0 á (whenJγ is

replacedby ß I 0
0 Jγ á ); here Ü 11 refersto theoriginal Ü 11, so that thedimension

of Z is increasedby one.
This way theFICP becomesnontrivial but (c) is unchangedexceptfor the

dimensionsandthefactthat Ü 12 ,Ý 0. �
Themainpartof this sectionendshere;therestconsistson auxiliary lemmas

thatwereusedabove; someof thelemmasalsohave furtherusein Chapter12.
From a solution of the CARE we obtain a suboptimal pair or operatoras

follows:

Lemma 11.3.8(CARE � � � H∞-FI-pair) Assumethat theCAREhasa UR stable,
P-SOS-stabilizingsolution v 	 x Sx K u s.t. 	 ÿ 0, S11

�
0 andS22 ê S21S

ã 1
11 S12 � 0

(resp.andS22 � 0).
Then(11.39)generate a UR suboptimal H∞-FI-pair (resp.K1 Ý (11.40)is a

UR suboptimal H∞-SF-operator), which is stableandr.c.-SOS-stabilizing.

(By Proposition9.8.11(iii)&(ii), a stable,P-SOS-stabilizingsolution of the
CARE is

¾Á¿¿
-stabilizing,hence	 , SandK areunique.)

Proof: By Proposition9.8.10,the assumptions of Lemma11.3.9(a)(resp.
and(b)) aresatisfiedfor s0 Ý�¹ ∞. �
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Lemma11.3.8canbeextendedto cover theIARE (thuswe neednot assume
any regularity):

Lemma 11.3.9(IARE � � � H∞-FI-pair) Assumethat the IARE has a stable, P-
SOS-stabilizingsolution v 	 x Sx�³ Ï Ð ´ u s.t. 	 ÿ 0. Then

(a) If S22 � 0 and any of (1.)–(4.) of Lemma11.2.14holds(for α Ý 0), then³LÒ 1 Ó 11 Ó 12
0 0 0 ´ is a stableandr.c.-SOS-stabilizing suboptimal H∞-FI-pair, andñ
11 % � TIC v U u .

(b) If �S : Ý v Lñ ¿ SLñ uwv s0 u safisfies�S11
�

0 and �S22 ê �S21 �Sã 1
11 �S12 � 0 for some

(equivalently, all) s0 % C º (s0 Ý�¹ ∞ can be allowed for
ñ % UR), then

(11.48)is a stableandr.c.-SOS-stabilizingsuboptimal H∞-FI-pair.

Here,aselsewhere,
ñ

: Ý I ê Ð .
Proof: (By Theorem9.8.12(s4) andProposition 9.8.11(iii)&(ii), �S (and 	 )

is independentonthechoiceof astable,P-SOS-stabilizingsolution,andsucha
solution is

¾À¿¿
-stabilizingandr.c.-SOS-stabilizing.)

(a)By Lemma11.3.15, ³ Ï Ð ´ : Ý0³MÒ 1 Ó 11 Ó 12
0 0 0 ´ is astableandr.c.-SOS-

stabilizing H∞-FI-pair. By Proposition 9.8.11(iii)&(ii), 	 is

¾
out-stabilizing.

By Lemma11.2.14(a),³ Ï Ð ´ is suboptimal (recallthat òvÝ Ð ë.¹ I % TIC)
and ò ã 1

22 % TIC v W u ; sinceϑ Ý 0 and Ð % TIC, we cantake α Ý 0. By Lemma
A.1.1(c1),it followsthat

ñ
11 % � TIC v U u .

(b) 1� “Somes0 % C º ” suffices:This follows from Lemma11.2.14(b)&(a)
(seetheproofof (a)above).

2� “Equivalently, all s0 % C º ”: This follows from (11.59), since
γ Û γFI ÿ γ0, and 	 is

¾Á¿¿
-stabilizing (andϑ Ý 0). �

Lemma 11.3.10Thefollowingareequivalent:

(i) γ Û γ0.

(ii) Ü is minimaxJγ-coercive.

(iii) ¯iÜ 11 \ ¹ Ü 12 ¯ � È L2 È R É ;W Ê{Ë L2 È R É ;Z Ê�Ê ² γ for some \ %µ v L2 v R º ;W u x L2 v R º ;U uJu .
SeeDefinition 11.4.1 for minimax Jγ-coercivity. The above result allows

us to usethis propertyin the proof of implication (FI1s)� (FI3s) (seeLemma
11.4.3(a)).

Proof: 1� (i) � (ii): Set � : Ý π º
Ü ¿1Jγ Ü 1π º � 0 (on L2 v R º ;U u ; seeStand-
ing Hypothesis11.3.1).By Fréchetdifferentiation(or by completingthesquare
or by applying(8.19)suitably), weseethatumin : ÝHê � ã 1π º
Ü ¿1Jγ Ü 2π º w Ý : \ w
minimizes � v 0 x » Hw ½ u , for any w % L2 v R º ;W u (we have addedredundantπ º ’s
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aboveandbelow to make thecomputationseasier).Combinethiswith Lemma
11.2.4to observe thatγ Û γ0 if f

min
u Ç%Î u

È 0 ËwÊ � v 0 x u x wu Ý � Ü π º ³ _ I ´ wx Jγ Ü π º ³ _ I ´ w� û�ê ε ¯ w ¯ 22 (11.98)

for someε Û 0, i.e., if f

0
� � \

I 
 ¿ π º
Ü ¿ Jγ Ü π º � \
I 
 ÝZIJIJI Ý π º
Ü ¿2Jγ v I ê P1 u Ü 2π º (11.99)

(the equality follows by a straightforward computation(as in Lemma2.6 of
[S98d])), where P1 : Ý π º
Ü 1 � ã 1 Ü ¿1Jγπ º�Ý P2

1 . But (11.99) holds if f Ü is
minimaxJγ-coercive,by (11.106)andDefinition11.4.1.

2� (i) � (iii): For a given \�% µ , condition (iii) holds if f v Ü 11 \Ã¹Ü 12 u ¿ v Ü 11 \�¹üÜ 12 u � 0 (by Lemma A.3.1(d)), i.e., if f (11.98) holds for
this \ . This impliesthat(11.98)holdsfor theminimizing \ ; take theminimiz-
ing \ to obtaintheconverse. �

Lemma 11.3.11((FI3s) � X21 Ý 0� X21 Ý 0� X21 Ý 0) Assumethat (FI3s) is satisfiedby someSRñ
with X % � µ v U ~ W u . Thenwecanchoose

ñ
s.t.X11 x X22 % � µ andX21 Ý 0.

Proof: By Proposition11.3.4(f),(FI4s)hasasolution v 	 x �Sx?ß �Ï �Ð á u and

(FI2s) holds. By Theorem9.8.12(s1),we canhave �F Ý 0. But then �S11
�

0
and �S22 ê �S21 �Sã 1

11 �S12 � 0, by Proposition11.2.19(d1) (it wasremarked in the
proofhow wemayusetheIARE insteadof theCARE).

By Lemma 11.3.13(i)&(iii’), we can make redefine ß��Ï �Ð á s.t.

X11 x X22 % � µ
, X21 Ý 0 and S Ý J1, where X : Ý I ê �F. Set

ñ
: Ý I ê �Ð %�

TIC v U ~ W u . By theproofof Proposition11.3.4(f),wehave
ñ ¿

J1
ñ ÝôÜ ¿ J Ü .

By Proposition11.3.4(c1),
ñ

11 % �
TIC v U u , hencealso this new

ñ
satisfies

(FI3s). �
Lemma 11.3.12(SpF � Ü 11 I� Ü 11 I� Ü 11 I -coercive) (Drop Standing hypothesis 11.2.1for
the moment). If Ü ¿ Jγ Ü hasa spectral factorization, then Ü 11 is I -coercive (as
requiredin Hypotheses11.2.1and11.2.1).

Proof: Let Ü ¿ Jγ Ü Ý ñ ¿ Sñ ,
ñ % �

TIC v U ~ W u , S % � µ v U ~ W u . Set
ε : Ý ¯ ñ ã 1Sã 1 ñ ã ¿ Ü ¿ Jγ ¯ ã 1 Û 0. Then¯ v ¯ 2 Ý ¯ ñ ã 1Sã 1 ñ ã ¿ Ü ¿ Jγ Ü v ¯ 2 û ε ã 1º ¯iÜ v ¯ 2 x (11.100)

i.e., ¯iÜ v ¯ 2 ÿ ε º/¯ v ¯ 2, for all v % L2 v R º ;

µ v U ~ W uJu . Consequently„¯iÜ 11u ¯ 2 Ý ¯iÜÁ» u0 ½ ¯ 2 ÿ ε º/¯ u ¯ 2 for all u % L2 v R º ;

µ v U uJu . �
Wehavealreadyusedthefollowing lemmaseveraltimes:

Lemma 11.3.13(S11
� � � 0 and S22 ê S21S

ã 1
11 S12 � � � 0) Let S Ý S

¿ % µ v U ~ W u
andγ Û 0. Thenthefollowing areequivalent:
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(i) S11
�

0 andS22 ê S21S
ã 1
11 S12 � 0.

(i’) S11
�

0 and ³ FI ´ ¿ S ³ FI ´ � 0 for someF % µ v W x U u .
(ii) �S11

�
0 and �S22 ê �S21 �Sã 1

11 �S12 � 0 for some(henceall) F % µ v W x U u , where�S: Ý0³ I F
0 I ´ ¿ S ³ I F

0 I ´ .
(ii’) S11 Ý �S11

�
0 and �S22 � 0 for some F % µ v W x U u , where �S : Ý³ I F

0 I ´ ¿ S ³ I F
0 I ´ .

(ii”) �S11
�

0 and �S22 ê �S21 �Sã 1
11 �S12 � 0 for some(henceall) Z : Ý ß Z11 Z12

0 Z22 á %� µ v U ~ W u s.t.Z11 % � µ v U u , where �S: Ý Z

¿
SZ.

(iii) S Ý X

¿
JγX for someX Ý ß X11 X12

0 X22 á % � µ v U ~ W u s.t.X11 % � µ .

(iii’) S Ý ß X11 X12
0 X22 á ¿ Jγ ß X11 X12

0 X22 á , whereX11
�

0, X22
�

0.

(iv) S Ý X

¿
JγX for someX % � µ v U ~ W u s.t.X11 % � µ v U u and ³H I ´ X ³ I0 ´ Ý

0 for someH % µ v U x W u s.t. ¯ H ¯�² γ ã 1.

(v) S11
�

0 andS Ý X

¿
JγX for someX % � µ v U ~ W u s.t.X11 % � µ v U u .

(vi) S Ý X

¿
JγX, whereX x X11 % � µ and ¯ X21X

ã 1
11 ¯�² γ ã 1.

(vi’) M

¿
SM Ý Jγ, where M x M22 % � µ and ¯ M ã 1

22 M21 ¯�² γ ã 1.

(vii) �S11
�

0 and �S22 ê �S21 �Sã 1
11 �S12 � 0, where �S: Ý diagv IU ¡ x Sx ê IW ¡ u % µ vJv U · ~

U u ~ v W ~ W · uJu , for some(henceall) Hilbert spacesW · andU · .
(viii) S11

�
0, S % � µ v U ~ W u and v Sã 1 u 22 � 0.

Moreover,

(a) If dimU ² ∞, then one more equivalentcondition is that S11
�

0 and
S Ý X

¿
JγX for someX % � µ .

(b1) If (i) holdsandS Ý X

¿
JγX for someX % � µ v U ~ W u , thenX is asin (vi).

(b2) If (i) holds, S Ý X

¿
TX, X % � µ v U ~ W u , T11

�
0 and T22 � 0, then

X11 % � µ v U u .
(b3) If (i) holdsand S Ý X

¿
JγX for someX % � µ v U ~ W u s.t. X21 Ý 0, then

X11 x X22 % � µ .

(c) If (i) holds,thenanyF % µ v W x U u is asin (ii).

(d) If S11 ÿ ε2I , ε Û 0, S22 ê S21S
ã 1
11 S12 � 0, S Ý X

¿
JγX andX % � µ v U ~ W u ,

thenX11 % � µ v U u and ¯ X ã 1
11 ¯�û ε ã 1.

(e) If S11
�

0, S22 � 0, X % � µ v U ~ W u andS Ý X

¿
JγX, thenX11 x X22 % � µ ,¯ X21X

ã 1
11 ¯�² γ ã 1 and ¯ M ã 1

11 M12 ¯6Ý ¯ X12X
ã 1
22 ¯�² γ, where M : Ý X ã 1.

(f) If X andSareasin (iii), thenX

¿
22X22 Ý γ ã 2 v S¿12S

ã 1
11 S12 ê S22 u .

We note that “S Ý X

¿
JγX, X x X11 % � µ

” is not sufficient for (i)–(vi): take
X : Ýø³ γI I

I 0 ´ , so that X x X11 % � µ v U ~ W u but S11 : Ý v X ¿ JγX u 11 Ý 0 ,� 0. By
Example11.2.16(take S Ý X

¿
J1X), condition “dimU ² ∞” is not superfluousin

(a) andcondition “X11 % � µ ” is not superfluousin (iii), nor in (v).
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Proof: 1� (iii’) � (iii) � (i): Obviously, (iii’) � (iii ). If (iii) holds, then
S11 Ý �X ¿11 �X11

�
0 andS22 ê S21S

ã 1
11 S12 Ý ê γ2 �X ¿22 �X22 � 0.

2� (i) � (ii’)&(iii’): Assume(i). Set

X11 : Ý S1f 2
11

�
0 x X12 : Ý X ã 1

11 S12 x X22 : Ý γ ã 1 v S21S
ã 1
11 S12 ê S22 u 1f 2 � 0 y (11.101)

Then

S Ý �
I Sã 1

11 S12

0 I 
 ¿ � S11 0
0 S·22
 � I Sã 1

11 S12

0 I 
 Ý X

¿
JγX x (11.102)

whereS·22 : Ý S22 ê S21S
ã 1
11 S12 � 0, X ÝÔß X11 X12

0 X22 á % � µ v U ~ W u , X11
�

0,

X22
�

0. Thus,(ii’) and(iii’) hold.
3� (ii’) � (i’): Condition(i’) is a reformulationof (ii’), because,obviously,�S11 Ý S11 and �S22 Ý ³ FI ´ ¿ S ³ FI ´ in (ii’).

4� (ii’) � (ii): Assume(ii’). Since �S21 Ý �S¿12 and �Sã 1
11

�
0, we haveê �S21 �Sã 1

11 �S12 û 0, hence(ii) holds.

5� (ii) � (iii): Assume (ii). By 1 � , we have �S Ý �X ¿ Jγ �X for some �X Ýß �X11 �X12

0 �X22 á % � µ . TakeX : Ý �X ³ I F
0 I ´ ã 1 to obtain(iii).

6� (iii) � (iv): Trivially (iii) � (iv) (take H Ý 0). Assume(iv). SetX · : Ý³ I 0
0 γ ´ X, H · : Ý γH, sothatX · ¿ J1X · Ý S, ¯ H · ¯�² 1 and ³H · I ´ X · ³ I0 ´ Ý γ0 Ý 0.

Apply Lemma12.4.11to obtainZ · Ý ß Z ¡11 Z ¡12
0 Z ¡22 á % � µ s.t.S Ý Z · ¿ J1Z · Ý Z

¿
JγZ,

whereZ : Ý ³ I 0
0 γ ´ Z · .

7� (iii) � (vi) � (iv): Trivially, (iii) implies (vi). If (vi) holds, then H : Ýê X21X
ã 1
11 satisfies(iv).

8� (v)� (vi): SinceS11 Ý X

¿
11 v I ê γ2X ã ¿11 X

¿
21X21X

ã 1
11 u X11, (v) is a reformula-

tion of (vi), by LemmaA.3.1(e2).
9� (vi) � (vi’): Condition(vi’) is a reformulationof (vi) (throughM Ý X ã 1,

note that X11 % � µ v U u � M22 % � µ v W u , and that in either casewe have
X21X

ã 1
11 Ýjê M ã 1

22 M21, by LemmaA.3.1(c1)).

10� (ii): “(hence all)” Assume(ii) for someF. Let S· : Ý ³ I F ¡
0 I ´ ¿ S ³ I F ¡

0 I ´ .
Then �S Ý ³ I F ã F ¡

0 I ´ ¿ S· ³ I F ã F ¡
0 I ´ , henceS·11

�
0 andS·22 ê S·21 v S·11u ã 1S12 � 0,

by “(i) � (ii)”.
11� (ii”) � (iii) and “(hence all)” By “(i) � (iii)”, we have �S Ý X

¿
J1X for

someX Ývß X11 X12
0 X22 á % � µ s.t.X11 % � µ . Consequently, S Ý v XZ ã 1 u ¿ J1XZ ã 1,

hencealsoS satisfiestheconditionin (iii) (sincealsoXZ ã 1 is of the required
form, by LemmaA.1.1(b)).Theconverseis analogous.

12� (vii) � (i): Obviously, �S11
�

0 � S11
�

0 (we have madethepartition
sothat �S11 % µ v U · ~ U u ). But�S·22 : Ý �S22 ê �S21 �Sã 1

11 �S12 Ý diagv S·22 x ê IW ¡ u x (11.103)

whereS·22 Ý S22 ê S21S
ã 1
11 S12, hence�S·22 � 0 � S·22 � 0.

13� (i) � (viii): If (i) holds,thenS % � µ and v Sã 1 u ã 1
22 Ý S22 ê S21S

ã 1
11 S12 �

0, by LemmaA.1.1(d1). If (viii) holds,then v S22 ê S21S
ã 1
11 S12 u ã 1 � 0, hence
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thenS22 ê S21S
ã 1
11 S12 � 0, by LemmaA.1.1(i) holds, by LemmaA.3.1(b1).

(a) By (i) and (iii), the condition of (a) is necessary(regardlessof U ).
Conversely, if S andX areasin (a), then0 � S11 Ý X

¿
11X11 ê X

¿
21X21, hence

X

¿
11X11

�
0, henceX11 % � µ v U u (if dimU ² ∞), sothat(v) holds.

(b1)By (b2),X11 % � µ v U u . Since0 � S11 Ý X

¿
11X11 ê γ2X

¿
21X21, weobtain¯ X21X

ã 1
11 ¯�² γ ã 1 asin 8� .

(b2) (Remark:WecannotreplaceT22 � 0 by T22 ê T21T
ã 1

11 T12 Ý 1 ê 2 � 0;
setT Ýo³ 2 2

2 1 ´ , X Ýv³ 0 I
I 0 ´ to obtaina counter-example. On the otherhand,if

dimU ² ∞ or dimW ² ∞, thenT22 û 0 would suffice, by LemmaA.1.1(c1)
(andthefactthatX

¿
11X11

�
0 asshown below).)

Apply Lemma A.3.1(q) to the (1,1)-block of S Ý X

¿
TX to obtain that

X

¿
11X11

�
0.

By Lemma A.1.1(c1), Sx T % � µ v U ~ W u and v Sã 1 u 22 Ý v S22 ê
S21S

ã 1
11 S12 u ã 1, hencev Sã 1 u 22 � 0, by LemmaA.3.1(b1);similarly, v T ã 1 u 11 Ýv T11 ê T12T

ã 1
22 T21 u ã 1 � 0. SetM : Ý X ã 1 to obtainthat Sã 1 Ý MT ã 1M

¿
and

hence

0 � ê v Sã 1 u 22 û » 0 I ½ MT ã 1M

¿ ³ 0I ´ Ý¼» M21 M22 ½ v ê T ã 1 u ß M 
21
M 
22 á y (11.104)

By LemmaA.3.1(q)(interchangetherowsandalsothecolumnsandrecallthatê v T ã 1 u 11u¢� 0),wehaveM22M

¿
22
�

0. By LemmaA.1.1(c2),thisimpliesthat
alsoX11 is right-invertible, i.e.,X11X

¿
11
�

0, henceX11 is invertible.
(b3)By (b2),X11 % � µ v U u , henceX22 % � µ v W u , by LemmaA.1.1(b2).
(c) Now �S11 Ý S11

�
0 and �S Ý E

¿
X

¿
JγXE, where X is as in (v) and

E ÝÞ³ I F
0 I ´ , sothat v XE u 11 Ý X11 % � µ v U u , Therefore,also �Ssatisfies(v), hence

it satisfies(i) too (in theplaceof S), sothatF is asin (ii).
(d) By (v) and(b1),X11 % � µ v U u . Becauseε2I û S11 Ý X

¿
11X11 ê γ2X

¿
21X21,

wehave ¯ X ã 1
11 ¯�² ε, by LemmaA.3.1(c1)(ii)&(1’).

(e) By (ii’) and(b), X is asin (vi). Assume,w.l.o.g., thatγ Ý 1 (cf. 6 � ). By
duality, X22 % � µ v W u and ¯ X12X

ã 1
22 ¯A² 1 (apply (b) to ê Sd Ý X

¿
dJ1Xd, where

Sd : ÝÞ» 0 I
I 0 ½ S» 0 I

I 0 ½ , Xd : ÝÞ» 0 I
I 0 ½ X » 0 I

I 0 ½ (note that J1 Ý ê » 0 I
I 0 ½ J1 » 0 I

I 0 ½ )). From the v 1 x 2u -
blockof MX Ý I weobtainthatM ã 1

11 M12 Ýjê X12X
ã 1
22 .

(f) FromX

¿
JγX Ý Swe obtainthatX

¿
11X11 Ý S11,

X12 Ý X ã ¿11 S12 x and γ2X

¿
22X22 Ý X

¿
12X12 ê S22 x (11.105)

from whichweobtain(f). �
Wehavealsousedthefollowing:

Lemma 11.3.14Let X x S % � µ v U ~ W u , S Ý S

¿
and v X ¿ SX u 11

�
0. Then

X

¿
SX Ý �X ¿ �S�X for some �X x �S % � µ v U ~ W u s.t. �S Ý �S¿ Ýø³ I 0

0 JW ´ , where JW Ý
J

¿
W Ý J ã 1

W % � µ v W u .
Proof: Set T : Ý X

¿
SX. By (A.5), T Ý E

¿
aT · Ea, where T · : Ý ß T11 0

0 T ¡22 á ,
T ·22 : Ý T22 ê T21T

ã 1
11 T12, Ea : ÝÔß I T � 1

11 T12
0 I á . By Lemma2.4.4, T ·22 Ý G

¿
JWG,
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where JW Ý J

¿
W Ý J ã 1

W % � µ v W u and G % � µ v W u . Thus, T · Ý E

¿
b �SEb,

whereEb : Ý ß T � 1j 2
11 0

0 G � 1 á . Consequently, X

¿
SX Ý �X ¿ �S�X, where �X : Ý EbEaX %� µ v U ~ W u . �

Lemma 11.3.15(H∞-FI-pair) Assumethat ³lÏ Ð ´ is a stable and SOS-
stabilizingstate-feedback pair for Σ, andI ê Ð 11 % � TIC v U u . Then ³ Ï Ð ´ : Ý³LÒ 1 Ó 11 Ó 12

0 0 0 ´ is a stable andr.c.-SOS-stabilizing H∞-FI-pair.

Proof: From (11.9) we observe that Σ Õ % SOS, i.e., that ³ Ï Ð ´ is
SOS-stabilizing;since ³ Ï Ð ´ is also stable, it is a r.c.-SOS-stabilizing
statefeedbackpair, by Lemma6.6.17(b). By Lemma11.3.2,it follows that³ Ï Ð ´ is aH∞-FI-pair. �
Notes
The stableH∞ FICP was solved by Olof Staffans in [S98d], which proves

the implications “(FI3s)� (FI2s)� (FI11
2s)� (FI1s)” and “(FI3s)� (FI5s)” (the

latter in the caseof a regularWPLSsandspectralfactors),thusestablishingthe
equivalenceof (FI1s)–(FI3s)(andtheequalityγ0 Ý γFI) for Σ s.t. v Ü x Jγ u % SpFfor
all γ Û 0. Also Lemma11.3.10,muchof Proposition11.3.4andmostof Corollary
11.3.5andTheorem11.3.6arefrom [S98d],andsoaremostof thecorresponding
proofs.Cf. thenotesonp. 673.

This spectralfactorizationapproachis ratherold, see,e.g.,[Francis],[Green]
and[CG97],whichall containtheequivalenceof (FI1s)–(FI3s)in somesensefor
rationaltransferfunctions([CG97] for MTICL1

exp v Cn x Cm u I/O maps).
It seemsthatmany of theresultsof thisandprevioussectionsalsoholdfor the

extendedFICPdescribedin Theorem11.3.6(partof this is shown in [S98d]),but,
e.g.,theimplication“(FI5s)� (FI2s)” wouldneedadditionalassumptions.
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11.4 Minimax J-coercivity

In somewayswearemoreconfusedthanever, but wefeelthatweare
confusedona higherlevelandaboutmore importantthings.

Herewe statesomeminimax resultsthat areneededfor the solution of H∞

andNehariproblems.Here Üb% TI v U ~ Wx Y u , J Ý J

¿ % µ v Y u , andJ1 : Ý ³ I 0
0 ã I ´ %� µ v U ~ W u (in practicalapplications wewill have ÜG% TIC, but TI formulations

allow usto obtainthedualresultsmoreneatly).Recallthat ¯kI ¯ TI : Ý ¯kI ¯ � È L2 Ë L2 Ê .
Definition 11.4.1(Minimax JJJ-coercivity, Ð Ð Ð ) A map ÜHÝ ³ Ü 1 Ü 2 ´ % TI is min-
imax J-coercive iff Ð : Ý π ºQÜ ¿ J Ü π º�% µ v π º L2 u satisfiesÐ 11

�
0 and Ð 22 êÐ 21 Ð ã 1

11 Ð 12 � 0 (on π º L2).Ü�% TI is co-minimax J-coercive iff Ð : Ý π ã Ü ¿ J Ü π ã % µ v π ã L2 u satis-
fies (equivalently, �Ð : Ý π º
Ü dJ v Ü d u ¿ π º�Ý RÐ Rsatisfies)Ð 11

�
0 and Ð 22 êÐ 21 Ð ã 1

11 Ð 12 � 0.

As noted in [S98d, Lemma 3.2], the minimax J-coercivity of Ü£% TIC
meansthat � v x0 x » uw ½ u is uniformly convex w.r.t. u, andminu Ç L2 È R É ;U Ê � v x0 x » uw ½ u
is uniformly concave w.r.t. w. By Lemma11.3.10,an equivalent condition is
that γ Û γ0 when the assumptions of previous sectionare satisfied. Similarly,
cominimaxJ-coercivity is “roughly equivalent” to the solvability of the Nehari
problem,seeTheorem11.8.3.Wewrite thenegative termout for lateruse:

0
� Ð 22 ê Ð 21 Ð ã 1

11 Ð 12 Ý π º
Ü ¿2J Ü 2π ºhê π º�Ü ¿2J Ü 1π º v π ºQÜ ¿1J Ü 1π º u ã 1π º
Ü ¿1J Ü 2π º y
(11.106)

By combining (A.11) andLemmaA.3.1(b1)weobtain

Lemma 11.4.2 If Ü�Ý ³ Ü 1 Ü 2 ´ % TI is minimax J-coercive, thenÐ % � µ v π º L2 u
and v Ð ã 1 u 22 Ý v Ð 22 ê Ð 21 Ð ã 1

11 Ð 12 u ã 1 � 0 (in particular, Ü is J-coercive).
Similarly, if Ü Ý ³ Ü 1 Ü 2 ´ % TI is co-minimax J-coercive, then Ð %� µ v π ã L2 u and v Ð ã 1 u 22 Ý v Ð 22 ê Ð 21 Ð ã 1

11 Ð 12 u ã 1 � 0. �
Notethat ¤ : Ý Ü ¿ J Ü maysatisfy ¤ 11

�
0 and ¤ 22 ê¥¤ 21 ¤ ã 1

11 ¤ 12 � 0 andstillÐ maybenoninvertible (take Ü�Ý ß I 0
τ È 1Ê I á andJ Ý J1; similarly Ü d (which is of

Nehariform with
� Ý τ v 1u ) is not co-minimaxJ-coercive).

Minimax J-coercivity canalsobeformulatedin termsof a spectralfactoriza-
tion (if Ü ¿ J Ü is regularenoughto haveone):

Lemma 11.4.3(SpF) Let Ü¼Ýo³ Ü 1 Ü 2 ´ % TI v U ~ Wx Y u , J Ý J

¿ % µ v Y u , and
γ Û 0.

(a) Assumethat Ü ¿ J ÜüÝU� ¿w¦ , where � x ¦ % � TIC.

Then Ü is minimaxJ-coercive iff Ü ¿ J Ü�Ý ñ ¿ Jγ
ñ

with
ñ x ñ 11 % � TIC and¯ ñ 21

ñ ã 1
11 ¯ TI ² γ.

(b) Assumethat Ü ¿ J Ü Ý ñ ¿ Jγ
ñ

, where
ñ % �

TIC. Then Ü is minimaxJ-
coerciveiff

ñ
11 % � TIC and ¯ ñ 21

ñ ã 1
11 ¯ TI ² γ.



11.4. MINIMAX J-COERCIVITY 671

(c) Assumethat Ü ¿ J ÜüÝ ñ ¿ Jγ
ñ

, where
ñ x ñ 11 % � TIC.

Then Ü is minimax J-coercive iff Ü ¿1J Ü 1
�

0 iff Ð 11
�

0 iff Ð 22 êÐ 21 Ð ã 1
11 Ð 12 � 0 iff ¯ ñ 21

ñ ã 1
11 ¯ TI ² γ iff ¯ v ñ ã 1 u ã 1

22 v ñ ã 1 u 21 ¯ TI ² γ.

(d) Assumethat Ü ¿ J Ü�Ý ñ ¿ Sñ ,
ñ % �

TIC v U ~ W u P UR, X Ý I and S %� µ v U ~ W u . If Ü is minimax J-coercive, then S11
�

0 and S22 ê
S21S

ã 1
11 S12 � 0.

We used (a) and Lemma 11.3.10 to show that (FI1s) implies (FI3s) in
Proposition11.3.4.

Proof: (We take γ Ý 1 by using ³ I 0
0 γ ´ ñ insteadof

ñ
.)

Let Ð : Ý π º
Ü ¿ J Ü π º|% µ v π º L2 u , sothat Ð 11
�

0 and v Ð ã 1 u 22 � 0 iff Ü is
minimaxJ-coercive,by Lemma11.4.2.

(a) 1� “If ”: Since now Ð Ý π º ñ ¿ π º J1π º ñ π º , and π º ñ π º�%� µ v L2 v R º ;U ~ W uJu , weobtain“If ” from Lemma11.3.13(vi)&(i).
2� “Only if ”: Let Ü beminimaxJ-coercive and Ü ¿ J ÜHÝ�� ¿§¦ , � x ¦ . Then

we have Ü ¿ J ÜÃÝ ñ ¿ J1
ñ

for some
ñ % � TIC, by Lemma11.4.8. The v 1 x 1u -

blockof π º
Ü ¿ J Ü π ºÁÝ π º ñ ¿ J1
ñ

π º impliesthat

0 � Ð 11 Ý π º
Ü ¿1J Ü 1π ºÁÝ π º v ñ ¿11
ñ

11 ê ñ ¿21
ñ

21 u π º x (11.107)

henceπ º ñ ¿11
ñ

11π º � 0, i.e.,
ñ ¿

11
ñ

11
�

0, by Lemma6.4.6.
By LemmaA.1.1(c), the [left-]invertibility of

ñ
11 is equivalentto that ofò 22, where ò : Ý ñ ã 1. Therefore,ò ¿22 ò 22

�
0, so by Lemma2.2.3, it is

enoughto prove that ò 22π º�ò ¿22
�

0 on L2 v R º ;W u to obtain ò 22 % �
TIC

(hence
ñ

11 % � TIC). We shalldo it.
Clearly Ð ã 1 Ý π º�ò π º J1ò ¿ π º , hence 0

� v Ð ã 1 u 22 Ý0ò 21π º�ò ¿21 êò 22π º�ò ¿22 on π º L2, by Lemma11.4.2,which implies that ò 22π º�ò ¿22
�

0
onπ º L2, thereforeò 22 % � TIC, i.e.,

ñ
11 % � TIC.

From(11.107)andLemma6.4.6weget0 � ñ ¿
11
ñ

11 ê ñ ¿21
ñ

21, equivalently
(by LemmaA.3.1(e2)), ¯ ñ 21

ñ ã 1
11 ¯ TI ² 1.

(b) “If ” follows from (a) ( � : Ý J1
ñ

,

¦
: Ý ¦

). Conversely, if Ü is minimax
J-coercive, thenthe proof of (a) shows that an arbitraryJ1-spectralfactorofÜ ¿ J Ü is asin (B).

(c) From v π º ñ ã 1
11 π º uwv π º ñ 11π º u Ý π º�Ý v π º ñ 11π º uwv π º ñ ã 1

11 π º u we see
thatv π º ñ 11π º u x v π º ñ ã 1

11 π º u % � µ v π º L2 u , hence0 � Ð 11 is equivalent to

0 �¨v π º ñ ã ¿11 π º u Ð 11 v π º ñ ã 1
11 π º u Ý π º ê ñ ã ¿11

ñ ¿
21
ñ

21
ñ ã 1

11 u π º (11.108)

(becauseÐ 11 Ý π º v ñ ¿11
ñ

11 ê ñ ¿21
ñ

21 u π º ), i.e., 1 Û�¯ ñ 21
ñ ã 1

11 ¯ TI (cf. 1� ). By
(b), this is equivalentto theminimaxJ-coercivity of Ü .

On theotherhand,0 � Ð 11 Ý π º
Ü ¿1J Ü 1π º©� 0 � Ü ¿1J Ü 1. The last “if f ”
follows from ò ã 1

22 ò 21 Ýjê ñ 12
ñ ã 1

11 andthethird from LemmaA.1.1(c1).
(d) By (a), Ü ¿ J Ü Ý ¦A¿ J1

¦
for some

¦ % � TIC v U ~ W u s.t.

¦
11 % � TIC v U u

and ¯ ¦ 21

¦ ã 1
11 ¯ TI ² 1. By Lemma6.4.5(a),

¦ Ý Z
ñ

andS Ý Z

¿
J1Z for some

Z % � µ
, hence

¦
is UR. By Proposition 6.3.1(b1),Z11 % � µ v U u . Thus,¯ Z21Z

ã 1
11 ¯ TI ² 1. By Lemma11.3.13(vi)&(i), S11

�
0andS22 ê S21S

ã 1
11 S12 � 0.
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Corollary 11.4.4(MTI SpF) Let ÜG% �" v U ~ Wx Y u andJ Ý J

¿ % µ v Y u .
Then Ü is minimaxJ-coercive iff Ü ¿ J Ü�Ý ñ ¿ J1

ñ
, where

ñ x ñ 11 % � TIC and¯ ñ 21
ñ ã 1

11 ¯ TI ² 1.

Naturally, theweaker assumption ÜG% TIC v U ~ W x Y u , v Ü x J u % SpFwouldbe
sufficient,with essentially thesameproof.

Proof: If Ü is minimax J-coercive, then π º
Ü ¿ J Ü π º is invertible, by
Lemma 11.4.2, so the existence of a factorizationfollows from Theorem
8.4.12(ii). The restof the claimsand the converseis obtainedfrom Lemma
11.4.3. �

Corollary 11.4.5 Let Ü ÝÑ³ Ü 1 Ü 2 ´ % TI,
ñ x òª% TIC, ò Ý ñ ã 1, J Ý J

¿ % µ
and Ü ¿ J ÜüÝ ñ J1

ñ ¿
.

Theoperator Ü is co-minimaxJ-coerciveiff
ñ

11 % � TIC and ¯ ñ ã 1
11
ñ

12 ¯ ² 1.
If
ñ

11 % � TIC, then Ü is minimaxJ-coercive iff ¯ ñ ã 1
11
ñ

12 ¯ TI ² 1 iff Ð 11
�

0 iffÜ ¿1J Ü 1
�

0 iff Ð 22 ê Ð 21 Ð ã 1
11 Ð 12 � 0 (here Ð : Ý π ã Ü ¿ J Ü π ã ).

Proof: Apply Lemma11.4.3to vJv Ü d u ¿ u ¿ J vJv Ü d u ¿ u Ý v ñ d u ¿ J1
ñ d. �

For Ü of Neharitype,thecondition ¯ ñ ã 1
11
ñ

12 ¯�² 1 is redundant:

Corollary 11.4.6(Nehari-form) Let Ü�Ý ³ I B0 I ´ % TIC,
ñ % �

TIC, J Ý J

¿ %µ
and Ü ¿ J Ü Ý ñ J1

ñ ¿
. The operator Ü is co-minimaxJ-coercive iff Ð 22 êÐ 21 Ð ã 1

11 Ð 12 � 0 iff
ñ

11 % � TIC (here Ð : Ý π ã Ü ¿ J Ü π ã ). Moreover, in that case
always ¯ ñ ã 1

11
ñ

12 ¯�² 1.

Notethat ¯ ñ ã 1
11
ñ

12 ¯
Ý ¯ ò 12 ò ã 1
22 ¯ , whereò : Ý ñ ã 1, becausethe v 1 x 2u -block

of equation
ñ ò Ý I is

ñ
11ò 12 ¹ ñ 12ò 22 Ý 0.

Proof: The first “if f ” follows from Definition 11.4.1 & Lemma 11.4.2,
becausealways Ð 11 Ý π ã � 0. Thusthe latter “if f ” andthe inequalityfollow
from Corollary11.4.5. �

Corollary 11.4.7(Nehari-form) Let Ü Ý ³ I B0 I ´ % TIC v U ~ W u , � x ¦ %�
TIC v U ~ W u , J Ý Jγ % µ v U ~ W u and Ü ¿ J ÜüÝU� ¦A¿ .

Thentheoperator Ü is co-minimaxJ-coerciveiff Ð 22 ê Ð 21 Ð 12 � 0 iff Ü ¿ J Ü�Ýñ
J1
ñ ¿

for some
ñ % � TIC v U ~ W u having

ñ
11 % � TIC v U u . Moreover, in that

casealways ¯ ñ ã 1
11
ñ

12 ¯�² 1.

Proof: By Lemma11.4.2andCorollary11.4.6,we only have to obtainthe
third conditionassumingthefirst.

Let Ü be co-minimax J-coercive. Set ¤ : Ý RÜ ¿ J Ü RÝ v � d u ¿J¦ d, so
that Ð : Ý π ã R¤ Rπ ã is as in Definition 11.4.1, hence Ð 11

�
0 and Ð 22 ê
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11 Ð 12 � 0onL2 v R ã ;U ~ W u . Weobviouslyhave ¤ 11 Ý I

�
0. Moreover,

@
of Lemma11.4.8satisfies

Rπ º @ π º RÝ Rπ º«¤ 22π º Rê Rπ º«¤ 21 ¤ 12π º RÝ Rπ º«¤ 22π º Rê Rπ º«¤ 21π º«¤ 12π º R
(11.109)Ý Rπ º«¤ 22π º Rê π ã R¤ 21 Rπ ã R¤ 12 Rπ ã Ý Ð 22 ê Ð 21 Ð 12 � 0
(11.110)

on L2 v R ã ;U ~ W u , hencethe assumptions of Lemma11.4.8aresatisfied,by
Lemma6.4.6. We concludethat ¤�Ý �ñ ¿ J1 �ñ for some �ñ % �

TIC v U ~ W u ,
henceÜ ¿ J ÜHÝ R�ñ ¿ J1 �ñ RÝ ñ J1

ñ ¿
, where

ñ
: Ý �ñ d % � TIC. Therestfollows

from Corollary11.4.6. �
In theproofof Lemma11.4.3(a),weusedthefollowing:

Lemma 11.4.8 Assumethat ¤ Ý5¤ ¿ % TI v U ~ W u , ¤ 11
�

0,

@
: Ý5¤ 22 ê¤ 21 ¤ ã 1

11 ¤ 12 � 0, ¤�ÝU� ¿ ¦ for some

¦ x �G% � TIC v U ~ W u andγ Û 0.
Then¤�Ý ñ ¿ Jγ

ñ
for some

ñ % � TIC v U ~ W u .
(Onecouldgoon to obtainfurtherresultsasin Lemma11.4.3.)

Proof: By Lemma5.2.1(d), ¤üÝ ñ ¿ Sñ for some
ñ % �

TIC v U ~ W u and
S Ý S

¿ % � µ v U ~ W u . By Lemma6.4.7(a),wehave ¤ 11 ÝO¬ ¿ ¬ and ê @ Ý � ¿ �
for some¬;% � TIC v U u and � % � TIC v W u . By theSchurdecomposition (A.5),
wehave

S Ý ñ ã ¿ ¤ ñ ã 1 Ý ñ ã ¿ � I 0¤ 21 ¤ ã 1
11 I 
 ¿ � ¤ 11 0

0

@ 
 � I 0¤ 21 ¤ ã 1
11 I 
 ñ ã 1 (11.111)Ý ñ ã ¿ � I 0¤ 21 ¤ ã 1

11 I 
 ¿ � ¬ 0
0 � 
 ¿ � I 0

0 ê I 
 � ¬ 0
0 � 
 � I 0¤ 21 ¤ ã 1

11 I 
 ñ ã 1 x (11.112)

i.e., S Ýi\ ¿ J1 \ , where \ : Ý � ¬ 0
0 � 
 � I 0¤ 21 ¤ ã 1

11 I 
 ñ ã 1 % �
TI v U ~ W u .

Consequently, S Ý E

¿
JγE for someE % � µ v U ~ W u , by Theorem2.4.5. �

We have thusgeneralizedLemma5.4of [S98d]to Hilbert spacesof arbitrary
dimensions (seeLemma 11.4.3(a)). Becausethe assumedseparabilityof the
Hilbert spacesusedin [S98d] was neededonly in the proof of [S98d, Lemma
5.4] (asmentionedat theendof [S98d,Section1]), theabove lemma shows that
theseparabilityassumptionsarenotneededin [S98d]:

Corollary 11.4.9 All separability assumptionsin [S98d]canberemoved. �
Notes
Lemma11.4.3(a)is roughlyLemma5.4 of [S98d],andtheproofs(including

Lemma11.4.8)usesamemethods; the differenceis that we do not needany
separabilityassumptions,dueto Theorem2.4.5.
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11.5 The discrete-time H∞ ficp

A walkingshadow, a poorplayer,
thatstrutsandfretshishouruponthestage,
Andthenis heard nomore.

— William Shakespeare(1564–1616),"Macbeth"

As in otherdiscrete-timesections,our references to continuous-timeresults,
definitionsandhypothesesreferto theirdiscrete-timeforms(cf. Theorems13.3.13
and11.5.2).

Recall that throughout this sectionandSection11.6,we assume(in addition
to StandingHypothesis11.0.1)that StandingHypothesis11.1.1holds, i.e., we
considerthesystem¶

xnº 1 Ý Axn ¹ B1un ¹ B2wn x
zn Ý C1xn ¹ D11un ¹ D12wn

v n % N u (11.113)

(andwn Ý Iwn) with initial statex0 % H, disturbanceinputw %­l 2 v N;W u , control
input u %­l 2 v N;U u andobjective outputz %­l 2 v N;Z u (andsecondoutputequalto
the disturbanceinput wn; cf. (12.31));here ³ A B

C D ´ % µ v H ~ U ~ Wx H ~ Z ~ W u
arethegeneratorsof Σ % wplsv U ~ Wx H x Z ~ W u (seeLemma13.3.3)andC2 Ý 0,
D21 Ý 0, D22 Ý I . Condition(i) below saysthat

γ0 : Ý supÌ w Ìh® 2 Í 1
inf ÂU¯ z ¯ � 2 ÄÄ u %¥l 2 is s.t.x is stable(i.e.,x %�l 2) Å ; (11.114)

thus,γ0 equalsinf ¯ w °± z ¯ � È � 2 Ê , theinfimal disturbance-to-output norm ¯ w °± z ¯ ,
over all control laws that make the systemexponentially stable(u %.l 2 v N;U u
s.t. x %©l 2). By (ii), infimum of over (causal)state-feedback(plus feedthrough)
controllers

u v t u Ý K1x v t u ¹ F12w v t u (11.115)

is aslow. By (iii) and(a),acontrollaw achieving aperformancebelow γ0 is found
iff the DARE (11.117)hasa nonnegative exponentially (or power) stabilizing
solution satisfying the signaturecondition (for S). Moreover, sucha solution
determinesonepossiblechoiceof K1 andF12, by (11.118).Finally, if S22 � 0,we
cantakeF12 Ý 0 to obtainthepurestate-feedbackcontroller(11.119).

Theorem11.5.1(

¾
exp : H∞

¾
exp : H∞

¾
exp : H∞ ficp) Assumethat γ Û 0 andthat there is ε Û 0 s.t.v z ê Au x0 Ý Bu0 Ý � ¯ C1x0 ¹ D11u0 ¯ Y ÿ ε v ¯ x0 ¯ H ¹�¯ u0 ¯ U u*v x0 % H x u0 % U x z % ∂D u�y

(11.116)
Then(i)–(iii) areequivalent:

(i) γ Û γ0 : Ý supw:N Ú WË%Ì w Ìh® 2 Í 1 infu Ç%Î u
È 0 ËwÊ ¯iÜ 11u ¹ôÜ 12w ¯ � 2, and v A x B1 u is

exponentiallystabilizable;

(ii) γ Û γFI, i.e., there is a suboptimal H∞-FI-pair for Σ;
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(iii) theDARE
&''''( '''') 	 Ý A

¿ 	 A ¹ C

¿
1C1 ê K

¿
SK x

S Ý ß D 
11D11 D 
11D12

D 
12D11 D 
12D12 ã γ2I á ¹ B

¿ 	 B x
K Ý ê Sã 1

� ß D 
11
D 
12 á C1 ¹ B

¿ 	 A� x (11.117)

has a solution 	 % µ v H u s.t. 	 ÿ 0, S11
�

0, S22 ê S21S
ã 1
11 S12 � 0 and

ρ v A ¹ BK u ² 1.

Moreover, thefollowinghold:

(a) Assumethat v 	 x Sx K u satisfies(iii). Then� ê Sã 1
11 v D ¿11C1 ¹ B

¿
1 	 Au 0 ê Sã 1

11 S12

0 0 0 � ; (11.118)

is a suboptimal (exponentiallystabilizing)H∞-FI-pair for Σ.

There is a suboptimal H∞-SF-operator iff S22 � 0; if this is thecase, then

K1 : Ý ³ I 0́ K Ýüê v S11 ê S12S
ã 1
22 S21 u ã 1 v D ¿11C1 ¹ B

¿
1 	 A ê S12S

ã 1
22 v D ¿12C1 ¹ B

¿
2 	 AuJu

(11.119)
is a suboptimal (exponentiallystabilizing)H∞-SF-operator for Σ.

(b) If (i)–(iii) hold, thenthe assumptions of Proposition 11.2.8(also thoseof
(a1))aresatisfiedand(FI1)–(FI5) hold.

One more equivalent condition is that ¯iÜ 11 \ü¹üÜ 12 ¯ � È � 2 È N;W Ê{Ë � 2 È N;Z Ê�Ê ² γ
for some \ : l 2 v N;W u ±¯l 2 v N;U u , and v A x B1 u is exponentially stabilizable
(obviously this is strongerthan(i) andweaker than(ii)).

We recall from Section11.1that

¾
u refersto thecontrolsthatmake thestate

andoutput“

¾X¿¿
-stable”,i.e.,¾

u v x0 x wu : ÝÃÂ u %�l 2 v N;U u ÄÄ » uw ½ % ¾ ¿¿ v x0 u Å x (11.120)

(in Theorem11.5.1,

¾À¿¿
: Ý ¾ exp, so that “ » uw ½ % ¾Á¿¿ v x0 u ” can be replacedby

“
å

τ » uw ½ %�l 2”, i.e., by the assumption that u makes the statetrajectorybelong
to l 2), and that by γFI (resp.γSF) we denotethe infimum of the norm ¯ w °±
z ¯ � 2 È N;W Ê�Ú � 2 È N;Z Ê (i.e., of ¯iÜ Õ12 ¯ TIC; see (11.8)) over all

¾X¿¿
-stabilizing state

feedbackpairs(resp.

¾Á¿¿
-stabilizingstatefeedbackoperators)for Σ of form�

K1 F11 F12

0 0 0 � (11.121)

(i.e., we allow statefeedbackthroughthefirst input (the controlu) only). Thus,
γSF requiresthatF11 Ý 0 Ý F12. Trivially, ∞ ÿ γSF ÿ γFI ÿ γ0 ÿ 0 (cf. (11.132))

Proof of Theorem 11.5.1: 0 y 1� Remark: Assumption(11.116): By

Proposition15.2.2(c),this implies that Ü 11 (with realization ß!� � 1�
1 � 11 á ) is I -

coercive. If v A x B1 u is exponentially stabilizable,then(11.116)is equivalentto
theI -coercivity of Ü 11, by Proposition15.2.2(e)(seethepropositionfor several
sufficientandsomeequivalentconditions).
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1� We get “(i) � (iii)” from Proposition11.6.2,“(iii) � (ii)” from Lemma
11.6.3,and“(ii) � (i)” from(11.12)andLemma11.6.4.(Seealsoremark0 y 3 � of
theroof of Theorem11.1.3.Recallfrom Lemma13.3.7(iv) thatρ v A ¹ BK u ² 1
iff 	 (thatis, K) is exponentially stabilizing.)

Also (a) follows from Proposition11.6.2,andLemma11.6.3.By Proposi-
tion 11.2.9,(b) holds. �
Practicallyall ourH∞ FICPresultsholdalsoin their discrete-timeforms:

Theorem11.5.2(Discreteform of H∞H∞H∞ FICP results) All results of Sections
11.1–11.4and 11.8–11.9 hold also in their discrete-timeforms (i.e., after the
changeslisted in Theorem13.3.13),exceptthat in Theorems11.1.3,11.1.4and
11.1.6,assumption (2.) canberemovedbut equation(11.39)mustbereplacedby
(11.118)andequation(11.17)by (11.119).

Whenapplyingthe above results,do not forget (the discrete-time forms of)
StandingHypotheses11.0.1,11.1.1,11.2.1and11.3.1(the last two of which are
only assumedfor theresultsof correspondingsections).Notethatwehavewritten
explicitly thesimplified discrete-timeformsof somemajorresultsin this section
andSection11.6.

Recall from Lemma14.3.5that we canhave �" Ý ticexp or �" Ý*l 1 ° ; this is
particularlyuseful in Theorems11.2.7and11.3.3. Therefore,in discretetime,
we mayallow for general(exponentially stabilizable)WPLSsin the

¾
exp caseof

Theorem11.2.7,while Example11.3.7(b)(its discrete-timevariant)shows that
(FI1) doesnot imply any of (FI3)–(FI5) when

¾X¿¿ %ÀÂ ¾ out x ¾ stax ¾ str
Å .

Proof of Theorem 11.5.2: Recall that thesechangesincludehaving the
DARE (11.117)in placeof the[Bw-]CARE.

This follows roughly by applying (13.63)also to the proofs (recall from
Lemma14.3.5that �" : Ý ticexp satisfiesStandingHypothesis11.0.1).

(An alternative proof of the I/O part of Sections11.8–11.9 is obtainedby
usingtheCayley transform(Theorem13.2.3).)

Note that (11.17) and (11.17) usedthe fact that “S Ý D

¿
JγD”, which is

not necessarilytrue underour discrete-timeassumptions (or any reasonable
counterparts,cf. Example14.2.9). However, assumption (2.) canbe removed
from Theorems11.1.3,11.1.4and11.1.6,sincewe canuseTheorem14.1.6
(andLemma9.9.7(c2))insteadof Theorems9.9.6andTheorem9.2.9 in the
proofs. �
From the above theoremandTheorem11.2.8(f)&(d), we deducethat if the

systemis q.r.c.-SOS-stabilizablethroughu (as in Theorem11.2.8),thenany of
the factorizationconditions(FI6)–(FI8) on p. 633 aresufficient for (ii), i.e., for
the existenceof a γ-suboptimal controller(over

¾:¿¿ Ý ¾ out). If, in addition,the
q.r.c.-SOS-stabilizedI/O maphas,e.g.,l 1 impulseresponse,thentheseconditions
arealsonecessary. If v A x B1 u is exponentially stabilizableand v A x C u is detectable,
then(FI1)–(FI8) becomeequivalent (and(FI9) if dimU ² ∞ or dimW ² ∞; use
Theorem6.7.15(c3)and �" Ý ticexp in Theorem11.2.7).
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Notes
Much of the notesof previous sectionsalso apply to the discrete-time H∞

ficp. For example, the equivalenceof (ii) and (iii) (and part (a)) in Theorem
11.5.1is given in [IOW] underthesameandin [GL] understrongersimplifying
assumptions,althoughbothbooksassumethatΣ is finite-dimensional. However,
discrete-timeH∞ problemsare more rarely treatedthan their continuous-time
counterparts,partially becausethey aremorecomplicated(as long as the input
andoutputoperatorsarebounded;in our generalitythe continuous-time results
aremuchmoreinvolved).

If we delete“(i)” from Theorem11.5.1,thenits proof canbeobtainedrather
directly from Proposition11.6.2(a1)&(d1) andLemma11.2.13,asnotedin the
notesonp. 652.
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11.6 H∞ ficp: proofs

Bythetimethefool haslearnedthegame, theplayershavedispersed.

— GhanaianProverb

In addition to StandingHypotheses11.0.1and11.1.1,we assumethefollow-
ing:

Standing Hypothesis11.6.1(H∞H∞H∞ full-inf ormation control problem (ficp))
Throughoutthis section,we make the following assumptions: Hypothesis14.0.1
is satisfied (with U °± U ~ W andY °± Z ~ W), γ Û 0, and there is ε º�Û 0 s.t.¯iÜ 11u ¯ � 2 ÿ ε º/¯Q» u0 ½ ¯ Î 

 for all u % ¾ u v 0 x 0u .

(See the remarksbelow Hypothesis 11.2.1, which is the continuous-time
counterpartof thishypothesis.)

Due to boundedgenerators,the discrete-timevariantof Proposition11.2.19
becomessimpler:

Proposition11.6.2(Necessaryconditions) Assumethat γ Û γ0 and that Zs is
reflexive. Then Ü is Jγ-coercive. Assumein addition that

¾ ¿¿ v x0 u ,Ý /0 for each
x0 % H. Thenthefollowinghold:

(a1) The DARE has a unique

¾ ¿¿
-stabilizing solution v 	 x Sx K u , 	 ÿ 0, S %� µ v U ~ W u andS11 ÿ ε2º I .

(a2)For eachx0 % H, thecorrespondingclosed-loopsecondoutput ß ucrit
È x0 Ê

wcrit
È x0 Ê á : ÝÏ ë x0 is the uniqueJγ-critical input (called theminimax control), and this

inputcorrespondsto the(unique)argumentsof

max
w Ç � 2 È N;W Ê min

u Ç%Î u
È x0 Ëw Ê � v x0 x u x wu�y (11.122)

(b2) TheIAREhasa

¾ ¿¿
-stabilizing solution v 	 x �Sx ß1�Ï �Ð á u s.t.S Ý ³ I 0

0 JW ´ ,
where JW Ý J

¿
W Ý J ã 1

W % � µ v W u .
(d1) (S22 ê S21S

ã 1
11 S12 � 0) If there is a suboptimal H∞-FI-pair, then

S22 ê S21S
ã 1
11 S12 � 0, and the IARE has a

¾À¿¿
-stabilizing solutionv 	 x J1 x?ß �Ï �Ð á u s.t. �ñ 11 x �ñ 22 % �

tic∞, �X21 Ý 0, ¯ �ñ ã 1
11 ¯ tic û ε ã 1º , and¯ �ñ 21 �ñ ã 1

11 ¯ tic û 1.

(d2) (S22 � 0) If there is a suboptimal H∞-SF-operator, thenS22 � 0.

(f) In (d1) (resp.(d2)), theexistenceof a suboptimal H∞-FI-pair (resp.H∞-SF-
operator) is not neededif there is \Z% tic∞ v Wx U u s.t. ¯iÜ 11 \Á¹�Ü 12 ¯ tic ² γ
(resp.and L\ v 0u Ý 0).

Proof: Most of this follows as in the proof of Proposition11.2.19. We
explain theleastobviouschangesbelow.
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(a1)&(a2) The uniqueJγ-critical control correspondsto the unique

¾:¿¿
-

stabilizing solution of the DARE, by Theorem14.1.6. Substitutet Ý 1 into
(11.66)(whosecontinuous-timeproofapplies,mutatismutandis)to obtain�

u·0 x S11u·0� U ÿ ε2º ¯ u·L¯ 2� 2
ϑ
Ý ε2º ¯ u·0 ¯ 2U x (11.123)

whereu·0 % U is arbitrary. Thus,S11 ÿ ε2º I .

(d1)Substitute t Ý 1 into (11.77)to observe that� ß �UI á w0 x S ß �UI á w0�
U t W

û�ê ε ¯ w0 ¯ 2W v w % W u x (11.124)

where �U % µ v Wx U u is the feedthroughoperatorof \ : Ý �ÐUÕ12 (the suboptimal
closed-loopw °± u map). By Lemma11.3.13(i’)&(i)&(i ii’), this meansthat
S22 ê S21S

ã 1
11 S12 û�ê εI andthat

S Ý �X ¿ J1 �X x where �X Ý ß �X11 �X12

0 �X22 á x �X11
�

0
� �X22 y (11.125)

By Theorem9.9.1(f1),also v 	 x J1 x 4 �XK x I ê �X 6 u is a

¾ ¿¿
-stabilizingsolution

of the IARE. Since �X11 x �X22 % � µ , we have �ñ 11 x �ñ 22 % �
TIC∞. The restof

(d1)followsfrom (11.77)asin theproofsof Proposition11.2.19(c)andLemma

11.2.21(wedonotneedto study L�ñ , sincewealreadyknow that �ñ 11 % � tic∞).

(d2)Now �U Ý 0 in (11.124),henceS22 û�ê εI .

Remark: We did not have to assumethat ϑ û 0. This follows from the
inequality ¯Q» u0 ½ ¯ � 2ϑ ÿ ¯ u0 ¯ U v u %±l 2ϑ u , whosecontinuous-timeanalogydoesnot
hold.

To obtainan analogousresult in continuous time, we have to let t ± 0¹ ,
which requiresadditionalregularity, asin Proposition11.2.19(b3). �
Also thesufficiency partbecomessimpler:

Lemma 11.6.3(General

¾Á¿¿¾Á¿¿¾Á¿¿
: DARE � � � ficp) Assumethat DARE has a

¾À¿¿
-

stabilizingsolution v 	 x Sx K u s.t. 	 ÿ 0, S11
�

0 andS22 ê S21S
ã 1
11 S12 � 0.

Then the assumptions of Lemma11.2.14are satisfied(including (4.)). In
particular, if

¾:¿¿ Ý ¾ exp (or

¾Á¿¿ Ý ¾ out and v I ê Ð u ã 1 % tic), then(11.48)is a
suboptimal H∞-FI-pair for Σ, with generators (11.118). If, in addition,S22 � 0,
then(11.119)is a suboptimal H∞-SF-operator for Σ. �

(Theproofsof Lemmas11.2.13and11.2.14applymutatismutandis; notethat
thislemmaalsoholdswithouttheassumption ontheexistenceof ε º (seeStanding
Hypothesis11.6.1).)

If we wish that somekind of controllerx0 x w °± u stabilizesΣ exponentially
(cf. (ii)), thenso doesa strict statefeedbackcontroller(i.e., a H∞-SF-operator);
conversely, sucha controller is sufficient for our “H ∞ Finite Cost Condition”
¾

u v x0 x wu ,Ý /0 for all x0 x w:
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Lemma 11.6.4(FCC � v A x B1 u exp.stab.) Let

¾ ¿¿ Ý ¾ exp. Thenthe following
areequivalent:

(i) 4 A B1 6 is exponentiallystabilizable(or optimizable);

(ii)

¾
u v x0 x wu ,Ý /0 for all x0 % H andw %�l 2 v N;W u ;

(iii)

¾
u v x0 x 0u ,Ý /0 for all x0 % H;

(iv) there is a H∞-FI-pair for Σ;

(v) there is a H∞-SF-operator for Σ.

Proof: 1� “(v) � (iv)” and“(ii) � (iii)”: Thesearetrivial.
2� “(iv) � (ii)”: Given x0 % H andw %El 2 v N;W u , we have

ä
x0 ¹ å 1τu ¹å

2τw %¥l 2, whereu : Ý ñ ã 1
11 Ï 1x0 ê å 1

ñ ã 1
11
ñ

12w %¥l 2 v N;U u , by (11.9).
3� “(iii) � (i) � (v)”: Obviously, (iii) saysthat 4 A B1 6 is optimizable.

By Proposition13.3.14, 4 A B1 6 is optimizableif f it is estimatable(hence
we have (i) � (iii)), andin eithercaseit hasan exponentially stabilizing state
feedbackoperatorK1 (i.e.,ρ v A ¹ B1K1 u ² 1). But then ³ K1

0 ´ is obviouslyexpo-
nentiallystabilizing for Σ (becausethecorrespondingclosed-loopstate-to-state
map is also given by A ¹ B1K1); henceit is a H∞-SF-operator, by Remark
11.2.5. �
Thus, if

¾X¿¿ Ý ¾ exp, thenwe mustassumethat 4 A B1 6 is exponentially
stabilizable,so that theproblemcanbereducedto theexponentially stablecase,
by Lemma11.2.22(whichobviouslyholdsin discretetime too).

(Seethenotesonp. 677.)
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11.7 The abstract H∞ FICP

Youcannotwin thegame, andyouarenotallowedto stopplaying.

— TheThird Law Of Thermodynamics(this is whatwewishto make
for thedestiny of thesecondplayer(nature/disturbance))

In this section,we solve the H∞ FICP in the abstractsettingof Section8.1.
Theseresultswereappliedto WPLSsandwpls’s in previoussections.

For simplicity of notation, we replacethespaceU of inputsby U ~ W, where
u % U is consideredas “control” and w % W is consideredas “disturbance”;
otherwisewe sharethenotationof Section8.1:

Standing Hypothesis11.7.1 Throughoutthis section,we shall assumethat U,
W, X, Ys and Zs are reflexive Banach spaces,that Y and Z are TVSs,and
that the embeddingsYs � Y and Zs � Z are continuous. We also assumethatß A B1 B2

C D1 D2 á % µ v X ~ U ~ Wx Z ~ Y u andJ Ý J

¿ % µ v Ys x Ys

¿ u .
NotethatU ~ W hasnow takentheroleof U ; we alsoset� v x x u x wu : ÝE� v x x » uw ½ u : Ý �

D » uw ½ x JD » uw ½ � Ys v » uw ½ % ¾ v xuJu�y (11.126)

In applications one usually takesU Ý L2 v R º ;U0 u , W Ý L2 v R º ;W0 u for some
Hilbert spacesU0 x W0 (cf. Remark8.3.4).

As in previous sections,in the H∞ FICP one wishesto find a control law
X ~ W / v x x wu °± ux Ëw % U s.t. » ux ²w

w ½ is a “stabilizing” input for thegiven “initial
state”x, for each“disturbance”w, i.e., » ux ²w

w ½ % ¾ v xu for all x % X andall w % W.
Wedenotethesetof these“admissiblecontrols”by¾

u v x x wu : ÝÃÂ u % U ÄÄ » uw ½ % ¾ v xu Å ÝÃÂ u % U ÄÄ Cx ¹ Du % Ys & Ax ¹ Bu % Zs Å y
(11.127)

(We setA Ý 0 Ý B or Zs Ý Z if weonly wish to requiretheoutputto bestable.)
Moreover, this control law shouldbe “suboptimal” (seep. 613)., However,

to keep the notation simple, we study here the more generalextendedFull-
Information H∞ Control Problem(H∞ eFICP), wherethesuboptimality condition
is replacedby the condition that thereis ε Û 0 s.t. � v 0 x ux Ëw x wu û¼ê ε ¯ w ¯ 2. As
notedonp. 613,this condition is equivalent to suboptimality in the(specialcase)
settingof (11.1)(with Ü : Ý D Ý ³ D1 D2 ´ ).

In the following theorem,we first show that the existenceof a suboptimal
control law implies J-coercivity, and then we show how the uniqueJ-critical
control is of maximinform. In Propositions11.6.2and11.2.19,thesefactswere
usedto show to necessityof thesignatureconditionandtheexistenceof aunique
stabilizingsolutionto theRiccatiequation.
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Theorem11.7.2(H∞H∞H∞ eFICP) Set

¾
u v x x wu : ÝHÂ u % U ÄÄ » uw ½ % ¾ v xu Å . Assumethat

there is εu Û 0 s.t. �
D1u x JD1u� ÿ εu ¯Q» u0 ½ ¯ 2D v u % ¾ u v 0 x 0uMu�y (11.128)

Thenthefollowinghold:

(a) Wehave(i) � (ii), where

(i) There is εw Û 0 s.t. infu Ç%Î u
È 0 ËwÊ � v 0 x u x wu û�ê εw ¯ w ¯ 2 for all w % W.

(ii) There is F Õ�% µ v Wx U u s.t.F Õ w % ¾ u v 0 x wu for all w % W, D Õ : Ý
D ³ F <I ´ % µ v Wx Ys u , andD Õ ¿ JD Õ � 0 (onW).

(b) If (i) (or (ii)) holds,thenD is J-coercive.

(c) Assumethat (i) (or (ii)) holdsand

¾ v xu ,Ý /0 for all x % X. Thenthere are
F Õi% µ v Wx U u , K Õu % µ v X x U u , Kw

crit % µ v X x W u s.t.³ K Õu F Õ ´ » xw ½ % ¾ u v x x wu v x % X x w % W u x
(11.129)� v x x K Õu x ¹ F Õ wx wu Ý min

u Ç%Î u
È x ËwÊ � v x x u x wu³v x % X x w % W u x and

(11.130)

min
u Ç%Î u

È x Ë Kw
critxÊ � v x x u x Kw

critxu Ý max
w Ç W min

u Ç%Î u
È x ËwÊ � v x x u x wu[v x % X u�y (11.131)

Moreover, then for any x % X, the uniqueJ-critical input is givenby Kx,

where K : Ý ß K1
K2 á : Ý ß K <u º F < Kw

crit
Kw

crit á , andthecorrespondingcostis� v x x K1x x K2xu Ý max
w Ç W min

u Ç%Î u
È x ËwÊ � v x x u x wu ÿ min

u Ç%Î u
È x Ë 0 Ê �Cx ¹ D1u x J v Cx ¹ D1uu{�zy

(11.132)

In the FICP (see (11.1), we have J ÿ 0 on Ranv ³C D1 ´ u , so that� v x x K1x x K2xu ÿ 0 for all x % X, by (11.132);this leadsto anonnegativeJ-critical
cost operator 	 (seeProposition11.2.19). Condition (11.128)is the standard
nonsingularity assumption, and it is necessaryfor the J-coercivity statedin the
theorem.

HereF Õ andK Õu refer to a systemwhereonly u is controlled(“the optimal
statefeedbackthroughthe control input u”), whereasthe J-critical “maximin
statefeedback”K controlsboth u andw. By (11.132),(i) implies the J-critical
controlcorrespondsto “the bestcontrolu undertheworstdisturbancew” (or “the
maximincontrol » uw ½ ”).

By slightly modifying the proof of (a), onecanshow that conditions (i) and
(ii) hold if f D is J-coercive andminu Ç%Î u

È 0 ËwÊ � v 0 x u x wu û 0 for all w % W. Mere

J-coercivity is notsufficient(take,e.g.,D Ý ³ 1 0 0
0 1 1 ´ T, J Ý diagv 1 x 1 x ê γ u , γ ² 1, so

thatD

¿
JD Ý ß 1 0

0 È 1 ã γ Ê á � 0), wemustalsoknow thatthecostfunctionis concave

in w (it is convex in u, by (11.128)). If

¾ v xu ,Ý /0 for all x % H (“the Finite Cost
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Condition is satisfied”),thena fourth equivalentcondition is the existenceof a
J-critical K (asabove)satisfying asuitablesignaturecondition.

However, suchadditional conditionscan be obtainedin more useful forms
whenworking with causalsystems, thereforewe have placeda further treatment
in Sections11.2and11.6.

Proof of Theorem 11.7.2: (a) 1� (ii) � (i): Assume (ii). Then thereis
εw Û 0 s.t. � v 0 x F Õ wx wu Ý �

D Õ wx JD Õ w� û�ê εw ¯ w ¯ 2 for all w % W, hence(i)
holds.

2� (i) � (ii): Assume (i). Then

¾
u v 0 x wu ,Ý /0 for all w % W (since

inf /0 Ý¼¹ ∞). The mapD1 with the systemΣu : Ýøß B2 B1
D2 D1 á is J-coercive (this

correspondsto substitutionsX °± W,

¾'¿¿ °± ¾
u v 0 x I u and� v wx uu °±´� v 0 x u x wu ),

by (11.128);indeed,weobviouslyhave ¯ u ¯ D1 Ý ¯Q» u0 ½ ¯ D. Therefore,isaunique
J-critical controlF Õ w for Σu for eachw % W, whereß B<D <F < á % µ v Wx Zs ~ Ys ~ U u (11.133)

is as in Theorem 8.1.10; in particular, F Õ w % ¾
u v 0 x wu and�

D2w ¹ D1F Õ wx Du� Ý 0 for all u % ¾ u v 0 x wu andw % W, and� v 0 x F Õ wx wu Ý min
u Ç%Î u

È 0 ËwÊ � v 0 x u x wu û�ê εw ¯ w ¯ 2 for eachw % Wy (11.134)

SinceD Õ : Ý D2 ¹ D1F Õ % µ v Wx Ys u , weobtain(ii) from(11.134)(because� v 0 x F Õ wx uu Ý �
D Õ wx JD Õ w� ). (Intuitively, F Õ is the “optimal stabilizing

controller”w °± u.)
(b) Assume(i). Wehave ³D1 D Õ ´ Ý DE, whereE : Ý0³ I F <

0 I ´ , whereF Õ
is asin (a)2� . Because» F < w

w ½ % ¾ v 0u for all w % W, we have E » uw ½ % ¾ v 0u �
u % ¾ u v 0 x 0u & w % W, by Lemma8.1.4;thus,

¾ v 0u Ý E » ¾ u v 0 x 0u ~ W ½ . From
this and(a)2� we seethat the assumptions of Lemma11.7.3aresatisfiedfor³ A BE

C DE ´ , sothatDE is J-coercive. By Lemma8.2.4(c),it follows thatalsoD is
J-coercive.

(c) 1� ¾ u v x x wu ,Ý /0 for all x andw: Givenx % X andw % W, thereare ß u¡w¡ á %¾ v xu andu· · % ¾ u v 0 x w ê w· u , by theassumptions,sothat ³ u¡ º u¡ ¡
w ´ % ¾ v xu , i.e.,

u· ¹ u· · % ¾ u v x x wu . Thus,

¾
u v x x wu ,Ý /0 for all x andw.

2� Equations (11.129) and (11.130): These are obtained as in (a)2�
(with substitutionsX °± ³ XW ´ , x °± » xw ½ , ¾Á¿¿ v » xw ½ u °± ¾

u v x x wu and � v » xw ½ x uu °±� u v » xw ½ x uu : ÝE� v x x u x wu ). (Obviously, F Õ is thesameasin (a)2� .)
3� Equation(11.131):Wealsoobtainin 2 � that

Σ Õext : Ý �
AÕ BÕ
CÕ D Õ 
 : Ý �

A ¹ B1K Õu B2 ¹ B1F Õ
C ¹ D1K Õu D2 ¹ D1F Õ 
 % µ v X ~ Wx Z ~ Ys u

(11.135)
andD Õ ¿ JD Õ � 0.

Apply Corollary 8.2.7 and Theorem8.1.10 to Σ Õext and ê J (with cost
function Ý : ê9� Õ ) to obtainthatthereis Kw

crit % µ v X x W u s.t.� Õ v x x Kw
critxu Ý max

w Ç W � Õ v x x wu Ý max
w Ç W min

u Ç%Î È x Ëw Ê � v x x u x wu[v x % X u�y (11.136)
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4� “ ß K <u º F < Kw
crit

Kw
crit á x is the uniqueJ-critical control for any x % X”: Let

x % X. By (b), D is J-coercive, so that thereis a uniqueJ-critical control for
x, by Theorem8.2.5. Thus,we only have to show that this control is givenby» uw ½ : Ý ß K <u º F < Kw

crit
Kw

crit á x.

Let ß η
η ¡ á % ¾ v 0u bearbitrary. Setη · · : Ý η ê F Õ η · Ý η ê ucrit v 0 x η · u . Apply

Lemma8.1.7(ii) to � u, to � w andthenagainto � u to obtain(hereucrit v x· x w· u : Ý³ K Õu F Õ ´ ß x¡w¡ á for all x· x w· ) that � v x x u ¹ η x w ¹ η · uÝE� v x x K Õu x ¹ F Õ v w ¹ η · u ¹ η · · x w ¹ η · u (11.137)ÝE� u v ³ x
w º η ¡ ´ x ucrit v x x w ¹ η · uJu ¹±� u v 0 x η · · u (11.138)ÝE� Õ v x x w ¹ η · u ¹±� u v 0 x η · · u ÝE� Õ v x x wu ¹±� Õ v 0 x η · u ¹±� u v 0 x η · · u (11.139)ÝE� v x x u x wu ¹±� u v ß 0

η ¡ á x ucrit v 0 x η · uJu ¹±� u v 0 x η · · u (11.140)ÝE� v x x u x wu ¹±� u v ß 0
η ¡ á x ucrit v 0 x η · u ¹ η · · u Ý|� v x x u x wu ¹±� v 0 x η x η · u�y (11.141)

By “(ii) � (i)” of Lemma8.1.7, » uw ½ is J-critical for x.
5� Equation(11.132): This follows from (11.130)and (11.131)(the in-

equalityfollowsby takingw Ý 0). �
Thefollowing resultfor “uncoupled”H∞ controlwasusedabove:

Lemma 11.7.3 Assumethat

¾ v 0u Ý U1 ~ W for someU1 � U, D

¿
2JD2 û 0,�

D1u x D2w� Ý 0 for all u % U1 x w % W, εu Û 0, and
�
D1u x JD1u� ÿ εu v ¯ u ¯ 2U ¹¯ B1u ¯ 2Zs ¹H¯ D1u ¯ 2Ys u for all u % U. ThenD is J-coerciveiff D

¿
2JD2 � 0.

Proof: Since

¾ v 0u is a subspaceof U ~ W, U1 is a subspaceof U . Since
B2 »W ½ � Zs andD2 »W ½ � Ys, we have B2 % µ v Wx Zs u andD2 % µ v Wx Ys u , by
LemmaA.3.6 (sothatD

¿
2JD2 is well definedonW).

1� “Only if ”: If D is J-coercive, then,for eachnonzerow % W, thereis a
nonzerow· % W s.t.

�
D2w· x JD2w� ÿ ε · ¯ w ¯¸¯ w· ¯ , whereε · is asin (8.12) (take

u Ý 0). Consequently, thenD

¿
2JD2 � 0. by LemmaA.3.4(c1)(xi)&(c4)&(b1).

2� “If ”: Assume thatD

¿
2JD2 � ê εwI . Given u % U1 andw % W, wehave�

D » uã w ½ x JD » uw ½ � Ý εu v ¯ u ¯ 2 ¹H¯ B1u ¯ 2 ¹H¯ D1u ¯ 2 u ¹ εw ¯ w ¯ 2 (11.142)ÿ ε · v ¯ u ¯ 2 ¹H¯ w ¯ 2 ¹H¯Q» uw ½ ¯ 2 ¹H¯ B1u ¯ 2 ¹H¯ B2 ¯ 2 ¯ w ¯ 2 ¹H¯ D1u ¯ 2 ¹H¯ D2 ¯ 2 ¯ w ¯ 2 u x
(11.143)

whereε · : Ý min Â εu x εw
Å , from whichoneeasilyobtains(8.12). �

Notes
For finite-dimensional WPLSs, the idea to first minimize w.r.t. u and then

maximizew.r.t. w is very old, althoughwe do not know any referencesto the
exact techniqueusedin this section.Seetheprevioussectionsfor applications to
WPLSs.
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11.8 The Nehari problem

If youthink theproblemis badnow, justwait until we’vesolvedit.

— Arthur Kasspe

In the Nehari problem, one wishesto determinethe norm of the Hankel
operatorπ º @ π ã of a given map

@ % TIC v W x U u , or alternatively, to find a
suboptimal approximation ê?\ ¿ % TIC

¿ v Wx U u of

@
.

Given γ Û 0, onehas ¯ π º @ π ã ¯A² γ if f inf _ Ç TIC È U ËW Ê ¯ @ ¹U\ ¿ ¯�² γ, i.e., if f

d v @ x TIC

¿ u ² γ (or d v L@ x H∞ v C ã ;

µ v W x U uMuJu ² γ), by theNehariTheorem11.8.3.
As the theoremshows, onecanreducethe problemof finding suchan operator\ to a co-spectralfactorizationproblem, and such a factorizationleadsto a
parameterizationof all solutions \ of ¯ @ ¹�\ ¿ ¯�² γ.

(Sometimestheproblemis formulatedsothat

@
belongsto MTI or someother

noncausaldecomposingclass.Thenonemayreducetheproblemto theaboveone
by replacing

@
with its causalpart

@ º , where

@ Ý @ º.¹ @ ã ,

@ º x @ ¿ ã % TIC.)
In this section,we take a very brief look at theaspectsof theNehariproblem

thatcloselyresemblethoseof thestableH∞ FICP.

Standing Hypothesis11.8.1 ThroughoutSections11.8–11.9,weassumethefol-
lowing: Σ : Ý ³ � �� B ´ % WPLSv W x H x U u is stableandγ Û 0.

Recallfrom Definition 6.1.6thatany

@ % TIC v Wx U u hasa realizationΣ (for
someH).

We shall show that the following conditionsare equivalent (under some
additionalassumptions):

Definition 11.8.2 We define Ü : Ý ³ I B0 I ´ % TIC v U ~ W u , and we define the
followingconditions:

(i) There is \G% TIC v U x W u s.t. ¯ @ ¹�\ ¿ ¯ � È L2 Ê ² γ (i.e., d v @ x TIC

¿ u ² γ).

(ii) TheHankel norm ¯ π º @ π ã ¯6Ý ρ v å
å ¿ æ ¿ æ u 1f 2 of

@
is lessthanγ.

(iii) TheI/O map Ü is co-minimaxJγ-coercive[Def11.4.1].

(iv) TheToeplitzoperator Ð : Ý π ã Ü ¿ J Ü π ã satisfiesÐ 22 ê Ð 21 Ð ã 1
11 Ð 12 � 0.

(v) TheI/O map Ü : Ý ³ I B0 I ´ % TIC hasa (co-spectral) factorization Ü ¿ Jγ Ü�Ýñ
J1
ñ ¿

with
ñ x ñ 11 % � TIC.

Wehaveπ º @ π ã Ý æ å , by Definition6.1.1,hence

ρ v å
å ¿ æ ¿ æ u 1f 2 Ý ρ v å ¿ æ ¿ æ å u 1f 2 Ý�¯ æ å ¯AÝ ¯ π º @ π ã ¯ x (11.144)

by LemmaA.3.3(s2),LemmaA.3.1(c6)andDefinition6.1.1.Notethat
å�å ¿

is the
reachabilityGramianand

æ ¿ æ
is theobservability Gramianof Σ. Exceptfor this

observation(andtheequalityin (ii)), our claimsonly concerntheI/O map

@
, not

therealizationΣ.
If Ü5% MTIC and dimU ~ W ² ∞, or if Ü5% MTICTZ , then (i)–(v) are

equivalent:
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Theorem11.8.3(Nehari) We have(v)� (i) � (ii) � (iii ) � (iv). If U and W are
separable, then(i)–(iv) areequivalent.

If
" ¿ Ý R

"
RÝ " �

a
TI,

@ % " , and
" v U ~ W u admitsspectral factorization

(e.g., (α) or (β) of Theorem8.4.9holds),then(i)–(v) areequivalent.

If (v) holds, thenall solutions to (i) are the onesgiven by Theorem11.9.4
(if

@ % " , then
ñ % " , by Theorem11.9.3,hencethenwe cantake \]% " , by

Theorem11.9.4,andall solutions \*% " correspondto all parameters�\+% " , as
in Theorem11.3.6).

By “
" v U ~ W u admitsspectralfactorization”we meanthat if ¤Z% " v U ~

W u and π º«¤ π º is (boundedly)invertible on L2 v R º ;U ~ W u (this condition
is necessaryfor any

" �
a

TI), then ¤ Ý ñ ¿ Sñ for some
ñ % �

TIC v U ~ W u ,
S % � µ v U ~ W u .

Proof: 1� The first chain of implications follows from Theorems11.9.4,
11.9.2and11.9.1andDefinition11.4.1.

2� Implication (ii) � (i) follows from Theorem11.9.2.
3� By 1� andTheorem11.9.3,(i)–(v) areequivalent. (From the proof of

Theorem8.4.9weobservethateachof assumptions(α) and(β) is sufficient for
the admissibility assumption; obviously the former conditionis satisfied,i.e.," �

a
TI and ¤ ¿ x R¤ R% " for each¤-% " .) �

One observes directly from the definition that Ü is minimax Jγ-coercive.
However, wehavenousefor this fact.

Notes
Above, we have primarily givenfrequency-domainresults.Onetraditionally

alsoestablishestheconnectionto two particularRiccatiequationshaving nonneg-
ative solutions; see,e.g.,[IOW] for thefinite-dimensionalcase(bothcontinuous
anddiscretetime), [CZ] for thecasewith boundedB andC, and[CZ94] for the
caseof smoothPritchard–Salamonsystems.Theabove referencesonly treatthe
exponentiallystablecase;see[CO98] for WPLSswith

å
,
æ

and Ü stableandB x C
bounded(but

ä
possiblyunstable;notealsothat

ä
couldbeallowedto beunstable

throughSections11.8–11.9).
For dimU ~ Y ² ∞, theNehariproblemhasanextendedversion, theHankel

norm approximation problem, whose I/O form was presentedand solved in
[AAK] (the Adamjan–Arov–Krein theorem). An up-to-datestate-spacesolution
for exponentially stableanalyticandPS-systemsis given in [Sasane](partially
alsoin [SC]).

Since the Nehari Riccati equationtheory doesnot follow from the theory
of Chapter9, we omit the state-spacepart correspondingto the above results;
it might be worth of a separatestudy (where resultssuch as Theorem8.3.9
shouldbe rewritten in this “noncausal”setting(e.g.,we have ó ¿ J ó�Ý S, whereó : Ý�Ü ñ ã ¿ ,% TIC µ TIC

¿
in general)).Part of thestate-spacetheory(includinga

realizationof thespectralfactor)is givenin [SM], dueto Olof Staffans.
The resultsof this sectionare well known in the generalitytreatedin the

above references(excluding [SM]), and the implication “(i) � (ii)” is contained
in [Treil85] in theseparablecase.
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11.9 The proofsfor Section11.8

HOW TO PROVE IT, PARTS1–2:
Proofby intimidation: ’Trivial’.
Proofbyvigoroushandwaving:Workswell in a classroomor seminar
setting.
Proofbycumbersomenotation: Bestdonewith accessto at leastfour
alphabetsandspecialsymbols.

FURTHERPROOFTECHNIQUES:
Blatantassertion.
Changingall the2’s to n’s.
Mutualconsent.
Lack of a counterexample.

Now wecanprove theimplicationscompiledinto Theorem11.8.3:

Theorem 11.9.1 (iii) � (ii).

Proof: We haveÐ : Ý π ºQÜ ¿ J Ü π ºXÝ �
π ã π ã @@ ¿

π ã π ã @ ¿ @ π ã ê γ2π ã 
 x (11.145)

hencethe co-minimaxJ-coercivity of Ü is equivalent to 0
� π ã @ ¿ @ π ã ê

γ2π ã ê @ ¿ π ã @ Ý÷ê v γ2π ã ê π ã @ ¿ π º @ π ã^u , henceto γ2π ã � π ã @ ¿ π º @ π ã9u ,
henceto ¯ π º @ π ã ¯�² γ, by LemmaA.1.1(d). �

Theorem 11.9.2 Wehave(i) � (ii). Theconverseis true for separable U andW.

Proof: 1� “(i) � (ii)”: Becauseπ ºk\ ¿ π ã Ý 0, we have¯ π º @ π ã ¯6Ý ¯ π º v @ ¹�\ ¿ u π ã ¯�û¼¯ @ ¹�\ ¿ ¯ (11.146)

for \G% TIC, hence(i) implies(ii).
2� “(ii) � (i)”: By, e.g., the Theoremon p. 57 of [Treil85] (andTheorem

13.2.3),this is trueat leastin theseparablecase,and(in thesepablecase)we
alsohave that¯ π º @ π ã ¯6Ý inf¶_ È ã¢H Ê{Ç H∞

¯ L@ ¹ L\.¯ ∞ Ý inf_ Ç TIC
¯ @ ¹�\ ¿ ¯ � È L2 Ê Ý min_ Ç TIC

¯ @ ¹�\ ¿ ¯ � È L2 Ê y
(11.147)�

Theorem 11.9.3 Assumethat
" ¿ Ý R

"
RÝ " �

a
TI, that

@ % "
, and that" v U ~ W u admitsspectral factorization. Then(iii) implies(v) (with

ñ % ��" ).

Proof: Assume (iii). Then, by Lemma 11.4.2, π ã Ü ¿ J Ü π ã %� µ v L2 v R ã ;U ~ W uJu , i.e., π º
Ü dJ v Ü d u ¿ π º;% � µ v L2 v R º ;U ~ W uJu . Conse-
quently, thereare

ñ d % � TIC v U ~ W u P " v U ~ W u andS % � µ v U ~ W u s.t.v ñ d u ¿ Sñ d ÝüÜ dJ v Ü d u ¿ , i.e.,
ñ

S
ñ ¿ ÝüÜ ¿ J Ü .
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By Corollary11.4.7,wecanhaveS Ý J1 and
ñ

11 % � TIC v U u . �
All solutionsto ¯ @ ¹·\ ¿ ¯�² γ aregiven by thestandardformula(cf. Theorem

3.2of [CO98]):

Theorem11.9.4(All solutions) Let the I/O map Ü : Ýø³ I B0 I ´ % TIC havea co-
spectral factorization Ü ¿ Jγ Ü÷Ý ñ J1

ñ ¿
with

ñ x ñ 11 % �
TIC (i.e., let (v) hold).

Then \ ¿ : ÝHò ¿21 ò ã ¿22 Ý ê ñ ã ¿11
ñ ¿

21 satisfies ¯ @ ¹U\ ¿ ¯A² γ, where ò : Ý ñ ã 1; in
particular, (i) holds.

Moreover, in that case, all solutions to ¯ @ ¹�\ ¿ ¯�² γ [ û γ] are given by\ ¿ : ÝU\ ¿1 \ ã ¿2 , ß _ 
1_ 
2 á Ý ò ¿ ß��_ 
I á , �\G% TIC and ¯ �\�¯�² 1 [ û 1].

Thus, all solutionsare given by \÷Ý]\ ã 1
2 \ 1 (clearly a l.c.f.), ³ \ 1 \ 2 ´ Ýß`�\ I á ò , �\G% TIC and ¯ �\�¯�² 1 [ û 1].

Proof: By Corollary 11.4.6,we have ¯ ñ ã 1
11
ñ

12 ¯f² 1, therefore,the proof
of Theorem11.3.6applies,with substitutions \ °±¸\ ¿ , �\�°± �\ ¿ , ñ °± ñ ¿

,ò °± ò ¿ , ß ö 11 ö 12ö 21 ö 22 á °± ß ö 
11 ö 
21ö 
12 ö 
22 á , ß ù 11
ù

12ù
21
ù

22 á °± ß ù 
11
ù 
21ù 
12
ù 
22 á , \ k °±£\ ¿k , �\ k °± �\ ¿k ,� k °±¹� ¿k v k Ý 1 x 2u , v W x U u °± v U x W u andTIC °± TIC

¿
(or TIC °± TI, since

causalityis notneededin theproof). �
(Seethenotesonp. 686.)



Chapter 12

H∞ Four-Block Problem
( º »­¼ ½ ¾7¿ ÀGºÂÁ γ)

Whatis nowprovedwasonceonly imagin’d.

— Willi amBlake (1757–1827)

TheH∞ Four-Block Problem(H∞ 4BP)is presentedon p. 36. In Section12.1
we solve the4BP, in Section12.3we solve thecorrespondingfrequency-domain
problem, and in Section12.2 we treat the discrete-timecounterpartsof these
problems.Therestof thischapterconsistsof proofsandminor results.

Ourmaincontributionsarethesolution of thecontinuous-timeH∞ problemin
termsof two independentRiccatiequationsanda coupling condition(Theorems
12.1.4and12.1.5,underdifferentassumptions)andtheparametrizationof all sub-
optimalcontrollers(Theorem12.1.8),aswell asthecorrespondingdiscrete-time
results(includingTheorem12.2.1).Anotherimportantresultis the factorization
solution of thesameproblem(Theorem12.3.6solvesthefrequency domainprob-
lem for MTIC systems, Theorem12.3.7(partially) for moregeneralones;Theo-
rem12.3.5connectsthesesolutionsto thestate-spacesolution).

In thischapter, �" standsfor MTICTZ or for someothersuitableclass:

Standing Hypothesis12.0.1 Throughout this chapter we assume that
H x U x W x Yx Z are Hilbert spacesand the spaces �" v U ~ W u , �" v Y ~ U u and�" v Y ~ Z u satisfy Hypothesis8.4.7andthat �" Ý �" d

.

(Cf. Theorem8.4.9(c),Lemma14.3.5andDefinition6.2.4.)
NotealsothatHypothesis12.3.1is assumedthroughSections12.3–12.4 and

Hypothesis12.1.1throughSections12.1,12.2,12.5and12.6.
In this chapter, we allow the controllersto have internal loops unlesswe

usethe term “well-posedcontroller”; cf. Figures7.8 and 7.10 (or Figures7.9
and 7.11)). We also often drop the prefix “DPF-”, since we study no other
controllersthanDPF-controllersin thischapter(seeSection7.3).

689
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12.1 The standard H∞ problem (H∞ 4BP)

Not every problem is necessarilydue to the capitalist mode of
production.

— HerbertMarcuse

Weassumethedynamicsof form (1.25)(seep. 37):

Standing Hypothesis12.1.1 Throughout Sections12.1,12.2,12.5and12.6,we
assumethat γ Û 0 and

Σ Ý � ä åæ Ü 
 Ý Ö× ä å
1

å
2æ

1 Ü 11 Ü 12æ
2 Ü 21 Ü 22 ØÙ % WPLSv U ~ W x H x Z ~ Y u�y (12.1)

Definition 12.1.2(Suboptimal controller) A stabilizingDPF-controller for Σ is
calledsuboptimal if it makesthenormof themapw °± z lessthat γ.

SeeDefinition 7.3.1 for stabilizing Dynamic Partial Feedback(DPF) con-
trollersfor Σ (recallthatin thischapterthewords“with internalloop” areusually
omittedunlike in Chapter7).

The mapw °± z is usuallydenotedby � � v Ü x � u , where � is the I/O-mapof
the controller; seeCorollary 7.3.20(or Lemma12.3.2)for �D� v Ü x � u . As noted
on p. 321,we have � � v Ü x � u Ý�Ü 12 ¹�Ü 11 � v I êXÜ 21 � u Ü 22 for well-posed� . In
the literature,often “w comesbeforeu”, hencethe latter subindicesshouldbe
interchangedin theformulafor ��� for comparison.

We shallshow in Theorems12.1.4and12.1.5that,understandardcoercivity
assumptionsandcertainregularityassumptions,theexistenceof suchacontroller
is equivalentto thestandardCARE,signatureandcouplingconditions.Moreover,
in Theorem12.1.8we parametrizeall suchcontrollersandshow thatall of them
arewell-posedwhenD21 Ý 0 (asoneusuallyassumes).Thus,for mostreaders
it suffices to considerwell-posedcontrollersonly. We also make someless
importantremarkson theproblemunderdifferentassumptions.

Recall from Definition 7.3.1 that �Σ beingan exponentially stabilizing DPF-
controllermeansthat theclosed-loopsystemin Figure7.9 (or 7.11) is exponen-
tially stable,i.e., thatall mapsbetweenthesignalsin thisfigureareexponentially
stable.By Lemma6.1.10,this is thecaseif f thecorrespondingclosed-loopsemi-
groupis exponentially stable.

Thus,our conceptof a suboptimal exponentially stabilizingDPF-controller
is a direct generalizationof the standardconcept(the “suboptimaladmissible
controller” of [ZDG], “γ-admissiblecontroller” of [Keu], or “stabilizing γ-
contractingcontroller”of [IOW]).

In mostapplicationsof Definition12.1.2,wecanshow thatHypothesis12.3.1
is satisfied.SeeProposition 7.3.4andLemma12.5.7for �$� v Ü x � u in thegeneral
case.

Wefirst notethattheproblemof thissectioncontainsthatof Section12.3:



12.1. THE STANDARD H∞ PROBLEM (H∞ 4BP) 691

Lemma 12.1.3(exp-4BP � � � I/O-4BP) TheI/O mapofanysuboptimal [exponen-
tially] stabilizing DPF-controller for Σ is a suboptimal [exponentially] stabilizing
DPF-controller for Ü . �

(This is trivial; seeDefinitions12.3.3and7.3.1(cf. Theorem7.3.11(c1)).)
In thefirst form of oursolutionweshallassume“B

¿
w-CARE” typeregularityto

obtainsimplerRiccatiequationsandhave thesolution look exactly like its finite-
dimensional counterparts(with the exceptionof weakWeissextensionsB

¿
w and

Cw in placeof B

¿
andC):

Theorem 12.1.4(H∞H∞H∞ 4BP � � � B

¿
wB

¿
wB

¿
w-CAREs)

(A1) (Regularity) Assumethatat leastoneof (I)–(V) holds,where

(I) (Analytic
ä ä ä

) 1. A generates an analytic semigroup on H, B1 %µ v U x Hβ1 u , B2 % µ v Wx Hβ2 u , C1 % µ v Hγ1 x Z u , C2 % µ v Hγ2 x Y u , D %µ v U ~ Wx Z ~ Y u , βk x γk % v ê 1e 2 x 1e 2u (k Ý 1 x 2); 2. γ1 ² 1e 4 or
γ1 ê min Â β1 x β2

Å ² 1e 2; and3. β2 Ûüê 1e 4 or maxÂ γ1 x γ2
Å ê β2 ² 1e 2;

(II) B is bounded (i.e., B % µ v U ~ W x H u ) and π � 0 Ë 1 Ê Cw
ä %

L1 v » 0 x 1u ; µ v H x Z ~ Y uJu ;
(III) π � 0 Ë 1 Ê ä B % L1 v » 0 x 1½ ; µ v U ~ Wx H uJu andC % µ v H x Z ~ Y u ;
(IV) π � 0 Ë 1 Ê ä Bv0 % L2 v » 0 x 1½ ;H u , π � 0 Ë 1 Ê ä ¿ C ¿ t0 % L2 v » 0 x 1½ ;H u ,

π � 0 Ë 1 Ê Cw
ä

Bv0 % L2 v » 0 x 1½ ;Z ~ Y u , π � 0 Ë 1 Ê B¿w ä ¿ C ¿ t0 % L2 v » 0 x 1½ ;U ~ W u
for all v0 % U ~ W, t0 % Z ~ Y (equivalently, v I2ê Au ã 1B x v I2ê A

¿ u ã 1C

¿ x
Cw v I�ê Au ã 1B x B¿w v I�ê A

¿ u ã 1C

¿ % H2
strongv C ºω ;

µ v ° x ° uMu for someω % R);

(V)
ä

is exponentiallystableand LÜ:ê D x LÜ v Ī u ¿ ê D

¿ % H2
strongv C ºω ;

µ v ° x ° uMu
for someω ² 0.

(A2) (Nonsingularity) Assumethat D

¿
11D11

�
0 and D22D

¿
22
�

0, and that
there is ε Û 0 s.t.v ir ê Au x0 Ý B1u0 Ý � ¯ C1wx0 ¹ D11u0 ¯ Z ÿ ε ¯ x0 ¯ H and (12.2)v ir ê A

¿ u x0 Ý C

¿
2y0 Ý � ¯ B¿2wx0 ¹ D

¿
22y0 ¯ W ÿ ε ¯ x0 ¯ H (12.3)

for all x0 % H x u0 % U x y0 % Yx r % R.

Then there is a suboptimal exponentiallystabilizing DPF-controller for Σ
(possiblywith internal loop) iff (1.)–(3.)hold:

(1.) (	 X	 X	 X-CARE) D

¿
12D12 ê D

¿
12D11 v D ¿11D11u ã 1D

¿
11D12 � γ2I , and the

(B

¿
w-)CARE &'''( ''') K

¿
XSXKX Ý A

¿ 	 X ¹ 	 XA ¹ C

¿
1C1 x

SX Ý ß D 
11D11 D 
11D12

D 
12D11 D 
12D12 ã γ2I á x
KX Ý ê Sã 1

X v ß D 
11
D 
12 á C1 ¹ B

¿
w 	 X u x (12.4)

hasa solution v 	 X x SX x KX u % µ v H x Domv B ¿w uJu ~ µ v U ~ W u ~ µ v H1 x U ~ W u
s.t. 	 X ÿ 0, andthesemigroupgeneratedbyA ¹ BKX is exponentiallystable.
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(2.) (	 Y	 Y	 Y-CARE) D12D

¿
12 ê D12D

¿
22 v D22D

¿
22 u ã 1D22D

¿
12 � γ2I , and the

(B

¿
w-)CARE &'''( ''') K

¿
YSYKY Ý A	 Y ¹ 	 YA

¿ ¹ B2B

¿
2 x

SY Ý ß D22D 
22 D22D 
12
D12D 
22 D12D 
12 ã γ2I á x

KY Ýjê Sã 1
Y v ß D22

D12 á B

¿
2 ¹ ß C2w

C1w á 	 Y u x (12.5)

hasa solution v 	 Y x SY x KY u % µ v H x Domv ß C2w
C1w á uJu ~ µ v Y ~ Z u ~ µ v H ¿1 x Y ~

Z u s.t. 	 Y ÿ 0, and the semigroup generated by A

¿ ¹ ³C ¿2 C

¿
1 ´ KY is

exponentiallystable.

(3.) (Coupling condition) ρ v 	 X 	 Y u ² γ2.

(Werecall fromTheorem9.8.12(a)thatanyexponentiallystabilizing solutions
of Riccatiequationsareunique.)

Assumethat (1.)–(3.)aresatisfied.Thenthefollowinghold:

(a) All suboptimal exponentially stabilizing DPF-controllers for Σ are theones
parametrizedin Theorem 12.1.8(for �" Ý MTICL1

exp in cases(I)–(IV) and�" =Theorem8.4.9(γ · ) in case(V)); notethat if D21 Ý 0, thenall of themare
well-posed.Moreover, alsocondition (4.) of Theorem12.1.8canbewritten
asa B

¿
w-CARE,i.e., asfollows:

(4.) (	 Z	 Z	 Z-CARE) For some(equivalently, all) X % � µ v U ~ W u s.t.X21 Ý 0
andS Ý X

¿
J1X, theCARE&'''( ''') K

¿
ZSZKZ Ý A

¿
Z 	 Z ¹ 	 ZAZ ¹ B2X ã 1

22 X ã ¿22 B

¿
2 x

SZ Ý D

¿
ZJ1DZ x

KZ Ý ê Sã 1
Z v � D22X � 1

22

X12X � 1
22 
 X ã ¿22 B

¿
2 ¹ v B¿Z u w 	 Z u x (12.6)

has a solution v 	 Z x SZ x KZ u % µ v H x DomvJv B ¿Z u w uJu ~ µ v Y ~ Z u ~µ v Domv AZ u x Y ~ U u s.t. 	 Z ÿ 0, SZ11
�

0, SZ22 ê SZ21S
ã 1
Z11SZ12 � 0

andthesemigroup generatedbyAZ ¹ BZKZ is exponentiallystable.

(b) ThesystemsΣX x ΣY x ΣZ x Σ Ã d x Σ Ä andΣalt satisfytheassumptionsof Lemma
6.8.5for p Ý 1 Ý q if anyof (I)–(IV) holds(andfor p Ý 2 Ý q if (IV) holds).
If (I) holds,thenthey alsosatisfy Hypothesis9.5.1.

(SeeCorollary9.5.12(b)for additionalsmoothnessfor case(I). By Corollary
9.5.12(a),conditions “2.” and“3.” maybeomittedfrom (I) if we write (1.)–(2.)
to theform of Theorem12.1.5.)

Underthenormalizingconditions

D12 Ý 0 x D

¿
11 ³C1 D11́ Ý ³ 0 I ´ x (12.7)

condition(1.) canbewrittenasfollows:vJv B¿1 u w 	 X u ¿ v B¿1 u w 	 X ê γ ã 2 vJv B¿2 u w 	 X u ¿ v B¿2 u w 	 X Ý A

¿ 	 X ¹ 	 XA ¹ C

¿
1C1 (12.8)
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with therequirementsthat 	 X % µ v H x Domv B ¿w uJu , 	 X ÿ 0,andA ¹ v γ ã 2B2 v B¿2 u w ê
B1 v B¿1 u w u 	 X is exponentially stable. (Note thatnow SX Ý Jγ : Ý�» I 0

0 � γ2I ½ andKX Ýß ã È B 
1 Ê w � X

γ � 2 È B 
2 Ê w � X á % µ v H x U ~ W u .) If B is bounded,then(12.8)takestheclassicalform	 X v B1B

¿
1 ê γ ã 2B2B

¿
2 u 	 X Ý A

¿ 	 X ¹ 	 XA ¹ C

¿
1C1 y (12.9)

Seep. 618 for further simplification andremarks. Analogousremarksapply to
(2.) and(4.). We thusobserve thattheclassicalH∞ CAREsbecomespecialcases
of (1.) and(2.) (cf. p. 618).

Recall from Definition 9.8.1, that each of these 	 X-CAREs is given on
µ v H1 x H ¿ã 1 u : Ý µ v Domv Au x Domv A ¿ u ¿ u ; e.g.,(12.8)holdsif f� v B¿1 u w 	 Xx0 x v B¿1 u w 	 Xx1� ê γ ã 2 � v B¿2 u w 	 Xx0 x v B¿2 u w 	 Xx1�Ý �

Ax0 x 	 Xx1� ¹ � 	 Xx0 x Ax1� ¹ �C1x0 x C1x1� (12.10)

for all x0 x x1 % Domv Au (we can take x1 Ý x0 w.l.o.g., by LemmaA.3.1(g1)).
Analogously, the 	 Y-CAREs are given on Domv A ¿ u and the 	 Z-CAREs (see
Theorem12.1.8)onDomv AZ u .

See the remark in the proof for weakening (A1) (e.g., by assuming that
Hypothesis9.2.1is satisfiedby certainsystemswith Jγ or J1). SeeRemark12.1.7
for severalequivalentconditionsfor (A2).

One usually assumesthat v A x B1 u is exponentially stabilizableand v A x C2 u
is exponentially detectable.By the above, suchassumptions are necessarybut
redundantunder (A1)–(A2) (or somewhat weaker analogousassumptions, see
Theorem12.1.5or Theorem12.2.1).

Note that in “ v 	 X x SX x KX u % yÅyÅy ” only “ 	 X % µ v H x Domv B ¿w uJu ” is a re-
quirement;the other two conditionsare automatically satisfiedwhenever 	 X %µ v H x Domv B ¿w uJu and SX and KX are determinedby the secondand third equa-
tions of (12.4). An analogousremarkappliesto (2.) and(4.) (andto any other
B

¿
w-CARE).

Proof of Theorem 12.1.4: 0 y 1� Remarkson (I)–(V): Conditions (I) says
thatHypothesis9.5.1holdsfor Σ (hencefor ΣX andΣY too)andthatHypothesis
9.5.7(2.) (without the D

¿
JD condition) is satisfiedby ΣX and ΣY (but not

necessarilyby Σ). Theassumptionsin (II)–(V) couldbeweakenedanalogously.
Even without the standing hypotheses,(I) implies that ³ A B

C D ´ generatean
ULR WPLS,byLemma6.3.15.For (II) (resp.(III)), wemustaddtheconditions
(4.) (resp.(2.)) and(1.) of Lemma6.3.15.Conditions(IV) and(V) arefar from
sufficient to guaranteetheaxiomsof WPLSs.

The H2
strong-condition in (V) could be rephrasedas “ Üüê D % µ v U ~ Wx

L2 v R º ;Z ~ Y uJu ° and Ü d ê D % µ v Z ~ Y x L2 v R º ;U ~ W uJu ° ”, i.e.,as“Cw
ä

Bv0 %
L2 v R º ;Z ~ Y u and B

¿
w
ä ¿

C

¿ �y0 % L2 v R º ;U ~ W uJu ° for all v0 % U ~ W and�y0 % Z ~ Y”.
0 y 2� Remark:alternativesfor (A1): In Theorem12.1.4,an alternative for

(A1) wouldbeto assumethat v ΣX x Jγ u and v ΣY x Jγ u havethepropertyof Remark
9.9.14(c).

Then(1.)–(3.)becomenecessary, by Lemma12.1.13,but sufficiency would
requirea slightly strongerassumptionto guaranteethat also Σ Ã d or ΣZ is as
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smooth(whenever (1.) holds).
An even weaker assumptioncan also suffice: if v ΣX x Jγ u x v ΣY x Jγ u %

coerciveCARE,then(1.)–(3.) arestill necessary(possibly in a modified form,
seeLemma12.1.13andRemark12.1.6;also(A2) mustpossiblybealteredif Ü
is not ULR), but for sufficiency oneneedsseveral additional assumptions,cf.
theremarkin theproofof Lemma12.1.12

1� Case(V): This is containedin Theorem12.1.11(let �" be the classof
Theorem8.4.9(γ · ); note that Hypothesis12.5.1holds, by Remark12.1.7(a)),
sincethetwo formsof (1.)–(2.) areequivalent,by Remark12.1.6(becauseΣX

andΣY satisfyHypothesis9.2.2(7.)).Consequently, wedonot treatcase(V) in
2� –3� below.

2� Condition (A1) of Theorem 12.1.5 is satisfied: For (II)–(IV) this is
obvious, since

ä %OÆ v R º ;

µ v H uJu � L1
loc v R º ;

µ v H uJu ; for (I) this follows from
Lemma9.5.2.

3� Theequivalenceand all controllers: We deducefrom Theorem12.1.5
that(1.)–(3.)of thattheoremareequivalent to theexistenceof anexponentially
stabilizing suboptimal DPF-controllerfor Σ (possiblywith internalloop), and
thatif eitherholds, thenall suchcontrollersareparametrizedbyTheorem12.1.8
(andthatin thiscasetheassumptionsof Theorem12.1.8aresatisfied).

It only remainsto beshown that(1.)–(2.)canbewrittenasin this theorem.
4� (1.)–(3.) are equivalentto (1.)–(3.) of Theorem12.1.5:Notefirst that if

eitherconditionshold,thenD

¿
XJγDX x D ¿YJγDY % � µ , by (A2) andthesignature

conditions, hencethe condition “D

¿
JD % � µ ” of Hypothesis9.2.2(4.) (or of

Hypothesis9.5.7(2.))is satisfiedby bothΣX andΣY.
Condition(A1) implies that Hypothesis9.2.2 is satisfiedby both ΣX and

ΣY; indeed,(I) implies (2.) or (3.) (resp.(2.) or (3.)) of Hypothesis 9.2.2for
ΣX (resp.for ΣY), (II) implies(1.) (resp.(4.)), (III) implies(4.) (resp.(1.)), (IV)
implies(5.) (resp.(5.)), (V) implies(7.) (resp.(7.)).

By Theorem9.2.3,it follows thatHypothesis9.2.1is satisfiedby v ΣX x Jγ u
andby v ΣY x Jγ u , hencethe two CAREs becomeequivalent to BwCAREs,by
Theorem9.2.9.

(a)Theclaim(a) is containedin Theorem12.1.5exceptfor thefactthatthe	 Z-CARE canbewrittenas(4.) above;equivalently, for thefactthatΣZ andJ1

satisfyHypothesis9.2.1.Thiswill beestablishedbelow.
(a)&(b) We shallestablish(b) andshow thatΣZ satisfiesHypothesis9.2.2,

so thatΣZ andJ1 satisfyHypothesis 9.2.1. This completestheproof of (a). It
alsoimpliesthat(4.) is satisfied(since“(4.)” of Theorem12.1.8is necessarily
satisfied,by thetheorem).

a y 1� ThesystemsΣX x ΣY x ΣZ and Σ Ã d satisfy the assumptions of Lemma
6.8.5for p Ý 1 Ý q if anyof (I)–(IV) holds(andfor p Ý 2 Ý q if (IV) holds):

For ΣX and ΣY, this was notedin 1 � . SinceB

¿
w 	 X % µ v H x U ~ W u , the

operatorKX is of theform describedin Lemma6.8.5(for ΣX, hencealsofor Σ),
hencealsoΣ ë andΣdë satisfythe assumptions of the lemma(by the lemma).
Consequently, sodoesΣ Ã d (sinceit is a partof Σdë , by Lemma12.5.15),hence
sodoesΣZ, by Lemma6.8.5(b).

a y 2� ThesystemsΣ Ä and Σalt satisfy the assumptions of Lemma6.8.5 for
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p Ý 1 Ý q if (4.) andanyof (I)–(IV) hold (and for p Ý 2 Ý q if (4.) and (IV)
hold): SinceKZ in (4.) is of the form describedin Lemma6.8.5(by a y 1 � ) for
ΣZ, it followsthatΣalt satisfiestheassumptions of Lemma6.8.5,hencesodoes
Σ Ä (becauseit is apartof Σalt).

a y 3� Therestof (a) and(b): Weshow thisseparatelyundereachassumption.
Note that except for claim on Hypothesis 9.5.1, it suffices to be shown that
Hypothesis 9.2.2is satisfied(sothat(4.) holds).

We shall usethe fact that “(4.)” of Theorem12.1.8is satisfiedandSZ Ý
D

¿
ZJ1DZ % � µ

, asnotedin the proof of Theorem12.1.5. (N.B., even if we
hadnot assumed(1.)–(3.), conditions(1.) and (4.) above would imply that
alsothecorrespondingCAREsweresatisfied(with SZ Ý D

¿
ZJDZ), by Theorem

9.2.9(iii)&(i v), hencethen(1.)–(3.) would againhold,by Theorem12.1.8and
theabove.)

(II): SinceCZ is bounded,by (II) and (12.94), Hypothesis 9.2.2(4.) is
satisfiedby ΣZ.

(III): Now C and KX are bounded(sinceCX Ý"³ C1
0 ´ is), henceBZ is is

bounded,by (12.94).Thus,Hypothesis 9.2.2(1.)is satisfiedby ΣZ.
(IV): By a y 1� , Hypothesis9.2.2(5.)is satisfiedby ΣZ.
(I): SinceCX Ý ³ C1

0 ´ % µ v Hγ1 x Z ~ W u , wehaveKX % µ v Hγ1 x U ~ W u , hence
alsoΣZ is analytic,by Lemma9.5.4.

It follows that BZ % µ v Y ~ U x v HβZ u ¿ u , where βZ : Ý0ê maxÂ γ1 x γ2
Å , by

(12.94).Moreover, CZ % µ v HγZ x W ~ U u , whereγZ Ýjê β2, by (12.94).
Weconcludefrom (I) that(βZ x γZ % v ê 1e 2 x 1e 2u and)γZ ² 1e 4 or γZ ê βZ ²

1e 2, hence(2.) or (3.) of Hypothesis9.5.7 is satisfiedby ΣZ (recall that
D

¿
ZJ1DZ % � µ ), hencesois Hypothesis9.2.2(2.).Consequently, the 	 Z-CARE

becomesaB

¿
w-CARE.

It follows thatKZ % µ v HγZ x Y ~ U u . We concludefrom Proposition12.5.19
andLemma9.5.4thatΣalt satisfiesHypothesis9.5.1,hencesodoesΣ Ä . (Note
that Hypothesis9.5.1 is strongerthan the assumptions of Lemma6.8.5, by
Lemma9.5.2.) �
Next we shall allow for any “L 1 systems” insteadof the “B

¿
w-CARE” type

regularityabove. Thus,assumptions(I)–(III) abovebecomespecialcasesof those
in (A1) below. This leadsto more general(read: more complicated)Riccati
equations:

Theorem 12.1.5(H∞H∞H∞ 4BP � � � CAREs)

(A1)(Regularity) Assumethatπ � 0 Ë 1 Ê ä B % L1 v » 0 x 1u ; µ v U ~ Wx H uJu , π � 0 Ë 1 Ê Cw
ä %

L1 v » 0 x 1u ; µ v H x Z ~ Y uJu , and π � 0 Ë 1 Ê Cw
ä

B % L1 v » 0 x 1u ; µ v U ~ Wx Z ~ Y uJu , or
that (IV) of Theorem12.1.4holds.

(A2) (Nonsingularity) Assumethat D

¿
11D11

�
0 and D22D

¿
22
�

0, and that
there is ε Û 0 s.t.v ir ê Au x0 Ý B1u0 Ý � ¯ C1wx0 ¹ D11u0 ¯ Z ÿ ε ¯ x0 ¯ H and (12.11)v ir ê A

¿ u x0 Ý C

¿
2y0 Ý � ¯ B¿2wx0 ¹ D

¿
22y0 ¯ W ÿ ε ¯ x0 ¯ H (12.12)
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for all x0 % H x u0 % U x y0 % Yx r % R.

Thenthere is a suboptimal exponentiallystabilizingDPF-controller (possibly
with internal loop) for Σ iff (1.)–(3.)hold:

(1.) (	 X	 X	 X-CARE) D

¿
12D12 ê D

¿
12D11 v D ¿11D11u ã 1D

¿
11D12 � γ2IW, andtheCARE&'''( ''') K

¿
XSXKX Ý A

¿ 	 X ¹ 	 XA ¹ C

¿
1C1 x

SX Ý ß D 
11D11 D 
11D12

D 
12D11 D 
12D12 ã γ2I á x
KX Ýjê Sã 1

X v ß D 
11
D 
12 á C1 ¹ B

¿
w 	 X u x (12.13)

hasa solution v 	 X x SX x KX u % µ v H u ~ µ v U ~ W u ~ µ v H1 x U ~ W u s.t. 	 X ÿ
0, KX is exponentiallystabilizing for 4 A B 6 , and limsÚ º ∞ B

¿
w 	 X v s ê

Au ã 1B Ý 0.

(2.) (	 Y	 Y	 Y-CARE) D12D

¿
12 ê D12D

¿
22 v D22D

¿
22u ã 1D22D

¿
12 � γ2IZ, andtheCARE&'''( ''') K

¿
YSYKY Ý A	 Y ¹ 	 YA

¿ ¹ B2B

¿
2 x

SY Ý ß D22D 
22 D22D 
12
D12D 
22 D12D 
12 ã γ2I á x

KY Ýjê Sã 1
Y v ß D22

D12 á B

¿
2 ¹ ß C2w

C1w á 	 Y u x (12.14)

has a solution v 	 Y x SY x KY u % µ v H u ~ µ v Y ~ Z u ~ µ v H ¿1 x Y ~ Z u s.t.	 Y ÿ 0, KY is exponentially stabilizing for 4 A

¿
C

¿
2 C

¿
1 6 , and

limsÚ º ∞ ß C2
C1 á w

	 Y v s ê Au ã 1 ³C ¿2 C

¿
1 ´ Ý 0.

(3.) (Coupling condition) ρ v 	 X 	 Y u ² γ2.

If (1.)–(3.) are satisfied,thenall suboptimalexponentiallystabilizing DPF-
controllers for Σ are theonesparametrizedin Theorem12.1.8(for �" Ý MTICL1

exp,
or for class (γ · ) of Theorem 8.4.9 under the alternative assumption “(IV)” in
(A1)); notethat if D21 Ý 0, thenall of themarewell-posed.

Weremarkfrom Theorem11.1.4(iii)&(i) that(1.) impliesthattheFICPfor ΣX

hasasolution, and(2.) impliesthatthe(dual)filter problemfor ΣY hasasolution.
A sufficient conditionfor (A1) is condition(A1)(I)1. of Theorem12.1.4,by

Corollary9.5.12.SeeTheorem12.1.11for alternativesfor (A1) and(A2).
Proof of Theorem12.1.5: If thereis asuboptimal exponentially stabilizing

DPF-controller(possiblywith internal loop), then(1.)–(3.) hold, by Lemma
12.5.22.(Thus,a fortiori, this is thecasewhenthereis awell-posedsuboptimal
exponentially stabilizingDPF-controller.)

Conversely, if (1.)–(3.)hold,thenHypothesis12.5.1andconditions(1.) and
(4.) of Theorem12.1.8aresatisfied,by Lemmas12.5.21and12.5.20. Thus,
thentherearesuboptimal exponentially stabilizing DPF-controllers for Σ, by
Theorem12.1.8(whoseassumptionsaresatisfied).

We remarkfrom 3� of theproof of Lemma12.5.20thatSZ Ý D

¿
ZJDZ when

(1.)–(3.)hold. �
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Remark 12.1.6(Differ ent forms of (1.)–(2.)) We first recall from Theorem
9.8.12(b)thatanysolution of any(1.), (2.) or (4.) of thissectionis unique.

We have usedthree forms of the 	 X-CARE (“(1.)”) and the 	 Y-CARE
(“(2.)”). The“weakest” forms(thestandard forms)are givenin Lemma12.1.12
(they applyto anyURsettings).

Thosegivenin Theorem12.1.5areequivalentto thosegivenin Lemma12.1.12
combinedwith assumptionsSX Ý D

¿
XJγDX andSY Ý D

¿
YJγDY; theseassumptions

are redundantwhen ó u and Çó y
d

satisfyHypothesis 8.4.8,asnotedin theproofof
Lemma12.5.21.

Thestrongestformsof (1.)–(2.) (the B

¿
w-CAREforms)are givenin Theorem

12.1.4;they areequivalentto eitherof theweaker oneswheneverHypothesis9.2.1
is satisfiedby v ΣX x Jγ u and v ΣY x Jγ u (see(12.84)–(12.85)).

In all our resultsreferringto anyof theseCAREs,onecanalwaysreplacethe
CAREsbyanyweaker ones(of thethreeformslistedabove).

Moreover, under the assumptions of Theorem12.1.4,12.1.5or 12.1.11,we
can usethe middle form for the 	 Z-CARE(4.) or (4.’) too (i.e., require that
SZ Ý D

¿
ZJDZ). �

(This is straightforward; use Theorem 9.2.9(iii)&(i v) for the B

¿
w-CARE

forms.)
Condition (A2) is virtually equivalentto theI -coercivity of Ü 11 and Ü d

22:

Remark 12.1.7(Differ ent forms of (A2)) (a) Assumethat (A1) of Theorem
12.1.4holds(or that (A1) of Theorem12.1.5holds). Assumethat v A x B1 u
is optimizable and v A x C2 u is estimatable(this is a necessarycondition, by
Theorem7.3.12(a))or thatD

¿
11D11

�
0 andD22D

¿
22
�

0.

Thencondition (A2)of Theorem12.1.4holdsiff Ü 11 and Ü d
22 are I -coercive

over

¾
exp; in fact, then any of (i)–(iii) of Proposition 10.3.2or Remark

10.3.3(for Σ � 11 andΣ � d
22

) areequivalent.Onemoreequivalentconditionis
thatHypothesis12.5.1holds.

(b) If Σ is exponentially stable, then Ü 11 and Ü d
22 are I -coercive over

¾
exp iffÜ ¿11 Ü 11

�
0 and Ü 22 Ü ¿22

�
0 (equivalently, iff Hypothesis12.5.1holds).

(c) TheI -coercivity of Ü 11 and Ü d
22 over

¾
exp is equivalentto (12.78)if therest

of Hypothesis12.5.1holdsand v A x Bu is optimizable.

In this chapter, the I -coercivity of Ü 11 (resp.of Ü 22) refersto the realization

Σ � 11 : ÝÉÈ A B1
C1 D11 Ê (resp.Σ � d

22
: ÝÉÈ A 
 C 
2

B 
2 D 
22 Ê ).

Proof: (a)By Proposition10.3.2(e2)(use(e1)and(g2) for (V)), conditions
(i)–(iii) areequivalent (notethat this include I -coercivity and(A2)). The rest
is given in Lemma12.5.4(use(b) for (V)) (sinceany of (I)–(IV) of Theorem
12.1.4(A1)implies (A1) of Theorem12.1.5,by 2 � of the proof of Theorem
12.1.4).

(b) This follows from (c) (take ³lÏ u Ð u ´ Ý 0 Ý ß A yB y á ).
(c) By Lemma12.5.2(i)&(vi), ³lÏ u Ð u ´ is exponentially stabilizingfor

Σ, hence ³MÒ u1 Ó u11
0 0 ´ is exponentially stabilizing for Σ � 11 (sincethetwo closed-

loopsemigroupsareequal).
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Therefore Ü 11 is I -coercive over

¾
exp if f ó u11 is (positively) I -coercive

over

¾
out, by Theorem8.4.5(d). By Lemma8.4.11(a2),this is the caseif fó ¿u11ó u11
�

0. By dualargumentswe obtainthat Ü d
22 is I -coercive over

¾
exp

if f �ó y22 �ó ¿y22
�

0. �
As in, e.g., [IOW], the 	 Z-CARE is not determinedby the exponentially

stabilizing solution of the 	 X-CARE but by a(ny) exponentially stabilizing
solution of the 	 X-IARE having X11 x X22 % � µ

and X21 Ý 0 (see (9.114)).
Analogously, for theparametrizationof all controllersweuseamodifiedsolution
of the 	 Z-IARE(see(12.94)):

Theorem12.1.8(All solutionsto the 4BP) Assumethat Hypothesis12.5.1 is
satisfiedwith ó u x ò u % �" . Thenthere is a suboptimal exponentiallystabilizing
DPF-controller for Σ iff conditions(1.) and(4.) belowhold:

(1.) (	 X	 X	 X-CARE) TheCARE&'''( ''') K

¿
XSXKX Ý A

¿ 	 X ¹ 	 XA ¹ C

¿
1C1 x

SX Ý ß D 
11D11 D 
11D12

D 
12D11 D 
12D12 ã γ2I á ¹ lim
sÚ º ∞

B

¿
w 	 X v s ê Au ã 1B x

KX Ýjê Sã 1
X v ß D 
11

D 
12 á C1 ¹ B

¿
w 	 X u x (12.15)

hasa solution v 	 X x SX x KX u % µ v H u ~ µ v U ~ W u ~ µ v H1 x U ~ W u s.t. 	 X ÿ
0, SX11

�
0, SX22 ê SX21S

ã 1
X11SX12 � 0 andKX is exponentiallystabilizing

for 4 A B 6 .
(4.) (	 Z	 Z	 Z-CARE) TheCARE&''''( '''') K

¿
ZSZKZ Ý A

¿
Z 	 Z ¹ 	 ZAZ ¹ B2X ã 1

22 X ã ¿22 B

¿
2 x

SZ Ý D

¿
ZJDZ ¹ lim

sÚ º ∞ v B¿Z u w 	 Z v s ê AZ u ã 1BZ x
KZ Ý ê Sã 1

Z v � D22X � 1
22

X12X � 1
22 
 X ã ¿22 B

¿
2 ¹ v B¿Z u w 	 Z u x (12.16)

has a solution v 	 Z x SZ x KZ u % µ v H u ~ µ v Y ~ Z u ~ µ v Domv AZ u x Y ~ U u
s.t. 	 Z ÿ 0, SZ11

�
0, SZ22 ê SZ21S

ã 1
Z11SZ12 � 0 and KZ is exponentially

stabilizing for 4 AZ BZ 6 .
Given the solution v 	 X x SX x KX u of (1.), chooseany X % � µ v U ~ W u s.t.
X

¿
J1X Ý SX andX21 Ý 0. ThenbytheoperatorsAZ x BZ x CZ x DZ appearing

in the 	 Z-CAREwemeanthefollowing(hereKX Ý0ß KX1
KX2 á % µ v H1 x U ~ W u ):�

AZ BZ

CZ DZ 
 Ý Ö× A

¿ ¹ K

¿
X2 v B¿2 u w C

¿
2 ¹ K

¿
X2D

¿
22 ê K

¿
X1

X ã ¿22 v B¿2 u w X ã ¿22 D

¿
22 X ã ¿22 X

¿
12

0 0 I ØÙ (12.17)% µ v Domv AZ u ~ Y ~ U x H ~ W ~ U u ; (12.18)

Domv AZ u : ÝÃÂ x % H ÄÄ AZx % H Å ÝÃÂ x % H

¿
C ËK ÄÄ AZx % H Å y (12.19)

Moreover, anysolutionsof (1.) or (4.) areunique.
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ä Ä å Ä 1τ
å Ä 2τæ Ä 1 � 11 � 12æ Ä 2 � 21 � 22

Σ �
äRË åkË

τæ Ë Ì
Σ Ì

¿
íº ºè éqL

�
� íº º pLé
ì

u
ì

yè
yLéíº ºè

x·0ì
x· ·0ì

Figure12.1:Thesuboptimal controller � : Ý-� � v�� x Ì u : y °± u

Assume(1.) and (4.). Thenwe can constructall suboptimal exponentially
stabilizingDPF-controllers for Σ asfollows:

ChooseG % � µ v Y ~ U u s.t.G

¿
J1G Ý SZ, G21 Ý 0 and G11 x G22 % � µ , and

thensetR : Ý G ß I 0
0 M 
11 á . If D21 Ý 0, thentheassumptionsof Proposition 12.5.19

are satisfied, hencethen Σ Ä 12 is exponentiallystabilizing for Σ, and all well-
posedexponentiallystabilizing suboptimal controllers for Σ are given by the
connection“ Σ � ” of Σ Ä and Σ

Ë
in Figure 12.1, where Σ

Ë
is any exponentially

stablerealization of any
Ì % TICexp v Yx U u s.t. ¯ Ì ¯ TIC ² 1 (notethat theI/O-map

of controller Σ � is � � v�� x Ì u ; cf. (12.26)).Moreover, anyexponentiallystabilizing
suboptimal controller with internal loop for Σ is equivalentto a well-posedone.

Here � % TIC∞ v U ~ Y u is a map that has a realization (denotedby Σ Ä %
WPLSv U ~ Yx H x U ~ Y u ) with thefollowinggenerators:

AÄ : Ý A ¹ BKI ¹ BÄ 2Cë 2 (12.20)

BÄ 1 : Ý ê Bë 2X ã ¿22 v D ¿22R
ã 1
11 R12 ¹ X

¿
12u Rã 1

22 ê Bë 1Rã 1
22 (12.21)

BÄ 2 : Ý ê Bë 2X ã ¿22 D

¿
22 v R¿11R11 u ã 1 (12.22)

CÄ 1 : Ý ê KI1 ê R

¿
12R
ã ¿
11Cë 2 (12.23)

CÄ 2 : Ý Rã ¿11Cë 2 (12.24)

D Ä : Ý �
R

¿
22 ê R

¿
12R
ã ¿
11

0 Rã ¿11 
 x (12.25)

where Bë : Ý BX ã 1 andCë : Ý C ¹ DKX.
For general D21 % µ v U x Y u , the above formulae still parametrize all subop-

timal exponentiallystabilizing DPF-controllers for Σ moduloequivalence(see
Definition 7.3.1)exceptthat we haveto add to � the output feedback throughê D21 Ý : ê E, asin Figure7.12(andin Lemma7.3.23),andthatthis internal loop
neednotbewell-posed(but thecombinedsystemof Figure7.12is well-posed).

Note that the 	 Z-CARE is not uniquelydefined(sinceX mayvary slightly);
this is not important,becausecondition(4.) (and 	 Z) is independentonthechoice
of X (undertheabove restrictions).An analogousformulationis givenin [IOW]
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(seepp. 281 and 308–309of [IOW]); the parametrizationson pp. 136–137of
[Keu] or on p. 297 of [GL] are simpler due to simplifying assumptions on the
generatorsof Σ.

Thecondition ó u x ò u % �" canbeweakenedsignificantlyif wereplace“if f ” by
“if ” at thebeginningof thetheorem,asoneobservesfrom theproof(seeTheorem
12.3.7(a)for thecorrespondingfrequency-spaceclaim).

We repeatthat all exponentially stabilizingsuboptimal controllersfor Ü are
givenby � Ý-�R� v�� x Ì u v Ì % TICexp v Yx U u is s.t. ¯ Ì ¯ TIC ² 1u (12.26)

(when D21 Ý 0; cf. Lemma 7.3.23). As noted below Theorem12.3.7, the
controller � in (12.47)is differentfor differentparameters

Ì
.

The maps � and
Ì

are the sameas in Theorem12.3.7(c)and Proposition
12.5.19,asoneobservesfrom theproofbelow, henceparts(a)–(g)of thetheorem
applyfor Σ andΣ Ä .

In particular, � % ULR, since � is given by (12.48) and �ó º x �ò º´% �" .
Analogously, �� 2 x �� 1 % �" v Y x ° u and �� 2 % �

TIC v Y u , where � Ý �� ã 1
2 �� 1 is the

l.c.f. of � parametrizedby (12.47)(here �� ¿ , �ó º , �ò�º and � correspondto Σ with
0 in placeof D21; notethat the actualcontrollerhasthe additional loop throughê D21).

Remark 12.1.9(Figure12.1) Figure12.1illustratesthemap � : ÝO� v�� x Ì u . The
combinedclosed-loopconnectionof Σ Ä andΣ

Ë
is a systemhaving ³ ¿ �¿õ¿ ´ asits I/O

map(seeLemma7.3.2with Σ °± Σ Ä and �Σ °± Σ
Ë
). Thesignals pL andqL referto

externalinputsandx·0 andx· ·0 to theinitial states.
Thus,this combinedsystemis nota realization of � in thesenseof Definition

6.1.6;however, thereexistsalsoa realizationof � in thisstrict sense, byTheorem
12.3.5. �

(Notethattheparametrizationof Figure12.1wasgivenin (theMain) Theorem
5.4of [Keu] too.)

Naturally, any � givenby (12.26)hasinfinitely many realizations(andsodo� 12 and � ), andnot all of themare stabilizing for Σ. (Recall from Definition
7.3.1 that for a realizationof � to be stabilizing for Σ, this realizationmust
be also internally stabilized by the connection.) The term “all controllers”
has traditionally beenusedas above, meaningall (suboptimal [exponentially]
stabilizing) � ’ s (with somerealizations),notall realizationsof such � ’ s.

Our choiceto usepairs v Jγ x J1 u for the 	 X-CARE (or (Factor1X)of Theorem
12.3.7)and v J1 x J1 u for 	 Z-CARE (or (Factor1Z))hasslightly scaledthe rows
andcolumnsof ΣZ comparedto thosein [Keu] or [ZDG] (if γ ,Ý 1), but thereis
no essentialdifference(exceptthatwe have no simplifying assumptionssuchas
“D12 Ý 0 Ý D21”). This resultsin theformula 	 Z Ý 	 Y v γ2I ê 	 X 	 Y u ã 1 insteadof	 Z Ý 	 Y v I ê γ ã 2 	 X 	 Y u ã 1 in Lemma12.6.4.

Proposition12.1.10(Non-exponentially stabilizing H∞H∞H∞ 4BP) Theorem 12.1.8
holds even iff we remove the word “exponentially” everywhere from the theo-
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remandreplace(1.) by (1.’), (4.) by (4.’) and“ TICexp” by “ TIC”. Here wehave
referredto thefollowingconditions:

(1.’) (	 X	 X	 X-CARE) Condition (1.) holdsexceptthat on KX weonly require that
KX is P-stabilizingfor Σ, andthat Ü v I ê Ð X u ã 1 and v I ê Ð X u ã 1 are r.c.

(4.’) (	 Z	 Z	 Z-CARE) Condition(1.) holdsexceptthatonKZ weonlyrequirethatKZ

isP-stabilizing for ΣZ : Ý È AZ BZ
CZ DZ Ê , andthat v I ê Ð Z uwv I ê �Ð u % � TIC v Y ~ U u

and Ï Z ¹ v I ê Ð Z u �Ï is stable, where ³lÏ Z Ð Z ´ is thepair generatedby
KZ.

Moreover, (1.) hasa solution iff (1.’) hasa solution and Σ is exponentially
stabilizable. If(f) Σ is exponentiallystabilizable, then(1.) and (1.’) havesame
solutions(if any),andsodo (4.) and(4.’); thus,thenanysuboptimal stabilizing
controller parametrizedbythemodifiedtheoremis exponentiallystabilizingiff Σ

Ë
is exponentially stable.

Note that the assumptionsof the theorem(by Lemma12.5.9)andformulae
(12.20)–(12.25)do not dependon D21. However, for � to be suboptimal and
stabilizingfor Σ, wemustaddtheoutputfeedbackthrough ê D21 asin Figure7.12
(with E : Ý D21); thiscombinedconnectionis alwayswell-posed(andstable).See
thecommentsbelow Lemma12.5.17for why ther.c.conditionin (1.’) hasamore
complicatedcounterpartin (4.’).

We concludefrom Proposition 12.1.10that if Hypothesis12.5.1is satisfied
with ó u x ò u % �" , thentheH∞ 4BPcanbesolvedasfollows:

0. Choosesomeinitial estimate γ Û 0.

1. If (1.’) doesnothaveasolution, thentherearenosuboptimal controllers.

2. Otherwise,chooseX asin (4.’). If (4.’) doesnot have a solution, thenthere
arenosuboptimal controllers.

3. Iterate1.–2.for differentvaluesof γ (by using,e.g.,abinarysearch)soasto
find agoodapproximateof theinfimal (optimal)γ (but above it, sothat(1.’)
and(4.’) havesolutions).

4. ChooseG and construct � (and Σ � ) as in Theorem12.1.8to obtain all
suboptimal controllers.

Usuallywe arelooking for anexponentially stabilizingsolution; if this is the
case,thenwe mustreplace(1.’) by (1.) and(4.’) by (4.) above (seeTheorem
12.1.8). If v A x Bu is exponentially stabilizable,thenthe two pairsof conditions
becomeequivalent(by, e.g.,Lemma12.5.2(ii)&(i) andTheorem6.7.15(c1)).

Under the alternative, more easily verifiable assumptions (A1) and (A2) of
Theorem12.1.5(or of Theorem12.1.4,or under the assumptions of Theorem
12.1.11),wecanusethefollowing alternativeprocedure:

0. Choosesomeinitial estimate γ Û 0.

1. Therearesuboptimal solutionsif f (1.)–(3.)of Theorem12.1.5hold.
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2. Iterate1. for differentvaluesof γ (by using,e.g.,abinarysearch)soasto find
a goodapproximate of theinfimal (optimal)γ (but above it, sothat(1.)–(3.)
havesolutions).

3. Set 	 Z Ý 	 Y v γ2I ê 	 X 	 Y u ã 1 to obtainasolution of (4.).

4. ChooseG and construct � (and � ) as in Theorem12.1.8 to obtain all
suboptimal controllers.

Thus,in this caseit sufficesto studythe 	 X-CARE andthe 	 Y-CARE to find
anestimateof infimal γ, but we still needthe 	 Z-CARE for finding a suboptimal
controller (note that 	 Z-CARE dependson 	 X-CARE, whereas	 X-CARE and	 Y-CARE dependon the original systemΣ and γ only andare thereforemore
suitablefor computations). This latterprocedureis theclassicalone.

For the nonexponentially stabilizablecasecoveredby the former procedure,
conditionsanalogousto (1.)–(3.)arenecessary, by Lemma12.1.12,but wedonot
know whetherthey aresufficient.

Proof of Theorem 12.1.8and Proposition 12.1.10: (We prove hereboth
Theorem12.1.8andProposition12.1.10atonce.)

(We note that if (1.) holds, then v 	 X x J1 xÍ4 XKX I ê X 6 u is an expo-
nentiallystabilizingsolution of the 	 X-IARE; cf. Lemmas11.1.7and12.5.12.
Analogously, if also(4.) holds,then v 	 Z x J1 x 4 GKZ I ê G 6 u is anexponen-
tially stabilizing solution of the 	 Z-IARE, as in Proposition12.5.19,as one
observes from II.2 � below. Same“upper triangular” IARE (or “KPYS”) so-
lutionswereusedalsoon pp. 280–281of [IOW] (in thecorrespondingfinite-
dimensional result).)

0� We first note that any P-stabilizingsolution of a CARE is unique,by
Theorem9.8.12(b)&(s1).

Part I: There is a suboptimalstabilizing DPF-controller for Σ iff (1.’) and
(4.’) hold:

I.1 � We only haveto showthat (4BP3)holds iff (1.’) and (4.’) hold: By
Lemma 12.5.3, Hypothesis12.3.1 is satisfied. By Theorem12.3.5(b)(and
Theorem6.6.28),(4BP1) is equivalent to the existenceof a stabilizing DPF-
controller for Σ. By Lemma12.3.10,(4BP1)–(4BP3) of Theorem12.3.7are
equivalent.

I.2 � (Factor1)� (1.’): This follows from Lemma12.5.12(sincea solution
hasnecessarily

ñ x ó x òQ% �" � ULR � UR, by Lemma12.3.10(a)).
(A detailedverificationthat theconditionon 	 X-CARE in Lemma12.5.12

is equivalent to (1.’) is given in 6 � below. An analogouscommentappliesto
(4.’), (1.) and(4.) too.)

I.3 � Consequencesof (Factor1): If (Factor1)holds,thenHypothesis12.5.13
holds, by Lemma 12.5.12, and

ñ x ó x òÎ% �" � ULR, as noted above; in
particular, then ò 11 % � TIC∞ v U u , by Proposition 6.3.1(c).

I.4 � (4BP3)� (1.’)&(4.’): Assume (4BP3). By 2� , (1.’) holds. But (Fac-
tor2Z) hasanULR solution, by Lemma12.3.10(a)(andTheorem12.3.7(e1)),
hencealso(4.’)=Lemma12.5.17(ii)holds,by Lemma12.5.17(c2).

I.5 � (1.’)&(4.’) � (4BP3): If D21 Ý 0 and (1.’) and (4.’) hold, so that
the factslisted in 3 � hold, thenwe obtain (Factor2)from Lemma12.5.17(a)
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(andTheorem12.3.7(e1)),thus,then(4BP3)andhencealso(4BP1)hold. But
(4BP1) is independentof D21, by Lemma12.5.9,henceso is (4BP3); on the
other hand,(1.’) and (4.’) are also independentof D21, by Lemma12.5.9.
Thus,(1.’) and(4.’) imply (4BP3)regardlessof D21.

I.6 � The CAREs(1.’) and (4.’): Equation(12.17) follows from (12.94),
Proposition6.6.18(d4)and (6.145) (note that the 	 Z-CARE correspondstov 	 x SX x 4 XKX I ê X 6 u , whereX is chosenasin (4.’) (i.e.,asin (4.)), by the
lastclaimof Lemma12.5.12;notealsothatweprovetheequivalenceregardless
of thechoiceof X (within theserestrictions)).

By Lemma9.11.5(e),the“lim ” (insteadof w-lim) in (1.’) (or (1.)) and(4.’)
(or (4.)) is equivalentto the solution beingUR (sinceΣX andΣZ (if any) are
necessarilyUR). Actually, sinceany spectralfactorizationis necessarilyin �" ,
henceULR, wecouldaswell write w-lim.

I.7 � ThesetDomv AZ u : By LemmaA.4.6,

Domv AZ u : ÝÃÂ x % H ÄÄ AZx % H Å y (12.27)

By Proposition6.6.18(a1),the space“HC” for Σ ë equalsthat for Σext (of
(6.132),whichwedenoteby

H

¿
C ËK : Ý v r ê A

¿ u ã 1 »H ¹ C

¿ »Z ~ Y ½ ¹ K

¿ »U ~ W ½ ½ (12.28)Ý Â x0 % H ÄÄ A¿ x0 ¹ C

¿ » z0
y0 ½ ¹ K

¿ » u0
w0 ½ % H for some v z0 x y0 x u0 x w0 u % Z ~ Y ~ U ~ W Å

(12.29)

(for any r Û ωA); cf. Definition 6.1.17. Naturally, this is the space“HB” for
Σdë , hencecontainedby the space“HB” for Σ Ã d . By Proposition 6.6.18(a1),
the spaceHBZ (for ΣZ) equals“HB” for Σ Ã d , andDomv AZ u � HBZ, hencewe
canreplaceH in (12.27)by HBZ, henceby its supersetH

¿
C ËK (on which B

¿
w is

defined,by theregularityof Σext andProposition6.2.8(a2),sothattheformula
for Domv AZ u below (12.17)is well defined).

By Proposition6.6.18(d3),equation(12.17)actuallyholdsonHBZ ~ U , but
thevaluesof AZ onHBZ � Domv AZ u lie outsideH.

Part II: All controllers: Within Part II weassumethat(1.’) and(4.’) hold.
II.1 � By I.3 � , I.5 � and Lemma12.3.10(a),Hypothesis12.5.13holdsand

(Factor1X)and(Factor2Z)have solutionswith
ñ x ó x ò x ¤ x ¦ % �" � ULR andò 11 % � TIC∞ v U u .

II.2 � R Ý Z

¿
and

¦
11 % �

TIC∞ v Y u whenD21 Ý 0: (Note that G can be
obtainedfrom (11.101).)By (a)2� and(d)1� of theproofof Lemma12.5.17(a),
thesolution

¦
of (Factor2Z)obtainedin I.5 � satisfiesZ Ý �X ¿ G¿ (whereG

¿ Ý �Z).

Since �X Ýoß I 0ã D 
21 M 
11 á Ýoß I 0
0 M 
11 á , we have R Ý Z

¿
, whereR is asin Theorem

12.1.8.SinceZ11 Ý G

¿
11 % � µ , wehave

¦
11 % � TIC∞, by Proposition6.3.1(c).

II.3 � All controllers andtheir well-posednesswhenD21 Ý 0: Theassump-
tions of Proposition12.5.19aresatisfied,by Part I and II.2 � , hencewe thus
obtaintheparametrizationof all suboptimal stabilizingcontrollers.
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To obtain (12.20)–(12.25), first write out the generatorsof Σ ë , (12.102)
(12.103)and(12.104)using(13.57)(seeII.3 � for R Ý Z

¿
), andthenusethese

to obtain(12.20)–(12.25)(recall thatX ã 1K Ý KX).
SinceD Ä 21 Ý 0,by (12.25),theconditionI ê Ì � 21 % � TIC∞ v U u in (12.105)

alwaysholds(by Proposition6.3.1(c))),henceall controllersparametrizedby
(12.26)arewell posed.

II.4 � CaseD21 ,Ý 0: By Lemma12.5.9,(1.’) and(4.’) areindependentof
D21. Therefore,theaboveshowsthatall suboptimal stabilizingDPF-controllers
for Σ · aregivenby (12.26),whereΣ · is equalto Σ with 0 in placeof D21.

Thus, the claim on D21 at the end of Theorem 12.1.8 follows from
Proposition12.5.19(g)(alternatively, directly from Lemma7.3.23).

Remarkson case D21 ,Ý 0: By Lemma 7.3.23, this output feedback
connectionof � and ê D21 may be non-well-posed(and it correspondsto a
controller with d.c. internal loop, as in the lemma), but when we add the
connectionwith Ü (as in Figure 7.12), all signals in this final connection
becomewell-posed.If I ¹ D21�G% � TIC∞ v Y u , thenthefinal controllerbecomes
well-posed,an alternative formula for it is given by � · Ý v I ¹U� D21 u ã 1 �
( Ý�� v I ¹ D21� u ã 1), asnotedbelow Lemma7.2.18.

The factorization(Factor1X) is independentof D21, but the solution

¦
of

(Factor2Z)usedin II.1 � –II.4 � (for theapplicationof Proposition 12.5.19)solves
thecondition(Factor2Z)correspondingto Σ · , not thatcorrespondingto Σ, i.e.,
weusetheparametrizationfor thewrong(butequivalent)problemandcorrectit
by theadditionaloutputfeedbackthrough ê D21 (sincewedonotknow whether
the solution of (Factor2Z)correspondingto Σ · has

¦
11 invertible, asrequired

by Proposition 12.5.19;moreover, in this casewe do not know whether � is
well-posed).

Part III: Conditions(1.) and(4.) comparedto (1.’) and(4.’):
If any of the equivalent conditions of Lemma 12.5.2 hold, e.g., Σ is

exponentially stabilizable,thenPartsI–II hold with theprimesremovedif we
requirethecontrollertobeexponentially stabilizing(anduseTheorem12.3.5(e)
insteadof Theorem12.3.5(b)).We observe from this andPart I that then(1.)
and (1.’) have samesolutions, and so do (4.) and (4.’). Conversely, (1.)
obviously impliesthatΣ (equivalently, v A x Bu ) is exponentially stabilizable.

Moreover, if Σ is exponentially stabilizable(i.e., ³ Ï u Ð u ´ is exponen-
tially stabilizing), thentheaboveformulationof all suboptimal stabilizingcon-
trollersequalsthatof all suboptimal exponentially stabilizing controllersmod-
ulo thefactthatΣ

Ë
is requiredtobeexponentially stable,asnotedin Proposition

12.5.19(e).(Cf. thecomments below Theorem12.1.8.)
NotealsothatΣ

Ë
mustbeoptimizableandestimatablefor theclosed-loop

systemto be exponentially stable,by, e.g., Theorem6.7.10(d)(viii), Lemma
6.7.11(c)and (twice) Lemma6.7.18; by Theorem6.7.10(d)(viii), this is the
caseif f Σ

Ë
is exponentially stable. �

Wegivehereanalternativesetof conditionsunderwhich theconditions(1.)–
(3.) arenecessaryandsufficient:
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Theorem 12.1.11(MTICTZ : H∞MTICTZ : H∞MTICTZ : H∞ 4BP � � � CAREs) Assume that Hypothesis
12.5.1is satisfiedwith ó u x ò u x Çò y x Çó y % �" (e.g., that Σ is exponentiallystable,ÜG% �" , Ü ¿11 Ü 11

�
0 and Ü 22 Ü ¿22

�
0) andthat �" satisfiesHypothesis8.4.8.

Thenthere is a suboptimal exponentiallystabilizing DPF-controller for Σ iff
conditions(1.)–(3.)of Theorem12.1.5hold. If (1.)–(3.)hold, thenall suboptimal
exponentiallystabilizing DPF-controllers for Σ are givenby Theorem12.1.8(in
particular, (1.) and(4.) of Theorem12.1.8hold).

Obviously, this is particularlyusefulfor exponentially stablesystems.
Proof: (If Σ is exponentially stable and Ü[% �" , then we can take³lÏ u Ð u ´ Ý 0, ß A yB y á Ý 0 in Hypothesis12.5.1to obtainthat ó u Ý�Ü�Ý*Çó y %�" and ò u Ý I Ý Çò y % µ � �" .)
By Lemma12.5.20andTheorem12.1.8,conditions (1.)–(3.) aresufficient

(andimply (1.)–(4.));by Lemma12.1.12,they arealsonecessary. �
Thenecessityof (1.)–(3.)canbeshown undermoregeneralconditions:

Lemma 12.1.12( �" : H∞�" : H∞�" : H∞ 4BP � � � CAREs) AssumethatHypothesis12.5.1is sat-
isfiedwith ó u x ò u x Çò y x Çó y % �" .

If there is a suboptimal exponentially stabilizing DPF-controller for Σ, then
(1.)–(3.)belowhold.

If there is a suboptimal stabilizing DPF-controller for Σ, then(1.’), (2.’) and
(3.) hold.

(1.) (	 X	 X	 X-CARE) Condition(1.) of Theorem12.1.8holds.

(2.) (	 Y	 Y	 Y-CARE) Thedualof (1.) holds,i.e., theCARE&'''''''( ''''''') K

¿
YSYKY Ý A	 Y ¹ 	 YA

¿ ¹ B2B

¿
2 x

SY Ý ß D22D 
22 D22D 
12
D12D 
22 D12D 
12 ã γ2I á ¹ lim

sÚ º ∞
ß C2w
C1w á 	 Y v s ê Au ã 1 ³C ¿2 C

¿
1 ´ x

KY Ý ê Sã 1
Y v ß D22

D12 á B

¿
2 ¹ ß C2w

C1w á 	 Y u x
(12.30)

hasa solution v 	 Y x SY x KY u % µ v H u ~ µ v Y ~ Z u ~ µ v H ¿1 x Y ~ Z u s.t. 	 Y ÿ 0,
SY11

�
0, SY22 ê SY21S

ã 1
Y11SY12 � 0 andKY is exponentiallystabilizing for4 A

¿
C

¿
2 C

¿
1 6 .

(3.) (Coupling condition) ρ v 	 X 	 Y u ² γ2.

Here “(1.’)” is the conditionof Proposition 12.1.10and “(2.’)” is its dual
condition(i.e.,equalto (2.) with correspondingmodifications).

However, wedonotknow whethertheconverseclaimshold in general.
Proof: Assumethat thereis a suboptimal exponentially stabilizing DPF-

controller for Σ (the proof below applies to the latter claim too, mutatis
mutandis).
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By Theorem12.1.8,conditions(1.) and(4.) of Theorem12.1.8hold. Apply
Lemma12.5.6to obtainthat “(1.)” holdsfor Σd too (seep. 740), i.e., that (2.)
holds.

It was noted in I.2 � –I.3� the proof of Theorem12.1.8 that (Factor1) is
satisfiedwith ò 11 % �

TIC∞ v U u . We concludefrom Lemma 12.5.18and
Lemma12.6.4(a)that(3.) holds.

Remark— Why the converse is open: For the exponential claim, the
problem is that since we have here given up the condition “S Ý D

¿
JD” of

Hypothesis8.4.8, we can no longer usepart 3 � of Lemma12.5.20to show
thatSZ is asrequiredin (4.), sothatTheorem12.1.8wouldbeapplicable.

For thelatterclaim,theproblemis thatLemma12.6.4(b)doesnotsayany-
thing of the preservation of I/O-stabilization(from 	 Y-DARE to 	 Z-DARE),
hencewe would only obtainan internally P-stabilizingsolution, which is not
enoughfor derivation of (4.’) (evenif wewouldassumeHypothesis 8.4.8to be
able to establish the requirementson SZ); in discrete-time,we facethe same
problem(althoughtheretheproblemon SZ disappears,by Lemma12.6.4(c)).�
In fact,in theexponential caseit sufficesthatΣ is somewhatsmooth:

Lemma 12.1.13(H∞H∞H∞ 4BP � � � (1.)–(3.)) Assume that v ΣX x Jγ u x v ΣY x Jγ u %
coerciveCAREover

¾
exp andthat Ü 11 and Ü d

22 are I -coerciveover

¾
exp.

If there is an exponentially stabilizing DPF-controller for Σ, then(1.)–(3.) of
Lemma12.1.12hold (with s-lim in placeof lim).

SeeRemark12.1.6for different(equivalent) forms of (1.)–(3.),andRemark
12.1.7for theabovecoercivity conditions.Seetheremarkin theproofof Lemma
12.1.12for why theconverseis open.

Proof: (Notethat if any of (1.)–(6.) of Remark9.9.14holds,thenwe need
not replacelim by s-lim, by Lemma9.11.5(e).)

Weobservefrom Lemma12.5.7thattheassumptionsof Lemma11.2.20are
satisfiedfor ΣX (weneedthecoercivity assumptionon Ü 11 tosatisfyHypothesis
11.2.1).Consequently, (1.) is satisfied.By dualarguments(seeLemma12.5.6),
weobtain(2.).

Let Ï beanexponentially stabilizingDPF-controllerfor Σ. By discretiza-
tion (see Theorem 13.4.4(e1)),we observe that ∆SÏ is an exponentially
stabilizing DPF-controllerfor ∆SΣ, henceconditions(1.)–(3.) of Theorem
12.2.1aresatisfied(useTheorem13.4.4(g)for its coercivity conditions(12.32)
and(12.33)),even by same	 X and 	 Y , by Proposition9.8.7(a)(andunique-
ness,seeTheorem14.1.4(a)).Thus,(3.) holds. �
Notes
Our result, Theorem12.1.4(and Theorem12.1.8),is of standardform and

extendsandgeneralizesat leastmostnonsingularstate-spacesolutions to theH∞

4BP. In the finite-dimensional case,suchearlier resultsinclude Theorem1 of
[GD88] Theorem3 of [DGKF] Theorem5.1of [GGLD], Theorem8.3.2of [GL],
Theorem16.4of [ZDG] andTheorem10.3.1of [IOW].
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(Notethatmostof theminterchangethesubindicescorrespondingto u andw,
ascomparedto our formulae.As explainedonp. 317,wehaveusedthe“u comes
beforew” practice,which is morepopularin theFICPliterature,SeealsoLemma
12.6.2andtherestof Section12.6for how thenotationof [IOW] correspondsto
thatof ours.)

Theearlyhistory of theproblemis explainedon p. 328of [IOW], whereit is
saidthattheassumptionsandformulaeof [IOW] aremoregeneralthanany earlier
(nonsingular) ones;thoseassumptionsandformulaeareessentiallythe sameas
ours,exceptthat they assumethat γ Ý 1 andD21 Ý 0. In addition,we alsotreat
non-well-posedcontrollers.

In some of the above results, one only speaksof � stabilizing Ü (cf.
Section12.3),but in themit is assumedthat Ü hasanexponentially stabilizable
anddetectablerealizationandthatsucha realizationis chosenfor � too, so that
oneendsupwith oursetting(seeTheorem7.3.11(c1)).

Theseresultswereextendedto smoothPritchard–Salamonsystemsin Theo-
rem 5.4 of [Keu], by Bert van Keulen. Although our resultsallow for approxi-
mately twice asmuchunboundednessasthe Pritchard–Salamonclassdoes,the
result in [Keu] is not exactly containedin ours: in [Keu], the Riccati equation
“(2.)” is givenon a spaceÐ embeddedin H(: ÝrÑ ). Thetwo Riccatiequations
in [Keu]correspondto the“boundedB” caseof theFICP(for Σ andfor its “dual”
Σd). (Notealsothatany exponentially stable(not necessarilysmooth)Pritchard–
Salamonsystemsatisfies(A1)(V) of Theorem12.1.4,by Theorem6.9.6.)

All resultsmentionedabove alsomake thecoercivity assumptions(A2). The
singular case,where(A2) is replacedby something weaker, is treatedin, e.g.,
[Stoorvogel] for thefinite-dimensional case;in thatcasetheproofsandsolutions
becomemorecomplicatedthanin thestandardsetting. SeeSection17.3of [ZDG]
or Section5.4.2of [Keu] for adiscussiononhow to circumvent(A2) by using“ε-
perturbations”of thesystem(thatsatisfy(A2)) andthenlettingε ± 0¹ .

The noteson pp. 446–447of [ZDG] describethe historical development
of solutions to the finite-dimensional H∞ 4BP throughseveral computationally
difficult formulationsto the simple “(1.)–(3.)” formulationof [GD88] and this
section.Also thefirst few paragraphsof thenotesonp. 628arerelevantto theH∞

4BP.
Outside this monograph,we do not know any researchon nonexponentially

stabilizingsuboptimal controllers(cf. Proposition12.1.10andLemma12.1.12).
In Section12.3,weshallsolve thefrequency-domain4BP(theI/O map4BP),

seeTheorems12.3.6and 12.3.7. (This is closeto the Youla parameterization
approachof [Doyle84] and[Francis87].)We obtainthat the4BPis equivalent to
two nestedspectralfactorizations“(Factor1X)”and“(Factor2Z)”(equivalently, to
two nestedv J1 x J1 u -losslesscoprimefactorizations).

The CAREs (1.) and (4.) of Theorem12.1.8 correspondto thesetwo
factorizations.TheCARE (2.) is thedualof (1.) (andthe4BPis invariantunder
duality; seealsoLemma12.5.6).

In Lemma12.5.18,we shall show that the 	 Z-CARE (4.) is equivalent to
(2.)&(3.), thuscompletingtheproof that(1.)–(3.)areequivalentto thesolvability
of the4BP. Sinceadirectcontinuous-timeproofseemsalmostimpossible (unless,
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e.g.,theplantΣ hasboundedgenerators),wehavereducedtheproofto thediscrete
time,wherethestandardcomputationscanbeextendedto theinfinite-dimensional
case(seeLemma12.6.4).

As in other chapters,hereand in Section12.5, we encounterthe fact that
the equivalencebetweenthe CAREsandthe factorizationsrequirecertainregu-
larity assumptions,andso doesalso the equivalencebetweenthe factorizations
and the J-coercivity propertiesconnectedto the solvability of the 4BP (cf. Ex-
ample11.3.7); this is why mostof our resultshave somekind of �" regularity
assumption.

In discretetime,wehavenosuchproblems(sinceticexp Ý �" is avalid choice,
by Theorem14.3.2);seeTheorem12.2.1.

Theparametrization(12.26)of all suboptimal controllerswill beobtainedin
the frequency-domaintheory(seeTheorem12.3.7),by reducingthe problemto
a frequency-domainFICP (seeTheorem12.3.7(c)andProposition 12.5.19). To
getthis parametrizationsatisfactory, we musthavea realizationof theI/O map �
(e.g.,theonegivenby (12.20)–(12.25)); this will bedonein Proposition12.5.19,
simplyby following thestepsguidedby (12.49)–(12.50).

We also note that the solution in Theorem12.1.8 is not symmetric; by
replacingΣ by Σd (seep. 740) in the proofs,onewould obtain(2.) in placeof
(1.) anda fourthRiccatiequation(“(5.)”) in placeof (4.).



12.2. THE DISCRETE-TIMEH∞ PROBLEM (H∞ 4bp) 709

12.2 The discrete-timeH∞ problem(H∞ 4bp)

If youonlyhavea hammer, youtendto seeeveryproblemasa nail.

— AbrahamMaslow (1908–1970)

As mentioned above, we assumethat the discrete-timeform of Standing
Hypothesis12.1.1holdsi.e.,weconsiderthesystem&'( ') xnº 1 Ý Axn ¹ B1un ¹ B2wn x

zn Ý C1xn ¹ D11un ¹ D12wn x
yn Ý C2xn ¹ D21un ¹ D22wn

v n % N u (12.31)

with initial statex0 % H, disturbanceinput w %�l 2 v N;W u , control input u %l 2 v N;U u , objectiveoutputz %�l 2 v N;Z u andmeasurementoutputy %¥l 2 v N;Y u (the
controllerinput); here ³ A B

C D ´ % µ v H ~ U ~ Wx H ~ Z ~ Y u arethegeneratorsof Σ
(seeLemma13.3.3).(As notedin Lemma14.3.5,we canhave, e.g., �" Ý;l 1º ° or�" Ý ticexp.)

We now presentthe discrete-timecounterpartof the theoryof Section12.1,
i.e., we try to find a controller � : y °± u (possibly with internal loop; asin the
continuous-time case,internalloop is unnecessaryat leastwhenD21 Ý 0) s.t. it
stabilizestheabove systemexponentially andmakesthenorm ¯ w °± z ¯ � È � 2 Ê less
thanthegivennumberγ Û 0. (Seetheexplanationonp. 36 for theH∞ four-block
problem.)Wealsorecordthediscrete-timeformsof all otherresultsin thischapter
(Theorem12.2.2).

Wefirst presentthediscrete-timecounterpartof Theorem12.1.4,andthenwe
briefly list theotherresultsof Section12.1thatcanbeconvertedto discretetime
(themostimportantof which is theparametrizationof all suboptimal controllers,
Theorem12.1.8).

Theorem 12.2.1(H∞H∞H∞ 4BP � � � DAREs) Assumethat there is ε Û 0 s.t.v z ê Au x0 Ý B1u0 Ý � ¯ C1x0 ¹ D11u0 ¯ Z ÿ ε v ¯ x0 ¯ H ¹H¯ u0 ¯ U u and (12.32)v z ê A

¿ u x0 Ý C

¿
2y0 Ý � ¯ B¿2x0 ¹ D

¿
22y0 ¯ W ÿ ε v ¯ x0 ¯ H ¹H¯ y0 ¯ Y u (12.33)

for all x0 % H x u0 % U x y0 % Yx z % ∂D. (Alternatively, we can assumethat
Hypothesis12.5.1is satisfied.)

Thenthere is a suboptimal exponentiallystabilizing DPF-controller for Σ iff
(1.)–(3.)hold:

(1.) (	 X	 X	 X-DARE) theDARE&'''( ''') 	 X Ý A

¿ 	 XA ¹ C

¿
1C1 ê K

¿
XSXKX x

SX Ý ß D 
11D11 D 
11D12

D 
12D11 D 
12D12 ã γ2I á ¹ B

¿ 	 XB x
KX Ý ê Sã 1

X v ß D 
11
D 
12 á C1 ¹ B

¿ 	 XAu x (12.34)

hasa solution v 	 X x SX x KX u % µ v H u ~ µ v U ~ W u ~ µ v H x U ~ W u s.t. 	 X ÿ 0,
SX11

�
0, SX22 ê SX21S

ã 1
X11SX12 � 0 andρ v A ¹ BKX u ² 1;
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(2.) (	 Y	 Y	 Y-DARE) theDARE&'''( ''') 	 Y Ý A	 YA

¿ ¹ B2B

¿
2 ê K

¿
YSYKY x

SY Ý ß D22D 
22 D22D 
12
D12D 
22 D22D 
22 ã γ2I á ¹ ß C2

C1 á 	 Y ³C ¿2 C

¿
1 ´ x

KY Ý ê Sã 1
Y v ß D22

D12 á B

¿
2 ¹ ß C2

C1 á 	 YA

¿ u x (12.35)

hasa solution v 	 Y x SY x KY u % µ v H u ~ µ v Y ~ Z u ~ µ v H x Y ~ Z u s.t. 	 Y ÿ 0,
SY11

�
0, SY22 ê SY21S

ã 1
Y11SY12 � 0 andρ v A ¿ ¹ ³C ¿2 C

¿
1 ´ KY u ² 1;

(3.) (Coupling condition) ρ v 	 X 	 Y u ² γ2.

If (1.)–(3.) hold, thenΣ Ä 12 is a suboptimalDPF-controller for Σ (thecentral
controller), and all suboptimalDPF-controllers are parametrized in Theorem
12.1.8(seeFigure 12.1).

Notethat (12.34)is theDARE for ΣX andJγ (exactly asin Theorem11.5.1),
and(12.35)is theDARE for ΣY andJγ. Seealsotheremarksin Section12.1.

Proof: (We shall againrefer to continuous-timeresults,therebymeaning
their discrete-timeforms;cf. Theorem13.3.13andTheorem12.2.2.)

Set �" : Ý ticexp (recall from Lemma14.3.5 that ticexp satisfiesStanding
Hypothesis12.0.1).

1� Necessityof (1.)–(3.): Necessityfollows from, e.g., Lemma12.1.13
(recall that “ % coerciveCARE” is redundantin discretetime, asnotedbelow
Remark9.9.14).

2� Sufficiencyunder Hypothesis12.5.1: Even thoughwe would assume
no more than StandingHypothesis 12.1.1, we would obtain from Lemma
12.6.4(b)&(c),thatconditions(1.) and(4.) hold if f (1.)–(3.)hold.

Consequently, under(1.)–(3.) andHypothesis 12.5.1,we obtainthe exis-
tenceof anexponentially stabilizing suboptimal DPF-controllerfrom Theorem
12.1.8.

3� Sufficiencyunderassumptions (12.32)–(12.33): Assume(1.)–(3.) and
(12.32)–(12.33).ThenHypothesis12.5.1is satisfied(evenwith “exponentially
jointly” in placeof “jointl y”) by Lemmas12.6.7and12.6.6.Consequently, we
canapply2� .

4� Remarks:As notedin 2 � , (1.) and(4.) hold if f (1.)–(3.)hold. However,
theequivalenceto theexistenceof anexponentially stabilizingDPF-controller
requiresfurtherconditions(e.g.,if B Ý 0 Ý D, thennecessarilySX Ý 0, sothat
(1.) cannothold),suchastheonesusedin 2 � or 3� .

Note from Proposition 15.2.2(c) that (12.32) and (12.33) say thatv È A B1
C1 D11 Ê x I u and v È A 
 C 
2

B 
2 D 
22 Ê x I u are I -coercive over

¾
exp. as one can ver-

ify from theproofbelow, evenweakerassumptions wouldsuffice. �
Practicallyall ourH∞ 4BPresultsholdalsoin theirdiscrete-timeforms:

Theorem12.2.2(Discreteform of H∞H∞H∞ 4BPresults) The following resultshold
alsoin theirdiscrete-timeforms(i.e., afterthechangeslistedin Theorem13.3.13):
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Lemmas12.1.3and 12.1.12,Theorems12.1.11and 12.1.8, and everything in
Sections12.3,12.4and12.5.

Moreover, in theexponentialcaseof Lemma12.1.12also theconverseholds
(this is Theorem12.2.1with thealternativeassumption).

The 	 Z-DAREmeanstheDAREfor ΣZ Ý (12.123)andJ1, hencethecondition
(4.) cannowbewrittenas

(4.) (	 Z	 Z	 Z-DARE) TheDARE(see(12.94))&'''( ''') K

¿
ZSZKZ Ý A

¿
Z 	 ZAZ ê 	 Z ¹ B2X ã 1

22 X ã ¿22 B

¿
2 x

SZ Ý D

¿
ZJDZ ¹ B

¿
Z 	 ZBZ x

KZ Ý ê Sã 1
Z v � D22X � 1

22

X12X � 1
22 
 X ã ¿22 B

¿
2 ¹ B

¿
Z 	 ZAZ u x (12.36)

hasa solution v 	 Z x SZ x KZ u % µ v H u ~ µ v Y ~ Z u ~ µ v H x Y ~ U u s.t. 	 Z ÿ 0,
SZ11

�
0, SZ22 ê SZ21S

ã 1
Z11SZ12 � 0 andρ v AZ ¹ BZKZ u ² 1.

As noted aroundExample14.2.9, we almost never have “S Ý D

¿
JD” in

discrete time (thus, in practice we only meet the DARE equivalent of the
“weakest” of theCAREsin Remark12.1.6,andTheorem12.1.11becomesrather
unnecessary).

Seethe remarksbelow Lemma12.6.4for the threeDAREs; in particular, X
mustbechosenasin Lemma12.6.1(equivalently, asin Theorem12.1.8).

Proof of Theorem 12.2.2: Remark: Recall that thesechangesinclude
CARE°± DARE, i.e.,A

¿¿ 	 ¿ ¹ 	 ¿ A¿ °± A

¿¿ 	 ¿ A¿ ê 	 ¿ etc.,asabove.
The proof: This follows roughly by applying (13.63) also to the proofs

(recall from Lemma 14.3.5 that �" : Ý ticexp satisfiesStandingHypothesis
12.0.1).

Alternatively, onecoulduseLemma12.6.7,Lemma12.6.6,Lemma13.1.7,
Lemma6.6.11and Lemma13.3.12to make the proof slightly shorther(and
more“discrete-timeself-contained”). �
Notes
For finite-dimensional systems,thediscrete-timeH∞ 4BPis morecomplicated

than the continuous-timeH∞ 4BP — the sameholds for infinite-dimensional
systemsif we require the input and output operatorsto be bounded— but in
generalthecontinuous-time settingbecomesvery complicated.This is why part
of theproof of our continuous-time results(in particular, theequivalenceof (1.)–
(3.) and(1.)&(4.)) hasbeenreducedto discretetime (in the last two sectionsof
thischapter).

Theorem12.2.1 extends the classicalnonsingularresults to the infinite-
dimensional case.Theorem10.12.1of [IOW] is possibly themostgeneralof all
the nonsingular finite-dimensional results;it is essentially Theorem12.2.1(and
Theorem12.1.8)with theassumptionsthat γ Ý 1 andD21 Ý 0. SectionB.4.2of
[GL] containsa resultcloseto (the discrete-timeform of) Theorem12.1.8. See
alsothenotesonp.706.Thehistoryof thesolutionsfor thediscrete-timeH∞ 4BP
is explainedonp. 501of [GL].
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The nonsingular finite-dimensional case(where (12.32)–(12.33)have been
replacedby weaker assumptions)hasbeentreatedin [Stoorvogel].
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12.3 The fr equency-space(I/O) H∞ 4BP

Fromacertainpointonward thereisnolongeranyturningback. That
is thepoint thatmustbereached.

— FranzKafka (1883–1924)

In this section, we solve the frequency-domain(or I/O) H∞ Four-Block
Problem(I/O H∞ 4BP). Thismeansthat,givenaplant Ü : » uw ½ °± » zy ½ andγ Û 0, we
determinewhetherthereis aDPF-controller� : y °± u for Ü thatmakesthenorm¯ w °± z ¯6Ý�¯J�R� v Ü x � u ¯ lessthanγ.

In Theorem12.3.6, we extend to MTICTZ (and beyond) the fact that this
problem has a solution if f certain two nestedlosslesscoprime factorizations
exist (for rational mapsthis was established in [Green]), and we parameterize
all solutions in terms of thesefactorizations. The exact conditions on the
factorizationsdependon whetherwe require � to be well-posed(i.e., without
internalloop)or not. In Theorem12.3.7(a)&(d),thesufficiency partof theabove
equivalenceis extendedto generalWPLSs(we also extend the necessitypart
underthe assumption that certainmapsadmit spectralfactorization). Theorem
12.3.5connectsthesefrequency domainsolutionsto thestate-spaceproblem.

Firstwe list thestandardI/O H∞ 4BPassumptionsanddefinetheproblem.

Standing Hypothesis12.3.1(I/O 4BPassumptions) Throughout this section

andSection12.4,weassumethat Ü�Ý ß � 11 � 12� 21 � 22 á % TIC∞ v U ~ W x Z ~ Y u , thatγ Û 0,

andthat Ü hasa d.c.f. ÜüÝHó u ò u
ã 1 ÝÉÇò y

ã 1 Çó y of theformÜüÝ � ó u11 ó u12ó u21 ó u22
 � ò u11 ò u12
0 I 
 ã 1 Ý � I Çò y12

0 Çò y22� ã 1 � Çó y11 Çó y 12Çó y21 Çó y 22� (12.37)

s.t. ó u21 and ò u11 are r.c. and Çó y21 and Çò y 22 are l.c. We also make the
nonsingularity assumptionsó u

¿
11ó u11

�
0 x Çó y 22 Çó y

¿
22
�

0 y (12.38)

By Proposition7.3.14and Lemma7.3.16,any d.c.f. of Ü of form (12.37)
satisfiesalsotherestof theabovehypothesis(whenthehypothesisholds).

Obviously, thehypothesisis a generalizationof theassumptionsof Theorem
4.4of [Green]andof thoseof Theorem5.6of [CG97]. Therefore,Theorem12.3.6
generalizesthose(frequency-domain)results.Thed.c.f.assumption roughlysays
that Ü canbestabilizedthroughy andu, and(12.38)is thestandardnonsingularity
assumption.

The resultsof this sectionwill also be usedin the proof of the resultsof
Section12.1; indeed,underassumptions (A1) and(A2) of Theorem12.1.5(or
(A1) and(A2) of Theorem12.1.4),the existenceof an exponentially stabilizing
controllerfor Σ (alternatively, conditions (1.)–(3.)) impliestheabovehypothesis,
asnotedin theproofof thetheorem.Thus,theresultsof thissectionalsoapplyto
any classical(nonsingular) state-spaceH∞ 4BPs.
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The DPF-stabilizingcontrollersfor Ü are Youla parametrizedin Corollary
7.3.20,in which themap � � v Ü x � u : w °± z wasdefined;we repeatthatdefinition
here:

Lemma 12.3.2(�R� v Ü x � u� � v Ü x � u�R� v Ü x � u ) Let � DPF-stabilize Ü (with internalloop). Then� is
a mapwith d.c.internal loopand ��ÝU� 1 � ã 1

2 Ý �� ã 1
2 �� 1, where � 1 x � 2 x �� 1 x �� 2 %

TIC, Çò y22� 2 ê.Çó y 21� 1 Ý I and �� 2 ò u11 ê �� 1 ó u21 Ý I .
Thecorrespondingclosed-loopw °± zmapis givenby� � v Ü x � u : Ýüó u11\.¹ôó u12 Ý+Çó y12 ¹ \1Çó y 22 x (12.39)

where \ : Ý �� 1 ó u22 ê �� 2 ò u12, \ : Ý �ó 11 � 1 ê �ò 12 � 2. �
For well-posed� , wehave �R� v Ü x � u : Ý�Ü 12 ¹ Ü 11 � v I ê Ü 21 � u Ü 22, by (7.65).

(Note that, in the literature,the latter subindicesareoften interchanged,i.e., w
comesbeforeu.) As notedbelow Corollary7.3.20,themap �D� v Ü x � u dependsonÜ and � only.

Weremindthereaderthat,in thischapter, weoftendrop“DPF-” andweallow
the(DPF-)controllersto benon-well-posed(i.e., to haveaninternalloop).

Werepeatherethedefinitionof asolution of theI/O H∞ 4BP:

Definition 12.3.3(I/O H∞ 4BP) A map � (with internal loop) is a suboptimal
stabilizingDPF-controller(for Ü ) if � DPF-stabilizes Ü and ¯J�0� v Ü x � u ¯�² γ.

A solutionof theI/O (H∞) 4BP(for Ü ) meansa suboptimal stabilizing DPF-
controller for Ü .

Recallfrom Section7.2, thatany well-posed(i.e., TIC∞ v Yx U u ) mapis a map
with internal loop, hencethe above definition coversall well-posedcontrollers
too. In theresultsweshallalsospecifywhenthereexistsa well-posedsolution.

Thepurposeof this suboptimal problemis that its solutioncanbeusedfor a
binarysearchoverγ’s to find anestimateof theoptimalγ andan“almostoptimal”� .

Thesolutionof the4BPis interplaybetweentheoriginalproblemandits dual,
hencewerecordthefollowing (recallthat ¤ d : Ý R¤ ¿ R):

Lemma 12.3.4(Dual problem) Themap Ü d : Ý ß � d
22 � d

12� d
21 � d

11 á alsosatisfiesStanding

Hypothesis12.3.1.Moreover, � is suboptimalfor Ü iff � d is suboptimalfor Ü d.�
(This followsfrom Proposition7.3.4(d).
Next we notehow asolutionof thefrequency-domainproblemof thissection

leadsto asolution of thecorrespondingstate-spaceproblem.
If Σ and �Σ are realizationsof Ü and � , respectively (if � is consideredas

a mapwith internal loop, then �Σ may be any realizationof a representative of� ), then,obviously, �Σ I/O-DPF-stabilizesΣ if f � DPF-stabilizesÜ . If Σ is SOS-
stabilizable,then �Σ canbe chosento be SOS-DPF-stabilizing, i.e., suchthat the
resultingclosed-loopsystemis SOS-stable;similar claimshold alsofor stronger
stabilizability propertiesof Σ:
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Theorem 12.3.5(I/O 4BP � � � 4BP) Let � bea stabilizingDPF-controller for Ü
(with internal loop). Let Σ be a realizationof Ü . Givena realization �Σ or � ,
theresultingclosed-loopconnectionsystemwill bedenotedby Σo

I (see(7.60)and
(6.125)for Σo

I ; cf. Figure 7.11).
ThenTheorem7.2.3applies,in particular, thefollowing holds:

(a) If Σ is SOS-stabilizable, then �Σ canbechosens.t.Σo
I % SOS.

(b) If Σ is [strongly] r.c.-stabilizable, then �Σ canbechosens.t.Σo
I is [strongly]

stable.

(c) If Σ is stabilizableand[strongly] detectable, then �Σ canbechosens.t.Σo
I is

[strongly] stable.

(d) Ü and � havesuch realizationsthat their closed-loopconnectionsystemΣo
I

becomesstrongly stable.

(e) If Σ21 is exponentially jointly stabilizableand detectable, then � DPF-
stabilizes Ü exponentiallywith internal loop iff it has a realization that
stabilizesΣ exponentially with an internal loop.

Recallfrom Theorem6.6.28that Ü hasa stronglyjointly r.c.-stabilizableand
l.c.-detectablerealization,becauseit hasa d.c.f.,by StandingHypothesis 12.3.1.
Moreover, onecanchoosetherealizationsothatit satisfiesalsoHypothesis12.5.1,
by Lemma12.5.23.

Proof: (a)–(d)Because� hasad.c.f.,by Corollary7.3.20,� hasastrongly
jointly r.c.-stabilizableandl.c.-detectablerealization �Σ, by Theorem6.6.28(if� is a well-posedcontroller; in the general(non-well-posed) casewe may
take �Σ to be a strongly stablerealization(as in Definition 6.1.6) of a stable
representativeof � (cf. Definition7.2.11)).

By Theorem7.2.3, �Σ stabilizesΣ asin (a)–(d)(for (d) we usethefact that,
by Theorem6.6.28,Σ canbechosento beasin (b)).

(e) This is containedin Lemma7.3.6(b1)(even without any standingas-
sumptions). �
MichaelGreenshowed in [Green](Theorem4.4) that the frequency-domain

H∞ 4BP has a solution if f certain two nestedspectralfactorizationsexist (in
the rationalfinite-dimensional case).This resultwasextendedto MTICL1

exp with
dimU ~ W ~ Y ~ Z ² ∞ by GreenandRuthCurtain[CG97] (Theorem5.6). The
following (see(c)) is a directgeneralizationof theseresults:

Theorem 12.3.6( �" : H∞�" : H∞�" : H∞ 4BP(I/O)) Assumethat ó u x ò u % �" . Thenconditions
(4BP1�" )–(4BP3�" ) areequivalent:

(4BP1�" ) The I/O 4BP has a well-posedsolution “in �" ”; i.e., there are�� 2 % �" v U u P � TIC∞ and �� 1 % �" v Y x U u s.t. �� ã 1
2 �� 1 (DPF-)stabilizesÜ and

makes �R� v Ü x � u ² γ.

(4BP2�" ) (Factor1�" ) holds,andthere is a solution �� 1 x �� 2 % �" to theASPß �\ I á Ý ß �� 1 �� 2 á � ó 22 ê�ó 21ê�ò 12 ò 11 
 for some�\G% TIC with ¯ �\�¯�² 1

(12.40)
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s.t. �� 2 % � TIC∞ v U u .
(4BP3�" ) (Factor1�" ) and(Factor2�" ) hold.

Herewereferto thefollowing:

(Factor1�" ) There is a r.c.f. ÜüÝHó ò ã 1 s.t. Lò 11 v ¹ ∞ u x Lò 22 v ¹ ∞ u % � µ .� ó 11 ó 12ò 21 ò 22 
 % TIC v U ~ Wx Z ~ W u is v Jγ x J1 u -lossless. (12.41)

(Factor2�" ) Themap Ü º : ÝÞ³`Ò 21 Ò 22
I 0 ´ ³ ù 11

ù
12

0 I ´ ã 1 % TIC∞ v U ~ W x Y ~ U u hasa

l.c.f. Ü�º�Ý �ò ã 1º �ó º s.t. Ó d is v J1 x J1 u -losslessand L�ó�º 21 v ¹ ∞ u x L�òHº 22 v ¹ ∞ u %� µ v U u , where Ó : Ý � �ó º 12 �ò�º 12�ó º 22 �ò�º 22� % TIC v W ~ U x Y ~ U u�y (12.42)

(a) Any r.c.f. of Ü or l.c.f. of ÜAº is in �" . If (Factor1�" ) and (Factor2�" ) hold,
then ó x ò x �ó º x �ò�º]% �" , and all well-posedsuboptimal DPF-stabilizing
controllers aregivenby� Ý �� ã 1

2 �� 1 x ßÔ�� 1 �� 2 á : Ý ³ Ì I ´ � �ò�º 11 �ó º 11�ò�º 21 �ó º 21� x Ì % TIC v Y x U u x ¯ Ì ¯�² 1

(12.43)
with the additional condition that �� 2 % �

TIC∞ v U u (e.g., take
Ì % �" ,LÌ v ¹ ∞ u Ý 0).

Wehave �� 1 x �� 2 % �" iff
Ì % �" .

(b) If Çò y x Çó y % �" , then (4BP1�" ) holds iff there is a well-posedsolution� Ý�� 1 � ã 1
2 s.t. � 1 x � 2 % �" .

(c) Conditions“ Lò 22 v ¹ ∞ u x L�òHº 22 v ¹ ∞ u % � µ v U u ” areredundantif dimU ² ∞.

(d) If D21 Ý 0, then (4BP1�" ) is equivalentto (4BP1), i.e., if there is any
suboptimalstabilizing DPF-controller for Ü , then there is a well-posed
suboptimalstabilizingDPF-controller for Ü “in �" ”. �

(Thiswill beprovedin Lemma12.4.16.)
By �" v U u ã 1 �" v Y x U u we meanmapsof form �� ã 1

2 �� 1 s.t. �� 1 % �" v Y x U u , �� 2 %�" v U u and �� 2 % � TIC∞.
SeeDefinition 6.4.4 for losslessfactorizations.Note that we could replace

“ v J1 x J1 u -lossless” by “frequency-domain v J1 x J1 u -lossless” in (Factor1�" ) and
(Factor2�" ), by Corollary2.5.5.

The factorization Ü�º : Ý ³{Ò 21 Ò 22
I 0 ´ ³ ù 11

ù
12

0 I ´ ã 1
is a r.c.f. when (Factor1�" )

holds,by Remark12.4.5.
TheaboveASP(analyticsystemproblem)formulationsaredueto [Green].
Aboveweassumedthat ó u x ò u % �" . In thegeneralcase,wecannotguarantee

thesufficient factorizationconditionsto benecessary, andtheconditionsbecome
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slightly morecomplicatedunlessweassumesomeregularity. Thisis statedbelow;
wealsogiveweaker sufficientconditionsfor theequivalence.

Theorem 12.3.7(I/O H∞H∞H∞ 4BP) Weconsiderthefollowing conditions:

(4BP1) The I/O 4BP has a solution, i.e., some � stabilizes Ü and makes�R� v Ü x � u ² γ.

(4BP2)(Factor1)holds,andthere is a solution �� 1 x �� 2 % TIC to theASPß`�\ I á Ý ßÔ�� 1 �� 2 á � ó 22 ê�ó 21ê�ò 12 ò 11 
 for some�\G% TIC with ¯ �\�¯�² 1 y
(12.44)

(4BP3)(Factor1)and(Factor2)hold.

(Factor1) There is a r.c.f. ÜüÝüó ò ã 1 s.t. ò 22 % � TIC∞ v W u and(12.41)holds.

(Factor1X) There is
ñ % � TIC v U ~ W u , s.t.

ñ ¿
J1
ñ Ý ³ Ò u11 Ò u12

0 I ´ ¿ Jγ ³ Ò u11 Ò u12
0 I ´

and
ñ

11 % � TIC v U u .
(Factor2) Themap Ü�º : Ý ³ Ò 21 Ò 22

I 0 ´ ³ ù 11
ù

12
0 I ´ ã 1

with d.c.internal loopcanbe

written as Ü�º�Ý �ò ã 1º �ólº (cf. Remark12.4.5)sothat Ó d is v J1 x J1 u -lossless
and Ó 22 % � TIC∞ v U u , whereÓ : Ý � �ó º 12 �ò�º 12�ó º 22 �ò�º 22� % TIC v W ~ U x Y ~ U u�y (12.45)

(Factor2Z) There is

¦ % �
TIC v Y ~ U u s.t. ¤ J1 ¤ ¿ Ý ¦

J1

¦A¿
, and v ¦ ã 1 ¤ u 22 %�

TIC, where ¤ : Ý � ó 22 ê�ó 21ê�ò 12 ò 11 
 % TIC v W ~ U x Y ~ U u�y (12.46)

(Notethatwedefine(Factor2)only if (Factor1) holds.)Thefollowing holds:

(a) We have (4BP3)� (4BP2)� (4BP1). If v ³ Ò u11 Ò u12
0 I ´ x Jγ u % SpF,

then (4BP2)� (4BP1). If (Factor1) holds and v ¤ d x J1 u % SpF, then
(4BP3)� (4BP2)� (4BP1).

(b) Assume(Factor1).Then(4BP1)� (4BP2).

If �� 1 x �� 2 satisfy(4BP2), thena solution of the I/O 4BP is givenby � Ý�� ã 1
2 �� 1 (which is obviouslya l.c.f.). Conversely, anysolution � of (4BP1)is

of form �ÃÝ �� ã 1
2 �� 1, where v �� 1 x �� 2 u solves(4BP2).

(c) If (Factor1) and (Factor2) hold, thenall suboptimal DPF-controllers (all
solutionsto theI/O 4BP)aregivenby thel.c.f.� Ý �� ã 1

2 �� 1 x ßÔ�� 1 �� 2 á : Ý ³ Ì I ´ � �ò�º 11 �ó º 11�ò�º 21 �ó º 21� x Ì % TIC v Y x U u x ¯ Ì ¯�² 1

(12.47)
(by ¯ Ì ¯/û 1 wegetall � ’ ss.t. ¯J�:� v Ü x � u ¯�û γ); thewell-posedsolutionsare
parametrizedby(12.47)with theadditional conditionthat �� 2 % � TIC∞ v U u .
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If �ó º 21 % �
TIC∞ v U u (cf. (d)), then (12.47) can be written as �oÝ� � v�� x Ì u : Ý � 12 ¹ � 11

Ì v I ê � 21
Ì u ã 1 � 22 % TIC∞ v Yx U u (for same

Ì
’ s s.t.�� 2 % �

TIC∞ v U u ; this parametrizesthe well-posedsuboptimal stabilizing
controllers for Ü ), where� : ÝÕ� �ó º 11 I�ó º 21 0� ã 1 � 0 �ò º 11

I �ò�º 21� % TIC∞ v U ~ Y u�y (12.48)

(d) Assumethat (Factor1) and (Factor2Z) are satisfiedwith

¦ % ULR. Then
(Factor2)hasa solutionhaving �ó º 21 % � TIC∞ v U u iff there is a well-posed
solution � Ý �� ã 1

2 �� 1 of theI/O 4BPs.t. �� 1 x �� 2 % TIC P ULR.

(e1)Wehave(Factor1)� (Factor1X),and(Factor2)� (Factor2Z).

(e2) Thesolutionsof (Factor1) and (Factor1X)correspond1-1 to each other
throughformulaeó�ÝHó u

ñ ã 1 x òÑÝ ò u
ñ ã 1;

ñ Ýôò ã 1ò u; ³ Ò u11 Ò u12
0 I ´ ñ ã 1 Ý ß Ò 11 Ò 12ù

21
ù

22 á y
(12.49)

The solutions of (Factor2) and (Factor2Z) correspond1-1 to each other
throughformulae�ó º�Ý ¦ ã 1

�
0 ó 22

I ê�ò 12 
 x �ò�º Ý ¦ ã 1
�
I ê�ó 21

0 ò 11 
 ;

¦ ã 1 ÝÕ� �ò�º 11 �ó º 11�ò�º 21 �ó º 21�
(12.50)

(henceÓ : Ý ß{�ó º ¿ 2 �ò�º ¿ 2 á Ý ¦ ã 1 ¤ ). �
(Thiswill beprovedin Lemma12.4.14.)
The well-posednessand independenceof the above conditions, as well as

severaladditionalfactsarepresentedin thelemmasbelow.
Note that in ³{Ò 21 Ò 22

I 0 ´ % TIC v U ~ Wx Y ~ U u in (Factor2)doesnot have its
identityoperatoron thediagonal.Thischoice(ananalogouswasdonein [Green]
and[CG97]) wasdoneto avoid having to interchangethe rows of ¤ x ¦ x Ó etc.,
whichwouldendupwith Ó J1 Ó ¿ Ý ³ ã I 0

0 I ´ .
Obviously, thecontroller � in (12.47)is differentfor differentparameters

Ì
.

Notethatthisparametrizesall well-posedsolutionsone-to-oneaswell asall non-
well-posedsolutionsone-to-onemodulo equivalence(seeDefinition7.2.11).

However, thesolutions ßÔ�� 1 �� 2 á of (12.44)areusuallydifferentfrom those

of (12.47)(althoughbothparametrizeall solutions � of theI/O 4BP, by Lemma
12.4.3(c)).

In [Green],thesignatureoperator“S Ý Jγ” wasusedin (Factor1)and(Factor2)
insteadof this simplest choice“S Ý J1” (this correspondsto the v Jγ x Jγ u -lossless
r.c.f.’s usedin [Green]and[CG97] insteadof our v J¿ x J1 u -losslessr.c.f.’s). Their
choice would introduce several additional γ’s in the proofs, and the second
columnsof certainmapswould have to be multiplied by γ N 1, but there is no
essentialdifference.Seealsothecorrespondingremarkbelow Theorem12.1.8.
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By Theorem7.3.19, the standardassumptions (see StandingHypothesis
12.3.1)imply thatany stabilizingDPF-controllerof theplant Ü hasad.c.internal
loop(henceit hasad.c.f. if it is well-posed).

Thoughweuseinternallooptechniquesto handlethetemporaryplant Ühº , the
proofscould be written in the well-posedsensewhenever ÜAº is well-posed,in
particular, for the �" casetreatedin Theorem12.3.6.We would mainly just have
to refer to Sections7.1and6.4 insteadof Section7.2(thesamechangewouldbe
neededin Section7.3too).

Lemma 12.3.8((4BP1)–(4BP3)are independenton ó u x ò u x Çó y x Çò y )
Conditions (Factor1)–(Factor2Z) are independentof the preliminary factor-

izations ó u ò u
ã 1 and Çò y

ã 1 Çó y (of Ü ) satisfying StandingHypothesis12.3.1,
as well as of factors ó x ò x ñ (if any) satisfying (Factor1) or (Factor1X)and of
factors �ó º x �ò�º x ¦ (if any)satisfying(Factor2[Z]) (i.e., they dependon Ü only).

Moreover, thesetsof allowable v ó x ò u ’s,
ñ

’ s,

¦
’sand � ’ s in aboveconditions

as well as the map ¤ ¿ J1 ¤ are independentof factors ó u x ò u x Çó y x Çò y . The

solutions �� 1 x �� 2 of (4BP2)are independentin the sensethat they alwaysdefine
thesamesetof � ’ s (which is thesetof � ’ ssolving(4BP1))through � : Ý �� ã 1

2 �� 1.

Maps Ü�º and ¤ andthesetsof allowable �ò�º ’s and �ó º ’s dependon Ü x ò x ó
only. �

(Thiswill beproved in Lemma12.4.6.)
If dimU ² ∞, thentheinvertibility of ò 22 x ñ 11 x �ò�º 22 and v ¦ ã 1 ¤ u 22 becomes

redundant:

Lemma 12.3.9(CasedimU ² ∞dimU ² ∞dimU ² ∞) If dimU ² ∞, then condition ò 22 %�
TIC∞ v W u is redundantin (Factor1) and Ó 22 % �

TIC∞ v U u is redundantin
(Factor2). �

(This follows from Proposition2.5.4(1).)

Lemma 12.3.10(Caseó u x ò u % �" ) Assumethat ó u x ò u % �" . Then (4BP1)–
(4BP3)are equivalent,andclaim (a) belowholds. If (4BP1)holds,thenwehave
thefollowing:

(a) All possible choicesof ó x ò x ñ x ¤ x ¦ x Ó x �ò�º x �ólº are in �" .

(b) The solutions �� ã 1
2 �� 1 of the I/O 4BP are given by (12.47),and we have�� 1 x �� 2 % �" � Ì % �" .

(c) We can choose
ñ % �" so that ò 11 x ñ 22 x �ò ºq% �

TIC∞, X Ý ß X11 X12
0 X22 á ,

M Ý ß M11 M12

0 X � 1
22 á , X11 x X22 x M11 % � µ , and Ü�º becomeswell-posed.Thed.c.f.

(12.61)of Ü�º is over �" .

(d) There is a well-posedsolution �� ã 1
2 �� 1 of the I/O 4BP with �� 1 x �� 2 % �" iff

wecanchoose

¦
sothat v ¦ ã 1 u 22 Ý �ó º 21 % � TIC∞.

(e)Wehave Çó y x=Çò y % �" iff thed.c.f. Ü�Ýüó u ò u
ã 1 Ý Çò y

ã 1 Çó y is over �" . If this

is thecase, thenalsothed.c.f. Ü 21 ÝHó u21ò u
ã 1
11 Ý Çò y

ã 1

22 Çó y21 is over �" .



720 CHAPTER12. H∞ FOUR-BLOCK PROBLEM ( ¯J� � v Ü x � u ¯�² γ)

(f) Wehavethefollowingimplications: (4BP1�" ) � (4BP1),(4BP2�" ) � (4BP2),
(4BP3�" ) � (4BP3), (Factor1�" ) � (Factor1), (Factor2�" ) � (Factor2) (and
anysolutionsof formeronessolvethelatter onestoo).

(g)Theclaims(a)–(e)alsoapplytoanysolutionsof (Factor1�" ) and(Factor2 �" )
(andfor thecorresponding

ñ
and

¦
). �

(Thiswill beprovedin Lemma12.4.15.)

Lemma 12.3.11((Factor1&2))

(a) If (Factor1) holds, then ò 22 x ñ 11 % �
TIC and ¯ ñ 21

ñ ã 1
11 ¯jÝ¯ v ñ ã 1 u ã 1

22 v ñ ã 1 u 21 ¯�² 1. If, in addition, (Factor2)holds,then Ó 22 % � TIC
and ¯JÓ 12 Ó ã 1

22 ¯�² 1.

(b) If Ü�Ý�ó ò ã 1 solves(Factor1)(resp.
ñ

solves(Factor1X)),thenall solutions
of (Factor1)(resp.of (Factor1X) for a fixed ó u) aregivenbyÜôÝ v ó E uwv ò E u ã 1 (resp.E ã 1 ñ ) x E

¿
J1E Ý J1 x E % � µ v U ~ W u�y (12.51)

If

¦
solves(Factor2Z),thenall solutionsaregivenby

¦ · Ý ¦
F ã 1, F

¿
J1F Ý

J1 x F % � µ v Y ~ U u . If �ò ã 1º �ó º solves(Factor2), then all solutions of

(Factor2)for a fixedpair v ó x ò u aregivenby ÜAºXÝ v F �ò�º u ã 1 v F �ó º u (henceÓ · Ý F Ó ).

(c) If (Factor1) is satisfied, then every
ñ % �

TIC v U ~ W u s.t.
ñ ¿

J1
ñ Ý³ Ò u11 Ò u12

0 I ´ ¿ Jγ ³ Ò u11 Ò u12
0 I ´ isasolutionof (Factor1X). If (Factor2)issatisfied,

thenevery

¦ % � TIC v Y ~ U u s.t.

¦
J1

¦A¿ ÝO¤ J1 ¤ ¿ is a solutionof (Factor2Z).

(d) If (Factor1X)holdsand
ñ % UR, thenwecanhaveX21 Ý 0, X11 x X22 % � µ .

If, in addition, ó u x ò u % UR, thenit followsthat Ü x ó x ò x ¤-% UR, M21 Ý 0,
M11 x M22 % � µ .

(e) Assumethat D21 Ý 0, (Factor1X) holds, ó u x ò u x ñ % UR, andX is chosen

as in (d). ThenE Ý ß N22 0ã M12 M11 á , and any UR solution of (Factor2) has

Z11 x �ólº 21 % � µ . �
(Thiswill beprovedin Lemma12.4.6.)
We finish this section by an intuitive explanation of the role of Ühº of

(Factor2�" ). This mapobviously maps » u
w à ½ °± ³ y

uà ´ (becauseò maps ³ uàw à ´ °±» uw ½ and ó maps ³ uàw à ´ °± » zy ½ ).
When(Factor1�" ) is satisfied,themap Ü equalstheconnectionof ß � <11 � <12ö 21 ö � 1

22 á :» uàw ½ °±ú³ y
w à ´ and Ü�º , asillustratedin Figure12.2.Here Ü Õ is definedby (11.10)

and
ñ

: Ý ³ I 0ù
21
ù

22 ´ ã 1 Ý ß I 0ã ù � 1
22
ù

21
ù � 1

22 á : » uàw ½ °± ³ uàw à ´ .
Since(12.41):³ uàw à ´ °± » zw ½ is v Jγ x J1 u -lossless, one can deducethat ¯ wë�°±

uë�¯/² 1 iff ¯ w °± z ¯�² γ. Thus, � is suboptimal for Ü andγ if f � is suboptimal
for Ü�º and 1. It follows that we have reducedthe solution to the casewhereÜ is of the specialform (of Ü�º ) describedin (Factor2�" ). Thesefactsareoften
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Figure12.2:Themap Ü�º
usedin theproofof the4BP(see,e.g.,pp.421–of [ZDG]), but weusethemonly
implicitly (in Section12.4).In fact,in themoregeneralsettingof Theorem12.3.7,
thesystemÜ�º neednotbewell-posed.

Notes
Theorem12.3.6is a direct generalizationof Theorem4.4 of [Green]andof

thoseof Theorem5.6of [CG97],asexplainedbeforethetheorem.
Wehadessentiallywritten thissectionduringearly1998(but at thatstage,we

neededimprovementsto our Riccati equationtheoryin order to solve the state-
spaceH∞ 4BP of Section12.1). At the endof year2000,HansZwart showed
us thereport[IZ00], which containssomething like Theorems12.3.6and12.3.7
with �" Ý MTICL1

anddimU ~ W ~ Z ~ Y ² ∞; thusour assumptions arealso
moregeneralthanthe onesin [IZ00]. Also [IZ00] usespurefrequency-domain
methods,andits methodsseemessentially finite-dimensional (see,e.g.,Lemma
2.2.1(c1),Proposition2.5.4,Lemma7.1.4andtheremarkin theproof of Lemma
2.2.2(c2));dueto the samereasons,the methodsof [Green]and[CG97] do not
applyto thisgeneralcase.

Our formulae(andproofs)becomemathematicallymorecompletedueto the
fact that we allow for controllerswith internal loop (hencewe do not needany
additionalinvertibility conditions);seeTheorem12.3.6or Theorem12.3.7(c)&(d)
for well-posedsolutions.

Thefrequency-domainresultshave their own merits,asexplainedin [CG97],
but they canalsobe usedto derive thesolution to the correspondingstate-space
problem,andthatis whatwewill do in thelasttwo sectionsof thischapter.

Undersufficient regularity, onecanformulatethe two losslessfactorizations
asRiccatiequations;this leadsto Theorem12.1.8andProposition12.1.10,i.e., to
CAREs“(1.)” and“(4.)”. Because“(4.)” is formulatedin termsof a perturbed
equation,one usually wishesto replaceit with “(2.)” and “(3.)” of Theorem
12.1.5. This connectionis established in Lemma12.6.4 for the discrete-time
settingand in Section12.5 for the continuous-timesetting(by discretization);
the proofs requiresomeextra regularity (ascomparedto Theorem12.1.8or to
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Theorem12.3.6)in thecontinuous-time case.
One might ask whethersomething similar could be doneto the frequency-

domainsolution,i.e.,whether(Factor1)andits dualconditionwith somecoupling
condition (“(3.)”) would suffice, so that the perturbedfactorizationcondition
(Factor2)would not be needed.A positive answerto this questionis given in
Remark12.5.25(in themostpopularsettingwhere Ü hasanexponential d.c.f.),
but westill lackasimpleformulation of thefrequency-domaincoupling condition.

Although the problemis symmetric, our solutionis not. If we replaceÜ byÜ d in theproofs,weobtainTheorems12.3.6and12.3.7with thedualof (Factor1)
(thefactorizationcorrespondingto “(2.)”) in placeof (Factor1)and,analogously,
afourthfactorizationconditionin placeof (Factor2)(thesituation is thesamewith
thestate-spaceproblemandtheRiccatiequations, asnotedonp. 708).
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12.4 Proofsfor Section 12.3

Whenconfrontedby a difficult problem,youcansolveit more easily
by reducingit to the question, "How would the Lone Ranger have
handledthis?"

The proofsof the resultsof Section12.3 are morecomplicatedthan in the
rationalcase(cf. [Green])or in thecaseof theCallier–Desoerclass(cf. [CG97]),
becausewe lack several algebraicpropertiessatisfiedby the rational transfer
functions, and becausethe (possibly) infinite dimensions of input and output
spacescauseadditionalproblems.

Westartby proving someresultsconcerning(Factor1)(Lemma12.4.2).Then
welist additionalconditions(Lemma12.4.3)equivalentto (4BP1)–(4BP3) (under
suitablyassumptions). Thereafter, we go on to study(Factor2)(Lemma12.4.4–)
until wearereadyto prove theimplicationsandadditionalresultsof Section12.3
(Lemma12.4.7–).

Theproofswill refer to thegeneralWPLScaseof Theorem12.3.7,wherewe
donotrequire� to bewell-posed(i.e.,TIC∞ v Yx U u ) but weallow � to beany map
with internalloop. However, thereadersinterestedonly in thecasesillustratedin
Theorem12.3.6andanalogousresultsmayconsiderwell-posed� ’ sonly, i.e., the
casewhere � 2 % � TIC∞ v Y u and �� 2 % � TIC∞ v U u .

Weshallneedthefollowing notion:

Lemma 12.4.1(4BP � FICP & FCP) Let the4BPfor Ü havea solution. Then³ Ò u11 Ò u12
0 I ´ and ß�ÜÒ y

d
22 ÜÒ y

d
12

0 I á areminimaxJγ-coercive.

SeeLemma12.5.7 for the analogousand further state-spaceresultsunder
weaker assumptions.

Proof: From (12.39) we observe that there are solutions \�% TIC of¯�ó u11\�¹ ó u12 ¯ ² γ and \Ý% TIC of ¯ Çó y
d

22\�¹ Çó y
d

12 ¯ ² γ. It follows from

Lemma11.3.10that ³ Ò u11 Ò u12
0 I ´ and ß�ÜÒ y

d
22 ÜÒ y

d
12

0 I á areminimaxJγ-coercive,hence

Jγ-coercive,by Lemma11.4.2. �
Lemma 12.4.2 Wegiveherepartial proofsof Theorem12.3.7andLemmas12.3.8
and12.3.11(a)–(c); theseproofs will becompletedin lemmasbelow.

Proof: I Theorem12.3.7(e1)&(e2)(partially):
1� “(F actor1X)� (Factor1)”: Assume(Factor1X). Set g : Ý ñ ã 1, � : Ý³ Ò u11 Ò u12

0 I ´ g to obtain � ¿ Jγ �¼Ý J1. Set ó : Ý÷ó u g , ò : Ý ò u g to obtain a
r.c.f. (by Lemma6.4.5(c))withó�Ý � � 11 � 12° ° 
 x òøÝ � ° °g 21 g 22 
 Ý � ° °� 21 � 22 
 (12.52)

(becauseò u Ý » ¿6¿0 I ½ ), satisfying (Factor1),because� is v Jγ x J1 u -lossless,by
Corollary2.5.5(since� 22 Ý ò 22 % � TIC∞).
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2� “(F actor1)� (Factor1X)”: (This is theaboveproofbackwards.)Assume
(Factor1). By Lemma6.4.5(c),we have g : ÝHò u

ã 1 ò¸% � TIC v U ~ W u . Setó : Ý�ó u g , ò : Ý'ò u g toobtainthat � : Ý ³ Ò u11 Ò u12
0 I ´ g satisfies��Ý ß Ò 11 Ò 12ù

21
ù

22 á .
Thus, � ¿ Jγ ��Ý J1 impliesthat ³ Ò u11 Ò u12

0 I ´ ¿ Jγ ³ Ò u11 Ò u12
0 I ´ Ý;g ã ¿ J1g ã 1. There-

fore,
ñ

: Ý-g ã 1 is asin (Factor1X)(useagainCorollary2.5.5).
3� Equations(12.49)of (e2): This followsfrom 1 � –2� .
II Lemma12.3.8— The first claim on ó u x ò u x=Çò y xsÇó y (partially): This

is obvious for (4BP2), (Factor1) and (Factor2), hencefor (4BP3) too; for
(Factor1X) this follows from the above equivalence,for (Factor2Z)this will
follow from theequivalencethatwill beestablishedin Lemma12.4.4.

III Lemma12.3.11: (a), (c) and first half of (b): (a) For (Factor1X),
this follows from Lemma11.4.3(a)&(c)(with substitutions Ü¼°± ³ Ò u11 Ò u12

0 I ´ ,
Jγ °± J1, J °± Jγ; recall from StandingHypothesis 12.3.1that ó u

¿
11ó u11

�
0).

Theclaimson(Factor2Z)follow analogously.
(c) This followsdirectly from Lemma11.4.3(b).
(b) (the (Factor1[X]) part only) By ((c) and) Lemma 6.4.5(a), all fac-

torizationsof form (Factor1X) are given by E ã 1 ñ , whereJ1 Ý E

¿
J1E, E %� µ v U ~ W u . (Recall that ó u wastakenfixedhere.)

If Ü Ý ó ò ã 1 is as in (Factor1), then the above proof of
“(Factor1)� (Factor1X)” shows that ó�ÝÃó u

ñ ã 1, where
ñ

is asabove, hence
suchfactorizationsagaindiffer by E only.

(Remark—
ñ

dependson ó u asfollows: If anr.c.f. Ü Ýôó u · v ò u · u ã 1 is also
of form ò u · Ý » ¿6¿0 I ½ , then ó u · Ý ó u \ andò u · Ý�ò u \ for some\�% � TIC with\HÝ÷» ¿6¿0 I ½ , by Lemma7.3.16.It follows that ß Ò u ¡11 Ò u ¡12

0 I á Ý ³ Ò u11 Ò u12
0 I ´ \ , henceñ \ is a spectralfactorof ßMÒ u ¡11 Ò u ¡12

0 I á if f
ñ

is a spectralfactorof ³ Ò u11 Ò u12
0 I ´ .

Thus,for ó u · Ýüó u \ , \�Ý¼» ¿6¿0 I ½ % � TIC, (Factor1X)is satisfiedby
ñ · Ý E

ñ \ ,
whereE is asabove.) �
To simplify theformulaein theproof,weshow thatthepreliminaryfactoriza-

tion Ü�Ý�ó u ò u
ã 1 canbereplacedby “a semioptimal preliminaryfactorization”ÜHÝüó Õu ò Õu ã 1. Thenweestablishfurtherequivalent conditionsfor (4BP1):

Lemma 12.4.3(Equivalent conditions (4BP1)–(4BP7))Assume (Factor1X)

and set g : Ý ñ ã 1 x g : Ý ³ I 0Þ
21
Þ

22 ´ x ñ : Ý´g ã 1,
ñ

: Ý ³ ö 11 ö 12
0 I ´ , g : Ý ñ ã 1

,ò Õu : Ý ò u gÑÝ ß ù <u 11
ù <u 12

0 I á x ó Õu : Ývó u g , ò Ý ò u
ñ ã 1 Ý ò Õu g andó : Ýüó u

ñ ã 1 Ýüó Õu g . Then
ñ Ý ñ ñ , g�Ý g�g , andthefollowingholds.

(a) Ther.c.f. Ü�Ý�ó ò ã 1 is as in (Factor1), andther.c.f. Ü�Ý�ó Õu ò Õu ã 1 is as
in StandingHypothesis12.3.1.

(b) The conditions(4BP1), (4BP2) and (4BP4)–(4BP7)are equivalentand
independentof ó , ò and

ñ
.

(c1) A map � with internal loop solvesthe 4BP iff it can be written as�ÞÝ �� ã 1
2 �� 1, where �� 1 x �� 2 satisfy(4BP2). Note that any maps �� 1 and�� 2 satisfying (4BP2)arenecessarilyl.c.
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The above claims hold also with (4BP4), (4BP5), (4BP6) and (4BP7) in
placeof (4BP2).

(c2) (For a fixed pair v �� 1 x �� 2 u we have “(4BP4) � (4BP5)” and
“(4BP2) � (4BP6)� (4BP7)”, whereas for �� ã 1

2 �� 1 (as a map with l.c.
internal loop)all theseareequivalent.)

(c3) Assumethat ó u x ò u % TICexp. If any of (4BP1), (4BP2) and (4BP4)–

(4BP7)hasa solutionwith �� 1 x �� 2 % TICexp, thensodoall of them.

(This also holds with
"

in place of TICexp if
" �

a
TIC is closedunder

spectral factorization.)

(d) If (4BP5)(and hence(4BP1)–(4BP7)exceptpossibly (4BP3))holds,then
thel.c.f. �� ã 1

2 �� 1 ÝU� givenin (4BP5)is unique, andthefollowingequations
hold: �\ o Ý v I ê�\ o g 21 u ã 1 \ o g 22 x (12.53)\ o Ý v I ê �\ o

ñ
21u ã 1 �\ o

ñ
22 Ý �\ o v g 21 �\ o ¹©g 22 u ã 1 x

(12.54)v I ê �\ o
ñ

21 u ã 1 Ý I ê�\ o g 21 % � TIC x (12.55)v g 21 �\ o ¹©g 22 u ã 1 Ý ñ 22 ¹ ñ 21\ o % � TIC y (12.56)

(e) Thislemmaholdsevenif wereplace“ ² ” signsof thelemmaby “ û ” signs
(this includesrequiringthat ¯J�$� v Ü x � u ¯�û γ insteadof ² γ).

Wehavereferredto thefollowingconditions:

(4BP4) There are �� 1 x �� 2 % TIC s.t. �� 2 ò Õu 11 ê �� 1 ó Õu 21 Ý I and \ o : Ý�� 1 ó Õu 22 ê �� 2 ò Õu 12 % TIC solves(theFICP) ¯�ó Õu 11\ o ¹�ó Õu 12 ¯ ² γ.

(4BP5) There are �� 1 x �� 2 % TIC s.t. ê �� 1 ó Õu 21 ¹ �� 2 ò Õu 11 Ý I and \ o : Ý�� 1 ó Õu 22 ê �� 2 ò Õu 12 % TIC is of the form \ o ÝÝ\ 1 \ ã 1
2 , where ß _ 1_ 2 á Ýg ß �_ o

I á , �\ o % TIC and ¯ �\ o ¯�² 1.

(4BP6) There are �� 1 x �� 2 % TIC s.t. �� 2 ò 11 ê �� 1 ó 21 % �
TIC v U u , and¯ v �� 2 ò 11 ê �� 1 ó 21 u ã 1 v ê �� 2 ò 12 ¹ �� 1 ó 22 u ¯ TIC ÈW ËU Ê ² 1.

(4BP7)(ASP) Thereare �� 1 x �� 2 % TIC s.t.theoperatorsß{�\ 1 �\ 2 á : Ý ßÔ�� 1 �� 2 á � ó 22 ê�ó 21ê�ò 12 ò 11 
 % TIC v W ~ U x U u (12.57)

satisfy �\ 2 % � TIC and ¯ �\ ã 1
2 �\ 1 ¯�² 1.

Thus,condition“(Factor1X)and(4BPn) hold” is equivalentto (4BP1)(andto
(4BP2))whenever v ³ Ò u11 Ò u12

0 I ´ x Jγ u % SpF, by Theorem12.3.7(a).

Note that, for each� solving the4BP(cf. (c)), thepairs v �� 1 x �� 2 u in (4BP2)
and (4BP5) need not be the same(in fact this happensvery seldom, when
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22 g 21 Ý 0, asshown in the proof of (4BP2)� (4BP5)); we only know that

they differ by anelementof
�

TIC (seeDefinition7.2.11).
Theequivalence“(4BP1)� (4BP4)” holdsfor theoriginal r.c.f. ÜHÝ�ó u ò u

ã 1

too,asoneobservesfrom theproof.
If onel.c.f. of � satisfiestheASPgivenin (v) (and(iv) aswell), thenclearly

every l.c.f. of � does(cf. Lemma6.4.5(d)).
Proof of Lemma 12.4.3: Note that we have chosena “semicritical

preliminaryfactorization” Ü Ýjó Õu ò Õu ã 1 to make the formulaein the proof
(including thoseat the end of the lemma)simpler. By Lemma12.3.8 (see
Lemma12.4.2),thiscausesno lossof generality.

Theformula g�Ý g�g is from (A.9), and
ñ Ý ñ ñ is its inverse.

(a)By Lemma6.4.5(c),ó Õu ò Õu ã 1 is ar.c.f. of (c). Obviously, ò Õu Ýj» ¿6¿0 I ½ .
Therestfollows asin Corollary7.3.17.

By 2� of theproofof Lemma12.4.2,ther.c.f. ÜôÝ�ó ò ã 1 is asin (Factor1).
I Theequivalence:Let �� 1 % TIC v Y x U u and �� 2 % TIC v U u be l.c. (i.e., let� : Ý �� ã 1

2 �� 1 bea mapwith l.c. internalloop; cf. Definition 7.2.11).We shall
show below theequivalenceof (4BP1)–(4BP7)� (4BP3)for �� ã 1

2 �� 1 in thesense
that given n x m %ôÂ 1 x 2 x 4 x 5 x 6 x 7 Å , there is \ n % �

TIC v U u s.t. v \ n �� 1 x \ n �� n u
satisfies(4BPn) if f thereis \ m % � TIC v U u s.t. v \ m �� 1 x \ m �� n u satisfies(4BPm)
(i.e., � hasa presentationsatisfying(4BPn) if f � hasa presentationsatisfying
(4BPm)). Notethat(4BP1)is independenton thepresentation.

1� “(4BP1)� (4BP4)”: This followsfrom Lemma12.3.2.
2� “(4BP4)� (4BP5)”: This followsdirectly from Theorem11.3.6.
4� “(4BP6)� (4BP7)”: Clearly(4BP7)is only a reformulationof (4BP6).
5� “(4BP7)� (4BP2)”: If v �� 1 x �� 2 u solves(4BP7), then v �\ ã 1

2 �� 1 x �\ ã 1
2 �� 2 u

solves(4BP2)(where �\ 2 is asin (4BP7)).Conversely, everysolutionof (4BP2)
is a solution of (4BP7).

6� “(4BP5)� (d)&(4BP7)”: Wenow assume(4BP5)(andhence(4BP1)and
(4BP4)too)andwill provefirst theclaimsin part(d) andthen(4BP7).

Theuniquenessof thel.c.f. followsfrom Lemma6.4.5(d).Thefirst formula
is equationê �� 1 ó Õu 21 ¹ �� 2 ò Õu 11 Ý I multiplied to theleft by �� ã 1

2 .
Equations(12.53)–(12.56)follow from equations(11.89)–(11.92)of The-

orem 11.3.6 (where we must use the spectral factor
ñ Ý ò ã 1 ò Õu ofß Ò <u 11 Ò <u 12

0 I á ) andthelastthreeequationsarederivedasfollows:�\ 2 : Ý �� 2 ò 11 ê �� 1 ó 21 Ý �� 2 ò Õu 11 ¹ �� 2 ò Õu 12g 21 ê �� 1 ó Õu 21 ê �� 1 ó Õu 22g 21

(12.58)Ý v �� 2 ò Õu 11 ê �� 1 ó Õu 21 u ê v �� 1 ó Õu 22 ê �� 2 ò Õu 12 u g 21 (12.59)Ý I êE\ o g 21, by theequationsin (4BP5). Now �\ 2 Ý I êE\ o g 21 % � TIC v U u ,
by (12.55).Similarly,�\ 1 Ýjê �� 2 ò 12 ¹ �� 1 ó 22 Ýjê �� 2 ò Õu 12g 22 ¹ �� 1 ó Õu 22g 22 Ý;\ o g 22 y (12.60)

Therefore, �\ ã 1
2 �\ 1 Ý v I ê�\ o g 21 u ã 1 \ o g 22 Ý �\ o, whosenorm is lessthan1,
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hence(4BP5)implies(4BP7).
7� “(4BP2)� (4BP5)” (which completesthe proof of the equivalence):

Assume(4BP2). Then �@ : Ý �� 2 ò Õu 11 ê �� 1 ó Õu 21 Ý �� 2 v ò 11 êÀò Õu 12g 21 u ê�� 1 v ó 21 êXó Õu 22g 21 u Ý �� 2 ò 11 ê �� 1 ó 21 ê �� 2 ò 12g ã 1
22 g 21 ¹ �� 1 ó 22g ã 1

22 g 21 Ý
I ¹ �\0g ã 1

22 g 21 % � TIC v U u , becausēsg ã 1
22 g 21 ¯�² 1, by (d) of thetheorem.

Define �� 2 : Ý �@ ã 1 �� 2 x �� 1 : Ý �@ ã 1 �� 1 to get a new l.c.f. of � , satisfying�� 2 ò Õu 11 ê �� 1 ó Õu 21 Ý I , asrequired.

Fromthedefinitionsof ó and ò (given in the lemma),we get �� 1 ó Õu 22 ê�� 2 ò�Õu 12 Ý �@ ã 1 » �� 1 ó 22 ê �� 2 ò 12 ½ g ã 1
22 Ý v I ¹ �\0g ã 1

22 g 21 u ã 1 » �\ ½ g ã 1
22 Ý �\ v I ¹g ã 1

22 g 21 �\ u ã 1g ã 1
22 Ý �\ v g 22 ¹-g 21 �\ u ã 1 Ýi\ o, if we set \ o : Ýi\ 1 \ ã 1

2 andß _ 1_ 2 á : Ý�g ß �_ I á . Thus,(4BP3)issatisfiedandhencetheproofof theequivalence

hasbeencompleted.
II — (b), (c), (d), (e):
(b) In I, weshowedtheequivalencein (b). Since

ñ
wasarbitrary(andhenceó and ò too,by (12.49),whichwasestablishedin Lemma12.4.2),and(4BP1)

is independentof
ñ

, ó and ò , hencesoare(4BP2)and(4BP4)–(4BP7).
(c1) It follows directly from the equationsin each(4BP° ) that �� 1 x �� 2 are

l.c., asclaimed.
As one observes from the proof, conditions(4BP2) and (4BP4)–(4BP7)

have samesolutions v �� 1 x �� 2 u modulo the multiplication to the left by an
elementof

�
TIC v U u . By Definition 7.2.11,this meansthat the maps � : Ý�� ã 1

2 �� 1 correspondingto thesesolutionsareequal(but thereareusuallymore
thanonesolution � ); by 2 � thesemapsareexactlythesolutionsof (4BP1)(i.e.,
thesuboptimal DPF-stabilizingcontrollers).Thus,(c1) hasbeenestablished.

(c2)This canbeobservedfrom partI.
(c3) 1� Weaker assumptions: In fact,it sufficesto assumethat ó u x ò u x ñ %"

, that
" �

a
TIC (seeDefinition 6.2.4), and that

"
is inverse-closed(i.e.," P � TIC Ý ��"

).
The proof of Lemma 8.4.10 shows that if

"
is closed under spectral

factorization(in thesensethat �ñ % �?" whenever �Ü+% " v U ~ Wx ° u x �J Ý �J ¿ %µ x �S % � µ x �ñ % � TIC v U ~ W u and �ñ ¿ �S�ñ Ý �Ü ¿ �J �Ü ), then
"

is inverse-closed.
2� Suitable

"
’s: On the other hand,Lemma6.4.7(c)shows that TICexp

is closedunderspectralfactorization;obviously, so is �" , so that we cantake�" : Ý TICexp or �" : Ý " .
3� Theproof using1 � : By the assumptions,we have g x ñ x g x ñ x gq% �?" .

Therefore,ó x ò x ò:Õu x ó�Õu % " . Consequently, it is easyto verify from part I
that(c3)holds,sincedifferent �� ¿ ’sareobtainedfrom eachotherandtheabove"

mapsby usingonly algebraicoperationsin TIC (herewe againneedthe
inverse-closednessof

"
).

(d) Thiswasestablishedin 6 � .
(e) Obviously, the proof below appliesalsowith the changeslisted in (e).�
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Lemma 12.4.4(Ü�ºÜ�ºÜ�º & (Factor2)) The map Ü�º : ÝÑ³{Ò 21 Ò 22
I 0 ´ ³ ù 11

ù
12

0 I ´ ã 1
has a

d.c.internal loop: wehavethedoublycoprimeproduct� ³ ù 11
ù

12
0 I ´ ³ 0 ã I

0 0 ´³`Ò 21 Ò 22
I 0 ´ ³ I 0

0 0 ´ 
 ã 1 Ý�� ³ 0 0
0 I ´ ê ³ 0 ã I

0 0 ´ê ß 0 Ò 22
I ã ù 12 á ß I ã Ò 21

0
ù

11 á � (12.61)% �
TIC vJv U ~ W u ~ v Y ~ U u x v U ~ W u ~ v U ~ Y uJu . Moreover, Theorem

12.3.7(e1)&(e2)hold; in particular, wehave(Factor2) � (Factor2Z).

Proof: We startwith the last equivalence,basedon the proof of Theorem
3.8of [Green].

Obviously, (12.61)is true,henceÜAº hasad.c.internalloop(seeDefinition
7.2.11)andcanbewrittenas Ü�º Ý �ñ ã 1º ��/º , where�ñ º : Ý �

I ê�ó 21

0 ò 11 
 % TIC v Y ~ U u x ��/º : Ý �
0 ó 22

I ê�ò 12 
 % TIC v U ~ Wx Y ~ U u�y
(12.62)

1� “(Factor2)� (Factor2Z)”:Assume(Factor2).Then �ò�º:Ý ¦ ã 1 �ñ º , �ó º:Ý¦ ã 1 ��/º for some

¦ % � TIC v Y ~ U u , by Definition7.2.11.Consequently,¦ ã 1 Ýß� �ò�º 11 �ó º 11�ò�º 21 �ó º 21� and

¦ ã 1 ¤�Ý ¦ ã 1 ß{��/º ¿ 2 �ñ º ¿ 2 á Ý ß`�ó º ¿ 2 �ò�º ¿ 2 á Ý-Ó y
(12.63)

Therefore,(Factor2Z)holds.
2� “(Factor2Z)� (Factor2)”: Assume(Factor2Z).Define �ñ º x ��/º asabove

and set �ò�º÷Ý ¦ ã 1 �ñ º , �ó º÷Ý ¦ ã 1 ��/º to obtain �ò ã 1º �ó º÷Ý �ñ ã 1º ��/º . SetÓ : Ý ¦ ã 1 ¤ to obtainthat Ó J1 Ó ¿ Ý J1, andthat(12.63)holds. Then(Factor2)
holds.

3� Theorem12.3.7(e1)&(e2):Part II of theproofof Lemma12.4.3contains
partialproofsof Theorem12.3.7(e1)&(e2).Therestof (e1)and(e2)is obtained
above. �
The factorization Ü�º : Ý ³ Ò 21 Ò 22

I 0 ´ ³ ù 11
ù

12
0 I ´ ã 1

is a r.c.f. when (Factor1�" )
holds:

Remark 12.4.5(Ü�ºÜ�ºÜ�º ) If (Factor1) holds,then ³`Ò 21 Ò 22
I 0 ´ % TIC v U ~ Wx Y ~ U u and³ ù 11

ù
12

0 I ´ % TIC v U ~ W u are r.c. (evend.c.),by (12.61). �
Lemma 12.4.6 Lemmas12.3.11and12.3.8hold.

Proof: 1 y 1� Lemma12.3.11(a)–(c):Part II of the proof of Lemma12.4.3
containsthe proof of Lemma 12.3.11(a)and a partial proof of (b). The
“(Factor2)” part of (b) is obtainedas its (Factor1) part (note that the first
columnsof �ò�º and �ó º arecontainedin

¦ ã 1, hencethesedependon Ü only,
whereastheir secondcolumnsarepartof Ó andhencedependon ó u x ò u in
thesamewayas ¤ does).

Part (c) wasestablishedin Lemma12.4.3.
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Part (d): 1 y 2� By (Factor1X), the assumptions of Proposition 11.3.4are
satisfiedand (FI3s) holds. By Lemma 11.3.11, the solution of (FI3s) for³ Ò u11 Ò u12

0 I ´ (henceof (Factor1X))canbe chosenso that X is as in (d) (since
X % � µ v U ~ W u , by Proposition6.3.1(b1)).

1 y 3� Assumethat
ñ

is asaboveand ó u x ò u % UR. Then Ü�Ý ó u ò u
ã 1 % UR

and ó x ò x ¤-% UR, by (12.49)andProposition6.3.1(b1).Consequently, X ã 1 Ý�
X � 1

11

¿
0 X � 1

22 
 , M Ý ß ¿ ¿0 X � 1
22 á ; by LemmaA.1.1(b),M11 % � µ v U u . If D21 Ý 0, then

N Ý DM Ý ß ¿ ¿
0 D22X � 1

22 á , hencethenE Ý ß N22 ã N21ã M12 M11 á Ý ß N22 0ã M12 M11 á .
1 y 4� Part (e): (Note that Ü x ó x ò x ¤b% UR, by (d). Thus,any UR solution�ò�º x �ó º of (Factor2)correspondsto a UR solution

¦
of (Factor2Z)andvice

versa,by Theorem12.3.7(e2).)
By Theorem12.3.7(e2),we have v Z ã 1 u 22M11 Ý �M º 22 Ý W22 and Óà%

UR. By (Factor2)andProposition 6.3.1(b1),W22 % � µ v U u , hence v Z ã 1 u 22 %� µ v U u , henceZ11 % � µ v Y u , by LemmaA.1.1(c1).But �Nº 21 Ý v Z ã 1 u 22, hence
(e)holds.

2� Lemma 12.3.8: This is given in the proof of Lemma 12.4.3
for ó u x ò u x Çó y x Çò y . For (4BP1) and (Factor1[X]) independenceonó x ò x ñ x �ó º x �ò�º x ¦ is obvious; for (4BP2)it followsfrom Lemma12.4.3(b).

Fix apair v ó x ò u andacorresponding¤ . Let ¤ · correspondtosomeE given
in Lemma12.3.11(b).By Lemma6.4.8(c),EJ1E

¿ Ý J1. By settingR : Ý ³ 0 Iã I 0 ´
wegetR

¿ ¤ · R Ý ß ù 1 
Ò 2 
 á E andR

¿
J1R Ýjê J1, hence¤ · J1 ¤ · ¿ Ý ê � ó 2

¿ê�ò 1

¿ 
 J1

� ó 2

¿ê�ò 1

¿ 
 ¿ x (12.64)

which is independentof E, i.e., dependson Ü only, hencesodo thesolutions
¦

of (Factor2Z[’]). From the equivalencesgiven in Theorem12.3.7(e1),we
obtain that also the solvability of (Factor2[’]) dependson Ü only (but Ühº
dependson ó x ò , hencesodo �ó º x �ò�º ). Theclaimsconcerning� follow from
Lemma12.4.3(c). �
Now wecanshow that(4BP3)implies(4BP1)–(4BP7):

Lemma 12.4.7((Factor) � (4BP)) Assume(Factor1) and (Factor2). Then
(4BP1)–(4BP7)hold.

Proof: We use the notation of Theorem 12.3.7(e1)–(e2)(see Lemma

12.4.4).Set ßÔ�� 1 �� 2 á : Ý ³ 0 I ´ ¦ ã 1 to obtainß �\ 1 �\ 2 á : Ý ß �� 1 �� 2 á ¤�Ý ³ 0 I ´ Ó Ý ³ Ó 21 Ó 22 ´ y (12.65)

From Lemma12.3.11(a)we obtainthat ¯JÓ ã 1
22 Ó 21 ¯A² 1, hence(4BP7)is

satisfied.Thus,(4BP1)–(4BP7) hold,by Lemma12.4.3(b). �
We shallusethefollowing to reduce(Factor2Z)to a (frequency-domain)H∞

FICP:
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Lemma 12.4.8( dâádâádâá ) Assume(4BP2). Thenthere is á�% � TIC v Y ~ U u s.t. á¢¤üÝßäã 0�_ I á % TIC v W ~ U x Y ~ U u , where p^p ¿ � 0, ¯ �\�¯�² 1.

As theproof shows, �\ is theoneappearingin (4BP2).
Proof: Assume(4BP2).By Lemma12.4.3(c1)&(b),�� ã 1

2 �� 1 (from (4BP2))
stabilizesÜ (becauseit satisfies(4BP1)),andconditions(4BP1)–(4BP7)except

possibly (4BP3) hold. In particular, ³ 0 ã I
I 0 ´ � Üù y 22 ÜÒ y 21�� 1 �� 2 
 ³ 0 ã I

I 0 ´ % �
TIC, by

Theorem7.3.19(iv’), hence� Çò y22 Çó y 21�� 1 �� 2 � % � TIC v Y ~ U u�y (12.66)

Fromthe v 2 x 2u - and v 2 x 1u -blocksof equation Çò y ó Õu Ý*Çó y ò Õu wegetÇò y 22ó Õu 22 ê.Çó y 21ò Õu 12 Ý*Çó y 22 x Çò y 22ó Õu 21 ê.Çó y 21ò Õu 11 Ý*Çó y 22ò Õu 21 Ý 0 y
(12.67)

On the otherhand, ¤�ÝÔß Ò 22 ã Ò 21ã ù 12
ù

11 á Ý"ß Ò <u 22 ã Ò <u 21ã ù <u 12
ù <u 11 á ³ Þ 22 ã Þ 21

0 I ´ (herewe

haveset
ñ

: Ýôò ã 1ò u, g : Ý ñ ã 1). By combining thisand(12.67)wegetß Çò y22 Çó y 21á ¤�Ý ß Çó y22 0á � g 22 ê$g 21

0 I 
 Ý ß Çó y22g 22 ê7Çó y 22g 21 á y
(12.68)

Thiscombinedwith (4BP2)givesus

� Üù y 22 ÜÒ y 21�� 1 �� 2 
 ¤�Ý ß ÜÒ y 22
Þ

22 ã ÜÒ y 22
Þ

21�_ I á , where¯ �\�¯�² 1. Thus, á¢¤ Ý ßwã 0�_ I á , whereá : Ý �
I Çó y22g 21

0 I 
 � Çò y22 Çó y21�� 1 �� 2 � % TIC v Y ~ U u x (12.69)

and p : ÝGÇó y22 v g 22 ¹�g 21 �\ u is onto( p^p ¿ � 0), becauseÇó y 22 is onto,by Stand-

ing Hypothesis12.3.1,andg 22 ¹­g 21 �\;% � TIC v W u (becausēsg ã 1
22 g 21 �\�¯�² 1,

by Lemma12.3.11(a)).By (12.66)andLemmaA.1.1(b1), á�% � TIC v Y ~ U u .�
Lemma 12.4.9 Theorem12.3.7(c)holds.

Proof: 1� (12.47): Assume(Factor1)and(Factor2),so that (4BP2),(Fac-
tor1X) and(Factor2Z)hold, by Lemma12.4.7andTheorem12.3.7(e1)&(e2)
(seeLemma12.4.4).Weset

¦ ã d : Ý v ¦ d u ã 1 etc.
Set �¦ : Ý]á ¦ to obtain �¦ J1 �¦A¿ Ý v á¢¤ u J1 v á¢¤ u ¿ , where á is as in Lemma

12.4.8. Now equationsÓúÝ ¦ ã 1 ¤�Ý �¦ ã 1 á¢¤ and v á¢¤ u d Ý » ¿6¿0 I ½ imply thatÓ d Ý ß ¿ ¿È �å � d Ê 21
È �å � d Ê 22 á , hence v �¦ ã d u 22 Ý�Ó d

22 % �
TIC v U u , by (Factor2Z),

hence�¦ d
11 % � TIC v Y u , by LemmaA.1.1(c1).
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Now each pair �� 1 x �� 2 % TIC correspondsto a unique pair � 1 x � 2 %
TIC definedby

� � d
1� d
2 
 : ÝÝá ã d

� �� d
1�� d
2 
 . The pairs v �� 1 x �� 2 u satisfying (4BP2)

correspondto pairs � 1 x � 2 satisfying� �\ d

I 
 ÝU¤ d � �� d
1�� d
2 � ÝU¤ d á d � � d

1� d
2 � x (12.70)

for some �\ with ¯ �\�¯ ² 1 [ û 1 for � ’ s s.t. ¯J�:� v Ü x � u ¯ û γ; seeLemma
12.4.3(e)].

From(12.70)and �Ü : ÝU¤ d á d Ý÷» ¿6¿0 I ½ we obtainthat � 2 Ý I , hence� d
1 is as

above iff it satisfies(theFICP) ¯ �\ d ¯ : Ý�¯ �Ü 11 � d
1 ¹ �Ü 12 ¯�² 1 [ û 1].

Thus,we may apply Corollary 11.3.5(with substitutions Üj°± �Ü , γ °± 1,ñ °± �¦ d; notethat �Ü ¿11 �Ü 11 Ý v p du ¿ p d Ý v p^p ¿ u d � 0, since p (andhencev p du ¿
is onto)) to obtainthatall � d

1’s of this form aregiven by � d
1 Ý Ì

1
Ì ã 1

2 , whereß Ë 1Ë
2 á : Ý �¦ ã 1 ³ Ë I ´ and ¯ Ì ¯Á² 1 [ û 1] (hence

Ì
2 % �

TIC v U u , by Theorem

11.3.6).Writing it out,wehave� � d
1

I � Ý � Ì
1Ì
2 
 Ì ã 1

2 Ý �¦ ã d
� Ì
I 
 Ì ã 1

2 y (12.71)

Thus,

� �� d
1�� d
2 
 ÝUá ã d �¦ ã d ³ Ë I ´ Ì ã 1

2 Ý ¦ ã d ³ Ë I ´ Ì ã 1
2 .

By postmultiplying this by
Ì

2, we get anotherrepresentative of �� ã 1
2 �� 1

(since
Ì

2 % � TIC v U u ), givenbyß �� ·1 �� ·2 á Ý Ì d
2 ß �� 1 �� 2 á Ý ³ Ì d I ´ ¦ ã 1 x (12.72)

But this “all solutions formula” is equalto (12.47)(see(12.50)for

¦ ã 1).
2� Formula � Ý´�:� v�� x Ì u : The formula � Ý´�R� v�� x Ì u can be shown

equalto (12.47)just by writing the two formulaeout andsimplifying slightly
(notethat I ê � 21

Ì Ý I ¹ �ó�º 11 �ó ã 1º 21
Ì

is invertible if f �� 2 Ý Ì �ófº 11 ¹ �ó º 21 Ýv I ¹ Ì �ófº 11 �ó ã 1º 21 u �ólº 21 is invertible, by LemmaA.1.1(f6), i.e., if f � is well-
posed(by Lemma7.2.12(b))).

3� Remark: We neededá only to get a spectralfactor (namely �¦ d) with
invertible v 1 x 1u -block andto establishthecondition “ Ü ¿1J Ü 1

�
0”. Otherwise

wecouldhaveappliedTheorem11.3.6directly for ¤ d insteadof �Ü .) �
If the coprimenessrequirementsof StandingHypothesis 12.3.1aresatisfied

“exponentially”, then the existenceof a solution the 4BP is equivalent to the
existenceof an exponentially stabilizing solution of the 4BP (at least whenó u x ò u % �" , sothat(4BP3)becomesnecessary):

Proposition12.4.10(Exponentially stabilizing solutionsof the (I/O) 4BP)
Assumethat wecanwrite “d.c.f. over TICexp”, “r .c. over TICexp” and“l.c. over
TICexp” to Standing Hypothesis12.3.1 in place of “d.c.f.”, “r .c.” and “l.c.”,
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respectively(this is thecaseif Hypothesis12.5.1holdsandΣ is optimizable).
If (4BP3) holds, then ó x ò x ñ x ¦ x ¤q% TICexp, and all exponentially DPF-

stabilizing suboptimal controllers (with internal loop) for Ü are parametrizedby
(12.47)with theadditional requirementthat

Ì % TICexp.

Proof: Oneobservesfrom theproofof Lemma12.5.3thattheassumptions
of thelemmaaresatisfiedif Hypothesis12.5.1holdsandΣ is optimizable.

1�F� is suboptimal and exponentiallyDPF-stabilizing iff � Ý �� ã 1
2 �� 1 for

some�� 1 x �� 2 % TICexp satisfying (4BP4):
From Corollary 7.3.20(i’) and Remark7.3.24 we observe that � DPF-

stabilizesÜ exponentially with internal loop if f � Ý �� ã 1
2 �� 1 and �� 2 ò u11 ê�� 1 ó u21 Ý I for some �� 1 x �� 2 % TICexp (cf. Lemma12.3.2).

2� ñ N 1 x ó x ò x ¦ N 1 x ¤b% TICexp: As in the proof of Lemma12.4.3(c3),we
observe that

ñ N 1 x ó x òæ% TICexp, hence¤+% TICexp. By Lemma6.4.7(c),it
follows that

¦ % � TICexp. (by Lemma12.3.11(b),this appliesto all possible
choicesof

ñ x ó x ò x ¦ x ¤ ).
3� Sufficiency:Therefore,for each

Ì % TICexp, wehave �� 1 x �� 2 % TICexp in
(12.47)(see(12.50)for

¦ ã 1). By Lemma12.4.3(c3),� : Ý �� ã 1
2 �� 1 corresponds

to asolution of (4BP4)belongingto TICexp, hence� is asin 1� .
4� Necessity:If �ÃÝ�� ã 1

2 � 1 is asuboptimal exponentially DPF-stabilizing
controller(with aninternalloop), then³ � 1 � 2 ´ Ý;\üß��� 1 �� 2 á : Ý0³ \ Ì \ ´ ¦ ã 1 (12.73)

for some \ª% �
TIC, by Lemma 6.4.5(d) and (12.47), hence then³ \ Ì \ ´ Ý ¦ ³ � 1 � 2 ´ % TICexp, hence \5% TICexp (recall from 2� that

¦ % �
TICexp), hence \i% �

TICexp, by Lemma 2.2.7. Consequently, thenÌ ÝU\ ã 1 \ Ì % TICexp. �
Next wewanttomake ò 11 and

¦
11 invertible; thereforeweneedthefollowing

result:

Lemma 12.4.11(X22X22X22 invertible) Assume that X % � µ v U ~ W u , and that³ T I ´ X ³ 0I ´ % � µ v W u (resp.X11 % � µ
and ³ T I ´ X ³ I0 ´ Ý 0) for someT %µ v U x W u with ¯ T ¯�² 1.

Thenthere is E % � µ v U ~ W u s.t.E

¿
J1E Ý J1, and �X : Ý EX satisfies�X22 %� µ v W u (resp. �X21 Ý 0 and �X11 x �X22 % � µ ).

Thus, �X ¿ J1 �X Ý X

¿
J1X.

Proof: Weusebelow LemmaA.3.1(d)&(e2).SetU : Ý v I ê T

¿
T u ã 1f 2 � 0,

V : Ý v I ê TT

¿ u ã 1f 2 � 0. By LemmaA.1.1(f6)&(d1), V2T Ý TU2 and the
inverseof

E : Ý �
U 0
0 V 
 � I T

¿
T I 
 Ý �

U UT

¿
VT V 
 is E ã 1 Ý �

U ê T

¿
Vê TU V 
 y (12.74)

By asimplecomputation oneverifiesthatE

¿
J1E Ý J1.

If ³ T I ´ X ³ 0I ´ % � µ v W u , then �X22 Ý V ³ T I ´ X ³ 0I ´ % � µ v W u . If, instead,³ T I ´ X ³ I0 ´ Ý 0 and X11 % � µ
, then �X21 Ý V ³ T I ´ X ³ I0 ´ Ý 0 and hence
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X11 Ý U �X11; therefore,�X11 Ý U ã 1X11 % � µ , and,consequently, �X22 % � µ , by
LemmaA.1.1(b2). �

Lemma 12.4.12(Well-posedÜ�ºÜ�ºÜ�º ) If (Factor1) holds and
ñ x ò u % ULR, then

we can take
ñ

22 x ò 11 % �
TIC∞ (and X Ý ß X11 X12

0 X22 á , M Ý ß M11 M12

0 X � 1
22 á where

X11 x X22 x M11 % � µ ); in particular, Ü/º becomeswell-posed.

Proof: (WeusehereTheorem12.3.7(e1)&(e2)andLemma12.3.11(a)&(c);
thesehavealreadybeenproved,in Lemmas12.4.2and12.4.4.)

Let
ñ

satisfy(Factor1X).Now X : Ý ñ v ¹ ∞ u % � µ andX11 % � µ , byPropo-
sition 6.3.1(c). Clearly ¯ X21X

ã 1
11 ¯�û ¯ ñ 21

ñ ã 1
11 ¯�² 1 (seeLemma12.3.11(a)),

hencewith T : Ý�ê X21X
ã 1
11 weobtainfrom Lemma12.4.11anoperatorE % � µ

s.t. �ñ : Ý E
ñ

satisfies �ñ ¿ J1 �ñ Ý ñ ¿ J1
ñ

and �X11 x �X22 % � µ
, �X21 Ý 0; hence�ñ 22 % � TIC∞ v W u , by Proposition6.3.1(c).

By Lemma 12.3.11(c), also �ñ satisfies (Factor1X). The claims forò ÝÞò u �ñ ã 1 follow from the above (the invertibility of M11 and hence
thatof ò 11 followsfrom LemmaA.1.1(b2)&(b1)). �

Lemma 12.4.13(Well-posed� � � ) Assumethat (Factor1) and (Factor2Z) hold
with

¦ % �" , and let somewell-posed�ÞÝ �� ã 1
2 �� 1 with �� 1 x �� 2 % �" solvethe

4BP. Thenwecanredefine

¦ % �" s.t. v ¦ ã 1 u 22 % � TIC∞ (i.e., �ó º 21 % � TIC∞).
Thisalsoholdswith ULR in placeof �" .

Proof: Let
" Ý �" or

" Ý ULR (in fact,thelemmaandthisproofholdsfor"
in placeof �" whenever

µ �
a

" �
a

ULR).

Set
Ì

: Ý ßÔ�� 1 �� 2 á ¦ ³ 0I ´ % " asin Theorem12.3.7(c).

Because
" � ULR, we can set T : Ý Ì v ¹ ∞ u , X : Ý ¦ ã 1 v ¹ ∞ u , to obtain� µ / �� 2 v ¹ ∞ u Ý ³ T I ´ X ³ 0I ´ . By Proposition6.3.1(c),X % � µ . By Lemma

12.4.11weget v EX u 22 invertible.
Thus,by setting

¦ · : Ý ¦
E ã 1 % " we get v ¦ · ã 1 u 22 v ¹ ∞ u Ý v EX u 22 % � µ ,

and we seethat

¦ · J1

¦ · ¿ Ý ¦
J1

¦A¿
( ÝZ¤ J1 ¤ ¿ ) and Ó · : Ý ¦ · ã 1 ¤�Ý E Ó also

satisfiesÓ · J1 Ó · ¿ Ý J1, by Lemma6.4.8(c). �
Lemma 12.4.14Theorem12.3.7holds.

Proof: Parts (e1) and(e2) wereshown in Lemma12.4.4,andpart (c) in
Lemma12.4.9.Weprove(a), (b) and(d) below.

(a) 1� “(4BP3) � (4BP2)� (4BP1)”: “(4BP3)� (4BP2)” is obtainedfrom
Lemma12.4.7,and“(4BP2)� (4BP1)” from Lemma12.4.3(b).

2� “(4BP1) � (4BP2)” when v ³ Ò u11 Ò u12
0 I ´ x Jγ u % SpF: Assume(4BP1).ThenÜ · : Ý ³ Ò u11 Ò u12

0 I ´ is minimaxJγ-coercive,by Lemma12.4.1,henceJ-coercive.
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Thus,if v Ü · x Jγ u % SpF, then(Factor1X)(andhence(Factor1))holds,by Lemma
11.4.3(b).Consequently, (4BP2)holds,by Lemma12.4.3(b).

3� “(4BP2) � (4BP3)” when v ¤ d x J1 u % SpF: Assumethat(4BP2)holdsandv ¤ d x J1 u % SpF. As in p. 530 of [Green],we set ³ � 1 � 2 ´ : ÝøßÔ�� 1 �� 2 á á ã 1

(here á is from Lemma12.4.8and �� 1 x �� 2 from (4BP2))to obtainß �\ I á Ý ß �� 1 �� 2 á ¤�Ý ³ � 1 � 2 ´ á¢¤ Ý ³ � 1 � 2 ´ � p 0�\ I 
 Ý � � 1 p ¹ � 2 �\� 2 
 y
(12.75)

Thus, � 2 Ý I and ¯ � 1 p ¹ �\�¯AÝ ¯ �\ ¯ ² 1, i.e., ¯ p d� d
1 ¹ �\ d ¯ ² 1, hence�Ü : ÝZ¤ d á d is minimax J1-coercive, by Lemma11.3.10(recall from Lemma

12.4.8 that �Ü ¿11 �Ü 11 Ý v p du ¿ v p du � 0, as required by Hypothesis11.3.1)),
henceJ1-coercive, by Lemma11.4.2,i.e., π º v ¤ d á d u ¿ J1 ¤ d á dπ º is invertible.
Therefore,alsoπ º v ¤ d u ¿ J1 ¤ dπ º is invertible, by Lemma2.2.2(b)&(a1).

Since v ¤ d x J1 u % SpF, we have v ¤ d u ¿ J1 ¤ d Ý v �¦ d u ¿ S�¦ d for some �¦ d %�
TIC v Y ~ U u and S % �

TIC v U u . Consequently, �Ü ¿ J1 �Ü÷Ý v �¦ dá d u ¿ Sv �¦ dá d u
and �¦ dá d % �

TIC. By Lemma 11.4.3(a), �Ü ¿ J1 �Ü ÝÝ¬ ¿ J1 ¬ for some ¬ç%�
TIC v Y ~ U u s.t. ¬ 11 % � TIC v Y u .

It follows that v ¬ ã 1 u 22 % �
TIC v U u , hence v Ó d u 22 % �

TIC v U u , whereÓ d : Ý �Ü?¬ ã 1 (we have v Ó d u 22 Ý�¬ ã 1
22 , because�ÜHÝ » ¿6¿0 I ½ , by Lemma12.4.8).

(Notethat Ó d : Ý �Ü�¬ ã 1 is v J1 x J1 u -lossless,by Corollary2.5.5(iii)&(i).)
Set

¦
: Ýq¬ d á ã 1, so that Ó Ý ¦ ã 1 ¤ and hence(Factor2Z) (hencealso

(Factor2)holds.
(b) This is containedin Lemma12.4.3(c1).
(d) By Definition7.2.11(andLemma7.2.12(b)),��Ý �� ã 1

2 �� 1 is well-posed
iff �� 2 % � TIC∞.

1� If: This follows from Lemma12.4.13.
2� Only if: By Theorem12.3.7(e2),wehave v ¦ ã 1 u 22 Ý �ó º 21. If thismapis

invertible and

¦ % ULR, then

¦ ã 1 % ULR, by Proposition6.3.1(c),andwecan

take
Ì Ý 0 to obtain ßÔ�� 1 �� 2 á Ýø³ v ¦ ã 1 u 21 v ¦ ã 1 u 22́ % ULR; in particular�� 2 Ý v ¦ ã 1 u 22 % � TIC. �

Lemma 12.4.15Lemma12.3.10holds.

Proof: Assumethat ó u x ò u % �" . Then v ³ Ò u11 Ò u12
0 I ´ x Jγ u % SpF,hencewe

have “(4BP3)� (4BP2)� (4BP1)”, by Theorem12.3.7(a). If (4BP2) holds,
thenwe have

ñ % �" , hence¤b% �" , by Theorem12.3.7(e2),hence v ¤ d x J1 u %
SpF, hence(4BP3) holds, by Theorem12.3.7(a). Thus, (4BP1)–(4BP3)are
equivalent.

(a) Since ¤;% �" , we have ¤ d % �" , hence

¦
d % �" , hence

¦ % �" . It follows
from Theorem12.3.7(c)&(e2)that(a) holds.

(b) Thefirst claimfollowsfrom Theorem12.3.7(c),thesecondfrom thefact
that

¦ % �" Ý � �" (andfrom (12.50)).
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(c) By Lemma12.4.12,we can take ò 11 x ñ 22 % �
TIC∞ etc., hence Ü�º

becomeswell-posed.Consequently, �ò�ºU% � TIC∞, by Lemma7.2.12(b).The
d.c.f. (12.61)of Ü�º is over �" , i.e.,all its termsbelongto �" .

(d) This follows from Lemma12.4.13(becausethe converseis true by
(12.47)with

Ì Ý 0).
(e) Choose �� 1 x �� 2 % �" so that � is DPF-stabilizing Ü . By Theorem

7.3.19(iii), � DF-stabilizesÜ 21. Because�� 1 x �� 2 x ó u x ò u % �" , it follows from

Lemma7.2.16that the d.c.f. Ü 21 Ý÷ó u21ò u
ã 1
11 ÝßÇò y

ã 1

22 Çó y 21 is over �" if(f)Çó y21 x Çò y22 % �" . By (7.79), the “if f ” in (e) follows analogously(becauseits
converseis trivial).

(f) This is obvious (recall from Proposition 6.3.1(c) that ¬�% �
TIC∞ �L¬ v ¹ ∞ u % � µ for any ¬G% TIC∞ P ULR, hencefor any ¬G% �" ).

(g) Oneobservesthis from theproofof Lemma12.4.16below. �
Lemma 12.4.16Theorem12.3.6holds.

Proof: By Lemma 12.3.10(a)&(c), (Factor1) is now equivalent to
(Factor1�" ).

The equivalence of (4BP1)–(4BP3)follows from Lemma 12.3.10; by
Lemma12.3.10(c)&(d),we canmaintain theequivalencewhile strengthening
thethreeassumptionsto (4BP1�" )–(4BP3�" ).

(We could equivalently drop the condition ò 11 v ¹ ∞ u % � µ
from

(Factor1�" ), but we prefer having Ü�º well-posed in the formulation of
(Factor2�" ).)

(a) This follows from Theorem12.3.7(c)andLemma12.3.10(b).
(b) (In fact,it wouldsuffice to assumethat Çó y 21 x Çò y 22 % �" ; cf. theproofof

Lemma12.3.10(e)above.)
“If ” is trivial, “only if ” follows from Lemma7.2.16(a)(it providesa joint

d.c.f. of Ü and � in �" , hence� Ý �ñ ã 1 �� Ý*� ñ ã 1 for some �� x �ñ x ñ x �]% �" ;
recallfrom Lemma7.2.12(b)that

ñ x �ñ % � TIC∞).
(c) This follows from Lemma12.3.9.
(d) By Lemma12.3.11(e),the requirement�ó º 21 % � µ v U u in (Factor2�" )

can always be satisfied,hence(Factor2�" ) is equivalent to (Factor2) when
(Factor1�" ) (equivalently, (Factor1))holds. Thus, (4BP3�" ) is equivalent to
(4BP3),hencenow (4BP1)–(4BP3)and(4BP1�" )–(4BP3�" ) areall equivalent
to eachother. �
Notes
The methodsof [Green] (or [CG97]) do not apply in the generalcase,as

explainedon p. 721. However, we have beenableto usepart of themby using
suitablemodifications.

Much of Lemma 12.4.3 was established for rational transfer functions in
Section3 of [Green]. Part of Lemma12.4.11is from Lemma3.6 of [Green].
In the proof of Lemma12.4.9,we have borrowed from [Green,p. 530] the idea
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to reducetheASP(4BP2)to a H∞ FICP. Greenand[CG97] usethewell-known
matrix complementation propertiesof their respective transferfunction classes.
SincegeneralH∞ functionsdonotpossesssuchproperties,by Lemma4.1.10,we
have constructeda suitable reducingoperator( á ) explicitly, in Lemma12.4.8,by
using(4BP2).
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12.5 Proofsfor Section 12.1— 4BP X è Y è Z

Conjecture 1. The proof of every result requires at least three
auxiliary lemmas.

AddendumtoConjecture1. Thisappliesalsoto theproofsofauxiliary
lemmas.

— K.M.

(RecallStandingHypothesis12.1.1.)In this section,we shallgive proofsfor
theresultsof Section12.1.Observe that,in mostresultsof thissection,thelettersñ

and ò correspondto “(1.)” (the 	 X-CARE) or to thecorrespondingIARE, not
to (Factor1X)of Theorem12.3.7;seeeachstatementfor details.

Theclassicalassumption is that ³ ä å
1 ´ is exponentially stabilizableandß!��

2 á is exponentiallydetectable.By Lemma13.3.17,in the discrete-timecase

this holdsif f thesystemΣ21 : Ý ß!� � 1�
2 � 21 á is exponentially jointly stabilizableand

detectable;thesameis truein thecontinuous-timeif, e.g.,B1 andC2 arebounded
(cf. Corollary9.2.13(b)).

In that case,the correspondingpairs “ ³lÏ u1 Ð u11 Ð u12 ´ ” and “

� A y 2B y 12B y 22

 ”

(andinteractionoperator“ ¤ uy
12”) stabilize

ä
andhencethewholeΣ exponentially,

by Lemma13.3.8. However, sometimes the following, weaker assumption is
enoughfor us:

Hypothesis12.5.1(H∞H∞H∞ 4BP) Assumethat Σ Ý"³ � �� � ´ % WPLSv U ~ W x H x Z ~
Y u , andthereare jointly stabilizing anddetectingpairs³ Ï u Ð u ´ Ý � Ï u1 Ð u11 Ð u12

0 0 0 
 and (12.76)�?>
y

@
y 
 Ý Ö× 0

>
y 2

0

@
y12

0

@
y22

ØÙ (12.77)

for Σ with someinteraction operator ß 0 Ã uy
12

0 0 á . Moreover, wemake thenonsingu-

larity assumptions ó u

¿
11ó u11

�
0 x Çó y 22 Çó y

¿
22
�

0 x (12.78)

where ó u : Ý�Ü�ò u, Çó y : ÝÉÇò y Ü , ò u : Ý v I ê Ð u11 u ã 1, Çò y : Ý v I ê @ y 22u ã 1.

Notealsothatjoint stabilizationisalwaysdoublycoprime,byTheorem6.6.28,
andthattheinteractionoperatoris necessarilyof theabove form (for pairsof the
above form).

We stronglyrecommendfor mostreadersto assumethat the above pairsare
exponentially jointly stabilizing and detecting,so that someof the proofs and
resultsbelow becomeessentiallysimpler (and much of them can be ignored).
Thiscoversthecaseof anexponentially stabilizingcontroller, andthe(restof the)
generalcaseis not thatimportant. Indeed,this assumption is necessarywhenone
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is interestedin finding a suboptimal exponentially stabilizing controller (recall
Definition12.1.2):

Lemma 12.5.2(Nonexp.4BP& opt. � � � exp.4BP) AssumeHypothesis12.5.1.
Thefollowing areequivalent:

(i) Σ is optimizable;

(ii) Σ is estimatable;

(iii) Σ is optimizable andestimatable

(iv) ³ Ï u Ð u ´ is exponentiallystabilizing;

(v) ß A yB y á is exponentiallystabilizing;

(vi) ³lÏ u Ð u ´ and ß A yB y á areexponentially jointly stabilizing;

(vii) Σ21 : Ý ß!� � 1�
2 � 21 á is exponentiallyjointly stabilizableanddetectable;

(viii) Σ is exponentially DPF-stabilizablewith internal loop;

(ix) Σ21 is exponentiallyDF-stabilizablewith internal loop.

If (i) holds, thenthesystemsΣ ë , Σ Ã d andΣ Ä of Lemmas12.5.15and12.5.16
andProposition 12.5.19are thenexponentially stable(undertheassumptionsof
thoseresults).

If ³lÏ u Ð u ´ is strongly stabilizing for Σ, thenthesystemsΣ ë , Σ Ã d
d andΣ Ä

arestrongly stable(undercorrespondingassumptions,asabove).

Thus,whenwe canshow thatHypothesis 12.5.1is satisfiedandΣ is optimiz-
able, then, for solving the exponentialH∞ 4BP, it suffices to solve the I/O H∞

4BPof Section12.3,i.e.,thecorrespondingfrequency-domain(or I/O map)prob-
lem,sincethenweobtainasolutionof theexponential problemfrom Proposition
12.5.19.

An analogousclaim obviously holds for the more general“nonexponential
H∞ 4BP” (seethediscussionbelow Definition 12.1.2)insteadof theexponential
H∞ 4BP, andalso for the “strong H∞ 4BP” wherewe requirestronginsteadof
exponentialstability.

Proof of Lemma 12.5.2: 1� Theequivalenceof (i)–(vi): If Σ is estimatable,
then ³lÏ u Ð u ´ is exponentially stabilizing, by Theorem6.7.15(c2),henceΣ
is thenoptimizable.If Σ is optimizable,then ß A yB y á is exponentially stabilizing,

by theaboveandduality.
Thus,if (i) or (ii) holds,thensodo(i)–(vi) (notethat

ä # Ý ä L and
ä C Ý ä �L

in termsof (6.133),(6.170),(6.168)and(6.171),sothatalso
ä

L and
ä �L arethen

exponentially stable). Moreover, then ³LÒ u1 Ó u11
0 0 ´ and ß 0 A y 2

0 B y 22 á areobviously

jointly admissible, henceexponentially jointly stabilizing for Σ21 Ýoß!� � 1�
2 � 21 á

(since v Σ21 u L and v Σ21 u �L have thesamesemigroupsasΣL andΣ �L), sothatalso
(vii) holds.

Conversely, any of (iii)–(vii) obviously implies(i) or (ii) (hence(i)–(vii)).
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Finally, (vi) implies (viii) and (ix), by Theorem7.3.12(b1),“(viii) � (i)”
followsfromTheorem7.3.12(a),and“(ix) � (i)” followsfromTheorem7.2.4(a)
andLemma6.7.4.,

2� Σ ë , Σ Ã d and Σ Ä are exponentiallystable: By Lemma12.5.15,Σ ë is
exponentially stable,hencesois Σ Ã d (since

ä dë is). For Σ Ä this is containedin
Proposition12.5.19.

3� Strongly stablecase:See2� . �
Thetheoryof Section12.3canbeappliedunderHypothesis 12.5.1:

Lemma 12.5.3(Hyp. 12.5.1� � � Hyp. 12.3.1) Hypothesis12.5.1impliesHypoth-
esis12.3.1(with sameó u x ò u x Çó y x Çò y). Indeed,defineΣTotal by (12.87).Thenñ

u : Ý I ê @ y ¹:Ü:� u Ý ³ I ¿0

¿ ´ x � u : Ý ê�ò u ¤ uy Ý ß 0 ã ù u11
Ã uy

12
0 0 á x

(12.79)Çñ y : Ý I ê Ð u ¹ Ç� y ÜüÝ÷» ¿6¿0 I ½ and Ç� y : Ý ê0¤ uy Çò y Ý ß 0 ã Ã uy
12 Üù y 22

0 0 á
(12.80)

complementò u x ó u x=Çò y xMÇó y to a d.c.f.; thisd.c.f. satisfiesHypothesis12.3.1.

Weshallusethisbelow without furthermention.
Conversely, if Ü+% TIC∞ satisfiesHypothesis12.3.1,then Ü hasa realization

satisfyingHypothesis12.5.1,by Lemma12.5.23.
Proof: AssumeHypothesis 12.5.1.Then

ñ
u x � u xsÇñ y xsÇ� y in (12.79)–(12.80)

arestable(beingpartsof (6.170)and(6.171))andcomplementò u x ó u x�Çò y xsÇó y

to ad.c.f.; this d.c.f.satisfiesHypothesis12.3.1.Indeed,the v 1 x 1u -blockof the
equation � �ñ ê ��ê �ó �ò � � ò �ó ñ 
 Ý I (12.81)

(from (6.172))is Çò y11ò u11 ¹ v ¤ C u 12ó u21 Ý I , henceó u21 and ò u11 are r.c.

Analogously, Çó y 21 and Çò y 22 arel.c. �
Next we note that Hypothesis12.5.1is equivalent to the standardH∞ 4BP

assumptions(undertheregularityassumption (A1)):

Lemma 12.5.4( v A x B1 u & v A x C2 u©�v A x B1 u & v A x C2 u©�v A x B1 u & v A x C2 u�� Hypothesis12.5.1) Assume(A1)of Theo-
rem12.1.5. ThenHypothesis12.5.1is satisfiedwith “exponentiallyjointly” in
place of “jointly” iff v A x B1 u is optimizable, v A x C2 u is estimatableand (A2) of
Theorem12.1.5holds.

If Hypothesis12.5.1is satisfied,thennecessarilyó u x ò u x Çó y x Çò y % MTICL1

exp
(or in (γ · ) underthealternative “(IV)” in (A1)), andwecanchoosethemsothatYò u v ¹ ∞ u Ý I , YÇò y v ¹ ∞ u Ý I .

Proof: 1� v A x B1 u & v A x C2 u 3 Hypothesis12.5.1This is containedin
Lemma12.5.2.



740 CHAPTER12. H∞ FOUR-BLOCK PROBLEM ( ¯J� � v Ü x � u ¯�² γ)

2� v A x B1 u & v A x C2 u]� Hypothesis12.5.1exceptpossibly(12.78): By
Corollary9.2.13(b),thereareK % µ v H x U u and é¥% µ v Y x H u s.t.A ¹ B1K and
A ¹�é C2 areexponentially stable.ExtendΣ by K and é (with F Ý 0 Ý G Ý E)
to satisfyHypothesis12.5.1with “exponentially jointly” in placeof “jointl y”
exceptpossibly (12.78).

By (theproofof) Corollary9.2.13(c),ó u x ò u x Çó y x Çò y % MTICL1

exp (andthey

are d.c. over MTICL1

exp) and Yò u v ¹ ∞ u Ý I , YÇò y v ¹ ∞ u Ý I . The caseof the
alternative “(IV)” in (A1) follows similarly (use(c3) and (b) insteadof (c1)
of Lemma6.8.4).

3� Conditions(12.78) � (A2): TheoperatorK is exponentially stabilizing

for Σ11 : Ý È A B1
C1 D11 Ê , with closedloop I/O map ß Ò u11ù

u11 á (since ò u : Ý v I êÐ u u ã 1 Ýß È I ã Ó u11 Êê� 1 ã È I ã Ó u11 Êê� 1 Ó u12
0 I á ).

By Lemma8.4.11(a2),ó u

¿
11ó u11

�
0 iff ó u11 is I -coercive; by Theorem

8.4.5(d),this is thecaseif f Ü 11 is I -coercive over

¾
exp (w.r.t. systemΣ11); by

(e2)&(i)&(ii’) of Proposition 10.3.2,this is thecaseif f D

¿
11D11

�
0 and(12.11)

holds;thesearecontainedin theassumptions.
By dual arguments,we obtain that Çó y 22 Çó y

¿
22
�

0 iff D22D

¿
22
�

0 and
(12.12)holds.

4� Thefinal claimswereobservedin 2� . �
Lemma 12.5.5(	 X & 	 Y �	 X & 	 Y �	 X & 	 Y � Hypothesis12.5.1) If conditions (A1), (A2), (1.)
and(2.) of Theorem12.1.5aresatisfied,then v A x B1 u is optimizableand v A x C2 u is
estimatable.

SeeLemma12.5.4for more.
Proof: By Theorem11.1.4(iii)&(i) (or Theorem11.1.3(iii)&(i) in case(IV)

of (A1)), theFICPfor ΣX hasa solution; in particular, v A x B1 u is exponentially
stabilizable.By duality, v A x C2 u is exponentially detectable. �
Whensolving 	 X-part of the 4BP, we get the 	 Y-part in the bargain dueto

duality:

Lemma 12.5.6(Duality) Hypotheses12.1.1,12.5.1,12.3.1and12.0.1,andDef-
initions12.1.2and12.3.3are invariant under(“interchanged”) duality.

In particular, a map �´% TIC∞ v Yx U u is a suboptimal [exponentially] stabi-
lizing DPF-controller for Σ (resp.for Ü ) iff � d % TIC∞ v U x Y u is a suboptimal
[exponentially]stabilizing DPF-controller for Σd (resp.for Ü d). �

(Part of this follows from Proposition7.3.4(d),the restis obvious(notealso
that Ï is well-posediff Ï d is). Part of thelemmais containedin Lemma12.3.4.)

Here(andelsewhere),Ü d : Ý÷» 0 I
I 0 ½ Ü d » 0 I

I 0 ½ , æ d : Ý æ d » 0 I
I 0 ½ , å d : Ý÷» 0 I

I 0 ½ å d and
ä

d : Ýä d, Σd : Ý ß � d � d�
d � d á etc.; i.e., we take causaladjointsof eachmapor system,and

interchangetherowsandcolumnscorrespondingtoU andW andto Z andY.
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If the4BPhasasolution, thenthe“I/O FICP” andits dualproblemhavewell-
posedsolutions:

Lemma 12.5.7(H∞H∞H∞ 4BP � H∞� H∞� H∞ FICP) Assumethat there is a suboptimal sta-
bilizing DPF-controller for Σ (or for Ü ). Thenthere are \Ý% TIC v W x U u and�\G% TIC v Y x Z u s.t. ¯iÜ 11 \.¹ Ü 12 ¯ TIC ² γ and ¯iÜ 12 ¹ �\�Ü 22 ¯ TIC ² γ.

Assumethat there is a suboptimalexponentially stabilizing DPF-controller
for Σ. Then v A x B1 u is optimizable, hence

¾
ΣX
exp v x0 u ,Ý /0 for each x0 % H; γ Û

γ0 for ΣX (seeDefinition 11.1.2); and \ can be chosenso that, in addition,³ _ I ´ » L2 v R º ;W u ½ � ¾ ΣX
exp v 0u . Analogousclaimshold for ΣY.

Proof: 1� The first claim follows from Proposition7.3.4(e)(the stability
of ¬ ã 1 and

> ã 1 (henceof \ : Ý v ¬ ã 1 u 12 and �\ : Ý v > ã 1 u 12) follows from
Proposition7.3.4(b)).

2� Let �Σ beanexponentially stabilizingDPF-controllerfor Σ. By Proposi-
tion 7.3.4(e),w °± u is given by \ : Ý v ¬ ã 1 u 12 % TIC v Wx U u , and �R� v Ü x Ï u ÝÜ 11 \.¹ Ü 12.

However, for eachw % L2 v R º ;W u (andx0 Ý 0, uL Ý 0, yL Ý 0), all signals
in the combinedclosed-loopsystem(seeFigure 12.1) are in L2 (since �Σ is
exponentially stabilizing,sothatΣo

I is exponentially stable);in particular,

L2 v R º ;H u / x Ý å τ » uw ½ Ý å τ ³ _ I ´ w (12.82)

(becausein eachform of feedback(cf. Summary6.7.1),the state,outputand
inputareuniquesolutionsof (6.122)–(6.124),by Proposition6.6.2).

We concludethat ³ _ I ´ w % ¾ exp v 0u Ý ¾ ΣX
exp v 0u . Sincew wasarbitrary, we

have γ ÛÞ¯iÜ 11 \�¹�Ü 12 ¯ ÿ γ0 (whereγ0 : Ý γ0 Ë ΣX is definedwith ΣX in place
of Σ). By Theorem7.3.12(a), v A x B1 u is optimizable, henceso is v A x Bu ; in
particular,

¾
ΣX
exp v x0 u ,Ý /0 for all x0 % H. �

In finite-dimensional theory, oneoften looks for a map ��% TIC∞ v Yx U u that
“stabilizes Σ”, a system. However, it seemsthat in such theory one always
assumesan optimizableand estimatablerealizationof Σ, and the definition of
“ � stabilizesΣ” refersto this realizationexplicitly or implicitly. Nevertheless,
we shallshow below thatsucha concepthasa meaningfuldefinitionfor general
Σ % WPLS, andthat for “L 1-smoothsystems” (andany discrete-timesystems),
this definition guaranteesthe existenceof a realizationof � that stabilizesΣ
exponentially (in theordinarysense):

Indeed,insteadof requiring the existenceof a DPF-stabilizingsystemwith
internal loop, it suffices to requirethe existenceof a DPF-stabilizingmapwith
internal loop (cf. the differencebetweenFigures7.11 and12.3); thus,also this
formally weaker condition is equivalentto (1.)–(3.):

Remark 12.5.8(“Suboptimal exponentially stabilizing � � � (not �Σ�Σ�Σ) for ΣΣΣ”)
Insteadof finding a suboptimal systemthat stabilizesΣ exponentially, we may
require the existenceof a suboptimal map(a (well-posed)map ��% TIC∞ v Yx U u
or a map � with internal loop) thatstabilizesΣ exponentially.
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2τæ
1 Ü 11 Ü 12æ
2 Ü 21 Ü 22

Σ

ë Ï 11 Ï 12Ï 21 Ï 22

íº º�y è yéyL

� zé
u

� íº º uLé �uì w

ì
x0

ì
xé

�
ξ íº º ξLé�ξì

Figure12.3:“DPF-controller � with internalloop” for Σ % WPLSv U ~ Wx H x Z ~
Y u

By this we meanthe weakenedform of Definition 7.3.1, where the second
row andsecondcolumnof Σo

I neednot beexponentiallystable(for an arbitrary
realizationof �Σ of � ; notethat the realization affectsonly the secondrow and
columnof Σo

I ). It followsthatΣ21 is optimizableandestimatable.
Assumethat (A1)of Theorem12.1.5holds.
Then any map � that stabilizes Σ exponentially has a realization �Σ %

WPLSv U ~ W ~ Ξ x �H x Z ~ Y ~ Ξ u that stabilizesΣ exponentially (if � is well-
posed,then �Σ can be chosento be well-posed). In particular, the existence
of a suboptimal exponentially stabilizing � is equivalentto the existenceof a
suboptimalexponentiallystabilizingcontroller �Σ (becausetheconverseis trivial;
notethat “(1.)–(3.)” is a third equivalentcondition if also (A2) holds,and that
thenthecontroller canbetakenwell-posedwheneverD21 Ý 0, byTheorem12.1.8,
evenif � were notwell-posed).

Notethatin discretetime(A1) becomesredundant,andthatany of (I)–(IV) of
Theorem12.1.4(A1)implies(A1) of Theorem12.1.5.

Proof: (Weonly sketchtheproof. Notethatanalogousdefinitionscouldbe
madewith otherattributesthan“exponentially”,aswell asfor DF-stabilization
(insteadof DPF-stabilizationstudiedin this chapter),but we have no usefor
such.)

1� If �]% TIC∞ v Y ~ Ξ x U ~ Ξ u DPF-stabilizesΣ % WPLSv U ~ Wx H x Z ~ Y u
exponentially, thenΣ21 is optimizable andestimatable: Let �Σ be a realization
of � , let Σo

I be thecorrespondingclosed-loopsystem(asin Definition 7.3.1),
andlet Σo

I ËH denoteΣo
I with thesecondrow andthesecondcolumnremoved.

By writing Σo
I out, onecanverify thatΣo

I ËH doesnot containelementsof �Σ
(other than its I/O map � ). Indeed,for Ü o

I this is trivial, for
æ o

I we observe
this from thefact thattheleft columnof (7.74)doesnot containsuchelements
(since v æ o

I u 31 consistsof theelementsof v I ê.Ü o u ã 1 and
æ

2 only), theformulae
for
å o

I areanalogous,andä o
I ËH : Ý v ä o

I u 11 Ý ä ¹ å 1τ v æ o
I u 11 x (12.83)

by (7.75); thus, also
ä o

I ËH is independentof �Σ. Therefore,the concept“ �
stabilizesΣ exponentially” is independentof therealization�Σ of � .

Assumethat � stabilizesΣ exponentially, i.e., that the four partsof Σo
I ËH
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satisfy 1.–4. of Definition 6.1.1 for someω ² 0 (note that “
ä o

I ËH” is not a
semigroupin general). Then v æ o

I u 11 is (exponentially) stableand
ä o

I ËHx0 %
L2 v R º ;H u for all x0 % H. By (12.83),it followsthat ³ ä å

1 ´ is optimizable.
By dualarguments,³ ä æ

2 ´ is estimatable.
2� Anoptimizableandestimatable, henceexponentially stabilizingrealiza-

tion �Σ of � exists(under(A1)): Assumethat(A1) holdsandthat � stabilizesΣ
exponentially.

By 1� , Σ21 is optimizableandestimatable,hencetheaboveclaim holds, by
Lemma7.3.6(b1)(seealsoTheorem7.3.11(c1)).

(This 2� appliesbothto (well-posed)�r% TIC∞ v Yx U u (giving (well-posed)�Σ % WPLSv U x �H x Y u ) andto �q% TIC∞ v Y ~ Ξ x U ~ Ξ u (giving �Σ % WPLSv U ~
Ξ x �H x Y ~ Ξ u ).

3� Assume (A1). If �Σ stabilizesΣ exponentially, then � stabilizesΣ
exponentially (if Σo

I of Definition 7.3.1is exponentially stable,thenso is the
correspondingsub”system” “Σo

I ËH”); the conversewasgiven in 2� . Thus,we
have thefirst equivalence.

Under (A2), we obtain the secondequivalencefrom Theorem12.1.5. If
D21 Ý 0, thenall suboptimal exponentially stabilizingcontrollersareequivalent
to well-posedones,by Theorem12.1.8. �
Weoftenwish to assumethatD21 Ý 0. Usually, this is notaproblem:

Lemma 12.5.9(D21D21D21 is irr elevant) Thevalidity of Hypothesis12.5.1remainsun-
changed if one alters D21 (ceteris paribus). The sameholds for Hypotheses
12.5.13and12.3.1,andfor theassumptionsof Theorem12.1.11.

Conditions(1.) and(4.) of Theorem12.1.8are independentof D21; thesame
holdsfor (1.’) and(4.’) of Proposition 12.1.10.If Hypothesis12.3.1is satisfied,
then(4BP1)is independentof D21.

However, D21 does affect the well-posednessand the exact form of the
suboptimal controllers;cf., e.g.,Proposition12.5.19(g).

Proof: 1� Hypothesis12.5.1:Obviously, thesamepairswill do(but ó u andÇó y areaffected).
2� Hypothesis12.5.13:Observe thatΣX is independentof D21.
3� Hypothesis12.3.1: This follows from Lemma7.3.23and Proposition

7.3.14(i)&(iii) (or from equation(7.103).
4� Theorem12.1.11: When Ü is replacedby ÜÁ¹ R, whereR Ýo³ 0 0

R21 0 ´ %µ v U ~ Wx Z ~ Y u , the map ò u of Hypothesis12.5.1is unaffectedbut ó u is
replacedby ó u ¹ Rò u % �" . An analogousremarkappliesto Çò y and Çó y .

4� (1.), (4.), (1.’) and(4.’): This is obvious sincecorrespondingoperators
are independenton D21 except for the r.c. condition in (1.’), which can be
handledwith Lemma6.5.7(b).

5� (4BP1): AssumeHypothesis12.3.1(it is independentof D21, by thelast
claimof Lemma7.3.23).Let Ü · beequalto Ü with 0 in placeof D21.

We observe from Lemma 7.3.23 that there is a suboptimal stabilizing
DPF-controllerfor Ü (necessarilywith d.c.internalloop,by thehypothesisand
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Theorem7.3.19(i)&(i’)) if f thereis asuboptimalstabilizing DPF-controllerforÜ · . �
Thefactorizationsof Theorem12.3.7correspondto systemΣX andto system

ΣZ of (12.94),hence,by Theorem9.9.10,to their Riccati equations,that is, to
“(1.)” and“(4.)” of Theorem12.1.8(thesystemΣY providesthedual (H∞ filter
problem)Riccatiequation“(2.)” of Theorems12.1.4and12.1.5):

Definition 12.5.10(ARE systems)Wedefinethefollowingsystemsandmap:

ΣX : Ý � ä åæ
X Ü X 
 : Ý Ö× ä å

1
å

2æ
1 Ü 11 Ü 12

0 0 I ØÙ x (12.84)

ΣY : Ý � ä
Y

å
Yæ

Y Ü Y 
 : Ý Ö× ä d æ d
2

æ d
1å d

2 Ü d
22 Ü d

12
0 0 I ØÙ x (12.85)

Ü d : Ý¼» 0 I
I 0 ½ Ü d » 0 I

I 0 ½ Ý � Ü d
22 Ü d

12Ü d
21 Ü d

11 
 y (12.86)

SeeLemma12.5.16for ΣZ andΣ Ã d .

Herewewrite outa few formulae:

Lemma 12.5.11(ΣTotalΣTotalΣTotal) AssumeHypothesis12.5.1.Thenthepairsand ¤ uy of the
hypothesisextendΣ to ΣTotal % WPLSv Z ~ Y ~ U ~ Wx H x Z ~ Y ~ U ~ W u , where

ΣTotal : Ý Öîîîî×
ä

0
>

y2

å
1

å
2æ

1 0

@
y12 Ü 11 Ü 12æ

2 0

@
y22 Ü 21 Ü 22Ï u1 0 ¤ uy
12 Ð u11 Ð u12

0 0 0 0 0

Ø ïïïïÙ y (12.87)

Moreover, ³lÏ u Ð u ´ stabilizesΣX to

ΣX # : Ý Öîîîî×
ä ¹ å 1τ ò u11Ï u1

å
1 ò u11

å
1 ò u12 ¹ å 2æ

1 ¹�ó u11Ï u1 ó u11 ó u11
0 0 Iò u11Ï u1 ò u11 ê I ò u12
0 0 0

Ø ïïïïÙ (12.88)

here ò u : Ý v I ê Ð u u ã 1 Ý ³ ù u11
ù

u12
0 I ´ .

Analogously, thepair ß A y
d
2 B y

d
22 B y

d
12

0 0 0 á stabilizesΣY to

ΣY # : Ý Öîîîîîî×
ä d ¹ æ d

2τ Çò y
d

22

>
y

d
2

æ d
2 Çò y

d

22

æ d
2 Çò y

d

21 ¹ æ d
1å d

2 ¹·Çó y
d

22

>
y

d
2 Çó y

d

22 Çó y
d

12
0 0 IÇò y

d

22

>
y

d
2 Çò y

d

22 ê I Çò y
d

12
0 0 0

Ø ïïïïïïÙ (12.89)
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(all elements above are from (6.171)); here �ò yd : Ý v I ê @
y

d u ã 1 Ýß È �ù yd Ê 11
È �ù yd Ê 12

0 I á Ý÷» 0 I
I 0 ½ Çò y

d » 0 I
I 0 ½ Ý ß Üù y

d
22 Üù y

d
12

0 I á .
Proof: The first claim is from Definition 6.6.21. One easily verifies the

formulae. Sinceall elementsof (12.88)are from (6.170)andall elementsof
(12.89)arefrom (6.171),it is obviousthatthesesystemsarestable. �
Now we arereadyfor themainpartof theproof. We first show that(Factor1)

is equivalentto the“ 	 X-CARE”:

Lemma 12.5.12((Factor1) � 	 X� 	 X� 	 X-CARE) AssumethatHypothesis12.5.1holds
andthat ó u x ò u % UR.

Then(Factor1) has a UR solution ó x ò iff the CAREfor ΣX and Jγ has a
UR P-stabilizing solution v 	 X x SX x KI u s.t. Ü v I ê Ð u ã 1 and v I ê Ð u ã 1 are [q.]r.c.,	 X ÿ 0, SX11

�
0 andSX22 ê SX21S

ã 1
X11SX12 � 0.

If ³lÏ u Ð u ´ is exponentiallystabilizing, then(Factor1) hasa UR solutionó x ò iff the CAREfor ΣX and Jγ has a UR exponentiallystabilizing solutionv 	 X x SX x KI u s.t. 	 X ÿ 0, SX11
�

0 andSX22 ê SX21S
ã 1
X11SX12 � 0.

In either case, the IARE for ΣX and Jγ has a UR P-stabilizing solutionv 	 X x J1 xt³ Ï Ð ´ u s.t. ò : Ý v I ê Ð u ã 1, ó : Ý Ü�ò and
ñ

: Ý ò ã 1 ò u satisfy
(Factor1)and(Factor1X),andHypothesis12.5.13is satisfied.

Conversely, if Hypothesis12.5.13is satisfied, then the IARE for ΣX and Jγ
hasa uniqueUR P-stabilizing solution v 	 X x J1 x ³lÏ Ð ´ u s.t. v I ê Ð u ã 1 ÝÃò ,Ü�ò ÝHó .

Proof: Now Ü Ý ó u ò u
ã 1 is UR, by Proposition6.3.1(b1). By Theorem

12.3.7(e1)&(e2),(Factor1)and(Factor1X)areequivalent, and
ñ

is UR iff ó
and ò areUR

1� (Factor1X) iff CAREfor ΣX # : By Proposition11.3.4(f),(Factor1X)(or
(FI3s)) is equivalent to (FI4s) for ΣX # . If we add the requirementthat

ñ
(orÐ ) is UR, then,by Proposition11.3.4(a),(FI4s) is equivalent to (FI5s), i.e., to

theconditionthat theCARE for ΣX andJγ hasa UR stable,P-SOS-stabilizing
solution v 	 X x SX x KI u s.t. 	 X ÿ 0, SX11

�
0 andSX22 ê SX21S

ã 1
X11SX12 � 0.

2� (Factor1X)iff CAREfor ΣX when ³lÏ u Ð u ´ is exponentially stabiliz-
ing: By Proposition9.12.4andLemma9.12.3(b),theexponentially stabilizing
solutionsof theCAREsfor v ΣX # x Jγ u and v ΣX x Jγ u correspondto eachotherone-
to-one(they have same

ä ë ’s, by (b), henceoneis exponentially stabilizing if f
bothare);by Theorem9.8.12,they areequal.SinceÐ u is UR, oneis UR iff the
otheroneis, by Proposition9.12.4.

3� (Factor1X) iff CAREfor ΣX: Work asin 2� , let Ð X and Ð X # correspondto
thesolutionsof thetwo CAREs,andset

ñ
X # : Ý I ê Ð X # and ò X : Ý v I ê Ð X u ã 1.

By Lemma9.12.3(b),condition(P) is preserved. Themap
ñ

X # : Ýôò ã 1
X ò u

is in
�

TIC iff Ü�ò X and ò X arer.c.,by Lemma6.4.5(c)(sinceó u Ý�Ü�ò u andò u arer.c.). By Lemma6.6.17(b)&(c), thesolution for theCARE for v ΣX # x Jγ u
is stableand[SOS-]stabilizingif f ³lÏ X # ÄÄ Ð X # ´ is r.c.-stabilizing; by Lemma
6.7.11(a2),thisis thecaseif f ³lÏ X ÄÄ Ð X ´ isq.r.c.-stabilizingfor Σ (equivalently,
r.c.-stabilizing,by Lemma6.4.5(c)).
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(Notethat v 	 X x SX x KI u arethesamein 2� and3� .)
4� X andM: In 1� , we canchooseX so that X21 Ý 0 andX11 x X22 % � µ ,

by Proposition11.3.4(e)(or by Lemma11.3.13(i)&(iii’) andTheorem9.8.12),
if we replacethe CARE by the IARE andSX by J1. This is automaticif we
areoriginally given ó x ò satisfyingHypothesis12.5.13(theuniquenessclaim
followsfrom Theorem9.8.12(b)(&(s1))).

Therestfollowsasabove(notefrom 4 � that ò X Ý ò u
ñ ã 1

X # , hencenow ò X

becomesequalto ò , by (12.49)). �
Weshalloftenassumethefollowing:

Hypothesis12.5.13((Factor1) with X Ý÷» ¿6¿0

¿ ½X Ý¼» ¿6¿0

¿ ½X Ý÷» ¿6¿0

¿ ½ ) Hypothesis 12.5.1 holds,ó u x ò u % UR, and ó x ò is an UR solution of (Factor1) s.t. X21 Ý 0, whereñ
: Ý ò ã 1ò u.
(Whenthis hypothesisholds,wedenoteby v 	 X x J1 x ³lÏ Ð ´ u thesolutionof

the 	 X-IAREmentionedat theendof Lemma12.5.12,andby Σ ë thecorrespond-
ing (stable)closed-loopsystem.)

(The regularity assumptions might be somewhat (resp.completely)reduced,
but this would requiresomewhat more complicatedformulations of the results
basedon the above hypothesis (resp.anduseof IAREs insteadof CAREsasin
(FI4s)insteadof (FI5s)in Theorem11.3.3).)

By (12.49),“ ó x òQ% UR” couldbereplacedby “
ñ % UR”.

Lemma 12.5.14Make Hypothesis12.5.13. Then
ñ

satisfies(Factor1X), M Ýß M11 M12

0 X � 1
22 á , andX11 x X22 x M11 % � µ . Moreover, then Ü x ñ x ¤U% UR.

Proof: By Theorem12.3.7(e2),
ñ

satisfies(Factor1X), hence
ñ x ñ 11 %�

TIC∞. By LemmaA.1.1(b), ò u11 % � TIC∞ v U u . By Proposition6.3.1(b1),
it follows thatX x X11 x Mu11 % � µ , henceX22 x v X ã 1 u 11 x v X ã 1 u 22 % � µ v W u andv X ã 1 u 21 Ý 0, by LemmaA.1.1(b). By (12.49),M Ý » ¿6¿0 I ½ X ã 1, hencealsoM
andM11 areasabove. By Proposition6.3.1(b1),Ü x ñ x ¤-% UR. �
We needto defineexplicitly theclosed-loopsystemcorrespondingto 	 X, so

thatwecandefinethe“ 	 Z-CARE” furtherbelow:

Lemma 12.5.15(Σ ëΣ ëΣ ë ) Make Hypothesis12.5.13. Assumethat ³lÏ u Ð u ´ is
[[exponentially]strongly] stabilizingfor Σ.

Then there is a unique [[exponentially] strongly] P-stabilizing solutionv 	 X x SX x ³lÏ Ð ´ u of the IARE for ΣX and J1, and ³lÏ Ð ´ is determined
uniquelyby requiringthat Ð Ý I ê ò ã 1. Thepair ³lÏ Ð ´ is [[exponentially]
strongly] stabilizing for Σ too; we denotethe correspondingclosed-loopsystem
by

Σ ë : Ý Ö× ä ë å ëæ ë Ü�ëÏ ë Ð ë ØÙ x (12.90)

sothat Ð ë�Ý òÞê I , Ü�ë�Ýüó�ÝüÜ�ò .
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It is importantto notethatΣ ë is astate-feedbackperturbationof Σ, notof ΣX,
althoughK is determinedby theIARE for ΣX.

Proof: (Recall from Hypothesis 12.5.1 and Theorem 6.6.28 that³lÏ u Ð u ´ is r.c.-stabilizing for Σ even without the extra assumptionof the
lemma.)

By theassumption, ³lÏ u Ð u ´ is [[exponentially] strongly]stabilizingfor
Σ, hencealsofor ΣX. As in theproofof Lemma12.5.12,weobtainthesolution
of theIARE mentionedabove; beingP-stabilizing,	 X is unique(seeTheorem
9.8.12(b)&(s1); note that SX and ³lÏ Ð ´ is not uniquein generalbefore
we fix Ð ). By Lemma6.6.17(d)&(c), ³ Ï Ð ´ is [[exponentially] strongly]
stabilizing for Σ too. �
The third Riccati equationtraditionally assosiatedto the4BP correspondsto

therealizationΣZ of ß � dÉ 12 � dÉ 22
0 I á % TIC v Y ~ U x W ~ U u definedbelow:

Lemma 12.5.16(ΣZΣZΣZ and 	 Z	 Z	 Z-CARE) Assumethat Hypothesis12.5.13holdsand
that ò 11 % � TIC∞ v U u . Then(seethehypothesisfor Σ ë )ß �Ï �Ð á : Ý �

0 0 0å dë Ë 1 ó d
21 I ê.ò d

11 
 (12.91)

is a stableadmissible statefeedback pair for

Σ Ã d : Ý � ä Ã d
å Ã dæ Ã d Ü Ã d 
 : Ý Öî× ä dë æ dë Ë 2 ê Ï dë Ë 1å dë Ë 2 ó d

22 ê�ò d
12ê å dë Ë 1 ê�ó d

21 ò d
11

Ø ïÙ (12.92)

: Ý Ö× ä d ¹ Ï d ò dτ
å d æ d

2 ¹ v ó Ï u d2 ê v ò Ï u d1v å ò u d2 v Ü�ò u d22 ê�ò d
12ê v å ò u d1 ê v Ü�ò u d21 ò d

11
ØÙ y (12.93)

Thetop threerows(“the ß � à � à� à � à á part“) of the correspondingclosed-loop

systemaregivenby

ΣZ : Ý � ä
Z

å
Zæ

Z Ü Z 
 : Ý Ö× ä d ¹ Ï d
2τ
ñ ã d

22
å d

2
æ d

2 ¹ Ï d
2
ñ ã d

22 Ü d
22 ê Ï d

1 ¹ Ï d
2
ñ ã d

22
ñ d

12ñ ã d
22
å d

2
ñ ã d

22 Ü d
22

ñ ã d
22
ñ d

12
0 0 I ØÙ

(12.94)% WPLSv Y ~ U x H x W ~ U u (see (12.17) for correspondinggenerators). In
particular,Ü Z Ý � ñ ã d

22 Ü d
22

ñ ã d
22
ñ d

12
0 I 
 Ý � Ü dº 12 Ü dº 22

0 I 
 % TIC v Y ~ U x W ~ U u�y (12.95)

The systemΣ Ã d is stable; it is exponentiallystable iff Σ is optimizable (by
Lemma12.5.2). �

(This is obvious. Notefrom Lemma12.5.14andProposition6.3.1(c)thatthe
assumptionon ò 11 is redundantif òQ% ULR.)
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TheCARE(resp.IARE) for ΣZ andJ1 is calledthe 	 Z-CARE(resp.	 Z-IARE).

Lemma 12.5.17(	 Z	 Z	 Z-IARE � � � (Factor2)) AssumethatHypothesis12.5.13holds
and ò 11 % � TIC∞ v U u . Considerthefollowing conditions:

(i) (Factor2Z)hasa UR solution

¦ % � TIC v Y ~ U u s.t.Z12 Ý 0 andZ11 x Z22 %� µ
.

(ii) the CAREfor ΣZ andJ1 hasa UR P-stabilizing solution v 	 Z x SZ x KZ Ë I u s.t.	 Z ÿ 0, SZ11
�

0, SZ22 ê SZ21S
ã 1
Z11SZ12 � 0, v I ê Ð Z Ë I uwv I ê �Ð u % � TIC v Y ~

U u and Ï Z Ë I ¹ v I ê Ð Z Ë I u �Ï is stable.

(iii) the CARE for Σ Ã d and J1 has a UR stable, P-stabilizing solutionv 	 Z x SE x KE u s.t. 	 Z ÿ 0, SE11
�

0 andSE22 ê SE21S
ã 1
E11SE12 � 0.

(ii’) the CARE for ΣZ and J1 has a UR exponentially stabilizing solutionv 	 Z x SZ x KZ Ë I u s.t. 	 Z ÿ 0, SZ11
�

0 andSZ22 ê SZ21S
ã 1
Z11SZ12 � 0.

(iii’) the CARE for Σ Ã d and J1 has a UR exponentiallystabilizing solutionv 	 Z x SE x KE u s.t. 	 Z ÿ 0, SE11
�

0 andSE22 ê SE21S
ã 1
E11SE12 � 0.

Then(c1)–(d)belowhold; if D21 Ý 0, thenalso(a) and(b) hold:

(a) Wehave(i) � (ii) � (ii i).

(b) If ³lÏ u Ð u ´ is exponentially stabilizing, then(i)–(iii’) areequivalent.

(c1) If (Factor2Z) has a solution, then (ii)–(iii) (and (ii’) and (iii’) if³lÏ u Ð u ´ is exponentiallystabilizing) hold if wedrop“UR” andthecon-
ditionsonSE andSZ, andwereplace“CARE” by “IARE”.

(c2) If (Factor2Z)hasa UR solution, then(ii) holds(and(ii’) if ³lÏ u Ð u ´ is
exponentiallystabilizing).

(d) If (ii) hasa solution(or (ii’) hasand ³ Ï u Ð u ´ is exponentiallystabiliz-
ing), then ¤ J1 ¤ ¿ Ý ¦ J1

¦A¿
for some

¦ % � TIC v Y ~ U u s.t. ¤ d

¦ ã d is v J1 x J1 u -
losslessandZ11 % � µ v Y u .
If, in addition, dimU ² ∞, then

¦
satisfies(Factor2Z)(and (Factor2�" ) ifó u x ò u % �" ).

RecallfromTheorem12.3.7(a)thatif v ¤ d x J1 u % SpF, thenonemoreequivalent
condition is that the 4BP hasa solution. We remind that most readersshould
ignore the nonexponential 4BP (and hence(ii) and (iii) and most of the proof
below); it combinesa lessimportantproblemwith morecomplicatedproofsand
solutions.

Notethatwe coulddroptheregularity assumption in (i) andformulate(ii[’])
and(iii[’]) analogouslyto (FI4) (seeTheorem11.3.3).

In the proof of Theorem12.1.8andProposition12.1.10,we strengthenthe
equivalenceof (Factor2)and (ii[’]) (by establishing a converseto (c2) without
assumingthatD21 Ý 0).

The condition in (ii) may seemcomplicated(it correspondsto

¦
d being a

spectralfactor of v ¤ d u ¿ J ¤ d) comparedto the simple r.c. condition of Lemma
12.5.12(correspondingto

ñ
solving (Factor1)).Theexplanation is thattheword
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“stable” in (iii) is, indeed,a r.c. condition(by Corollary9.9.11),but since(12.91)
neednotbe(q.)r.c.-stabilizingin general,thecorrespondingconditionin (ii) is not
a r.c. conditionw.r.t. ΣZ. This explainsthecorrespondingdifferencein (1.’) and
(4.’) of Proposition12.1.10.

Proof of Lemma 12.5.17: (Much of this follows the lines of the proof
of Lemma12.5.12,we just needcertainmorecomplicateddetails. For each
claim,wefirst givetheproofwhere ³lÏ u Ð u ´ is assumedto beexponentially
stabilizing;mostreaderswill skip themorecomplicatedandlessimportantpart
(with amerestabilizationassumption).)

Remarksand notation: Since ó x òì% UR, we have Ü x ò ã 1 x Ü�º x Ü Z %
UR, As shown in the proof, the operatorsin (ii)–(iii’) having samesym-
bols are equal. The solutions of (ii)–(iii’) (if any) are unique,by Theorem
9.8.12(b)&(s1).

We usethestandardnotationwhere
ñ

: Ý I ê Ð , ò : Ý ñ ã 1, and ³lÏ Ð ´
correspondsto K (with any subscripts). We alsousethe notationof Lemma
12.5.16.

Theproof: Wegive theproofsin theorder(c1), (c2), (d), (a), (b).

(c1) This follows from 2 � and 4� (and 1� and 3� if ³lÏ u Ð u ´ is
exponentially stabilizing).

1� (Factor2Z) � weakened (ii’) (when ³ Ï u Ð u ´ is exponentially
stabilizing): Assume (Factor2Z). By Corollary 9.9.11 (and Theorem
9.9.10), the IARE for Σ Ã d and J1 has an exponentially stabilizing solutionv 	 Z x J1 x ³6Ï E Ð E ´ u , whereÐ E Ý I ê ¦ d (notefrom Lemma12.5.16thatΣ Ã d

is exponentially stable).

From 3� we obtain an exponentially stabilizing solutionv 	 Z x J1 xt³ Ï Z Ð Z ´ u of the 	 Z-IARE. It only remains to be shown that	 Z ÿ 0.

By (9.224),wehave
ñ

Z Ý ñ E �ò , hence

¦ ã d Ý ò E Ý �ò ò Z andÜ�ë Ë Z : Ý�Ü Z ò Z Ý v ¤ d �ò u ò Z ÝU¤ d

¦ ã d Ý : Ó d % TIC v Y ~ U x W ~ U u x (12.96)

whereò Z : Ý v I ê Ð Z u ã 1, ò E Ý v I ê Ð E u ã 1. By (12.96)andLemma12.3.11(a),v Ü ë Ë Z u 22 Ý*Ó d
22 % �

TIC v U u . But v ò Z u 22 Ý v Ü�ë Ë Z u 22 (since Ü Z ÝÞ» ¿6¿0 I ½ , by
(12.95)),and v J1 u 22 Ý¼ê I � 0, henceit follows from Lemma11.2.18(seethe
remarkin its proof) that 	 Z ÿ 0 (andthat thereis a suboptimal H∞-FI-pair for
ΣZ andγ Ý 1 andthatHypothesis 11.2.1is satisfiedfor ΣZ over

¾
exp).

2� (Factor2Z) � weakened(ii): Assume (Factor2Z).(Westartalmostasin
1� , but theproofof “ 	 Z ÿ 0” mustbewrittenmoreexplicitly.)

By Corollary9.9.11(andTheorem9.9.10),the IARE for Σ Ã d andJ1 hasa
stable,P-stabilizingsolution v 	 Z x J1 x ³lÏ E Ð E ´ u , where Ð E Ý I ê ¦ d (note
from Lemma12.5.16thatΣ Ã d is stable).

From4� weobtainaP-stabilizingsolution v 	 Z x J1 xt³ Ï Z Ð Z ´ u of the 	 Z-
IARE (by Σ ë we shall denotethe corresponding(stable)closed-loopsystem)
s.t. v I ê Ð Z Ë I uwv I ê �Ð u % � TIC v Y ~ U u and Ï Z Ë I ¹ v I ê Ð Z Ë I u �Ï is stable.It only
remainsto beshown that 	 Z ÿ 0.
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By (9.224),wehave
ñ

Z Ý ñ E �ò , hence

¦ ã d Ýôò E Ý �ò ò Z andÜ ë Ë Z : ÝüÜ Z ò Z Ý v ¤ d �ò u ò Z Ý-¤ d

¦ ã d Ý : Ó d % TIC v Y ~ U x W ~ U u x (12.97)

whereò Z : Ý v I ê Ð Z u ã 1, ò E Ý v I ê Ð E u ã 1. By (12.96)andLemma12.3.11(a),v Ü�ë Ë Z u 22 ÝGÓ d
22 % �

TIC v U u . But v ò Z u 22 Ý v Ü�ë Ë Z u 22 (since Ü Z ÝÞ» ¿6¿0 I ½ , by
(12.95)),and v J1 u 22 Ý ê I � 0,

In 1� , we obtained	 Z ÿ 0 at this point from Lemma11.2.18. Sincethis
time 	 Z neednot beexponentially stabilizing, we shall applyLemma11.2.18
for Σ Õ (seebelow) insteadof ΣZ in thiscase.

Thepair ³ Ï Ð ´ : Ý ³MÒ Z1 Ó Z11 Ó Z12
0 0 0 ´ is admissible for ΣZ, becauseÐ Z11 %�

TIC∞ v Y u (becauseò Z22 Ý v Ü�ë Ë Z u 22 % � TIC v U u , asshown above); let Σ Õ
bethecorrespondingclosed-loopsystem.NotethatÜ Õ Ý�Ü Z òøÝ � °í°

0 I 
 x where ò : Ý v I ê Ð u ã 1 Ý � °í°
0 I 
 y (12.98)

By Lemma9.12.3 v 	 x J1 x ³6Ï K Ð K ´ u is asolution of theIARE for Σ Õ 0 : Ý³ � < � <� < � < ´ andJ1, where³lÏ K Ð K ´ : Ý0³ Ï ê ñ ÏhÕ I ê ñ v I êj³ Ó Z11 Ó Z12
0 0 ´ u ã 1 ´Ý �

0 0 0ò ã 1
Z22Ï ë 2 ò ã 1

Z22ò Z21 I ê.ò ã 1
Z22


 (12.99)

(the last equality follows by direct computation). But ³lÏ K Ð K ´ is sta-
ble (becauseΣ ë is stableand ò Z22 % �

TIC v U u ), and so is v I ê Ð K u ã 1 Ý³ I 0ù
Z21
ù

Z22 ´ , henceΣ Õ is stable,by Corollary 6.6.9 (seeDefinition 6.6.10),
hence ³ Ï K Ð K ´ is r.c.-stabilizing,by Lemma6.6.17(d).

Consequently, wecanapplyLemma11.2.18toΣ Õ toobtainthat 	 Z ÿ 0 (we
havenotestablishedHypothesis11.2.1for Σ Õ , but thathypothesisis redundant,
asnotedin thelatterremarkof theproofof Lemma11.2.18;wedid usethefact
that Ü Õ Ý÷» ¿6¿0 I ½ , i.e., thatHypothesis11.1.1is satisfied).

3� (c1)-form of (ii’) � (iii’): Given an exponentially stabilizing solutionv 	 Z x SZ x ³6Ï E Ð E ´ u of theIARE for Σ Ã d andJ1, anexponentiallystabilizing
solution v 	 Z x SZ x ³lÏ Z Ð Z ´ u of the 	 Z-IARE (i.e.,of theIARE for ΣZ andJ1)
is thendeterminedbyñ

E Ý ñ Z �ñ and Ï E Ý Ï Z ¹ ñ E v �ò �Ï u Ý Ï Z ¹ ñ Z �Ï­x (12.100)

by Lemma9.12.3(b)(this hassameclosed-loopsemigroup, hencealsothis is
exponentially stabilizing). Thus,(ii’) implies (iii’) after the changeslisted in
(c). Theconversefollows analogously.

(For future usewe notethat both solutionsareUR if oneis, because�Ð is
UR).

4� (c1)-form of (ii) � (iii): In the sameway as in 3 � , we observe from
Lemma9.12.3(b),that the P-admissible solutions v 	 Z x SZ xt³ Ï Z Ð Z ´ u andv 	 Z x SZ x ³6Ï E Ð E ´ u of the two IAREs correspondto eachotherone-to-one
through(12.100).

By Lemma6.6.17(c), ³ Ï E Ð E ´ is stableandstabilizing if f Ï E is stable
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andI ê Ð E % � TIC v Y ~ U u . By (12.100),this is thecaseif f v I ê Ð Z uwv I ê �Ð u %�
TIC v Y ~ U u and Ï E Ý Ï Z ¹ ñ Z �Ï is stable.Thus,(ii) implies(iii).

Assume(iii), sothat ò E and Ï E arestable.Thenalsoò Z Ý �ñ ò E is stable.
By theabove, it only remainsto show that 	 Z is stabilizing for Σ Ã d andJ1. By
Lemma9.12.3(b),it sufficies to show that ò Z Ï Z is stable(since ò Z Ý �ñ ò E

is stableandtherestof theclosed-loopsystemis containedin thatfor ΣZ). By
(12.100), ò Z Ï Z Ý ò Z Ï E ê.ò Z

ñ
Z �Ï Ýôò Z Ï E ê �Ï­x (12.101)

which is stable(sincealso Ï E and �Ï arestable).Thus, 	 Z is stabilizing, hence
(ii) holds.

(c2)Muchof (c2)followsfrom (c1). TheCAREandtheconditiononSZ are
obtainedfrom 2� (andin 1� if ³ Ï u Ð u ´ is exponentially stabilizing)below.

(Note that (d) or (a)&(b) containsthe converseimplication if D21 Ý 0 or
dimU ² ∞.)

1� (ii’) holdswhen ³lÏ u Ð u ´ is exponentially stabilizing: It wasnotedat
theendof (c1)1� thatHypothesis11.2.1is satisfiedby ΣZ (for

¾Á¿¿ Ý ¾ exp) and
that1 Û γFI (for ΣZ), hence1 Û γ0, by (11.12).

Since

¦ % UR, we have Ð E x ò E % UR, (becauseÐ E Ý I ê ¦ d, by (c1)1� )
by Proposition6.3.1(b1),henceò Z Ý �ñ ò E % UR. Consequently, the triplev 	 Z x J1 x ³6Ï Z Ð Z ´ u of (c1)1� &(c1)3� correspondsto a (unique) exponen-
tially stabilizing solution v 	 Z x SZ x KZ Ë I u of the 	 Z-CARE, by Corollary 9.9.8.
By Proposition11.2.19(d1),wehaveSZ11

�
0 andSZ22 ê SZ21S

ã 1
Z11SZ12 � 0.

2� (ii) holds: Almost asin 1 � above,we obtaina uniqueUR r.c.-stabilizing
solution v 	 x SK x K K Ë I u of the CARE for Σ Õ 0 and J1 (use (c1)2� &(c1)4� and
Corollary 9.9.8),andS

K Ý X

¿K
J1X

K
, whereX

K Ý I ê F

K
, andthat S

K
11
�

0 and

S

K
22 ê S

K
21S
ã 1

K
11S

K
12 � 0.

Thesolution v 	 x J1 x ³6Ï K Ð K ´ u of theCARE for Σ Õ 0 andJ1 corresponds
analogouslyto a UR solution v 	 x SZ x KZ Ë I u of theCARE for ΣZ andJ1 (which
alsosatisfiesthe(c1)-formof (ii)), whereSZ Ý X

¿
J1X Ý X

¿
S

K
X, X : Ý X ã 1

K
X Ý³ X11 X12

0 I ´ . Consequently, alsoSZ satisfiesthe requiredcondition, by Lemma
11.3.13(i)&(ii”).

(d) We prove “(ii’) � (i)” in 1� (and 2� ) assuming that ³lÏ u Ð u ´ is
exponentially stabilizing;theothercasefollowsanalogously (use(c1)4� instead
of (c1)3� ).

(N.B. By droppingtheassumption D21 Ý 0 we lost thecondition on SE in
(iii’) (comparedto (b)), hencedo not longerknow whetherZ canbechosenas
in (i) or whetherW22 is invertible (thelatteris trueif dimU ² ∞).)

1� Assume (ii’). By Lemma11.3.13(i)&(iii’), there is �Z % � µ v Y ~ U u
s.t. �ZJ1 �Z ¿ Ý SZ. Apply Theorem 9.8.12(s1)to redefine the solution so
that we obtain another UR nonnegative exponentially stabilizing solutionv 	 Z x J1 x ß1�Ï Z �Ð Z á u of theIARE for ΣZ andJ1 s.t.I ê �Ð Z Ý �Z ¿ .

SetZ : Ý �X ¿ �Z, so that ZSZZ

¿ Ý �X ¿ SZ �X Ý : SE. By (c1)3� , we get an UR

exponentially stabilizingsolution v 	 Z x J1 x ß1�Ï E �Ð E á u of the IARE for Σ Ã d
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and J1 s.t. �XE Ý �XZ �X Ý �Z ¿ �X Ý Z

¿
. By Corollary 9.9.11,

¦
d : Ý I ê �Ð E %�

TIC v Y ~ U u . By Lemma 9.8.14, Ó d : Ýr¤ d

¦ ã d is v J1 x J1 u -lossless. But�X Ý÷» I 0

¿6¿ ½ , by (12.91),henceZ11 Ý �Z11 % � µ v Y u .
2� CasedimU ² ∞: Since Ó d : Ýq¤ d

¦ ã d is v J1 x J1 u -lossless,we haveÓ 22 % � TIC v U u , by Proposition 2.5.4(1),hence(Factor2Z)is satisfied(hence
so is (Factor2),hencealso (4BP3), hence(4BP1) and (4BP2), by Theorem
12.3.7(a)&(e1))

(If ó u x ò u % �" , then ó x ò x �ò�º x �ólº�% �" , by Lemma12.3.10(a).Thus,then
(Factor2�" ) is satisfied,since �ò�º 22 ÝUÓ 22 % � TIC v U u and �Nº 21 Ý v Z ã 1 u 22 %� µ v U u (sinceZ11 % � µ v Y u ), by (12.50).)

(a) By (c2), (i) implies(ii). Theconversefollows from 2 � , and“(ii) � (iii)”
from 1� .

1� (ii) � (iii): Let SZ beasin (ii) (and ³ Ï Z Ð Z ´ correspondsto asolution
of theCARE, i.e., FZ Ý 0), thenXE Ý XZ �X Ý �X, where v 	 Z x SZ x ³6Ï E Ð E ´ u
is asin (c1)4� .

By Corollary9.9.8,thecorrespondingsolution v 	 x SE x KE u of theCAREfor
Σ Ã d andJ1 hasthe signatureoperatorSE : Ý �X ¿ SZ �X. By Lemma11.3.13(ii”),
alsoSE is as in (iii) (since �X Ýv³ I 0

0 M11 ´ dueto the assumption that D21 Ý 0).
Thus,(ii) implies(iii). Theconverseis analogous.

2� (ii) � (i): This follows from (d), sincenow Z : Ý �X ¿ �Z, by (d)1� , where�X Ý ß I 0
0 M 
11 á and �Z is asin (i).

(b) Theproofof (a)will dowith slightchanges. �
Lemma 12.5.18(	 Z � 	 Y & ρ v 	 X 	 Y u ² γ2	 Z � 	 Y & ρ v 	 X 	 Y u ² γ2	 Z � 	 Y & ρ v 	 X 	 Y u ² γ2) Assumethat Hypothesis12.5.13
holdsand ò 11 % � TIC∞ v U u . Let 	 X bethecorrespondingP-stabilizing solution
of the 	 X-CARE(as in Lemma12.5.12).Assumethat the 	 Z-eIAREandthe 	 Y-
eIAREhaveinternallyP-stabilizingsolutions 	 Z and 	 Y , respectively.

Then	 Z ÿ 0 iff 	 Y ÿ 0 andρ v 	 X 	 Y u ² γ2. If 	 Z ÿ 0, then(a)–(c)of Lemma
12.6.4hold for thesolutions of theeDAREs.

Proof: 1� The assumptions of Lemma12.6.4 are satisfied: By Lemma
12.5.12, the IARE for ΣX and Jγ has a UR P-stabilizing solutionv 	 X x J1 x ³lÏ Ð ´ u s.t. v I ê Ð u ã 1 Ý�ò , Ü�ò Ýjó . Since ò 22 Ý v ñ ã 1 u 22 (by
(12.49)), we have ò 22 % �

TIC∞ v W u (because
ñ

11 % �
TIC), hence

ñ ·11 %�
TIC∞ v U u , where

ñ · : Ý ò ã 1, by LemmaA.1.1(c1).
By discretization (see Proposition 9.8.7(a)), we observe thatv 	 X x J1 x ∆S ³ Ï Ð ´ u asolutionof theIARE for ∆SΣX andJγ; thecorrespond-

ing solution v 	 X x S· x K · u of theDARE (“ 	 X-DARE”) satisfiestheassumptions
of Lemma 12.6.4, by Lemma 11.3.13(vi)&(i) (recall that

ñ · x ñ ·11 % �
TIC∞

and that
ñ ·21 v ñ ·11 u ã 1 Ý ê�ò ã 1

22 ò 21 Ý ñ 21 v ñ 11 u ã 1 (becauseò ñ · Ý I andò 2

¿ Ý v ñ ã 1 u 2 ¿ , by (12.49)),hencē
ñ ·21 v ñ ·11 u ã 1 ¯ ² 1, by Lemma12.3.11(a)).

2� Theequivalence:By discretization(seeagainProposition9.8.7(a)),we
obtain that 	 X, 	 Y, 	 X are P-stabilizingsolutions of the 	 X-eDARE, 	 Y-
eDARE and 	 Z-eDARE (theonescorrespondingto v ∆SΣX x Jγ u , v ∆SΣY x Jγ u andv ∆SΣZ x J1 u ), respectively. (Cf. Lemma12.6.1.)
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If 	 Z ÿ 0, then 	 ·Y : Ý γ2 	 Z v I ¹ 	 X 	 Z u ã 1 is an internally P-stabilizing
solution of the 	 Y-eDARE andρ v 	 X 	 ·Y u ² γ, by Lemma12.6.4(b)&(a)(recall
1� ), hence	 ·Y Ý 	 Y, by Theorem14.1.4(b).Theconversefollows analogously
from Lemma12.6.4.

3� (a)–(c): If 	 Z ÿ 0, then(a)–(c)of Lemma12.6.4hold for the DAREs,
by 1� (but thoseSZ andSY maydiffer from thosecorrespondingto theCAREs,
etc.). �
We have alreadyshown that all suboptimal I/O mapsfor Ü are given by

(12.48). Now we constructa stablerealizationfor � , so thatwe canpresentthe
formulafor all solutionsin thestandardform (cf. Theorem12.1.8,which is based
on this):

Proposition12.5.19((Factor1&2) � 4BP& all solutions) Make Hypothesis
12.5.1. Assumethat (Factor1X) and (Factor2Z) hold (let

ñ
and

¦
be their

solutions)andthat

¦
11 % � TIC∞ v Y u (asin Theorem12.3.7(d)).Define³lÏ Ã d Ð Ã d ´ : Ý ³Aê J ã 1

1 π º v ¦ ã d u ¿ Ü ¿Ã dJ1
æ Ã d I ê ¦ d ´ y (12.102)

(as in (9.140); this is generated by ³ Z

¿
KE I ê Z

¿ ´ if v 	 Z x SE x KE u is a UR
stable, P-stabilizingsolutionof theCAREfor Σ Ã d andJ1). Then ³lÏ Ã d Ð Ã d ´ is

anadmissible statefeedback pair for Σ Ã d ; in particular, ß ��î d �äî dÒ î d Ó î d á % WPLSv Y ~
U x H x Y ~ U u . Set ¬ : Ý I ê Ð Ã d Ý ¦

d. Since ¬ 11 Ý ¦
d
11 % �

TIC∞, the output
feedback operator L : Ý ³ ã I 0 I

0 0 0 ´ % µ v Y ~ U ~ Y x Y ~ U u is admissible for

Σalt : Ý � ä
alt

å
altæ

alt Ü alt 
 : Ý Öîî×
ä Ã d v å Ã d u 1 v å Ã d u 2ê v Ï Ã d u 1 ¬ 11 ¬ 12ê v Ï Ã d u 2 ¬ 21 ¬ 22

0 I 0
Ø ïïÙ x (12.103)

andthecorrespondingclosed-loopsystemis givenby

Σalt Ë L : Ý � ä
alt Ë L å

alt Ë Læ
alt Ë L Ü alt Ë L 
 Ý Öîî×

ä dÄ æ dÄ 2
æ dÄ 1

0 I 0å dÄ 1 � d
21 � d

11å dÄ 2 � d
22 � d

12

Ø ïïÙ (12.104)

% WPLSv Y ~ U x H x Y ~ U ~ Y u . ThenΣ Ä : Ý ß �=ï �Íï 1 �Íï 2� ï Ä 
 1 Ä 
 2 á % WPLSv U ~ Yx H x U ~
Y u is a realizationof � : Ý (12.48),andthefollowinghold:

(a) If wedeletethemiddlecolumnandbottomrowof Σ Ä , weobtaina realization
Σ Ä 12 of � 12. The systemΣ Ä 12 is a well-posedsuboptimal controller (the
“central controller”) for Σ.

(b) (All well-posedΣ �Σ �Σ � ’s) All well-posedstabilizing suboptimalcontrollers Σ �
for Σ are givenby theconnectionof Σ Ä andΣ

Ë
in Figure 12.1(cf. Remark

12.1.9), where the parameter
Ì

is as in (12.105)and Σ
Ë

is any stable
realization of

Ì
.
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(c) (All well-posed� � � ’s) All well-posedstabilizing suboptimal controllers �q%
TIC∞ v Yx U u for Ü aregivenby� ÝU� � v�� x Ì uðv Ì % TIC v Y x U u is s.t. ¯ Ì ¯ TIC ² 1 andI ê Ì � 21 % � TIC∞ v U uMu�y

(12.105)

(d) (All (possibly ill-posed) solutions)By removing theconditionI ê Ì � 21 %�
TIC∞ v U u wegetall stabilizing suboptimalcontrollers (with internal loop)

in anyof (a)–(c).

(e) (All well-posedexponentially stabilizing solutions)If ³ Ï u Ð u ´ is [ex-
ponentially] strongly stabilizing, thenwe can replace“stable” by “[e xpo-
nentially] strongly stable” and “stabil izing” by “[e xponentially] strongly
stabilizing” everywhere in this proposition. [if we require in (12.105)thatÌ % TICexp v Yx U u ].

(f) Wecanreplace“ ¯ Ì ¯ TIC ² 1” by “ ¯ Ì ¯ TIC û 1” everywhere in thisproposi-
tion if wereplace“suboptimal” by “s.t. ¯J� � v Ü x � u ¯�û γ”.

(g) If we add someelementE % µ v U x Y u to D21, thenthe parametrizationsin
(d) are is unchanged exceptthat we haveto add to � the outputfeedback
through ê E, asin Lemma7.3.23andFigure7.12.

(h) If

¦
is SR(resp.UR,SVR,UVR,SLR,ULR), thenΣalt, Σalt Ë L andΣ Ä are SR

(resp.UR,SVR,UVR,SLR,ULR).

SeeTheorem12.1.8 for a more classic“all controllers” result. As noted
below Theorem12.1.8,“all suboptimal stabilizing controllers”refersto all maps�+% TIC∞ (or, in (d), all maps� with internalloopmoduloequivalence)� : y °± u
s.t. ¯J� � v Ü x � u ¯ TIC ÈW Ë Z Ê ² γ (with somerealization),notto all systemshaving such
anI/O map.Thatis, in our“all solutions” formula,wedonotdistinguishbetween
two solutionshaving thesame“I/O map”.1

Indeed,any, e.g.,l.c.-detectablerealizationof a � satisfying (12.105)will do
— on the other hand,any solutionmust be a realizationof some � satisfying
(12.105). In theexponential casementionedin (e), all possible Σ � ’s areexactly
all optimizable andestimatablerealizationsof � ’ s satisfying (12.105),by (c) and
Theorem7.3.11(c1).

Werecallfrom Definition6.1.6thatfor any
Ì % TIC (resp.

Ì % TICexp), there
existsastrongly(resp.exponentially) stablerealizationΣ

Ë
of
Ì

.
We leave it to thereaderto write out

ä Ä ,
å Ä and

æ Ä in termsof Σ, Ï u, Ð u,
ñ

and

¦
; seeTheorem12.1.8for their generators(undertheregularity assumptionó u x ò u % �" ).
Proof of Proposition 12.5.19: (We notethatLemma12.5.15andthepart

of Lemma12.5.16concerningΣ Ã d arevalid alsoundertheassumptionsof this
proposition,with thesameproofs,henceΣ Ã d is well defined.)

1� The proof of initial claims: By Theorem 9.9.10(g1)&(a2)&(c1),³ Ï Ã d Ð Ã d ´ is stabilizing and J-critical over

¾
out for Σ Ã d . If the CARE

for Σ Ã d and J1 has a UR stable, P-stabilizing solution v 	 Z x SE x KE u , then
all J-critical pairs are generatedby ³QKE I ê Q́ (Q % � µ

), by Theorem
1Herewe usequotesbecauseñ neednotbewell-posedin general.
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9.9.10(d1)andTheorem9.8.12(b)&(s1), henceonly ³ Z ¿ KE I ê Z

¿ ´ cangen-
erate ³ ° I ê ¦ d ´ .

By Lemma A.1.1(c1), we have v ¦ ã 1 u 22 % �
TIC∞ v U u ; by (12.50),v ¦ ã 1 u 22 Ý �ó º 21. Set ¬ : Ý ¦

d Ý I ê Ð Ã d ,

@
: Ý]¬ ã 1 Ý ¦ ã d. If we denote

“ ß Ä d
21
Ä d

11Ä d
22
Ä d

12 á ” in (12.104)by
>

, then,by (6.125),> �
0 IY
IU 0 
 Ý � ¬ 21 ¬ 22

I 0 
 v I ê �
I ê�¬ 11 ê?¬ 12

0 I 
 u ã 1
�
0 I
I 0
 (12.106)Ý � ¬ 21 ¬ 22

I 0 
 � 0 I¬ 11 ¬ 12 
 ã 1 Ý �
0 I
@

11

@
12 
 � @ 21

@
22

I 0 
 ã 1

(12.107)Ý �
0 I�ò dº 11 �ò dº 21
 � �ó dº 11 �ó dº 21

I 0 
 ã 1 Ý � d (12.108)

(write the formulae out or multiply (11.88) by » 0 I
I 0 ½ to the left and right to

obtain the third equality; the fourth follows from (12.50) and the last one
from (12.48)), as claimed, i.e., the closed-loopI/O map Ü alt Ë L contains � d

(permuted),so thatwe canpick correspondingrows, interchangethecolumns
andtake thecausaladjointof thesystemto obtaina realizationof � , asstated
in theproposition.

(a) This follows from (b) by taking
Ì Ý 0.

(c) This follows from Theorem12.3.7(c)(which is applicable,by Lemma
12.5.3andthefactthat �ó º 21 Ý v ¦ ã 1 u 22 % � TIC∞, by 1� above).

(d)&(f) Also thesefollow from Theorem12.3.7(c)for (c); theproofsof (a)
and(b) show thatthesameholdsfor them.

(g) This follows from Lemma 7.3.23 (note that in this casethe well-
posednessof asolutionneednotbeequivalentto I ê Ì � 21 % � TIC∞).

(h) UseProposition 6.3.1(b2)(andLemma6.2.5). (Notealsothat if

¦ % �"
(e.g., ¤-% �" or ó x òQ% �" ), then ¬G% �" and“ � % �" ã 1 �" ”.)

(b)&(e) Assume that ³lÏ u Ð u ´ is [[exponentially] strongly] stabilizing
for Σ. Let

Ì
beasin (c) or asin (d), andlet Σ

Ë
bean[[exponentially] strongly]

stablerealizationof
Ì

.

1� ThesystemΣ Ã d is [[exponentially]strongly

¿
] stable,by Lemma12.5.15,

andΣ is [[exponentially] strongly] l.c.-detectable,by Theorem6.6.28[[shifted
andLemma12.5.2(vi)]].

By (c), � DPF-stabilizesÜ (possibly with an internal loop; cf. (d)),
henceΣ � I/O-DPF-stabilizesΣ. We shall show in 2 � –3� Σ � DPF-stabilizes
Σ [[exponentially] strongly]; this establishes(b) and(e) [[this includesalso(c)
modifiedasin (e),becasethen � DPF-stabilizesÜ exponentially]].

2� Σ Ä is [[exponentially] strongly] l.c.-detectable:Since ³ 0 0 0 ´ is
a [[exponentially] strongly

¿
] r.c.-stabilizingstatefeedbackpair for Σalt, the

pair (6.188)is admissible for Σalt Ë L (usesubstitutions Ï1x�Ð9xiÏ L xPÐ L xLÏ�#§xPÐ¢# °± 0,

Σ °± Σalt, ΣL °± Σalt Ë L, Σ #Q°±Dß Σalt� 0 0 ò á in theproof of Lemma6.7.11(c)),andthe
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correspondingclosed-loopsystemis given by

Ö× ä # å #æ # Ü #ÏF# Ð¢# ØÙ : Ý Öîî×
ä

alt
å

altæ
alt Ü altê v Ï Ã d u 1 ¬ 11 ê I ¬ 12

0 0 0
ØðïïÙ y (12.109)

Therefore,(6.188)is admissible for ΣdÄ ß I 0 0
0 0 I
0 I 0 á , andthecorrespondingclosed-

loopsystemis (12.109)with its secondrow (correspondingto v æ alt u 1) removed;
in particular, (6.188) is [strongly

¿
] stabilizing. Consequently, corresponding

maps“ ó : Ý�Ü # ” and“ ò : Ý Ðó# ¹ I ” (seeDefinition6.6.10)aregivenbyó6·�Ý � ¬ 21 ¬ 22

I 0 
 x ò'·�Ý � ¬ 11 ¬ 12

0 I 
 ; (12.110)

theseare [[exponentially]] r.c. (because ³ 0 I
0 0 ´ ó · ¹ ³ 0 0

0 I ´ ò · Ý I ). Thus, ΣdÄ
is [[exponentially] strongly

¿
] r.c.-stabilizable(by Lemma6.7.17,the permu-

tation of columnsdoesnot matter),i.e., Σ Ä is [[exponentially] strongly] l.c.-
detectable.

3� Σ � is [[exponentially] strongly] stabilizing: Let Σo containΣ
Ë
, Σ Ä and

Σ so that the staticoutputfeedbackoperatorI correspondsto the connection�R� v Ü x �R� v�� x Ì uwu (cf. (7.4)andDefinition7.3.1).
SinceΣ (by 1� ) andΣ Ä (by 2� ) andΣ

Ë
(by assumption) are[[exponentially]

strongly] l.c.-detectable,so is Σo, by Lemma 6.7.18 (applied twice). By
Proposition6.7.14(b)(2.), I is [[exponentially] strongly] stabilizing for Σo.
Thus,all closed-loopmapsin Figure12.1are[[exponentially] strongly] stable
(becausethey areexactly theelementsof Σo

I ). As notedin 1� , this establishes
(b) and(e).

(An alternative proof would applyProposition 6.7.14(b)(1.)&(2.) for sub-
systems[[or thegeneratorsof Σ andΣ Ä andoptimizability andestimatability;
cf. (12.20)]].) �
The 	 X-DARE, 	 Y-DARE andthecouplingcondition imply theexistenceof

a suboptimal controllerfor Σ:

Lemma 12.5.20(Sufficiency) Assumethat Hypothesis12.5.1 is satisfied withó u x ò u x=Çò y xsÇó y % �" , that �" satisfy Hypothesis8.4.8,andthatconditions(1.)–(3.)
of Lemma12.1.12aresatisfied.

ThenHypothesis12.5.13andconditions(1.) and(4.) of Theorem12.1.8are
satisfied;in particular, thenthere are suboptimalexponentiallystabilizing DPF-
controllers.

Proof: (WeuseHypothesis 8.4.8only in 3 � .)
1� Hypothesis12.5.13and (Factor1�" ): By (1.) and Lemma 12.5.12,

Hypothesis12.5.13 is satisfied and hence (Factor1) has a solution with
X11 x X22 x M11 x M22 % � µ , by Lemma12.5.14. By Lemma12.3.10(a),ò x ó x ñ %�" , hence(Factor1�" ) is satisfied.
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2� The 	 Z-CARE has an exponentiallystabilizing solution v 	 Z x SZ x KZ u ,
where 	 Z Ý 	 Y v I ê 	 X 	 Y u ã 1 ÿ 0: By 1� of theproof of Lemma12.5.18,	 X

is anexponentially stabilizingsolution of the 	 X-DARE with SX asin Lemma
12.6.4(herewe meanthe DARE for v ∆SΣX x Jγ u ). The situation with 	 Y is
analogous(by dualarguments).

By Lemma12.6.4, the 	 Z-DARE (the DARE for ∆SΣZ and J1) has the
exponentially stabilizing solution 	 Z Ý 	 Y v I ê 	 X 	 Y u ã 1 ÿ 0 with SZ11

�
0

andSZ22 ê SZ21S
ã 1
Z11SZ12 � 0 (recall “(3.)”). It follows from (the discretized,

seeTheorem12.2.2)Lemma12.5.17(ii’)&(d) that v ∆S¤ u J1 v ∆S¤ u ¿ Ý ¦
∆J1

¦A¿
∆

for some

¦
∆ % � tic v Y∆ ~ U∆ u .

We deducethat π º ∆S v ¤ d u ¿ J1∆S v ¤ d u π ºU% � µ
, henceπ º v ¤ d u ¿ J1 ¤ dπ ºU%� µ v L2 v R º ;Y ~ U uJu , by Theorem13.4.5(h2). Consequently, v ¤ d u ¿ J1 ¤ d Ý¬ ¿ SE ¬ for some¬G% � �" d v Y ~ U u andSE % � µ v Y ~ U u .

By Corollary9.9.11,¬ correspondsto anexponentially stabilizingsolution	 ·Z of the 	 Z-IARE, henceof the 	 Z-DARE too. By uniqueness(Theorem
9.8.12(a)), 	 ·Z Ý 	 Z. By Proposition9.8.10 and Remark 9.8.2, 	 Z is an

exponentially stabilizingsolutionof the 	 Z-CARE (since ¬Z% � �" d � �
ULR

andhenceR % � µ v Y ~ U u , by Proposition6.3.1(b1)).
3� SZ11

�
0 and SZ22 ê SZ21S

ã 1
Z11SZ12 � 0 (so that 	 Z solvesLemma

12.5.17(ii’)): Set A Ý B Ý C Ý 0 (but keep the D of Σ), so that the 	 X-
DARE and 	 Y-DARE have uniqueexponentially stabilizing solutions, given
by 	 X Ý 0 Ý 	 Y Ý KX Ý KY, andSX andSY areof the standardform, by the
signature-conditions in (1.) and(2.). By Lemma12.6.4(a)–(c),	 Z Ý 0 is the
(unique)exponentially stabilizing solution of the 	 Z-DARE andSZ11

�
0 and

SZ22 ê SZ21S
ã 1
Z11SZ12 � 0. But SX, SY andSZ arethe sameasin our problem

(becauseB Ý C Ý 0), hencethisprovesourclaim.
(Alternatively, one could write a somewhat shorther(but still not short)

proof by going through the samecomputations as in the proof of Lemma
12.6.4(c)(including thoseon pp. 321-326of [IOW]; onecan,e.g., take A Ý
B Ý C Ý 0 but theD of Σ mustbekept).)

4� (1.) and(4.) of Theorem12.1.8aresatisfied:Condition(1.) is contained
in theassumptions,andcondition(4.) wasestablishedin 2 � –3� above.

5� The existenceof a solution: By 4 � , the assumptions of Theorem
12.1.8aresatisfied,hencetherearesuboptimal exponentially stabilizing DPF-
controllersfor Σ. �
Theabovealsoholdsunderdifferentassumptions:

Lemma 12.5.21Supposethattheassumptions(A1)and(A2)andconditions(1.)–
(3.) of Theorem12.1.5are satisfied. Thentheassumptionsof Lemma12.5.20are
satisfiedfor �" Ý MTICL1

exp.

Proof: Recall from Theorem8.4.9 that �" Ý MTICL1

exp satisfiesStanding
Hypothesis 12.0.1andHypothesis 8.4.8.

By Lemmas12.5.5and 12.5.4,Hypothesis12.5.1is satisfied(even with
“exponentially jointly” in place of “jointly”), ó u x ò u xsÇó y x�Çò y % �" (or % (γ · )



758 CHAPTER12. H∞ FOUR-BLOCK PROBLEM ( ¯J� � v Ü x � u ¯�² γ)

under“(IV)” of (A1)), and Yò u v ¹ ∞ u Ý I , YÇò y v ¹ ∞ u Ý I .
Note that conditions(1.)–(3.) of Theorem12.1.5are equal to thoseof

Lemma12.1.12combinedto conditionsSX Ý D

¿
XJγDX andSY Ý D

¿
YJγDY. By

Hypothesis8.4.8 and Corollary 9.9.11, theseadditionalconditions are now
redundant. �

Lemma 12.5.22(4BP: necessity)Assumethat there is a suboptimal exponen-
tially stabilizing DPF-controller (possiblywith internal loop), andthat (A1) and
(A2)of Theorem12.1.5hold. Then(1.)–(3.)of Theorem12.1.5hold.

Proof: (The regularity condition (A1) on Σ is not superfluous,by, e.g.,
Example11.3.7,but it maybeweakened.)

Set �" : Ý MTICL1

exp (or �" Ý (γ · ) in case“(IV)” of (A1)), so that Standing
Hypothesis12.0.1is satisfied,by Theorem8.4.9(c).

1� Hypothesis12.5.1: By Theorem7.3.12(a), v A x B1 u is optimizable andv A x C2 u is estimatable.By Lemma12.5.4,it follows thatHypothesis12.5.1is
satisfied(evenwith “exponentially jointly” in placeof “jointl y”).

2� By Lemma 12.5.3 and 1 � , Hypothesis 12.3.1 is satisfied withó u x ò u x Çó y x Çò y % �" .
3� (1.)–(3.)hold: This follows from Theorem12.1.11. �

Given just an I/O map,asin the frequency-domainproblemof Section12.3,
wecanchooseastabilizablerealizationasexplainedbelow (theadvantagehereis
thatwegettheconstructive formula(12.113)):

Lemma 12.5.23AssumeHypothesis12.3.1. A strongly jointly stabilizable and
detectablerealization Σ for Ü canbechosenasfollows.

By theassumption, thereare � 1 x � 2 x �� 1 x �� 2 % TIC s.t.� ò u11 � 1ó u21 � 2 
 ã 1 Ý � �� 2 ê �� 1ê7Çó y21 ò u22� % � TIC y (12.111)

It followsthat ß ù u � DF1Ò u � DF2 á x � �� DF2 ã �� DF1ã ÜÒ y Üù y 
 % � TIC, where� DF2 : Ý0³ I 0
0 � 2 ´ x � DF1 : Ý0³ 0 � 1

0 0 ´ x �� DF2 : Ý ß �� 2 0
0 I á x �� DF1 : Ý ß 0 �� 1

0 0 á y (12.112)

Choosea strongly stable realization Σ # for ß I ã � DF2 Ò u� DF1
ù

u ã I á . ThenΣTotal : Ýv Σ # uWô 0 0
0 ã I õ satisfiesHypothesis12.5.1andits I/O mapis givenby (wedenotethe

componentsof ΣTotal asin (12.87))� @
y Ü¤ uy Ð u 
 : Ý Ö× ß 0 � 11 � 1

0 I ã � 2 º � 21 � 1 á Üß 0 ã ù u � 1
11 � 1

0 0 á ß I ã ù u � 1
11
ù

u � 1
11
ù

u12
0 0 á ØÙ y (12.113)

Thepairs ³lÏ u Ð u ´ and ß A yB y á are actuallystrongly jointly stabilizing and

detectingfor Σ (with ¤ uy), thesepairsareasin Hypothesis12.5.1.
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If thereis a suboptimal stabilizingcontrollerfor Ü , thenthereis a suboptimal
stronglystabilizing controllerfor theabove system,by Theorem12.3.5.Also an
exponentialversionof theabovelemmaandclaimhold(useRemark6.1.9andthe
“exponential”assumptionsof Proposition12.4.10).

Proof: (Note that � : Ý5� 1 � ã 1
2 Ý �� ã 1

1 �� 2 DPF-stabilizesÜ with d.c.
internal loop, by Corollary 7.3.20(iii), whereas� DF1� ã 1

DF2 Ý �� ã 1
DF1 �� DF2 DF-

stabilizes Ü with d.c. internal loop, by Theorem7.2.14(iii); cf. also Lemma
7.3.10.)

We obtain (12.111)from Lemma6.5.8. But from ß ù u � DF1Ò u � DF2 á we obtain³ I 0
0 Ä ´ by four permutations, where � : Ý ß ù u11 � 1Ò u21 � 2 á % �

TIC. Therefore,ß ù u � DF1Ò u � DF2 á % � TIC; analogously,

� �� DF2 ã �� DF1ã ÜÒ y Üù y 
 % � TIC.

Theclaimson strongjoint stabilizability anddetectabilityfollow asin the
proofof Theorem6.6.28. �
Weusetherestof thissectionto studytheconnectionbetweentheCAREsand

thefactorizationsof Section12.3.We mainly just sketchtheproofs(andsomeof
thestatements), sincewedonotusetheseresultselsewhere.

Lemma 12.5.24(	 X x 	 Y	 X x 	 Y	 X x 	 Y dir ectly) AssumeHypothesis12.5.1.TheIAREscorre-
spondingto (1.’) and(2.’) havesolutions 	 X and 	 Y, respectively, iff (Factor1X)
and(Factor2Y)hold,where thelatter is givenby

(Factor2Y) There is �*% � TIC v Y ~ Z u , s.t. � ¿ J1 �HÝ ß§ÜÒ y
d
22 ÜÒ y

d
12

0 I á ¿ Jγ ß§ÜÒ y
d
22 ÜÒ y

d
12

0 I á
and � 11 % � TIC v Y u .

Assume(Factor1X) and(Factor2Y).Setó : Ýüó u
ñ ã 1, �ó : ÝU� ã 1

d Çó y . Then	 X Ý æ # ¿1 v I êXó 11π º�ó ¿11 ¹�ó 12π º�ó ¿12 u æ # 1 x (12.114)	 Y Ý æ Y # ¿1 È I ê �ó d
22π º v �ó d

22 u ¿ ¹ �ó d
12π º v �ó d

12 u ¿ Ê æ Y # 1 x (12.115)

where
æ # 1 Ý æ 1 ¹�ó u11Ï u1,

æ
Y # 1 Ý å d

2 ¹�Çó y
d

22

>
y

d
2.

Seetheremarksbelow Lemma12.1.12for (1.’) and(2.’); by Lemma12.5.12
(and Lemma12.5.2and duality), they are equivalent to (1.) and (2.) if Σ is
exponentially stabilizable(but we needsomeregularity additionsto get CAREs
in placeof IAREs).

Note that (Factor2Y) is not equivalent to (Factor2Z)but to the analogyof
(Factor1X)for Ü d.

Proof of Lemma 12.5.24: 1� Theequivalence:By usingLemma9.12.3,
onecanverify thatthesolutionsof theIARE “(1.’)” correspond1-1 to ther.c.-
stabilizing solutionsof the IARE for ΣX # andJγ (see(12.88));equivalently, to
thesolutionsof (Factor1X)(of Theorem12.3.7).By (9.141),wehave	 X Ý � æ # 1

0 
 ¿ v Jγ ê Jγ ó X J ã 1
1 π º�ó ¿X Jγ u � æ # 10 
 x (12.116)
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whereó X : Ý ß È Ò u Ê 11
È Ò u Ê 12

0 I á ñ ã 1.

Thecorrespondencebetween(2.’) and(Factor2Y)is analogous.
2� (12.114)& (12.115): We have ó X Ý"³ Ò 11 Ò 12

¿ ¿ ´ , where ó : Ý÷ó u
ñ ã 1,

hence » ó X J ã 1
1 π º�ó X ½ 11 Ýüó 11π º�ó ¿11 êXó 12π º
ó ¿12 y (12.117)

By (12.116)and (12.89), 	 X Ý æ # ¿1 ß I êXó X J ã 1
1 π º�ó ¿X á 11

æ # 1. Combinethis

with (12.117)to obtain(12.114).Equation(12.115)is obtainedanalogously.
3� A remarkon á : Ý æ # 1 æ Y # ¿1 R: Using Lemma12.5.11andthe property

“π º
Ü π ã Ý æ å ” of Definition6.1.1appliedto wholeΣTotal, wegetáXÝ v æ 1 ¹�ó u11Ï u1 uwv å 2 ¹ > y 2 Çó y 22 u (12.118)Ý π º
Ü 12π ã ¹�ó u11π º Ð u12π ã ¹ π º @ y 12π ã Çó y 22 ¹�ó u11π º«¤ 12π ã Çó y 22
(12.119)Ý π º
Ü 12π ã ¹�ó u11π ºÆò u

ã 1
11 ò u12π ã ¹ π º�ó u11π ã ò u

ã 1
11 � 1π ã Çó y 22 (12.120)

wherethelastidentityusesequations(12.113)and Ü 11 Ýüó u11ò u
ã 1
11 .

(The above componentsare in

µ v L2
ω v R ã ;W u x L2

ω v R º ;Y uJu , whereω % R
is s.t. ΣTotal % WPLSω; their sum is stable (since so is the left-hand-sideá : Ý æ # 1 æ Y # ¿1 R% µ v L2 v R ã ;W u x L2 v R º ;Y uJu ). Note this formula can be re-
ducedto π º
Ü 12π ã if Σ is stable.) �
In, e.g.,Theorem12.1.4,we givennecessaryandsufficient conditionsfor the

standardH∞ 4BP in termsof the original system“(1.)–(3.)”, whereasTheorem
12.1.8usesboththeoriginalsystemandaperturbedsystem(condition“(4.’)”).

In Theorem12.3.6,we have givenanalogousnecessaryandsufficient condi-
tions(“(Factor1)”and“(Factor3”)in termsof theoriginalandaperturbedsystem
for the correspondingfrequency-domainproblem(I/O mapproblem). The fol-
lowing remarkcontainstheanalogyof “(1.)–(3.)” for this problem;notethatwe
againgetsufficiency only for theexponential problem(seeRemark12.6.9for the
simplerdiscrete-timecounterpartof this remark):

Remark 12.5.25(ρ v XY u ² γ2ρ v XY u ² γ2ρ v XY u ² γ2: I/O formulation) AssumeHypothesis12.3.1,so
that the d.c.f. (12.111)exists (we needits map � 1 % TIC v Y x U u below for á ).
Assumealsothat ó u x ò u xsÇó y x=Çò y % �" . Then(i) implies(iii) (seebelow).Here�Ï : Ý;á ¿ v I êXó 11π º�ó ¿11 ¹�ó 12π º
ó ¿12 u á È I ê �ó ¿22π ã �ó 22 ¹ �ó ¿12π ã �ó 12 Ê x

(12.121)á is givenby (12.120),ó : ÝHó ñ ã 1 and �ó : ÝU� ã 1
d Çó y .

Assume, in addition, that we have exponentialcoprimenessin Hypothesis
12.3.1 (see Proposition 12.4.10), still with ó u x ò u x Çó y x Çò y % �" , and that �"
satisfiedHypothesis8.4.8;assumethat (12.111)is chosenaccordingly. Thenthe
followingareequivalent:

(i) there is a suboptimal stabilizing controller for Ü (i.e., (4BP1)holds);

(ii) there is a suboptimal exponentiallystabilizingcontroller for Ü ;
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(iii) (Factor1X)and(Factor2Y)holdandρ v �Ï u ² γ.

If (4BP1)holdsandD21 Ý 0, theneach suboptimal stabilizingcontroller forÜ is equivalentto a well-posedone.

We do not know whether(iii) implies (i) in the non-exponential case;the
reasonsfor thisareexplainedat theendof theproofof Lemma12.1.12.

Proof: Notethatnow (4BP1)–(4BP3) areequivalent,by Lemma12.3.10.
1� “(i) � (iii)”: Assume(4BP1), so that (4BP3) and hence(Factor1X)

holds. Then(4BP1)holdsfor Ü d too, by Proposition7.3.4(d),henceso does
(4BP3)for Ü d, hencesodoes(Factor2Y)(sinceit equals“(Factor1X)” for Ü d).

By Lemma12.5.24,it follows that (1.’) and(2.’) have solutions (where
Σ is chosenasin Lemma12.5.23,so that Hypothesis12.5.1is satisfied).By
Theorem12.3.5(b), there is a suboptimal stabilizing DPF-controllerfor Σ,
hence(3.) holds,by Lemma12.1.12,i.e.,ρ v 	 X 	 Y u ² γ. By (12.114),(12.115),
(12.118)andLemmaA.3.3(s2),ρ v �Ï u Ý ρ v 	 X 	 Y u .

2� “(ii) � (i)”: This is trivial.
3� “(iii) � (ii)”: Makenow theadditionalassumptionsin theremark.Since

(12.111)waschosento be in
�

TICexp, we canuseshiftedLemma12.5.23to
satisfyHypothesis12.5.1with ³lÏ u Ð u ´ beingexponentially stabilizing(cf.
Lemma12.5.2).

Assume(iii). By Lemma 12.5.24,it follows that (1.’) and (2.’) have
solutions, henceso do (1.) and (2.). As in 1 � , we observe that also (3.)
holds, hencethere is a suboptimal exponentially stabilizing controller for Σ
by Theorem12.1.11(by Theorem12.1.8,all suchcontrollersare equivalent
to well-posedcontrollersif D21 Ý 0). The I/O map of this controller is a
suboptimal exponentially stabilizingcontrollerfor Ü , hence(4BP1)holds.

Remark: In the discrete-time version of the remark, “still withó u x ò u xMÇó y x�Çò y % �" , and that �" satisfiedHypothesis 8.4.8” becomessu-
perfluous,sincethenTheorem12.1.11canbereplacedby Theorem12.2.1and
henceHypothesis 8.4.8is not required,so that �" Ý ticexp becomesapplicable

(and we automatically have ó u x ò u x Çó y x Çò y % ticexp under this exponential
coprimenessassumption). �
(Seethenotesonp. 706.)
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12.6 Proofsfor Section12.2— 4bp X è Y è Z

Laboromniavicit improbus

— Vergil (70–19B.C.)

Recall Standing Hypothesis12.1.1. Recall also that when referring to
continuoustimetheory(asabove),weassumethatsubstitutions(13.63)aremade.

Themainresultof this sectionis Lemma12.6.4,whichgeneralizesthe“(1.)–
(3.) if f (1.) and (4.)” proof of [IOW] to our generality, and which is needed
alsofor thecontinuous-time proofsfor Section12.1. We startwith a few results
thatdefinerequiredsymbolsandshow thecorrespondencebetweenthemandthe
symbolsof [IOW]. At the endof the section,therearesomeresultsthat clarify
certainimportantpropertiesof the(discrete-time)H∞ 4bp.

TheDARE (12.34)will becalledthe 	 X-DARE, andtheDARE (12.35)will
becalledthe 	 Y-DARE. In thissection,weshallestablishtheconnectionbetween
thesetwo DAREsanda third one, 	 Z-DARE, thatwill bedefinedbelow:

Lemma 12.6.1(	 Z	 Z	 Z-DARE) Assumethat the 	 X-DARE(12.34)hasan internally
P-stabilizing solution v 	 X x SX x KI u s.t.SX11

�
0 andSX22 ê S

¿
X12SX11SX12 � 0.

Thenthe corresponding IARE has another internally P-stabilizing solutionv 	 X x J1 x ³6Ï Ð ´ u s.t.X21 Ý 0, where
ñ

: Ý I ê Ð % tic∞ v U ~ W u .
Fix such a solutionandset ò : Ý ñ ã 1, ó : Ý�Ü�ò . ThenX11 x X22 % � µ and

K Ý XKI Ý �
X11KI1 ¹ X12KI2

X22KI2 
 x KI Ý �
X ã 1

11 K1 ê X ã 1
11 X12X

ã 1
22 K2

X ã 1
22 K2 
 y (12.122)

Moreover, Lemma12.5.16applies(evenundertheseweaker assumptions; if
Hypothesis12.5.13is satisfied, thenits triple v 	 X x J1 x ³6Ï Ð ´ u hasthe above
properties),andthegenerating operatorsof ΣZ definedbyaregivenby�

AZ BZ

CZ DZ 
 : Ý Ö× A

¿ ¹ K

¿
I2B

¿
2 C

¿
2 ¹ K

¿
I2D

¿
22 ê K

¿
I1X

¿
11

X ã ¿22 B

¿
2 X ã ¿22 D

¿
22 X ã ¿22 X

¿
12

0 0 I ØÙ y (12.123)

Wedefinethe 	 Z-DARE astheDAREfor ΣZ andJ1. Wenotethat(thesymbols
on the left ocrrespondto thenotationof [IOW], pp. 307–; this will beexplained
later)

Q t : Ý C

¿
ZJγCZ Ý B2X ã 1

22 X ã ¿22 B

¿
2 x (12.124)» 0 I

I 0 ½ L t : Ý D

¿
ZJγCZ Ý �

D22

X12 
 X ã 1
22 X ã ¿22 B

¿
2 x (12.125)» 0 I

I 0 ½ R t » 0 I
I 0 ½ : Ý D

¿
ZJγDZ Ý �

D22

X12 
 X ã 1
22 X ã ¿22 ³ D ¿22 X

¿
12́ ê �

0 0
0 γ2I 
 y (12.126)

Note from Lemma 12.5.12 that here
ñ Ý I ê Ð Ý ò ã 1 correspondsto	 X (i.e., to (Factor1)),not to (Factor1X).Note also that (12.123)corresponds

to ³ K I ê X ´ (more exactly, to the statefeedbackpair » 0 0 0
K2 ã X21 I ã X22 ½ for

(extended)Σ), whereX : Ý Lñ v ¹ ∞ u , not to KI , althoughwehavewritten it in terms
of KI andX, not in termsof K andX.
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Proof: By Lemma11.3.13(i)&(iii), thereis X % � µ v U ~ W u s.t.X

¿
J1X Ý

SX, X21 Ý 0. By Theorem9.8.12(s1), v 	 X x J1 xÍ4 XKI I ê X 6 u is also a
solution of the correspondingIARE with samestabilizability properties(note
that ³lÏ Ð ´ is notuniquebut all possiblechoicesareobtainedparameterizes
by X % µ v U ~ W u s.t.X21 Ý 0 andX

¿
J1X Ý SX).

Conversely, any internallyP-stabilizingsolutionof theIARE with X21 Ý 0
is as above, by Theorem9.8.12(b)&(s1),henceX11 x X22 % � µ

, by Lemma
11.3.13(b3).Therefore,(12.122)holds.Therestis straightforward. �
Next we makeanotherremarkon thecorrespondenceof ournotationandthat

of [IOW]:

Lemma 12.6.2(	 X x 	 Y	 X x 	 Y	 X x 	 Y) For 	 X and 	 Y Riccati equations, we note that ΣX

satisfies

Qc : Ý C

¿
XJγCX Ý C

¿
1C1 x (12.127)» 0 I

I 0 ½ L ¿c : Ý D

¿
XJγCX Ý �

D

¿
11C1

D

¿
12C1 
 x (12.128)» 0 I

I 0 ½ Rc » 0 I
I 0 ½ : Ý D

¿
XJγDX Ý �

D

¿
11D11 D

¿
11D12

D

¿
12D11 D

¿
12D12 ê γ2I 
 (12.129)

(here thefirst termson each line referto symbolsof [IOW], p. 307–,to which we
will referlater), andΣd

Y satisfies

Qo : Ý C

¿
YdJγCYd Ý B2B

¿
2 x (12.130)» 0 I

I 0 ½ L ¿o : Ý D

¿
YdJγCYd Ý �

D22B

¿
2

D12B

¿
2 
 x (12.131)» 0 I

I 0 ½ Ro » 0 I
I 0 ½ : Ý D

¿
YdJγDYd Ý �

D22D

¿
22 D22D

¿
12

D12D

¿
22 D12D

¿
12 ê γ2I 
 y (12.132)

Let X be as in Lemma12.6.1,so that X21 Ý 0. Then,SXKI Ý X

¿
JγXKI Ý

X

¿
JγK, henceK Ý J ã 1

γ X ã ¿ v SXKI u , hence

K Ýjê J ã 1
γ X ã ¿ v ê SXKI u Ý � ê X ã ¿11 0ê γ ã 2X ã ¿22 X

¿
12X

ã ¿
11 γ ã 2X ã ¿22 
 � T1

T2 
 x (12.133)�
T1

T2 
 Ý �
D

¿
11C1 ¹ B

¿
1 	 XA

D

¿
12C1 ¹ B

¿
2 	 XA
 (12.134)

K1 Ýjê X ã ¿11 v D ¿11C1 ¹ B

¿
1 	 XAu x K2 Ý γ ã 2X ã ¿22 v T2 ê X

¿
12X

ã ¿
11 T1 u (12.135)�

(This is obvious. NotethatwehaveT

¿
2 Ý M1, T

¿
1 Ý M2 in IOW-notation.)

Weshallalsoneedthefollowing technicalresult:

Lemma 12.6.3 Here (exceptionally)X x Y x Z referto elementsof

µ v H u .
(a) Letρ v XY u ² 1 andX x Y ÿ 0. ThenI ê XY % � µ v H u , Z : Ý Y v I ê XY u ã 1 ÿ 0.

(b) LetX x Z ÿ 0. ThenI ¹ XZ % � µ v H u , Y : Ý Z v I ¹ XZ u ã 1 ÿ 0, ρ v XY u ² 1.
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(c) If the assumptions of (a) or (b) hold, then the assumptions of both (a)
and(b) hold,σ v XY u �j» 0 x 1u , I ¹ XZ Ý v I ê XY u ã 1, Y Ý Z v I ¹ XZ u ã 1, and
Z Ý Y v I ê XY u ã 1.

Proof: (a) Let ρ v XY u ² 1. Then 1 ,% σ v XY u , henceI ê XY % � µ v H u .
Set Z : Ý Y v I ê XY u ã 1, W : Ý I ê Y1f 2XY1f 2, so that W Ý W

¿
. Because

ρ v Y1f 2XY1f 2 u Ý ρ v XY u ² 1, by Lemma A.3.3(s2), we have σ v W u � 1 êv ê 1 x 1u Ý v 0 x 2u , in particular, W
�

0. Therefore,�
Z v I ê XY u x x v I ê XY u x� Ý �

Yx x v I ê XY u x� Ý �
Y1f 2x x WY1f 2x� ÿ 0 for all x % H y

(12.136)
Consequently, Z ÿ 0. Moreover, I ¹ XZ Ý v I ê XY ¹ XY uwv I ê XY u ã 1 Ý v I ê
XY u ã 1, andZ ê ZXY Ý Y impliesthatY Ý Z v I ¹ XZ u ã 1.

(b) By LemmaA.3.3(s2)&(s3),σ v XZ u µÀÂ 0 Å Ý σ v T u µÀÂ 0 Å , whereT : Ý
Z1f 2XZ1f 2. But T ÿ 0, henceσ v XZ u � R º , henceσ v I ¹ XZ u � » 1 x ∞ u ; in
particular, I ¹ XZ % � µ v H u . Moreover,�

Y v I ¹ XZ u x x v I ¹ XZ u x� Ý �
Zx x v I ¹ XZ u x� Ý �

x x v Z ¹ ZXZ u x� ÿ 0 x (12.137)

for all x % H, i.e., for all v I ¹ XZ u x % H, henceY ÿ 0.
Furthermore,σ v XY u Ý σ v I ê v I ¹ XZ u ã 1 u Ý 1 ê 1e σ v I ¹ XZ u � 1 ê v 0 x 1½ Ý» 0 x 1u , henceρ v XY u ² 1. The final two equationsare obtainedfrom, e.g.,

Y ¹ YXZ Ý Z.
(c) Seetheproofsof (b) and(a). �

Next we establish theconnectionbetweenthe 	 Y-DARE andthe 	 Z-DARE,
i.e.,weshow that“(1.) and(4.)” hold if f “(1.)–(3.)” hold (seeSection12.2):

Lemma 12.6.4(	 Z � 	 Y & ρ v 	 X 	 Y u ² γ2	 Z � 	 Y & ρ v 	 X 	 Y u ² γ2	 Z � 	 Y & ρ v 	 X 	 Y u ² γ2) Let the 	 X-DARE have an inter-
nally P-stabilizing solution v 	 X x SX x KX Ë I u s.t. 	 X ÿ 0, SX11

�
0 and SX22 ê

SX21S
ã 1
X11SX12 � 0. Thenthefollowingareequivalent:

(i) the 	 Z-eDAREhasa solution v 	 Z x SZ x KZ u s.t. 	 Z ÿ 0;

(ii) the 	 Y-eDAREhasa solution v 	 Y x SY x KY u s.t. 	 Y ÿ 0 andρ v 	 X 	 Y u ² γ2.

Assumethat(i) or (ii) (henceboth)holds.Let v 	 Z x SZ x KZ u and v 	 Y x SY x KY u be
thecorrespondingsolutions(i.e., oneis givenandtheotheris theoneconstructed
in theproof). Thenthefollowing hold:

(a) Wehave	 Z Ý 	 Y v γ2I ê 	 X 	 Y u ã 1 x 	 Y Ý γ2 	 Z v I ¹ 	 X 	 Z u ã 1 x (12.138)

I ¹ 	 X 	 Z Ý v I ê γ ã 2 	 X 	 Y u ã 1 x Aë Ë Y Ý v I ¹ 	 X 	 Z u Aë Ë Z v I ¹ 	 X 	 Z u ã 1 x
(12.139)

whereAë Ë Y andAë Ë Z are thecorrespondingclosed-loopsemigroupgenera-
tors.

(b) 	 Z is [strongly/exponentially] internallyP-stabilizing iff 	 Y is.

(c) If SY11
�

0, SY22 ê SY21S
ã 1
Y11SY12 � 0, then SZ11

�
0 and SZ22 ê

SZ21S
ã 1
Z11SZ12 � 0.
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Recall that an internally P-stabilizing solution is unique, and an inter-
nally exponentially stabilizing solution is exponentially stabilizing (seeTheorem
14.1.4(b)andLemma13.3.8).

The 	 X-DARE, 	 Y-DARE and 	 Z-DARE, i.e., the DAREs for v ΣX x Jγ u ,v ΣY x Jγ u and v ΣZ x J1 u aregiven in (12.34),(12.35)and(12.36),respectively. See
(12.84), (12.85) and (12.94) for correspondingsystemsand (12.123) for the
generatorsAZ, BZ, CZ andDZ.

Proof of Lemma 12.6.4: (As before,theeDAREsrefer to corresponding
DAREs without the requirementS

¿ % � µ
. Note also that we have madeno

coercivity assumptionson Σ (e.g.,(12.32)–(12.33) (or “(A2)”) neednot hold a
priori).)

We shall follow the(finite-dimensional, exponentially stabilizing)proof of
[IOW] andextendit to ourgenerality(in somepartsof theproofweareforced
to developedifferentmethodsdue to infinite dimensions); the pagenumbers
and“(10.nnn)”s below referto IOW.

Let v 	 X x SX x KX Ë I u betheinternallyP-stabilizingsolution of the 	 X-DARE.
Fix someX of the form of Lemma12.6.1,sothatX21 Ý 0 (andSX Ý X

¿
J1X).

SetK : Ý XKX Ë I , so that v 	 X x J1 x 4 K I ê X 6 ) is alsointernallyP-stabilizing
asin Lemma12.6.1(with thesame

ä ë x æ ë xQÏ ë asfor 4 KX Ë I 0 6 ).
We have the following correspondenceof the [IOW]-notation (hereon the

left-hand-side)andoursv`u T Ý v`u ¿ x “ Û 0“ Ýh· · � 0· · x D Ý D » 0 I
I 0 ½ x B Ý B » 0 I

I 0 ½ x J Ý÷» 0 I
I 0 ½ J1 » 0 I

I 0 ½ Ý÷» � I 0
0 I ½ x

(12.140)

Vc Ý ß Vc11 0
Vc21 Vc22 á Ý÷» 0 I

I 0 ½ X » 0 I
I 0 ½ x Wc Ý ê » 0 I

I 0 ½ K x F Ý÷» 0 I
I 0 ½ KX Ë I Ý¼» 0 I

I 0 ½ X ã 1K x (12.141)

R t Ý÷» 0 I
I 0 ½ D ¿ZdJ1DZd » 0 I

I 0 ½ x CO Ý B

¿
Zd x X Ý 	 X x Y Ý 	 Y x Z Ý 	 Z (12.142)

(notethat » 0 I
I 0 ½ ã 1 Ý » 0 I

I 0 ½ Ý�» 0 I
I 0 ½ ¿ ). Throughout the restof this proof, symbolsin

quotation marksalwaysreferto [IOW]-notation,in particular, theindices1 and
2 correspondingtoU andW areinterchanged(asabove). It followsthatthe 	 X-
DARE is equalto (notethat ê SKX Ë I Ý ê X

¿
J1XKX Ë I Ý ê X

¿
J1K Ý » 0 I

I 0 ½ V ¿c JWc)
theequationsystem

W

¿
JW Ý W

¿
c2Wc2 ê W

¿
c1Wc1 Ý A

¿ 	 XA ê 	 X ¹ C

¿
1C1 Ý “A

¿
XA ê X ¹ C

¿
1C1“ x

(12.143)

V

¿
c JVc Ý ß V 
c21Vc21 ã V 
c11Vc11 V 
c21Vc22

V 
c22Vc21 V 
c22Vc22 á Ý÷» 0 I
I 0 ½ SX » 0 I

I 0 ½ Ý “ ß D11D 
11 ã I º B 
1XB1 D 
11D12 º B 
1XB2
D 
12D11 º B 
2XB1 D 
12D12 º B 
2XB2 á “ x

(12.144)

W

¿
c JVc Ý �

W

¿
c2Vc21 ê W

¿
c1Vc11

W

¿
c2V22 
 Ý “

�
D

¿
11C1

D

¿
12C1 
 ¹ �

B

¿
1XA

B

¿
2XA
 “ y (12.145)

Part I: caseγ Ý 1:
1� Symplecticpencils: Note that the conditions(CD1), (CD2) and(CD4)

on p. 308hold, respectively, if f the 	 X-DARE, 	 Y-DARE and 	 Z-DARE have
exponentially stabilizing solutionswith S

¿
11
�

0 andS

¿
22 ê S

¿
21S
ã 1
¿
11S

¿
12 � 0,

by Lemma11.1.7(seealsoLemma12.6.2andLemma12.6.1).
However, we start with only the assumption that the 	 X-DARE has an
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internally P-stabilizingsolution, and we shall obtain analogousresultsas in
[IOW], by following their proof.

Let S Ý X

¿
J1X andKX Ë I correspondto XI Ý I (i.e., to the solutionof the

DARE), and let K correspondto X (i.e., K Ý XKX Ë I ). ThenVc Ý RXR and
Wc Ý ê RK, whereR Ý ³ 0 I

I 0 ´ in thenotationof [IOW].

Let v MY x NY u and v MZ x NZ u be the symplectic pencils(seeLemma14.2.5)
correspondingto (CD2)and(CD4),respectively, with third andfourthrowsand
columnsof MZ andNZ interchanged,in particular,

MY Ý Öîî× I 0 0 0
0 ê A 0 0
0 ê C1 0 0
0 ê C2 0 0

ØðïïÙ and MZ Ý Öîî× I 0 0 0
0 ê A ê B1X ã 1

22 K2 0 0
0 ê X12X

ã 1
22 K2 ¹ K1 0 0

0 ê C2 ê D22X
ã 1
22 K2 0 0

ØðïïÙ (12.146)

satisfyMY % µ v H ~ H ~ Z ~ Y u andMZ % µ v H ~ H ~ Y ~ U u .
By repeatingtheroutinebut loooong computations(donottry thisathome)

of pp.315–317of [IOW], weseethattheextensions M ·Y x N ·Y % µ v H ~ H ~ Z ~
Y ~ W ~ U u of MY andNY, andM ·Z x N ·Z % µ v H ~ H ~ U ~ Y ~ W ~ Z u of MZ

andNZ, andtheoperatorsUa andWa giventheresatisfy

UaM ·ZWa Ý M ·Y x UaN ·ZWa Ý N ·Y x (12.147)

andUa andWa areinvertible (useLemmaA.1.1(b1)&(b2)andelementaryrow
andcolumnoperationsfor this invertibility).

(Note: wemusthave v`u ¿ in placeof v`u T . Notealsothefollowing misprints:
thetop row of thebiggestmatrix in (10.161)shouldbe ³ ê Sc ScV

¿
c21V

¿
c22́ , the

WT
2 in (10.162)shouldbeWT

c2 (i.e., W

¿
c2), and“(10.165)” on line 5 of p. 317

shouldbe“(10.164)”.)

2� “ ρ v 	 X 	 Y u ² 1” is necessary:Let the 	 Z-DARE have an internally P-
stabilizingsolution 	 Z ÿ 0. ThenI ¹ 	 X 	 Z % � µ v H u , 	 Y : Ý 	 Z v I ¹ 	 X 	 Z u ã 1 ÿ
0 andρ v 	 X 	 Y u ² 1, by Lemma12.6.3(a).Thus,weonly have to show that 	 Y

is the(unique)internallyP-stabilizingsolutionof 	 Y-eDARE.

Moreover, NZVZ Ý MZVZAë Ë Z andhenceN ·ZV ·Z Ý M ·ZV ·ZAë Ë Z (i.e., (10.166)
and(10.169)hold),where

VZ Ý Ö× I	 Z

KZ ØÙ x V ·Z Ý Ö× VZ

0ê Θ 	 ZAë Ë Z ØÙ x (12.148)

Θ is asonp. 316,KZ is thecorrespondingstatefeedbackoperatorandA ë Ë Z the
correspondingclosed-loopsemigroupgenerator, by Lemma14.2.5.

But (12.147)impliesthatN ·YW ã 1
a V ·Z Ý N ·YW ã 1

a V ·ZAë Ë Z (thisis (10.170)),and

Wa Ý Ö× I ê 	 X 0
0 I 0° ° ° ØÙ impliesthatW ã 1

a Ý Ö× I 	 X 0
0 I 0° ° ° ØÙ x (12.149)
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It follows thatW ã 1
a V ·Z Ý ß I º � X � Z� Z

¿ á . Consequently,

N ·YV ·Y Ý M ·YV ·YAë Ë Y x where V ·Y : Ý W ã 1
a V ·Z v I ¹ 	 X 	 Z u ã 1 Ý Ö× I	 Y° ØÙ (12.150)

and Aë Ë Y Ý v I ¹ 	 X 	 Z u Aë Ë Z v I ¹ 	 X 	 Z u ã 1. The four top rows of N ·YV ·Y Ý
M ·YV ·YAë Ë Y areNYVY Ý MYVYAë Ë Y, whereVY consistsof the four top rows of
V ·Y. By Lemma14.2.5,	 Y solvesthe 	 Y-eDARE,andAë Ë Y is thecorresponding
closed-loopsemigroup generator.

3� “ ρ v 	 X 	 Y u ² 1” is sufficient: (We go here2� backwards.)Assume (ii).
Then	 Z : Ý 	 Y v I ê 	 X 	 Y u ã 1 ÿ 0,by Lemma12.6.3(a),andNYVY Ý MYVYAë Ë Y
andhenceN ·YV ·Y Ý M ·YV ·YAë Ë Y, where

VY Ý Ö× I	 Y

KY ØÙ x V ·Y Ý Ö× VY

XaVYAë Ë Yê XbVYAë Ë Y ØÙ x (12.151)

whereXa andXb are the operators“X1” and “X2” of (10.158). By (12.149),

we haveV ·Z : Ý WaV ·Y v I ê 	 X 	 Y u ã 1 Ý ß I� Z

¿ á . But N ·YW ã 1
a V ·Z Ý M ·YW ã 1

a V ·ZAë Ë Z,

whereAë Ë Z : Ý v I ê 	 X 	 Y u Aë Ë Z v I ê 	 X 	 Y u ã 1, henceN ·ZV ·Z Ý M ·ZV ·ZAë Ë Z, hence

NZVZ Ý MZVZAë Ë Z, whereVZ Ý ß I� Z

¿ á arethefour toprowsof V ·Z. Consequently,	 Z is asolutionof the 	 Z-eDARE.
(a) Given (i) or (ii), we obtain the connectingformulae (12.138) and

(12.139)from (2� , 3� and)Lemma12.6.3.
(b) By (a) andLemmaA.4.2(h1),Aë Ë Y is [strongly/exponentially] stable

if f Aë Ë Z is. Moreover, if 	 Z is internally P-stabilizing, so that A ë Ë Z andAë Ë Y
arebounded(by theabove) and

�
Anë Ë Zx0 x 	 ZAnë Ë Zx0� Ý ¯ 	 1f 2

Z Anë Ë Zx0 ¯ 2H ± 0, as

n ±Ñ¹ ∞, for all x0 % H, then 	 ZAnë Ë Zx0 Ý 	 1f 2
Z 	 1f 2

Z Anë Ë Zx0 ± 0, hence	 YAnë Ë Yx0 Ý 	 Y v I ¹ 	 X 	 Z u Anë Ë Z v I ¹ 	 X 	 Z u ã 1x0 Ý 	 ZAnë Ë Z v I ¹ 	 X 	 Z u ã 1x0 ± 0 x
(12.152)

for all x0 % H, hencealso 	 Y is internally P-stabilizing(becauseÂ Anë Ë Y Å is
bounded).

(c) We follow herecloselypp.321–326of IOW. Now

“Rt ¹ COZC

¿
O · · Ý÷» 0 I

I 0 ½ v DZd

¿
J1DZd ¹ BZd

¿ 	 ZBZd u » 0 I
I 0 ½ Ý÷» 0 I

I 0 ½ SZ » 0 I
I 0 ½ x (12.153)

whereCO : Ý¼» 0 I
I 0 ½ B¿Zd Ý÷» 0 I

I 0 ½ ß ã X11KI1
C2 º D22KI2 á . Wedividetheproof in parts1 � and2� .

1� SZ11
�

0: Make the definitionsof p. 321. By p. 322,we have Ñ �
0

(useLemmaA.3.1(p2)for thefinal conclusion). Then· · D22D

¿
22
· · Ý D22D

¿
22 ¹ C2 	 YC

¿
2 Ý SY11

�
0 y (12.154)

Consequently, SZ11
�

0, becauseSZ11 Ý · · D22 Ñ D

¿
22
· · , by thecomputationson

p. 322.
2� SZ22 ê SZ21S

ã 1
Z11SZ12 � 0, equivalently(10.198)holds: Now “D

¿
12D12 Ý
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VT
c22Vc22”, i.e.,

“D

¿
12D · ·12 Ý D

¿
11D11 ¹ B

¿
1 	 XB1 Ý v SX u 11 Ý X

¿
11X11

�
0 (12.155)

BecauseQ : Ý · · D12X
ã 1
11
· · % µ v U x Z ~ H u , so that Q

¿
Q Ý I , thereis an unitary

extensionUc % � µ v U ~ V x Z ~ H u of Q, by LemmaA.3.1(e3),whereV : Ý
Ranv Qusö is a closedsubspaceof Z ~ H; thus, (10.200)holds. Similarly,
D21D

¿
21 Ý SY11 Ý Y

¿
11Y11

�
0, sothatthereis aunitaryextensionUo % � µ v Y ~

V · x W ~ H u of “D
T
21Vo22” Ý D

¿
21Y11, asin (10.201),whereV · Ý Ranv D ¿21Y11 usö �

W ~ H. In (10.202)thepartitionis w.r.t.

µ v Y ~ V · x U ~ V u .
The rest is straightforward, hence(10.206)

�
0 (i.e., E

�
0 in (10.209),

where E % � µ v Y ~ V · u ), hence(10.207)–(10.208) hold, by, e.g., Lemma
A.3.1(d).

We arrive at the inequalitiesat theendof theproof. By LemmaA.3.3(s2),
(10.208),and LemmaA.3.1(b1), the last inequality holds, hence(10.198)Ýê SZ22 ¹ SZ21S

ã 1
Z11SZ12

�
0.

Part II: Thegeneral case(γ Û 0): Apply Part I to diagv I x γ ã 1I x I u Σ, andthen
applyLemma12.6.5(e.g.,wehaveρ v γ ã 2 	 X 	 Y u ² 1 � ρ v 	 X 	 Y u ² γ2). �
For generalγ Û 0, wedividez by γ to reducethe4bpfor thecasewith γ Ý 1:

Lemma 12.6.5(ρ v 	 X 	 Y u ² γ2 ,Ý 1ρ v 	 X 	 Y u ² γ2 ,Ý 1ρ v 	 X 	 Y u ² γ2 ,Ý 1) The4bpfor Σ andγ Û 0 correspondsto the
4bp for diagv I x γ ã 1I x I u Σ and 1 (i.e., we multiply ³ æ 1 Ü 11 Ü 12 ´ by γ ã 1).
Moreover, thesolutionsof theDAREsfor the latter problemcorrespondto those
for the original problemas follows (both solutions exist iff either exists; in the
claimson 	 Z weassumethat theassumptions of Lemma12.6.1hold):v 	 Xγ x SXγ x KXγ u Ý v γ ã 2 	 X x γ ã 2SX x KX u x (12.156)

ΣXγ ëÀÝ diagv I ;γ ã 1I x I x I x I u I ΣX ë ; (12.157)v 	 Yγ x SYγ x KYγ u Ý v 	 Y x ß I 0
0 γ � 1I á SY ß I 0

0 γ � 1I á x ³ I 0
0 γI ´ KY u x (12.158)

ΣYγ ëÀÝ diagv I ; I x γI x I x γI u I ΣY ë¥I diagv I ; I x γ ã 1I u ; (12.159)v 	 Yγ x SZγ x KZγ u Ý v γ2 	 Z x ³ γI 0
0 I ´ SZ ³ γI 0

0 I ´ x ³ I 0
0 γI ´ KZ u x (12.160)

ΣZγ ëÀÝ diagv I ;γI x γI x I x γI u I ΣZ ë�I diagv I ; I x γ ã 1I u ; (12.161)

in particular, ρ v 	 X 	 Y u ² γ2 � ρ v 	 Xγ 	 Yγ u ² 1, and the stabilizability of these
solutionsis invariant underthismodification.

(Thiswasusedin theproofof Lemma12.6.4.)
Proof: (In the lemma,ΣXγ ë is the closed-loopsystemcorrespondingto	 X-DARE (henceto modifiedΣX andJ1); analogouslyfor ΣYγ ë andΣZγ ë ; in

particular, theclosed-loopsemigroupsareinvariant.)
1� 	 X-DARE and 	 Y-DARE: (Note that here we have madeno further

assumptionsthanStandingHypothesis12.1.1.)
By writing the 	 X-DARE and the 	 Y-DARE out with substitutions Σ °±

diagv I x γ ã 1I x I u Σ andγ °± 1, oneobservesthatthesolutions of themodifiedand
original 	 X-DARE and 	 Y-DARE correspondto eachotherthroughtheabove
formulae.
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2� 	 Z-DARE: The requirementthat X

¿
J1X Ý SX (which is implicit in

Lemma12.6.1)resultsin γ ã 1X in placeof the original X in (12.123),which
affects(theextended)ΣZ asin (12.161),hencetheclaimson 	 Z-DARE canbe
verifiedin thesamewayasthoseon the 	 X-DARE.

3� Theclaimsat theendof thelemmafollow from theequations. �
Weendthissectionby recordingdiscrete-timecounterpartsof threeimportant

lemmasanda remarkof Section12.5.
FirstwenotethatHypothesis12.5.1is weaker thanstandardH∞ 4BPassump-

tions:

Lemma 12.6.6( v A x B1 u & v A x C2 u©�v A x B1 u & v A x C2 u©�v A x B1 u & v A x C2 u�� Hypothesis12.5.1) Assumethat v A x B1 u
is optimizableand v A x C2 u is estimatable.

ThenHypothesis12.5.1is satisfied(evenwith “exponentiallyjointly” in place
of “jointly”) exceptpossibly (12.78). Moreover, thencondition(12.78)holdsiff
(12.32)–(12.33)aresatisfied.

Proof: By Proposition13.3.14(andits proof), thereareK % µ v H x U u andé�% µ v Y x H u s.t.A ¹ B1K andA ¹|é C2 areexponentially stable.ExtendΣ by K
and é (with F Ý 0 Ý G Ý E) to satisfyHypothesis12.5.1with “exponentially
jointly” in placeof “jointl y” (cf. the proof of Lemma13.3.17(a)&(b)) except
possibly (12.78).

But K is exponentially stabilizingfor Σ11 : Ý÷È A B1
C1 D11 Ê , with closedloop

I/O map ß Ò u11ù
u11 á (sinceò u : Ý v I ê Ð u u ã 1 Ý ß È I ã Ó u11 Ê � 1 ã È I ã Ó u11 Ê � 1 Ó u12

0 I á ).
By Lemma8.4.11(a2),ó u

¿
11ó u11

�
0 iff ó u11 is I -coercive; by Theorem

8.4.5(d),this is thecaseif f Ü 11 is I -coercive over

¾
exp (w.r.t. systemΣ11); by

Proposition15.2.2(f1)&(i)&(ii), this is thecaseif f (12.32)holds.
By dualarguments,weobtainthat Çó y 22 Çó y

¿
22
�

0 iff (12.33)holds. �
Lemma 12.6.7(	 X & 	 Y �	 X & 	 Y �	 X & 	 Y � Hypothesis12.5.1) If conditions (1.) and (2.) of
Theorem12.2.1aresatisfiedand(12.32)–(12.33) hold,then v A x B1 u is optimizable
and v A x C2 u is estimatable.

SeeLemma12.6.6for more.
Proof: By Theorem11.5.1(iii)&(i), (the ficp for ΣX hasa solution and)v A x B1 u is exponentially stabilizable. By dual arguments,v A x C2 u is exponen-

tially detectable. �
Lemma 12.6.8(Hypothesis12.5.1� � � (12.32)–(12.33)) Hypothesis12.5.1is sat-

isfied with ³lÏ u Ð u ´ and ß A yB y á being exponentially [jointly] stabilizing iffv A x B1 u is optimizable, v A x C2 u is estimatableand(12.32)–(12.33) aresatisfied.

Proof: “If ” : This follows from Lemmas12.6.7and12.6.6.
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“Only if ” AssumethatHypothesis 12.5.1holdsandthat ³lÏ u Ð u ´ is ex-
ponentiallystabilizing. Then v A x B1 u is optimizableand v A x C2 u is estimatable,
by Lemma12.5.2. From the endof the proof of Lemma12.6.6,we observe
that(12.32)and(12.33)hold. �
In discrete-time,thenecessaryandsufficientconditions“(Factor1X)and(Fac-

tor2Z)” for thesolvability of thefrequency-domainH∞ 4BPcanbeformulatedin
termsof originaldatawithoutany regularityassumptions:

Remark 12.6.9(ρ v XY u ² γ2ρ v XY u ² γ2ρ v XY u ² γ2: I/O formulation) Assumethat Hypothesis12.3.1
is satisfiedwith exponentialcoprimeness(as in Proposition 12.4.10). Then(i)–
(iii) of Remark12.5.25areequivalent. �

(Thiswasremarkedat theendof theproofof Remark12.5.25.)
However, also in discretetime, our result in the non-exponential caseis

onedirectional,asin Remark12.5.25.
(Seethenotesonp. 711.)
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Chapter 13

Discrete-Time Maps and Systems(ti
& wpls)

At anygivenmoment,an arrow mustbeeitherwhere it is or where it
is not. But obviouslyit cannotbewhere it is not. Andif it is where it
is, that is equivalentto sayingthat it is at rest.

— Zeno’s (335–262B.C.) paradoxof themoving (still?) arrow

In thischapter, wepresentherebriefly somefactson thediscretecounterparts
of WPLSs,which we call discrete-timewell-posedlinear systems(wpls’s). They
arethesystemsgovernedby differenceequations©

x j ª 1 c Axj w Buj p
y j c Cxj w Du j p j r Z p (13.1)

for A p B p C p D r¬« ; seeDefinition13.3.1andLemma13.3.3for definitions.
We show that almost all our continuous-time results have discrete-time

analogies(seeTheorem13.3.13),andalsomany further resultshold dueto the
boundednessof thegeneratingoperators(A p B p C p D). Roughlyspeaking,wewrite
continuous-time results(and definitions) in lower case(e.g., L2 ��®­ 2), as in
(13.63).

In Section13.1, we study boundedlinear time-invariant maps ­ 2
r u Z;U x �­ 2r u Z;Y x (“ti r u U p Y x ”, where � u � 2� 2

r ¯ Z;U ° : c ∑k � r | kuk � 2U ), andthe corresponding
transferfunctions(thiscorrespondsto Chapters2 and3). TheCayley transformis
treatedin Section13.2.

In Section13.3,westudywpls’s(thiscorrespondsto Chapter6, alsoChapters
4, 7 and8 aretreatedin Theorem13.3.13). TheI/O mapsof wpls’sareexactlythe
causalmapsin ± r ² 0tir (see(13.46)).

In Section13.4,weshow how to obtainwpls’sfrom WPLSs,by discretization.
This allows us to reduceseveral WPLS problemsto wpls problems,which are
often substantially simpler due to boundedinput and output operators. (This
differs from the Cayley transformof Lemma 13.2.1 and from the methodof
Lemma13.1.4.)

Discrete-timeRiccatiequations(DAREs)andspectralfactorizationaretreated
in Chapter14 (this correspondsto Chapters9 and5) andminimizationproblems
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in Chapter15 (this correspondsto Chapter10). Discrete-timeH∞ (andNehari)
problemsaretreatedin Sections11.5and12.2.

Also in this chapter, U , W, H, Y and Z denoteHilbert spacesof arbitrary
dimensionsandB denotesaBanachspace.



13.1. DISCRETE-TIME I/O MAPS (tic) 781

13.1 Discrete-timeI/O maps(tic)

ThePriest’sgrey nimbusin a nichewherehedresseddiscreetly. I will
not sleephere tonight. Homealso I cannotgo. A voice, sweetened
andsustained,calledto himfromthesea.Turningthecurvehewaved
his hand. A sleekbrownhead,a seal’s, far out on thewater, round.
Usurper.

— JamesJoyce(1882–1941), "Ulysses"

In thisandthefollowing section,wepresentresultscorrespondingto Chapters
2 and 3; in particular, we extend the discrete-timeFourier multiplier and H∞

boundaryfunction theoremsto I/O mapsover unseparableHilbert spaces,in
Lemmas13.1.5and13.1.6.Our third mainresultis LemmalticConvol(d), which
treatstime-invariantcausaloperators(ticloc) thatare“almost r-stable”(thatmap
functionswith finite supportinto ­ 2

r ). We alsodefineti andtic and treatetheir
basicpropertiesincludingadjoints,inverses,convolutionformsand³ -transforms.
FurtherresultsareobtainedthroughTheorem13.3.13.

We startby presentingour notation. Let S ´ Z, p rf� 1 p ∞ x andr µ 0. Recall
thatx : S � B (equivalently, x r BS) meansthatx is a functionfrom S to B, i.e.,a
B-valuedsequenceon S. We set �·¶ x j ¸ j ¹ S � � ∞r ¯ S;B ° : c supj ¹ S � r | jx j � B, ­ ∞ : c ­ ∞1 .
Wealsodefine

­ p
r u S;Bx : c}¶ x : S � B ºº � x � p� pr : c ∑

j ¹ S � r | jx j � pB � ∞ ¸ (13.2)

and­ p : c ­ p
1. Wehave � x � � qr » � x � � pr » ∞ (x : S � B p ∞ � q � p � 1 p r µ 0) (proof:

assumew.l.o.g. that � x � � pr c 1, ...). For S ´ N we have (useLemmaB.3.13for
p � q)

� x � � ps ¯ S;B ° » Mr ¼ s¦ p ¦ q � x � � qr ¯ S;B ° u ∞ µ s µ r µ 0 p p p q r½� 1 p ∞ �Nx<¾ (13.3)

By «À¿�u U p Y x wedenotecompactlinearoperatorsU � Y, and

­ 1Á6Â u S; «Eu U p Y x!x : c}¶ T r ­ 1 u S; «Eu U p Y x!xÃºº Tj r¬«À¿_u U p Y x for all j Äc 0 ¸ p (13.4)

­ 1Å : cÆ¶ T r ­ 1 ºº Tj c 0 for all Ç j � 0 ¸ p (13.5)

­ 1Á6Â ¦ Å : cÆ¶ T r ­ 1Á6Â ºº Tj c 0 for all Ç j � 0 ¸ ¾ (13.6)

Note that the vectorsek : c χ È k É (k r S) form the standardorthonormal base
of theHilbert space­ 2 u Sx , and ¶ xαek ºº α rEÊËp k r Ş is anorthonormalbasefor­ 2 u S;H x whenever, ¶ xα ¸ α ¹<Ì is anorthonormal basefor H. Obviously,

cc u S;Bx : c}¶?u x j x j ¹ S ºº x j c 0 for j not in somefinite subsetof Ş (13.7)

is densein ­ p
r u S;Bx . By LemmaB.4.15, ­ p

r u S;H x i c ­ q1¼ r u S;H x when1 » p � ∞
andp | 1 w q | 1 c 1.

Theconvolution u a j x j ¹ Z �8u bk x k ¹ Z : cÎÍ ∑
j

a jbn | j Ï n ¹ Z (13.8)
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is bilinearandbounded­ 1r u Z;Bx�Ð ­ p
r u Z;B¤Ñx �Ò­ p

r u Z;B¤ ¤�x whenever B Ð B¤ � B¤ ¤
is bilinearandbounded(e.g.,B ch«Eu U p Y x , B¤(co«Eu Y p Z x andB¤ ¤(co«Eu U p Z x ); see
LemmaD.1.7. By theFubini theorem,we have u a �Jx�i0cÓu Rai�x<� in thesensethatÔ
a � b p cÕ4c Ô b p�u Rai�x:� cÕ when, e.g., a r ­ 1, b r ­ p and c r ­ q. We definethe

isometricisomorphism(multiplicationoperator)r ÖJr¬«Eu ­ p
s p ­ p

rsx by

r Ö c×u!u x j x j ¹ S �� u r jx j x j ¹ Sx (13.9)

Obviously, u r Ö ax:� b c r Ö%u a � r |AÖ bx , hence(cf. Remark13.3.9)Ø
r u a �Jx : c r Ö u a �Jx r |AÖ c×u r Ö ax<� (13.10)

definesan isometricisomorphism
Ø

r : ­ 1s � ��Ù­ 1rs � (we identify ­ 1s � with ­ 1s asa
Banachspace).We identify S � B with ¶ x : Z � B ºº x j c 0 for all j r Z Ú Ş .

The left shift τ c τ1 is definedby u τxx i : c xi ª 1 for x : Z � B. We set
N : cÛ¶ 0 p 1 p 2 p!¾�¾!¾ ¸ , Z | : c Z Ú N cÛ¶#� 1 p!� 2 p!� 3 p!¾!¾!¾ ¸ , so that π ª : c πN mapsu Z � U x � u N � U x andπ ª w π |¥c I , whereπ | : c πZ ¡ (recallthatπNu : c χNu
for all sequencesu andsetsN). We setPku : c uk (k r Z). The reflection Ris
definedasin continuous time: u Rxx i : c x | i , hence

τ Rc Rτ | 1 p Rτ c τ | 1 Rp Rπ ª Rc τ | 1π | τ p Rπ | Rc τ | 1π ª τ ¾ (13.11)

However, the canonicaldiscrete-timereflectionis the one satisfying R| 1π ª c
π | R| 1, namelytheonedefinedby u R| 1xx i : c x | 1 | i (cf. Proposition13.3.5).We
have

τ | 1 R| 1 c Rc R| 1τ p R| 1π ª c π | R| 1 p τ R| 1 c R| 1τ | 1 ¾ (13.12)

Moreover, Ri c Rand Ri | 1 c R| 1 on
Ô �Üp!� Õ � 2

r ¦ � 21Ý r , R| 1 c R, R| 1| 1 c R| 1, and

� τx � � pr c r � x � � pr pf� Rx � � pr cÓ� x � � p1Ý r pÞ� R| 1x � � pr c r � x � � p
1Ý r u x : Z � B p r µ 0x�¾

(13.13)

We definethe Z-transform bu : cÆ³ u of u : Z � U by bu u zx : c ∑ j ¹ Z zju j for
thosez for which thesumconverges(oneoftenusesz| 1 insteadof z to make the
formulaemoreakin to their continuous-timecounterpartsat thecostof having to
studyfunctionsholomorphicat infinity).

One easily verifies that the Z-transform maps ­ 2r u N;U x onto the Hardy
spaceH2

r ¡ 1 : c H2 u r | 1D;U x throughan isometric times ß 2π isomorphism(i.e.,� bu � H2
1Ý r cÆß 2π � u � � 2

r
; useLemmaD.1.15andscaling),and ­ 1r u N;U x into H∞

1¼ r : c
H∞ u D1¼ r ;U x linearlyand1-1,with � bu � H∞

1Ý r » � u � � 1r (notetheexceptional meaning

of H∞
r (insteadof H∞ u C ªr ;U x ) in thissection;recallthatDr : c rD cs¶ z r C ºº�à z à �

r ¸ and � bu � L2 ¯ r∂D;U ° : c � 2π
0 � bu u reit xL� 2U dt, hence� 1 � 2 c ß 2π). It follows thatá

Ru u zx3c bu u 1â zx�p bτu c z| 1 bu u u : Z � U x�¾ (13.14)

We startby definingthediscrete-timecounterpartsof TI andTIC (cf. Defini-
tions2.1.1and2.1.4):



13.1. DISCRETE-TIME I/O MAPS (tic) 783

Definition 13.1.1(tititi and tictictic) Let r µ 0. We definetir u U p Y x to be the (closed)
subspaceof operators eãrä«Eu ­ 2r u Z;U x<p ­ 2r u Z;Y x!x that are time-invariant, i.e.,
τ1 efche τ1.

Wedefineticr u U p Y x to bethe(closed)subspaceof operators mor ti r u U p Y x that
arecausal, i.e., π |Am π ª c 0.

Finally, ticloc u U p Y x is the setof linear maps m ª : UN � YN that are time-
invariant (τ | 1 m ª com ª τ | 1) andcausal(π È 0 É m ª π È 1 ¦ 2 ¦ 3 ¦ å å å É c 0).

Maps in ti : c ti1 are called stable; maps in tiexp : c ± r æ 1tir are called
exponentially stable, andmapsin ti∞ Ú ti arecalledunstable, where ti∞ : ch± r ² 0tir .
Wesettic : c tic1, ticexp : c tic ç tiexp, tic∞ : c tic ç ti∞.

If eèr tir u U p Y x , then its (noncausal)adjoint e=i is the ti1¼ r u Yp U x map that
satisfies

∑
n ¹ Z

Ô uée u x�u nx<p y u nx
Õ dt c ∑
n ¹ Z

Ô
u u nx<p�uée i yx�u nx
Õ dt u u r ­ 2r u Z;U x�p y r ­ 21¼ r u Z;Y x!x�p

(13.15)
and its causaladjoint is e d : c Re�i Rc R| 1 e�i R| 1 r tir u Yp U x , where u Rxx i : c
x | i .

(In theliterature,“exponentially stable”is oftencalled“powerstable”,but we
preferthisanalogyto continuoustime.)

By Lemma2.1.10(seeTheorem13.3.13),we have tic c tic∞ ç ti, ticexp c± r æ 1ticr , tic∞ cs± r ² 0ticr .
Let eêr tir , r µ 0. Oneeasilyverifiesthat e d r tir is causal( r ticr ) if f e is.

Obviously, τn efche τn. for all n r Z (andπ È å å å ¦ n | 2 ¦ n | 1 ¦ n É e π È nª 1 ¦ nª 2 ¦ n ª 3 ¦ å å å É c 0 iffehr tic∞).
If a mapis causalandanti-causal,thenit takesthe form of a multiplication

operator:

Lemma 13.1.2(Static m ) Let m�p�m8iër tic∞. Then mèrË« . Moreover, the imbed-
ding « �� TIC is isometric,preservesnorms,andcommuteswith algebraic oper-
ations. ì

(Theproofof Lemma2.1.7appliesheretoo;seeRemark13.3.9for astability
shift.)

If m}r tic∞ u U p Y x , then,obviously, π ª m π ª r ticloc u U p Y x andthemaptic∞ ��
ticloc is injective, hencewe can andwill identify m and π ª m π ª . Thus, ticr ´
tics ´ tic∞ ´ ticloc when0 � r � s � ∞.

On theotherhand,if m ª r ticloc u U p Y x , then,obviously, τ | n m ª chm ª τ | n and
π È 0 ¦ 1 ¦ å å å ¦ n É m ª π È nª 1 ¦ nª 2 ¦ n ª 3 ¦ å å å É c 0 for all n r N. Oneeasilyverifiesthatticloc maps
correspondone-to-oneto linear, causal(π ª m π |Ëc 0), time-invariant(τn mycym τn

for all n r Z) mapsbetweensequencesZ � U andZ � Y whosesupportsare
boundedfrom the left. Obviously, sucha mapbelongsto tic∞ if f it is bounded
undersome ­ 2r norm; we give anothernecessaryandsufficient condition in (b)
below:
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Lemma 13.1.3(tic mapsareconvolutions)

(a) The set ticloc u U p Y x is exactly the set maps m : UN � YN that have a
(necessarilyunique)representationof theformmoc ∑

j ¹ NTjτ | j p i.e., uNm u x k c ∑
j ¹ NTjuk | j u u : N � U p k r Z x�p (13.16)

equivalently, mocíu Tj x j ¹ N � , where Tj r¬«Eu U p Y x for all j r N.

(b) Assume(13.16). Then Tj c PÈ i É m P iÈ 0 É for all j, and the following are
equivalent:

(i) m}r ticr u U p Y x for somer µ 0;

(ii) � Tj � » Msj for all j r N andsomes µ 0.

(c1) If (i) holds, then bmvu zx�c ∑ j ¹ N Tjzj r H∞ u Dr ; «Eu U p Y x!x and (ii) holdsfor
s c r andM c��<më� ticr .

(c2)Conversely, if (ii) holds,then(i) holdsfor anyr µ s(and �<më� ticr » M ¤r ¼ sM).

(c3) If msr ticr , then msr ­ 1s u N; «Eu U p Y x!x<� for all s µ r.

(d) Assumethat mÛr ticloc and r µ 0 are s.t. m u0e0 r ­ 2r for all u0 r U
(equivalently, bmÓr H2

strongu D1¼ r ; «Eu U p Y x!x ). Let 0 � s � r � t � ∞. Thenm}r tict , mq� ­ 2s u N;U x#w cc �6´ ­ 2r , bmsr H2
strongu r | 1D; «Eu U p Y x!x and

�<më� tict » M ¤t ¼ r �<m π È 0 É �8� ∞ p (13.17)�<m u � � 2
r » �<m π È 0 É �(� u � � 1r » M ¤ ¤r ¼ s �<m π È 0 É �(� u � � 2s u u r ­ 2s u N;U x�x�¾ (13.18)

In particular, mÎr½«Eu ­ 1r u Z;U x�p ­ 2r u Z;U x!x , mni¥rî«Eu ­ 21¼ r u Z;U x<p ­ ∞1¼ r u Z;U x!x ,
and m π ï 0 ¦ t ° u � m u and m t u � m u in ­ 2r for all u r ­ 2s u N;U x?w cc.

Thus,ticloc is the setof convolution operatorshaving N � «Eu U p Y x kernels,
andticr is its subsetof mapsthatarebounded­ 2

r �ð­ 2r . If myr ticloc u U p Y x satisfiesmq� cc ��´ ­ 2r , then msr ticr ñ for all r ¤?µ r, by (d).
As we will seefrom Definitions13.3.1and13.3.4,(i) holdsif f m hasa wpls

realization;henceall (linear, causalandtime-invariant)mapssatisfying(ii) have
a wpls realization.

Proof of Lemma 13.1.3: (a)For all u r N � U , wehave

uNm u x k c k

∑
j ò 0
uNm πk | jux k c k

∑
j ò 0
u πk m πk | jux k (13.19)

c k

∑
j ò 0
u τ | ¯ k | j ° π j m π0τk | jux k c k

∑
j ò 0

Pj m P i0uk | j p (13.20)

i.e., (13.16)holdsfor thisu. Theconverseis obvious.
(b) This follows from (c1)&(c2).
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(c1) Conversely, assume(i). The claim on bm is obviously true. Let� u � U c 1, sothat � ue0 � � 2r c 1, wheree0 : c χ0. Then,for any j r N,

�<mó� p
ticr
�í�<m ue0 � p� pr : c ∑

k

� r | k uNm ue0 x k � pY �è� r | j uNm ue0 x j � pY cÓ� r | jTju � pY p
(13.21)

hence� Tju � Y » r j �<më� ticr . Becauseu wasanarbitraryunit vector, (ii) holdsfor
s c r.

(c2) If (ii) holdsandr µ s, then(seeLemmaD.1.7)�9u Tj x j ¹ Z �j� ticr » �9u Tj x j ¹ Z � � 1r » M ¤r ¼ sM p (13.22)

whereM ¤r ¼ s : c ∑k ¹ N u r â sx<| k � ∞. (Note that (i) doesnot have to hold r c s
(e.g.,takeTj c 1 for all j).)

(c3) By (c1) (and(ii)) and(13.3), m}r ­ ∞r u N; «Eu U p Y x!x<�q´ ­ 1s u N; «Eu U p Y x!x<�
for any s µ r.

(d) 1ô bm�r H2
strong: Obviously, m P i0 �U �J´ ­ 2r if f u Tju0 x j ¹ N r L2 for all u0 r U ,

i.e., if f bmsr H2
strongu D1¼ r ; «Eu U p Y x!x . Thus,wehave theequivalence.

2ô Now M : cÎ�<m P i0 �8cÎ�<m π È 0 É �j� ∞, by LemmaA.3.6 (with, e.g.,X3 : c­ 2loc cÎu Z � Bx ). Therefore, � Tj � » Mr j for all j r N, by (13.21). The first
inequalityfollows from this.

3ô Givenu r ­ 1r u N;U x , wehave�<m ukek � � 2r c�� τ | k m uke0 � � 2r » Mr | k � uk � U p (13.23)

by (13.13),hence �<m u � � 2
r » M ∑k r | k � uk � U c M � u � � 1

r » M ¤ ¤ � u � � 2
s
, by (13.3).

If u r cc, thenτ | nu r ­ 1r u N;U x for somen r N, hencethen m u r ­ 2r .
4ô Since mõrö«Ëu ­ 1r u Z;U x�p ­ 2r u Z;U x�x , by 3ô , we have mni÷r«Eu ­ 21¼ r u Z;U x�p ­ ∞1¼ r u Z;U x�x , by LemmaB.4.15(andLemmaA.3.24).
5ô Thelastclaimholds,because�<m u �Ëm t u � � 2

r » �<m u � π ï 0 ¦ t ° m u � � 2
r
wy� π ï 0 ¦ t ° uNm u �Ëm π ï 0 ¦ t ° uxL� � 2r � 0 p (13.24)

ast � ∞, for any u r ­ 2s u N;U x , since mÆrE«Eu ­ 2s u N;U x�p ­ 2r x . (For u r cc, this is
eveneasier.) ì
We sometimes usethe following lemmato derive discrete-timefrequency-

domainresultsfrom continuous-timeones:

Lemma 13.1.4 Let 1 » p » ∞. Define bT and bT | 1 byu bT bf x�u e| sx : cøbf u sx u s rî� 0 p�w ∞ x?w i ��� π p π x!x�p (13.25)u bT | 1 bgx�u sx : c bg u e| s x u s r C ª x�¾ (13.26)

Then bT maps Lp u iR;Bx onto L p u ∂D;Bx , Lp
strongu iR; «Ëu U p Y x!x onto

Lp
strongu ∂D; «Eu U p Y x!x , and Hp u C ª ;Bx onto Hp u D;Bx with norm » 1, but none

of thesemapsis one-to-one.
Moreover, bT bT | 1 c I , and bT | 1 mapsL∞ u ∂D; «Eu U p Y x!x into L∞ u iR; «Ëu U p Y x!x

andL∞
strongu ∂D; «Eu U p Y x!x into L∞

strongu iR; «Ëu U p Y x!x andH∞ u C ª ;Bx into H∞ u D;Bx ,
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isometrically.
Furthermore, bT u f � gx/cíu bT f x6��u bTgx and bT | 1 u f � gx/cíu bT | 1 f x6��u bT | 1gx for all

f andg.
Finally, Lemmas13.1.5and13.1.6will showthat T rÀ«Eu L2 u J;U x<p ­ 2 u N;U x!x ,

T rù«Ëu TI u U p Y x�p ti u U p Y x!x and T rù«Ëu TIC u U p Y x�p tic u U p Y x!x are onto, with norm» 1, and T | 1 rù«Eu ­ 2 u N;U x�p L2 u J;U x!x , T | 1 rù«Eu ti u U p Y x�p TI u U p Y x!x and T | 1 r«Eu tic u U p Y x�p TIC u U p Y x!x are isometries;whereTu is definedby
á
Tu c bT bu, etc.and

eitherJ c R ª & N c N or J c R & N c Z. NotethatT uée T | 1ux/c×u T e0x u etc.

Wealsousetwo othermethodsto establishconnectionsbetweendiscrete-and
continuous-timemaps;seeLemma13.2.1,Theorem13.2.3andSection13.4for
details.

Proof: Note that � bT bf � Lp ¯ ∂D;B° cÙ�:bf � Lp ¯ i ï | π ¦ π ° ;B° and � bT bf � Lp ¯ ∂Dr ;B° c�:bf � Lp ¯ i ï | π ¦ π ° | logr;B ° ; theHp claim follows from these,andtherestis obvious,
becauses �� e| s maps ��� π p π x � ∂D and u 0 p�w ∞ x:w i ��� π p π x � D, one-to-one
andonto. ì
The ti mapshave L∞

strongu ∂D; �Jx transferfunctionsin the sameway asthe TI
mapshaveL∞

strongu iR; �Jx transferfunctions:

Lemma 13.1.5(btir c L∞
strongu r | 1∂D p��Jxbtir c L∞
strongu r | 1∂D p��Jxbtir c L∞
strongu r | 1∂D p��Jx ) Let e�r tir u U p Y x . Thenthere is a unique

transferfunction beóu zx4r L∞
strongu ∂D1¼ r ; «Eu U p Y x!x s.t.

áe u c be bu for all u r ­ 2r u Z;U x .
Moreover, themappinge �� be is an isometricisomorphismof ti r ontoL∞

strong
andit commuteswith adjoints andcompositions; in particular, it is an isometric
Bi -algebra isomorphismwhenU c Y andr c 1.

SeeSection3.1or SectionF.1 for L∞
strong.

Proof: We take r c 1 to simplify the notation. Let bú r«Eu ­ 2 u ∂D;U x�p ­ 2 u ∂D;Y x!x betheoperatordefinedby bú bu : c áe u.
FromTheoremF.1.7(b)we obtaineasilythelemmaexceptfor thefact that

eachti u U p Y x maphasa transferfunction;hencewestudythisclaimonly.
This claim is known in thecaseof separableU andY c U (e.g.,Theorem

1 of [FS]), hencein the caseof separableU and an arbitrary Y (because
there is a separablesubspaceY0 ´ Y s.t. eír ti u U p Y0 x , i.e., e f r L2 u Z p Y0 x
for all f r L2 u Z;U x , by LemmasA.3.1(a3)andB.3.16). We could prove the
unseparableresultby themethodsof Theorem3.1.3(a1),but wehavechosento
combinethelatterwith theseparablecaseto obtainashorterproof.

By the resultsmentionedabove, for eachclosed,separablesubspaceV ´
U there is a transferfunction be V r L∞

strongu ∂D; «Eu U p Y x!x , and for each ûür
TI u U p Y x a transferfunction bûír L∞

strongu iR; «Ëu U p Y x!x .
Let eÞr ti u U p Y x . Then ûjý : f �� § ¨ | 1 bT | 1 ³qe3³ù| 1 bT § ¨ f is obviouslyin linear

and ��û ý � Á ¯ L2 ° » 1.

To prove that ûnýèr TI u U p Y x , take arbitrary f r L2 u R;U x and t r R.
Choosea closedseparablesubspaceV ´ U s.t. f r L2 u R;V x . Let FV : c
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bT | 1 be V r L∞
strongu i ��� π p π x ; «Eu V p Y x!x (herewe usedtheseparableresult),sothat§ ¨ u
û ý f x3c bT | 1 u be V bT bf x3c FV bf .

But FVe| t Ö&bf c e| t Ö FV bf , henceû8ý τ u t x f c τ u t x�ûný f , for all t r R. Therefore,û8ýËr TI u U p Y x , hencebû8ýËr L∞
strongu iR; «Ëu U p Y x!x . Equationbû8ýóbf c bT | 1 u be V bT bf x

impliesthat

u bT bû ý x�u bT bf x/c be V bT bf ch³Àuée3³ | 1 bT bf x for all f p V ¾ (13.27)

Consequently, be : c bT bû ý r L∞
strongu ∂D; «Eu U p Y x!x is thetransferfunctionof e .

The“Moreover” claimsareeasyto prove,cf. theendof theproof of Theo-
rem3.1.3(a1). ì

Lemma 13.1.6( bticr c H∞
1¼ rbticr c H∞
1¼ rbticr c H∞
1¼ r ) Let m×r ticr u U p Y x . Thenthere is a unique bmvu zx8r

H∞ u D1¼ r ; «Eu U p Y x!x s.t.
ám u c bm bu for all u r ­ 2r u N;U x , namelythe onedefinedin

Lemma13.1.3(c1).Moreover, themappingm �� bm is anisometric Banachalgebra
isomorphismof ticr ontoH∞

1¼ r .
In particular, ticr ´ ticr ñ for 0 � r � r ¤ .
Furthermore, bm has the (nontangential) boundary function bmþr

L∞
strongu ∂D1¼ r ; «Eu U p Y x!x in thesenseof Theorem3.3.1(c)&(e)&(f)

Wecall D : c bmvu 0x�r¥«Eu U p Y x thefeedthrough operator of m .
Becauseof the last claim of the lemma,we maysafelyidentify bmèr H∞ andbm}r L∞

strong (via anisometricBanachalgebraisomorphism)andcall bothof them
thetransferfunctionof m .

Analogously to the continuouscase,we also identify m×r ticr and m×r ticr ñ
if they (equivalently, their transferfunctions) areextensionsof a singletic (H∞)
map.Consequently, ticr ´ ticr ñ for r � r ¤ .

Proof of Lemma 13.1.6: Obviously, bm bu c ám u onD1¼ r for all bu r U , hence
for all u r ­ 2r , by time-invarianceandcontinuity(alternatively, by [RR,Theorem
1.15B] and scaling). For r c 1, the isomorphism from LemmaD.1.15; the
generalcasefollowsby scaling.

Thus,ticr ´ ticr ñ followsfrom H∞
1¼ r ´ H∞

1¼ r ñ .
By (c) and(e) of Theorem3.3.1, bm hasa boundaryfunction(L∞

strongequiv-
alenceclass,to be exact); that function is obviously equalto theonegiven in
Lemma13.1.5. ì
Invertibility in tic∞ is equivalent to invertibility of thefeedthroughoperator:

Lemma 13.1.7(k | 1k_| 1k | 1) Let kêr tic∞ : cê± r ² 0 ticr . Thenksrÿa tic∞ � X : c bkvu 0x�ra_« . ì
This follows from the fact bk is (boundedly)invertible on a neighborhood

of 0 if f X rha_« (seeLemmaA.3.3(A2)). Obviously, bk_| 1 u 0x"c X | 1, becauseu bk b� x�u 0x/c XZ for any ksr tic∞ u U p Y x , � r tic∞ u Yp Z x .
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Lemma 13.1.8(m dm dm d) Let u r ­ 2 u Z;U x and esr ti u U p Y x . Then
á

Ru u zx�c bu u z̄x for

z r ∂D. Moreover,
áe i u zx/c beëu zx!i , � Re Ru zx3c beëu z̄x and

áe d u zx/c beóu z̄x!i for z r ∂D.

If mhr ticr u U p Y x , r µ 0, then
ám d u zx�c bmvu z̄x!i for z r Dr , i.e.,

ám d u sx6c ∑∞
nò 0D inzn,

where bmvu sx3c ∑∞
nò 0Dnzn is theTaylor seriesof bm (with Dn r¥«Eu U p Y x for n r N).ì

(The proof is almost identical to that of Lemma3.3.8 (with replacements
(13.63))andhenceomitted.) SeeDefinition 3.1.1 for be0i on ∂D (andTheorem
3.1.3(d),which is applicableon ∂D too, by Theorem13.2.3).Note that be i need
not be the pointwise adjointof an arbitraryrepresentative of be , which might be
unboundedandnonmeasurable,by Example3.1.4.Notealsothat z̄ c 1â z on∂D.

Notes
Much of the convolution and Z-transformtheory at the beginning of this

sectionis probablywell known, and so is Lemma13.1.6except the boundary
function claim (in the unseparablecase). Also Lemma 13.1.2 and Lemma
13.1.3(a)are well known (see,e.g., [Mal00] or [Sbook]). Further resultson
ti∞ mapsaregiven in Theorem13.3.13;seethe correspondingcontinuous-time
chaptersfor furthernotes.
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13.2 The Cayley transform (
�

, � )

Andthusin anguishBerenpaid
for thatgreatdoomuponhim laid,
thedeathlessloveof Lúthien,
too fair for loveof mortalMen;
andin hisdoomwasLúthiensnared,
thedeathlessin hisdyingshared;
andFatethemforgeda bindingchain
of living loveandmortalpain.

— J.R.R.Tolkien (1892–1973): "TheLay of Leithian"

In thissection,wepresentstandardandfurtherresultsontheCayley transform
of functionsandparticularlyon thatof (stable)tic operators.

We will often usecomposition with the Cayley function to map H∞ u D;Bx
one-to-oneonto H∞ u C ª ;Bx , ¿�u ∂D;Bx one-to-oneonto ¿_u iR ±�¶ ∞ ¸ ;Bx , or
L∞

strongu ∂D;Bx one-to-oneontoL∞
strongu iR;Bx :

Lemma 13.2.1(Cayley function) WedefinetheCayley functionby

φCayley : s �� 1 � s
1 w s

(13.28)

(a) Wehaveφ | 1
Cayley � φCayley andφCayley u sx � � φCayley u 1â sx (s Ä� 0 p!� 1).

(b) φCayley mapsC ª � D, iR ±ù¶ ∞ ¸ � ∂D, and C ª ± ¶ ∞ ¸ � D one-to-one
andonto(andcontinuously in bothdirections,i.e., it is a homeomorphism)
(but C ªω Ä� Dr for any ω Ä� 0 or r Ä� 1). Moreover, the positivedirection
on iR ( w i∞ to � i∞) is mappedto the negative direction on ∂D, and
f u�Ç ∞ x � � 1 � f u�Ç i∞ x .

(c) If it � φCayley u eiθ x (i.e., eiθ � φCayley u it x ), then dθ
dt � � 2 u 1 w t2 x<| 1.

(d) We have � 2π
0 u f � φ | 1

Cayley x�u ei Ö x dm � � R 2 u 1 w t2 x<| 1 f u it x dt for measurable

f : iR � � 0 p�w ∞ � andfor f r L1 u iR;Bx , where B is a Banach space.

(e1) f �� f � φCayley mapsH u D;Bx one-to-oneontoH u C ª ;Bx , H∞ u D;Bx one-to-
oneontoH∞ u C ª ;Bx , ¿�u ∂D;Bx one-to-oneonto ¿_u iR ±E¶ ∞ ¸ ;Bx , L p u iR;Bx
one-to-oneinto L p u ∂D;Bx , and X u ∂D;Bx one-to-oneonto X u iR;Bx , where
X � L∞, X � L∞

strong, X � L∞
weakor X � L p

loc (1 » p » ∞).

Moreover, thismappreservesthe �6��� ∞ normontheboundary, thesupremum
norm,andnontangentialangles(exceptat � 1 r ∂D).

(e2) Let f r H u C ª ;Bx and g r H u D;Bx . Then f r Hp u C ª ;Bx iff u z ��u 1 w zx 2¼ p f u 1 | z
1ª z x!x�r Hp u D;Bx . Analogously, g r Hp u D;Bx iff u s �� u 1 w

sx<| 2¼ pg u 1 | s
1ª s x!x0r Hp u C ª ;Bx .

(f) If f r L1
loc u iR;Bx , thenir r Lebu f x iff φ | 1

Cayley u ir x�r Lebu f � φCayley x .
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(Thereareseveral differentCayley functionsin the literature,but they only
differ by someadditionalconstantsin theabove formulae.Theadvantageof our
functionis thatit is theinverseof itself. SeealsoLemma13.2.6.)

Proof: (a)–(c)Theseareobvious.
(d) (Note that if either side convergesabsolutely, then so doesthe other

(replacef by � f � B).) This follows from (c) andLemmaB.4.10.
(e1)1ô BecauseφCayley andφ | 1

Cayley areholomorphic,they preservecontinu-
ousandholomorphic functions, by LemmaD.1.2(b4).Trivially, thesupremum
normis alsopreserved(∂D � iR ±E¶ ∞ ¸ or D � C ª ), soH p H∞ p<¿ arealready
covered(notethat∂D andiR ±¥¶ ∞ ¸ arecompact).

2ô By LemmaB.4.10(appliedto φCayley u�� �@x ; cf. (c)), alsothe �3��� ∞-norm
is preservedandcasesX � L∞ andX � Lp

loc arecovered.If B � «Eu U p Y x , then
thecasesX � L∞

strong, X � L∞
weak follow from thecaseX � L∞.

3ô Lp: This follows from thetheoremonp. 130of [Hoffman](whoseproof
appliesalsoto vector-valuedfunctions).

4ô Nontangential angles: (Seep. 967 for nontangentiallimits.) Because
φCayley is conformalC Ú�¶#� 1 ¸ �� C Ú�¶#� 1 ¸ , theimagesof (small)nontangential
conesarecontainedin nontangential cones,in bothdirections.

(e2)The(scalarcase,with adifferentCayley transform)proof theTheorem
onp. 130of [Hoffman]appliesmutatismutandis.

(f) This follows from LemmaB.5.5. (Here we have identified ∂D with��� π p π x (via eit �� t); identification with � 0 p 2π x would affect the point
φ | 1

Cayley u i0x � 1, unlesswe would usethe periodicextensionof f � φ | 1
Cayley � ei Ö

onR.) ì
Thereferencesof Theorem5.1.6will usethefollowing fact (asthedefinition

of
á
π ª ): Theoperator

á
π ª hasthestandardsingularintegralpresentation

u áπ ª bf x�u zx � bf u zx
2
w 1

2πi

�
∂D

bf u sx
s � z

dsp (13.29)

for bf r L2 u ∂D;H x ; this follows by applying scalarcase(from, e.g., [Garnett])
to Λ f for eachΛ r H i (becauseΛ

á
π ª � á

π ª Λ). One gets the corresponding
presentationfor

á
π | analogously.

Next we shall constructan isomorphism � : TI � ti that can be usedto
transformresultsfrom continuoustime to discretetimeandviceversa.

Definition 13.2.2(TI � tiTI � tiTI � ti) We define the (signal) Cayley transform � :
L2 u R;U x ��­ 2 u Z;U x by b�ÿbf : � γ ��uLbf � φ | 1

Cayley x , i.e.,

u b�ÿbf x�u zx : � γ u zx�uLbf � φ | 1
Cayley x�u zx u f r L2 u R;U x!x<p (13.30)

where γ u zx � ß 2â�u 1 w zx .
The (map)Cayley transform � is definedby � e : � � Y e�� | 1

U : ­ 2 u Z;U x �­ 2 u Z;Y x for e : L2 u R;U x � L2 u R;Y x .
(Seetheproofof Theorem13.2.3(a)for details.)
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Next we show that themap � is unitary((a)), that b� � ��� φ | 1
Cayley ((b3)), and

that bti � φCayley � bTI ((b2)):

Theorem 13.2.3( � : TI � ti� : TI � ti� : TI � ti)

(a) Themap � is an isometric isomorphismof L2 u R;U x onto ­ 2 u Z;U x andof
L2 u R ª ;U x onto ­ 2 u N;U x�x .
Indeed,for u : Z � U wehave

� u � 22 : � ∑
n
� un � 2U � u 2π x | 1

� 2π

0
� bu u eiθ xL� 2U dθ (13.31)

� u 2π x | 1
� ª ∞

| ∞
�9u b� | 1 bux�u it xL� 2U dt � � ª ∞

| ∞
�9u�� | 1ux�u t xL� 2U dt (13.32)

Moreover, for u r L2 u R ª ;U x theformula(13.30)holdsonD too.

(b1) The map � is an isometricisomorphismof «Eu L2 u R;U x<p L2 u R;Y x!x onto«Eu ­ 2 u Z;U x�p ­ 2 u Z;Y x!x . Moreover, � commuteswith adjoints and valid
compositionsof operators. Thus,�¥uée ú x � u�� e�x(u�� ú x9p � e | 1 � u�� e0x | 1 p � e i � u�� e0x i p (13.33)

for ehr¬«Eu L2 u R;U x<p L2 u R;Y x!x and
ú r¥«Ëu L2 u R;Y x�p L2 u R;H x!x .

(b2)Themap � is an isometric isomorphismof TI ontoti andof TIC ontotic.

(b3) Let eêr TI,
ú

: � � e . Then bú � be	� φ | 1
Cayley in L∞

strong, i.e., on ∂D (and in
H∞, i.e., onD, if ehr TIC).

(c1) � π 
 � π 
 �vpù� π 
 � π 
 � , � R� R| 1 � � τ R� , � R� R| 1 � τ R.

(c2) dτk � � b�Àu φCayley x k � , bτk � b�¥u φCayley x k � , �� τ u t x � et 1 ¡ z
1� z � b� ,

�� τ u t x � et 1 ¡ z
1� z � .

(c3) � L � L for L r¥«Eu U p Y x .
(c4) � e d � u�� e0x d for e�r TI.

(d) Let eorÀ«Ëu L2 u R;U x�x . Thenπ 
Ae π 
 is invertibleon π 
 L2 iff π 
 u�� e�x π 
 is
invertibleonπ 
 ­ 2.

(e)Let e=p P r¬«Eu L2 u R;U x�x . Then � e�� 0 [ � 0] on u�� Px ­ 2 iff eä� 0 [ � 0] on
PL2.

Notethattheseresultsdonotholdin theunstablecase(seeLemma13.2.1(b)).
However, Section13.4treatsanotherway to relateTI andti, discretization, that
handlesalsotheunstablecase.

Proof: (a) By Lemma13.2.1(d),wehave� 2π

0
�9u b� bux�u eiθ xL� 2dθ � �

R
2 | 1 à1 w it à 2 � bu u it xL� 2 dθ

dt
dt � �

R
� bu u it xL� 2dt (13.34)

for measurablef : iR � U .
This provesthefirst “ � ” sign in (13.31);the two following “ � ” signsare

from LemmaD.1.15.
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It follows that � is an isometric isomorphism of L2 onto ­ 2. The fact
thatπ ª � � � π ª follows from thescalarcase(givenon, e.g.,pp. 104–106of
[Hoffman]). (Indeed,our φCayley usesanextra z �� � z on ∂D comparedto that
of [Hoffman], hencethis transformstheascendingorder(positive orientation)
of ∂D to theascendingorderon � ∞ ¾!¾!¾�w ∞), because,obviously, Λ � U � � CΛ
for Λ r U i . Notethatif u r L2 u R;U x , thenu r L2 u R ª ;U x � Λu r L2 u R ª ;C x
for all Λ r U i , andthatananalogousclaimholdsfor ­ 2.)

(b1) This follows from (a) exceptfor � e=i � u�� e�x·i , which is obtainedas
follows:Ô e i u p vÕ � Ô u p�e vÕ � Ô � u p�� e�� vÕ � Ô � | 1 u�� e�x i � u p vÕ�¾ (13.35)

(b2)This follows from (b1)and(b3).
(b3)Let ehr TI u U p Y x . Then

b� be bu : � γ u!u be bux
� φ | 1
Cayley x � u be�� φ | 1

Cayley x γ u bu � φ | 1
Cayley x � u be�� φ | 1

Cayley x b� bu (13.36)

for all u r L2 u R;U x . Therefore,b� be b� | 1 � be�� φ | 1
Cayley (cf. alsoLemma13.1.6).

(c1) The first identity on π 
 wasproved in the proof of (a1); the second
identity follows from thefirst.. By Lemma13.1.8,

d R� u u zx � á� u u 1â zx � γ u 1â zx bu u 1 � 1â z
1 w 1â z x � zγ u zx bu u�� 1 � z

1 w z
x � z d� Ru u zx (13.37)

for z r ∂D. Becausebτ � zand R| 1 � τ R, weobtainthethird identity; thefourth
identity follows from thethird.

(c2)Becauseu φCayley x k � φCayley � zk � bτk, wehave b�¥u!u φCayley x k bux � zk b� bu,

i.e., the first (and hencethe second)identity holds. Moreover,
�
τ u t x u � est bu,

hence
�� τ u t x � etφCayley ¯ z° b� .

(c3) This is obvious.
(c4) This follows from (c1)andtheformula � e"i � u�� e0x·i from (b1).
(d) By (b), û π ª e π ª � π ª � π ª e π ª û for some û rh«Ëu π 
 L2 x (we

may identify û with π ª û π ª rÎ«Eu L2 x ) if f u��ëû x π ª u�� e�x π ª � π ª �
π ª u�� e0x π ª u��ëû x .

(e) Now
Ô � e0� P� f p�� P� f Õ�� 0 for all � f r ­ 2 if f

Ô e P f p Pf Õ3� 0 for all
f r L2. By replacinge by e¬� εI wegetthe“ � 0” claim. ì
Weremarkthatlosslessness(Definition2.5.1)is � -invariant:

Corollary 13.2.4 LetJ � J i4r «Eu Y x andS � Si4r «Eu U x . Let eÞr TIC,
ú

: � � eÞr
tic.

Then
ú

is u J p Sx -losslessiff e is u J p Sx -lossless.

Proof: This follows from (13.33)andTheorem13.2.3(e). ì
It hasbeenshown in Chapter11of [Sbook]thatfor everyΣ � ��� �� � ¢ r wpls1

with � contractive and ��w I one-to-one,there is Σ ¤ � ��� �� � ¢ ¤ r WPLS0 s.t.m"¤ � � | 1 m (andconversely).
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We now partextendDefinition 13.2.2for unstablem for lateruse(alsomuch
moreis true):

Proposition13.2.5( � � � : unstable m m m ) If Ω � C ª is openand bmsr H u Ω; «Eu U p Y x!x ,
thenweset m u : � § ¨ | 1 bm bu, for all u r L2 u R ª ;U x s.t. bm bu r H2 u C ª ;U x . Moreover,
weset �qm : � � Y mn� | 1

U .

Analogously, if Ω ¤�� D is openand bú r H u Ω ¤ ; «Eu U p Y x!x , thenwe set
ú
u : �³ | 1 bú bu for all u r ­ 2 u N;U x s.t. bú bu r H2 u D;U x .

Thefollowingholds:

(b1) If m is asabove, then d �qm � bm�� φ | 1
Cayley.

(b2) �¥uNm��mvx � u��qmnxJu����móx for �msr H u Ω; «Eu H p U x!x .
(b3) ( bmv�H2 ��� H2 � bmsr H∞bmv�H2 ��� H2 � bmsr H∞bmv�H2 ��� H2 � bmsr H∞) If bm is definedon wholeL2 u R ª ;U x , then bm�r

TIC u U p Y x and �qm coincideswith thatof Definition13.2.2.

Proof: (Note that bm bu r H2 meansthat bm bu has a (unique, by Lemma
D.1.2(e))extension to C ª , andthatthisextensionis in H2.)

(b1)If u p
m u r L2, then �u��qmnx�� u � u bm�� φ | 1
Cayley x á� u, by (13.36).Conversely,

if u bm�� φ | 1
Cayley x á� u r H2 for someu r L2 u R ª ;U x , then bm bu r H2, by (13.36)and

Theorem13.2.3(a).
(b2)This is obviousfrom thedefinition.
(b3) Fix andopenΩ ¤�� Ω s.t. /0 Ä� Ω ¤ � Ω, so that bmír H∞ u Ω ¤ ; «Eu U p Y x!x .

Now bmÎrî«Eu H2 p H∞ u Ω ¤ ;Y x!x , H2 �
c

H∞ u Ω ¤ ;Y x (by LemmaF.3.2(a)&(b)) andbmv�H2 ��� H2, hencebmsr¬«Eu H2 p H2 x , i.e., msr¬«Eu L2 u R ª ;U x<p L2 u R ª ;Y x!x .
Since bm eÖ t � eÖ t bm for all t r R, m commutes with translations, i.e., m�r

TIC u U p Y x .
Obviously, the map �qm of this definition is equal to the restriction to­ 2 u N;U x of themap �qm of Definition13.2.2. ì

Sometimeswewish to map∞ to someotherpointof ∂D thanto � 1. Thenwe
cancombinetheCayley transformwith a rotation:

Lemma 13.2.6(Differ ent Cayley) Proposition 13.2.5and Theorem 13.2.3ex-
ceptpossiblythe claimson R, τ and  "! d (in (c1), (c2) and (c4)) hold evenif we
replaceφCayley by φCayley ��#Rα for someα $ ∂D, where  %#R#u!& z! : � #u  αz! (equiva-
lently, Ruk : � αkuk (k $ Z)) for all z andu.

Proof: Obviously,
á
Ru z! � ∑kzkαkuk �  '#R#u!& z! for all z and u, R is an

isometric isomorphism on ( 2, Rπ ) � π ) R etc. Part of the proposition andof
thetheoremfollows directly from this andtherest(with theaboveexceptions)
caneasilybeverified. *
Notes
Theorem13.2.3(a)is essentiallygiven in [RR], whereone can find further

informationon this transform(alternatively, seeSection11.4of [Sbook]).
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13.3 Discrete-time systems (wpls+ U , H , Y - )
Do youthink whentwo representativesholding diametrically oppos-
ing views get togetherand shake hands,the contradictionsbetween
our systemswill simplymeltaway?Whatkindof a daydreamis that?

— Nikita Khrushchev (1894–1971)

In this sectionwe presentwpls’s, the discretecounterpartsof WPLSs. We
will presentthe main definitionsandresultsof the continuous-time part of this
monographconvertedto the discrete-timeform; this sectioncoversmainly the
theoryof Chapters2–7. Thus,generators,. -transformsof maps,stability and
feedback. Lessstraight-forward results(on stabilizability) are presentedat the
endof this section,andmostof main resultsarecontainedin Theorem13.3.13,
whichcoversthediscretecounterpartsof almostall continuous-timeresultsin this
monographs(seetheotherchaptersfor details).

Westartwith thedefinition:

Definition 13.3.1(wpls) Let r / 0. An r-stablediscrete-timewell-posedlinear
system(r-stablewpls)on  U 0 H 0 Y ! is a quadruple 1 A 2 �� 354 of operators for which

(1.) A $76� H ! , andsupk 8 N 9 r : kAk 9<; ∞;

(2.) =>$?6� @( 2r  Z : ;U !'0 H ! satisfies = τπ :�A A= ;

(3.) BC$76� H 0D( 2r  N;Y !E! satisfies B A A π ) τ B ;

(4.) FG$ ticr  U 0 Y ! andπ ) F π : ACBH= ;

wewrite 1 A 2 IJ 354 $ wplsr  U 0 H 0 Y ! to expressthis,andwesetwpls: AGK r L 0wplsr .

If 1 A 2 IJ 354 $ wpls, and (3.) and (4.) hold for r A 1, then 1 A 2 IJ 354 is a stable-

outputsystem( 1 A 2 IJ 354 $ sos).

If [ 1 A 2 IJ 354 $ wplsr and] r : jA jx M 0 strongly (resp.weakly)as j M ∞ for

all x $ H, then[ 1 A 2 IJ 354 and] A is strongly(resp.weakly) r-stableand 1 A 2 IJ 354 is
strongly(resp.weakly)internallyr-stable.

Wecall A thestatemap, = thereachabilitymap, B theobservability mapandF the I/O mapof 1 A 2 IJ 354 ; themapA (resp.= , B , F ) is r-stableif (1.) (resp.(2.),
(3.), (4.)) holds.

The prefix “ 1-” is often omitted, e.g., systemsin wpls1 are called stable.
Systemsin wplsr for somer ; 1 are calledexponentially stable; similarly, if (1.)
holdsfor somer ; 1, wecall A exponentially stable.

Exponentially stableoperatorsareoften calledpower stable,but we wish to
have our terminologycompatible with the continuous-time notation; hencewe
sometimesalsowrite NO t ! : APN t : A At .

Weshalloftenusethebasicidentities = τkπ :�A Ak = , B Ak A π ) τk B .
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Lemma 13.3.2(wplsr Q wplsr Rwplsr Q wplsr Rwplsr Q wplsr R ) Let 1 A 2 IJ 3 4 $ wplsr for some r / 0. Then1 A 2 IJ 3 4 $ wplsr R for all r ST/ r. *
(Theproof is analogousto thatof Lemma6.1.2andomitted.) In fact, if A is

r-stable,then 1 A 2 IJ 3 4 is r S stablefor all r S
/ r, by Lemma13.3.8.
Oneusuallydefinesdiscretesystemsby (13.40)below. This is notaproblem,

becausewpls’scorrespond1-1 to thesolutions of (13.40):

Lemma 13.3.3(Generatorsof a wpls)

(a) For each Σ : AU1 A 2 IJ 354 $ wpls, there is a uniquequadruple of operators1 A B
C D

4 $�6� H V U 0 H V Y ! , called the generatorsof 1 A 2 IJ 354 , s.t. for x $ H
andu $ cc  N;U ! wehave= u A ∞

∑
j W 0

A jBu: j : 1 A : 1

∑
k W : ∞

A : k : 1Buk 0 �B x ! k A CAkx  k $ N !'0 XF u ! k A ∞

∑
j W 0

CA jBuk : j : 1 Y Duk A k : 1

∑
j W : ∞

 τ : j : 1 B Bu j !& k ! Y Duk  k $ Z !'Z
(13.38)

Moreover, (13.38)hold for anyu $?( 2loc  E[ n 0 Y ∞ ! ;U ! Y ( 2r  Z;U ! , n $ Z andr
is s.t.Σ $ wplsr . Wealsohave(here ek : A χk  k $ Z ! )
Bu AP=\ ue: 1 !E!'0 Cx A] �B x ! 0 0 Du A^ XFO ue0 !E! 0 A #F� 0! for u $ U 0 x $ H Z

(13.39)

Moreover, theuniquesolution (onN) of thedifferenceequationpair_
x j ) 1 A Axj Y Buj 0

y j A Cxj Y Du j 0 (13.40)

with initial valuex0 $ H andinputu $ cc  N;U ! is givenby`
x j

y a A `
A j = τ jB Fba ` x0

u a  j A 1 0 2 0EZEZEZ ! (13.41)

(formula (13.41)determines1 A 2 IJ 3 4 uniquelyon H V cc  N;U ! , henceasa
wpls).

(b) Conversely, for each 1 A B
C D

4 $	6� H V U 0 H V Y ! , the operators definedby
(13.38)are theuniquesolution of (13.40)(and(13.41)),andthey extendto
a (unique)wpls.Theresultingwplsis r-stable(and Fc$d( 1

r ) for anyr / ρ  A!
(andfor no r ; ρ  A! ). We call this wplsthewpls generatedby 1 A B

C D
4 , and

wewrite e A B
C D f : A 1 A 2 IJ 354 .

(c) Let e A B
C D f A 1 A 2 IJ 3 4 $ wplsr  U 0 H 0 Y ! . Then (13.41) is the solution of

(13.40)for anyx0 $ H andu $ N M U (the initial valuesetting). Similarly,
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x j Ag= τ ju, y AGF u is a solution of (13.40)for any u $�( 2
r  Z;U ! (the time-

invariantsettingsatisfyingx j M 0 as j Mih ∞. Moreover, wehave= t u : A>= τtπ ) u A t : 1

∑
k W 0

AkBut : 1 : k A t : 1

∑
k W 0

At : 1 : kBuk  u : Z M U !'0
(13.42)FcA D Y C= τ (13.43) XF<j u! k A ∞

∑
j W 0

Bjk Ajl! jAj un) j ) 1 Y D j uk (13.44) u $7( 2: r  Z;U ! or u :  mh ∞ 0 n!nM U 0 n $ Z !'Z (13.45)

Note that (b) shows that the whole wpls is exponentially stableif f A is (cf.
Lemma6.1.10);equivalently, if f ρ  A! ; 1, i.e., if f σ  A! Q D (seeLemma13.3.7).

As above, we will denotethegeneratorsof operatorsandfeedthroughopera-
torsof tic∞ operatorsby corresponding(ordinary)letters.

Proof: (a)&(b) Exceptfor theclaimsprovedbelow, thestablecaseof this
follows from Section4 of [S99], see[Mal00] for proofs,andthegeneralcase
follows by scaling(seeRemark13.3.9);alsothe readercaneasilyverify the
results.

Theequation#F� 0!nA D follows easilyfrom (13.38).
Equations(13.41)defineawplsuniquely, becausecc is densein ( 2.
Theconditionr / ρ  A! impliesthat 9 r : kAk 9\o 1 for big k, hence 9 r : kAk 9

is then bounded(similarly, it is unboundedfor r ; ρ  A! ). Replacingr by
r ST$p ρ  A!'0 r ! above,weseefrom (13.38)that =q0lBr0sF arer-stableand FG$?( 1r .

(c) Obviously, (13.41)solves (13.40) in both cases. On the other hand,= τ ju Ag= π : τ ju, andπ : τ ju M 0 as j Mth ∞. The formulaefor = t , F and F j
arestraightforward. *
Any tic∞ maphasa realization:

Definition 13.3.4(Realization) Let F>$ ticr  U 0 Y ! . If 1 A 2 IJ 3 4 $ wpls U 0 H 0 Y ! for

someHilbert spaceH, thenwecall 1 A 2 IJ 3 4 (togetherwith H) a realizationof F .

Wecall the(strongly r-stable)system`
π ) τ π )uF π :

I F a Awv π ) τ1 π )  XF�x e: 1 !
π y 0 z D { $ wplsr  U 0D( 2r  N;Y !'0 Y ! (13.46)

theexactlyobservablerealizationof F .

Wenow statethediscreteversionof dualsystems.Thisrequires(13.12),hence
we have to use R: 1 insteadof R(recall that  R: 1x! k : A x : 1 : k). Fortunately,

R: 1 F j R: 1 A Rτ : 1 F j τ RA RF j RA : F d; but for the duals of = and B the
differencebetween Rand R: 1 is meaningful:
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Proposition13.3.5(Dual system) Let 1 A 2 IJ 3 4 A|e A B
C D f $ wplsr , r / 0. Thenits

(causal)dualsystem(or (causal)adjoint system)`
A } =B F a d

: A�~  Ad !�} B d= d F d � : A `  Aj !�} B j R: 1

R: 1 = j R: 1 F j R: 1 a (13.47)

is alsoin wplsr . Moreover, e 1 A 2 IJ 3 4 d f d A 1 A 2 IJ 3 4 and 1 A 2 IJ 3 4 d A|e A � C �
B � D � f .

Heretheadjointsaretakenwith respectto the ( 2 innerproduct(i.e.,without a
weightfunction),e.g.,for B>$�6� H 0D( 2r  N;Y !E! wehavethat B j $�6� @( 21� r  N;Y !'0 H !
and �@B x 0 y��AC� x 0�B j y� for x $ H 0 y $?( 21� r  N;Y ! .

Notethat ( 21� r is thedualof ( 2r with respectto the(weightless)( 2 innerproduct.
Proof of Proposition 13.3.5: Using (13.12)and (13.11)onecan verify

that (1.)–(4.) of Definition 13.3.1hold (e.g., B j R: 1 $	6� @( 2r  Z : ;Y !'0 H ! , and
equationA j B j R: 1 A] π ) τ Bq! j R: 1 A�xExEx�ACB j R: 1τπ : is easilyverified).

Theclaimongeneratorsfollows easilyfrom (13.38). *
Next wewrite out thesymbols (“Z-transforms”)of thecomponentsof awpls:

Lemma 13.3.6 Let e A B
C D f A�1 A 2 IJ 354 $ wplsr  U 0 H 0 Y ! , r / 0. Then, for � z � ;

1� ρ  A! andu0 $ U, wehave#N� z!nA] I h zA! : 1 A ∞

∑
k W 0

Akzk 0 (13.48)

#=� z!nA z I h zA! : 1B A] z: 1 h A! : 1B A ∞

∑
k W 0

Akzk ) 1B 0 (13.49)

#B� z!nA C  I h zA! : 1 A ∞

∑
k W 0

CAkzk 0 (13.50)#F� z!nA D Y Cz I h zA! : 1B A D Y C  z: 1 h A! : 1B (13.51)A D Y ∞

∑
k W 0

CAkBzk ) 1 A D Y #B� z! Bz A D Y C #=� z! (13.52)#=� z! u0 AP=\ z:�} u0 !'0�F z :�} u0 A z:�} #F� z! u0 Z (13.53)

in thesensethat �N x0 A #N x0, �= τu A #= #u, �B x0 A #B x0 and �F u A #F #u on D1� r for all
x0 $ H andu $7( 2r  N;U ! .

Thus, B is stableif f #B�$ H2
strong, i.e., if f C  I h zA! : 1x0 $ H2  D;Y ! for all

x0 $ H. Analogously, = is stableif f B j  I h zAj !�: 1x0 $ H2  D;U ! for all x0 $ H.
Proof: Theequationsfor #N�0 #=�0 #B�0 #F arestraightforward.
Setthenu : A z:�} u0, sothatu $7( 2r  Z;U ! Y ( 2loc  N;U ! . Obviously, #=� z! u0 A=\ z:�} u0 ! , hence #F� z! u0 A Du0 Y C= u A] XF u ! 0 Z (13.54)

Sinceτku A z: ku, wehave  XF u ! k A] XF τku!& 0!nA z: k #Fd z! u0 (k $ Z). *
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Lemma 13.3.7(Exp. stable) Thefollowing areequivalentfor A $?6� H ! :
(i) A is exponentiallystable, i.e., sup9 r : kAk 9<; ∞ for somer ; 1.

(ii) A } x0 $ L2  R ) ;H ! for all x0 $ H;

(ii’)  s �M� I h sA!l: 1x0 !H$ H2  D; 6� H !E! for all x0 $ H;

(iii) 9 ∑∞
0 Akφk 9 H o M 9 φ 9 2 for all φ $ cc  N;H ! ;

(iv) ρ  A! ; 1, whereρ  A! : A limk � ∞ 9 Ak 9 1� k A infk � ∞ 9 Ak 9 1� k A max �σ  A!k� o9 A 9 ;
(v) σ  A! Q D.

Thevalueρ  A! is calledthespectral radiusof A (seeLemmaA.3.3).
Proof: By Lemma A.3.3(r1)&(s1), we have (iv) � (v). Equivalence

“(i) � (iv)” is almosttrivial. Weobtain“(ii) � (ii’)” from (13.48)and“(ii) � (i)”
from [W89d] (whichshowsthattheweakform of (ii) is sufficient). Implication
“(i) � (iii)” follows asin theproofof LemmaA.4.5. *

Lemma 13.3.8(Stability) Let Σ A 1 A 2 IJ 354 $ wpls U 0 H 0 Y ! and0 ; r ; r S ; ∞.
Then

(a1) Σ is exponentiallystable iff A is exponentially stable.

(a2) If A is r-stable (or ρ  A! o r), then Σ $ wplsr R , = τ $ ticr R  U 0 H ! , andF�$7( 1r R  N; 6� U 0 Y !E!�� .
(b1) If = is r-stable, then = τ and F is r S -stable.

(b2) If = τ is r-stable, then = and F are r-stable.

(b3) If B is r-stable, then F�$ ticr R'� 6� @( 1r 0D( 2r ! , F j $?6� @( 21� r  Z;U !�0D( ∞1� r  Z;U !E! ,#F�$ H2
strong r : 1D; 6� U 0 Y !E! andLemma13.1.3(d)applies.

Thus,Σ is r-stablefor all r / ρ  A! .
Proof: (a1)If Σ is exponentially stable,thensois A, by definition.Assume

that A is exponentially stable,i.e., that 9 Ak 9�o Mrk for all k $ N for some
M ; ∞, r ; 1. By usingLemma13.3.3(b),oneeasilyverifiesthat 9 N x0 9 2 o
M  1 h r2 !�: 1 9 x0 9 2 and 1 A 2 IJ 3 4 $ wpls is exponentially stable.

(a2)By Remark13.3.9,wecanw.l.o.g. assumethatr S�A 1, henceweobtain
this from (a1) for Σ (seeLemma13.3.7(iv)&(i) for ρ  A! ). By applying(a1)
with C A I andD A 0, weget = τ A ” F ” $ tic  U 0 H ! .

Finally, chooses $� r 0 1! to obtain F�$ ticsR (by (a1)). Then F�$( 1t  N; 6� U 0 Y !E! for any t / s, particularlyfor t A 1, by Lemma13.1.3(c3).
(b2)This follows from (13.43)for F ; takeC A I 0 D A 0 to get = τ AcF .
(b3)Assumethat B is r-stable.By (13.38),F u0e0 A Du0e0 Y τ : 1 B Bu0e0 $( 2r for eachu0 $ U , hencewegettheclaimsfrom Lemma13.1.3(d).
(b1) If = is r-stable,thenso is = d andhencethen F d and F arer S -stable,

by (b3);application with C A I andD A 0 showsthatalso= τ is r S -stable. *
Now weareabletopresentthediscretecounterpartof Remark6.1.9(see(13.9)

for r } :  x j !��M� r jx j ! ):
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Remark 13.3.9(Stability shift) Let e A B
C D f A 1 A 2 IJ 3 4 $ wplss  U 0 H 0 Y ! . Thenthe

stability shift (or scalingoperator) � r : e A B
C D f �M e rA rB

C D f satisfies� r

`
A } =B F a A¢¡ rA rB

C D £ A `  rA!�} = r :�}
r } B r } F r :�} a $ wplsrs  U 0 H 0 Y !'Z (13.55)

Thus,� r : wplss �M wplsrs is a bijection.
Moreover, � r : ¤¥�M r } ¤ r :�} is an isometricisomorphismti r  U 0 Y !�M tirs  U 0 Y !

aswell as ( 1s  Z; 6� U 0 Y !E!��¦M�( 1rs  Z; 6� U 0 Y !E!�� . *
(We leave thesimpleproof to thereader(cf. (13.10)).)
We let � r also denoteits components(note that this is in accordancewith� r ¤ : A r } ¤ r :�} for ¤¥APFG$ tic).
In Sections6.6–6.7and Chapter7, we reducedall kinds of feedbacksto

staticoutput feedbackfor WPLSs. Next we shall do the samefor wpls’s. As
in Section6.6, we replacethe input u by uL Y Ly, whereuL is an externalinput
andL $76� Y 0 U ! is astaticfeedbackoperator(seeFigure6.2) to obtainequations_

x j ) 1 A Axj Y B  Lyj Y  uL ! j !'0
y j A Cxj Y D  Lyj Y  uL ! j !'0 j $ Z Z (13.56)

Thesearealgebraicallythe sameas(6.123)–(6.124), in particular, they have
a unique solution (i.e., they arewell-posed)if f I h DL is invertible. If that is the
case,we call thefeedbackadmissible:

Definition 13.3.10(Admissiblestatic output feedback) Let e A B
C D f A 1 A 2 IJ 3 4 $

wpls U 0 H 0 Y ! . An operator L $�6� Y 0 U ! is called an admissible (static)output
feedbackoperatorfor 1 A 2 IJ 354 if I h L F�$�§ tic∞  U ! .

Wecall L r-stabilizingif ΣL $ wplsr etc.,asin Definition6.6.4.

By LemmasA.1.1(f6) and13.1.7,eachof theconditions“ I h LD $p§¦6� U ! ”,
“ I h DL $�§¦6� Y ! ”, andI h�F L $p§ tic∞  Y ! is equivalentto I h L F�$p§ tic∞  U ! .

Thecorrespondingclosed-loopsystemis givenbelow:

Lemma 13.3.11Let e A B
C D f A 1 A 2 IJ 3 4 $ wplss  U 0 H 0 Y ! and I h LD $c§�6� U ! .

Then¡ AL BL

CL DL £ : A v A Y BL  I h DL ! : 1C B  I h LD ! : 1 I h DL !�: 1C  I h DL !E: 1D { (13.57)

A `
AL = LB L F L a : A ~ A Y BL  I h DL ! : 1C =\ I h L Fr! : 1 I h�F L !E: 1 B  I h�F L !E: 1 F � $ wpls U 0 H 0 Y !'Z

(13.58)

Moreover, A j
L h A j AP= τ jL B L A>= τ jL  I h�F©¨r!ª: 1 B>A>= LLτ j B for j « 0.

Proof: By solving (13.56),we obtain(13.57). By Lemma13.3.3(b),the
operators(13.57)generateawpls,whosestatemapisnecessarilyAL, andwhose
reachability, observability, andI/O maps=5SL 0�BHSL 0�F5SL canbefoundby solving`

x j

y a A `  AL ! j =�SLτ jBHSL F5SL a ` x0

u a  j A 1 0 2 0EZEZmZ¬!'Z (13.59)
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But from (13.59)and“u A uL Y Ly” weobtain`
x j

y a A `
A j Y = τ jL B L = Lτ jB L F L a ` x0

u a  j A 1 0 2 0EZEZmZ¬!'Z (13.60)

Thus,= SL A¥= L , B SL APB L and F SL A­F , andA j
L h A j A¥= τ jL B L ; thelastequation

followsLemmaA.1.1(f6). *
Thus,theformulafor statefeedback,definedasin Definition6.6.10,takesthe

following form:

Lemma 13.3.12A state feedback pair e K F f is admissible for 1"® IJ 354 Ae A B
C D f $ wpls iff I h F $¯§�6 . If this is the case, thenthe resultingclosed-loop

systemis givenby (hereM : A^ I h F !l: 1)

Σ ° : A²±³ A } Y = τ  mx¬!"´pµ =u´B Y FH´Cµ F¶´´·µ ´|h I ¸¹ AUº» A Y BMK BM

C Y DMK DM
MK M h I ¼½ Z (13.61)

*
The pair e MK 0 f , whereM : Ab I h F !�: 1, is equivalent to e K F f in

the sensethat it is admissible or stabilizing if f e K F f is, and the resulting
closed-loopsystemis

±³ A Y BMK B

C Y DMK D
MK 0 ¸¹ Z (13.62)

We identify K $p6� H 0 U ! as a state feedback operator to the (admissible)
statefeedbackpair 1 K 0 4 . Thus, K $�6� H 0 U ! is exponentially stabilizing
if f A Y BK is exponentially stable,etc.SeealsoLemma13.3.16.

Also otherdefinitionsof Section6.6canbeconvertedto thediscretetimecase
analogously;theresultscanbeconvertedin asimilarway:

Theorem13.3.13(WPLS resultshold for wpls’s) If we make the following
replacements(hereCT refers to continuousandDT to discretetime):
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WPLS �M wpls0 SOS�M sos0 TI �M ti 0 WR 0 SR0 ULR 0 TIC �M tic

MTIC jj �M�¾ MTIC jj 0 L2 �M�( 2 0p¿ ∞
c �M cc 0 π ) �M π ) 0 π : �M π : 0 R�M R: 1;

R �M Z 0 R ) �M N 0 R : �M Z : 0 iR �M ∂D À5ÁÂh 1 ÃÂ0 iR K?Á ∞ Ãr�M ∂D 0 C ) �M D 0 C ) K?Á ∞ Ãr�M D;[ t1 0 t2 Ä �M²[ t1 0 t2 h 1Ä 0�Å t2

t1
�M t2 : 1

∑
t1

;Nc�M A } 0?NO t !n�M At 0 τ  t !u�M τt ; Cw 0 Cs 0 CL Æw 0 CL Æ s 0 Cc �M C etc.;

anyregularity assumption/statementona mapor system �M a trueassumption/statement

(thesameappliesto theboundednessof inputandoutput operators) ;

Dom A!'0 HB 0 H jC ÆK 0 H Ç 1 0 H jÇ 1 �M H;

“[e]IARE”, ”[e]CARE”, ”[e]B jw-CARE” �M “[e]D ARE” 0
[e]IARE,[e]CARE(theequations) �M [e]DARE (thecorrespondingDT equation) ;

S A D j JD �M S A D j JD Y BjmÈ B (similarly for anythingbasedonequationS A D j JD); s h A! : 1 �M� I h sA! : 1 0p s h A! : 1B �M s I h sA! : 1; @È�0 S0 1©µ É 4 !��M� @È�0 S0 K ! (for solutionsof theeIARE) 0
Stability indicesω andLaplace/Z-transformargumentss:

“ω « 0S S �M “ω « 1S S 0 “ω / 0 �M “ω / 1S S 0
“ω A 0S S �M “ω A 1S S 0 “ω ÊA 0S S �M “ω $· 0 0 ∞ !TÀ¶Á 1 Ã S S ;
“ Res / ω S S �M S S s $ D S S1� ω 0 0-stabilizing �M 1-stabilizing ; s A Y ∞ �M s A 0

e
Ç ωt �M ω Ç t 0 e

Ç ω } �M ω Ç } 0 ω Y α �M αω 0 s h α �M αs0 ir �M eir

(13.63)
(naturally, theabovechangesapplyalsoanyotherstability index (resp.transform
argument,elementof iR, time value) in place of ω (resp.s, ir , t), any other
systemin placeof Σ etc.), thenthe following definitionsare still applicableand
thefollowingresults(amongothers) still hold:

LemmaA.4.2(h1),Proposition E.1.8; Sections2.1 (note that Lemma2.1.15
now saysthat  XF� s} u0 !E!& k !\A sk #F� s! u0 for all Fb$ ticr  U 0 Y ! , k $ Z, s $ rD,
u0 $ U), 2.2,2.4and2.5.

Chapter4 exceptpossibly Lemmas4.1.3and4.1.5.
Sections6.4and6.5exceptLemma6.5.10(c)andpossibly theclaimsonp.r.c.

(probably also they are true); Section6.6 and 6.7 exceptProposition 6.6.18(in
fact,even6.6.18it is trueexceptfor its partsthataremeaninglessin thediscrete-
timecase)andExample6.6.23.

SeeTheorems14.1.3,15.1.1,11.5.2and12.2.2for Chapters8–12;(mainly)
Section14.3for Chapter5 andLemma13.3.19for Lemma6.3.20.

Of course,alsothe(non-italic) text betweensubsections is almostcompletely
applicabletoo (althoughthe regularity problemsdisappearin this discrete-time
case).

Moreover, mostMTIC resultscanalsoberewrittenfor discretetimefor classes( 1) � , ticexp etc.(seeLemma14.3.5)in placeof MTIC classes(but the“S ÊA D j JD”
requirementof Hypothesis8.4.8is notsatisfiedby theseclasses).Therearesome
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CARE resultsthat implicitly or explicitly have D j JD in placeof S. As explained
above, theCAREsmustbereplacedby DAREs,hencethis termmustalwaysbe
replacedby S : A D j JD Y Bj È B while writing the resultsin their discrete-time
forms (thus,most“D j JD” termsandtheir simplified formsmustbe replacedby
“D j JD Y Bj È B”, whereasany lims� ) ∞ Bjw È? s h A!�: 1B termsmayberemoved;
this makesresultssuchasTheorem10.2.9andProposition9.9.12(c)(3.) much
lessuseful in their discrete-timeforms (sincethey arebasedon “S A D j JD”)).
Most of thetime thereaderneednot beconcernedaboutthis sincethis hasbeen
explicitly written into theresultsfollowing thetheoremslistedabove.

As notedaroundExample14.2.9,thereis no discreteequivalent for the B jw-
CARE theoryof Section9.2 (in particular, we almostalwayshave S ÊA D j JD);
thesameholdslargely for theDom Acrit ! -CAREtheoryof Section9.7(sincenow
Dom Acrit !ËA H A Dom A! ; notethatmostof thetheoryholdswith S in placeof
D j JD).

Proof of Theorem 13.3.13: All proofshold in discretetime too, mutatis
mutandis, usually the discrete time versionsbecomesimpler. Thus, the
references from discretetime to continuous time are always non-essential.
However, someresultsareprovedin discretetimeonly, andtheresultsarethen
transferredto continuous time by discretization. Therefore,if onewishesto
verify theproofslinearly, oneshouldverify theentiremonographin its discrete
time form beforeverifying thecontinuoustime forms(alternatively, onecould
readbothsettingssimultaneouslybut go somewhat further in discretetime in
suchplaces).

Thereis a shortcut: by usingTheorem13.2.3,onecanconvert theresults
correspondingto TIC mapsonly. Someotherresultsare implied by Remark
6.5.11(mainly the onesconcerningTIC∞ mapsonly). By discretization,one
canconvert uniquenessresultsfrom discretetime andexistenceresultsfrom
continuoustime.

For therest,onemustmakethecorrespondingchangesin proofstoo. Some
proofscontainreferenceswhicheithercanbereplacedby thediscreteresultsof
thismonographor whoseproofsmustbeverifiedin thesameway;wemention
thatwe haveverifiedfor thediscretecase[S97b,Lemma21], all of [S98a]and
[S98c] (includingthepartsof [S98b] thatarecontainedin [S98c] (andmore),
in particular, Subsections1–3.4,3.9(i), 4.1–4.7,and Chapter5 apply) (with
replacements(13.63),bothwith Remark6.1.15andwithout it.

All this is quite straightforward (the explicit resultsabove containall the
nonstraightforwardparts).Wesketchbelow thehardestproofs:

Theproof of Lemma2.2.7doesnot needthereferenceto LemmaD.1.8 in
this (discrete)case.

TheCoronaTheoremfor Ì�A ti follows directly (useTheorem13.2.3(b1)
for (iv)); caseÌbAG( 1 follows asshown in the proof of caseÌbA MTI d (takeÌ^AG¾�: 1 ÍÌ , prove thetheorem,thenmake thereplacements).

Proposition4.1.7:“(iii) � (iv) � (iv’) � (iv”)” followsfrom Theorem13.2.3,
therestby transformingtheoriginalproof.

Lemma4.1.8: If F^$ tic  U 0 Y ! and F j FÎÊ« εI for any ε / 0, thenwe can
construct#u $ H2

1 À H2 asin theproof, but for É : A T : 1 F , with � r1 � ; π � 2 (see
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Lemma13.1.4).

Thenv : A Tu satisfies#v $ H  D;U ! , hencev $ H2  rD;U ! for all r ; 1, but9 #v 9 2 A 9 #u 9 L2 Ï@Ð : π Æ π Ñ ;U Ñ A ∞. However, F v A T  @É u !5$ L2. Thus,then F is not
quasi-left-invertible. This shows (a); the restcanbe shown asin the original
proof.

Theorem 6.7.10(d): 1 Ò (ii) Ó (i): Assume that s I h sA! : 1B $
H∞  D; 6� U 0 H !E! (i.e., = τ $ tic) and that Σ is optimizable, henceexponen-
tially stabilizable,by Proposition13.3.14. Thus, there is K $·6� H 0 U ! s.t.N<Ô : APN Y = τ µOÔ is exponentially stable,hence I h sA! : 1 A� I h sAÔ©! : 1 h s I h sA! : 1BK  I h sAÔ©! : 1 $ H∞  D; 6� H !E!'Z (13.64)

Thus, A is exponentially stable,by Lemma13.3.7(ii’). 2 Ò (viii) Ó (v): This
follows from Proposition13.3.14. (The restof the proof of Theorem6.7.10
doesnot requireclarification.)

TheDT versionof partof Chapter9 is verifiedin Theorem14.1.3.

We recommendreading“ [ t1 0 t2 Ä ” as “ [ t1 0 t2 ! ” (i.e., [ t1 0 t2 h 1! ), so that it
holdsin bothdiscrete-timeandcontinuous-timecases. *
SinceB andC arealwaysboundedin discrete-time,severalaspectsof system

theorybecomeassimpleasfor finite-dimensionalsystems:

Proposition13.3.14(Opt. � exp.stab.) A wpls is optimizable iff it is exponen-
tially stabilizable. Thus,a wplsis estimatable iff it is exponentiallydetectable.

Proof: AssumethatΣ $ wpls U 0 H 0 Y ! is optimizable.By Exercise6.34(i)
of [CZ] (with C A I ), thereis K $�6� H 0 U ! s.t.A Y BK is stable(useLemma
13.3.7(ii) andthe fact that  A Y BK !'} x0 $�( 2 for all x0 $ H). The converseis
obvious,andthedualclaim follows,by duality. *
Wehaveu 0 y $?( 2 Ó x $?( 2 for estimatablesystems:

Theorem 13.3.15(u 0 y $?( 2 Ó x $?( 2u 0 y $?( 2 Ó x $?( 2u 0 y $?( 2 Ó x $7( 2) Let Σ A 1 A 2 IJ 3 4 $ wpls U 0 H 0 Y ! be esti-
matable. Thenthere is M ; ∞ s.t. if u $p( 2  R ) ;U ! and x0 $ H are s.t. y : AB x0 Y F u $7( 2, thenx : AcN x0 Y = τu $?( 2 and 9 x 9 2 o M  9 x0 9 H Y 9 u 9 2 Y 9 y 9 2 ! .

Proof: BecauseΣ is exponentially detectable,we have N x0 Y = τu AN<Õ x0 Y =HÕ τu hCÖ�Õ τy, where Σ Õ is the closed-loopsystem (6.168) corre-
sponding to an exponentially stabilizing output injection pair 1"× Ø 4 , hence
M : A 9 N<Õ 9'Ù Ï H Æ Ú 2 Ñ Y 9 =HÕ τ 9 tic Y 9 ÖOÕ τ 9 tic ; ∞, by Lemma13.3.8. *
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It is easyto identify a stabilizing statefeedbackoperatorto anexponentially
stablesystem:

Lemma 13.3.16(KKK) LetΣ A 1 A 2 IJ 354 $ wpls U 0 H 0 Y ! beexponentiallystableand
K $76� H 0 U ! . Thenthefollowingareequivalent:

(i) K is I/O-stabilizing;

(i’) K is output-stabilizing;

(i”) K is input-stabilizing;

(ii) K is exponentially r.c.-stabilizing;

(iii) σ  A Y BK ! Q D, i.e., ρ  A Y BK ! ; 1;

(iv) I h Kz I h zA! : 1B $�§¦6� U ! for z $ D.

Proof: Obviously, (i’) Û (ii) Ó (ii i) Ó (i). By Lemma6.7.9,(i’) implies(i).
Since N is exponentially stable,so are F and É . Therefore,(i) holds if f I h�Éu! : 1 $ tic; or equivalently, if f I h�É·$·§ tic. But I h�É·$·§ tic impliesthat

theclosed-loopsystemis exponentially stable,i.e.,that(iii) holds,by Corollary
6.6.9.Ontheotherhand,condition  I h7Éu!Ü: 1 $ tic is equivalent to (iv), because
theboundednessof #Ý : 1 follows from thecompactnessof D (seealsoLemma
D.1.2(b2)).

If (iii) holds, thenI h�É¯$·§ ticexp, hencethen(ii) holds. If (i”) holds, then
(iii) holds,by Lemma6.6.8(c). *

Lemma 13.3.17(Jointly stabilizing K & HK & HK & H) Let Σ $ wpls U 0 H 0 Y ! . Then the
followingholds:

(a) Any admissible statefeedback and output injection pairs for Σ are jointly
admissible.

(b) Anyoutput-stabilizingandexponentiallydetectingpairs for Σ areexponen-
tially jointly r.c.- andl.c.-stabilizing.

In particular, thefollowing areequivalent:

(i) Σ is exponentially jointly r.c.-stabilizableandl.c.-detectable;
(ii) Σ is optimizable andestimatable;
(iii) Σ is output-stabilizable andestimatable;
(iv) Σ is optimizableandinput-detectable.

(c) Let Σ be estimatable. Then any I/O-stabilizing pair for Σ is r.c.-I/O-
stabilizing.

Recallthatin classicalarticles(thosewith dimH ; ∞, i.e.,with rationaltrans-
fer functions)the word “stabilizing” meansusually “exponentially stabilizing”,
hencefor themoneusuallymakestheprefix “r.c.-” (etc.) redundantby assuming
the systemto be “detectable”(thenany exponentially stabilizing statefeedback
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pair is exponentially r.c.-stabilizing, by, e.g.,Lemma6.6.26and(shifted)Theo-
rem6.6.28).

Proof: (a) Assumethat e K F f and e HG f are admissible. Then Σ S : AÞ
A H B
C G D
K 0 F ß $ wpls, by Lemma13.3.3,hence e K F f and e HG f are jointly

admissible.
(b) By Proposition13.3.14,we have (i) Ó (ii) Ó (ii i); by duality, (iii) � (iv),

sothatonly (iii) Ó (i) remainsto beproved.
Let 1 K F 4 and 1 HG 4 be as in (iii). By Lemma 6.7.9, 1 K F 4 is

exponentially stabilizing. Thus,the (closed-loop)statemapsA ° : A A Y B  I h
F !�: 1K andA Y H  I h G!�: 1C areexponentially stable,hencesoaretheclosed-
loopsystemsof Σ S correspondingto L A 1 0 0

0 I
4 andL A 1 I 0

0 0
4 , by Lemma13.3.7.

Therefore,(i) holds (the coprimenessfollows from the exponentially stable
discreteform (cf. Remark13.3.9andTheorem13.3.13)of Theorem6.6.28.

(c) Let e K F f and e HG f becorrespondingpairs;by (a), they arejointly

admissible. Thus,if we define ÍÝ 0 Íà 0 Ý 0 à by (6.172),then ÍÝ and Íà areexpo-
nentiallystableand ÍÝ ´bh Íà�á A I (becauseΣ Õ is exponentially stable). *

Lemma 13.3.18(u 0 x $?( 2 Ó y $7( 2u 0 x $?( 2 Ó y $?( 2u 0 x $7( 2 Ó y $?( 2) Let 1 ® IJ 354 $ wpls U 0 H 0 Y ! . If u 0 x $ π )u( 2,
then y $ π )u( 2 and 9 y 9 2 o M  9 u 9 2 Y 9 x 9 2 ! , where x0 $ H is arbitrary, [ xy Ä : A1 ® I τJ 3�4 [ x0

u Ä , andM : A maxÁ 9 C 9 0 9 D 9 Ã . *
(This follows from equationy A Cx Y Du, (equation(13.40)).)
Thediscrete-timeversionof Lemma6.3.20is obvious,but we shall recordit

for futureuse:

Lemma 13.3.19Let 1 ® IJ 354Oâ wplsã U 0 H 0 Y ä . Assumethat r / 0, u â ( 2r ã N;U ä ,
andx : A>= τu â ( 2r ã N;H ä . Then ã z: 1 h Aäæåx ã zänA Båu ã zä â H for a.e. z â r : 1∂D.

Assume, in addition, thaty : APF u â ( 2r . Thenåy A Cåx Y D åu â Y a.e. on r : 1∂D.
In particular, for r A 1 andJ â 6�ã Y ä wehave�çF u 0 J F u� Ú 2 Ï Z;Y Ñ A]ã 2π ä : 1 � ` åxåua 0 κ ` åxåua � L2 Ï ∂D;Y Ñ 0 (13.65)

where κ : A 1C D 4 j J 1C D 4 . *
(Theproof is amuchsimplerversionof theproofof Lemma6.3.20,andhence

omitted.)

Notes
In the form (13.40),thewpls’s in have beenstudiedfor severaldecades;two

of the cornerstonesbeing[KFA] and[Fuhrmann81];whoseSectionsIII.1–III.5
containa furtherstudyon their realizationstheory.

Olof Staffans[S99] hasformulatedstablewpls’s essentiallyasin Definition
13.3.1. JarmoMalinen [Mal00] hasdefinedwpls’s with different domainand
rangespacesandpresenteda theoryon them;his resultsincludepartof Lemma
13.3.3andLemma13.3.12.
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The monographs [SF], [RR], [Nikolsky] and [FF] contain rather general
operatortheoryandharmonicanalysis,but many of their resultsareapplicablefor
wpls’s. Thearticle[S01] andChapter11 of [Sbook]containapplicationsof [SF]
to bothcontinuous-timesystem(especiallyfor oneswith contractivesemigroups)
anddiscrete-timesystems.In Chapter11 of [Sbook] Staffansshows how to use
theCayley transformtoconvertacompleteWPLStoawplsor viceversa,whereas
we haveonly treatedtheCayley transformof theI/O map(Theorem13.2.3);that
chapterwaswritten two yearsafterthisone.

Observe that Theorem13.3.13(and the theoremsmentionedright below it)
containsthediscrete-timevariantsof mostcontinuous-timeresultsof this mono-
graph.Also for mostothercontinuous-time resultsthediscrete-timevariantsare
trueandrathereasilyverified(usuallythesameproofsapply, mutatismutandis).
Much of our theoryis well known in thefinite-dimensional case(see,e.g.,[LR]
or [IOW]).
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13.4 Time discretization (∆S : WPLS è wpls)

Our problemis within ourselves.We havefoundthe meansto blow
theworld physicallyapart. Spiritually, wehaveyetto find themeans
to put theworld’s piecesback togetheragain.

— ThomasE. Dewey (1902–1971)US lawyer, politician

In this section,we shall presentdiscretization, a methodto convert a WPLS
to a wpls (Theorem13.4.4). In other chaptersof this book, we often use
discretizationto deducepropertiesof WPLSsfrom thoseof wpls’s, becausethe
latter oneshave boundedgeneratorsand can hencebe more easily explored.
Note thatdiscretization differs from themethods of Theorem13.2.3(theCayley
transform)andof Lemma13.1.4.

Theprinciple is well-known, andit hasbeenused(implicitly) to deducethat
any semigroup controlsystem(asdefinedin [Sal89])isaWPLS(i.e.,thatalocally
L2-boundedsystemis actuallyboundedw.r.t. L2

ω for someω â R).
Theorem13.4.4 describesthe preservation of propertiesof systemsand

Theorem13.4.5of thoseof I/O maps.
As mentionedabove, U , W, H, Y andZ denoteHilbert spacesof arbitrary

dimensions.

Definition 13.4.1 For u â L2
loc ã R;U ä we define its discretization∆ Ú 2u : Z M

L2 ãE[ 0 0 1ä ;U ä by ã ∆ Ú 2uä n : A π Ð 0 Æ 1 Ñ τ ã nä u ã n â Z ä .
Notethatthisdiscretizationis completelydifferentfrom theCayley transform¾ : TIC é tic of Theorem13.2.3.
The map ∆ Ú 2 is obviously a linear map of L2

loc one-to-oneand onto
“ ( 2loc ã Z;L2 ãE[ 0 0 1ä ;U ämä ”, the spaceof all sequencesZ M L2 ãE[ 0 0 1ä ;U ä . We iden-

tify ∆ Ú 2 with its restrictions (to, e.g.,L2
ω ã R;U äHM�( 2eω ã Z;U ä or to L2

ω ã R ) ;U äHM( 2eω ã N;U ä for someω â R).
It will beshown in Theorem13.4.5thatfor ω â R, r : A eω andu â L2

loc ã R;U ä
we have u â L2

ω � ∆ Ú 2u â ( 2r , and that ∆ Ú 2 is an isomorphism of L2
ω onto ( 2r ,

i.e., ∆ Ú 2 â §¦6�ã L2
ω 0D( 2r ä . Beforegoing into further technicaldetailswe definethe

discretizationof systems:

Definition 13.4.2 For Σ A 1 ® IJ 354 â WPLSã U 0 H 0 Y ä wedefineits discretization

∆SΣ : A ~ ∆SN ∆S=
∆SB ∆SF � : A ~ NOã 1ä�} =\ã ∆ Ú 2 ä�: 1

∆ Ú 2 B ∆ Ú 2 FOã ∆ Ú 2 ä�: 1 � â wplsã U∆ 0 H 0 Y∆ ä'0
(13.66)

whereU∆ : A L2 ãE[ 0 0 1ä ;U ä'0 Y∆ : A L2 ãE[ 0 0 1ä ;Y ä .
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If Σ â WPLS, then∆SΣ â wpls; the converseis not true without additional
assumptions:

Proposition13.4.3 Let ω â R, r : A eω. If Σ â WPLSω ã U 0 H 0 Y ä , then ∆SΣ â
wplsr ã U∆ 0 H 0 Y∆ ä .

Conversely, assumethat e A B
C D f â wplsr ã U∆ 0 H 0 Y∆ ä . Then Σ : A 1 ® IJ 354 : A

∆S : 1 e A B
C D f â WPLSã U 0 H 0 Y ä iff A AcNOã 1ä for someC0-semigroup N , andN t =¯AP= τt 0 B¶N t A π ) τt Br0 τt FcAPF τt ã t â ã 0 0 1ämä'Z (13.67)

If this is thecase, thenΣ â WPLSω.

However, ∆S does not map WPLS onto wpls; in fact, none of the four
Tauberianconditionsabove is redundant:

We have e A B
C D f â wpls but ∆S e A B

C D f Êâ WPLSwhen,e.g.,1) A is s.t. it does
not have a squareroot “ NOã 1� 2ä ” or 2) D is s.t. it is not “causal” on π Ð 0 Æ 1 Ñ L2

(seealsoTheorem13.4.5(f)),or 3) H A L2 ã R ) ä , N�A π ) τ, Cx0 : A x0 ã 1 h>x¬ä â6�ã H 0 L2 ãE[ 0 0 1äEämä (usethedualof “3)” for the = -condition;we cantake B A 0 A
D A C in 1), A A 0 A B A C in 2) or B A 0 A D in 3) to guaranteethatonly one
conditionis violated).

Proof of Proposition 13.4.3: The otherclaimsareobvious, so we only
sketchtheproofof theconverseclaim.

By Theorem13.4.5,wehave = â 6�ã L2
ω 0 H ä , B â 6�ã H 0 L2

ω ä , π ) F π : ACBH= ,
π : F π ) A 0, τt F�A�F τt and B¶N t x0 A π ) τt B x0 for t â Z. Combinethis with
the assumptions to the get the axiomsof Definition 6.1.1 satisfied(by den-
sityandcontinuity, theaxiomsholdfor ω if f they holdfor someω S â R). *
AboveweusedthefactthatΣ â WPLSω ã U 0 H 0 Y ä�� ∆SΣ â wplseω ã U∆ 0 H 0 Y∆ ä

(whenΣ is known to beaWPLS):

Theorem13.4.4 Let Σ A 1 ® IJ 354 â WPLSã U 0 H 0 Y ä , ω â R, r : A eω. Thenthe
followingholds:

(a1) The equations ê x Ï t Ñy ë Aìê ® Ï t Ñ x0 ) I τ Ï t Ñ uJ
x0 ) 3 u ë becomeequivalent to 1 x j

y 4 A1 A j I τ jJí3 4 [ x0
u Ä (i.e., to î x j ï 1 W Axj ) Buj

y j W Cx j ) Du j
), and ê x Ï t Ñy ë A ê I τ Ï t Ñ u3

u ë becomeequiv-

alent to ê xnÏ y 2 Ñ ë Aíê ∆SI τn Ï u 2 Ñ
∆S3 Ï u 2 Ñ ë , where thediscreteandcontinuous time input,

stateandoutputcorrespondto each otherthrough

un A π Ð 0 Æ 1 Ñ τ ã nä u 0 xn A x ã nä'0 yn A π Ð 0 Æ 1 Ñ τ ã nä y0 (13.68)

(for all n), i.e., ã u } ä�A ∆ Ú 2u, x } : A x ãmx¬ä , ã y } ä�A ∆ Ú 2y.

(In bothsettings,wemusthaveu â L2
loc ã R;U ä ; in theinitial valuesettingwe

assumethatπ : u A 0 andx0 â H, in thetime-invariant settingwemusthave
π : u â L2

α (equivalently, π : ∆Su â ( 2er ), where α is s.t. = and F are α-stable.
Also(a2)and(a3)usethesameassumptions.)
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(a2) In bothsettingsdescribedin (a1),wehave

u â L2
ω R � ∆Su â ( 2r R 0 y â L2

ω R � ∆Sy â ( 2r R 0 x 0 u â L2
ω R � x 0 ∆Su â ( 2r R

(13.69)
for any ω S â R 0 r S : A eω R . (Here “x â ( 2r R ” meansthat the restrictionã x ã näEä n 8 Z of x to Z (that is, “the discretizedstate”) belongsto ( 2

r R .)
(a3) Let ω S â R 0 r S : A eω R . Thenthere is M A Mω R â ã 0 0 ∞ ä s.t. in bothsettings

describedin (a1),wehave9 x 9 L2
ω R Ï J;H Ñ Y 9 u 9 L2

ω R Ï J;U Ñ o M ã 9 x 9 Ú 2
r R Ï N;H Ñ Y 9 ∆Su 9 Ú 2

r R Ï N;U Ñ ä (13.70)9 x 9 Ú 2
r R Ï N ) 1;H Ñ Y 9 ∆Su 9 Ú 2

r R Ï N;U Ñ o M ã 9 x 9 L2
ω R Ï J;H Ñ Y 9 u 9 L2

ω R Ï J;U Ñ ä'Z (13.71)

Here we musttake J A R ) , N A N in the initial valuesettingand J A R,
N A Z in thetime-invariantsetting(thereis noboundfor 9 x0 9 H in theinitial
valuesetting, hencethe“N Y 1”).

(b1)Thegenerators of ∆SΣ aregivenby¡ A B

C D £ : A v NOã 1ä = τ ã 1ä π Ð 0 Æ 1 Ñ
π Ð 0 Æ 1 Ñ B π Ð 0 Æ 1 Ñ F π Ð 0 Æ 1 Ñ { â 6�ã H V U∆ 0 H V Y∆ ä'Z (13.72)

(b2)WehaveD â §�6G��F â § TIC∞.

(c) Thediscretization ∆S commuteswith valid compositionsand inversionsof
operators.

(SeealsoTheorem13.4.5.Notethat∆ Ú 2 : 1 = d is notvalid for = d â 6�ã@( 2r 0 H ä ,
henceneitheris ∆S : 1 ã@= dτ ä ; ontheotherhand, ã ∆S=©ä τ AGã u �M¢= τ∆ Ú 2 : 1

uä�A
∆S ã@= τ ä â tic∞. Notealso that the discretization of 1 A B

I 0
4 A 1 ® I® I τ

4 is note Ad Bd
I 0 f in general, where e Ad Bd f A ∆S 1©N = 4 ).)

(d1)WehaveΣ â WPLSω ã U 0 H 0 Y äu� ∆SΣ â wplsr ã U∆ 0 H 0 Y∆ ä .
(d2) Σ and ∆SΣ havethe samestability properties(seeDefinitions6.1.3and

13.3.1).

To be exact, a componentof Σ is [exponentially/strongly/weakly]ω-stable
iff the correspondingcomponentof ∆SΣ is [exponentially/strongly/weakly]
r-stable

(e1)An outputfeedback operator L â 6�ã Y0 U ä is admissible [stabilizing] for Σ
iff L is admissible [stabilizing] for ∆SΣ. If L is admissible, then ã ∆SΣ ä L A
∆SΣL.

Ananalogousresultholdsfor otherformsof feedback for Σ (butnotfor those
for ∆SΣ, becausethediscretization ∆S : WPLS M wpls is notonto):

Any dynamic feedback (resp. state feedback, output injection) for Σ is
admissible [stabilizing] for Σ iff its discretization is admissible [stabilizing]
for ∆SΣ.

The prefices “I/O-”, “SOS-”, “weakly”, “strongly”, “exponentially”,
“q.r.c.-” and“q.l.c.-” apply(whereas“r .c.-”, “l.c.-”, “d.c.-” and“jointl y”
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possiblydonot).

(e2)∆SΣ hasall thestabilizability propertiesof Σ.

(e3) ∆SΣ is optimizable(resp.estimatable) iff Σ is optimizable(resp.estimat-
able).

(f1) (JJJ-critical control over ð ð ð ) Let x0 â H and J A J j â 6�ã Y ä .
Then ð ∆SΣ

out ã x0 ä?A ∆ Ú 2 ð Σ
out ã x0 ä , ð ∆SΣ

exp ã x0 ä?A ∆ Ú 2 ð Σ
exp ã x0 ä , ð ∆SΣ

sta ã x0 ä�ñ
∆ Ú 2 ð Σ

staã x0 ä , ð ∆SΣ
str ã x0 ä5ñ ∆ Ú 2 ð Σ

str ã x0 ä , where thesuperindex correspondsto
theunderlyingsystem.

Thesameequalitiesand inclusionsalso hold for the subsetsof the corre-
spondingJ-critical controls. Thusif such controls exist for Σ andfor each
x0 â H, thencorrespondingJ-critical costoperators are equal for Σ and
∆SΣ.

In particular, if 15µ É 4 is J-critical for Σ and J over ð out (resp.ð sta0�ð str 0dð exp), then ∆S 15µ É 4 is J-critical for Σ and J over ð out

(resp. ð sta0©ð str 0©ð exp).

(f2) (JJJ-critical control over ð ϑÐ ò�óHôð ϑÐ ò�óHôð ϑÐ ò�óHô ) Let ð ϑÐ ò�óHô beas in Definition8.3.2and

let J A J j â 6�ã Y ä . Then

∆ Ú 2 ð ϑÐ ò�óHô ã x0 ä�Aõð eϑ Æ ∆SΣ[ ò�ó Ï ∆ ö 2 Ñ@÷ 1 Ä ã x0 ä�ã x0 â H ä ; (13.73)

the sameholdsfor corresponding subsetsof J-critical controls. Moreover,
thismapsð Σ

out �M²ð ∆SΣ
out and ð Σ

exp �M²ð ∆SΣ
exp .

(g) Themap F is [positively] J-coerciveover ð Σ
exp (resp. ð Σ

out, ð ϑÐ ò�óHô ) iff ∆SF
is [positively] J-coercive over ð ∆SΣ

exp (resp. ð ∆SΣ
out , ð eϑ Æ ∆SΣ[ ò�ó Ï ∆ ö 2 Ñ@÷ 1 Ä ) (cf. (f1)–

(f2)).

If F is [positively] J-coerciveover ð Σ
str (resp. ð Σ

sta), then∆SF is [positively]
J-coerciveover ð ∆SΣ

str (resp. ð ∆SΣ
sta ).

Because∆S mapsWPLS into wpls (but not onto), we canusethe theorem
to obtain continuous-time analogiesof uniquenessresults (including equality
of formulaeandstability of operators)only, not of existenceresults(including
words“jointly ”, “r.c.”, ...). E.g.,theinteractionoperatorandcoprimemultipliers
providedby Lemma13.3.17neednotbeimagesof any continuous-timeoperators
(their preimagesneednotbetime-invariant).Cf. theproofof (e1).

By (13.83),we couldhave made∆ Ú 2 (andhence∆S â 6�ã TICω 0 ticr ä too) iso-
metricL2

ω M�( 2r by usingL2
ω ãE[ 0 0 1ä ;U ä -valuedsequencesinsteadof L2 ãE[ 0 0 1ä ;U ä -

valuedones.However, we have chosenthe latter onesin orderto make the dis-
cretizationindependentof ω (cf. Lemma13.3.2).

Proof of Theorem 13.4.4: (a1)Theseclaimsarequiteobvious.
(a2) The claimson u andy follow from Theorem13.4.5(a1);the last one

followsfrom (a3).
(a3) (As obvious from the proof, in fact any u â L2

loc ã R ) ;U ä will do. On
the otherhand,to seethatwe cannotgeta boundfor 9 x0 9 in the initial value
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setting,let H A¥( 2 ã N ä and N t en A e: nten (n â N), sothat 9 N en Y = 0 9 2L2 A 1� 2n
eventhough 9 en 9 Ú 2 A 1.)

By isomorphism claim of Theorem13.4.5(a1),we have 9 u 9 L2
ω R Ï J;U Ñ o

M S S 9 ∆Su 9 Ú 2
r R Ï N;U Ñ and 9 ∆Su 9 Ú 2

r R Ï N;U Ñ o M S S 9 u 9 L2
ω R Ï J;U Ñ for someM S S ; ∞ andall

u â L2
ω R . Therefore,weonly needupperboundsfor thenormsof x.

Set M S : A max0 ø t ø 1 Á 9 NOã t ä 9 Ù Ï H Ñ 0 9 = t 9'Ù Ï L2 ÆH Ñ Ã . Let x0, u and x be as in
(eithersettingof) (a1) (in the initial valuesettingwe extendthemby zeroon
R : andZ : ).

1Ò Assumethatx 0 ∆Su â ( 2r R , sothatu â L2
ω R . Then,by (6.9),9 x ã n Y t ä 9<o^9 N t x ã nä 9 Y 9 = t τnu 9qo M S e 9 x ã nä 9 Y 9 π Ð n Æ n ) 1Ñ u 9 2 f 0 (13.74)

hence9 π Ð n Æ n ) 1Ñ x 9 2 o M S e 9 x ã nä 9 Y 9 π Ð n Æ n ) 1Ñ u 9 f , for any n â N. Consequently,9 ∆Sx 9 Ú 2
r R o M S e 9 x 9 Ú 2

r R Y 9 ∆Su 9 Ú 2
r R f Z (13.75)

Thus,M : A�ù 2M SM S S Y M S S will do for the first inequality (note that 2 ã a2 Y
b2 ä¶«�ã a Y bä 2; theaddition Y M S S is for u).

2Ò Let x 0 u â L2
ω R , sothat∆Su â ( 2r R . Then9 x ã n Y 1ä 9qo min
0 ø t ø 1

9 N t x ã n Y 1 h t ä 9 Y max
0 ø t ø 1

9 = t τn) 1 : tu 9 f (13.76)o M S e 9 π Ð n Æ n ) 1Ñ x 9 2 Y 9 π Ð n Æ n ) 1Ñ u 9 2 f 0 (13.77)

(becausemin0 ø t ø 1 9 x ã n Y 1 h t ä 9�o�9 π Ð n Æ n ) 1Ñ x 9 2). Therefore, 9 x 9 Ú 2
r R Ï N ) 1;H Ñ o

M S 9 ∆Sx 9 Ú 2
r R Ï N;H Ñ Y 9 ∆Sx 9 Ú 2

r R Ï N;U Ñ . Thus,M will do for thesecondinequalitytoo.

(b1)This followsfrom (a) (alternatively, from (13.39)).
(b2) This follows from Lemma13.1.7(which saysthatD â §¦6�� ∆SF â§ tic∞) and(c) (whichsaysthat F â § TIC∞ � ∆SF â § tic∞).
(c) This is obviousfrom thedefinition(e.g., ã ∆S B5äúã ∆S=©ä<A ∆S ã�BË=¦ä ); note

thatto NOã t ä thisappliesfor t â Z only.
(d1)This followsfrom (d2) (recallthatwehaveassumedthatΣ â WPLS).
(d2) 1ÒrB and F : Obviously, ∆S B�[ H Ä Q ( 2r �iB�[ H Ä Q L2

ω, and∆SFO[¬( 2r Ä Q( 2r ��FO[ L2
ω Ä Q L2

ω, sothatthestability of B (resp.F ) equalsthatof ∆SB (resp.
∆SF ) (seeLemma6.1.12).

2Ò ∆SN and ∆S= are at least as stableas N and = : If e: ωt N t x0 (resp.
e: ωt = τtu) is boundedor convergesto zerostronglyor weakly, ast M Y ∞, then
sodoesr : n N nx0 (resp.r : n = τnu), asN û n M Y ∞. Thus,weonly haveto show
that∆SN (resp.∆S= ) cannotbemorestablethan N (resp.= ).

3Ò ∆SN is asstableas N : If 9 r : n N n 9<o M for all n, then9 e: ω Ï n ) hÑ N n ) h 9 A 9 r : n N ne: ωh N h 9<o M max
h 8 Ð 0 Æ 1ô 9 e: ωh N h 9 Z (13.78)

Thus,the r-stability of A implies the ω-stability of N . From (13.78)onealso
observesthatif r : nAnx0 M 0 strongly, thene: ωt NOã t ä x0 M 0 strongly.

AssumethenthatA is weaklyr-stable,i.e., that 9 r : nAn 9<o M for all n and� z0 0 r : nAnx0��M 0 for x0 0 z0 â H.
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Let x0 0 z0 â H bearbitrary. SetK : AõÁ e: ωh NOã hä x0 üü h â [ 0 0 1Ä Ã , andTnx : A� z0 0 r : nAnx� (thus,Tn â H j ). It followsthatTnx M 0 uniformly onK, by Lemma
A.3.4(H2),hence� z0 0 e: ωt NOã t ä x0�ÂM 0,ast M Y ∞. Thus,N is weaklyω-stable.

4Ò ∆S= is asstableas = : If =rã ∆ Ú 2 ä�: 1 â 6�ã@( 2r ;H ä , then = â 6�ã L2
ω;H ä , since

∆ Ú 2 â §¦6�ã L2
ω 0D( 2r ä . Thus,∆S= is r-stableif f = is ω-stable.

Assumethat =rã ∆ Ú 2 ä�: 1 is strongly r-stable. Let u â L2
ω ã R;U ä . Since

K : AGÁ e: ωhτhu üü h â [ 0 0 1Ä Ã Q L2
ω is compactande: ωn = τnv M 0, asN û n M ∞,

for all v â K (in fact, for all v â L2
ω), this convergenceis uniform on K, hence9 e: ω Ï n ) hÑ = τ Ï n Y hä u 9�; ε for all n / Nε andh â [ 0 0 1Ä , so that = is strongly

ω-stable.
The map = is weakly ω-stablewhenever =\ã ∆ Ú 2 ä�: 1 is weakly r-stable,as

oneobservesby addinganarbitraryΛ â H j before= in theaboveproof.
(e1) This follows from (c), (d2) and Theorem13.4.5(g)(it is enoughto

verify this for static output feedback,becauseother forms of feedbackand
injectioncanbereducedto staticoutputfeedback,asin Summary6.7.1.

(Notethatprefices“r.c.”, “l.c.”, “d.c.” and“jointly” wouldrequireexistence
of certainkinds of TIC or tic operators. Because∆SÝ â tic∞ ÊÓ Ý â TIC∞
(cf. Theorem13.4.5),existenceresultsfor ∆SΣ donotnecessarilytell anything
aboutΣ. If 15µ É 4 and 1�× Ø 4 admissible for Σ, thensoare∆S 15µ É 4 and
∆S 1�× Ø 4 , they areevenjointly admissible, by Lemma13.3.17(a),but we do not
know whether 15µ É 4 and 1"× Ø 4 are then jointly admissible. Even if they
were jointly admissible with some ¤ â TIC∞, and ∆S 15µ É 4 and ∆S 1"× Ø 4
were jointly stabilizing, we do not know whether 15µ É 4 and 1 × Ø 4 would
thenbe jointly stabilizing (unless∆S 1 µ É 4 and ∆S 1"× Ø 4 are known to be
jointly stabilizingwith some∆S¤ËS , where¤ËS â TIC∞).)

(e2) This follows easilyfrom (e1)and(d2). (Note that theconverseholds
(at least)for staticfeedback.)

(e3) For optimizability this follows from (f). For estimatability, onecould
very carefully verify this directly, but the easiestway is to notethat the final
stateestimationproblems(FSEPs)for Σ and∆SΣ areobviouslyequivalent. (By
Theorem5.3of [WR00], theFSEPfor Σ hasasolutionif f Σ is estimatable;it is
eveneasierto verify this in discretetime.)

(f1)&(f2) The equalitiesand inclusions follow from (a2); also the restof
(f) followseasilyfrom (a)–(d1)andTheorem13.4.5(a1)&(a2).(Notethat∆ Ú 2x
maybeboundedevenif x is unbounded,hencewecanstatemereinclusionsforð sta and ð str in both(f1) and(f2).)

(g) This follows from the facts that the norms 9 x 9ký ϑþ ò�ó�ÿ and9 ∆ Ú 2 x 9 ý eϑ � ∆SΣ[ ò�ó Ï ∆ ö 2 Ñ@÷ 1 Ä are obviously equivalent (use Theorem 13.4.5(a1))

(they are equal if ϑ A 0), and that, similarly, 9 x 9 S ý exp
A 9 ∆ Ú 2 x 9 S ý exp

,9 x 9 S ý out
A 9 ∆ Ú 2 x 9 S ý out

, 9 x 9 S ý sta
« 9 ∆ Ú 2 x 9 S ý sta

and 9 x 9 S ý str
« 9 ∆ Ú 2 x 9 S ý str

(see
Lemma8.4.2for thenorms) *
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We endthis sectionby listing thebasicpropertiesof thediscretizationof I/O
maps:

Theorem 13.4.5(L2
ω ã R;U ä �A ( 2eω ã Z;L2 ãE[ 0 0 1ä ;U ämäL2
ω ã R;U ä �A ( 2eω ã Z;L2 ãE[ 0 0 1ä ;U äEäL2
ω ã R;U ä �A ( 2eω ã Z;L2 ãE[ 0 0 1ä ;U äEä ) Let ω â R, and setr : A eω.

Thenthefollowingholds:

(a1)Letu â L2
loc ã R;U ä . Thenu â L2

ω � ∆ Ú 2u â ( 2r , andu â L2
c � ∆ Ú 2u â cc.

Moreover, ∆ Ú 2 is an isomorphismof L2
ω onto ( 2r (i.e., ∆ Ú 2 â §¦6�ã L2

ω 0D( 2r ä ). For
ω A 0 this isomorphismis an isometry.

(a2)Wehave � ∆ Ú 2 f 0 ∆ Ú 2g� AC� f 0 g� for f â L2
ω ã R;U ä , g â L2: ω ã R;U ä .

(b1) Themap∆S
U � Y : ¤>�M ∆ Ú 2Y ¤rã ∆ Ú 2U ä�: 1 is an isomorphismof 6�ã L2

ω 0 L2
ω ä onto6�ã@( 2r 0D( 2r ä . For ω A 0 this isomorphismis an isometry.

(b2)Moreover, ∆S commuteswith (anticausal) adjointsandvalid compositions
of operators. Thus,

∆S¤©j\A]ã ∆S¤©ä&jª0 ∆S ã@¤nÉ©äqA^ã ∆S¤©äúã ∆SÉuä�0 ∆S¤ : 1 A^ã ∆S¤©ä : 1 (13.79)

for ¤ â 6�ã L2
ω ã R;U ä'0 L2

ω ã R;Y äEä and É â 6�ã L2
ω ã R;Y ä'0 L2

ω ã R;H äEä . (But
∆S¤ d ÊA^ã ∆S¤¶ä d in general.)

(b3)Themap∆S is an isomorphismof TI into ti andof TIC into tic.

(c) ∆ Ú 2π Ç A π Ç ∆ Ú 2 0 ∆Sπ Ç A π Ç 0 ∆ Ú 2τ ã nänA τn∆ Ú 2 0 ∆Sτ ã nänA τn.

(d) Let ¤ â 6�ã L2
ω ã R;U ämä . Thenπ Ç ¤ π Ç is invertibleonπ Ç L2

ω iff π Ç ã ∆S¤¶ä π Ç is
invertibleonπ Ç ( 2r .

(e) Let ¤<0 P â 6�ã L2 ã R;U äEä . Then∆S¤c« 0 [
�

0] on ã ∆SPä�( 2 iff ¤c« 0 [
�

0]
onPL2.

(f) ∆S is an isomorphism of TIω ã U 0 Y ä into tir ã L2 ãE[ 0 0 1ä ;U ä'0 L2 ãE[ 0 0 1ä ;Y äEä .
Moreover, if ¤ â TIω R ã U 0 Y ä for someω S â R, then¤ â TIω ã U 0 Y äu� ∆S¤ â tir 0>¤ â § TIω � ∆S¤ â § tir 0 (13.80)¤ â TICω � ∆S¤ â ticr 0>¤ â § TICω � ∆S¤ â § ticr 0 (13.81)¤ â 6�ã U 0 Y äu� ∆S¤ â 6�ã U∆ 0 Y∆ ä'Z (13.82)

However, thetime-invariance(resp.staticity) of ∆S Í¤ doesnot imply that ofÍ¤ for general Í¤ â 6�ã L2 0 L2 ä .
(g) Operators

á â TIC ã U 0 Y ä and ´ â TIC ã U ä are q.r.c. iff ∆Sá and∆Ś are
q.r.c.

(h1) Let F â TI ã U 0 Y ä , J A J j â 6�ã Y ä . Then F is minimaxJ-coercive iff ∆SF
minimaxJ-coercive.

(h2)Let F â TIC ã U 0 Y ä , J A J j â 6�ã Y ä . ThenF is [positively] J-coerciveoverð out iff ∆SF [positively] J-coerciveover ð out.

(m) (MTICd M�( 1)(MTICd M�( 1)(MTICd M�( 1) Let T / 0. Let ¤ : A ∑ j A jδ jT � â 6�ã L2 ã R;U ä�0 L2 ã R;Y äEä
and É : A ∑ j A jej � â 6�ã@( 2 0D( 2 ä , where A j â 6�ã U 0 Y ä , ∑ j 9 A j 9d; ∞, and
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ej A χ y j z â ( 1 ã Z ä (i.e., ã ej � gä k A g ã k h j ä for all g â ( 2 ã Z;U∆ ä ). Redefine

∆ Ú 2U u : A^ã τ ã nT ä π Ð nT Æ nT ) 1Ñ uä .
Then ∆S¤�A]É , and å¤�ãmh it � T ärA åÉrã eit ä for t â R; in particular, å¤�ã ir Y
i2π � T äqA åÉrã e: iTr ä for all r â R. If A j A 0 for j ; 0, thenwe also haveå¤�ã sänA å¤�ã s Y i2π � T änA åÉrã e: Ts ä for all s â C ) K?Á ∞ Ã .

Theresultsholdalsowhenweuse [ 0 0 T ä for arbitrary T / 0 insteadof T A 1
(this is illustratedin (m)); exceptfor (e), (a2) andtheadjoint formula of (b2),we
canevenlet U andY bearbitrary Banach spaces.

However, R: 1∆S ÊA ∆S RÊA R∆S and∆S¤ d ÊA]ã ∆S¤©ä d in general.
Becauseof the (algebraicandtopologic)isomorphism, thingssuchasexpo-

nentialstability andcoprimenessarepreserved underthe discretization(in both
ways).

Theformulas �M e: sT in (m) mapsany stripof C ) K�Á ∞ Ã of height2π � T one-
to-oneandontoD. However, for generalF â TIC, theconnectionbetweenåF and�∆SF seemsto berathercomplicated.

Notealsothedifferencesto Theorem13.2.3:thetransform∆ Ú 2 (or ∆S) treats
alsotheunstablecaseandcommuteswith time-shifts, but it doesnotmapTI onto
ti, it doesnot commute with time reflection,andU andY aredifferentfrom U∆
andY∆.

Thus,theCayley transformis usuallybetterfor transferringstableI/O results,
whereasthediscretizationcanbeusedto transformuniquenessresults(including
equalityresults)from discretetimeto continuoustime(andexistenceresultsin the
otherdirection),includingtheunstableresultsandthoseconcerningmorethanjust
theI/O mapsof systems.

Also systems(not merely I/O maps)canbe mappedto eachotherby using
the Cayley transform(see,e.g., p. 212–213and 331–332of [CZ]). However,

the transformof
Þ

Ad Bd
Cd Dd ß requiresthat I Y Ad â §¦6 , and we only know the

preservation of I/O-stability and exponential stability, not, e.g., internal [P-
]stability. Moreover, this does not apply to continuous-time systemswith
unboundedgenerators.

Proof of Theorem 13.4.5: (a1) Clearly u �M ã ∆ Ú 2U uä k â L2 ãE[ 0 0 1ä ;U ä is

linear, continuousandonto.Obviously, u â L2
c � ∆ Ú 2u â cc. For u â L2

loc ã R;U ä
wehave9 ∆ Ú 2u 9 2Ú 2r A ∑

n 8 Z 9 rnπ Ð 0 Æ 1 Ñ τ ã nä u 9 22 A ∑
n 8 Z Å n) 1

n
9 e: ωnu ã t ä 9 2dt 0 (13.83)

9 u 9 2L2
ω
A ∑n 8 Z � n) 1

n 9 e: ωtu ã t ä 9 2dt, andthe quotiente: ωt � e: ωn A e: ω Ï t : nÑ is

between1 ande: ω A r : 1. Therefore,(a1)holds.(Notethat thereareno norm
equivalenceconstantsthatwouldsuit for everyω â R.)

(a2)Now � ∆ Ú 2 f 0 ∆ Ú 2g� Ú 2r Æ Ú 2÷ r
: A ∑n

� n) 1
n � f 0 g� U dt Ac� f 0 g� L2

ω Æ L2÷ ω
(cf. (13.83)).

(b1) This follows from (a1) and (a2): ∆S has the inverse6�ã@( 2 ã Z;Y∆ ä'0D( 2 ã Z;U∆ äEädûC¤��M ã ∆ Ú 2U ä�: 1 ¤ ∆ Ú 2Y â 6�ã L2 0 L2 ä and it is isomet-
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ric by the equation 9 ∆SÉ ∆ Ú 2U f 9 A 9 ∆ Ú 2U É f 9 A 9 É f 9 , valid for f â L2 ã R;U ä ,É â 6�ã L2 0 L2 ä .
(b2) This is obvious from the definition except for ∆S¤ j A�ã ∆S¤¶ä j ,

which holds because the equation � ¤ f 0 g�7A²� f 0D¤ j g� is equivalent to�æã ∆S¤¶ä ∆ Ú 2 f 0 ∆ Ú 2g��AC� ∆ Ú 2 f 0lã ∆S¤ j ä ∆ Ú 2g� , by (a2).

(b3)This followsfrom (b1)and(g).

(c) The∆ Ú 2U formulaeareobvious,the∆S formulaefollow. It is obviousthat

∆ Ú 2 doesnotcommute with timereflection.

(d) By (b), � π ) ¤ π ) A π ) A π ) ¤ π ) � for some � â 6�ã π Ç L2
ω ä (we

may identify � with π ) � π ) â 6�ã L2
ω ä ) if f ã ∆S ��ä π )<ã ∆S¤¶ä π )�A π )�A

π )<ã ∆S¤¶ä π )<ã ∆S��ä .
(e)Now � ∆S¤ ∆SP∆ Ú 2 f 0 ∆SP∆ Ú 2 f ��« 0 for all ∆ Ú 2 f â ( 2 if f � ¤ P f 0 Pf ��« 0 for

all f â L2. By replacing¤ by ¤7h εI wegetthe“
�

0” claim.

(f) By (c), ∆S preserves time-invariance, hence(see (b) too) ∆S is an
isomorphism(into).

Becauseof (b), the“ Ó ” partsof (13.80)andthefirst “ Û ” aretrivial. The
second“ Û ” follows from the first, because¤q: 1 â §¦6�ã L2 ä inheritsthe time-
invarianceof ¤ (sinceτ â §¦6 ).

Because∆Sπ : ¤ π ) A π :5ã ∆S¤©ä π ) (by (b)), the next two equivalences
follow.

By theabove results,¤ â TIC � TIC j �U¤ â tic � tic j . By Lemmas2.1.7
and13.1.2,TIC � TIC j AP6 andtic � tic j A>6 .

Thecounter-exampleis obtainedby choosinga static∆S¤ so that it is not
“time-invariantonπ Ð 0 Æ 1 Ñ L2”, e.g.,takeE A π Ð 0 Æ 1 Ñ τ1� 2π Ð 0 Æ 1 Ñ â 6�ã U∆ ä , ã@¤ u ä&ã t ä : A
Eu ã t ä (t â Z).

(g) This follows from (a1).

(h1)This followsfrom (a1),(e),andDefinition11.4.1.

(h2)This followsfrom (a1),(e) andLemma8.4.11(a1)&(a2).

(m) Wehave[∆S ã A jδ jT �Üä Ä ∆ Ú 2U f A ∆ Ú 2U A jδ jT � f A ∆ Ú 2U A jτ ãmh jT ä fA ã τ ãEã k h j ä T ä π Ð Ï k : j Ñ T Æ Ï k : j ) 1 Ñ T Ñ A j f ä k 8 ZA A j ãEã ∆ Ú 2U f ä k : j ä k 8 Z A A jej � ∆ Ú 2U f 0
for eachf â L2 ã R;U ä , i.e., for each∆ Ú 2U f â ( 2 ã Z;U∆ ä . Therefore∆S¤¯APÉ .

We have ã�� � δ jT ä&ã säOA e: jTs A ã e: Ts ä j A ã@. ej ä&ã e: Ts ä for each j â Z
and s â iR (or for each s â C ) KPÁ ∞ Ã if A j A 0 for j ; 0), henceã�� � ¤¶äúã sänA^ã@.OÉuäúã e: Ts ä for suchs; in particular ã�� � ¤¶äúãmh it � T änA^ã@.OÉuäúã e: it ä for
all t â R (sets : Aõh it � T). *
Just to simplify the notation, we have used T A 1 above, although the

discretizationcouldbewritten for ageneral[ 0 0 T ä :
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Remark 13.4.6(Discretization over [ 0 0 T ä ) As obviousfrom the proofs, all re-
sultsof this sectioncouldbeformulatedfor discretization over [ 0 0 T ä (T / 0) in-
steadof [ 0 0 1ä (e.g., ã ∆ Ú 2uä n : A π Ð 0 Æ T Ñ τ ã nT ä u ã n â Z ä , hence∆ Ú 2 mapsL2

loc ã R;U ä�M( 2loc ã Z;L2 ãE[ 0 0 T ä ;U äEä ). *
(An alternativeproofwouldbetocompresstime;theoperator� T â ã L2

ω 0 L2
ω � T ä

definedby ã@� Tuä&ã t ä : A u ã Tt ä is an isomorphismwith inverse� 1� T ; see[Sbook]
for details.)

Notes
Time discretization has more or less implicitly beenused in [Sal89] and

[W94a]. Somebasicfactsaregiven in Section2.4 of [Sbook], but mostof this
sectionseemsto benew.



Chapter 14

Riccati Equations (DARE)

Theinherent vice of capitalism is the unequalsharing of blessings;
theinherentvirtueof socialismis theequalsharingof misery.

— Winston Churchill (1874–1965)

In this chapter, we shall defineandexplore Discrete-timeAlgebraic Riccati
Equations(DAREs). Thus, this chapter is the discrete-timecounterpartof
Chapter9 (cf. Theorem14.1.3).

In Section14.1, we study the basicpropertiesof DAREs. In Section14.2,
we list certainauxiliary lemmasandfurther results.Section14.3containssome
resultsondiscrete-timespectralfactorization.

SeeChapter15for moreonpositiveDAREs(thosewith positivecost(for zero
initial state)or S « 0). Thatchapteralsotreatsminimization(LQR) problems.The
H∞ full-information controlproblemis treatedin Sections11.5and11.6,andthe
H∞ four-blockproblemin Sections12.2and12.6.

Part of the continuous-time resultsare proved using this chapter, henceit
is important to rememberthat, logically, one should verify all resultsof this
monographin discretetime (cf. Theorem13.3.13) before verifying them in
continuoustime.

Weshallwork underthediscrete-timecounterpartof Hypothesis9.0.1:

Standing Hypothesis14.0.1 Throughoutthis chapter and Chapter15, we as-
sumethat Σ A 1 A 2 IJ 3 4 â wplsã U 0 H 0 Y ä and J A J j â 6�ã Y ä . The letters U, H
andY denoteHilbert spacesof arbitrary dimensions.

We also assumethat 1	� 
 4 , Zu and Zs are as in (discrete-time)Definition

8.3.2, ê A 2 Iò ó ë â wplsã U 0 H 0 ÍY ä for someHilbert spaceÍY, andthat π ) τtz â Zs �
z â Zs ã z â Zu 0 t â N ä .

The readermay againignorethe latter paragraphof the hypothesis andreadð jj asany of ð out 0�ð sta0�ð str 0�ð exp; seethecommentsaroundHypothesis9.0.1for
details.

817
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14.1 Discrete-time Riccati equations(DARE)

Duggan’s Equality: To every Ph.D. there is an equaland opposite
Ph.D.

Traditionally optimal control problemsaresolved by solving corresponding
DAREs. An optimal exponentially stabilizingstatefeedbackoperatorexists if f
the DARE hasan exponentially stabilizing solution, in which casethe operator
andtheoptimal costoperatorform thesolution of theDARE. In this section,we
shallextendthis to infinite-dimensionalsystemsandalsogeneralizethis to other
formsof stabilizationthanexponentialstabilization.

We shall introduce the DAREs and their basic properties, including the
uniquenessof a ð jj -stabilizingsolution. In Theorem14.1.5,we show that ð jj -stabilizing solutions of the DARE correspondone-to-oneto the optimal state
feedbackoperatorsasin the classicalsetting. In Theorem14.1.6,we show that
whenever thereis a unique optimal control, this control canbe given in a state
feedbackform.

Under the standardcoercivity assumption, an optimal control is necessarily
unique,henceof statefeedbackform, hencetheuniquesolutionof theDARE, by
theabove. Thus,in Corollary14.1.7,we canstatethatthethreeaboveconditions
are equivalent and that they hold if f the systemis stabilizable. In Theorem
14.2.7,we include the “converse” (for ð exp): the DARE hasan exponentially
stabilizingsolution if f thestandardcoercivity assumptionholdsandthesystemis
exponentiallystabilizable(for dimU ; ∞ athird equivalentconditionis thatthere
is auniqueoptimalcontrol).

We startby definingtheDARE. Our definition is equivalentto thedefinition
of theIARE in thesenseexplainedin Remark14.1.2.

Definition 14.1.1(DARE) We call È (or ã@È70 S0 K ä ) a solution of the Discrete-
time AlgebraicRiccatiEquation(DARE) (inducedby Σ andJ; wedenotethis byÈ â DARE ã Σ 0 J ä ) iff ��
 �� ÈGA Aj È A Y C j JC h K j SK 0

S A D j JD Y BjmÈ B 0
SK A�hdã D j JC Y BjsÈ Aä'0 (14.1)

ÈGAPÈ j â 6�ã H ä , K â 6�ã H 0 U ä , andS â §¦6�ã U ä .
A solutionof theDAREis calledstabilizing (resp.r.c.-stabilizing, stable,...) ife K 0 f is a stabilizing (resp.r.c.-stabilizing, stable, ...) statefeedback operator

for Σ (seeDefinition6.6.10for furtherpreficesandsuffices).
Weuseprefices“ ð jj -”, “P-” and“PB-” asin Definition9.8.1.
The solution È (or ã@È�0 S0 K ä ) of the extendedDARE (eDARE) is defined

analogously exceptthatwedonotrequireS â §�6�ã U ä . For solutionsof theeDARE
wedenoteÈ â eDARE ã Σ 0 J ä (or ã@È70 S0 K ä â eDARE ã Σ 0 J ä ).

We call K the statefeedbackoperatorand S the signature(or sensitivity)
operatorcorrespondingto thesolution. Wedefine 15µ É 4 , Ý 0u´P0 á andΣ Ô as
in Definitions 9.1.3and 9.1.4.
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Note that necessarilyS A Sj , and that e K 0 f is an admissible state-
feedbackpair for Σ (by Lemma13.3.12).

A solution È of theeDARE determinesSuniquelyandK modulo theaddition
of anoperator∆K â 6�ã H 0 Kerã SäEä (henceuniquelyif Sis one-to-one).By Remark
9.8.8,theoperatorsSandK canbeeliminatedfrom theeDARE too.

We have requiredthat “F A 0” in the [e]DARE; this simplification doesnot
reducegenerality:

Remark 14.1.2(DARE vs.IARE) If we replace“ e K 0 f ” by “ e K F f ”
in thedefinition of the[e]DARE, where werequire that I h F â §¦6�ã U ä , thenthe
solutionsof the[e]DAREbecomeexactlytheadmissible solutionsof the[e]IARE.
Moreover, such solutions are exactly the triples ã@È�0 X j SX 0&e X : 1K I h X f ä ,
where ã@È70 S0 K ä is a (original) solutionof the[e]DAREandX â §¦6�ã U ä . *

The left columnsof the correspondingclosed-loopsystemsare equal, by
(13.61and (13.62),henceboth solutions correspondto sameclosed-loopstate
andoutputs(in theabsenceof aclosed-loopinput). SeealsoTheorem9.8.12(s1).

Theresultsof Chapter9 hold in discretetime too:

Theorem 14.1.3(Chapters 8–9apply) Theresultsof Sections8.3,8.4,9.1,9.8–
9.10 (except the “we do not know” part of Lemma9.9.7(d)), Lemma9.11.1,
Section9.12, and Definition 9.14.1–Theorem 9.14.3hold modulo the changes
givenin (13.63).

(Note that (13.63) makes Hypothesis 8.4.8 useless,since it removes any
“S A D j JD” claims. This is becausein discrete time one almost never has
S A D j JD, not evenfor ¾ MTICL1

(becauseåF�ã 0ä¦ÊA åFdãmh 1ä in general); seealso
thecommentsaroundExample14.2.9.)

Moreover, in Theorem 9.9.10we haveucrit ã x0 ä&ã t ä<A Kx ã t ä in (f1) and K A
K S Y K � in (g2) if wetakeM SúA I A M (i.e., F SúA 0 A F).

Also almosteverything of Section9.13caneasilybeadaptedfor [e]DAREs,
andmostof therestcanbeobtaineddirectlyby discretization.Many of theresults
of Chapter9 notmentionedabovehavecounterpartsin thischapter. Also theB jw-
CARE resultsof Section9.2canbewritten in their discrete-timeforms,but since
we lose“S A D j JD”, many of theseresultsbecomeratheruseless.

Recallfrom Theorem9.9.1that thereis a J-critical statefeedbackpair for Σ
if f theeIARE hasa ð jj -stabilizing solution.

If this is the case,then � ã x0 0 ucrit ã x0 äEäqA]� x0 0DÈ x0� , anducrit is given by the
feedbackK; the costwith closed-loopinput u Ô â ( 2 ãE[ 0 0 t ä ;U ä (t ; ∞) is given
by � x0 0DÈ x0� Y � uÔ<0 SuÔ�� , by Theorem9.9.1(h);hencethe namefor the signature
operatorS.

Lemma14.3.5providesussomeadditional classessatisfying (theconverted)
Hypothesis8.4.7.

Proof of Theorem 14.1.3: One can first verify Sections8.3 and 8.4,
then Lemma 14.2.1, then 9.10 (and 9.11.1 from 9.11), then 9.8 (including
Theorem14.1.4)and9.9, thentherestof Chapter9. Onecanavoid references
“backwards”by verifying eachclaim in its discreteandcontinuoustime forms
beforeproceedingto thenext one.
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NotethatK A�h S: 1π y 0 z á j JCA} â 6�ã H 0 U ä in Theorem9.9.10(g1). *
Note that ð out ã x0 ä : AbÁ u â ( 2 ã N;U ä üü B x0 Y F u â ( 2 ã N;Y älÃ etc., when we

write (8.29)–(8.32)out (applying(13.63)).
A strongly internallystabilizingsolutionof theDARE is unique:

Theorem14.1.4(È È È is unique) A solutionÈ>A·È j â 6�ã H ä of theeIAREisunique
to thefollowingextent:

(a) If theeDARE(14.1)hasa strongly internally stabilizingsolution, thenthat
solutionis uniqueamonginternally stabilizingsolutions.

(b) There is at mostoneinternally P-stabilizing solutionof theeDARE.

(c) If the eDAREhasan internally r-stabilizing solution for somer ; 1, then
anyothersolutionis (internally) at most1� r-stabilizing.

(d) TheeDAREhasat mostoneP-q.r.c.-SOS-stabilizing solution.

(e)TheeDAREhasat mostone ð jj -stabilizing solution.

Naturally, È determinesS: A D j JD Y Bj È B uniquelyandK modulotheaddition
of anoperator ∆K â 6�ã H 0 Kerã Sämä .

Note from Theorem 9.9.1(a1)&(e), that each a ð jj -stabilizing solutionã@È�0 S0 K ä determinesa J-critical statefeedbackoperatorfor Σ, and vice versa.
ThecorrespondingS is unique;theoperatorK is unique if f S is one-to-one.

Thus,if S is notone-to-one.thenthefeedbackoperatorK solvingtheeDARE
with È andS is not unique,but it may be that just oneK is ð jj -stabilizing, i.e.,
that the ð jj -stabilizing solutiontriple ã@È�0 S0 K ä is unique,andthat the J-critical
controlin statefeedbackform ( µOÔ x0) is unique(for eachx0) (seeExample9.13.6
for anexample).

Proof of Theorem 14.1.4: The claim on S andK is obvious,sowe only
needto provetheuniquenessof È .

(a) Let È 1 0DÈ 2 bea stabilizing solutions; let È 1 bestronglystabilizing. For
k A 1 0 2, let Sk and Kk correspondto È k. By the definition of K andS (see
eDARE), wehave

R : A C j JDK1 h K j2D j JC Y AjsÈ 2BK1 h K j2BjmÈ 1A Y K j2 ã BjmÈ 2B h BjsÈ 1Bä K1

(14.2)Aõh K j2S2K1 Y K j2S1K1 Y K j2 ã S2 h S1 ä K1 A 0 Z (14.3)

Therefore,by theeDARE, wehaveÈ 1 h�È 2 A Ajkã@È 1 h�È 2 ä A Y K j2S2K2 h K j1S1K1 (14.4)A Aj ã@È 1 h�È 2 ä A Y ã C j JD Y Aj È 1Bä K1 h K j2 ã D j JC Y Bj È 2Aä (14.5)A]ã Aj Y K j2Bjlä&ã@È 1 h�È 2 ä&ã A Y BK1 ä Y R (14.6)A AjÔ 2 ã@È 1 h�È 2 ä AÔ 1 Z (14.7)

Multiply equationÈ 1 h?È 2 A AjÔ 2 ã@È 1 h?È 2 ä AÔ 1 by ã AjÔ 2 ä k to theleft andAkÔ 1 to
theright, andusetheresultingchainof equationsfor k A 0 0EZEZmZE0 n h 1 to obtainÈ 1 h�È 2 A]ã AjÔ 2 ä n ã@È 1 h�È 2 ä AnÔ 1 ã n â N ä'Z (14.8)
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Becauseã AjÔ 2 ä n ã@È 1 hpÈ 2 ä is boundedand AnÔ 1x0 M 0 as n M Y ∞, for any
x0 â H, wehave È 1x0 h�È 2x0 A 0 for all x0 â H, henceÈ 1 APÈ 2.

(b) Now È kAnÔ kx0 M 0 asn M Y ∞, for all x0 â H, k A 1 0 2, by (P3), and9 AnÔ k 9 is bounded,sotheresultfollowsasabove.
(c) If M, r / 1 ands / 1� r ares.t. 9 AnÔ 1x0 9©o Mr : n, 9 AnÔ 2x0 9©o Ms: n, then� � x0 0lã@È 1 h�È 2 ä x0��� o ã 9 È 1 9 Y 9 È 2 9 ä M2 ã rsä : n for all n â N 0 (14.9)

hencethen � � x0 0lã@È 1 h�È 2 ä x0���'A 0 (in theproofof (a)).
(e)(resp.(d)) By Proposition9.10.2(c)(resp.(e2)),the ð jj -stabilizing(resp.

P-SOS-r.c.-stabilizing)solutions of the eIARE correspondone-to-oneto the
J-critical (resp.SOS-r.c.-stabilizingand J-critical over ð out) statefeedback
operators(seeLemma14.2.1).

TheJ-critical cost � x0 0DÈ x0� over ð jj (resp.over ð out) is independentof the
J-critical control µ�Ô x0, by Lemma8.3.8,henceÈ is unique. *
From Theorem9.9.1(a1)one can observe that any J-critical statefeedback

operatorK correspondsto a ð jj -stabilizingsolution È of the eIARE, and vice
versa.Dueto boundedinput andoutputoperators(B andC), in discrete-timewe
cango further:

Theorem 14.1.5(J-critical K � DARE) There is a J-critical statefeedback op-
erator K iff theeDAREhasa ð jj -stabilizingsolution ã@È�0 S0 K ä .

Moreover, suchKsareexactlythoseassociatedwith thesolutions,withSbeing
the correspondingsignature operator and È being the J-critical cost operator
satisfying (9.139)). *

(This follows from the above and Lemma14.2.1.) Also most of Theorem
14.1.6holds,asonecanobservefromTheorem9.9.1.RecallfromTheorem14.1.4
that È is uniquebut K neednot be. Also recall from Remark14.1.2how eachK
correspondsto asetof pairs e K F f with sameÈ .

In moststandardsettings,any J-critical control is unique.Sucha controlcan
alwaysbegiven by somestatefeedbackoperator:

Theorem 14.1.6(Unique J-critical control is of the feedbackform) There is a
uniqueJ-critical control for each x0 â H iff the eDARE has a ð jj -stabilizing
solution ã@È70 S0 K ä with Sone-to-one.

Assumethat this is thecase. Thenthefollowing hold:

(a) The ð jj -stabilizingsolution ã@È�0 S0 K ä is unique.

(b1)TheJ-critical control isdeterminedbyucrit ã x0 ä�A¯µ�Ô x0, i.e., byucrit ã x0 ä n A
K ã A Y BK ä nx0 (n â N), where Σ Ô is theclosed-loopsystemcorresponding
to e K 0 f .

(b2)Conversely, Kx0 A ucrit ã x0 ä 0 and ÈGAgB jÔ J B5Ô (andS A D j JD Y Bj È B).

(c) If Σ is exponentiallystable, thenK is exponentiallyr.c.-stabilizing.

(d) Theorem9.9.1(f1)–(k)apply.
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SeeTheorem9.8.5 for ð jj -stabilizing solutions. Note in particular, that a
solutionis ð exp-stabilizingif f ρ ã A Y BK ä ; 1, by Lemma13.3.7(andTheorem
9.8.5).

Theorem9.9.6containsananalogyof theabove theoremfor WPLSs(i.e., for
continuoustime) with boundedB. For very irregular WPLSs,the “only if ” part
mayfail (at leastwehave to giveupeCAREs;presumablyeveneIAREs).

In general,all J-critical statefeedbackoperatorscorrespondbijectively to ð jj -stabilizingsolutionsof theeDARE asin theabove theorem,by Proposition9.9.1.
Proof of Theorem 14.1.6: The equivalence follows from Theorem

9.9.1(a1)&(e2),becausea unique(for eachx0) J-critical controlucrit is neces-
sarilyof thefeedbackform: if K isdefinedby (b2),thenNrÔ�A¯N crit , µ�Ô�A¥µ crit,
and B5Ô¥ACB crit, by (13.61).

(a) By Theorem9.9.1(f1), È is unique,hencesoareSandK (becauseS is
one-to-one).

(b2)&(d) Thesefollow from Theorem9.9.1.
(b1)This follows from formulaucrit ã x0 ä�ACµ critx0 ACµ�Ô x0.
(c) This followsfrom Theorem8.3.9(a5)(seealso(13.61). *

Thus, if Σ is J-coercive and the finite cost condition is satisfied,then the
optimalcontrolcorrespondsto a (unique) ð jj -stabilizingsolution of theDARE:

Corollary 14.1.7(JJJ-coercive Ó Ó Ó DARE) Assumethat Σ is J-coercive. Thenthe
followingareequivalent:

(i) there is a [unique] J-critical control over ð jj ã x0 ä for each x0 â H;

(ii) ð jj ã x0 ärÊA /0 for each x0 â H;

(iii) theDAREhasa ð jj -stabilizingsolution. *
(This follows from Theorem14.1.6 and Theorem8.4.3, since necessarily

S â §¦6�ã U ä , by Lemma9.10.3.)SeealsoTheorem14.2.7.
(Seep. 829for notes.)
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14.2 DARE — further results

Everyonewantsresults,but nooneis willing to dowhatit takesto get
them.

— Dirty Harry

In this section,we presentauxiliary lemmasandfurther resultson DAREs.
Theseincludethe relationsbetweenall (not necessarilystabilizing) solutions of
theeDARE, symplectic“matrix” pencils,DAREsconnectedto theinternaland/or
outputstability of a system, equivalencebetweenJ-coercivity andthe existence
of auniqueoptimalcontrol,andH2 “spectralfactors”.

In previous section,we usedthe fact that the solutions of the [e]DARE are
exactly theadmissiblesolutionsof the[e]IARE:

Lemma 14.2.1(eDARE � � � eIARE) Let S â 6�ã U ä and È|A]È j â 6�ã H ä . Let15µ É 4 beanadmissible statefeedback pair for Σ, andlet Σ Ô : A ` ®�� I �J � 3 �� � ��� a â
wplsã U 0 H 0 Y V U ä bethecorrespondingclosed-loopsystem.Set́ : A^ã I h�ÉuäÂ: 1,á

: AcF¶´�APF<Ô . If equationsµ t j Sµ t AcN t j ÈON t h�È Y B t j J B t (14.10)Ý t j SÝ t AcF t j J F t Y = t j È�= t 0 (14.11)Ý t j Sµ t Aõh e F t j J B t Y = t j ÈON t f Z (14.12)

hold for t A 1, thenthey hold for each t â N.
Thus,by(13.62), ã@È70 X j SX 0 X : 1K ä (hereX : A I h F) isa [stabilizing] solution

the eDARE iff ã@È�0 S0 1©µ É 4 ä is an admissible [stabilizing] solution of the
eIARE.All preficesandsufficesapply.

If ã@È70 S0 1©µ É 4 ä is an admissible solution of the eIARE with closed-
loop systemΣ Ô , thenthe closed-loopsystemcorrespondingto e X : 1K 0 f is`

A � B � X
C� D � X
K � 0 a , by (13.61)and(13.62).

Proof: We assumethat(14.10)–(14.12) aresatisfiedfor t A 1 (i.e., thatthe
eDARE is satisfied).

1Ò (14.10):Let x â H. Apply (14.10)with t A 1 to Akx (k â N) to obtain� Ak ) 1x 0DÈ Ak ) 1x�úh � Akx 0DÈ Akx� Y �CAkx 0 JCAkx��AC� KAkx 0 SKAkx�æZ (14.13)

But, by (13.38),we have ã�B x ä k A CAkx and ãDµ x ä k A KAkx, hencewe canadd
(14.13)for k A 0 0 1 0 2 0mZçZçZç0 t h 1 to get(14.10).

2Ò (14.11): Let 0 ÊA u â cc ã N;U ä . Set x : A]= τu to obtain that x j ) 1 A
Axj Y Buj and ãXF u ä j A Cxj Y Du j ( j â N), by Lemma13.3.3(c). Similarly,Ý

u A u h Kx. Thus,by (14.12)with t A 1, wehave(heretheinnerproductsare
takenonU or H, andthesubscriptj refersto “time”, i.e., to theargumentof x
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andu):� Ý u 0 SÝ u� j AC� u 0 Su� j h � u 0 SKx� j h � SKx 0 u� j Y � Kx 0 SKx� j (14.14)AC� u 0 Su� j Y � u 0lã D j JC Y BjsÈ Aä x� j Y �æã D j JC Y BjsÈ Aä x 0 u� j (14.15)Y � x 0 Aj È Ax� j h � x 0DÈ x� j Y � x 0 C j JCx��A gj Y h j (14.16)

onZ, where

g j : AC� u 0 D j JDu� j Y � u 0 D j JCx� j Y � D j JCx 0 u� j Y � x 0 C j JCx� j AC�çF u 0 J F u� j 0
(14.17)

h j : AC� u 0lã S h D j JD ä u� j Y � u 0 BjæÈ Ax� j Y � BjmÈ Ax0 u� j Y � x 0 AjmÈ Ax� j h � x 0DÈ x� j
(14.18)AC� Ax Y Bu0DÈ?ã Ax0 Buä�� j h � x j 0DÈ xj ��AC� x j ) 1 0DÈ xj ) 1�Üh � x j 0DÈ xj �æZ (14.19)

Therefore,

j

∑
0
� Ý u 0 SÝ u� j h j

∑
0
�çF u 0 J F u� j A j

∑
0
� Ý u 0 SÝ u� j h j

∑
0

g j A j

∑
0

h j AC� x j ) 1 0DÈ xj ) 1�æZ
(14.20)

But this is (14.11)for t A j Y 1 appliedto u (becausex : Ag= τ ju). Becauseu
and j werearbitrary, equation(14.11)holds,by densityandcontinuity.

3Ò (14.12): For t â N, we set � t : A Ý t j Sπ Ð 0 Æ t Ñ µ Y
π Ð 0 Æ t Ñ eDF j Jπ Ð 0 Æ t Ñ B Y τt = j È At f â 6�ã H 0�� 2 ãE[ 0 0 t ä ;U äEä , as in Lemma9.11.6. We
mustprove that ��� 0, henceit is enoughto show that

ft : A ft ã u 0 x0 ä : AC� u 0�� t x0� Ú 2 A 0 (14.21)

for arbitraryt â N, u â � 2 ãEã 0 0 t ä ;U ä andx0 â H. Let u 0 x0 beasabove,andset

xt : A Atx0 0 zt : A>= τtu (14.22)

to obtainxt ) 1 A Axt 0 zt ) 1 A Azt Y But , ã Ý u ä t A ut h Kzt , ãXF u ä t A Dut Y Czt,ã�B x0 ä t A Cxt , ãDµ x0 ä t A Kxt (seeLemma13.3.3). Thus, for t â N, we have
(recallthat

á
v AcF u)

ft ) 1 A t

∑
0
�æã Ý u ä n 0 SãDµ x0 ä n� U Y t

∑
0
�æãXF u ä n 0 J ã�B x0 ä n� Y dt Y � zt ) 1 0DÈ xt ) 1� H Z

(14.23)

Therefore,(wesethere f : 1 A 0 sothatthisholdsfor t A�h 1 too)

ft ) 1 h ft AC� ut h Kzt 0 SKxt � Y � Dut Y Czt 0 JCxn� Y � Azt Y But 0DÈ Axt �úh � zt 0DÈ xt ��A 0 0
(14.24)

by (14.10)–(14.12) with t A 1. Consequently, f � 0 and ��� 0.

4Ò eIARE� eDARE:Obviously, theeIAREwith t A 1 isexactlytheeDARE.*
The “K” of a ð jj -stabilizing solution of the eDARE is the optimal state
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feedbackoperator. Conversely, given a uniqueoptimal control, we obtain the
correspondingsolution of theeDARE asfollows:

Lemma 14.2.2 Let there bea uniqueJ-critical control ucrit ã x0 ä for each x0, and
let Σcrit beasin Theorem8.3.9.

SetKx0 : A ucrit ã x0 ä 0 (x0 â H). ThenΣcrit is the left columnof the closed-
loop systemcorresponding to the state feedback pair e K 0 f for Σ. Thus,È : A�B jcritJ B crit , S : A D j JD Y Bj È B and K constitute the unique ð jj -stabilizing
solution of theeDARE.

Proof: By (13.39),thegeneratorsof µ crit , B crit and N crit areK, C Y DK and
A Y BK, respectively; hencethefirst claim follows from (13.62)(with M A I ).
By Proposition9.10.2(c),ã@È70 S0 K ä is ð jj -stabilizing. *
From Lemma 9.12.3 (which also containsfurther results) we obtain the

connectionbetweentheDAREsfor theopen-andclosed-loopsystems(notethat
nostabilizationis requiredhere):

Lemma 14.2.3 Let e K S F S f be admissible for Σ, i.e., ã M S ä�: 1 : A I h F S â§¦6�ã U ä , andlet Σ ° bethecorresponding closed-loopsystem
Then ã@È70 S0 K ä â eDARE ã Σ 0 J ä � ã@È�0 M S j SM S@0 M S : 1K h K Sçä â

eDARE ã Þ A� B�
C� D � ß 0 J ä . *

In particular, eDARE ã Σ 0 J ä�A eDARE ã Σ1° 0 J ä andDARE ã Σ 0 J ä�A DARE ã Σ1° 0 J ä
(seeDefinition14.1.1for thenotation),where(seeLemma13.3.12)

Σ1° : A Þ A� B�
C� D � ß : A Þ A ) BK� BM R

C ) DK � DM R ß 0 K ° A M S K S Z (14.25)

By settingF S A 0 we see,that if we perturbateΣ by a feedbackK S andthe
resultingsystemcanbe optimized by feedbackK � , thenthe original systemcan
beoptimizedby feedbackK A K S Y K � .

From Lemma9.12.5we obtainthat differencebetweentwo solutionsof the
eDARE solvestheeDARE for thecorresponding

Ý
system(still no stabilization

assumed):

Lemma 14.2.4 Let ã@È 1 0 S1 0 K1 ä â eDARE ã Σ 0 J ä .
Then ã@È 2 0 S2 0 K2 ä â eDARE ã Σ 0 J ä � ã@È 2 h È 1 0 S2 0 K2 ä â

eDARE ã Þ A B: K1 I ß 0 S1 ä . *
Thus, for ã@È70 S0 K ä â eDARE ã Σ 0 J ä we have eDARE ã Σ 0 J äPA È Y

eDARE ã Þ A B: K I ß 0 Sä . Notethat
Þ

A B: K I ß is a realizationof “
Ý

” .

Matrix pencilscansometimesbeusedto simplify certaincomputations. The
following lemmarelateseDAREsto socalledextendedsymplecticmatrix pencils:

Lemma 14.2.5(SymplecticPencil) Let È A|È j â 6�ã H ä , K â 6�ã H 0 U ä , and

AÔ â 6�ã H ä . Set S : A D j JD Y Bj È B, V : A ê IH�
K
ë . Then the following are

equivalent:
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(i) TheeDAREfor Σ andJ hasthesolution ã@È70 S0 K ä , andA Ô A A Y BK.

(ii) WehaveMΣ Æ JVAÔ A NΣ Æ JV, where

MΣ Æ J : A ±³ IH 0 0
0 h Aj 0
0 h Bj 0̧¹ 0 NΣ Æ J : A ±³ A 0 B

C j JC h IH C j JD
D j JC 0 D j JD ¸¹ â 6�ã H V H V U ä'Z

(14.26)

(iii) SomeZ â §¦6�ã H ä andV SÂA ê Zjj ë â 6�ã H 0 H V H V U ä satisfy MΣ Æ JV S AS Ô A
NΣ Æ JV S , andV A V S Z : 1 andAÔ A ZAS Ô Z : 1.

Thus,wehavethreeequivalentproblems;thesecondonewill beour tool in in
Section12.6for theproofof theH∞ Four-Block Problem.

Proof: 1Ò “(i) � (ii)”: Write MΣ Æ JVAÔ·A NΣ Æ JV out to obtainthe equation
AÔ A A Y BK andasystemwhichbecomestheeDARE afterthissubstitution.

2Ò “(ii) � (iii)”: This is obvious. *
Next we presentthe discrete-timecounterpartof Lemma 9.12.2, i.e., the

connectionbetweenthe internal and/or output stability of a systemand the
solvability of certainRiccati equations(the solutions neednot be stabilizing a
priori):

Lemma 14.2.6(N\��BN\� BN\��B is stable � � � DARE)

(a) AssumethatJ
�

0. Then B is stableiff there is È â 6�ã H ä s.t. È^« 0 andÈõ« Aj È A Y C j JC Z (14.27)

(b) Assumethat B is stable. ThenÈcA>B j J B is a solution of ÈcA A j È A Y C j JC,
and ÍÈ�«¥È for any ÍÈõ« 0 thatsolves(14.27).

In particular, if J « 0, then È�A�B j J B is thesmallestnonnegativesolution
of (14.27).

(c) Assume, that N is strongly stableand B stable. ThenÈ>A­B j J B is theunique
solution(in 6�ã H ä ) of ÈGA A j È A Y C j JC.

(d) The map N is exponentiallystable iff È � A j È A for somenonnegativeÈ â 6�ã H ä (andanysuch È necessarilysatisfies È � 0). *
(Theproof is analogousto thatof Lemma9.12.2(usealsoLemma15.5.1)and

henceomitted.) Naturally, we canagainuseduality to getcorrespondingresults
for ã A 0 Bä .

We cannow show thatfor ð exp, J-coercivity is equivalentto theexistenceof
a uniqueoptimal control(if, e.g.,dimU ; ∞):

Theorem14.2.7( ð expð expð exp: Unique optimum � DARE � J-coercive) Conditions
(i)–(iii) areequivalent.

(i) There is a uniqueJ-critical control over ð exp ã x0 ä for each x0 â H, and
S: A D j JD Y Bj È B â §�6�ã U ä .
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(ii) TheDAREhasanexponentiallystabilizingsolution.

(iii) F is J-coerciveover ð exp, andΣ is exponentiallystabilizable.

If dimU ; ∞, or D j JD
�

0 and J « 0, then the condition S â §¦6�ã U ä is
redundantin (i).

If Sis asin (i) (or (ii)), thenS
�

0 iff F is positivelyJ-coerciveover ð exp (iff
theJ-critical control is minimizing).

Naturally, È : ACB jcritJ B crit in (i) ( ACB jÔ J B©Ô in (ii)). See,e.g.,Theorem14.1.6
for furtherdetails.

Proof: 1Ò Equivalence“(i) � (ii)” follows from Theorem14.1.6,andimpli-
cation“(iii) Ó (i)” from Theorems8.4.3and14.1.6andLemma9.10.3.

2Ò (ii) Ó (ii i): Assume (ii). Trivially, thenΣ is exponentially stabilizable,so
thatweonly have to prove that F is J-coerciveover ð exp.

By Theorem9.9.1(k),we have ´�� 2 ã N;U äHA�ð exp ã 0ä . ChooseεS / 0 s.t.9 Su0 9 « εS 9 u0 9 for all u0 â U . By Lemma6.1.10,wehave

M : A maxÁ 9 ´ 9 tic 0 9 =HÔ τ 9 Ù Ï Ú 2 ÆH Ñ Ã ; ∞ Z (14.28)

Assumethat 0 ÊA u â ð exp ã 0ä , and set uÔ : A�´­: 1u â � 2 ã N;U ä . Set
vÔ : A SuÔ©� 9 SuÔ 9 2 â � 2 ã N;U ä , v : Ag´ v Ô â ð exp ã 0ä , so that 9 vÔ 9 2 o 1 and� vÔ<0 SuÔ���« εS 9 uÔ 9 2.

Then 9 v 9 S ý exp
: A maxÁ 9 v 9 2 0 9 = τv 9 2 Ã o M (since = τv Aw=¶Ô τvÔ ) and9 u 9 S ý exp o M 9 uÔ 9 2 (seeLemma8.4.2).Since�çF v 0 J F u� AC�çF\Ô vÔ<0 J F<Ô uÔu� AC� vÔ\0 SuÔ���« εS 9 uÔ 9 2 « εSM : 2 9 u 9 S ý exp 9 v 9 S ý exp

0
(14.29)

andu wasarbitrary, we have shown that F is J-coercive over ð exp, by Lemma
8.4.2.

3Ò Redundancy:If �G« 0 (e.g.,J « 0), thennecessarilyÈ^« 0, hencethen
D j JD

�
0 impliesthatS

�
0.

If thereis auniqueJ-critical controlover ð exp ã x0 ä for eachx0 â H, thenSis
one-to-one,by Theorem14.1.6,sothatdimU ; ∞ makesconditionS â §�6�ã U ä
redundant.

4Ò S
�

0: This follows from Theorem9.9.1(k)andLemma10.2.2. *
Now we statethe discrete-timecounterpartof Lemma9.12.8. This corre-

spondsto the fact that, in the indefinitecase,the “spectralfactors”maybecome
unstable( åÝ â H2 À H∞ ã D; 6�ã U äEä for dimU ; ∞).

Lemma 14.2.8(=q0sF=q0EF=q0EF stable Ó F j J FcA Ý j SÝ & åÝ â § H2Ó F j J FcA Ý j SÝ & åÝ â § H2Ó�F j J FcA Ý j SÝ & åÝ â § H2) Assumethat = andF are stable, ϑ A 1, and ã@È�0 S0 1©µ É 4 ä is a ð jj -stabilizing solution of the

eIARE.Set́­: 1 : A Ý : A I h�É , á : APF¶´ , åÝ d : A åÝ ã x̄ ä j . Then

(a1)
á 0m´P0 Ý â ticr ã U 0m�Üä for all r / 1.

(a2) åá 0 å´�0 åÝ d â H2
strongã D; 6�ã U 0m��äEä ; in particular, åÝ â § H ã D; 6�ã U ämä .

(b1)
á 0m´P0 Ý j â 6�ã�� 1 ã Z;U ä'0�� 2 ã Z; �ÜäEä , á j 0X´ j 0 Ý â 6�ã�� 2 ã Z; �Üä'0�� ∞ ã Z;U äEä , andÝ j π Ç ´ j 0X´ π Ð : T Æ t Ñ 0 Ý j π Ð : T Æ t Ñ â 6�ã�� 2 ã Z;U äEä for all T 0 t â N.
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(b2) ´ π ) Ý 0 π Ð : T Æ t Ñ Ý â 6�ã�� 1 ã Z;U ä�0�� 2 ã Z;U äEä � 6�ã�� 2r ã Z;U äEä � 6�ã�� 2 ã N;U ämä for
each r / 1, and ´ π ) Ý and π Ð : T Æ t Ñ Ý have a continuousextensionsto6�ã�� 2 ã Z;U äEä .

(c1) � á u 0 J á v��AC� u 0 Sv� for all u 0 v â � 1 ã Z;U ä .
(c2)

Ý j π Ð : T Æ t Ñ SÝ u MíF j J F u in � 2 ã Z;U ä , ast 0 T M Y ∞, if = is strongly stable
andu â � 2 ã Z;U ä .

(d) (dimU ; ∞ Ó åÝ j SåÝ A åF j J åFdimU ; ∞ Ó åÝ j SåÝ A åF j J åFdimU ; ∞ Ó åÝ j SåÝ A åF j J åF ) If dimU ; ∞, then åÝ 0 å´ â H2 ã D; 6�ã U ämä �
L2 ã ∂D; 6�ã U ämä , and åÝ â §¦6�ã U ä and åÝ j SåÝ A åF j J åF a.e. on ∂D.

(e) ( ã π ) F j J F π ) ä : 1 A­´ π ) S: 1́ jã π )uF j J F π )Hä�: 1 A>´ π ) S: 1́ jã π ) F j J F π ) ä : 1 A>´ π ) S: 1́ j ) If � : A π ) F j J F π ) is invertible on� 2 ã N;U ä and = is strongly stable, then S â §�6�ã U ä and �¦: 1 A´ π ) S: 1 ´ j â §¦6�ã�� 2 ã N;U ämä .
(f) If Σ is exponentiallystable, then

Ý â § ticr ã U ä for somer ; 1, and
á j J á A S

and F j J FcA Ý j SÝ , i.e., åF\j J åFcA åÝ j SåÝ on ∂D Z (14.30)

Recall that ϑ A 1 for ð out, ð sta, ð str and ð exp, andthat � 2 ã N;U ä Q � 2r and� 2r R ã N;U ä Q � 2 for r S o 1 o r. SeealsoProposition 9.12.7(b).
Proof: (a1)&(a2)&(b1)Thesefollow from Lemma13.3.8(b3),since µ�Ô

(dueto ϑ A 1), BqÔ and = d arestable,exceptthatwehaveto show that
Ý j π Ç ´ j

arestable:´ π ) Ý A­´ π ) Ý ã π ) Y π : ä�A Iπ ) Y ´¯µ�=gA π ) Y µ�Ô5=<0 (14.31)

which is stable,hencethemap
Ý j π ) ´ j â 6�ã�� 2 0�� 2r ä (notethatπ ) � ∞ Qc � 2r ) has

its rangein � 2, hence
Ý j π )�´ j â 6�ã�� 2 ä , by LemmaA.3.6. We observe thatÝ j π :�´ j A I h Ý j π )�´ j is alsostable.

(b2) This follows from (b1) (notethat � 2 ã N;U ä Q � 2r andthat
Ý

itself is not
necessarilydefinedon � 2 ã Z : ;U ä ).

(c1) By Lemma9.10.1(c2),we have � á u 0 J á v�ËA]� u 0 Sv� for all u 0 v â cc,
hencefor all u 0 v â � 1, by density.

(c2) This is Proposition9.12.7(b).
(d) By Theorem3.3.1(e)&(a4),åÝ 0 å´ â H2 ã D; 6�ã U äEä � L2 ã ∂D; 6�ã U ämä . By

continuity, åÝ å´ A I A å´ åÝ and åá A åF å´ a.e.on ∂D (sincethesehold on ∂D);
in particular, åÝ â §¦6�ã U ä a.e.on ∂D.

Since � u0e0 0 Sv0e0� Ú 2 A � á u0e0 0 J á v0e0� Ú 2, i.e., � u0 0 Sv0� L2 Ï ∂D;U Ñ A� åá u0 0 J åá v0� L2 Ï ∂D;U Ñ for all u0 0 v0 â U , we must have åá j J åá A S a.e.on ∂D,

i.e., åÝ j SåÝ A åF j J åF a.e.on∂D.
(e) By Lemma9.9.7(c5),S â §¦6�ã U ä . Set ¤ : AGF j J F . Let u â � 1 ã Z;U ä .

SincéP0 Ý j â 6�ã�� 1 0�� 2 ä , by Lemma14.2.8,weobtainfrom (c2) that¤u´ u A lim
T Æ t � ) ∞

Ý j π Ð 0 Æ t Ñ SÝ ´ u A lim
T Æ t � ) ∞

Ý j π Ð 0 Æ t Ñ Su A Ý j Su 0 (14.32)

hence ¤n´ A Ý j S â 6�ã�� 1 0�� 2 ä . Consequently, ´ j ¤]A S
Ý â 6�ã�� 2 0�� ∞ ä , by

LemmaB.4.15.
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Let r / 1. Since S: 1́ j ¤|A Ý , we have π ) S: 1́ j �bA π ) Ý π ) â6�ã�� 2 ã N;U ä�0�� ∞ ã N;U äEä � 6�ã�� 2r ã N;U äEä . But π ) ´ π ) Ý π ) A π ) on � 2r , hence
π ) ´ π ) S: 1́ j �bA π ) on � 2r . The invertibility of �\: 1 on � 2 ã N;U ä Q� 2r ã N;U ä impliesthat ´ π ) S: 1́ j u A �5: 1u for all u â � 2 ã N;U ä ; in particular,´ π ) S: 1́ j â §¦6�ã�� 2 ã N;U äEä .

Remarks: We have ´ A ¤©: 1 Ý j S â 6�ã�� 1 0�� 2 ä ; in particular, ´ π ) A�5: 1 Ý j S â 6�ã�� 1 0�� 2 ä .
If ð jj � L2 (e.g.,Σ â sosand ð jj A�ð out) then � â §¦6�ã L2 ã R ) ;U ämä implies

thattheeIAREa solution, by Proposition8.3.10andTheorem14.1.6.
(f) The exponential stability of A (i.e., of Σ) implies that of F and

Ý
.

By Theorem9.9.1(d)&(g2),Σ Ô is exponentially stable(henceso are
á

and´íA Ý : 1) and
á j J á A S, henceF j J FPA Ý j SÝ . This implies(14.30)(by, e.g.,

(thediscrete-timeversionof) Theorem3.1.3(a1)). *
In thefinite-dimensional CARE theory, onealwayshas“S A D j JD”, but for

DAREsthis is virtually never true. In Section9.2, theequality“S A D j JD” was
extendedto all WPLSswith a boundedB and beyond; for ð exp an alternative
condition was that N B 0 Cw N�0 Cw N B â L1

loc (seeTheorem9.2.18; seeRemark
9.9.14(b)for furthersufficient conditions). Noneof theseholdsfor discrete-time
systems:

Example 14.2.9 [S ÊA D j JDS ÊA D j JDS ÊA D j JD] Let A A 0, B A I , C A 1 I0 4 , D A 1 0I 4 , J A I (sothatåF�ã zänA][ zI Ä or FcA 1 τ ÷ 1

I
4 â ticexp Q � 1 � ). Thenthe[e]DARE becomes

S A 1 Y È�0 SK A 0 0¶hrÈ Y 1 A K j SK 0 (14.33)

with the uniquesolution ÈbA I , S A 2, K A 0, hence
Ý A I A X. Therefore,

D j JD A I ÊA 2I A S( A X j SX). !
In particular, we have no equivalent for theB jw-CARE theoryof Section9.2.

Moreover, we have no decentequivalent for the MTICL1
(or MTITZ) theory;

indeed,theredoesnot seemto exist any usefuldiscrete-timeclassesthat would
satisfy Hypothesis8.4.8 (after (13.63)),as notedaroundLemma14.3.5. Note
that even if we use ¾ ÍÌ for ÍÌ : A MTICL1

or somethingsimilar, we only know
that åF�ãmh 1ä j J åF�ãmh 1ä5A S (sinceφCayley ã Y ∞ ä5A�h 1), which doesnot imply that

D j JD A åF�ã 0ä j J åF�ã 0änA S.

Notesfor Sections14.1–14.2
Historical remarksandreferencesfor DAREs for finite-dimensional systems

canbe found from, e.g., [LR]. We have recentlybecomeawareof the fact that
alsothe eDARE for finite-dimensionalsystems hasbeenstudiedextensively, by
V. Popov, V. Ionescu,C.Oar̆aandM. Weiss[Popov] [IW] [IOW] andothers,under
the nameDTARS. See[IOW] alsofor symplectic pencilsfor finite-dimensional
systemsand [HI] for a Popov function approachto time-varying discrete-time
linearsystems.

Notesfor infinite-dimensionalpositive DARE resultscanbefoundon p. 840.
In the indefinite case,JarmoMalinen [Mal97] (alternatively, see[Mal00]) has
shown theequivalenceof theexistenceof aspectralfactorizationandtheexistence
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of aP-I/O-stabilizingsolutionof theDARE (seeCorollary9.9.11andProposition
9.8.11 for a strongerresult) for stable reachablesystems;at the sametime
we published the correspondingcontinuous-time result in [Mik97b] (without
reachabilityassumptions,for generalregularWPLSs).

In Section4.6 of [Mal00], Malinen shows that the partial orderingof the
differentP-stablesolutionsof theDARE by “ o ” matcheswith thepartialordering
of the rangespacesof the corresponding“pseudospectralfactors”by “ Q ”. He
assumesthat the systemis stableand hasa uniformly positive Popov operator
(i.e., F j J F � 0), theinputoperatorB is aHilbert–Schmidtoperator, andU andY
areseparable.Malinenalsoestablishesa connectionto invariantsubspacesof A j
(Chapter5, underessentiallythesameassumptions).

Lemma 14.2.4 is from [Mal00], and the proof of Theorem14.1.4(a)–(c)
follows theclassicalapproach(see,e.g.,Proposition 13.5.1of [LR]).



14.3. SPECTRAL AND COPRIMEFACTORIZATIONS 831

14.3 Spectral and coprime factorizations

Molecule, n.:
Theultimate, indivisible unit of matter. It is distinguishedfrom the
corpuscle, also the ultimate, indivisible unit of matter, by a closer
resemblanceto theatom,alsotheultimate, indivisible unit of matter
... Theion differs from the molecule, the corpuscleand the atomin
that it is an ion ...

— AmbroseBierce(1842–1914), "TheDevil’ sDictionary"

Spectralandcoprimefactorizationhave beentreatedin Sections6.4 and8.4
andin Chapter5 (recall Theorem13.3.13). In this section,we shall supplement
thoseresultsby somediscrete-time-specificadditional results.

A spectral factorization of ¤ â ti ã U ä is an equationof form ¤�A à j Ý ,
where

Ý 0 à â § tic ã U ä . Throughthe . -transform,this meanswriting some¤ â
L∞

strongã ∂D; 6�ã U äEä (i.e., somestrongly bounded,strongly measurableoperator-

valuedfunction on the unit circle) as åà j åÝ , where åÝ 0 åà â § H∞ ã D; 6�ã U ämä (i.e.,åà and åÝ are(the nontangentiallimits at the circle of) operator-valuedbounded,
boundedlyinvertibleholomorphicfunctionsontheunitdisc).(If U isunseparable,
thentheadjoint åà j cannotbetakenpointwisefor anarbitraryrepresentativeof the
boundaryfunction;seeDefinition3.1.1for details.)

Given a stablesystem 1 A 2 IJ 3 4 (or and I/O map F ) and a cost operatorJ
correspondingto someoptimalcontrolproblem(suchasLQR or H∞), a spectral
factorizationof the Popov operator F j J F leads to formulae for the optimal
controller and cost, as shown in Corollary 8.3.11. Under certainassumptions,
alsounstableproblemscanbereducedto stableones,hencespectralfactorizations
havebecomeanimportanttool in solvingcontrolproblems.

For finite-dimensional exponentially stablesystems, theexistenceof aspectral
factorizationis equivalent to theinvertibility of thecorrespondingPopov Toeplitz
operator(aka.J-coercivity). In Theorems14.3.2and14.3.4weextendthis factto
infinite-dimensionalsystemsandweaken theexponentialstability assumption to
the requirementthat theconvolution kernelin � 1 (i.e., absolutelysummable). In
Corollary14.3.3,weextendthecorrespondingunstableresult.

We start this sectionby listing the basicpropertiesof spectralfactorization.
By using Theorem13.2.3 (and reformulatingthe proof of (c)), we obtain the
following from Lemma5.2.1:

Lemma 14.3.1(SpF) Let ¤ â ti ã U ä .
(a) Then ¤ � 0 iff ¤ has the spectral factorization ¤gA Ý j Ý for some

Ý â§ tic ã U ä .
If this is thecase, thenall spectral factorizationsof form ¤¯A#" j " aregiven
by ¤¥A^ã L Ý ä j ã L Ý ä , where L â §�6�ã U ä is unitary.

Assumenow that ¤ â ti ã U ä hasa spectral factorization ¤CA à j Ý for someÝ 0 à â § tic ã U ä . Thenwehavethefollowing:
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(b) TheToeplitzoperator π )u¤ π ) is invertibleon π )$� 2, and π ) Ý : 1π ) à : j π )
is its inverse.

(c) If ¤ â tir � ti1� r for somer ; 1, then
à 0 Ý â § tic1 : ε ã U 0 Y ä � ticr ã U 0 Y ä for

someε / 0; in particular, then
Ý Ç 1 and

à Ç 1 areexponentiallystable.

(d) If ¤¯AP¤ j , then
à A Ý j Sfor someS A Sj â §¦6�ã U ä ; thus,then ¤¥A Ý j SÝ .

If, in addition, ¤ â tiω ã U ä for someω ÊA 0, then
Ý â § tic : ε ã U ä for some

ε / 0.

(e) The map ¤ d : A R¤ Râ TI ã U ä has the co-spectralfactorization ¤ d AÝ d ã à d ä j (
Ý d 0 à d â § tic ã U ä ).

(f) All spectral factorizations of ¤ are given by ¤õA ã L : j à ä j ã L Ý ä , where
L â §�6�ã U ä . *

For exponentially stablediscrete-timeI/O maps,we have the equivalence
(without any ÍÌ assumptions) betweenthe invertibility of the Popov Toeplitz
operatorandtheexistenceof aspectralfactorization:

Theorem14.3.2(tic : εtic : εtic : ε: Popov� � � SpF) Let F â ticexp ã U 0 Y ä . Thenπ ) F j J F π ) is
invertibleiff F j J FcA Ý j SÝ for some

Ý â § ticexp ã U ä andS â §�6�ã U ä .
This doesnot hold with tic in placeof ticexp, by Example8.4.13(themap

Ý
maybecomeslightly unstable; seeLemma14.2.8for details)).

Proof: (We give a system-theoreticproof to obtaina constructive formula
for
Ý

andS in termsof anarbitraryrealization(or of a solution of theDARE).
CombineLemma13.3.8(a2),Theorem14.3.4andLemma14.3.1(d)to obtain
analternativeproof.)

1Ò Theequivalence:Thenecessity(“if ”) followsfrom Lemma14.3.1(b),so
assumethatT : A π ) F j J F π ) is invertible in 6�ã π ) L2 ä . Thenthereis a unique
critical control,by Proposition8.3.10.

Let Σ : A e A B
C D f beanexponentially stablerealizationof A (seeDefinition

13.3.4).By Theorem14.1.6,theeDARE for Σ andJ hasa unique PB-output-
stabilizing solution ã@È70 S0 K ä , S is one-to-one,and Σcrit is the left columnof
Σ Ô correspondingto e K 0 f . In particularK is exponentially stabilizing.
Consequently,

Ý
and

Ý : 1 areexponentially stable,henceK is exponentially
r.c.-stabilizing, by Lemma13.3.16,and

Ý j SÝ is a spectralfactorization,by
Theorem9.9.10(a1).

2Ò Remark:If we usetheshift realizationfrom Definition 13.3.4,thenthe
formulafor åÝ ã zä�A I h K ã z: 1 h Aä�: 1B becomesåÝ ã zä u0 A I Y K

∞

∑
k W 0

zk ) 1π ) τk ) 1 F u0e0 (14.34)

(by (13.49)),whereK A^ãEã π ) F J F π ) ä : 1π ) F j J Bqä 0, by (8.45)(and(13.39)).
(Of course,K A�h Sj ã D j JC Y Bj È Aä , whereS A D j JD Y Bj È B and È is

givenby (8.46).) *
This leadsto thefollowing corollaryin theunstablecase:
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Corollary 14.3.3(JJJ-coercive� � � inner r.c.f.) Let F havean exponential[q.]r.c.f.
ThenF is J-coerciveiff F hasanexponentialã J 0m�Üä -inner [q.]r.c.f.

Proof: Necessity follows from Corollary 8.4.14(a). Conversely, ifF�A á ´G: 1 is an exponential [q.]r.c.f. and F is J-coercive, then
á

is J-
coercive, by Lemma8.4.11(b1), henceπ ) á j J á π ) is invertible, hence

á j J á
has an exponentialspectralfactorization

Ý j SÝ , by Theorem14.3.2, henceF hasthe (exponentiallystable) ã J 0m�Üä -inner r.c.f. ã á©Ý : 1 ä&ã ´ Ý : 1 ä : 1, by the
proofof Lemma6.4.8(b). *
In discretetime, � 1 takestheroleof MTIC asthefamily of I/O mapsthatadmit

spectralfactorization(thoughwithout the“D j JD A X j SX” property):

Theorem 14.3.4(� 1� 1� 1 admits SpF) Leteither Ì^A%� 1 � and ÍÌõA%� 1) � , or Ì^A%� 1Ù'& �
and ÍÌ^A(� 1Ù'& Æ ) � .

Let ¤ â Ì�ã U ä . TheToeplitzoperator π )u¤ π ) â 6�ã π )$� 2 ä is invertible iff ¤ has
a spectral factorization ¤¥A à j Ý 0 where

Ý 0 à â § ÍÌ�Z (14.35)

If, in addition,r ; 1 and ¤ â Ì r � Ì 1� r , then
à 0 Ý â § ÍÌ 1 : ε ã U 0 Y ä � ÍÌ r ã U 0 Y ä

for someε / 0.

In particular, if ¤­Ac¤ j â � 1 is “exponentially� 1”, i.e., ¤ â � 1r for somer ; 1
too, thenits (possible) spectralfactorsare“exponentially � 1”. The“in addition”
claim also holds for ÌÎA ti and ÍÌÎA tic (sincetiexp ã N; �Üä Q � 1 ã N; �Üä ; usealso
Lemma14.3.1(d)).

Proof: The factorizationequivalence follows from Theorem5.1.3. The
proofof theadditionalclaim is analogousto thatof Proposition 5.2.2. *
Since Hypothesis 8.4.7 (converted as in (13.63)) often appearsin our

continuous-timeresults,weshalllist threediscrete-timeclassessatisfyingthishy-
pothesis(we alsonotethatalsotheCayley transformsof continuous-time classes
satisfyingtheoriginalhypothesiswill do):

Lemma 14.3.5(Hypothesis8.4.7) Let Ì�A)� 1) , Ì�A*� 1Ù'& Æ ) or Ì�A ticexp. Then

(unconverted) Hypothesis8.4.7 holds for ¾?: 1 Ì ã U ä as well as for the class¾�: 1 Ì exp ã U ä , where Ì exp ã U ä is theclassÌ exp ã U ä : A � r + 0 Ì r A � r L 1 Á r :�} F r } üü F â Ì ã U äEÃ (14.36)

of exponentially stableÌ�ã U ä maps.
Finally, both Ì ã U ä and Ì exp ã U ä satisfy Hypothesis8.4.7 (converted as

in (13.63)); and so does ¾?[ ÍÌ ã U ä Ä whenever ÍÌ ã U ä satisfiesthe unconverted
Hypothesis8.4.7.

(Note ¾�: 1 [ Ì exp ã U 0 Y ä Ä Q TICexp ã U 0 Y ä .) The(first) claim on theunconverted
hypothesisis not asimportant,it is neededonly whenonewantsto useTheorem
13.2.3to obtaindiscrete-time resultsfrom (stable)continuous-timeresults.
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By taking FGA τ : 1 â ticexp ã U ä Q � 1 ã N; 6�ã U ämä�� , we obtainthat F j I FGA I A
I j I I (i.e.,

Ý A I A X, S A I ) althoughD A 0; thusweobservethatnonof theabove
classessatisfiesinverseCayley transformedHypothesis8.4.8(however, sincein
(13.63)we ignoreany simplificationsof form S A D j JD, this is not a problem).
SeealsotheremarksaroundExample14.2.9.

Recallfrom Remark13.3.9that � r � 1 A r } � 1r :�}kA(� 1r .
We note(but do not need)the fact that the feedthroughoperatorof ¾7: 1 F â¾ : 1 [ � 1 Ä Q UHPR Q TIC is � � ã"¾ : 1 F\äúã Y ∞ ä�A åF�ãmh 1ä�A ∑∞

k W 0 ãmh 1ä kAk â 6 ifåF�ã zä�A ∑∞
k W 0Akzk â � 1.

Proof of Lemma 14.3.5: Condition(2.) of Hypothesis8.4.7follows from
Theorem5.1.3for Ì , andfrom Theorem14.3.2for ticexp. Conversion(13.63)
makescondition (1.) trivially true. This provesthe latter (“converted”) claim
(useTheorem13.2.3for ¾?[ ÍÌ	ã U ä Ä ).

To prove the former claim it remainsto establishuniform half-plane-
regularity of ¾d: 1 F for any F â Ì ã U 0 Y ä , by Theorem 13.2.3. ButåF Q ¿¦ã D; 6�ã U 0 Y äEä , hence ¾ åF is uniformly half-plane-regular, by Lemma
2.6.2,for any F â Ì�ã U 0 Y ä . *
(Seethenotesonpp.829,141and148.)



Chapter 15

Quadratic Minimi zation

Large increasesin costwith questionable increasesin performance
canbetoleratedonly in racehorsesandwomen.

— Lord Kalvin

This chapter is mostly the discrete-timecounterpartof Chapter 10. In
Section15.1,we first notethat thediscrete-timeform of Chapter10 is true,and
thenwe presentsomefurther discrete-timespecificresultson minimizationand
H2 control problems;this correspondsto Sections10.1, 10.2 and 10.4. Most
resultsbecomeassimpleasfor WPLSswith boundedinputandoutputoperators
(themainexceptionis thatS ÊA D j JD in general).

Section 15.2 containsthe discrete-timevariant of Section 10.3, i.e., the
relationsbetweendifferentclassicalcoercivity assumptions.

In Section15.3, we presentdiscrete-timevariantsof Section10.6, namely
necessaryandsufficient conditionsfor thePopov operatorF j J F to beuniformly
positive ( « εI for someε / 0). Section15.4 is the discrete-timecounterpartof
Section10.5,containingextendedgeneralizedformsof TheStrictBounded(Real)
LemmaandThe Strictly Positive (Real)Lemma. In Section15.5,we show that
any strongly stabilizing solution of a positive DARE (or of the corresponding
Riccati inequality)is themaximalone.

Throughout this chapter, we assumethat StandingHypotheses14.0.1 and
10.6.6hold (thelatteris satisfiedby, e.g., ÍÌ ) A tic).

835
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15.1 J-critical control and minimi zation

Everythingtakeslonger, costsmore, andis lessuseful.

— Erwin Tomash

We first statethat thediscrete-timeversionsof Chapter10 hold, andthenwe
give moreelegantdiscrete-time-specificresults. For example,thereis a unique
minimizing exponentiallystabilizing control if f theeDARE hasanexponentially
stabilizingsolution with positive signatureoperator, by Corollary15.1.3. Under
suitablecoercivity assumptions, oneneednot checkwhetherthe solutionof the
eDARE is stabilizing; see,e.g.,Corollary15.1.6;thespecialcasefor anLQR is
givenin Corollary15.1.7.Theminimizing statefeedbackoperatoralwayssolves
also the H2 statefeedbackcontrol problem,as shown in Theorem15.1.8. For
finite-dimensionalsystems,all this this is essentiallyknown, andaspecialcaseof
Corollary15.1.7wastreatedin [CZ].

We startby verifying thattheresultsof Chapter10 hold in their discrete-time
formstoo:

Theorem15.1.1(Chapter 10applies) The resultsof Chapter10 hold modulo
thechangesgivenin (13.63).

Standing Hypothesis10.6.6 is satisfied by, e.g., ÍÌ ) A tic. Hypothesis
10.6.1(1.)–(6.)are satisfiedby all F â tic (whenwe interpret (13.63)so that the
requirement“(S A )X j X A D j JD” is removed).

Recall that CAREs and Bjw-CAREs must be replacedby DAREs; e.g.,
the LQR-CARE and the LQR-Bjw-CARE becomethe “LQR-DARE” (15.5).
Naturally, this alsoappliesto simplified formsof CAREs(i.e., to CAREsunder
simplifying assumptions); e.g., (10.3) becomes(15.6). Analogously, equations
suchasS A D j JD or S A R Y D j QD mustbereplacedby S A D j JD Y Bj È B or by
S A R Y D j QD Y Bj È B, respectively.

To make thingsclear, we have rewritten mostmainresultsof Chapter10 into
this chapter;due to boundedinput and output operators,most of theseresults
arestrongerandmoreelegantthantheir continuous-time counterparts.Themain
differencesarethata uniqueminimizing (or J-critical) control is alwaysof state
feedbackform (asin continuoustime in thecaseof boundedB), andthatweneed
no regularityconsiderations(norcorrespondingassumptions).

This sectioncontainsmost main resultsof Sections10.1 and 10.2, starting
from the most generalones. SeeSection15.2 for the discrete-timeform of
Section10.3, Theorem15.1.8for the H2 problem(Section 10.4), Section15.3
for Section10.6,andSection15.4for Section10.5.

Proof of Theorem 15.1.1: Thesameproofsapplymutatismutandis. For
Hypothesis10.6.1(1.)–(6.),recall that (13.63)removesany regularity require-
ments;seetheproof of Lemma10.6.2(c)(8.)for “(6.)” (andrecall that(13.63)
replacestheBjw-CARE by theDARE). *
By combining Theorem14.1.6andTheorem9.9.1(a2),weobtain:

Theorem15.1.2(Unique minimum) Thefollowingareequivalent:
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(i) there is a uniqueminimizingcontrol for each x0 â H;

(ii) � ã 0 0Ex¬är« 0, and the eDARE has a [unique] ð jj -stabilizing solutionwith
S / 0;

(iii) there is a uniqueminimizingstatefeedback operator for Σ.

If ã@È�0 S0 K ä is as in (ii), then the minimizing state feedback is given by
umin ã t ärA Kx ã t ä , the minimal cost is � ã x0 0 umin ä¦Ab� x0 0DÈ x0� , and the cost for
closed-loopinputu Ô â cc ã N;U ä is givenby� x0 0DÈ x0� H Y � uÔq0 SuÔ�� Ú 2 Ï N;U Ñ Z (15.1)*

(The condition � ã 0 0Ex¬äq« 0 is redundantat leastfor ð jj A�ð exp, by Theorem
9.9.1(k).SeeTheorem9.9.1for moreon ã@È�0 S0 K ä .)

A solution with S « 0 would still be minimizing (and È , S andK might all
be unique)but the minimizing controlwould no longerbe unique;seeTheorem
9.9.1(f2)for details.

CombineTheorem8.4.2andTheorem9.9.1(k)to theabovetheoremto obtain

Corollary 15.1.3 There is a uniqueminimizing control over ð exp for each x0 â H
iff theeDAREhasanexponentiallystabilizingsolutionwith S / 0. *

If F is positively J-coercive, then the existenceof any allowable control
impliestheexistenceof auniqueminimizingcontrol:

Corollary 15.1.4(Coercive minimization) Assumethat there is ε / 0 s.t.� ã 0 0 uäH« ε 9 u 9 2ý �� ã u â ð�jj ã 0äEä'Z (15.2)

Assumethat Zs is reflexive (e.g., that ð jj Awð out or ð jj Awð exp). Then the
followingareequivalent:

(i) there is a uniqueminimizingcontrol over ð jj ã x0 ä for each x0 â H;

(ii) ð jj ã x0 ärÊA 0 for each x0 â H;

(iii) theDAREhasa ð jj -stabilizingsolution ã@È�0 S0 K ä .
If (iii) holds,thenS

�
0, K is the uniqueJ-critical state feedback operator,

andtheminimalcostis givenby ��ã x0 0 umin ã x0 äEänAC� x0 0DÈ x0��ã x0 â H ä . *
SeeLemma8.4.2 for most common 9 x 9 ý �� ’s. SeeProposition10.3.1 for

equivalentconditionsfor (15.2)in caseð jj Aõð out.
Proof: By Lemma8.2.3(c2),D is positively J-coercive, henceTheorems

8.2.5 and 8.1.10apply. By Corollary 8.1.8, the uniqueJ-critical control is
strictly minimizing (on ðpã xä ). *
A specialcaseof this is thestandardLQR problem;even in somewhat more

generalLQR setting,the existenceof a solutionbecomesequivalentto positive
J-coercivity:
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Corollary 15.1.5(Standard minimization) Assumethat J « 0 and D j JD
�

0.
Thenthefollowingareequivalent:

(i) There is a minimizingu â ð exp ã x0 ä for each x0 â H.

(ii) TheDAREhasa ð exp-stabilizing solution ã@È�0 S0 K ä .
(iii) Σ is exponentiallystabilizable, and F is J-coercive(i.e., any(henceall) of

(i)–(iii) of Proposition 15.2.2holds).

If (ii) holds, then ÈÎ« 0, S
�

0, K is the uniqueJ-critical statefeedback
operator, andtheminimalcostis givenby � ã x0 0 umin ã x0 äEä�AC� x0 0DÈ x0��ã x0 â H ä .

If weremovetheassumptionsJ « 0 andD j JD
�

0, thenwemustassumethat
u is uniquein (i), andS: A D j JD Y Bj È B

�
0 in (i) and(ii) above; thenalso(i’)

and(ii’) of Proposition 15.2.2becomemerelysufficientin (iii). *
(This followsfrom Proposition15.2.2(e)&(f1)andTheorem14.2.7.)
SeeProposition15.2.2andthecommentsfollowing it for additional equivalent

conditions. However, even for ð jj Abð exp, theremay be a minimizing control
evenwithoutJ-coercivity, seeExample9.13.3(which caneasilybemodified to a
discrete-timeexample).

For thestandardLQR costfunction � ã x0 0 uä : A 9 y1 9 22 Y 9 u 9 22 (i.e., BPA 1 J 1
0
4 ,FCA 1 3 1

I
4 , J A I ) andothersimilarones,wehave thefollowing:

Corollary 15.1.6(Coerciveminimization: È ) and È : ) Assumethat J
�

0 and
D j JD

�
0, andthat there is ε / 0 s.t.� ã x0 0 uä : AC�@B x0 Y F u 0 J ã�B x0 Y F u ä�� Ú 2 Ï N;Y Ñ « ε 9 u 9 22 ã x0 â H 0 u : N M U ä'Z

(15.3)
Thenthefollowingareequivalent:

(i) theeDAREhasa nonnegative solution;

(ii) (FCC) ð out ã x0 ärÊA /0 (i.e., infu � ã x0 0 uä ; ∞) for all x0 â H,

(iii) ( ð outð outð out-min) theeDAREhasa smallestnonnegativesolution ã@È : 0 S: 0 K : ä ;
S: � 0; andK : is strictly minimizingoverall u : N M ∞ (henceover ð out).

Assume(iii). Then

(a) ( ð expð expð exp-min) Thefollowingareequivalent:

(i’) there is a minimizingcontrol over ð exp ã x0 ä for each x0 â H;
(ii’) the[e]DAREhasanexponentiallystabilizingsolution.

If (i’)–(ii’) hold, theneDAREhas(a) greatestsolution ã@È ) 0 S) 0 K ) ä , S) «
S: � 0, andK ) is strictly minimizing over ð exp.

(b) If 1©N = 4 is stronglystable(resp.Σ is exponentiallyq.r.c.-stabilizableor
exponentiallydetectable;e.g.,C j C � 0), then È : is theuniquenonnegative
solution of the eDARE, and it is strongly stabilizing (resp.exponentially
q.r.c.-stabilizing).

Thus,thenthis solutionis strictly minimizingover Á u : N M U Ã , ð out, ð sta

and ð str (resp.and ð exp).
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Thus, if C j C � 0, then, by (b), any nonnegative solution is the unique
nonnegativesolution,minimizingoverall u : N M U andexponentiallystabilizing.

By Theorem14.1.4(e)&(a),È : is theunique ð out-stabilizingsolution of the
eDARE (if (iii) holds),and È ) is theuniquestabilizingsolution of theeDARE (if
(ii’) holds).

SeeTheorem9.2.10(or Section10.1)for acontinuous-time counterpart.
Proof: 1Ò (iii) Ó (i) Ó (ii): Obviously, (iii) implies(i). Sinceany nonnegative

solution of the eDARE is SOS-stabilizing,by Proposition10.7.3(d),we have
“(i) Ó (ii)”.

2Ò (ii) Ó (iii ): Assume(ii). SinceF is J-coerciveover ð out, thereis aunique
minimizing controlover ð out ã x0 ä for eachx0 â H, by Theorem8.4.3,andthis
control correspondsto the smallestnonnegative solution ã@È : 0 S: 0 K : ä of the
eDARE, asshown in (theproofof) Theorem9.9.1(a2).SinceS: « D j JD

�
0,

condition (iii) holds.
(a) If ã@È ) 0 S) 0 K ) ä is an exponentially stabilizingsolution of the eDARE

(asin (ii’)), thenK ) is minimizing over ð exp, by Theorem9.8.5andTheorem
9.9.1(a2),S) « S: � 0 and È ) is the greatestsolution of the eDARI, by
Theorem15.5.2.

To completeto proofof (a),weassume(i’) andprove(ii’). Theminimizing
controlfor x0 A 0 is obviouslyunique,namelyu A 0. Therefore,theminimizing
controlover ð exp ã x0 ä is uniquefor any x0 â H, by Lemma8.3.8.Consequently,
thereis a ð exp-stabilizingsolutionof theeDARE, by Theorem14.1.6.

(b) 1Ò Assume that 1 N = 4 is strongly stable. Let È�« 0 be a solution
of the eDARE with closed-loopsystemΣ Ô . Then È is SOS-stabilizing,by
Proposition10.7.3(d),so that N¦ÔõA�N Y =ËµdÔ and =HÔõA�=u´ are strongly
stable,by Theorem6.7.15(d);thus,È is strongly stabilizing. Sincethestrongly
stabilizing solution is unique,by Theorem14.1.4(a),È mustbe equalto È :
(and È ) ).

2Ò Assumethat Σ is exponentially q.r.c.-stabilizable or exponentially de-
tectable.Sinceany nonnegative solution is SOS-stabilizing,it is exponentially
q.r.c.-stabilizing, by (b1)or (c1)of Theorem6.7.15,henceunique,henceequal
to È : (and È ) ).

3Ò Since È : is ð out-stabilizing,it satisfies(PB) over ð out, henceover the
smallerclassesð sta, ð str and ð exp too. Since È : is strongly(resp.exponen-
tially) stabilizing, we have µ�Ô x0 â ð str ã x0 ä Q ð staã x0 ä Q ð out ã x0 ä (resp.andµ�Ô x0 â ð exp ã x0 ä ) for all x0 â H for thecorrespondingµOÔ , so that È : is alsoð sta-stabilizingand ð str-stabilizing(resp.and ð exp-stabilizing). *
By substitutionsJ : A 1 Q 0

0 R
4 , B>�M 1 J0 4 , FC�M 1 3 I 4 , weobtainthecostfunction� ã x0 0 uä : A ∞

∑
k W 0

ã�� yk 0 Qyk� Y Y � uk 0 Ruk� U ä (15.4)

andhencethefollowing corollary(of Corollary15.1.6):

Corollary 15.1.7(LQR: ∑∞
j W 0 ã 9 y j 9 2Y Y 9 u j 9 2U ä ) Let R0 Q � 0. Thenthe follow-

ing areequivalent:
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(i) there is a � y0 Qy� Ú 2 Y � u 0 Ru� Ú 2-minimizing control overall u : N M U for each
x0 â H;

(ii) for each x0 â H there is u â � 2 ã N;U ä s.t.y â � 2;

(iii) theDARE
��
 �� ÈGA AjmÈ A Y C j QC h K j SK 0

S A R Y D j QD Y BjsÈ B 0
K A�h S: 1 ã D j QC Y BjsÈ Aä'0 (15.5)

hasa nonnegativesolution È .

If (iii) holds, then the smallestnonnegative solution is minimizing over all
u : N M U.

There is a minimizing control over ð exp iff the DAREhasan exponentially
stabilizing solution È ) ; such a solution is strictly minimizing over ð exp and the
greatestnonnegative solution of theDARE.

If Σ is exponentially detectable(e.g., C j C � 0), thenthe DAREhasat most
onenonnegativesolution, and such a solution is necessarilystrictly minimizing
over ð exp. *

(This follows from Corollary 15.1.6. Above, as elsewhere,xn) 1 : A Axn Y
Bun 0 yn : A Cxn Y Dun, and ð exp ã x0 äËA�Á u â � 2 ã N;U ä üü x â � 2 Ã . Notethatthecost
is finite for u â ð out ã x0 ä only.)

Thus, in the LQR problem, we only have to find a maximal or minimal
solution, dependingwhetherwe wish to require the stateto be stableor not.
Then we shall checkwhetherthis conditionsatisfies(PB) for ð out or whether
it is exponentially stabilizing; seeTheorem10.1.4(b1)&(b2).

If D A 0, then(15.5)reducestoÈgA Aj È A Y C j QC h Aj È B ã R Y Bj È Bä : 1Bj È A Z (15.6)

andtheminimizing statefeedbackreducesto u A�hdã R Y B j È Bä�: 1Bj È Ax,
The minimizing state feedbackoperatoralways solves also the H2 state

feedbackandfull-informationcontrolproblems:

Theorem15.1.8(H2H2H2 problem) Assumethat there is a minimizing statefeedback
operator K over ð jj . LetB2 â 6�ãW0 H ä ,

ThenK solvesthe H2 problem(strictly if K is strictly minimizing), i.e., it
leadsto the minimization of the cost 9 F u Y B B2w0 9EÚ 2 Ï N;Y Ñ ( A¢ã 2π ä : 1� 2 9 åF�åu Y
C ã I h zAä�: 1B2 9 H2 Ï D;Y Ñ ) (where uk : A Kxk for all k â N), for each w0 â W; see
Figure10.2. *

(This is Theorem10.4.2in its discrete-time form.) Notefrom Theorem15.1.1
thatalsotherestof Section10.4holdsin its discrete-timeform.

Notes
Finite-dimensional minimizationproblemshavebeenstudiedextensively, see

e.g.,[LR] for ratherup-to-dateresultsandhistoricalremarks.Seealsothenotes
to thesectionsof Chapter10.
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A classicalarticle on the stableinfinite-dimensional discrete-timeminimiza-
tion problemsis [Helton76b],whereWilliam Heltonusesa spectralfactorization
approachwith the factorsallowed to be noninvertible, so that alsosomesingu-
lar costfunctions(with D j JC A 0) arecovered,at the costof lessdirect results.
Undercertainassumptions on reachabilityandcost,Helton shows that a certain
positive “eDARE” hasa solution if f thePopov operatorF j J F canbewritten asÝ j Ý for some

Ý â tic.
A standardLQR resultcanbefoundfrom Exercise6.34of [CZ] (closeto the

LQR caseof Corollary15.1.4).
Thefinite-dimensional discrete-timeH2-problemis explainedandtreatedon

pp.271–274of [IOW].
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15.2 Standard assumptions in discretetime

Theexplanationrequiringthefewestassumptionsis themostlikely to
becorrect.

— William of Occam,(c. 1285– c. 1349)

This is thediscrete-timeequivalent of Section10.3,with essentiallythesame
results.

Positive J-coercivity is the standardcoercivity assumption in minimization
problems(e.g.,LQR andH2), andit is alsoposedin H∞ problemsonapartof the
system.In this section,we presentseveralequivalent (or sufficient or necessary)
conditionsfor positive J-coercivity over ð out or ð exp. The former meansthat
theoutputis coercivew.r.t. to theinput ( 9 y 9 Ú 2 « ε 9 u 9 Ú 2 for someε / 0 whenever
u 0 y â � 2 (andx0 A 0); seeProposition10.3.1),andthelattermeansthattheoutput
is coercivew.r.t. to boththeinputandthestate( 9 y 9 Ú 2 « ε ã 9 u 9 Ú 2 Y 9 x 9 Ú 2 ä for some
ε / 0 wheneveru 0 x 0 y â � 2 (andx0 A 0); seeProposition15.2.2).

Westartwith thesimplerone,namely ð out:

Proposition15.2.1( ð outð outð out: y â � 2 Ó u â � 2y â � 2 Ó u â � 2y â � 2 Ó u â � 2) Proposition 10.3.1holds also in its
discrete-timeform. However, Proposition 10.3.2becomesProposition 15.2.2,
sincenowStakestheroleof D j JD.

Proof: (Weonly needto proveProposition10.3.1,sinceProposition15.2.2
is provedbelow.)

(a)&(c)&(d) Theoriginalproofsapply(mutatismutandis).
(b) AssumethatdimU V H V Y ; ∞ andthatΣ A�1 A 2 IJ 354¦â wplsã U 0 H 0 Y ä .

Since now åF is rational, so is åÉ : Ab¾�: 1 åF (by Proposition13.2.5(b3);use
Lemma13.2.6to guaranteethat 9 åÉ\ã ∞ ä 9¦; ∞ if h 1 is amongthepolesof åF ).
Consequently, åÉ hasa finite-dimensional realization(see,e.g.,Section6.4 of
[LR] or Theorem1.13.2of [IOW]), andwe canapplyProposition10.3.1(b)to
this realizationto obtainthe sameclaims(in their discrete-timeforms) for Σ.*
The casefor ð exp is moretricky, thoughyet essentiallysimpler thanthat in

thecontinuoustime:

Proposition15.2.2( ð expð expð exp: y â � 2 Ó u 0 x â � 2y â � 2 Ó u 0 x â � 2y â � 2 Ó u 0 x â � 2) Let Σ : A 1 A 2 IJ 3 4 â wplsã U 0 H 0 Y ä .
Let J A J j â 6�ã Y ä , andset

κ ã x0 0 u0 ä : AC�æã Cx0 Y Du0 ä'0 J ã Cx0 Y Du0 ä���0,� ã 0 0 uä : AC�çF u 0 J F u�æZ (15.7)

We have the following implications betweenthe conditions (i)–(iii’) given
below:

(a) Each of conditions (i)–(iii’) is invariantunderadmissiblestate feedback (in

the sensethat if Σ ° is the correspondingclosed-loopsystem,then ê ® � I-�J � 3 � ë
satisfies(i) (resp.(i’), ...) iff 1 ® IJ 354 satisfies(i) (resp.(i’), ...)).
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(b) If Σ is estimatable, then ð out A^ð exp; hencethen(i) becomesequivalentto
(ai) of Proposition 10.3.1.

(c) (i’) Ó (i) � (i”) Û (ii) Û (iii) Ó (iii’); and (ii’) Ó (ii) (without further assump-
tions).

(d) (dim ; ∞; ∞; ∞) AssumethatdimU V H V Y ; ∞. Then(iii) � (iii ’) Û (vii).

Assume, in addition, that Σ is exponentially stabilizable. Then(i), (i”), (ii),
(iii), (iii’), (v) and (vi) are equivalentto each other (and to (ai) and (bii)–
(biv) of Proposition 10.3.1if Σ is exponentiallydetectable).Moreover, in
(ii), (ii’), (iii) and(iv), wemayreplace“z â ∂D” by“z â E”, whereE Q ∂D
is dense.

(e)AssumeΣ is exponentially stabilizable, D j JD
�

0 andJ « 0.

Then (i)–(iii), (v) and (vi) are equivalent, and the word “unique” is
redundantin (v).

(f1) If Σ is exponentially stabilizable, then (i’) � (ii’), and
(i) � (i”) � (ii) � (iii) � (vi) Ó (iii’)&(v).

(f2) If Σ is exponentially stabilizable and dimU ; ∞, then (i) � (v) (seealso
(f1)).

(i) � ã 0 0 uäË« ε e 9 u 9 22 Y 9 = τu 9 22 f for someε / 0 andall u â ð exp ã 0ä ;
i.e., F is positivelyJ-coerciveover ð exp.

(i’) � ã 0 0 uäH« ε 9 = τu 9 22 for someε / 0 andall u â ð exp ã 0ä , andD j JD
�

0.

(i”) � ã 0 0 uäH« ε e 9 u 9 22 Y 9 = τu 9 22 Y 9 F u 9 22 f for someε / 0 andall u â ð exp ã 0ä .
(ii) There is ε / 0 s.t.ã z h Aä x0 A Bu0 AnÓ κ ã x0 0 u0 äu« ε ã 9 x0 9 2H Y 9 u0 9 2U ä�ã x0 â H 0 u0 â U 0 z â ∂D ä'Z

(15.8)

(ii’) D j JD
�

0 andthere is ε / 0 s.t.ã z h Aä x0 A Bu0 AnÓ κ ã x0 0 u0 ä�« ε 9 x0 9 2H ã x0 â H 0 u0 â U 0 z â ∂D ä'Z (15.9)

(iii) There is ε / 0 s.t.T jz 1 I 0
0 J
4 Tz « εI (z â ∂D) onH V U, whereTz : A 1 A : z B

C D
4 .

(iii’) T jz 1 I 0
0 J
4 Tz / 0 (z â ∂D). Equivalently,

z â ∂D & 1 00 4 ÊA^[ x0
u0 Ä â H V U & ã z h Aä x0 A Bu0 AnÓ κ ã x0 0 u0 ä¶/ 0 Z

(15.10)

(iv) There is ε / 0 s.t. � u0 0 åFdã zä j J åF�ã zä u0�©« ε e 9 u0 9 2U Y 9 ã z: 1 h Aä�: 1Bu0 9 2H f
for a.e. z â ∂D.

(v) There is a uniqueminimizing u â ð exp ã x0 ä for each x0 â H.

(vi) TheDAREhasanexponentially stabilizing solutionwith S
�

0.

(vii) ã C 0 Aä hasnounobservablenodeson∂D, J A I , D j D / 0 andD j C A 0.
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By Example 15.2.3,D j JD
�

0 (henceneither(i’) and(ii’)) is not implied by
any of (i)–(vi) except(trivially) by (i’) and(ii’). (Intuitively, this follows from the
fact that ã z: 1 h Aä�: 1B A z is boundedaway from zeroon ∂D in theexample;the
samecannothappenfor ãmx'h Aäl: 1B on iR (for WPLSs).)

Example 15.2.3 Let Σ : A e A B
C D f : A e 0 1

1 0 f . ThenΣ â wplsã C 0 C 0 C ä is exponen-
tially stableand FcA τ : 1 (notethatyn A xn A un : 1 for all n).

Moreover, Σ andJ : A 1 do not satisfy(i’) nor (ii’) (sinceD j JD A 0) but do
satisfytheotherassumptionsof Proposition15.2.2. !

Thus, the “correct” assumptionin (i’) and (ii’) would be “S
�

0”, not
“D j JD

�
0”, but the former cannotbe formulatedwithout È , hencewe prefer

having sufficientconditionsinsteadof necessaryandsufficientconditions.
This importantdifferencemakes several DARE resultseither “weaker” or

morecomplicatedthantheirCAREcounterparts.Tomakethingssimpler, weshall
oftenassumethatD j JD

�
0 & J « 0 evenwhenthiscondition is notnecessary.

If J
�

0 (equivalently, J A I ), wegetthefollowingequivalent formsof above
conditions:
(i) 9 F u 9 2 « ε ã 9 = τu 9 2 Y 9 u 9 2 ä ;
(ii) ã z h Aä x0 A Bu0 Ó 9 Cx0 Y Du0 9 Y « ε ã 9 x0 9 H Y 9 u0 9 U ä ;
(ii’) D j D � 0, and ã z h Aä x0 A Bu0 Ó 9 Cx0 Y Du0 9 Y « ε 9 x0 9 H ;
(iii’) Tz : A 1 A : z B

C D
4 hasafull columnrank(i.e.,T jz Tz « εI ) onH V U for all z â ∂D;

(iv) 9 åF�ã zä u0 9 « ε ã 9 u0 9 Y 9 ã z: 1 h Aä�: 1Bu0 9 for a.e.z â ∂D andall u0 â U
(for someε / 0).

Proof of Proposition 15.2.2: Theoriginal proofsapplymutatis mutandis
(this requiresslightly morethan(13.63)).

In fact,theproofsbecomemucheasierin mostcases,sincewe donothave
to worry aboutregularity; useLemma13.3.19in placeof Lemma6.3.20.

(Notethatwe would have to replacez by z: 1 outside(iv) and(iv’) to have
all z’s correspondto eachother.)

We havecombinedthemodified versionsof (g1)and(g2)with (c).
Thefirst conditionin (vii) meansthatKerã 1 z: A

C
4 ä�A�Á 0 Ã for all z â ∂D.

In 2 Z 1Ò of the proof of (f), use the Cayley transformof the function åf
providedby LemmaD.1.24.

The only “new” claim is the redundancy of uniquenessin (e). However,
whenJ « 0 andD j JD

�
0, then� y0 Jy� L2 AC�Cx Y Du 0 J ã Cx Y Duä�� L2 «>� u 0 D j JDu��« ε 9 u 9 22 ã u â � 2 ã N;U äEä

(15.11)
for someε / 0, where x : A]= τu. Consequently, then � ã 0 0Ex¬ä has a unique
minimumatu A 0. It followsLemma8.3.8thattheword“unique” is redundant
in (v). *
(Seethenotesonp. 583.)
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15.3 PositiveDAREs

I haveyetto seeanyproblem,howevercomplicated,which, whenyou
lookedat it in theright way, did notbecomestill morecomplicated.

— PoulAnderson

Now we presentdiscrete-timeequivalents of themainresultsof Section10.6,
namelynecessaryand sufficient conditions,in termsof Riccati equationsand
inequalities,for the Popov operatorF j J F to be (stableand)uniformly positive
( « εI for someε / 0). Thereadermayfind theequivalentcondition “ åF j J åF�« εI
on ∂D” (in L∞

strongã ∂D; 6�ã U ämä ) morefamiliar. The proofsareanalogousto their
continuous-time counterpartsandhenceomitted.SeeSection10.6for additional
remarkstoo.

Wefirst notethatuniformpositivity is equivalentto theexistenceof apositive
spectralfactorization,aswell asto theexistenceof anI/O-stabilizing solutionof
theDARE:

Lemma 15.3.1(F j J F � 0 �F j J F � 0 �F j J F � 0 � SpF � � � DARE) Let Σ A�1 ® IJ 354Oâ wplsã U 0 H 0 Y ä
bestrongly stableandJ A J j â 6�ã Y ä . Thenthefollowingareequivalent:

(i) F j J F � 0.

(ii) F j J FcA Ý j Ý for some
Ý â § tic ã U ä .

(iii) TheDAREhasan I/O-stabilizingsolution ÈGA>È j , with S
�

0.

(iv) TheDAREhasa solution ÈgA­È j s.t.S
�

0, and å´^ã zäuA I Y K ã z: 1 h¯ã A Y
BK äEä�: 1B is in H∞ ã D; 6�ã U ämä .

Moreover, if a solution È of (iii) or (iv) exists, then a stableand strongly
stabilizingsolution È of theDAREexistswith S

�
0.

If Σ is exponentially stable, thenwehaveonemoreequivalentcondition:

(v) TheDAREhasa solution ÈGAPÈ j with S
�

0 andσ ã A Y BK ä Q D.

Condition (vi) is sufficientfor F j J FG« 0:

(vi) TheDAREhasa solution ÈGA>È j with S « 0. *
In many applications,we haveC j JC o 0 andΣ â SOS,andthis allows us to

dropany stabilityassumptionsandavoid checkingany stabilizationconditions,as
longas(non-uniform)nonnegativity ( F j J FG« 0) is sufficient for us. Indeed,then
thenonnegativity of thePopov operatoris “practicallyequivalent” (cf. Proposition
15.4.2)to theexistenceof a nonpositivesolutionto theRiccati inequality:

Proposition15.3.2(F j J FG« 0 �F j J FG« 0 �F j J FG« 0 � DARI) AssumethatC j JC o 0. Thenwehave
(ii) Ó (iii) Ó (i) Û (iv) for thefollowingconditions:

(i) F t j J F t « 0 for all t « 0.

(ii) There is È o 0 s.t.S: A D j JD Y Bj È B
�

0 and`
Aj È A h�È Y C j JC Aj È B Y C j JD ä j

Bj È A Y D j JC S a « 0 Z (15.12)
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(iii) There is È o 0 s.t.

S: A D j JD Y BjmÈ B
�

0 0 and (15.13)ã Bj È A Y D j JCä j S: 1 ã Bj È A Y D j JCä o Aj È A h�È Y C j JC Z (15.14)

(iv) F â tic and F j J FG« 0.

Moreover, thefollowinghold:

(a) If F â tic, thenwehave(i) � (iv).

(b) If Σ â sosand F j J F � 0, then(i)–(iv) hold (in fact, wecanhaveequality
in (10.81)).

(c) If F â tic and = is strongly stable, thenwecanreplace“ È o 0” by ÈGA>È j
everywhere in thisproposition. *

(UseLemma15.5.1in theproofof “(iii) Ó (i)”.)
Similarly, uniform positivity ( F j J F�« εI ) with exponentialstability is equiv-

alentto theexistenceof a nonpositive solution to the uniform Riccati inequality
(still assuming thatC j JC o 0). This timeneitherthesystemnor thesolutionneed
bestabilizing(a priori):

Theorem15.3.3(F j J F � 0 �F j J F � 0 �F j J F � 0 � DARI) AssumethatC j JC o 0. Thenthefollow-
ing areequivalent:

(i) Σ is exponentiallystableand F j J F � 0.

(ii) There is È o 0 s.t.`
Aj È A h�È Y C j JC Aj È B Y C j JD

Bj È A Y D j JC D j JD Y Bj È Ba � 0 Z (15.15)

(iii) There is È o 0 s.t.S: A D j JD Y Bj È B
�

0 andã BjmÈ A Y D j JCäsj S: 1 ã BjmÈ A Y D j JCä/. AjsÈ A h�È Y C j JC Z (15.16)

Moreover, any solution of (ii) or (iii) satisfies È ; 0 (and there is an
exponentiallystabilizingsolutionif (i) holds). *

(Seethenotesonp. 595.)
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15.4 Real lemmas

Progressmeansreplacinga theorythat is wrongwith onemoresubtly
wrong.

In this section,we presenttheBoundedRealLemma(in two forms)andthe
Strict PositiveRealLemma;seeSection10.5for anintroduction andcorrespond-
ing continuous-time results. The proofsareanalogousto their continuous-time
counterpartsandhenceomitted.

We startwith necessaryandsufficient conditionsfor thenormof theI/O map
to belessthana givenconstant:

Theorem 15.4.1(GeneralizedStrict BoundedRealLemma) Assumethat γ /
0. Thenthefollowing areequivalent:

(i) Σ is exponentially stableand 9 F 9�; γ.

(ii) There is È o 0 s.t.`
Aj È A h�ÈPh C j C Aj È B h C j D

Bj È A h D j C γ2I h D j D Y Bj È Ba � 0 Z (15.17)

(iii) There is È o 0 s.t.S: A γ2I h D j D Y Bj È B
�

0 andã BjmÈ A h D j C äEj S: 1 ã BjmÈ A h D j C ä0. AjsÈ A h�ÈPh C j C Z (15.18)

Moreover, any solution of (ii) or (iii) satisfies È ; 0 (and there is an
exponentiallystabilizingsolution if (i) holds). *

As before, 9 F 9 : A 9 F 9 ti : A 9 F 9 tic : A 9 F 9 Ù Ï Ú 2 Ï Z;U ÑXÆ Ú 2 Ï Z;Y Ñ Ñ .
For Σ â sos, we have an “almost equivalence” that can be usedto find an

estimateof thenormof F :

Proposition15.4.2(Nonexp. 9 F 9 tic ; γ9 F 9 tic ; γ9 F 9 tic ; γ) Assumeγ / 0.
If (ii) or (iii) holds,then F â tic and 9 F 9Oo γ.
Conversely, if Σ â sosand 9 F 9�; γ, then(ii) and(iii) hold (alsowith “ A ” in

placeof “ « ” ).
Herewehavereferredto thefollowingconditions:

(ii) There is È o 0 s.t.γ2I h D j D Y Bj È B
�

0 and`
Aj È A h�ÈPh C j C Aj È B h C j D

Bj È A h D j C γ2I h D j D Y Bj È Ba « 0 Z (15.19)

(iii) There is È o 0 s.t.S: A γ2I h D j D Y Bj È B
�

0 andã Bj È A h D j C ä j S: 1 ã Bj È A h D j C ä o Aj È A h�ÈPh C j C Z (15.20)

Moreover, (ii) and (iii) are equivalent. If = is strongly stable, thenwe can
replace“ È o 0” by ÈGA>È j everywhere in thisproposition. *
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Theorem15.4.3(GeneralizedStrictly Positive (Real) Lemma) The following
areequivalent:

(i) Σ is exponentiallystableand F is strictly positive(i.e., F Y F j � 0);

(ii) There is È o 0 s.t. `
Aj È A h�È Aj È B Y C j
Bj È A Y C D Y D j Y Bj È Ba � 0 Z (15.21)

(iii) There is È o 0 s.t.S: A D Y D j Y Bj È B
�

0 andã BjmÈ A Y C äsj S: 1 ã BjmÈ A Y C ä0. AjsÈ A h�È7Z (15.22)

Moreover, any solution of (ii) or (iii) satisfies È ; 0 (and there is an
exponentiallystabilizingsolutionif (i) holds). *

Notesfor Sections15.3and 15.4
Therestrictionof Theorem15.4.1to finite-dimensional systemsis essentially

containedin Section7.7of [IOW] (multiply theinequalitiesby h 1 andreplaceÈ
by hrÈ ); that resultis the mostgeneraldiscrete-time“real lemma” thatwe have
found in the literature. In particular, alsotheothersarecontainedin our results.
Seealsothenotesonp. 595.
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15.5 Riccati inequalities and the maximal solution

Like a great poet,Nature knowshow to producethe greatesteffects
with themostlimitedmeans.

— HeinrichHeine

In thissection,weextendto infinite-dimensionalsystemsthestandardRiccati
inequalityresult(cf., e.g.,[LR], Theorem13.1.1for discretetime andTheorem
9.1.1for continuoustime): if aRiccatiinequalityof astronglystabilizablesystem
hasany solution with auniformly positivesignatureoperator, thenit hasagreatest
solution. Moreover, thesolutions of standardminimizationproblemscorrespond
to thissolution(assumingthatwe requirestrongor exponentialstabilization).

Traditionally, this greatestsolution hasbeencalledmodestly “maximal solu-
tion”, but we usethemorespecificterm“greatestsolution”. SeeTheorem9.8.13
andCorollary9.2.11for continuous-timeanalogies.

Lemma 15.5.1(DARI) Wecall ã@È70 S0 K ä a solutionof theextendedDiscrete-time
AlgebraicRiccatiinequality (eDARI) if ÈCA¥È j â 6�ã H ä , S â 6�ã U ä , K â 6�ã H 0 U ä
and

��
 �� È o AjmÈ A Y C j JC h K j SK 0
S A D j JD Y BjsÈ B 0

SK Aõhdã D j JC Y BjmÈ Aä'Z (15.23)

Such a solutionnecessarilysatisfiesµ t j Sµ t o N t j ÈON t h�È Y B t j J B t and (15.24)Ý t j SÝ t o F t j J F t Y = t j È�= t Z (15.25)

for all t â N. Inequality (15.24) holds even if we drop the assumptions thatÈGA>È j , S A D j JD Y Bj È B andSK A�hdã D j JC Y Bj È Aä . *
(The proof of Lemma14.2.1applieswith certain“ A ” symbols replacedby

“ o ” or “ « ” symbols. Note that the third equationof the IARE is lost dueto its
unsymmetry.)

Theorem 15.5.2(Greatestsolution È )È )È ) of DARE and DARI) Assumethat Σ â
wplsã U 0 H 0 Y ä is strongly ( 1 ® IJ 354 -)stabilizable, andthat theeDARIhasa solutionã@È�0 S0 K ä s.t.S

�
0.

ThentheDAREhasa solution ã@È ) 0 S) 0 K ) ä s.t.S) � 0 and È ) «PÈ for all
solutions ÈGA>È j â 6�ã H ä of theeDARI havingS « 0.

Moreover, if È is a strongly 1 ® IJ 354 -stabilizing solution of the eDARE,thenÈGA>È ) .

Corollary 15.5.3(Greatestsolution È )È )È ) of the DARE) If the DARE has a
strongly stabilizing (or strongly 1 ® IJ 354 -stabilizing) solution s.t.S

�
0, thenthis

solution is thegreatestsolutionof theeDAREhavingS « 0.
In particular, if D j JD

�
0 and the DAREhasa strongly 1 ® IJ 354 -stabilizing

solution È�« 0, then ÈG«pÈ�S for anynonnegativesolution È�S of theeDARE(or the
eDARI). *
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(Thecorollaryfollows from Theorem15.5.2.)
The exampleA A 1, B A 0 A C, D A 1 A J, È â R shows that “strongly” is

not redundantin theabove corollary; modify (or discretize)Example9.13.12(b)
to observe that “strongly” cannot be replacedby “weakly” (in the infinite-
dimensionalcase).

N.B. The numberof all self-adjointsolutions of a Riccati equationcan be
infinite (the simplestexampleis the two-dimensionalCARE È 2 A I with self-
adjointsolutions ÈGA 1 sinθ i cosθ

i cosθ sinθ 4 (θ â [ 0 0 2π ä )).
Proof of Theorem 15.5.2:
0Ò Noteson thetheorem: We have requiredabove a solutionof theeDARI

to be self-adjoint. We have also assumedthe existenceof a solution of the
eDARI thathasS

�
0. Still, theoperatorÈ ) neednot be positive (take, e.g.,

J A 1 : I 0
0 I
4 ,C A 1 I0 4 , D A 1 0I 4 , A ACh I , sothatS A I andÈ ) ACh � ∞

0 e: 2t I dt . 0
is theuniquesolution of theDARE, by Lemma9.12.2(c)).

Note that we have allowed insteadof strong stabilizability the weaker
condition of strong 1�® IJ 354 -stabilizability: there must be a state feedback

operatorK0 for Σ s.t.
Þ

A ) BK0 B
C ) DK0 D ß is stronglystable;the third row (generated

by e K0 0 f ) of thecorrespondingclosed-loopsystemΣ0 neednot bestable
(thesameappliesto the“moreover” claim).

1Ò Abouttheproof: Thisis Theorem13.1.1of [LR] exceptthat1. it assumes
thatdimU 0 dimH 0 dimY ; ∞, 2. it requiresΣ to beexponentially stabilizable,3.
it assumesthatD j JD â §�6�ã U ä , 4. its statementsincorrectlydo not (theproof
does)requireS

�
0 for solutionsÈ thatareto beshown to satisfyÈ o È ) (note

thatwe do assumeS « 0), 5. it alsostatesthat È ) is “almoststabilizing” (our
10Ò is formally weaker, but if dimH ; ∞, thenthis impliesthat È ) is “almost
stabilizing”, i.e., thatρ ã A ) ä o 1, asnotedin 8 Ò ).

We shallfollow theproof from [LR], mutatis mutandis.
It is easyto bypass3. (seebelow); to bypass1., we have to useadditional

tricks for thestability of An (n â N) (see4Ò below); by developing thesetricks
furtherwecanbypass2. too.

The symbolsof [LR] mapto thoseof oursasfollows: Xk �M�È k,
ÍX �M�È ,

Lk �Mih Kk, R �M D j JD, Q �M C j JC, C �M D j JC, E �M h SK.
2Ò È 0 «�È : For eachn â N, weshalldenoteby Σn thestronglystableclosed-

loop systemof Σ correspondingto the statefeedbackoperatorKn (specified
below).

Let K0 be stronglystabilizing for Σ (or at leasts.t.
Þ

A ) BK0 B
C ) DK0 D ß becomes

stable).By Lemma9.12.2(c),theoperatorÈ 0 : AGB j0J B 0 is theuniquesolution
of theDARE È 0 A Aj0 È 0A0 h C j0JC0. It is straightforwardto verify thatã@È 0 h�È ä�h Aj0 ã@È 0 h�È ä A0 A(1gã@È�ä Y ã K0 h K äEj Sã K0 h K ä¶« 0 (15.26)

for any solution È of theeDARI s.t.S « 0,where1gã@È�ä : A A j È A h�È Y C j JC h
K j SK « 0. Multiply (15.26)by ã A j0 ä k to theleft andby Ak

0 to theright, andadd
theresultsfor k A 0 0 1 0EZmZEZE0 n to obtainthat È 0 h7ÈG«Cã Aj0 ä n) 1 ã@È 0 h7È ä An) 1

0 M 0,
asn M Y ∞, sothat È 0 «¯È .

3Ò Induction— È n: Let n â N Y 1. Assume(inductively) that È 0 «PÈ 1 «
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(in particular, Sk : A D j JD Y Bj È kB « S

�
0, whereS is asin theassumptions)

and ê ® k I kJ
k
3

k ë : A Þ
A ) BKk B
C ) DKk D ß is stronglystable;thesearethe top two rows of

theclosed-loopsystemΣK correspondingto thestatefeedbackoperator

Kk : A�h S: 1
k : 1 ã D j JC Y BjsÈ k : 1Aä�ã k « 1ä (15.27)

for k o n h 1. DefineKn andΣn asabove.

4Ò Induction—
Þ

An B
Cn D ß is stronglystable:Weobtainfor any solution È of

theDARI, afterastraightforwardcomputation,thatã@È n : 1 h�È ä�h Ajn ã@È n : 1 h�È ä AnA^ã Kn h Kn : 1 äEj Sn : 1 ã Kn h Kn : 1 ä Y 1Cã@È�ä Y ã Kn h K äEj Sã Kn h K ä'Z (15.28)

Multiply this by ã A jn ä k to theleft andby Ak
n to theright, andaddtheresults

for k A 0 0 1 0mZEZEZs0 m to obtainthatã@È n : 1 h�Èdäu«Pã Ajn ä m) 1 ã@È n : 1 h�Èdä Am) 1
n Y m

∑
k W 0

ã Ajn ä k ã Kn h Kn : 1 äEj Sn : 1 ã Kn h Kn : 1 ä Ak
n

(15.29)
for all m â N (recall È n : 1 h>È « 0). Since Sn : 1

�
0, it follows that9 TA }n 9'Ù Ï H Æ L2 Ñ ; ∞, whereT : A Kn h Kn : 1.

Now add ã A jn ä k x (15.28)xAk
n � z � 2k ) 2 for k A 0 0 1 0EZEZEZm0 m to obtainthat

m

∑
k W 0

ã Ajn ä kT j Sn : 1TAk
n � z � 2k ) 2 (15.30)

o m

∑
k W 0

ã Ajn ä k ã@È n : 1 h�È ä Ak
n � z � 2k ) 2 h m

∑
k W 0

ã Ajn ä k ) 1 ã@È n : 1 h�È ä Ak ) 1
n � z � 2k ) 2

(15.31)A^ã@È n : 1 h�È äk� z � 2 h m

∑
k W 1

ã Ajn ä k ã@È n : 1 h�È ä Ak
n � z � 2k ã 1 h>� z � 2 ä (15.32)h¥ã Ajn ä m) 1 ã@È n : 1 h�È ä Am) 1

n � z � 2m) 2 (15.33)o ã@È n : 1 h�È äk� z � 2 o ã@È n : 1 h�È ä ãl� z � o 1ä'Z (15.34)

Let Σn betheclosed-loopsystemfor Σn : 1 correspondingto thestatefeedback
operatorT : A Kn h Kn : 1, i.e.,

Σ Sn : A�±³ N n = nB n F n� n ¤ n ¸¹ : AUº» An B

Cn D
T 0 ¼½ (15.35)

(indeed,from the generatorswe seethat the two top rows of Σ Sn areequalto
thoseof Σn; observe also that An A A Y BKn A An : 1 Y BT, Cn A C Y DT).
Below (15.29)we notedthat � n A TA }n is stable.By Lemma6.6.8,it follows
that N n APN n : 1 Y = n : 1τ � n is strongly stable,
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FromBj x (15.30)xB o B j ã@È n : 1 h�È ä B weobtain(sinceSn : 1
�

0) that9 m

∑
k W 0

TAk
nzk ) 1B 9 Ù Ï U Ñ o Mn ; ∞ ã m â N ä'Z (15.36)

By (13.52),this impliesthat å¤ n â H∞ ã D; 6�ã U äEä , i.e., that ¤ n â tic ã U ä . Conse-
quently, = n AP= n : 1 ã@¤ n Y I ä and F n AcF n : 1 ã@¤ n Y I ä arestable.Therefore,alsoB n A�B n : 1 Y F n : 1 � n is stable.Now we have shown that two top rows of Σn

arestrongly stable.

5Ò\È n «>È : By Lemma9.12.2(c),theoperatorÈ n : A�B jnJ B n is theunique
solution of theDARE È n A Ajn È nAn Y C jnJCn. If È is a solution of theeDARI
having S « 0, then(asin 2 Ò )ã@È n h�È ä�h Ajn ã@È n h�È ä An A(1gã@È�ä Y ã Kn h K ä Sã Kn h K ä¶« 0 0 (15.37)

henceÈ n h�Èb«�ã Ajn ä m) 1 ã@È n h�È ä Am) 1
n M 0 (as in 2Ò ), asm M Y ∞, so thatÈ n «¥È .

6Ò È n : 1 «¥È n: Onecananalogously to p. 310of [LR] computethatã@È n : 1 h�È n ä�h Ajn ã@È n : 1 h�È n ä An A^ã Kn h Kn : 1 äEj Sn : 1 ã Kn h Kn : 1 ä¶« 0 Z (15.38)

As above, we obtainthat È n : 1 h È n «�ã Ajn ä m) 1 ã@È n : 1 h�È n ä Am) 1
n M 0, henceÈ n : 1 «¯È n.

7ÒHÈ ) : Let È beasolution of theeDARI. Then È n «¯È n) 1 «¯È�ã n â N ä , so
that thereis a unique È ) â 6�ã H ä s.t. È nx0 MíÈ ) x0 for all x0 â H, by Lemma
A.3.1(b5).SinceÈ n A>È jn «¥È for all n, we have È ) A>È j) «¥È .

8Ò Sn M S) 0 S: 1
n M S: 1) 0 Kn M K ) 0 An M A) , strongly: SetS) : A D j JD Y

Bj È ) B « S
�

0 (whereS
�

0 correspondsto thesolution in theassumptions),
K ) : A S: 1) ã D j JC Y Bj È ) Aä . For all n â N, we have Sn « S) « εI for some
ε / 0, hence0 . S: 1

n o ε : 1I , by LemmaA.3.1(b1),hence9 S: 1
n 95o ε : 1� 2 ; ∞.

Therefore,S: 1
n M S: 1) strongly, asn M Y ∞, by LemmaA.3.1(b5). Therefore,

Kn M K ) strongly (seeLemmaA.3.1(j3)),henceAn M A) , Cn M C) strongly,
as n M Y ∞, whereΣ ) is the closed-loopsystemcorrespondingto K ) (i.e.,
A) : A A Y BK) 0 C) : A C Y DK ) ).

(Notethatif dimH ; ∞, then“strongequalsuniform”, hencethenρ ã A ) ä o
1 (since ρ ã An ä o 1 for all n â N), but even then we may have A ) A I as
in Example13.2.1of [LR], whereC A 0, A A B A R A I , and hence È n Aã 2n) 1 h 1ä�: 1I (n â N).)

9Ò È ) solvestheDARE:By 8Ò and5Ò , we have È ) A Aj) È ) A) Y C j) JC) ;
combinethis to thedefinitionsof K ) andS) to observe that È ) is asolution of
theDARE, by Lemma9.10.1(b4)(iv).

10Ò È ) AcÈ : Let È bea stronglystabilizing (at leastfor thetop two rows)
solution of theeDARE.ThenwecanchooseÈ 0 : A¥B jÔ J B5Ô�A·È in 2Ò . It follows
that È�APÈ 0 «¯È ) «¯È , henceÈGA>È ) .

11Ò Remark—exponentiallystableAn: Oneobservesfrom 4Ò (andLemma
13.3.7(ii))thatif A0 is exponentially stable,thensois An for all n â N. *
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Notes
The classicalresult (e.g.,Theorem13.1.1of [LR]) assumesthat È is expo-

nentiallystabilizing, henceour resultseemsto benew (a generalization)alsofor
finite-dimensional systems.

In continuous-time, the classicalresult (e.g., Theorem9.1.1 of [LR]) was
extendedto WPLSswith boundedB andC by RuthCurtainandLeibaRodmanin
[CR], whichalsocontainscomparisontheoremsfor thesolutionsof two different
Riccati inequalities(for two differentWPLSs).

LaurenceDumortierhasenhancedsomeof the resultsof [CR] (for WPLSs
having boundedB andC andfinite-dimensionalU andY). In [Dumortier], she
hasshown thatthemaximalsolution È ) of thestandardLQR CAREstabilizesall
strictly intact polesof A aswell asall observableones,but it leavesthe critical
(meaningσ ã Aä � iR) nonobservable polesunstable. Thus,at leastin this special
case,È ) is exponentially stabilizing if f Kerã�Bqä � σ ã Aä � iR A /0.

Unbounded input and output operatorsmake the classicalproof virtually
impossible. This is surelythe reasonwhy theredoesnot seemto be any earlier
results for WPLSs having an unbounded input or output operator. We have
obtainedsuchresults,Corollary 9.2.11andTheorem9.8.13,by reducingthem
to theresultsof this section,usingdiscretization. This way we obtainanalogous
resultsfor the“IARI” in thegeneralcase(replacethefirst equationof theIARE by
aninequality).However, this way we have obtainedresultsfor theCARE (or for
theIARE or for the“IARI”) only, not for thecorrespondinginequality (“CARI”),
sincethe “CARI” (9.217)doesnot leadto the IARI, asexplainedin Proposition
9.11.9.Therefore,a “CARI” resultwould requirea continuous-timeproof.

It seemsthatsucha proofwouldbepossible for boundedB, aswell asfor the
parabolicsystemsof Hypothesis9.5.1,sincein bothof thesecaseswewouldhave
Domã An äqA Domã Aä for eachn in the proof (generalizethe proof of Theorem
9.1.1of [LR]; notethateachKn would becomebounded).Thesemight beworth
of furtherinvestigations.
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Conclusions

Everythingthatcanbeinventedhasbeeninvented.

— CharlesDuell, Directorof U.S.PatentOffice,1899

In the precedingchapters,we have presenteda generalizationof much
of the finite-dimensional time-invariant linear systemsand optimization theory
to WPLSs and presentedsome results that seemto be new even for finite-
dimensional systems.

Nevertheless,by viewing the literatureon finite-dimensionalsystems(see,
e.g.,[IOW], [LR], [GL], ...), oneobservesthat therearestill numerousproblems
waiting for solutions, such as the measurementfeedback(dynamic feedback)
variantsof the LQR and H2 problemsand nondeterministic problemslike the
Kalman filter problem and the Linear Quadratic Gaussiancontrol problem.
Moreover, thereareseveralmore"infinite-dimensional"problemsthatonly have
beensolved for somesubsetsof WPLSs. It seemsthat several of thesecanbe
rathereasilysolved in the WPLS framework (the Riccati equationformulations
requiringsomeregularity assumptions,e.g.,thoseof Lemma6.8.5)by usingthe
toolsandmethodsof thisbook.

Moreover, asindicatedin thenotesto severalsectionsof this book,we have
met several old and new subjectsworth of a separatestudy. Among the most
important tasksis that of finding further sufficient conditionsfor a systemto
have any unique(or at leastJ-coercive) optimalcontrol in regularstatefeedback
form (seeRemark9.9.14for most known ones). One might also wish to find
furtherconditionsthatleadto simplify thecontinuous-timeRiccatiequations(see
Theorem9.9.6andSections9.2and9.5for known ones).

Eventhesystemstheoryfor WPLSscanstill befurtherdeveloped,althougha
rathermatureandextensivepresentationcanbefoundin [Sbook].Oneimportant
pieceof thedevelopmentis thecombinationof thewestern(Weissandothers)and
eastern(Arov andothers)WPLStheories;partof this hasalreadybeendone(see
Chapter11 of [Sbook] or [S01]). Onemight alsowish to apply the methodsof
thismonographto time-variantsystems (seethenotesonp. 8.5).

All theabovecorrespondsto theabstractmathematicaltheory, whichnaturally
needsamoreconcretesupplementary, suchasnumericalmethodsandapplications
to concretesystemsarisingin othersciences,far beyondthescopeof thisbook.
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Appendix A

Algebraic and Functional Analytic
Results

Algebraic symbolsare usedwhen you do not know what you are
talkingabout.

— PhilippeSchnoebelen

In this appendix,we presenta numberof algebraicand functionalanalytic
resultsthatareneededin themainpartsof thismonograph.

In SectionA.1, wemainlypresentalgebraicresults,suchas“ ã I h ABä%: 1 A I Y
A ã I h BAäs: 1B” or “ ê A11 A12

0 A22 ë : 1 A `
A ÷ 1

11 : A ÷ 1
11 A12A ÷ 1

22

0 A ÷ 1
22 a ”, that arevalid for matrices

andmoregenerallinearoperatorsor elementsof certainrings.

In SectionA.2, we very briefly introducemetricspacesandothertopological
spaces.In SectionA.3, we list standardandextendedconceptsandfactsabout
Hilbert and Banachspacesand Banachalgebras. In SectionA.4, we present
stronglycontinuous(C0) semigroups.

In themainpartof themonograph,all vectorspaces(e.g.,Banachspaces)are
assumedto be complex. However, in the appendiceswe generallyassumethat
thescalarfield is K , which thereadermayreadaseitherC or R. In AppendixD
andSectionsA.4 andF.3,weassumethatK A C, asexplicitly statedthere;in the
othersectionsin appendiceswealwaysstateexplicitly any suchexceptions.

Thus,theconcepts“vectorspace”,“Banachspace”and“Hilbert space”mean
spacesof the correspondingtype over the scalarfield K (in particular, if some
spacesin a theoremareassumedto beBanachspaces,all of themmustbeBanach
spacesover thesameK ( A R or C)).
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A.1 Algebraic auxiliary results ( 2 A11
0

A12
A223 h 1 4

5 A 6 1
11
0

h A 6 1
11 A12A 6 1

22
A 6 1

22 7 )
If A â 6�ã X1 V X2 0 Y1 V Y2 ä , whereX1 0 X2 0 Y1 0 Y2 areBanachspaces,thenA canbe

written asA AUê A11 A12
A21 A22 ë , whereAi j â 6�ã Xj 0 Yi ä , asshown in LemmaA.1.1(a4)

below. Thereare many simple,well-known algebraicruleshow to handlethis
kind of operator matrices; e.g.,if A12 A 0 andthediagonalblocks(operators)A11

andA22 areinvertible,thensois A (see(b1)).
In LemmaA.1.1wepresentanumberof suchresultsin amoregeneralsetting

(weonly needthering operationsandunits);seetheremarksfollowing thelemma
for generalizations.

Recall that “&” means“and”, andthatBanachspacesaretopological vector
spaces. Moreover, X V Y : A|ÁTã x 0 yä üü x â X 0 y â Y Ã . If X andY are normed
spaces,we usethe norm 9 ã x 0 yä 9 X 8 Y : A�ã 9 x 9 2X Y 9 y 9 2Y ä 1� 2; if X andY areinner
productspaces,we usethe inner product �æã x 0 yä'0lã xS@0 ySçä�� X 8 Y : Aõ� x 0 xS � X Y � y0 yS � Y;
useinductionfor ∏n

k W 1Xk : A X1 V X2 V�xExEx�V Xn. Finally, Xn : A ∏n
k W 1X.

Lemma A.1.1 (Operator matrix lemma) We assumethat (1.), (2.), (3.), (4.) or
(5.) holds,where

(1.) 9 is thecollectionof all vectorspaces,and Ì ã X 0 Y ä¶A Homã X 0 Y ä is the
setof vectorhomomorphisms(i.e., linear mappings) X M Y.

(2.) 9 is thecollectionof all topological vectorspaces,and Ì�ã X 0 Y ä�A¥6�ã X 0 Y ä
is thesetof continuouslinear mappingsX M Y.

(3.) 9 is thecollectionof all Banach spaces,and Ì is anyof thesymbolsHom,6 , ¿¦ã Ω; 6�ãmxç0mx¬äEä , H ã Ω; 6�ãmxç0mx¬äEä , H∞ ã Ω; 6�ãmxç0mx¬äEä , [ 6 Y Ä Hp
∞, [ 6 Y Ä Hp

strongÆ∞, TIω,
TICω, L∞ ã Q 0D6�ãmxç0Ex¬ämä , andL∞

strongã Q 0D6�ãmx 0Ex¬äEä , where Ω Q C is open,Q andµ
areasonp. 907,andω â R K?Á ∞ Ã .
(For � TI � and H � we require the elementsof 9 to be complex Banach
spaces;thisapplies(4.) and(5.) too.)

(4.) 9 is the collection of all complex Banach spaces,and Ì is any of the
symbolsdefinedin Definitions2.6.1and2.6.3,exceptthat if Ì is a symbol
with a specifiedatomgroup S, werequire that S A S h S Q R; cf. Definition
2.6.3andTheorem2.6.4.

(5.) 9 is thecollectionof all Banach spaces,and Ì is anyof thesymbolsSR,
SLR, SHPR, SVR, UR, ULR, UHPR and UVR, (where thesesymbolsare
as in Definition 6.2.3)or Ì is the intersection TICω and any of the above
symbolsfor someω â R K?Á ∞ Ã .

We use the following notation: By Ì we meanany of the sets Ì�ã X 0 Y ä
(X 0 Y â 9 ); the group operation and identity operator in (any) Ì are denoted
by Y andI A I: , respectively. If A â Ì�ã X 0 Y ä andB â Ì�ã Y0 X ä ares.t.AB A I : Ï Y Ñ ,
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thenwewrite A : 1
right A B andB : 1

left A A; if, in addition, BA A I : Ï X Ñ , thenwewrite

A : 1 A B. By “ ; A : 1” we meanthat A has an inverse (as above). Similarly,
“ ; A : 1

right” (resp.“ ; A : 1
left”) meansthatA hasa right (resp.left) inverse.

WeassumethatXk 0 Yk 0 Zk â 9 for all k â N.
With theaboveassumptionsandnotation, thefollowingholds:

(a1) If A â Ì ã X1 0 Y1 ä hasa left inverseB anda right inverseC, thenB A BAC A
C is theuniqueinverseof A.

(a2) If ; A : 1 0 B : 1, then ;nã ABäl: 1 A B : 1A : 1, when A â Ì�ã X1 0 Y1 ä and B âÌ ã Y1 0 Z1 ä .
(a3)If dimX1 A dimY1 ; ∞, thenanyA â Ì�ã X1 0 Y1 ä is left (resp.right) invertible

iff it is invertible.

(a4) Let n 0 m0 N â Á 1 0 2 0 3 0EZEZEZ Ã , and let X : A X1 V�xExExúV Xn, Y : A Y1 V�xExExÜV Ym

Z : A Z1 V?xExExªV ZN. LetPi : Y M Yi bethecanonicalprojectionandL j : Xj M
X thecanonicalimbedding. ThenPi â Ì ã Y 0 Yi ä andL j â Ì ã Xj 0 X ä .
Let, in addition, A â Ì ã X 0 Y ä . ThenAi j : A PiAL j â Ì ã Xj 0 Yi ä for all i 0 j , and
therepresentation

A A ±<³ A11 xExEx A1m
...

. . .
...

An1 xExEx Anm̧
>=¹ 0 (A.1)

satisfies the standard matrix multiplication rules ã A ã x1 0EZEZEZs0 xn äEä i A
∑n

j W 1Ai jx j â Yi for ã x1 0EZEZEZm0 xn ä â X1 V�ZEZEZÂV Xn, i A 1 0EZEZEZs0 n, and ã ABä ik A
∑k Ai jB jk for B â Ì�ã Y0 Z ä , i A 1 0EZEZEZm0 n, j A 1 0EZEZEZs0 m,k A 1 0EZEZEZs0 N. Moreover,ã A Y AS ä i j : A Ai j Y ASi j for AS â Ì ã X 0 Y ä , and ãmh Aä i j : A�h Ai j .

Conversely, if(f) Ai j â Ì ã Xj 0 Yi ä for all i 0 j , thenwecandefineA â Ì ã X 0 Y ä by
settingA : A ∑i Æ j Pji Ai jL j j ; equivalently, ã A ã x1 0EZEZEZm0 xn äEä i : A ∑n

j W 1Ai jx j â Yi .
Wedenotethisby (A.1).

If Xj andYi are Hilbert spacesfor all i 0 j and(A.1)holds,then ã A j ä i j A Aj j i
for all i 0 j .

In parts (b1)–(h1)we assumethat A A ê A11 A12
A21 A22 ë â Ì ã X1 V X2 0 Y1 V Y2 ä and

B A ê B11 B12
B21 B22 ë â Ì ã Y1 V Y2 0 X1 V X2 ä , and that also the other terms(operators)

belongto the Ì ’s thatarecompatiblewith theformulae.

(b1) ; A : 1
11 0 A : 1

22 AnÓ ; ê A11 A12
0 A22 ë : 1 A `

A ÷ 1
11 : A ÷ 1

11 A12A ÷ 1
22

0 A ÷ 1
22 a & ; ê A11 0

A21 A22 ë : 1 A`
A ÷ 1

11 0: A ÷ 1
22 A21A ÷ 1

11 A ÷ 1
22 a .

If ;nã A11ä : 1
right 0lã A22ä : 1

right (resp. ;nã A11 ä : 1
left 0lã A22ä : 1

left), then the above inverse
matricesexist as right (resp.left) inverses,and the above formulaehold
(mutatismutandis).
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(b2) Conversely, if ; ê A11 A12
0 A22 ë : 1 A : ê B11 B12

B21 B22 ë , then ; A : 1
11 0 A : 1

22 iff any of the

conditions(1)–(7)holds, where:

(1) ;nã A11 ä : 1
right; (2) ;nã A22 ä : 1

left; (3)B21 A 0; (4)A12 A 0; (5) dimX1 A dimY1 ;
∞; (6)dimX2 A dimY2 ; ∞; (7)X1 0 X2 0 Y1 0 Y2 areBanachspaces,ÌgAp6 , and
A11 â §¦6 Y 6�¿ or A22 â §¦6 Y 6�¿ .

(c1) Let ;?ê A11 A12
A21 A22 ë : 1 A : ê B11 B12

B21 B22 ë . Then ; B : 1
11 �?; A : 1

22 �?; A : 1
22 A B22 h

B21B : 1
11 B12 �@; B : 1

11 A A11 h A12A : 1
22 A21.

If dimX1 ; ∞ or dimX2 ; ∞, then,in addition, ;nã A22ä : 1
left �A;nã A22 ä : 1

right �; A : 1
22 �@;nã B11 ä : 1

left �@;nã B11 ä : 1
right �@; B : 1

11 .

If ; B : 1
11 andA : 1 A B, thenthe formulae of (d1) hold, B21B : 1

11 A]h A : 1
22 A21,

and ê A11 A12
A21 A22 ë : 1 A ê I B12

0 B22 ë ê A11 0
A21 I ë : 1 A 1 A11 A12

0 I
4 : 1 1 I 0

B21 B22
4 Z (A.2)

(c2) If ; ê A11 A12
A21 A22 ë : 1

right
A : ê B11 B12

B21 B22 ë , then ;nã B11ä : 1
right AnÓB;nã A22 ä : 1

right A B22 h
B21 ã B11 ä : 1

rightB12

and ;nã A22ä : 1
left AnÓ?;nã B11ä : 1

left A A11 h A12 ã A22ä : 1
leftA21.

If ;�ê A11 A12
A21 A22 ë : 1

left
A : ê B11 B12

B21 B22 ë , then ;nã B11ä : 1
left AnÓ ;nã A22 ä : 1

left A B22 h
B21 ã B11 ä : 1

leftB12

and ;nã A22ä : 1
right AnÓC;nã B11 ä : 1

right A A11 h A12 ã A22 ä : 1
rightA21.

(c3) ;�ê A11 A12
A21 A22 ë : 1 �@;�ê A11 : A12: A21 A22 ë : 1

.

(c4)Let ; ê A11 A12
A21 A22 ë : 1 A : ê B11 B12

B21 B22 ë and ê A11 A12
A21 A22 ë 0 ê B11 B12

B21 B22 ë â TIC.

If ; A : 1
11 â TIC∞, then ;nã A22 h A21A : 1

11 A12 ä�: 1 A B22 â TIC; if ; A : 1
22 â TIC∞,

then ;nã A11 h A12A : 1
22 A21 ä�: 1 A B11 â TIC.

(d1) (Schur decomposition) Let ; A: 1
11 . Then`

A11 A12

A21 A22a A `
A11 0
A21 I a ` I A : 1

11 A12

0 A22 h A21A : 1
11 A12a (A.3)

A `
I 0

A21A : 1
11 A22 h A21A : 1

11 A12a ` A11 A12

0 I a (A.4)

A `
I 0

A21A : 1
11 I a ` A11 0

0 A22 h A21A : 1
11 A12a ` I A : 1

11 A12

0 I a
(A.5)A `

A11 0
A21 A22 h A21A : 1

11 A12a ` I A : 1
11 A12

0 I a Z (A.6)

Therefore, ; A : 1 �@;nã A22 h A21A : 1
11 A12ä�: 1 (seealsoLemma11.3.13).If, in
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addition, ; A : 1, then

A : 1 A `
I A : 1

11 A12

0 A22 h A21A : 1
11 A12a : 1 `

A11 0
A21 I a : 1

(A.7)

A `
A11 A12

0 I a : 1 ` I 0
A21A : 1

11 A22 h A21A : 1
11 A12a : 1

(A.8)

A `
A11 A12

0 I a : 1 ` I 0ã A : 1 ä 21 ã A : 1 ä 22a (A.9)

A `
I h A : 1

11 A12

0 I a ` A : 1
11 0
0 ã A22 h A21A : 1

11 A12 ä : 1 a ` I 0h A21A : 1
11 I a

(A.10)A `
A : 1

11 Y A : 1
11 A12 ã A22 h A21A : 1

11 A12 ä�: 1A21A : 1
11 h A : 1

11 A12 ã A22 h A21A : 1
11 A12ä�: 1hdã A22 h A21A : 1

11 A12 ä�: 1A21A : 1
11 ã A22 h A21A : 1

11 A12ä�: 1 a 0
(A.11)

In particular, ;�ê I A12
A21 I ë : 1 �D;nã I h A12A21 ä�: 1 �D;nã I h A21A12 ä�: 1, andthe

possibleinverseis necessarily`
I A12

A21 I a : 1 A ` ã I h A12A21ä : 1 h A12 ã I h A21A12 ä : 1hdã I h A21A12ä�: 1A21 ã I h A21A12ä�: 1 a Z (A.12)

(d2) ;nã A11 ä : 1
left & ;nã A22 h A21 ã A11 ä : 1

leftA12 ä : 1
left AnÓE; A : 1

left, (and (A.4), (A.8 and
(A.9)hold for theseleft inverses);;nã A11 ä : 1

right & ;nã A22 h A21 ã A11 ä : 1
rightA12ä : 1

right AnÓF; ê A11 A12
A21 A22 ë : 1

right
(and (A.3)

and(A.7)hold for theseright inverses);;nã A11 ä : 1
left & ;�ê A11 A12

A21 A22 ë : 1

right
AnÓ?;nã A22 h A21 ã A11 ä : 1

leftA12 ä : 1
right;;nã A11 ä : 1

right & ; ê A11 A12
A21 A22 ë : 1

left
AnÓ?;nã A22 h A21 ã A11 ä : 1

rightA12ä : 1
left.

(e1)(Coprime) GivenA1 0 A2 0 B1, there is B2 s.t. ê A1
A2 ë [ B1 B2 Ä A 1 I 0

0 I
4 iff A1B1 A

I & A2B1 A 0 & A2BS2 A I for someBS2. If the latter holds, then B2 : Aã I h B1A1 ä BS2 is asabove(but notnecessarilyunique).

(e2)Let [ B1 B2 Ä ê A1
A2 ë A I . Then ê A1

A2 ë [ B1 B2 Ä A 1 I 0
0 I
4 � A1B1 A I & A2B2 A I .

(e3)Let ê A1
A2 ë : 1 A�[ B1 B2 Ä . Then,for a givenAS1, there is BS2 s.t. ê AR1

A2 ë [ B1 BR2 Ä A1 I 0
0 I
4 iff AS1B1 A I . If AS1B1 A I , then ê AR1

A2 ë [ B1 BR2 Ä A 1 I 0
0 I
4 � BS2 A¢ã I h

B1AS1 ä A2 & [ B1 BR2 Ä ê AR1A2 ë A I .

(e4)Let ê A1
A2 ë : 1 A][ B1 B2 Ä . Then,for a givenAS2, there are AS1 0 BS2 s.t. ê AR1AR2 ë : 1 A[ B1 BR2 Ä iff AS2B1 A 0 and ;nã AS2B2 ä�: 1. If such a solutionAS1 0 BS2 exists,thenall
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solutionsaregivenby¡ ` I T
0 I a ` A1

AS2 a £ : 1 A 1 B1 B2 ã AS2B2 ä�: 1 4 ` I h T
0 I a 0 T â Ì	Z (A.13)

(e5) If ê A11 A12
A21 A22 ë ê B11 B12

B21 B22 ë A 1 I 0
0 I
4 and ;nã A22 ä : 1

left 0lã B11 ä : 1
right (resp.;nã A11 ä : 1

left 0lã B22ä : 1
right), then ; A : 1

22 0 B : 1
11 (resp. ; A : 1

11 0 B : 1
22 ) and BA Aí1 I 0

0 I
4 A

AB.

Asabove, in parts(f1)–(h1)werequire that theoperators belongto the Ì ’s that
are compatible with theformulae; that is, x â Ì�ã X 0 Y ä , y0 q â Ì�ã Y 0 X ä , z â Ì�ã X ä
andw â Ì ã Y ä , where X 0 Y â 9 .

(f1) ; y : 1 A^ã xyä�: 1x if ; x : 1 0lã xyä�: 1 or if ;nã xyäl: 1 0lã yxä�: 1.

(f2) ; x : 1 �@;nã xn ä�: 1 for n â Á 1 0 2 0 3 0EZçZçZ Ã .
(f3) ã x Y yä�: 1 h x : 1 A�hdã x Y yä�: 1yx: 1 if ;nã x Y yä�: 1 0 x : 1.

(f4) zã I h zä�: 1 A]ã I h zä�: 1z & I Y zã I h zäl: 1 A]ã I h zä�: 1 if ;nã I h zäl: 1.
I Y zã I h zä : 1

right A]ã I h zä : 1
right if ;nã I h zä : 1

right.

(f5) zã I Y zä�: 1 A]ã I Y zä�: 1z & zã I Y zäl: 1 A I h¥ã I Y zä�: 1 if ;nã I Y zäl: 1.

(f6) ;nã I h xyäE: 1 �D;nã I h yxäE: 1 A I Y y ã I h xyäE: 1x & y ã I h xyäE: 1 A�ã I h
yxä�: 1y.;nã I h xyä : 1

left �@;nã I h yxä : 1
left A I Y y ã I h xyä : 1

leftx (analogously for ã"ä : 1
right).

(f7) Á y üü ;nã I h xyäE: 1 Ã�AÎÁTã I Y qxä�: 1q üü ;nã I Y qxä�: 1 Ã and Á q üü ;nã I Y qxä�: 1 ÃdAÁ y ã I h xyäE: 1 üü ;nã I h xyäE: 1 Ã , for a fixedx.

(g1) ;nã I G yw: 1xä�: 1 A I H y ã w G xyäE: 1x if ; w : 1 0lã w G xyäE: 1.

(g2) ;nã z Y yw: 1xä�: 1 A z: 1 h z: 1y ã w Y xz: 1yä�: 1xz: 1 if ; w : 1 0 z: 1 0lã w Y
xz: 1yä : 1.

(h1)Let x 0 y0 z â Ì ã X ä beinvertible, X â 9 . Thenxyz A y : 1 � zyx A y: 1.

The claims in the lemmaare “the bestpossible ones”, i.e., thereis nothing
superfluousin theconditionsandnothing(thatonewould expect)missingin the
conclusions.For any candidate“better” claimstherearecounter-examples,even
in thecasewherebothX andY aretheHilbert space� 2 ã N ä (andwhen Ì is any
thesymbolslistedin (1.)–(5.)).

Recallthatif A â 6�ã X 0 Y ä , whereX andY areHilbert spaces(andÌGAp6 ), then; A : 1
left � Aj A � 0 (and ; A : 1

right � AAj � 0), by LemmaA.3.1(c1)(if Ì�A Hom,

then ; A : 1
left � Kerã AänA 0).

Part (c4) is an exampleabouthow to apply the claimsof the lemmain two
different Ì ’s.

Oneoftenneedsto apply the lemmawith induction,e.g.,anuppertriangular
matrix is invertible if its diagonalblocks(operators)are,by (b1) (e.g.,consider`

A11 A12 A13
0 A22 A23
0 0 A33 a first partitionedas

`
A11 A12 A13
0 A22 A23
0 0 A33 a ).
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Exchangingtwo rows (resp.columns)of an operatormatrix correspondsto
exchangingthecorrespondingcolumns(resp.rows)of its inversematrix.

In caseof linear operatorsbetweenvector spaces,multiplication of the kth
row of an operatormatrix by a scalarα correspondsto themultiplicationof the
kth columnof its (left, right) inverseby α : 1.

(To becompletelyrigorous,wementionthatwe have tacitly usedtheconven-
tion thatthezeromappingis theonly homomorphismbetweenvectorspaceswith
differentscalarfields. However, we donot eventhink thatanybodywould like to
usethelemmafor suchhomomorphisms.)

Finally, we notethatwe oftendefineoperatorsby usingtheconversepartof
(a4).

Proof of Lemma A.1.1: It is obviousthattheassumptions(algebraiclaws)
of RemarkA.1.3aresatisfiedin case(1.) aswell aswhen Ì�ã X 0 Y ä is thesetof
functionsS M�6�ã X 0 Y ä , for a fixed setS. Thus,the samelaws hold for cases
(2.)–(5.) too, exceptthatonehasto verify that Ì is closedunderadditionand
multiplication.For L∞

strong, this verificationis givenin LemmaF.1.3(b);for Hp
∞

andHp
strongÆ∞ this follows from LemmaF.3.5. For SRω, URω andULRω this is

containedin Lemma6.2.5for complex Hilbert spaces,andthegeneralcaseis
analogous.Classesof Definitions2.6.1and2.6.3will alsodo,by Lemma2.6.2
andTheorem2.6.4.For all otherclassesthis is straightforward.

Althoughwe have assumedU andY to be Hilbert spacesin thedefinition
of TI ã U 0 Y ä andits subspaces,thereis no needfor this in thedefinition itself.
Thuswe have beenableto state(3.)–(5.) for arbitrarycomplex Banachspaces
(assumingthedefinitionsto beextendedcorrespondingly).

(a1)&(a2)Theseareobvious.
(a3) Case“Hom” is obvious, case“ 6 ” is [Rud73,Theorem2.12(b)],case

“TI” is Lemma2.2.1(b) (becauseany finite-dimensional Banachspacesare
Hilbert spaces)and implies the othercases(becausein them Ì is a subclass
of TI; seealsoTheorem2.1.2for H∞).

(a4)In cases(1.)–(5.)theassumptionsof LemmaA.1.1areclearlysatisfied.
Theclaims“Pi â Ì ã Y 0 Yi ä ” and“L j â Ì ã Xj 0 X ä ” areclearlytrueaswell.

Thefirst matrixmultiplicationclaimfollowsfrom ∑ j Ai jx j A ∑ j PiAL jx j A
PiA∑ j L jx j A PiAx, andthesecondfrom

PiABx A ∑
j

Ai j ∑
k

B jkyk A ∑
k

ã ∑
j

Ai jB jk ä yk Z (A.14)

Thefinal claimsareeveneasier.
(b1)This is obvious.
(b2) (3)&(4) B11A11 A I A A11B11, A22B22 A I A B22A22, hence; A : 1

11 0 A : 1
22 .

(1)&(2) A22B21 A 0 A B21A11, so,if ;nã A11 ä : 1
right tai ;nã A22 ä : 1

left, thenB21 A 0, so
theclaim follows from (3). (7) B11A11 A IX1 andA22B22 A IY2, soif A11 or A22

belongsto §�6 Y 6�¿ (andX1 0 X2 0 Y1 0 Y2 areBanachspaces),thenit is invertible,
by LemmaA.3.4(B3), hencethenthe claim follows from (1) or (2). (5)&(6)
Work asin (7).

(Similarly, ê A11 0
A21 A22 ë : 1 A `

A ÷ 1
11 0: A ÷ 1

22 A21A ÷ 1
11 A ÷ 1

22 a .)
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“A counter-example” (B12 A 0 is not enough): ; 1 R P
0 L
4 : 1 A : 1 L 0

P R
4 (one

can interpret theseas the left and right shift on � 2 ã Z ä�AI� 2 ã Z : ärVJ� 2 ã N ä ,
respectively); hereR [L] is the right [left] shift on � 2 ã N ä andP : A I h RL is
theprojectionto thefirst element;notethatRL A I h P, LR A I A P Y RL and
LP A 0 A PR.

(c1) & (c2) Assumethat ; B : 1
11 (alternatively, asa right inverseonly) AB A

I AnÓ 0 A A21B11 Y A22B21 AnÓ A21 A�h A22B21B : 1
11 , I A A21B12 Y A22B22 Ah A22B21B : 1

11 B12 Y A22B22 A A22 ã B22 h B21B : 1
11 B12 ä from thiswegetA : 1

22 A21 Ah B21B : 1
11 if ; A : 1

22 0 B : 1
11 ), in particular, ;nã A22 ä : 1

right.
Similarly, I A BA implies that 0 A B11A12 Y B12A22, hence A12 Ah B : 1
11 B12A22, and I A B21A12 Y B22A22 A B22A22 h B21B : 1

11 B12A22 A ã B22 h
B21B : 1

11 B12 ä A22 (this holdsfor merely left-invertible B11 too), hence ; A : 1
22 A

B22 h B21B : 1
11 B12.

Theconverseclaims(assumingtheinvertibility of A22 areanalogous.
If dimX2 ; ∞, then ;nã A22 ä : 1

left �K; A : 1
22 �L;nã A22 ä : 1

right; if dimX1 ; ∞, then

(c2) impliesthat ;nã A22 ä : 1
left �@;nã B11 ä : 1

left �@; B : 1
11 �@; A : 1

22 etc.

(c3) This follows from equation ê A11 : A12: A21 A22 ë A 1 I 0
0 : I 4 ê A11 A12

A21 A22 ë 1 I 0
0 : I 4 .

(c4)Thisfollowsfrom(c1)bysettingÌgA TIC∞ (wepresentthisapplication
for aneasyreference).

(d1)

`
A ÷ 1

11 0: A21A ÷ 1
11 I a ê A11 A12

A21 A22 ë A `
I A ÷ 1

11 A12

0 A22 : A21A ÷ 1
11 A12 a , hencethesethreeoperator

matricesmust be invertible (becausetwo of them are, by the assumptions),
thereforesois A22 h A21A : 1

11 A12, by (b2)(1).Thus,ê A11 A12
A21 A22 ë : 1 A `

I A ÷ 1
11 A12

0 A22 : A21A ÷ 1
11 A12 a : 1 `

A ÷ 1
11 0: A21A ÷ 1

11 I aA `
I : A ÷ 1

11 A12
Ï A22 : A21A ÷ 1

11 A12 Ñ@÷ 1

0 Ï A22 : A21A ÷ 1
11 A12 Ñ@÷ 1 a ` A ÷ 1

11 0: A21A ÷ 1
11 I aA `

A ÷ 1
11 ) A ÷ 1

11 A12
Ï A22 : A21A ÷ 1

11 A12 Ñ@÷ 1A21A ÷ 1
11 : A ÷ 1

11 A12
Ï A22 : A21A ÷ 1

11 A12 Ñ@÷ 1: Ï A22 : A21A ÷ 1
11 A12 Ñ@÷ 1A21A ÷ 1

11
Ï A22 : A21A ÷ 1

11 A12 Ñ@÷ 1 a Z
Thecasefor ê I A12

A21 I ë follows from thisand(f6).

(We mayhave Ê; A : 1
22 , e.g., 1 1 1

1 0
4 : 1 A 1 0 1

1 : 1 4 .)
(d2) If ;nã A11 ä : 1

left, then(A.4) applies;if ;nã A11 ä : 1
right, then(A.3) applies;the

otherclaimsfollow from these(and(b1)).
(e1) It is obvious that the threeconditions arenecessary. Conversely, by

takingBS2 A^ã I h B1AS1 ä A2 weget ê A1
A2 ë [ B1 B2 Ä A I .

(e2) It is obviousthat thethreeconditions arenecessary. For theconverse,
assumethat B1A1 Y B2A2 A I and A1B1 A I . By (d1), the invertibility ofê A1

A2 ë [ B1 B2 Ä A ê I A1B2
A2B1 I ë follows from thatof I h A2B1I : 1A1B2 A I h A2 ã I h

B2A2 ä B2 A I h A2B2 Y A2B2A2B2 A I .
(e3) The condition FB1 A I is obviously necessary. Conversely, for E Aã I h B1F ä B2, onesoonverifiesthat 1 F

A2
4 [ B1 E Ä A I and [ B1 E Ä 1 F

A2
4 A I , hence
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0

A12
A22ë : 1 A 1 A ÷ 1

11

0
: A ÷ 1

11 A12A ÷ 1
22

A ÷ 1
22

4 )865[ B1 E Ä A 1 F
A2
4 : 1

is unique.
(e4) The conditionGB1 A 0 is obviously necessary. Conversely, assume

GB1 A 0. Then 1 ZG 4 is invertible if f 1 ZG 4 [ B1 B2 Ä A ê ZB1 ZB2
GB1 GB2 ë A ê ZB1 ZB2

0 GB2 ë is,

i.e., if f ZB1 andGB2 are;thereforethecondition ;nã GB2 ä�: 1 is necessary. It is
alsosufficient,becausewecanchooseZ A A1 0 W A B2.

Whenever 1 ZG 4 : 1 Aõ[ B1 W Ä , wehaveZB1 A I & GB2 A I , hencethen 1 ZG 4 A[ B1 B2 Ä 1 I ZB2
0 I

4 : 1
; thereforeall solutionsareof the form (A.13); conversely, it

is obvious thateachT â Ì�ã Y2 0 Y1 ä determinesasolution.
(e5) We have ; A: 1

22 0 B : 1
11 , by (c2). Now A : 1

22 A21 A B21B : 1
11 , so we obtain

the (right-)invertibility of B from (d2), becauseB22 h B21B : 1
11 B12 A B22 h

A : 1
22 A21B12 A A : 1

22 is invertible. The other caseis obtainedfrom this by
permutingtherowsandcolumnsof A andB.

(f1) Clearly ã xyäE: 1x is a left inverseof y, so we only have to show that
y ã xyäE: 1x is invertible (henceequalto I ).

1Ò xyã xyäE: 1xx: 1 A I AnÓ y ã xyäE: 1x A I . 2Ò If ã yxä y ã xyäs: 1x A yx is invert-
ible, thensois y ã xyä : 1x.

(f2) Sety : A x 0 x : A xn : 1 in (f1), anduseinduction.
(f3) � I h¥ã x Y yä x: 1 A�h yx: 1 ��h yx: 1 Aõh yx: 1.
(f4) I Y zã I h zä�: 1 A�ã I h z Y zä&ã I h zä�: 1 A�ã I h zä�: 1 A�ã I h zä�: 1 ã I h z Y zäuA

I Y ã I h zä : 1z.
(f5) Work asin (f4).
(f6) [ I Y y ã I h xyä : 1xÄ [ I h yxÄ A I h yx Y y ã I h xyä : 1x h y ã I h xyä : 1xyx A

I Y y [ h x Y ã I h xyäE: 1 ã I h xyä xÄ A I & [ I h yxÄ [ I Y y ã I h xyäs: 1xÄ A I h yx Y y ã I h
xyä�: 1x h yxyã I h xyäs: 1 A I Y y [ h x Y ã I h xyä&ã I h xyäs: 1xÄ A I . ã I h yxäE: 1y A[ I Y y ã I h xyäE: 1xÄ y Ï f 4ÑA y Y yxyã I h xyäs: 1 A y [ I Y xyã I h xyäs: 1 Ä A y [çã e h xy Y
xyä&ã I h xyäE: 1 Ä A y ã I h xyäE: 1.

N.B: y ã I h yä : 1
left ÊA�ã I h yä : 1

lefty wheny A I h R, andR andL A R: 1
left arethe

right andleft translationon � 2 ã N ä , respectively (becauseã I h Rä L ÊA L ã I h Rä ).
(f7) 1Ò y : A]ã I Y qxä�: 1q AnÓ I h xy A I h xqã I Y xqäE: 1 [çã f 6ä Ä A�ã I Y xq h

xqä&ã I Y xqä�: 1 A^ã I Y xqä�: 1, hence;nã I h xyäE: 1 A]ã I Y xqä .
2Ò q : A y ã I h xyä�: 1 AnÓ I Y qx A I Y yxã I h yxäs: 1 A^ã I h yxäE: 1 resp.
3Ò Let q bes.t. ;nã I Y qxä : 1. y : A yq : A]ã I Y qxä : 1q. Thenqyq : A y ã I h xyä : 1 A
y ã I Y xqäqA|ã I h qxäE: 1q ã I Y xqäqAÎã I h qxä�: 1 ã I Y qxä q A q, henceeachsuch
q is determinedby the yq it determines,i.e., q A qyq, henceq �M yq is an
injection. Similarly, ; q : A qy : A y ã I h xyäE: 1 AnÓ yqy A ã I Y qxä�: 1q A ã I h
yxä y ã I h xyäE: 1 A y, henceeachsuchy is determinedby the qy it determines;
thereforethiscorrespondenceis bijective.

(g1)Setz A I in (g2) (and“y A*G y”).

(g2) Set ê A11 A12
A21 A22 ë : A�1 z yM x w 4 A : ê B11 B12

B21 B22 ë : 1
in (d1). The formula B11 A

A : 1
11 Y A : 1

11 A12 ã A22 h A21A : 1
11 A12 ä�: 1A21A : 1

11 is obtainedfrom (d1). Part (c1)
impliesthat ; B : 1

11 A A11 h A12A : 1
22 A21.

(h1)Assumethatxyz A y : 1. ThenzyxyzA zyy: 1 A z, hencezyxyA I , hence
zyx A y: 1. Theconverseis obtainedanalogously. *
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Remark A.1.2 LemmaA.1.1is alsovalid in case

(5.) 9 is the collectionof groups, and Ì ã X 0 Y ä is the setof group homomor-
phismsX M Y,

provided we replace the assumptions of the form “ dimX A dimY ; ∞ by
“In v ã X 0 Y ä ”, and “If X1 or X2 is finite-dimensional” in (c1) by “If Inv ã X1 0 X1 ä
or Inv ã X2 0 X2 ä ”, where Inv ã X 0 Y ä is theassumption onX andY that

anyA â Ì ã X 0 Y ä is left (resp.right) invertible iff it is invertible. *
Except for the projection–imbeddingclaims, the proof of LemmaA.1.1 is

basedonly on thepropertieslistedbelow, henceits conclusionsaretrueundera
widersetof circumstances:

Remark A.1.3 Let 9 bea set. Let Ì ã X 0 Y ä bea groupwith a zero 0 A 0: Ï X ÆY Ñ ,
for all X 0 Y â 9 , and let for each X 0 Y0 Z â 9 there be an operation Ì ã X 0 Y ä©VÌ ã Y 0 Z änMwÌ�ã X 0 Z ä bedefinedin such a waythatthisoperation is associativeand
distributive:ã ABä C A A ã BC ä and ã A Y AS ä&ã B Y BS ä�A AB Y ABS Y AS B Y AS BS (A.15)

for all A 0 AS â Ì ã X 0 Y ä'0 B 0 BS â Ì ã Y 0 Z ä'0 C â Ì ã X 0 Z ä ; Ì ã X ä is a ring with a unit
I A I: Ï X Ñ (weallow for I A 0, that is, for Ì�ã X änA�Á 0 Ã ); andtherules

A0 A 0 A 0B 0 A A AI 0 IB A B ã A â Ì ã X 0 Y ä'0 B â Ì�ã Y0 Z äEä (A.16)

areobeyed.
Asexplainedbelow, thestructure ã@Ì	0	9·ä determinesnaturally anotherstruc-

ture that alsosatisfiestheaboveassumptions: If n 0 m0 N â Á 1 0 2 0 3 0EZEZEZ Ã , Ai j 0 Ci j âÌ ã Xj 0 Yi ä B jk â Ì ã Yi 0 Zk ä (i A 1 0EZEZEZm0 m0 j A 1 0EZEZEZs0 n, k A 1 0EZEZEZs0 N), wedenotebyA
the Ì matrix

A A ±<³ A11 xExEx A1m
...

. . .
...

An1 xExEx Anm̧
>=¹ ; (A.17)

similarly for B and C. For such representations, we use the standard matrix
operation rules, that is, ã ABä i j : A ∑k AikBkj , ã A Y C ä i j : A Ai j Y Ci j , ãmh Aä i j : Ah Ai j .

For theseÌ and 9 , all theconclusionsof LemmaA.1.1except(a4)hold if we
make the Inv ã X 0 Y ä replacementsof RemarkA.1.2andreplaceall expressionsof
the form Ì ã X1 V X2 0 Y1 V Y2 ä , X1 0 X2 0 Y1 0 Y2 â 9 , by the setof the correspondingÌ -matrices. *

In particular, Lemma A.1.1 applieswhen Ì�ã X ä is a ring with a unit and9¢A�Á X Ã (hereX neednotstandfor anything).

Notes
Many of theformulaeof this sectionandsomeadditional onesareoftenused

in controltheory;someof themandfurtherformulaearepresentedin many matrix
calculustextbooks.
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A.2 Topological spaces

Noli turbare circulosmeos!

— Archimedes(287–212BC)

In this section,we very briefly introducemetricspacesandothertopological
spacesandpresentsomewell-known lemmas.For mostof thismonograph,basic
knowledgeon Hilbert andBanachspaces(SectionA.3) is sufficient. Therefore,
thereadermayskip this sectionunless(s)hewishesto go throughalsotheproofs
of certainauxiliary results.

Thedetailspresentedherearesufficient for mostof ourpurposes,but a reader
wishing to know moremay consultany book on topologicalspaces;alsomany
bookson functionalanalysis(e.g.,[Rud86]or [Rud73])containthebasictheory
of topological spaces.

Sinceany metricspaceis a topologicalspace,it is adviseableto visualizethe
topological spacesas metric ones(or as R2) to get an intuitive picture on the
generalcase(all conceptsdefinedherearedirectgeneralizationsof thosedefined
for metricspaces).Mostspacesthatwemeetaremetric(see,e.g.,[Rud76]for the
theoryof metricspaces).

The most important nonmetrizable topologies (seeExercises2.1 and 3.15
of [Rud73]) are the weakandweakj topologiesof infinite-dimensionalBanach
spaces.

A topologyonasetQ is acollection � of subsetsof Q s.t. /0 0 Q â � , and � is
closedunderfinite interjectionsandarbitraryunions.We call thepair ã Q 0D� ä (or
just Q whenthereis no ambiguityabout� or whenwe do not needto specifyit)
a topological space.

Theelementsof � arecalledopenandtheircomplementsarecalledclosed. If
E Q Q, thenEo : AGK<Á V â � üü V Q E Ã is the interior andĒ : A � Á F üü Fc â � and
E Q F Ã is theclosureof E. Wecall ∂E : A Ē � Ec theboundaryof E. A setK Q Q
is compactif N Q � andK Q KON imply thatK Q KON S for somefinite N S Q N .

Let also ã Q2 P � 2 ä bea topologicalspace.Then f : Q M Q2 is continuous(i.e.,
f â ¿¦ã Q;Q2 ä ) if f : 1 [V Ä â � for any openV â � 2. If f is a continuousbijection
andalsoits inverseis continuous,then f is calleda homeomorphism. ThesetsQ
andQ2 arecalledhomeomorphic if thereis a homeomorphismQ M Q2. Theset
Q V Q2 is usuallyequippedby its producttopology, whichis thesmallesttopology
containing�|V�� 2.

Weequipany subsetE of Q with thetopology Á V � E üü V â ��Ã inheritedfrom
Q (unlesssomethingelseis indicated).

A sequenceÁ qn Ã Q Q convergesto q â Q, i.e., limn� ) ∞ qn A q, if f, for each
opensetV û q, thereis NV â N s.t.qn â V for all n « NV . If this is thecase,we
alsosaythat Á qn Ã convergesin Q.

If � and ��S aretopologieson Q and � Q �	S , then � is weaker than �	S and��S is stronger than � . It obviously follows that if T is a nonemptycollectionof
topologiesonQ and � 0 is theweakestelementof T, then � 0 A �RQ 8 T � .

A neighborhoodof q0 â Q meansanopensetcontainingq0. A pointq0 â Q is
calleda limit pointof E Q Q if q0 â E À5Á q0 Ã , equivalently, if everyneighborhood
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of q0 containsanelementof E À5Á q0 Ã .
A setE Q Q is disconnectedif therearenonemptysetsA P B Q Q s.t.E A A K B

andA � B̄ A /0 A Ā � B. OtherwiseE is connected. An interval is a nonempty
connectedsubsetof R.

Let Q be a set. A function d : Q V Q M [ 0 P Y ∞ ä is called a metric if 1.
d ã x P yä<A 0 � x A y, 2. d ã x P yä<A d ã yP xä , and 3. d ã x P zä o d ã x P yä Y d ã yP zä for
all x P yP z â Q. A setequippedwith a metricis calleda metricspace(thus,wecall
Q or ã Q P d ä a metric spaceif the above conditionsaresatisfied). A topological
space(or a topology) is calledmetrizableif it is inducedby somemetric.

If d is a metric on a set Q, then we usually equip Q with the topology
inducedby d, which consists of arbitraryunionsof openballs D ã q P r ä : A�Á q S â
Q üü d ã qS P qä ; r Ã (q â Q, r S 0). It followsthatd becomescontinuousQ M R.

We recall from [Rud76] that if ã Q P d ä and ã QT P d Tçä aremetricspaces,q0 â Q,
qT0 â QT and f : Q U QT , thenlimq� q0 f ã qä0V qT0 if f limnW ∞ f ã qn äXV qT0 whenever
qn U q0 (this is not true for all topologicalspacesQ, not even for all TVSs).
A map f : Q U QT satisfying d ã x P yäYV d T�ã f ã xä P f ã yäEä for all x P y â Q is called
an isometry(or isometric). If f : Q U QT is s.t. for all ε S 0 thereis δε S 0 s.t.
d ã x P yä/Z δε VnÓ d T ã f ã xä P f ã yäEä[Z ε for all x P y â Q, then f isuniformlycontinuous.

Let ã Q P d ä beametricspace.A sequenceÁ qn Ã]\ Q is aCauchy-sequencein Q
if for eachε S 0, thereis Nε â N s.t.d ã qn P qm ä/Z ε for all n P m « Nε. It easyto show
thatany converging sequenceis a Cauchy-sequence.If any Cauchy-sequencein
Q convergesin Q, thenthemetricspaceQ is calledcomplete.

A compactsubsetof ametricspaceis closedandbounded;theconverseholds
for subsetsof Rn (or of Cn). If K \ Q is compactand f â ¿�ã K P QT ä , then f ^K Ä is
compactin QT .

If Q is a metric spaceandK P E \ Q, thenwe setd ã q P K ä : V infq_	` K d ã q P qT ä ,
d ã E P K ä : V infq ` E Æ q_ ` K d ã q P qT ä ; if K is compactandnonemptyandq Êâ K, then
d ã q P K ä/V minq_	` K d ã q P qT äaS 0. If a â Q, then,obviously, d ã a P E ä/V 0 iff a â Ē.

Lemma A.2.1 Let /0 bV K \ V \ Q, where Q is a metricspace, V is openandK
is compact.

(a) If f : K U R is continuous, thenminq ` Q f c qd andmaxq ` Q f c qd exist.

(b) If f : K U QT is continuous,where QT is a metricspace, then f is uniformly
continuous,i.e., for all ε S 0 there is δ S 0 s.t. x P y e K&d c x P ydYZ δ V/f
d c f c xd P f c ydgdhZ ε.

(c) If V bV Q, thend c K P Vc d/V d c a P Vc daS 0 for somea e K.

(d) If V bV Q V Rn, thenthere are a e K andb e Vc s.t.d c a P bdXV d c K P Vc d : V
infx ` K i y ` Vc d c x P yd .
Proof: (a)&(b) TheseareTheorems4.16and4.19of [Rud76],respectively.
(c) AssumethatV bV Q. Thend ckj P Vc d attainsaminimumonK, by (a),hence

d c K P Vc d/V d c a P Vc d for somea e K. Sincea be Vc V Vc, wehaved c a P Vc dhS 0.
(d) Assume that V bV Q V Rn. Choosex e K. ChooseR S 0 s.t.

K \ D̄R and D̄R l Vc bV /0, where DR : Vnm q e Q ooqpq p Z Rr . The set
F : V ¯D3R l Vc is closed and bounded,hencecompact. By (a), there is
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a e K s.t.d c a P F dXV d c K P F d . By (a), thereis b e F T s.t.d c a P bd0V d c a P F d . But
d c K P Vc d]V min m d c K P F d P d c K P Vc s F dtruV d c K P F d (since d c K P F dvZ 2R and
d c K P Vc s F dhS 2R) andd c K P F d0V d c a P bd . w
Thefollowing well-known factis sometimeshandy:

Lemma A.2.2 LetV \ Rn beopen.ThenV is theunionof an at mostcountable
numberof disjoint open,connectedsets.

Thus,openV \ R is theunionof anatmostcountablenumberof disjoint open
intervals.

Proof: Let m qk r k ` N \ Rn bedense(e.g.,enumerateQn). For eachk e N,
take Vk : V /0 if qk be V or if qk e Vj for some j Z k; otherwiselet Vk be the
connectedcomponentof V thatcontainsqk. ThenV V x k ` NVk, andthesetsVk

areopen(because,obviously, ∂Vk \ ∂V). w
Thefollowing lemmaoftenallowsoneto work onanopensetwith acompact

closureinsteadof ageneralopenset:

Lemma A.2.3 (Compactexhaustionof ΩΩΩ) Let Ω \ Rn beopen.SetKk : Vym q e
Ω oo pq p{z k & d c q P Ωc dR| 1} k r (k e N ~ 1). Theneach Kk is a compactsubsetof
Ω, K1 \ K2 \ jgjgj , Ω V x kKo

k , andeach compactK \ Ω is containedin someKo
k .

NotethateachKk is compact.
Proof: This quiteobvious. If K \ Ω is compact,thensomefinite subsetof

setsKo
k containsK, hencesomeKk containsK. w

Notes
All of this is well known, seeany bookon topology(e.g.,[Bredon],[Kelley]

or even[Rud86])for more.
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A.3 Hilbert and Banachspaces

Mathematiciansoftenresortto somethingcalledHilbert space, which
is describedas beingn-dimensional. Like modernsex, any number
canplay.

— JamesBlish, "TheQuincunxof Time"

In this section,we presentcertainstandarddefinitionsand useful factson
Hilbert andBanachspaces;seeany text on functionalanalysis(e.g.,[Rud86]or
[Rud73])for theirbasicproperties(andfor detailsfor mostfactspresentedbelow).

Recallthat in this appendix,thescalarfield of any vectorspaceis assumedto
beK (that is R or C). If K V R, then,naturally, conjugation α �U ᾱ becomesthe
identity operatoron K , conjugate-linearis thesameaslinear, andsesquilinearis
thesameasbilinear.

A setA is closedundera functionif thefunctionmapstheelementsof A into
A.

Let � be a topologyfor a vectorspaceX. If m x r c eJ� for eachx e X, and
sumandscalarmultiplication on X arecontinuous,thenX (or c X ���Jd ) is called
a topological vectorspace(TVS). Most importantexamplesof TVSsareBanach
spaces,and we needother TVSs only in someexternal references.See,e.g.,
[Rud73]for moreonTVSs.

A normedspaceis a vectorspaceX equippedwith a function (norm) �hj�� :
X U�^ 0 ��~ ∞ d satisfying � αx �aV pα p � x � , � x ~ y � z � x ��~#� y � and � x �hV 0 f x V 0
for all x e X � α e K . We often write �aj�� X : V��hj�� to distinguish betweenthe
normsof differentnormedspaces.

An inner productspaceis a vectorspaceH equippedwith a function (inner
product) ��j��gj � : H � H U K satisfying� y� x��V � x � y� , � x ~ y� z��V�� x � z��~�� y� z� , � αx � y��V
α � x � y� , � x � x�$| 0 and � x � x��V 0 f x V 0 for all x � y� z e H � α e K . We oftenwrite��j��gj � H : V%��j��gj � to distinguishbetweentheinnerproductsof differentnormedspaces.

We equipany inner productspacewith norm � x �]V�� x � x� 1� 2 (it follows that
any innerproductspaceis anormedspace).Weequipany normedspaceX by the
metricd c x � yd : V�� x � y � B (it follows thatany normedspaceis a metricspace).

A completenormedspaceis calledaBanach space. A completeinnerproduct
spaceis calledaHilbert space(in particular, any Hilbert spaceis aBanachspace).

The spaceKn (n e 1 ~ N) is equippedwith the canonicalinner product� x � y� Kn : V ∑n
k � 1xkȳk.

Let X andY be normedspaces.We set � x � X : V�~ ∞ for x be X. We equip
X � Y with theproducttopology, i.e., with thenorm ��c x � yd-� 2X � Y : V�� x � 2X ~*� y � 2Y
(or someequivalentnorm,suchasmaxm�� x � X ��� y � Y r or ct� x � 2X ~)� y � 2Y d 1� 2).

By ��c X � Y d we denote the normed spaceof continuous(i.e., bounded)
linear operatorsL : X U Y with norm � L ���$� X iY � : V sup� x � X � 1 � Lx � Y, andvector
operationsc αL ~ βL T d x : V α c Lxd ~ β c L T xd (L � L T e¡��c X � Y d , α � β e K , x e X). We
usuallywrite Lx : V L c xd whenL is linear. Oneeasilyverifiesthat ��c X � Y d is a
Banachspaceiff Y is aBanachspace.

The spaceX ¢ : V ��c X � K d is calledthe dual spaceof Xdual space(X ¢ ) (see
alsoRemarkA.3.22),andwesetX ¢k¢ : V£c X ¢�dg¢ . Weidentify x e X andtheelement
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x¢k¢ : Λ �U Λx of X ¢k¢ . If all elementsof X ¢k¢ are of this form, thenX is called
reflexive (andthenX is isometrically isomorphic to X ¢k¢ , hencea Banachspace).
Any Hilbert spaceis reflexive.

Let X andY be normedspaces.To eachT e¤��c X � Y d correspondsa unique
TB e¥��c Y ¢¦� X ¢td s.t. y¢-c Txd§V¨c TBy¢qd x for all x e X and y¢©e Y ¢ ; moreover,� TB �RV�� T � . Wecall TB theBanach adjointof T.

Let X andY be Hilbert spaces.To eachT eJ��c X � Y d correspondsa unique
TH e¡��c Y � X d s.t. � Tx � y� Y V)� x � THy� X for all x e X andy e Y; moreover, � TH �RV� T � . We call TH theHilbert adjoint of T. In a Banachspacecontext, T ¢ denotes
TB, whereasin a Hilbert spacecontext, T ¢ denotesTH (unlesswe use pivot
spaces,seeDefinitionA.3.23andLemmaA.3.24).

Let H be a Hilbert spaceand let B be a Banachspace. A set E \ H is
orthonormal if � x � y�XV 0 whenever x � y e E, x bV y and � x � x�XV 1 for all x e E.
If spanE is densein H, then E is an orthonormal basisof H. An operator
P eª��c Bd is a projection if P2 V P (hereP2 : V PP). A projectionP e¡��c H d is an
orthogonal projection if P V P ¢ (equivalently, Ranc PdRV Kerc Pdg« , by Theorem
12.14of [Rud73]).

By �­¬§c X � Y d wedenotethesetof linearmappingsT : X U Y thatarecompact,
that is, suchthat m Tx oo x e X �®� x �¯Z 1 r is compact.It follows that �­¬§c X � Y d is a
subspaceof ��c X � Y d .

Theweaktopology of X is theweakesttopologyon X on which eachΛ e X ¢
is continuous. Theweak¢ topology of X ¢ is theweakesttopologyon X on which
eachof the mapsx : Λ �U Λx c x e X d is continuous.We do not usethesetwo
topologies except when we explicitly say so. (If X is finite-dimensional, then
X V X ¢ and the weak, weak¢ and original (normed)topologies of X and X ¢
coincidewith thestandardEuclideantopology of X. In general,weakandweak¢
topologiesneednotbeevenmetrizable.)See,e.g.,[Rud73]for furtherdetails.

Weset °]�¤c X � Y d : ±)m L e²��c X � Y d oo LT ± IY & TL ± IX for someT e²��c Y� X dtr
(andwewrite T : ± L ³ 1 for T � L asabove)hence°§��c X d becomesthesubgroupof
invertibleoperators( ° for “group”). It followsthatL e´°]�¤c X � Y d if f L eµ��c X � Y d
andL is onto andone-to-one(i.e., the inverseis necessarilybounded),by (part
(c3)(ii) of) LemmaA.3.4(F1).

For L e)��c X � Y d we set σ c L d : ±¶m ζ e K oo ζ � L be�°]��c X � Y dtr , ρ c L d : ±
sup pσ c L d p (seeLemmaA.3.3; recall thatζ � L : ± ζI � L).

An elementof °§��c X � Y d is called a (Banach) isomorphism of X onto Y.
Whenever the rangeof LX is closedin Y (hencea Banachspaceitself if Y is
complete)andL is asisomorphism of X ontoLX, thenL is anisomorphism of X
into Y. (Notethestandardabuseof language:we do not requireanisomorphism
to beanisometry, thatis, to satisfy � Lx �a±·� x � for all x e X; amorerigorousterm
wouldbe“a topologicalvectorspaceisomorphism”.)

Thus,if X andY areHilbert spaces,thena mapL e¤��c X � Y d is an isometric
isomorphismof X ontoY if f L is unitary, i.e.,L ¢ L ± I ± LL ¢ (notethatwe often
usesameI (resp.0) for identity (resp.zero)mappingsin differentgroups.

Two norms, say �®j¸� and �®j¸�q¹ , definedon a normedspaceX are called
equivalentif they definesametopology. This is thecaseif f thereareε � M e�c 0 � ∞ d
s.t.ε � x � z � x �t¹ z M � x � for all x e X.
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Let H be a Hilbert space. By � x � y� H (often just � x � y� ), we denote the
(sesquilinear, i.e., � αx � βy�º± αβ̄ � x � y� ) innerproductH � H » K . It is well known
thatH ¢/±)m x �»¶� x � y� H oo y e H r , henceH is reflexive. ThemappingΛx : y �»¶� y� x� H
is conjugate-linear(i.e., Λαx ± ᾱΛx, Λx¼ y ± Λx ~ Λy), isometricandonto,hence
Λ e�°u¬]c H � H ¢qd (anelementof °µ¬ is calledahomeomorphism).

Let x � y e H, A \ H andB \ H. If � x � y��± 0, thenwe write x ½ y; if a ½ b for
all a e A andb e B, thenwe write A ½ B. Obviously, A « : ±£m x e H oo x ½ A r is a
closedsubspaceof H.

Let T � S e¡��c H d . We call T nonnegative[positive] andwrite T | 0 [T ¾ 0] if� Tx � x�[| 0 [ ¾ 0] for all x e H s m 0 r . By T | SwemeanthatT ± T ¢ , S ± S¢ , and
T � S | 0. By T ¿ 0 we meanthatT | εI for someε ¾ 0; in this casewe say
thatT is uniformly positive (notethat c xk dX�»Kc xk } k d is is positive andone-to-one
but not uniformly positive on À 2 c N d ). If T ¢ T ¿ 0, thenwe saythatT is coercive
(or boundedfrom below). Theserelations(amongothers)arestudiedwithin the
following lemma.

Lemma A.3.1 (Hilbert spaces)LetH,U andY becomplexHilbert spaces(much
of thisholdsfor realonestoo).

(a1) Each orthonormal baseof H has the samecardinality; we denotethis
cardinality bydimH.1

(a2)H is isomorphic to À 2 c�Á­d iff Á is a setof cardinality dimH.

(a3) If T eª��c U � H d , thendimRanc T d z dimU.

(a4)Thefollowingare equivalent:

(i) dimU z dimH;
(ii) T ¢ T ¿ 0 for someT e¡��c U � H d ;
(iii) T ¢ T ± I for someT e¡��c U � H d ;
(iv) someS e¡��c H � U d is onto.

(a5)Thefollowingare equivalent:

(i) dimU ± dimH;
(ii) °]��c U � H dOb± /0;
(iii) T ¢ T ± IU andTT ¢ ± IH for someT eª�¤c U � H d .

(a6)LetdimU | dimH Z ∞. ThenT eª��c U � H d is invertible iff T ¢ T ¿ 0.

(b1)[T ¿ 0] Let T e���c H d andE e�°]��c H d . ThenT ¿ 0
defÂ

T | εI for some
ε ¾ 0

Â
T ± T ¢ & σ c T dhÃ£c 0 � ∞ d Â T ± P2 for someP ¿ 0

Â
T ± X2 for

someX eJ°]��c H d Â E ¢ TE ¿ 0
Â

T eJ°§� & T | 0
Â

T e´°§� & T ³ 1 |
0.

If T | εI , thenε ³ 1 | T ³ 1 |�� T �¦³ 1I ¿ 0.

(b2)[T ¾ 0] WehaveT ¾ 0 iff T | 0 andKerc T d0±ym 0 r .
1We alsousethe standardnotationdimB Ä ∞ [dimB Å ∞] to meanthat a vector spaceB is

[in]finite-dimensional; if B is a Hilbert space,then,obviously, dimB Ä ∞ if f dimB is finite.
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(b3)[T | 0] LetT e¡��c H d . ThenT | 0 iff T ± T ¢ andσ c T daÃ£Æ 0 � ∞ d .
(b4) Let T | 0. Thenthere is a uniqueT1� 2 | 0 s.t. c T1� 2 d 2 ± T. Moreover,

T1� 2 ¿ 0 (resp. ¾ 0) iff T ¿ 0 (resp. ¾ 0). Furthermore, ST ± TS
Â

ST1� 2 ± T1� 2Sfor all S e�°§� .

(b5) Let Tn | Tn¼ 1 | A for all n e N for someA ± A ¢ e���c H d . Thenthere is
T | A s.t.Tnx » Tx for all x e H.

(b6)[T ± T ¢ ] LetT e¡��c H d . ThenT ± T ¢ iff T ¢ T ± TT ¢ andσ c T daÃ R.

(b7)AssumethatS� T eJ°]��c H d andST ± TS. If T | S ¿ 0, thenS³ 1 | T ³ 1 ¿
0; if T ¾ S ¿ 0, thenS³ 1 ¾ T ³ 1 ¿ 0; if T ¿ S ¿ 0, thenS³ 1 ¿ T ³ 1 ¿ 0.

(b8) If T e¡��c H d , ε ¾ 0, and p � Tx � x� p | ε � x � 2 for all x e H, thenT e�°§��c H d .
(b9) If I | T ¿ 0, then � I � T �YÇ 1.

(c1)[R ¢ R ¿ 0] Let R eª��c U � H d . Thefollowingareequivalent:

(i) � Rx�§| ε � x � for all x for someε ¾ 0, i.e., R is coercive (“uniformly
boundedfrombelow”);

(ii) R¢ R | ε2I for someε ¾ 0;
(iii) Ranc R¢td0± U, i.e., R¢ is onto;
(iv) Ranc Rd is closedandKerc Rd/±£m 0 r ;
(v) there is L eª��c H � U d s.t.LR ± I ;
(vi) there is someclosedsubspaceH1 Ã H and someS e´��c H1 � H d s.t.È

R SÉ e�°]�¤c U � H1 � H d ;
(vii) X ¢ X ± R¢ R for someX ¿ 0;
(viii) P ¿ 0 ±/f R¢ PR ¿ 0;
(viii’) � G � IH �YÇ 1 ±/f R¢ GR e�°]��c U d ;
(ix) � RX ���$� ¢ iH � | ε � X ���$� ¢ i ¢ � for someε ¾ 0 whenever X is linear (in

particular, X is boundediff RX is bounded);
(x) R e�°§��c U � Ranc Rdgd ;
(xi) There is ε ¾ 0 s.t. for all x e H s m 0 r there is y e H s m 0 r s.t.� y� Rx��| ε � x �Ê� y � .

Moreover, if (i) holds,thenthefollowinghold:

(1) ��c R¢ Rd�³ 1 � z ε ³ 2 and ��c R¢ Rd�³ 1R¢�� z ε ³ 1

(1’) if R e�°]� , then � R³ 1 � z ε ³ 1.
(2) For any r ¾ 0 we can chooseH1 and S in (vi) so that � È R SÉ � z

maxm�� R �-� r r and � ÈR SÉ ³ 1 � z maxm ε ³ 1 � r ³ 1 r . If also dimU Ç ∞
andH ± U � U ¹ , thenwecantake S e­��c U ¹�� H d withoutaffectingthe
abovenorms.

(3) If R¢ R ± I , thenwecanhave
È
R SÉ unitary (see(e3)).

However R¢ R ¿ 0 & G e¥°§�Ëbf R¢ GR e¥°]� in general (cf. (viii’); even
σ c GdaÃyÆ 0 ��~ ∞ d is notsufficient).

(c2) Let M e���c Km dq� N e¥�¤c Km � Kn d . There is L e���c Kn � Kmd such that
M ~ LN is invertible iff M ¢ M ~ N ¢ N ¾ 0.
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(c3)LetR e¡��c U � H d . Thenthefollowingareequivalent:

(i) R e�°]�¤c U � H d (i.e., R is invertible)
(ii) R is injectiveandonto;
(iii) R is coerciveandhasa denserange;
(iv) R¢ R ¾ 0 andRR¢h¿ 0;
(v) R¢ R ¿ 0 andRR¢a¿ 0;
(vi) R¢Ìe�°]�¤c H � U d .

If dimU ± dimH Ç ∞, thenonemore equivalentcondition is that R is one-
to-one(equivalently, detR b± 0 or R is onto).

(c4)LetR ± R¢Ìe¡��c H d . ThenR e�°§��c H d Â R¢ R ¿ 0.

(c6)LetR e¡��c H d andR¢ R ± RR¢ . Then � R �R± sup� x � � 1 p � x � Rx� p ± ρ c Rd .
(c7)LetR e¡��c H � U d . ThenKerc R¢td0± Ranc RdÍ« .
(c8)LetR e¡��c H � U d . ThenKerc R¢ Rd0± Kerc Rd andRanc Rd0± Ranc RR¢ d .
(c9)LetR e¡��c U � H d . Thenthefollowingareequivalent:

(i) R is one-to-one(i.e., Kerc Rd/±£m 0 r );
(ii) R¢ hasa denserange;
(iii) R¢ R ¾ 0

If dimU Ç ∞, then(i)–(iii) hold iff R¢ R ¿ 0 (cf. (c1)).

(c10)LetA Ã H. ThenA« is a closedsubspaceof H and c A «hdÍ«¤± spanc Ad .
(c11)supÎα Î � 1 � αx ~ y �¯|�� x � 2 ~)� y � 2 (x � y e H).

In (d)–(f) weassumethat A e���c U � Y d , B e­��c U � H d . In (d)–(e2)weassume
that γ ¾ 0 (theTIω claimsconcerncaseswhenU andY are L2

ω spacesfor some
ω e R x¡m ∞ r ).

(d) Wehaveγ2 � B¢ B | 0
Â � B � z γ. Analogously, γ2 � B¢ B ¿ 0

Â � B �YÇ γ.

(e1) � Ax � 2 � γ2 � Bx � 2 z 0 for all x e H
Â γ2B¢ B | A¢ A Â A ± LB for some� L � z γ

(if A � B e TIω, thenwecantakeL e TIω).

(e2)Thefollowingareequivalent:

(i) γ2B¢ B � A¢ A ¿ 0;
(i’) � Ax � 2 � γ2 � Bx � 2 z � ε � x � 2 for all x e H;
(i”) γ2B¢ B ¿ A¢ A | 0;
(ii) A ± LB for some� L �YÇ γ andB ¢ B ¿ 0;
(iii) B ¢ B ¿ 0 and � AB³ 1

left �YÇ γ Ï , where B ³ 1
left : ±·c B¢ Bd�³ 1B¢ .

If B e�°]� , then(i) (hence(i)–(iii)) is alsoequivalentto � AB³ 1 �OÇ γ. If (i)
holdsanddimU | dimH Ç ∞, thenB e�°]� .

In (ii) wecantakeL ± AB³ 1
left; thiswayweget L e TIω, if B � A e TIω.
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(e3)LetB¢ B ± I . ThenB : ± È B 0
0 I É e�°]�¤c U � H1 � H d is anunitaryextensionof

B, where H1 : ± Ranc Bd « Ã H.

(f) Supposethat dimU Ç ∞. ThenA ± LB for someL e���c H � Y d Â Kerc BdÌÃ
Kerc Ad Â Ranc A¢ dXÃ Ranc B¢ d Â A¢ ± B¢ L ¢ for someL ¢ eu��c F � H d Â (e1)
holdsfor someγ ¾ 0.

(g1)LetA � B e¡��c H d . If � x � Ax��±)� x � Bx� for all x e H, thenA ± B.

(g2) Let At e¥��c H d (t e R ¼ ). If limt ÐÑ¼ ∞ � x � Atx�Ì± 0 for all x e H, then
limt ÐÑ¼ ∞ � y� Atx�'± 0 for all x � y e H.

(g3) Let X bea vectorspace. Let A � B : X » U, andC � D : X » Y belinear. If� Ax� Bx��±)�Cx � Dx� for all x e X, then � Ax� Bz�º±)�Cx � Dz� for all x � z e X.

In (h1)–(k2)weassumethatx � y� xn � yn e H for all n e Z ¼ , Tn � T eµ�¤c H � Y d for
all n e Z ¼ , andSn � S e­��c Y� U d for all n e Z ¼ . We write xn Ò x if � xn � z�'»Ó� x � z�
for all z e H (i.e., if xn » x weakly)(herealwaysn � m� k »Ó~ ∞).

We saythat Tn convergesto T uniformly (resp.strongly, weakly), if � Tn �
T �R» 0 (resp.Tnx » Tx for all x e H, Tnx Ò Tx for all x e H).

(h1) If Tn » T weakly, then m Tn r is uniformlybounded.

(h2) If Tnx convergesfor all x e H, thenthelimiting operator ÔT : x �» limnTnx
satisfiesÔT eª�¤c H � Y d and ��ÔT � z lim infn � Tn �YÇ ∞.

(h3) If � y� Tnx� Y convergesfor all x e H � y e Y, thenthere is ÔT e¤�¤c H � Y d s.t.
Tn » T weakly, ��ÔT � z lim infn � Tn � z supn � Tn �YÇ ∞.

(i1) If xn Ò x, then m xn r is uniformly boundedand � x � z lim infn � xn �YÇ ∞.

(i2) If xn » x andym Ò y, then � xn � ym�º»n� x � y� .
(i3) If m{� xn � y�Õr convergesfor all y e H, then m xn r convergesweakly.

(i4) If(f) xn Ò x and � xn �R»Ö� x � , thenxn » x.

(j1) Sn » Sweaklyiff S¢n » S¢ weakly.

(j2) If Sn » S weaklyandTn » T strongly, thenSnTn » ST weakly(but even
for U ± H wemayhaveTnSn b» TS).

(j3) If Sn » Sstrongly, Tm » T strongly, andxk » x strongly, thenSnTm » ST
strongly andSnTmxk » STx strongly.

(j4) Let Tn e�°]�¤c H � Y d for all n, Tn » T strongly and T ³ 1
n » P strongly for

someP eª��c Y� H d . ThenT e�°]��c H � Y d andT ³ 1 ± P.

(j5) Conversely, let Tn e °]�¤c H � Y d for all n, let Tn » T strongly, and letm T ³ 1
n r beuniformly bounded.ThenT e�°§� iff T ³ 1

n » P strongly for some
P e¡��c Y� H d .

(k1) Let dimY Ç ∞ and T e���c U � Y d . Then Tn » T strongly iff Tn » T
uniformly.

(k2)LetdimU Ç ∞ andT eª��c U � Y d . ThenTn » T strongly iff Tn » T weakly.

In (p1)–(q)weassumethat
È

A B
B × D É e©��c H1 � H2 d , whereH1 andH2 areHilbert

spaces.
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(p1) Let AX ± B. Then
È

A B
B × D É | 0 iff A | 0 & D � X ¢ AX | 0. Moreover,È

A B
B × D É®¿ 0 iff A ¿ 0 & D � X ¢ AX ¿ 0.

(p2)Let Ø A ³ 1. Then
È

A B
B × D É¯| 0 iff A | 0 & D � B ¢ A ³ 1B | 0.

(p3) Let dimH2 Ç ∞. Then
È

A B
B × D ÉÑ| 0 iff for someX e´��c H2 � H1 d we have

AX ± B, D � X ¢ AX | 0 andA | 0.

(p4)Wehave
È

A B
B × D É ¿ 0 iff A ¿ 0 & D � B ¢ A ³ 1B ¿ 0.

(q) Let P e¡�¤c U � H1 d , Q e¡��c U � H2 d andD z 0. If T : ±�Æ P × Q× Ï È A B
B × D É È PQ É ¾ 0

[ ¿ 0], thenP ¢ P ¾ 0 [ ¿ 0].

If ε ¾ 0 andT | εI , thenP ¢ P | δI , where δ only dependson ε, � Q � , � A �
and � B � .
If ε ¾ 0, D z � εI and T | 0, then P ¢ P | δQ¢ Q and Q ± LP for some
L e¡�¤c H1 � H2 d s.t. � L � � z δ ³ 1� 2, where δ onlydependsonε, � A � and � B � .

(s) Let T e���c U � Y d , let U1 Ã U be a finite-dimensional subspace, and let

dimT ÆU1 Ï$± dimU1 Ç ∞. ThenT is of the form T ±@Ù T11 T12
0 T22 Ú eÛ��c U1 �

U «1 � Y1 � Y «1 d , where Y1 : ± T ÆU1 Ï , and T11 e(°]�¤c U1 � Y1 d . Moreover, T is
(resp.right-, left-)invertible iff T22 is (resp.right-, left-)invertible.

(P) Let H1 bea closedsubspaceof H. Let P betheorthogonalprojectionof H
onto H «1 . Let x e H. ThenPx is the uniqueelementof minimumnorm on
x ~ H1.

As acuriosity, weremarkthat(c1)demonstratesthatfindinga left inverse(v),
a complement(vi) or a spectralfactor (vii) is easy, if we do not have to worry
aboutcausality(in contrastto theCoronaandspectralfactorizationtheorems).

Resultsconcerningconvergenceof sequences(such as Monotone Conver-
genceTheoremor (h1)–(k2)above)areapplicablefor limits of functionsbetween
any metric(or “first countable”)spaces(recallfrom Theorem4.2of [Rud76]that
f c t dR» q as t » T if f f c tn dÌ» q for eachsequencem tn r converging to T (with
tn b± T for all n)). We shallusethis factwithout furthermention.

Proof of Lemma A.3.1: (WeoftenapplyBanachadjointresultsfor Hilbert
adjoints,seeRemarkA.3.20for thejustification.)

(a1)&(a2)Thesefollow from [Rud86,4.19].
(a3) If dimU Ç ∞, theseclaimsareeasyto prove, so assumedimU ± ∞

and let m ua r a Ü A be an orthonormal baseof U . Then the cardinalityof Q : ±m ∑n
k � 1qkuak oo qk e Q ~ iQ � ak e A for all k r is A ± : dimU andQ is densein U

(obviously thecardinalityof any densesetis at leastthatof A).
Obviously, TQ is densein Ranc T d , hencedimRanc T d is at thecardinality

of Q, i.e.,dimU .
(a4) “(i v) f (i)” follows from (a3). “(i v)

Â
(ii)” is [Rud73,Theorem4.15].

“(ii) f (iii)” Followsby takingT ¹ : ± T c T ¢ T d�³ 1� 2 (cf. (b)). “(iii) f (ii )” is trivial.
“(i) f (iv)” Let m ua r a Ü A and m ha r a Ü B be basesof U andH, respectively, and
A Ã B. SetS∑a Ü Bαaha : ± ∑a Ü Aαaua.

(a5) “(i) f (iii)&(ii)” ConstructSasin “(i) f (iv)” above, with A ± B. The
conversesfollow from (a2).
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(a6) Let T ¢ T ¿ 0. From (a4) we get that dimU ± dimH. BecauseT is
injective, it is invertible.Theconverseis trivial.

(b1)&(b3)&(b6) Thesefollow from [Rud73,Chapter12] andstraightfor-
wardcomputations.

(b2)Let T | 0. Assumethat � x � Tx� ± 0. Then � T1� 2x � 2 ±#� T1� 2x � T1� 2x�º±
0 (see(b4)), hencethenTx ± T1� 2T1� 2x ± 0. Consequently, x e Kerc T d ; the
converseis trivial.

(b4) This follows from Theorem6.2.10of [Aupetit] (alternatively, from
Chapters11–12of [Rud73])and(c3)&(c9).

(b5) (The convergenceneednot be uniform; e.g.,π Ý n i n ¼ 1� | π Ý n¼ 1 i∞ � » 0
stronglybut notuniformly on À 2 c N).)

W.l.o.g.weassumethatA ± 0 (useTn �» Tn � A). SetSc xd : ± limn � x � Tnx�'|
0 (x e H). Now Sc x ~ ydº� Sc xdº� Sc yd$± limn2Re� y� Tnx� existsfor all x � y e H.
Apply this to iy to see that Rc y� xd : ± limn � y� Tnx� exists for all x � y e H.
Obviously, R is sesquilinearand � Rc y� xd-� z � T1 ��cgct� x �/~�� y ��d'~£� x �0~�� y ��d ,
henceRc y� xd/±)� y� Tx� for someT e¡�¤c H d , by Theorem12.8of [Rud73].

Now ��c Tn � T d 1� 2x � 2 ±*� x �tc Tn � T d x�'» 0, hence ��c Tn � T d x �®» 0, for all
x e H, since0 z Tn � T eª�¤c H d . Thus,Tnx » Tx strongly.

(b7) By (b1), S³ 1 � T ³ 1 ¿ 0. Apply twice (b4) to obtain S1� 2T1� 2 ±
T1� 2S1� 2. It follows thatT ³ 1� 2S1� 2 ± S1� 2T ³ 1� 2. Let x e H be arbitrary, and
sety : ± S³ 1� 2x. Then� x � T ³ 1x��±)� S1� 2y� T ³ 1S1� 2y��±)� T ³ 1� 2y� ST ³ 1� 2y�z � T ³ 1� 2y� TT ³ 1� 2y��±)� y� y��±)� x � S³ 1x��Þ (A.18)

Thus, T ³ 1 z S³ 1. Analogously, if T ¾ S, thenT ³ 1 Ç S³ 1; if T ¿ S, then
T ³ 1 ß S³ 1.

(b8) Now � Tx �¯| ε � x � and � T ¢ x �¯| ε � x � for all x e H, hencethis follows
from (c3)(i)&(iv). (Theconverseof (b8) is obviously not true.)

(b9) If I | T ¿ εI , then ��c I � T d x � x� z c 1 � ε d-� x � 2 for all x e H, hence� I � T � z 1 � ε, by (c6).
(c1)Theequivalenceof (i)–(viii) is obtainedasfollows:
“(i)
Â

(ii)”: � Rx� 2 ± � x � R¢ Rx� . “(i)
Â

(iii)”: See[Rud73,4.15]. “(i) f (iv)”:
Clearly Kerc Rdv±¨m 0 r . If m Rxn r is a Cauchy-sequence,then so is m xn r .
“(i v) f (x)”: See[Rud73,2.12b]. “(x) f (i)”: See[Rud73,2.12c]. “(i) f (v)”:
TakeL : ±£c R¢ Rd�³ 1R¢ (note: � L � z � R ��} ε). “(v) f (i)”: � Rx�Ì|y� x ��}�� L � for all
x e U . “(vii)

Â
(ii)”: See[Rud73,12.33](X ± X ¢/¿ 0 is unique).“(viii) f (ii)”:

TakeP ± I . “(ii) f (viii )”: � x � R¢ PRx�º| εP � Rx�a| εPεR � x � for all x. “(i) f (xi)”:
Takey ± Rx. “(xi) f (i)”: Obviously.

“(vi) f (v)”: If
È

L
M É È R SÉ ± IH � H1, thenLR ± IH .

“(iii) f (vi) & (2)”: Let H2 : ± Ranc Rd , H1 : ± H «2 , and write R ± :
È
T
0 É©e��c U � H2 � H1 d (i.e.,T : ± PH2R), sothatT e�°§��c U � H2 d , becauseit is 1-1 and

onto.
Choosesomer ¾ 0. Then S ± È 0rI É complementsR, and the inverseisÙ T à 1 0

0 r à 1I Ú . Theinequalitiesin (2) follow asin (C1).
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If dimU Ç ∞ andH ± U � U ¹ , thendimH2 ± dimU impliesthatdimH1 ±
dimU ¹ , so we may choosesomeisometric isomorphism I ¹�e�°]�¤c U ¹á� H1 d and
replaceSby SI ¹ to obtaintherestof (2).

”(ix)
Â

(i)”: Let H ¹ bea Hilbert space,let X : H ¹¸» H belinear, andlet (i)
hold. Then � RXy �¯| ε � Xy � for all y e H ¹ , hencethen � RX �Y| ε � X � . For the
converse,let x e H begiven, take someH ¹$b±£m 0 r , y0 e H ¹ s m 0 r , Λ e H ¹ ¢ with
Λy0 ±�� y0 �-�h� Λ �0± 1 [Rud73,3.3Cor],anddefineXy : ± xΛy. Then � X �/±£� x � ,� RX �a±�� Rx�Ê� Λ �R±�� Rx� , hencethen � Rx�Y| ε � X �a± ε � x � , i.e., (i) holds.

“(viii’) f (ii)”: SetG : ± IH . “(x) f (viii’)”: SetG¹ : ± P¢ GP ± I � P¢ FP,
where F : ± I � G and P e·°]��c H � HR d is the orthogonalprojection onto
HR : ± Ranc Rd . Since � P¢ FP � z � F �YÇ 1, we haveG¹ p � HR dae�°]�¤c HR d , hence

R¢ GR ± R¢ G¹ R e�°]��c U d (sinceR e�°§��c H � HR d ).
(Note:condition σ c Gd/Ã R ¼ wouldnotbesufficientin (viii’): if G¹-± È 1 2

0 1 É ,
G ± È Gâ 00 I ÉÌe²��c H d andH : ±¥À 2 ± : U , thenσ c Gd�±*m 1 r but R¢ GRc 1 � 0 � 0 �gÞgÞgÞ d[±
0, whereR : c a � b � c �gÞgÞgÞ	d0�»Lc a �g� a � b � c �gÞgÞgÞ	d , sothatR¢ R | I ¿ 0.)

(1)&(1’) From (ii) and (b1) we obtain c R¢ Rd�³ 1 z ε ³ 2. Now� Rc R¢ Rd�³ 1x � Rc R¢ Rd�³ 1x�Ê±���c R¢ Rd�³ 1x � x� z ε ³ 2 � x � 2, hence� Rc R¢ Rd�³ 1 � z ε ³ 1.
If R e�°§� , then c R¢ Rd�³ 1R¢h± R³ 1.

(2) This wasshown in “(iii) f (vi) & (2)”.
(3) Let r ± 1 in “(iii) f (vi) & (2)”.
Thefinal remarkwasjustifiedbefore“(1)&(1’)” above.
(c2) By (c1), M ¢ M ~ N ¢ N ¾ 0 is necessary(of course,Kerc È MN É dR±�m 0 r ).

Assumethat M ¢ M ~ N ¢ N ¾ 0. SetU2 : ± Kerc M d , U1 : ± U «2 . Let x1 �gÞgÞgÞÍ� xk

be a baseof U2, let xk ¼ 1 �gÞgÞkÞg� xm be a baseof U1, and let y1 �gÞgÞgÞÍ� yk be a base
of c MU1 d « . Let S∑m

j � 1α jx j : ± ∑k
j � 1 α jy j . ThenM ~ Smaps m x1 �gÞgÞkÞg� xm r to a

baseof Km, henceit is invertible. Now Kerc N d®Ã U1 ± U «2 ± Kerc Sd , hence,
by (f), S ± LN for someL e¡��c Kn � Kmd .

(c3) 1ã (i)–(vi): Thisequivalencefollowseasilyfrom (c1).
2ã (i)

Â
(vii): If R e#°§��c H d , we can take y ± Rx. Conversely, � y� Rx�a|

ε � x �Ê� y � impliesthat � Rx�§| ε � x � , henceR¢ R ¿ 0, by (c1), andanalogously
RR¢h¿ 0, sothatR e�°]��c H d , by “(v)

Â
(i)”.

3ã Thelastclaim: This is given in almostany matrixcalculustextbook.
(c4) This follows from (c3).
(c6)&(c7) Theseare Theorems12.25, 11.28(b) and 12.10 of [Rud73]

(slightly modified).
(c8) If x e Kerc R¢ Rd , then � Rx� 2 ±y� x � R¢ Rx�[± 0, hencethenx e Kerc Rd .

Thus,Kerc R¢ RdÌ± Kerc Rd . Consequently, Ranc R¢ RdÍ«�± Ranc R¢tdÍ« , by (c7),
henceRanc R¢ dX±�c Ranc R¢tdÍ«hdÍ«´± Ranc RR¢ d . BecauseR¢k¢R± R, alsothe latter
claimholds.

(c9)By (c8),wehave(i)
Â

(ii). But (i) holdsif f � Rx� 2 ±ä� Rx� Rx��¾ 0 for all
x e U , i.e., if f (iii) holds.

(c10)This is aneasyexercise.
(c11)This is obvious(andthis is not truefor, e.g.,H ± L∞ c R d ).
(d) Thefirst claimfollowsfrom γ2 � B¢ B | 0

Â γ2 � x � 2 �%� Bx � 2 | 0 for all
x e H. Thesecondfollowsby replacingγ by someγ � ε.



A.3. HILBERT AND BANACH SPACES 879

(e1) (This is from [RR, Lemma1.14].) Assume � Ax � 2 z γ2 � Bx � 2. Then
we can defineL0 e���c H1 � Y d (whereH1 : ± B ÆU ÏRÃ H) by L0 c Bxd : ± Ax to
get � L0 � z γ. Let P be the orthonormalprojection H » H1 and define
L : ± L0P e¡��c H � Y d to getA ± LB and � L �Ì±I� L0 � z γ. Theotherdirectionis
straightforward.

If B � A e TIω, thenτrH1 ± H1 for all r e R (τrBx ± Bτrx) andL0 e TIω,
hencethenL e TI∞ too (if P : H » H1 is orthonormal,thenL ± L0P e TIω)
(N.B. Even if A � B e TICω, we mayhave to take L be TIC∞, e.g.,A ± I å B ±
τ ³ 1 ±/f L ± τ1. Note also that we may have that B ± 0 ± C ± L, i.e., thatbØ B ³ 1

left).
(e2) “(i)

Â
(i’)
Â

(i”)” and“(iii) f (ii)” areobvious. “(ii) f (i)” follows from
A¢ A ± B¢ L ¢ LB ß B¢ Bγ2, whichholdsby (c1)(viii).

“(i’) f (iii)”: Assume(i’) andsetS: ±yc B ¢ Bd�³ 1B¢ . Then � ASy � 2 � γ2 � y � 2 z� ε � y � 2 for all y e Ranc Bd , i.e., � ASy � z c γ � ε ¹ d-� y � for all y e Ranc Bd . Because
Sy ± 0 for all y e Ranc BdÍ«´± Kerc B¢qd andRanc Bd is closed,this holdsfor all
y e H,

If B e�°§� , thenB ³ 1
left ± L ± B ³ 1. If (i) holdsanddimU | dimH Ç ∞, then

B e�°]� , by (a6).
(e3)Seetheproofof (c1)(3).
(f) Theproof goesasthatof (e1),exceptthatL0 is necessarilycontinuous,

becauseit is linearanddimH1 Ç ∞ (notethatnow Kerc Bd/± Ranc B ¢tdÍ« ).
(g2) Now 2Re� y� Atx�'±*��c x ~ ydq� At c x ~ ydæ�Ê�´� x � Atx���´� y� Aty�'» 0. If K ±

C, weapplythis to y andiy to obtain(g2).
(g1)&(g3)Theproofsareanalogousto thatof (g2).
(h1) This (i.e., that � Tn � z M for all n for someM Ç ∞) follows from

Theorems2.6and3.18of [Rud73].
(h2) By Theorem2.8 of [Rud73], ÔT e��¤c H � U d . The boundis obtained

from � ÔTx � z lim infn � Tn �Ê� x �v±çc lim infn � Tn ��d-� x � for all x e H. By (h1),
lim infnÐÑ¼ ∞ � Tn �YÇ ∞.

(h3)By (i3), ÔTx : ± w-limnTnx e Y exists for all x e H. Obviously, ÔT : H »
Y is linear. By Theorem3.18of [Rud73], m Tnx r is boundedfor eachx e H,
henceM : ± supn � Tn �hÇ ∞, by Theorem2.6of [Rud73].Theinequalitiesfollow
from this,henceÔT eª�¤c H � Y d andTn Ò T .

(i0) If Tn » T strongly andxm » x, thenTnxm » Tx: wehaveTnxm � Tx ±
Tn c xm � xd ~#c Tn � T d x » 0, becausem Tn r is uniformly bounded,by (h1).

(i1)&(i3) SetTn : ±ä��j�� xn� andapply(h1)&(h2) (recallthatany T eu��c H � K d
is of form ��j�� x� H for somex e H).

(i2) As above, � xn � yn�¸��� x � y�$±£� xn � x � yn��~¥� x � yn � y�$» 0, becausem yn r
is uniformly bounded(alternatively, apply (i0) for Tn : ±���j�� yn� , T : ±���j�� y�Re��c H � K d ).

(i4) Thisholdsbecause� x � xn � x � xn��±�� x � 2 ~)� xn � 2 � 2Re� x � xn��» 0.
(j1) This is obvious.
(j2) Now � z� SnTnx� ±#� S¢nz� Tnx�¸»è� S¢ z� Tx� ±#� z� STx� for all x � z, by (i2) and

(j1). (But TnSn ± I » I b± 0 ± TS for Tn : ± τ c ndÌ» 0, Sn : ± τ ck� ndÌ» 0 onÀ 2 c N d/± : H ± : Y ± : U .)
(j3) Thefirst claim followsfrom (i0), thesecondfrom thefirst and(i0).
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(j4) By (j3), x ± T ³ 1
n Tnx » PTx for all x e H, andy ± TnT ³ 1

n y » TPy for
all y e Y, henceØ T ³ 1 ± P.

(If Tn » T strongly and T ³ 1
n » P weakly, then T and P neednot be

invertible (andif either is, thenboth are(by (j2), we have PT ± I , asabove,
henceP� T e�°]� ) andT ³ 1

n » P strongly, by (h1)and(j5)). An exampleof this
is givenby Tnx : ±�c xn¼ 1 � x0 � x1 �gjgjgj�� xn � xn¼ 2 � xn¼ 3 �gjgjgjÕdhe¡��c�À 2 c N dgd .)

(j5) “Only if ” is given in (j4), so we only prove “if ”: Let T e�°§� . Then
T ³ 1

n y � T ³ 1y ± T ³ 1
n c T � Tn d T ³ 1y » 0 for all y e Y.

(In fact, if T � Tn e¥°]� andTn » T strongly, thenT ³ 1
n » T ³ 1 if f m T ³ 1

n r is
uniformly bounded(this is not thecasein general(take Tn ± I � 2 ³ 1� n3τ c nd to
obtain � T ³ 1

n c j ³ 2� 3 d j Ü Z �R»Ó~ ∞)), by (j5) and(h1).)
(k1) Cf. theproofof (k2).
(k2) Setm : ± dimU , so that T ± È T1 T2 jgjgj TmÉ . Let x e U . Then

Tnx » Tx (strongly)
Â

Tk
n x » Tkx for all k ± 1 �gÞgÞgÞÍ� m Â Tnx Ò Tx.

(p1)
È
I X
0 I É ¢ È A B

B × D É È I X
0 I É ± È A 0

0 D ³ X × AX É , which is | 0 [ ¿ 0] if f A � D �
X ¢ AX | 0 [ ¿ 0].

(p2) SetX : ± A ³ 1B in (p1) to obtainD � X ¢ AX ± D � B¢ c A ³ 1 d ¢ AA³ 1B ±
D � B¢ A ³ 1B.

(p3) “ é­± ”: from (p1). “ ±/f ”: Obviously Kerc AdvÃ Kerc B ¢qd , hence
AX ± B for somelinear (hencebounded,becausedimH2 Ç ∞) X. The rest
followsfrom (p1).

(p4)Seetheproofsof (p2)and(p1).
(q) (W.l.o.g. we assumethat U b±êm 0 r .) 1 ã Case T ¾ 0: Set M : ±

maxm�� Q �-��� A �-��� B �-� 1 r . If x e B is s.t. Px ± 0, then � x � Tx�$±£� Qx� DQx� z 0;
thus,T ¾ 0 impliesthatKerc Pd/±£m 0 r , i.e., thatP ¢ P ¾ 0.

2ã CaseT | εI : Assumethat T | εI , ε ¾ 0. Chooseδ ¾ 0 s.t. Mδ2 ~
2δM2 z ε. If x e B is s.t. � Px �OÇ δ, then � x � Tx�/Ç δ2M ~ 2δM2 ~ 0 z ε (since
T ± P¢ AP ~ P¢ BQ ~ Q¢ B¢ P ~ Q¢ D ¢ Q), acontradiction;henceP ¢ P | δ2I .

3ã CaseD z � εI : AssumethatD z � εI . Then,for any x e U s.t. � x � U ± 1,
wemusthave

0 z·p � x � Tx� p-z Mp2 ~ 2Mpq � εq2 � (A.19)

wherep : ±�� Px � , q : ±�� Qx � , M : ± maxm�� A �-��� B �ër . Thus,if p ± 0, thenq ± 0,
andif p ¾ 0, then0 z M ~ 2Mr � εr2, wherer : ± q} p | 0, so that r z δ ³ 1� 2
for someδ : ± δM i ε ¾ 0.

Therefore,p | q} r | δ1� 2q, or � Px� Px�h| δ � Qx� Qx� , for any x e U . The
claimonL follows from (e1).

(s)dimT ÆU1 ÏÊ± dimU1 meansthatT is coerciveonU1, i.e.,thatT ¢11T11 ¿ 0.
If P2 is theorthogonalprojectionof Y ontoY «1 , thenP2T ± 0 onU1, henceT is
of theformclaimedin thelemma.ThelastclaimfollowsfromLemmaA.1.1(b).

(P) The minimum of � x � z � (z e H1) is obtainedat z ±¨c x � Pxd , by
Theorem4.11of [Rud86]. w
Wenow show thateachT ± T ¢aeµ��c H d canbewrittenasT ± T¼ � T³ , where

Tì�| 0:
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Lemma A.3.2 (f c T d ) Let T e¥��c H d and T ¢ T ± TT ¢ , where H is a complex
Hilbert space. Thenthere is a (canonical)algebra homomorphism f �» f c T d .
from the set of all boundedBorel functionson σ c T d to ��c H d . Moreover, this
algebra homomorphismsatisfies(here f andg areboundedBorel functions):

(a) 1 c T d²± I , I c T d²± T, f c T d g c T d²± f g c T d and f̄ c T d²± f c T dg¢ , hence
f c T d ¢ f c T d0± f c T d f c T d ¢ ± p f p 2 c T d .

(b) � f c T d-� z sup p f p (if f e�¬]c σ c T dgd , then � f c T d-�a± supp f p ).
(c1) If f e�¬]c σ c T dgd , thenσ c f c T dgd/± f c σ c T dgd .
(c2)WehaveKerc T d0± χ í 0 î c T d .
(d) If S e¡��c H d andST ± TS, thenSf c T d0± f c T d S.

(e1) If f g ± 0, then there are closed subspaces H ìAÃ H s.t.
Kerc f c T dgdq� Ranc f c T dgd®Ã H ¼ , Kerc g c T dgdq� Ranc g c T dgd®Ã H ³ , H ± H ¼ ~ H ³
andH ¼ïl H ³ ± /0.

(e2)If T ± T ¢ , then f c T d0± f c T dg¢ , andwecanhaveH ¼ ± H «³ in (e1).

(f1) If T ± T ¢ , then there are orthogonal projections P¼ � P0 � P³ eÛ��c H d s.t.
I ± P¼ ~ P0 ~ P³ , Tì : ± TPì´± Pì T ± Pì TPì satisfy ð Tì�¾ 0 on H ì : ±
Ranc PìXd , T ± T¼ ~ T³ . Consequently, H0 : ± Ranc P0 d0± Kerc T d , and

T ± ÈÕñP¼ ñ
P0
ñ
P³ É¡òó ñT¼ 0 0

0 0 0
0 0

ñ
T³
ôõ òó ñP¼ñP0ñ

P³
ôõ � (A.20)

where
ñ
Pì*e¥��c H � H ìXd , ñP0 e¥��c H � H0 d and

ñ
Tì)e¥��c H ìhd have the same

valueson their domainsasthecorrespondingoperatorswithouttildes(note
thatJ : ± È P¼ P0 P³ ÉÌ± J ³�¢Ìe�°]�¤c H d , i.e., J is unitary).

(f2) If T ± T ¢®e�°]�¤c H d , thenP0 ± 0 and
ñ
T¼ ¿ 0 ¿ ñT³ in (f1); thus,then

T ± È�ñP¼ ñ
P³ É§ÙëöT÷ 0

0 öTà Ú ÙëöP÷öPà Ú
Notethatif H ± L2 c R;U d andT e TI c U d , then f c T dae TI c U d , by (d).

Proof: We obtain the initial claims, (a) and (b) from Theorem12.24of
[Rud73].Claim(c1) followsfrom Theorems13.27(c)and12.22(b)of [Rud73],
(c2) from Theorem12.29(a)of [Rud73],and(d) from 12.24of [Rud73].

(e1)SetE : ±£m z e σ c T d oo f c zdOb± 0 r , P¼ : ± χE c T d , P³ : ± I � P¼ ± χEc c T d ,
H ì : ± Ranc Pìhd . ThenPìÛ± P2ì (i.e., Pì areprojections),P¼ P³ ± 0 ± P³ P¼ ,
P¼ ~ P³ ± I , f ± P¼ f P¼ and g ± P³ gP³ , by (a). Therefore,Ranc Pìhd]±
Kerc PøXd , H ¼ ~ H ³ ± H, H ¼ªl H ³ ± /0 andH ì are closed(seeSection5.15
of [Rud73]).

(e2) By Lemma A.3.1(b6), we have σ c T dïÃ R, hence f ± f̄ , so that
f c T dg¢Ñ± f c T d . In (e1) we have Pìä± P¢ì (i.e., Pì is orthogonal),hence
H ¼ ± H «³ , by Theorem12.14(c)of [Rud73].

(f1) (The statementmeansthat
ñ
Tì x : ± T¼ x : ± Tx for all x e H ¼ etc.) Set

Pì : ± χ ì � 0 i ¼ ∞ � c T d , P0 : ± χ í 0 î c T d , so that Tì�±�c s �» sχ ì � 0 i ¼ ∞ � c sdgd¦c T d etc.
Now weobtaintheclaimseasilyfrom (c1), (c2),(e1)and(e2)(e.g.,by (c1)we
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have ð Tì�| 0 on H and0 b± Tx ± Pì Tì Pì x for x e H ì , henceð Tì�¾ 0 on
H ì ).

(f2) If T ey°§� , then J ³ 1TJ e °]� , hencethen
ñ
Tì*ey°]�¤c H ìhd , henceð ñTìJ¿ 0, by LemmaA.3.1(b1). w

By a Banach algebra we meana complex BanachspaceA equippedwith a
multiplication A � A » A (not necessarilycommutative) and possessinga unit
I ± IA thatsatisfyxI ± Ix ± x, x c yzd$±£c xyd z, c x ~ yd z ± xz ~ yz, x c y ~ zd[± xy ~ xz,
α c xydX±�c αxd y ± x c αyd , � xy � z � x �Ê� y � and � I �R± 1 for all x � y� z e A, α e C. (In
theliterature,Banachalgebrasarenotalwaysrequiredto possessaunit.)

Someexamplesof Banachalgebrasare ��c Bd , TIω c Bd , TICω c Bd or H∞ c Ω;Bd
for any complex BanachspaceB, realnumberω andopensetΩ Ã C.

Let A be a Banachalgebra.We define ° A : ±�m x e A oo xy ± I ± yx for some
y e A r . For x e A we definethespectrumσ c xd : ±·m ζ e C oo ζ � x be¥° A r andthe
spectral radius ρ c xd : ± sup pσ c xd p of x; by ζ � x we meanζI � x, whereI is the
identityoperatoronA. Notethatthesedefinitionscoincidewith thosemadeearlier
for ��c Bd . Wealsosetx0 : ± I , ex : ± ∑∞

n� 0xn } n! for x e A.

Lemma A.3.3 (Banachalgebras) Let A be a Banach algebra and x � y� h e A.
Thenwehavethefollowing:

(A0) If x e�° A and � x �YÇ 1, then Ø/c I � xd ³ 1 ± ∑∞
k � 0xk.

(A1)Let x e�° A, andsetM : ±�� x ³ 1 � . If � h �®Ç 1} 2M, thenx ~ h e�° A and��c x ~ hd ³ 1 � x ³ 1 �YÇ 2M3 � h � 2 ~ M2 � h �YÇ M Þ (A.21)

(A2)Theset ° A of invertibleelementsis openin A,andx �» x ³ 1 is a continuous
bijection ° A »A° A.

(A3) If m xn rùÃy° A andxn » x be A s ° A, asn » ∞, then � x ³ 1
n �R» ∞.

(A4)Letx e A s ° A. If M ¾ 0, thenthere is δ ¾ 0 s.t.y eÛ° A & � y � x �®Ç δ f� y ³ 1 �Y¾ M.

(r1) ρ c xd/± limnÐ ∞ � xn � 1� n ± infn ú 1 � xn � 1� n ± max pσ c xd pëz � x � .
(s1)σ c xdaÃ C is compactandnonempty.

(s2)σ c xyd l m 0 r¯± σ c yxd x¡m 0 r andρ c xyd0± ρ c yxd .
(s3)If p is a nonconstantpolynomial, thenσ c p c xdgd0±ym p c ζ daoo ζ e σ c xdtr .
(s4)If x e�° A, thenσ c x ³ 1 d0±ym ζ ³ 1 oo ζ e σ c xdtr .

Proof: (A0)–(A4) SeeTheorems10.7,10.11,10.12and10.17of [Rud73].
(A4) followsfrom (A3).

(r1)&(s1)&(s4)SeeTheorems10.13and10.28of [Rud73].
(s2)&(s3)SeeTheorems3.1.2and3.2.4of [Aupetit]. w

We remind the readerthat a B¢ -algebra (also called as a C ¢ -algebra),to
which we sometimesrefer, is a BanachalgebraA with an involution ckj>dq¢ : A » A
satisfying c x ~ yd�¢/± x¢¸~ y¢ , c αxdg¢$± Ôαx¢ , c xydg¢/± y¢ x¢ , x¢k¢0± x, and � xx¢��0±�� x � 2
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for all x � y e A, α e C. Thus,by a B ¢ -algebra isomorphismT : A �» A¹ we mean
that T is an algebraisomorphism and a Banachspaceisomorphism, and thatc TxdÍ¢a± Tx¢ for all x e A.

The Banachalgebras��c H d , TI c H d , ¬ b c Ω; ��c H dgd andL∞ c Q; ��c H dgd areB¢ -
algebraswhenever H is a complex Hilbert space,Ω is a topological spaceandQ
is asonp. 907.See[Rud73]for moreonB ¢ -algebras.

Let x e B andΛ e B¢ , whereB is aBanachspace.Thenwewrite � Λ � x�áû B × i Bü : ±
Λx ± : � x � Λ��û B iB × ü for thebilinearpairingbetweenB andB ¢ (exceptthatin Hilbert
spacecontexts we useconjugate-linearscalarmultiplicationandhencewe must
set � x � Λ� û B iB × ü : ± Λx ± : � Λ � x� û B × i Bü , sothatpairingis still linearin its first argument
but no morelinear(but conjugate-linear)in its secondargument(unlessK ± R),
sothatthepairingcoincideswith theinnerproductfor Hilbert spaces;seeRemark
A.3.22for details).

Lemma A.3.4 (Banachspaces)Let B1, B2, B3 and B4 be Banach spacesand
denoteby ��c Bi � B j d the continuousand by ��¬]c Bi � B j d the compactlinear map-
pings Bi » B j . Let °§��c Bi � B j d be the set of invertible elementsof ��c Bi � B j d
(i � j ± 1 � 2 � 3 � 4).

(B1) �­¬]c B1 � B2 d is a Banach space.

LetS eµ��c B1 � B2 d , K eµ��¬]c B2 � B3 d , andT eµ��c B3 � B4 d . ThenSK � KT eµ�­¬
(in particular, �­¬]c B1 d is an idealof � ). Moreover, K eª�­¬ Â K ¢®eª�­¬ .

If dimB1 ± ∞, then ��¬]c B1 � B2 d l °]�¤c B1 � B2 dh± /0. If K ÆB2 Ï is closed,then
dimK ÆB2 ÏºÇ ∞. If dimB1 Ç ∞ or dimB2 Ç ∞, then��¬]c B1 � B2 d$±���c B1 � B2 d .
If m Sn rïÃ#��c B1 � B2 d , dimSn ÆB1 Ï$Ç ∞ for all n, andSn » Sasn » ∞, then
S eu�­¬]c B1 � B2 d . Conversely, if B2 is a Hilbert space, then ��¬]c B1 � B2 d is the
closureof finite-dimensionaloperators.

(B2) Let U andY be Hilbert spacesand K eÛ��¬]c U � Y d . Thenthere are se-
quencesm un r ∞n� 1 Ã U and m yn r ∞n� 1 Ã Y s.t. whenPn [P ¹n] is the orthogo-
nal projection of U [Y] onto spanc u1 �gÞgÞkÞg� un d [spanc y1 �gÞgÞgÞÍ� yn d ], we have
P¹nKPn » K, asn » ∞.

If U ± Y, we can choosethe sequencem un rµÃ U so that PnKPn » K, as
n » ∞.

(B3)LetC eµ�­¬]c B1 � B2 d andL eµ��c B1 � B2 d . ThenL c I � C d$± I iff c I � C d L ± I .
Moreover, I � L e¡�­¬ , if L c I � C d0± I .

(B4) The presentation G ~ K of an operator G ~ K e)°§�*~��­¬]c B1 � B2 d : ±m G ~ K oo G e£°]�¤c B1 � B2 dq� K e���¬]c B1 � B2 dtr is unique unlessdimB1 ±
dimB2 Ç ∞.

Moreover, G ~ K is left-invertible iff it is right-invertible. If G ~ K is
invertible, then c G ~ K dt³ 1 ± G ³ 1 ~ K ¹ for someK ¹ eª�­¬ .

The class °]�·~)�­¬ is closed w.r.t. compositionand adjungation; in
particular, °]�(~´�­¬]c B1 d is a group.Obviously, °]��Ã °]�%~´�­¬ .

Each A e�°]�%~Û�­¬§c B1 � B2 d is a Fredholmoperator, i.e., Ranc Ad is closed,
dimKerc AdhÇ ∞, anddimB1 } Ranc AdhÇ ∞.
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(B5)LetB1 becomplex. ThesetαI ~ K e CI ~´�­¬]c B1 d is a closedsubalgebra
of the Banach algebra �­¬]c B1 d , and this subalgebra is also closedw.r.t.
inversesand adjoints. Thepresentation of an elementof CI ~��­¬]c B1 d is
uniqueunlessdimB1 Ç ∞.

Furthermore, αI ~ K is left-invertible iff it is right-invertible, andif αI ~ K
is invertible, then c αI ~ K d ³ 1 ± α ³ 1I ~ K ¹ for someK ¹ e¡�­¬ .

If dimB1 ± ∞ andK eª�­¬]c B1 d , then � λI ~ K �Y| pλ p for all λ e C.

(C1) Let
È

S T
U V É e(��c B1 � B2 � B3 � B4 d . Then � È S 0

0 V É �µ± maxct� S�-��� V ��d ,� È S T É � z ct� S� 2 ~I� T � 2 d 1� 2, and � È SU É � z ct� S� 2 ~I� U � 2 d 1� 2; more
generally ��c Li j d i � 1 i ý ý ý i n; j � 1 i ý ý ý im � z ��ct� Li j ��d i � 1 i ý ý ý i n; j � 1 i ý ý ý im � Kn þ m.

(D1) LetR e©��c B1 � B2 d and � Rx�h| ε � x � for all x e X. ThenRis one-to-oneand
its range is closed,in particular, R e�°]� iff its range is dense. Moreover, if
R e�°]� , then � R³ 1 � z 1} ε.

(E1) (ClosedGraph Theorem)LetT : B1 » B2 belinear. ThenT eu��c B1 � B2 d
iff xn » 0& Txn » y f y ± 0 (for all m xn rùÃ B1 � y e B2).

(F1) Claims(j3)–(k2) and (c3)(i)–(iii)&(vi) of LemmaA.3.1hold for Banach
spacestoo.

(G1)LetA : Domc Ad[» B2 belinear, whereDomc Ad is a subspaceof B1. Equip
Domc Ad with norm � x � 2A : ±Ë� x � 2B1

~�� Ax � 2B2
. ThenDomc Ad is a normed

space, andA eu��c Domc Adq� B2 d . If B1 andB2 are innerproductspaces,then
so is Domc Ad , with inner product � x � y� A : ±y� x � y� B1

~¥� Ax� Ay� B2
. Moreover,

Domc Ad is completeiff A is closed.

Werecall from[Rud73] thatA in (G1) is calledclosediff xn » x andAxn » y
implythatx e Domc Ad andAx ± y (thisholdsif m c x � Axdaoo x e Domc Adtr is a closed
subsetof B1 � B2).

If B1 ± B2 and B1 is complex, thenwe also defineσ c Ad c : ±�m λ e C oo Ø/c λ �
Ad�³ 1 e­��c B1 dtr (that is, λ be σ c Ad iff there is T e­��c B1 d s.t. c λI � Ad T ± IB1 and
T c λI � Ad0± IDom� A� ).

(G2) Let A e���c B1 � B3 d . Let B2 Ã B3, continuously. SetDomc Ad : ±ÿm x e
B1 oo Ax e B2 r . ThenA pDom� A� : Domc Ad0» B2 is closedand(G1) applies.

(G3) If A is asin (G1),B1 ± B2 is complex andσ c Ad c b± /0, thenA is closedand
x �»Ö��c α � Ad x � B1 is anequivalentnormonDomc Ad .

(H1) LetF : R ¼ »¶��c B1 � B2 d , M Ç ∞ bes.t. � F c t d-� z M for all t e R ¼ , andlet
thespanof X Ã B1 bedense. If F c t d x » 0, ast »D~ ∞, for all x e X, then
F c t d x » 0 for all x e B1.

(H2) Let F : R ¼ »D��c B1 � B2 d , M Ç ∞ be s.t. � F c t d¦� z M for all t e R ¼ . If
K Ã B1 is compactandF c t d x » 0, ast »è~ ∞, for all x e K, thenF c t d x » 0
uniformlyfor x e K.

(I1) Let B1 Ã B2 be a subspace, Λ e B ¢2, x e B1 and Λx b± 0. ThenB1 ±
B1 l Kerc Λ d ~ Kx.
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(J1) (Bilinear) Let S: B1 � B2 » B3 bebilinear. ThenSis continuousiff there
is M Ç ∞ s.t.� Sc x � yd-� B3 z M � x � B1 � y � B2 for all x e B1 � y e B2 Þ (A.22)

Assumethat this is the case. Thenthere is a uniqueT e¤��c B2 ����c B1 � B3 dgd
s.t.Sc x � yd0±�c Tyd x for all x e B1, y e B2. Moreover, � T �q�$� B2 i �$� B1 i B3 � � is the
minimalnumberM satisfying (A.22).

(K1) If x e B, thenthere is Λ e B¢ s.t. � Λ � z 1 andΛx ±�� x � B.

(L1) If ∑n Ü N � xn � B1 Ç ∞, then ∑n Ü N xn converges absolutely, and� ∑n Ü N xn � B1 z ∑n Ü N � xn � B1.

(M1) LetT e¡��c B1 � B2 d . If B1 is reflexive, thenT ± T ¢k¢ .
(N1) LetT eª�¤c B1 � B2 d . ThenRanc T d is densein B2 iff T ¢ is one-to-one.

(N2) If B1 is reflexive, thenT e¡��c B1 � B2 d is one-to-oneiff Ranc T ¢td is densein
B¢1.

(N3)LetT e©�¤c B1 � B2 d . ThenT ÆB1 Ï�± B2 iff � T ¢ y¢�� B ×1 | ε � y¢�� B ×2 for someε ¾ 0
andall y ¢ e B¢2.

(N4) ( � Tx �Y| ε � x � ) LetT eª�¤c B1 � B2 d . Thenthefollowing areequivalent:

(i) � Tx �§| ε � x � for all x for someε ¾ 0, i.e., T is coercive (“uniformly
boundedfrombelow”);

(iii) Ranc T ¢ d0± B¢1, i.e., T ¢ is onto;
(iv) Ranc T d is closedandKerc T d0±ym 0 r ;
(ix) � TX �t�$� ¢ iH � | ε � X ���$� ¢ i ¢ � for someε ¾ 0 whenever X is linear (in

particular, X is boundediff TX is bounded);
(x) T e�°]�¤c U � Ranc T dgd ;
(xi) There is ε ¾ 0 s.t. for all x e B1

s m 0 r there is y ¢ïe B¢2 s m 0 r s.t.� y¢¦� Tx�áû B ×2 i B2ü | ε � x �Ê� y¢�� .
WecanreplaceB¢2 byanyof its normingsubsetsin (xi).

(N5) (T e�°§��ce�°]�¤ce�°]�¤c U � H d d d ) LetT e¡��c U � H d . Thenthefollowingareequivalent:

(i) T e�°§��c U � H d (i.e., T is invertible)
(ii) T is one-to-oneandonto;
(iii) T is coerciveandhasa denserange;
(vi) T ¢®e�°]� .

Moreover, each of (i)–(xi) impliesthat c T ¢qd�³ 1 ±�c T ³ 1 dg¢ .
(O1) (Uniform BoundednessPrinciple) Let

� Ã)��c B � B2 d . If m�� Ax � B2 r A Ü��
is boundedfor each x e B, thenthere is M Ç ∞ s.t. � A � �$� B i B2 � z M for all
A e �

.

(P1) (Completion) If X is a normedspace, thenthere is a Banach spaceX̄ (the
completionof X) s.t.X is a densesubspaceof X̄ (with thesametopology).
If X is an innerproductspace, thenX̄ is a Hilbert space.
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(Q1) (dimX Ç ∞dimX Ç ∞dimX Ç ∞) If X is a normedspaceand n : ± dimX Ç ∞, then X is
isomorphic to K n (with equivalentnorms).

(R1)TheBanach spaceB1 is reflexiveiff B ¢1 is reflexive.

(R2)If B¢1 is reflexive, thenB1 is reflexive.

(R3) The Banach spaceB1 is reflexive and separable iff B ¢1 is reflexive and
separable.

(S1) (Subspaces)Let X be a closedsubspaceof a normedspaceY. If Y is
complete(resp.reflexive, separable),thensois X.

By (J1), the spaceof bilinear continuous mappings B1 � B2 » B3 with
norm inf m M oo M satisfies(A.22)r is a Banachspaceisometrically isomorphic to��c B2 ����c B1 � B3 dgd (andto ��c B1 ����c B2 � B3 dgd ).

Proof: (B1) All theseclaimsaregiven in Chapter4 of [Rud73](Theorems
4.18 and 4.19 in particular) or easily deduciblefrom them. Although the
resultsof [Rud73] concernthe Banachspaceadjoint ckj>d B only, (e.g., K e�­¬]c B1 � B2 d Â KB e��­¬]c B¢2 � B¢1 d ), they are applicablefor the Hilbert space
adjoint ckj>d H too (when the Banachspacesconcernedhappento be Hilbert
spaces),becauseH is isomorphic to H ¢ asa real Hilbert space[Rud73,12.5]
(note that eachcomplex Hilbert spaceis also a real Hilbert space),hence
KH eµ�­¬]c B2 � B1 d Â KB e²�­¬]c B¢2 � B¢1 d , KH e´°]�¤c B2 � B1 d Â KB e´°]�¤c B¢2 � B¢1 d
etc.Thelastclaimcanbeproved asthefirst onein (B2).

(B2) 1ã Let F : ±ÿm u e U oo � u � z 1 r . For eachn e N, choosemn e N,
yn i 1 � yn i 2 �gÞgÞgÞÍ� yn imn e K Æ F Ï s.t. the balls m y e Y oo � y � yn i k �§Ç 1} n r cover K Æ F Ï .
If P¹ ¹n is the orthogonalprojection of Y onto spanc yn i 1 � yn i 2 �gÞgÞgÞÍ� yn imn d , then
clearly � y � P¹ ¹n y �¯Ç 1} n for eachy e K ÆF Ï , i.e., � Ku � P¹ ¹n Ku �YÇ 1} n whenever� u � z 1. Let y¹1 � y¹2 �gÞgÞgÞ be the sequencey1 i 1 � y1 i 2 �gÞgÞgÞÍ� y1 im1 � y2 i 1 �gÞgÞgÞ so that��c I � P¹n d K �R» 0, asn » ∞.

2ã Choosem uk rùÃ U analogouslyfor K ¢®eª�­¬]c Y � U d . Then � K c I � Pn d-�R±��c I � Pn d K ¢ �R» 0, hence� K � P¹nKPn �R±���c I � P¹n d K ~ P¹n ÆK c I � Pn d�ÏÍ�R» 0, as
n » ∞, asrequired.

3ã Thesequenceu1 � y1 � u2 � y2 �gÞgÞgÞ satisfiestherequirementsof thelastclaim,
becausethe projectionsP¹ ¹n thus obtainedsatisfy Ranc I � P¹ ¹2n dY± Kerc P¹ ¹2n d]Ã
Kerc Pn d l Kerc P¹n d

(B3) See[Rud73,Exercise4.9].
(B4) 1ã If (thereis) G e�°§��c B1 � B2 d , thenG ÆB1 Ïº± B2, andB1 andB2 have

thesamedimension( e N x¡m ∞ r ).
If K eï�­¬]c B1 � B2 d , then[Rud73,Theorem4.18(a)]impliesthatdimK ÆB1 Ï�Ç

∞; hencethen °]� l �­¬ ± m 0 r unlessdimB1 ± dimB2 Ç ∞. If G ~ K ±
G¹ ~ K ¹ e´°]��~¤�­¬ , then °§��� G � G¹ ± K ¹ � K eu��¬ , hencetheuniqueness.

2ã SetC : ± � G ³ 1K e´��¬ . By (B3) and the invertibility of G, we have
I ± Sc G ~ K dh± SG c I � C d Â c I � C d SG ± I

Â
G c I � C d S ± I for any S e�� ,

henceG ~ K is right-invertibleif f it is left-invertible.
Let now Ø/c G ~ K d�³ 1 ± S eu� . Set c I � C¹ d : ±�c I � C d�³ 1 to obtainC ¹¸eu�­¬ ,

by (B3). ThenS ±�c I � C d�³ 1G ³ 1 ± G ³ 1 � C¹G ³ 1 eª�­°u¬ .
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3ã Obviously, G ¢�~ K ¢ÌeÛ°]�%~J�­¬ and c G ~ K d¦c G¹�~ K ¹�d$± GG¹�~(c GK ¹t~
KG¹�~ KK ¹�dÑe °]�£~(�­¬ when G ~ K ey°§�y~%�­¬]c B1 � B2 d and G¹�~ K ¹ae°]�%~´�­¬]c B2 � B3 d .

4ã Fredholm:If A ± I ~ K, K eª��¬ , thentheclaimfollowsfrom Theorems
4.23 and 4.25 of[Rud73]. If G ~ K ¹ e)°]� ~¥�­¬]c B1 � B2 d , then G ~ K ¹ is a
Fredholmoperator, becausesoisA : ± I ~ K ¹ G ³ 1 (bywhatwehavenotedabove)
andwehaveG ~ K ¹Ê± AG.

(B5) Most claims follows easily from (B4). For the norm inequality, let
K e���¬]c B1 d anddimB1 ± ∞. If we had � Kx �O| ε � x � for all x e B1 for some
ε ¾ 0, thenK ¢ wouldbeonto[Rud73,4.15]andcompact,which is impossible
[Rud73,4.18(b)].

If � Kx �]Ç ε � x � , then � λx ~ Kx �§|·c pλ p � ε d¦� x � ; becausethis kind of an x
existsfor anarbitraryε ¾ 0, wehave � λI ~ K �¯| pλ p .

It follows that if m λnI ~ Kn r is a Cauchysequence,thenso is m λn r , hence
thenλn » λ for someλ e C, which in turn impliesthatalso m Kn r is a Cauchy
sequence,thusconverging to someK e��­¬ . (If, instead,dimB1 Ç ∞, then
I ~´�­¬�±#�­¬�±(� .)

(C1)This is easy:if x e B1 �­ÞgÞgÞ-� Bm andwereplaceeachtermby its norm
in thevectorLx, wegetaproductof theform K n � m j Km, from which theupper
boundis obtained(the conversedoesnot hold, e.g., � È A BÉ �]± 1 Ç �

2 ±� È 1 1É � , whenA ± È 10 É , B ± È 01 É ).
We haveusedherethe2-norm ��c b � b¹ d-� 2 : ±�� b � 2 ~)� b¹�� 2 ± p ct� b �-�t� b¹Õ��d p K2

(which is alwayscompatiblewith theproducttopology andthecanonicalone
in caseof Hilbert spaces);of coursethe resultsaredifferentfor othernorms.
Also the spaceK n � m is equippedwith its canonical( ��c K m � Kn d ) norm (i.e.,� A � Kn þ m : ± sup� x � � 1 � Ax � ; if K ± C, then one can show that � A � Kn þ m ±
maxσ c A¢ Ad 1� 2).

(D1) The first claim is straightforward, the equivalencefollows from the
openmappingtheorem[Rud73,2.12(b)],andthe inequalityfrom the formula� x �R±�� RR³ 1x �Y| ε � R³ 1x � for all x e H.

(E1) “Only if ” is obvious; “if ” follows from Theorem2.15of [Rud73].
(F1) Thesameproofsapply(seethereferencesin theproofof (h1)).
(G1) Theclaimsarequiteobvious (notethat m xn r is a Cauchy-sequencein

Domc Ad if f m xn r and m Axn r convergeto somex e B1 andy e B2, respectively).
(G2) Let m xn rùÃ Domc Ad , xn » x in B1, andAxn » y in B2. ThenAxn » y

in B3 too,by alsoAxn » Ax in B3, henceAx ± y andx e Domc Ad .
(G3) One easily verifies the first claim. If α e σ c Ad c and m xn r is a

Cauchy-sequencein Domc Ad , then c α � Ad xn » y for somey e B1, hence
xn » c α � Ad ³ 1y ± : x, becausec α � Ad ³ 1 e(��c B1 d . Consequently, then
x eäc α � Ad�³ 1 ÆB1 Ï$± Domc Ad and c α � Ad x ± y, so that xn » x in Domc Ad .
Thus,Domc Ad is complete.

(H1) Let x e B1. ReplaceX by its span.Choosex¹Êe X s.t. � x � x¹��RÇ ε } 2M.
If � F c t d x¹��YÇ ε } 2, then � F c t d x �¯Ç ε.

(H2) Let ε ¾ 0 be given. Set δ : ± ε } 2M. Then there are n e N and
x1 �gÞgÞgÞk� xn e K s.t.K Ã%x n

k � 1D c xk � δ d . ChooseT1 �gÞgÞgÞÍ� Tn Ç ∞ s.t. � F c t d xk �ÌÇ ε } 2
for all t ¾ Tk, for all k ± 1 �gÞgÞkÞg� n.
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If x e K andt ¾ maxm T1 �gÞgÞgÞÍ� Tn r , choosek s.t. � x � xk �YÇ δ to observe that� F c t d x � z � F c t d xk ��~)� F c t d¦c x � xk d-�YÇ ε } 2 ~ Mδ ± ε.
(I1) Obviously, B1 l Kerc Λ d[~ Kx Ã B1. For the converse,assumethat

z e B1. Chooseα e K s.t.Λz ± αΛx. Thenαx � z e Kerc Λ d l B1.
(J1) 1ã Assumethat S is continuous.Thenthereareε � ε ¹ ¾ 0 s.t. SÆD1

ε �
D2

ε â Ï¯Ã D3
1, where Dk

r : ±¨m x e Bk oo � x �ªÇ r r . By bilinearity, we can take
M : ±·c min m ε � ε ¹ r�d�³ 2.

2ã Assume that M Ç ∞ satisfies(A.22). (If M ± 0, thenS ± 0, hencewe
assumethat M ¾ 0.) Then, for any ε ¾ 0, we have SÆD1

δ � D2
δ Ï0Ã D3

ε , where
δ : ±�c M } ε d�³ 1� 2. Thus,S is continuousat zero.By bilinearity, wehave

Sc x ~ x¹ � y ~ y¹ d'� Sc x � yd/± Sc x ~ x¹ � y ~ y¹ d'� Sc x ~ x¹ � yd ~ Sc x ~ x¹ � yd'� Sc x � yd± Sc x ~ x¹ � y¹ d ~ Sc x¹ � yd
(A.23)

for all x � x¹ e B1, y� y¹ e B2. Given c x � yd$e B1 � B2 andε ¾ 0, it obviouslyfollows
that � Sc x ~ x¹á� y ~ y¹ dº� Sc x � yd-� B3 Ç ε for � x¹Õ�-��� y¹��ÌÇ δ : ± ε } 2M c R ~ 1d , where
R : ± maxm�� x �-��� y �ër . Therefore,S is continuous.

3ã AssumethatM Ç ∞ satisfies(A.22). For eachy e Y, themapTy : x �»
Sc x � yd is in ��c B1 � B3 d , and T : y �» Ty is linear and � Ty �q�$� B1 i B3 � z M � y � B2,
henceT is asin (J1)and � T � z M.

We have � Sc x � yd-� B3 z � Ty �Ê� x � z � T �Ê� y �Ê� x � , thus � T � satisfies(A.22) in
placeof M; because� T � z M for any othersuchnumberM, � T � is theinfimal
one.

(K1) SeeCorollary3.3of [Rud73].
(L1) This is aneasyexercise.
(M1) For all x e B1 ± B¢k¢1 andy e B¢2, wehave� y¢ � Tx�áû B ×2 i B2ü ±)� T ¢ y¢ � x��û B ×1 i B1ü ±)� T ¢ y¢ � x��û B ×1 i B × ×1 ü ±)� y¢ � T ¢k¢ x��û B ×2 i B × ×2 ü Þ (A.24)

Thus,T ¢k¢ x e B¢k¢2 is theelementy ¢X�» � y¢¦� Tx� B ×2 i B2
of B¢k¢2 , which is identifiedto

Tx e B2. I.e., therangeof T ¢k¢Ye���c B¢k¢1 � B¢k¢2 dX±ä��c B1 � B¢k¢2 d is containedin the
closedsubspaceB2 of B¢k¢2 .

(N1) This is Corollary4.12(b)of [Rud73].
(N2) By (N1), Ranc T ¢td is denseiff T ¢k¢ is one-to-one.But T ¢k¢¯± T, by

(M1).
(N3) This is Theorem4.15of [Rud73].
(N4) One easily verifies the implication “(i) f (iv)”. We obtain

“(ix)
Â

(i) é (xi)” and“(i v) f (x) f (i)” asin LemmaA.3.1(c3),“(i)
Â

(iii)” from
Theorems4.14and4.12(c)of [Rud73],and“(i) f (xi) from (K1).

(N7) “(iii)
Â

(i) f (ii)” follows from (N4)(x), “(ii) f (vi)” from (N3) and
Theorems4.12(c)&4.14(sincethenT ¢ is coerciveandonto)“(vi) f (iii)” from
(N3)&(N4)(iii).

Finally, if y e B2 andy¢®e B¢2, then ��c T ³ 1 dg¢ T ¢ y¢ë� y��±*� y¢ë� TT ³ 1y�'±*� y¢¦� y� ,
hencec T ³ 1 dg¢ T ¢h± I , hencec T ³ 1 dg¢h±·c T ¢qd�³ 1.

(O1) See,e.g.,[Rud86],Theorem5.8.
(P1)This is well-known (any metricspacehasa completion — a complete

metric spacein which the spaceis complete,by Exercise24 of [Rud76]; one
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easilyverifiesthatvectoroperations,normandinnerproductcanbeextended
to thecompletion).

(Q1) By Theorem1.21of [Rud73],every vector isomorphism(i.e., linear
bijection)from K n to aTVS is ahomeomorphism,henceaTVS isomorphism.

(R1)&(S1)SeeExercice4.1(d)&(f) of [Rud73].
(R2) See[Adams,Theorem1.14].
(R3) This follows from (R1) and(R2). w

Sometimes one needsconceptssuchas “self-adjoint” also for spacesother
thaninnerproductspaces.Suchextendedconceptsaretreatedbelow (seeRemark
A.3.22for ckj>d d):

Lemma A.3.5 Let J � S eÛ��c B � Bd d , where B is a Banach space. Then(we use
belowsesquilinearpairing)

(a) If � x � Jx��±)� x � Sx� for all x e B, thenJ ± S.

(b) Wehave � y� Jx�áû Bdd i Bdü ±)� Jx � y�áû Bd i Bddü ±)� x � Jdy�áû B iBdü for all x � y e B.

(c1)Thefollowingareequivalent:

(i) J ± Jd p B;

(ii) � y� Jx�áû B iBdü ± � x � Jy�áû B iBdü ( ± : � Jy� x�áû Bd i Bddü ) for all x � y e B;

(iii) � x � Jx�'± � x � Jx� for all x e B.

(Thus,“J | 0” (i.e., � x � Jx�[| 0 for all x e B) impliesthatJ ± Jd p B.)

(c2) Assumethat J ± Jd p B. ThenT is invertible iff T is onto (iff T is coercive
andB is reflexive).

(d) Thenthefollowingareequivalent:

(i) “J ¿ 0” (i.e., � x � Jx��û B iBdü | ε � x � 2 for someε ¾ 0 andall x e B);
(ii) “J | 0” andJ is coercive.

Moreover, in eithercaseJ ± Jd p B (henceJ e�°]��c B � B¢ d iff B is reflexive).

Proof: (Weapply c�d B resultsfreely for c�d d; seeRemarkA.3.20for justifica-
tion. NotethatJ � Sarelinearto Bd, hencenot to BB (unlessK ± R or B ± m 0 r );
cf. RemarkA.3.22.)

(a) Theproof of Theorem12.7of [Rud73]shows that � x �tc J � Sd y��± 0 for
all x � y e B, hencec J � Sd y ± 0 e Bd for all y e B, henceJ � S ± 0.

(b) This is obvious(seeRemarkA.3.22).
(c1)Weobtain“(i)

Â
(iii)” from (a)and(b). Since� y� Jdx� : ±(� Jy� x� , wehave

“(i)
Â

(ii)”
(c2) The map J is onto (i.e., J ÆBÏ/± Bd) if f Jd e���c Bdd � Bd d is coercive,

by LemmaA.3.4(N3). In eithercase,J ± Jd p B is coercive, henceJ � Jd e¥°]� ,

by (N5)(iii)&(i)&(i v). Thus, J ÆBÏ$± Bd ± Jd ÆBddÏ , henceB ± Bdd, i.e., B is
reflexive.
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Finally, if(f) B is reflexive,thenJd ± Jd p B ± J, hencethencoercivity implies
“onto”, by (N3).

(d) (Notethat(i) or (ii) impliesthatJ is an isomorphismontoits range,by
LemmaA.3.4(N4).)

Trivially, (i) implies (ii) and(ii) implies that (c1)(iii) holds. Assumethen
(ii), sothat � Jx �¯| δ � x � for all x e X andsomeδ ¾ 0. Setε : ± δ2 } 4 � J � .

Let x e B bearbitrary. Thereis y e B s.t. � y �Ì± 1 and � y� Jx�[| δ � x ��} 2. By
(c1)(ii) wehave

0 z ��c rx ~ ydq� J c rx ~ ydæ��±)� y� Jy�-~ 2r Re� x � Jy�{~ r2 � x � Jx�Ëc r e R dqÞ (A.25)

Thus,(A.25) is a realpolynomial with at mostoneroot,hencec 2Re� x � Jy�æd 2 �
4� x � Jx��� y� Jy� z 0, hence� x � Jx�[| Re� x � Jy��}�� y� Jy��|£c δ } 2d 2 � x � 2 }�� J �R± ε � x � 2 Þ (A.26)w
We endthis sectionwith someauxiliary lemmas.We oftenusethefollowing

lemmato show thecontinuityof acontinuousmapping underastrongernorm:

Lemma A.3.6 (TX1 Ã X2 f T e¡�¤c X1 � X2 dTX1 Ã X2 f T e¡�¤c X1 � X2 dTX1 Ã X2 f T eª�¤c X1 � X2 d ) AssumethatX1 andX2 areBanach
spaces,X3 is a TVS,and X2 Ãc X3. If T e���c X1 � X3 d and TX1 Ã X2, then T e��c X1 � X2 d .

Here X2 Ãc X3 meansthat X2 Ã X3 continuously, i.e., there is M Ç ∞ s.t.� x � X3 z � x � X2 for all x e X2. A continuous inclusion is called an embedding
(or an imbedding). E.g., L∞ cgÆ 0 � 1Ï d®Ã

c
L1 cgÆ 0 � 1Ïád . (Sometimesonemeansby an

embeddingany continuous injective linearmapping; thenameinclusion requires
injectivity andsomesenseof unique (canonical)identification.)

It follows that X1 Ãc X2 Ãc X3 ±/f X1 Ãc X3 and that X1 Ãc X2 & T e��c X2 � X3 d§±/f T eª�¤c X1 � X3 d .
Proof of Lemma A.3.6: Let xn » x in X1 and Txn » 0 in X2. Then

Txn » 0 in X3, henceTx ± 0, henceT eÛ��c X1 � X2 d , by LemmaA.3.4(E1).w
By settingT : ± I andapplyingLemmaA.3.6,weobtainthefollowing:

Corollary A.3.7 (Inclusions arecontinuous) AssumethatX1 andX2 areBanach
spacesandX3 is a TVS.If X1 Ãc X3, X2 Ãc X3 andX1 Ã X2, thenX1 Ãc X2.

In particular, if X1 ± X2 as sets and X1 � X2 Ãc X3, then X1 and X2 have
equivalentnorms(i.e., thesametopology). w

Sometimeswewish to applytheabovecorollarywith X3 ± Lp
loc c Ω;Bd , where

Ω Ã Rn is openor Ω Ã Zn (in the latter caseLp
loc c Ω;Bd becomesthe setof all

functionsΩ » B with thetopologyof pointwiseconvergence).For thatpurpose,
we notethatL p

loc is a TVS (evena Fréchetspace)with the topologyinducedby
theseminorms ��j�� Lp � K;B� (K Ã Ω, K is compact);seeAppendixB.3 (or Chapter1
of [Rud73])for details.
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Definition A.3.8 (Norming set) A set C Ã B¢ is a norming set (for B) (or a
determiningset) if � x � B ± supΛ Ü C pΛx p for each x e B. A subspace X Ã B ¢ is
a normingsubspace(for B) if it containsa normingset.

Note that � Λ � z 1 for eachΛ e C above; obviously, we canredefineC s.t.� Λ �R± 1 for eachΛ e C unlessB ±ym 0 r .
We may take X to be B ¢ or a densesubspaceof B¢ ; if B ± B ¢2, thenwe may

takeX ± B2.

Lemma A.3.9 Let B be separable. ThenB and B ¢ possesscountablenorming
sets. w

(This is Theorem2.8.5of [HP].)

Lemma A.3.10(Extensionby density) Let X be a normedspaceandY a Ba-
nach space. Let X0 be a densesubspace of X (with the samenorm) and let
T eJ�¤c X0 � Y d . Thenthere is a uniqueT̄ e´�¤c X � Y d s.t. T̄x ± Tx for all x e X0.
Moreover, � T̄ �R±�� T � . w

The lemma is approximatelyProposition2.3.1 of [Rauch]; the proof is
straightforward(if m xn r¯Ã X0 isaCauchysequence,thensois m Txn r , etc.),andwe
omit it. Notethatonecanidentify X ¢0 andX ¢ (aswell as ��c X0 � Y d and ��c X � Y d )
by theabove lemma.

Lemma A.3.11(Norm-pr eserving extension) Let T e´��c X � B2 d , where X is a
subspaceof B. If B2 ± Kn or B is a Hilbert space, then T has an extension
S eª��c B � B2 d s.t. � S�R±�� T � .

(Note,in contrast,thatI eµ��c H1 � H1 d hasnoextensionin ��c L1 � H1 d , by p.154
of [Hoffman]. However, whenever B2 ± Kn, we canextendall n componentsof
T to getacontinuousextensionof T (possibly with agreaternorm).)

Proof: If B2 ± K , any Hahn–Banachextension of T will do. If B is a
Hilbert space,thenwe canextendT to S e¤��c X̄ � B2 d by LemmaA.3.10, and
setS ± 0 onX « . w
Not all continuous linear mappingscan be extended(e.g., H1 c D is not

complementedin L1 c ∂D d , by p. 130of [Rud73]):

Lemma A.3.12 LetX bea subspaceof B. Thenthefollowing areequivalent:

(i) For each Banach spaceB2 andoperator T e¡��c X � B2 d there is an extension
S eª��c B � B2 d of T;

(ii) X̄ is complementedin B;

(iii) there is a continuous projection B » X̄.
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WesaythataclosedsubspaceM Ã B is complementedin B if thereis aclosed
subspaceN Ã B s.t.B ± M ~ N andM l N ±£m 0 r .

Proof: By LemmaA.3.10,weassumethatX is closed,w.l.o.g.
(ii)
Â

(iii) This is Theorem5.16of [Rud73].
(i)
Â

(iii) If (iii) holdsandT is given, setS ± TP, whereP eÛ��c B � X d is
a projection, to establish(i). Conversely, if (i) holds, there is a continuous
extensionof I e%��c X � X d to an operatorP e%�¤c B � X d , which must satisfy
PP ± IP ± P. w

Lemma A.3.13(��c Y� Z dÌÃ
c
��c X � Z d��c Y � Z d®Ã

c
��c X � Z d��c Y � Z dYÃ

c
��c X � Z d ) Let X, Y andZ benormedspaces.If X Ã

c

Y densely, then ��c Y� Z dYÃ
c
��c X � Z d .

Trivially, if Y Ã
c

Z, then ��c X � Y dÌÃ
c
��c X � Z d .

Proof: ChooseM Ç ∞ s.t. � x � Y z M � x � X (x e X). Let T e­��c Y� Z d . Then
T p X eÛ��c X � Z d determinesT uniquelyby density, hence�¤c Y� Z d]Ã*�¤c X � Z d .
Moreover, � Tx � Z z � T �q�$� Yi Z � � x � Y z M � T �q�$� Yi Z � � x � X c x e X dq� (A.27)

hence� T �t�$� X i Z � z M � T �q�$� Yi Z � , i.e., theinclusion is continuous. w
Lemma A.3.14(Bounds for a projection) Let Y �± X be a closedsubspaceof
the Banach spaceX and ε ¾ 0. Thenthere is x e X s.t. � x �¯± 1 and d c x � Y d : ±
infy Ü Y � x � y �O¾£c 1 ~ ε d�³ 1. Consequently, � P1 �OÇ 1 ~ ε and � P0 �¯Ç 2 ~ ε, where
P0 : c y ~ αxd0» y andP1 : c y ~ αxd0» x, for y e Y andα e K .

Moreover, there is Λ e X ¢ s.t. � Λ �R± 1, Λ ± 0 onY, and � Λx �Y¾£c 1 ~ ε dt³ 1.

Proof: Theexistenceof x followsfrom [Rud73,Lemma4.22].
Chooseδ Ç ε s.t.d c x � Y da¾yc 1 ~ δ d ³ 1. For α �± 0 wehave� y ~ αx �R± pα p � y} α ~ x �®¾£c 1 ~ δ d ³ 1 pα p (A.28)

and � P1 c y ~ αxd-�h±�� αx �X± pα p Ç c 1 ~ δ d-� y ~ αx � , hence� P1 � z 1 ~ δ Ç 1 ~ ε.
Consequently, � P0 �R±�� I � P1 �YÇ 1 ~ 1 ~ ε.

SetΛ ¹ αx : ± α for α e K , so that Λ ¹ ± 1. SetΛ ¹ ¹ : ±ÿ� P0 � ³ 1Λ ¹ P0 e X ¢0 , so
that � Λ ¹ ¹��]± 1 andΛ ¹ ¹ x ±�� P0 �¦³ 1 ¾�c 1 ~ ε d�³ 1. Now Λ canbe taken to be a
Hahn–Banachextensionof Λ ¹ ¹ . w
Wenow show how normscanbeinducedandcoinduced:

Lemma A.3.15(Induction) Let X be a vector space, Y a normedspaceand
T e Homc X � Y d s.t.Kerc T d0±£m 0 r . Set � x � X : ±�� Tx � Y for each x e X.

ThenX becomesa normedspace, T e­�¤c X � Y d , andT is an isometry. If Y is
an innerproductspace, thensois X.

Assumethat X ¹ : ± X is a Banach spaceunder somenorm �RjÊ��¹X, and that
T e¡�¤c X ¹�� Y d and � Tx � Y | ε � x ��¹X for all x e X andsomeε ¾ 0. If Y is complete
(resp.reflexive), thenso is X, andthenX is isometrically isomorphic to a closed
subspaceofY.



A.3. HILBERT AND BANACH SPACES 893

Proof: 1ã Obviously, �hjÊ� X is a norm on X andT is an isometry(hence
T e´�¤c X � Y d ). If ��j��kj � is an inner producton Y, then � T j�� T j � is obviously an
innerproductonX and � Tx � Tx��±�� x � 2X for all x e X.

Remark:If X Ã Y andwe setT ± I , then �0j{� X ±I�0j{� Y p X; in particular, X
neednotbecompleteevenif Y werecomplete.

2ã WhenY is complete:If m xn r is Cauchyin X, then m Txn r is Cauchyin
Y, hence m xn r is Cauchyin X ¹ , hencethenxn » x in X ¹ for somex e X. By
continuity, Txn » Tx in Y, hencexn » x in X.

It follows thatT is an isometricisomorphismof X to a closedsubspaceof
Y.

3ã WhenY is reflexive: Being reflexive, Y is complete,henceso is X.
Therefore,X is reflexive,by LemmaA.3.4(S1)and2ã . w

Lemma A.3.16(Coinduction) LetX andY benormedspacesandT eª��c X � Y d .
SetZ : ± T ÆX Ï . Then � z � Z : ± inf m�� x � X oo x e X � z ± Tx r is a normonZ. With this
norm,wehave � T � �$� X i Z � z 1 and �0j{� Y z � T � �$� X iY � �0j{� Z. If X is completeor a
Hilbert space, thensois Z.

Proof: Becausethe spaceN : ± Kerc T d¯Ã X is closed,the quotientspace
X } N with norm � x ~ N � X � N : ± inf � x ~ N � X is a normedspace,and it is
completeif X is complete,by Theorem1.41of [Rud73].

Set Sc x ~ N d : ± Tx for x e X. Then S : X } N » Z is obviously a linear
bijection,and � Sc x ~ N d-� Z ±�� x ~ N � X � N for all x e X. It followsthat �[j¦� Z is a
normandit makesSanisometricisomorphism. In particular, if X is complete,
thenZ is complete.

For eachx e X, wehave� Tx � Y ± inf
Txâ � Tx

� Tx¹ � Y z � T �q�$� X iY � inf
Txâ � Tx

� x¹ � X ±�� T �q�$� X iY � � Tx � Z � (A.29)

hence�/j-� Y z � T �q�$� X iY � �/j-� Z. Trivially, � Tx � Z z � x � X for x e X.
Assumenow that X is a Hilbert space. Define P e#�¤c N «Ì� X } N d by

Px : ± x ~ N. Then � Px � X � N ±ÿ� x � H for all x e N « . It follows that X } N is a
Hilbert space(becausesois N « andP is anisometricisomorphismof N « onto
X } N), henceso is Z (with � z� z¹ � Z : ±�� x � x¹ � X, where m x r©± T ³ 1 c zd l N « andm x¹ rO± T ³ 1 c z¹ d l N « ). w
Onesometimeswishesto definespacessuchasL1 c R dº~ L∞ c R d ; a necessary

conditionis, of course,that bothoriginal spaceslie in a singlevectorspace.To
guaranteethattheresultingspaceis a normedspace,we requireabit more.

NormedspacesX andY arecalledsum-compatible, or c X � Y d is calledasum-
compatiblepair, if X Ã

c
Z, Y Ã

c
Z for someTVS Z.

Lemma A.3.17(X ~ YX ~ YX ~ Y) Let X andY be sum-compatiblenormedspaces.Then
X ~ Y is a normedspacewith norm � z � X ¼ Y : ± infz� x¼ y ct� x � X ~)� y � Y d .

Thisoperation is commutativeandassociative: X ~ Y ± Y ~ X and c X ~ Y d�~
X2 ± X ~ Y c�~ X2 d , isometrically, whenX2 is sum-compatible with X andwith Y.
Moreover, X Ã

c
X ~ Y andY Ã

c
X ~ Y.
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If X andY are Hilbert spaces,thensois X ~ Y (with an equivalentnorm). If
X andY arecomplete, thensois X ~ Y.

Thefollowing areequivalent:

(i) X andY aresum-compatible;

(ii) X andY arevectorsubspacesof somethird vectorspace,and �0j{� X ¼ Y is a
normonX ~ Y.

Indeed,(ii) implies that we can take Z ± X ~ Y in (i), and the above lemma
provides the converse(i) f (ii). Thus, X ~ Y is well definediff X and Y are
compatible.

Proof: This is containedin Lemma2.3.1 of [BL], except the claims on
commutativity, associativity andembeddings, whichareobvious, andtheclaim
onHilbert spaces,whichweprovebelow:

One easily verifies that T c z� z¹ d : ± z ~ z¹ defines an element of
T e#�¤c X � Y � X ~ Y d . The norm of X ~ Y ± Æ T c X � Y d�Ï is clearly that
coinducedby T (seeLemma A.3.16), henceX ~ Y is a Hilbert space,by
LemmaA.3.16. w

Lemma A.3.18(X l YX l YX l Y) Let X and Y be normedspacesthat are subspacesof
somevector spaceZ. Then X l Y is a normedspacewith norm � x � X � Y : ±
maxct� x � X ��� x � Y d .

Thisoperation is commutativeandassociative: X l Y ± Y l X and c X l Y d l
X2 ± X l c Y l X2 d , isometrically, whenX2 Ã Z. Moreover, X l Y Ã

c
X andX l Y Ã

c
Y.

If X and Y are inner product spaces,then so is X l Y (with inner product� x � y� X ~�� x � y� Y andthecorrespondingnorm � x � : ±�ct� x � 2X ~*� x � 2Y d 1� 2, equivalent
to maxm�� x � X ��� x � Y r ).

If x ± y wheneverxn » x in X andxn » y in Y (thisholdswheneverZ is a TVS
andX Ã

c
Z andY Ã

c
Z), andX andY arecomplete, thenX l Y is complete.

Thus,also the spacesX : ± L p c Q;Bd andY : ± Lq c Q;Bd of Definition B.3.1
will do whenp � q e�Æ 1 � ∞ Ï (if limits in L p andLq mustbeequala.e.,henceequal
aselementsof L p l Lq, by TheoremB.3.2.

Proof: All theseclaimsarequiteobvious(cf. Lemma2.3.1of [BL]). (The
inclusionsto Z makesum,scalarmultiplicationandX l Y well defined.) w

Lemma A.3.19 Let X1 andX2 besum-compatible normedspaces,andlet Y bea
normedspace.

(a) If X1 Ãc X2, thenX1 l X2 ± X1 andX1 ~ X2 ± X2 asTVSs(i.e., with equivalent
norms).

(b) If X0 Ã X1 l X2 is densein X1 andin X2, thenX0 is densein X1 ~ X2.

(c1) If Xk Ãc Y (k ± 1 � 2), thenX1 ~ X2 Ãc Y.
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(c2) If Y Ã
c

Xk (k ± 1 � 2), thenY Ã
c

X1 l X2.

Note that theassumptions of (a) and(c1) imply thesum-compatibility of X1

andX2.
Proof: (a) Now �Yjº� X2 z M �Yjº� X1 on X1 for some M e�Æ 1 � ∞ d , hence� x � X1 z � x � X1 � X2 z M � x � X1. Obviously, � z � X1 ¼ X2 z � z � X2. But if z ± x ~ y,

then � z � X2 z M � x � X1 ~)� y � X2. Therefore,� z � X2 z M � z � X1 ¼ X2.
(b) Let x ~ y e X1 ~ X2. Then ��c x ~ yd��¥c x¹�~ y¹�d-� X1 ¼ X2 z � x � x¹Õ� X1 ~ä� y �

y¹Õ� X2 for any x¹á� y¹ e X0.
(c1)&(c2)Thesearequiteobvioustoo. w

We deducethat sum-compatibility is not an equivalencerelation,becauseit
is not transitive: SetY : ± spanc�m xn r n Ü N dX± cc c N d , wherexn : ± ne0 ~ en (n e N),
with thenorm � ∑k αkxk � Y : ± ∑k pαk p 2 (thusY becomesisometrically isomorphic
a subspaceof À 2 c N d ). SetX : ±#À 2 c N d . ThenV : ± spanc�m e7 r�d is sum-compatible
with X andY, but X is not sum-compatiblewith Y: The function �Xj�� X ¼ Y is not
a normon X ~ Y, because� e0 � X ¼ Y ± n ³ 1 � xn � en � X ¼ Y z 2} n for all n e N ~ 1,
i.e., � e0 �Y± 0, althoughe0 �± 0. (OnecanalsoreplaceY by its completion;then
all threespacesbecomeHilbert spaces.)

Remark A.3.20( c K ± C d0�»Ac K ± R d ) Complex normedspacescan be consid-
ered as real normedspaceshaving sametopological properties, as shownin
LemmaA.3.21. It follows that several resultson real normedspacescanbeap-
plied to complex normedspaces;in particular, we obtain resultsfor dualsand
adjoints (both c�d d and c�d B (and c�d H), seeRemarkA.3.22)on complex normed
spacesfromresultsfor dualsandadjointsgivenon realnormedspaces.

We apply this fact without further mention(this has beendonein Lemmas
A.3.1andA.3.5). w

Here c�d B (resp. c�d d) refers to standard(resp.“conjugate-linear”) dualsand
adjointsin Banachspaces;c�d H to the adjoints anddualsin Hilbert spaces(thusc�d H coincideswith c�d d onHilbert spaceswhenwe identify a Hilbert spaceandits
dual).

Analogously, a complex vector spaceis also a real vector space. Next we
recordtheinvarianceof certainpropertiesunderthismodification:

Lemma A.3.21(XR) LetX bea complex vectorspace. LetXR beX with scalars
restrictedto R. ThenXR is a vectorspace.

Assume, in addition, that X and Y are TVSs. Then XR is a TVS, X ¢R ±
ReX ¢Y± ReXd and �¤c X � Y d¯Ã)��c XR � YR d . If X is normed,thenthe samenorm
is a norm on X too and � ReΛ �ï±¶� Λ � for all Λ e X ¢ , in particular, X ¢R ±
ReX ¢ ± ReXd isometrically. If X andY are normed,then �¤c X � Y dÌÃ(��c XR � YR d
linearly and isometrically; thus,if T eJ��c X � Y d , thenTR : ± T e¤��c XR � YR d and� TR �q�$� XR;YR � ±è� T �q�$� X;Y � ; moreover, then c T ¢qd R ±¶c Td d R (i.e., T ¢ï± Td as
elementsof ��c Y ¢R � X ¢R d ).

Moreover, X is complete(resp.metrizable, separable, normable, reflexive)
iff XR is. If ��j��gj � is an inner product in X, then Re��j��gj � is an inner product in
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XR. Finally, c XR d R ± XR and CR ± R2 as TVSs,but ��c CR d®± R2 � 2 whereas��c C d0± C.

Analogously, if Y is arealvectorspace(resp.[separable]TVS, normedspace,
Banachspace,Hilbert space),then so is YC : ± Y ~ iY (with the topology and
additionof Y2 andnaturalscalarmultiplication(i c y ~ iy ¹�d : ±y� y¹�~ iy)), but wedo
notneedthis.

Wenotethatif X is normed,then c XR dg¢$±yc X ¢�d R ±yc Xd d R asBanachspaces(if
we identify Λ andReΛ); analogously, X ¢k¢R ±�c X ¢ d ¢R ±�c X ¢k¢ d R, which establishes
thereflexivity claim.

Proof of Lemma A.3.21: It is nothardto verify theaboveclaims,someof
whicharegivenin Section3.1of [Rud73].

By X ¢R ± ReX ¢§± ReXd we meanthat X ¢R ± m ReΛ oo Λ e X ¢ù± : XB ru±m ReΛ oo Λ e Xd r ; cf. RemarkA.3.22 (X neednot benormed;the identity map
betweenvectorspacesXB andXd is neverthelessa conjugate-linearbijection,
hencetheidentitymapbetweenvectorspacesReXB andReXd is a linearbijec-
tion, i.e.,avectorspaceisomorphism(anisometricBanachspaceisomorphism
if X is normed)). w
As notedabove, theHilbert spaceadjointTH e­��c Y � H d (“T ¢ ”) of a bounded

linear operatorT e#��c H � Y d is identical to the Banachspaceadjoint TB e��c Y ¢¦� H ¢td (“T ¢ ”) whenwe identify theHilbert spaceswith their duals;however,
this identificationdoesnot preserve scalarmultiplication (in the nontrivial case
with K ± C): c αT d H ± ᾱTH, whereasc αT d B ± αTB.

But this follows from the fact that multiplication by α in Y correspondsto
multiplication by ᾱ in Y ¢ ; by definingthe multiplication in Y ¢ by the latter, we
canmake thesetwo conceptsidentical:

Remark A.3.22(Conjugate-linear dual XdXdXd (or X ¢X ¢X ¢ )) Let X and Y be normed
spaces. Usually, the dual X ¢ï± : XB is equippedwith scalar multiplicationc αΛ d x : ± α c Λxd (α e K � Λ e X ¢�� x e X). However, X ¢ becomesa Banach
space(denotedby Xd) also with the “conjugate-linear” scalar multiplicationc αΛ d x : ± ᾱ c Λxd , i.e.,c ᾱΛ d x ± : � x � ᾱΛ��û X iXdü : ±)� αx � Λ�áû X iXdü ± α � x � Λ�áû X iXdü : ± α c Λxd0± : α � Λ � x��û Xd i X ü

(A.30)
for all x e X � Λ e X ¢¦� α e K (note that we have set � Λ � x��û Xd i X ü : ± Λx ±� x � Λ� û X iXdü ).

Then the identity mapping I : ± IXd : Xd » XB is a conjugate-linear (i.e.,
I c Λ ~ Λ ¹�dÌ± IΛ ~ IΛ ¹ , but IαΛ ± ᾱIΛ) isometryof Xd onto XB. In particular,
all set-theoretic, topological and metric propertiesof XB and Xd are identical.
Moreover, if T eª��c X � Y d andweset� x � Tdyd�áû X iXdü : ±)� Tx � yd�áû Y iYdü c x e X � yd e Yd dq� (A.31)

then Td e*��c Yd � Xd d , � T ¢�� �$� YB i XB � ±�� Td � �$� Yd i Xd � ±@� T �q�$� YiX � and Td ±
I ¢
XdT ¢ IYd. Thus,��c YB � XB d and �¤c Yd � Xd d are isometrically isomorphic.
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Theconjugate-linearadjointsatisfiesalgebraic laws c ST d d ± TdSd and c αS ~
βT d d ± ᾱSd ~ β̄Td.

Themapx �» c Λ �» Λx d is a (canonical)linear isometryX » Xdd : ±Ic Xd d d
(cf. thecanonicallinear isometry X � x �» c Λ �» ΛxdYe XBB : ±Ic XB d B). If X is
reflexive, thenXdd : ±�c Xd d d is isometrically isomorphic to X (andweidentify the
two; analogously, weidentify XBB andX throughthelatter isometrywhenweuse
“linear duals”).

If X is a Hilbert space, thenXd becomesisometrically isomorphic to X (and
weidentify thetwo). In particular, if X andY areHilbert spacesandT e²�¤c X � Y d ,
thenTd becomestheHilbert spaceadjointof T. w

Thus,Td ± TB exceptthat their (otherwiseequal)domainandrangespaces
havedifferentlydefinedscalarmultiplication.

Thename“conjugate-lineardual” is somewhatmisleading: westressthatalso
Xd is an ordinaryBanachspaceover K ; in particular, the scalarmultiplication
(andaddition) satisfiesstandardvectorspaceaxioms.Thechoice c αΛ d x : ± αΛx
is certainlynot theonly oneto provideavectorspacestructurefor X ¢ , ratherit is
anunnaturalonefor any complex Hilbert space.

NotethatthepairingX � Xd » K becomessesquilinear, i.e., it is linear in its
first andconjugate-linearin its secondargument;thesameappliesto Xd � X » K
(whereasX � X ¢h» K andX ¢h� X » K arebilinear).

In Hilbert spacecontext we useHilbert adjointsinsteadof Banachadjoints
(i.e.,T ¢ : ± Td whenT mapsbetweenHilbert (or innerproduct)spaces;otherwise
T ¢ : ± TB), following the standardconvention. Usually, X ¢ : ± XB (for normed
spacesX), but in pivot spacecontext we usesesquilinearpairings,i.e.,X ¢ : ± Xd;
seeDefinitionA.3.23for details(thisshouldbeclearfrom thecontext). Of course,
thereis nodifferencewhenK ± R.

Anothercommonconventionin infinite-dimensional control theoryis to use
pivot spaces(seeDefinitionA.3.23),to have thepairingbetweenspacesandtheir
dualscoincideto the innerproduct(or its extension) in a pivot space, andhence
dependentonly on theelementsto bepaired,noton thespaces.

To illustratethis, let f e L2
ω c R d , g e L2³ ω c R dX± L2

ω c R d ¢ . Thenwe useL2 c R d
asthepivotspaceby setting� f � g� û L2

ω i L2à ω ü : ±
	
R
� f c t d�� g c t dá� K dt : ±�	

R
g c t d f c t d dt; (A.32)

in particular, � f � αg�Ì± ᾱ � f � g� (thus, αg correspondsto ᾱΛ, where Λ is the
correspondingelementin thelineardualof L2

ω). If f e L2
ω l L2 andg e L2³ ω l L2,

thenit followsthat � f � g� û L2
ω i L2à ω ü ±#� f � g� L2 (heretheright-hand-siderefersto inner

product;or, equivalently, to thepairingL2 �´c L2 d d » K ).
Moreover, if by YB we denotethe linear dual (i.e., the dual spacein the

ordinarysense)of Y : ± L2
ω, thenYB canbe identifiedwith L2³ ω, by Y � YB �c f � gdv�»
� R f gdm. Thus, then the canonical identification YB » Y ¢ : ± Yd

becomesYB � g �» ḡ e Y ¢ , whereastheidentificationJ : Y ¢R» Y (corresponding
to the inner product in Y insteadof L2) is given by Jg : ± e2ω � g. Both these
identificationsarebijective isometries, but theformeris conjugate-linearwhereas
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thelatter is linear(henceanisometricisomorphism),andneitheris the isometric
isomorphism (w.r.t. to thepivot space)illustratedaboveanddefinedbelow.

Thus,wetakeadjointsanddualsw.r.t. apivot spaceinsteadof initial andrange
spaces,henceonly thepivot spaceremainsthedualof itself. Formally this goes
asfollows:

Definition A.3.23(Pivot space) Let H bea Hilbert space. Whenwesaythat we
useH asa pivot space, wemeanthefollowing:

We use“conjugate-linearduals” (seeRemarkA.3.22)and Banach adjoints
insteadof Hilbert adjointsfor anyappropriatespaces.

If X is a normedspaces.t.X l H is densein X, andif y e H is s.t.theoperator��j�� y� H : X l H � x �»n� x � y� H e K is continuous in the �/j-� X norm,i.e.,p � x � y� H p-z My � x � X c x e X d�� (A.33)

thenweidentify y with theuniquecontinuousextensionof ��j�� y� H in X ¢ (thus,then
y e H l X ¢ ).

Thus,H l X ¢ becomesidentifiedwith adensesubspaceof X ¢ , and � x � y�áû X iX × ü ±� x � y� H for all x e X l H � y e H l X ¢ .
Someaspectsof pivot spacesare treatedin [Keu] with further details,but

[Keu] only mentionsthecasesX Ã H andH Ã X, henceit would requireoneto
treatL2

ω by parts(onR ì ).
Lemma A.3.24 Definition A.3.23is well posed.

Let X and H be as in Definition A.3.23. ThenH ¢Y± H (this is an isometric
isomorphism, in particular, � x � y�Õû H iH × ü ± � x � y� H for all x � y e H), andtheidentifi-
cationH l X ¢h» X ¢ is linear andone-to-one.

Assumethat Y is a normedspaceandH Ã
c

Y densely. ThenY ¢¯Ã
c

H densely
andH Ã

c
Y Ã

c
Y ¢k¢ .

Assumethat Z Ã
c

H is a normedspaceand densein H. ThenH Ã
c

Z ¢ . If
Z is reflexive, then H is densein Z ¢ and Z becomesidentified to Z ¢k¢ in the
pivot spacesense(with the canonicalidentification), thus,thenZ ± Z ¢k¢OÃ

c
H Ã

c
Z ¢ ± Z ¢k¢k¢ .

Assumethat alsoV Ã
c

H is a dense(in H) normedspace, and T e´��c H d l��c V � Z d . Then T ¢²e���c Z ¢ë� V ¢td l ��c H d . If T ± T ¢²e���c H d l ��c V � Z d , then
T ± T ¢ eª��c V � Z d l �¤c Z ¢ � V ¢ d .

If, in addition,Z Ã V densely, thenH Ã
c

V ¢¯Ã
c

Z ¢ .
By LemmaA.3.13,wehave for any normedspaceN thatif T eª��c N � Z d , then

T ¢Ìe¡��c Z ¢ë� N ¢td®Ã
c
��c H � N ¢qd ; if T eª��c Y � N d , thenT ¢®eª��c N ¢-� Y ¢qdÌÃ

c
��c N ¢ë� H d .

Note that for H, nothinghaschanged,but the dualsof its proper(Hilbert)
subspacesareno longeridentifiedwith their duals,althoughthe two spacesare
still isometrically isomorphic, by RemarkA.3.22.

Following thestandardconvention, weshalluseL2 (resp.H) asthepivot space
whentaking adjoints in L2

ω (resp.in Domc Ad or Domc A ¢td , whereA generatesa
C0-semigroupin H). This is illustratedin (6.2)andDefinition6.1.17.
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Finally we note that given a fixed pivot spaceH and its densesubspaces
B1 � B2 � V1 � V2 Ã

c
H, andelementsw e B1 l B2, w¢ae B¢1 l B¢2, wehave � w� w¢�� B1 i B ×1 ±� w� w¢�� B2 i B ×2, i.e., the pairing is independentof the spaceschosen(as long as

the pairing is defined). Therefore,the adjointsof an operatorF eÛ��c B1 � V1 d l��c B2 � V2 d (w.r.t. the pivot spaceH) coincideon V ¢1 l V ¢2 (i.e., � w� F ¢ v¢�� û B1 i B ×1ü : ±� Fw� v¢ � Vk iV ×k ±)� w� F ¢ v¢ � û B2 i B ×2ü for k ± 1 � 2 andv¢ e V ¢1 l V ¢2 ).

Proof of Lemma A.3.24: 1ã By density, the identificationof “H l X ¢ ” to
X ¢ is well defined;in particular, this identificationis injectiveandlinear(recall
thatX ¢h± Xd).

2ã Case H Ã
c

Y densely: By density, the canonical embedding Y ¢­Ã
H ¢ ± H one-to-one. Obviously, it is linear and continuous. Becausethe
identity (inclusion)operatorI e´��c H � Y d is one-to-one(recall that inclusions
are requiredto be one-to-one),the rangeof the canonicalembeddingI ¢ïe��c Y ¢¦� H ¢qda± ��c Y ¢¦� H d is densein H, by LemmaA.3.4(N2) (replaceY by its
completion; hereI ¢ Λ ± Λ pH for Λ e Y ¢ ; notethat � Ih � Λ�æû Y iY × ü ±#� h � I ¢ Λ��û H iH × ü ±� h � I ¢ Λ� H for h e H � Λ e Y ¢ ).

Consequently, H Ã
c

Y ¢k¢ , by LemmaA.3.13. By definition, � Ih � y ¢���û Y iY × ü ±� h � I ¢ y¢Õ� H ± � Jh � y¢Õ� û Y iY × ü for all h e H � y¢µe Y ¢ , where J is the (identity)
inclusion H » Y ¢k¢ (of Definition A.3.23). Therefore, Ih ± Jh (h e H),
hencethe completionsY andY ¢k¢ of H becomeequal,and the identification
JI ³ 1 extendsto the linear isometry T : Y » Y ¢k¢ that satisfies� Iy� y¢��áû Y × × iY × ü ±� y� y¢Õ� û Y iY × ü for all y e Y� y¢]e Y ¢ . Thus,the identificationH » Y is the same
whetherweconsiderY asitself or asasubspaceof Y ¢k¢ .

3ã CaseZ Ã
c

H densely:By LemmaA.3.13,we haveH Ã
c

Z ¢ . Assumethat
Z is reflexive. ThenH is densein Z ¢ , by LemmaA.3.4(N2),henceZ ¢k¢OÃ

c
H,

by 1ã . But theelementsof Z ¢k¢ arethoseh e H, for which p � z¢ � h� H p-z M � z¢ � Z ×
for all z¢§e H (i.e., thosefor which ��j�� h� H : H » K extendscontinuously to
Z ¢a» K ); reflexivity impliesthatthisholdsonly for h e Z, henceZ ± Z ¢k¢ (and� z¢ � z� û Z × i Z × × ü ± � z¢ � z� û Z × i Zü for all z¢ e H, hencefor all z¢ e Z ¢ , by density).By
2ã , wehaveZ ¢a± Z ¢k¢k¢ .

4ã Case T e(��c H d l ��c V � Z d : (By Lemma A.3.6, this is the caseif f
T e¡�¤c H d is s.t.T ÆV Ï�Ã Z.) If z¢Ìe H andx0 e V, then� x0 � T ¢ z¢ �áû V iV × ü ±)� Tx0 � z¢ �áû Z i Z × ü ±)� Tx0 � z¢ � H ±)� x0 � THz¢ � H � (A.34)

whereTH e���c H d (resp.T ¢ e���c Z ¢ � V ¢ d ) denotesthe adjoint of T eÛ�¤c H d
(resp.T e��¤c V � Z d ), hencethenT ¢ z¢®± THz¢Oe H. Thus,T ¢ pH ± TH, so that
wecanwrite T ¢Ìe¡��c Z ¢ë� V ¢qd l ��c H d . TheT ± T ¢ claim is obvious.

5ã H Ã
c

V ¢¯Ã
c

Z ¢ : By LemmaA.3.13, we have ��c V � K dÌÃ
c
��c Z � K d . We

haveshown above thatH Ã
c

V ¢ . w
Notes
As indicatedin theproofs,mostresultsof this sectionarewell known at least

to someextent. Sum-compatibility, X l Y andX ~ Y aredefinedin [BL], which
alsocontainspartsof thecorrespondinglemmas.
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For furtherresultson Hilbert andBanachspacesor Banachalgebras,seeany
textbook on functionalanalysis;standardreferences include[Yosida], [Rud73],
[Rud86]and[HP].
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A.4 C0-Semigroups

Could Hamlet havebeenwritten by committee, or the Mona Lisa
paintedby a club? Creativeideasdon’t spring from groups. They
springfrom individuals.

— Alfred Whitney Griswold (1906–1963)

In this section,we presentbasicfactson stronglycontinous(C0) semigroups.
Throughoutthesection,theHilbertandBanachspacesareassumedtobecomplex.

The solution of x¹0± Ax, x c 0d§± x0 is eAtx0 for x0 e B, A e���c Bd and a
BanachspaceB. For moregeneralcontrol systems, the operatorA neednot be
bounded,hencethe(C0-)semigroup“ t �» eAt” of acontrolsystemis usuallymore
complicated:

Definition A.4.1 (Semigroups) AC0-semigroupona complex Banach spaceB is
a function � : Æ 0 � ∞ d/» ��c Bd havingthefollowingproperties:�vc t ~ sd/±��vc t d��vc sd for t � s | 0; (A.35)�vc 0d/± I ; (A.36)���ùc t d x0 � x0 �R» 0 as t » 0 ~
� x0 e B Þ (A.37)

The(infinitesimal) generatorA of � is definedby

Ax : ± lim
t Ð 0¼ 1

t
c��vc t d'� I d x; (A.38)

Domc AdaÃ B is thesetof x e B for which thelimit Ax exists.
If s e C is s.t. s � A : ± sI � A mapsDomc Ad one-to-oneonto B, and the

resolvent c s � Ad ³ 1 is bounded( c s � Ad ³ 1 eÛ��c Bd ), thens e σ c Ad c; this is the
definitionof thespectrumσ c Ad of A.

Wealsodefinethegrowth rateωA : ± inft � 0 � t ³ 1 log ���vc t d¦��� of � .
Let ω e R. We call � ω-stableif t �» � e³ ωt �vc t d¦� is boundedon R ¼ . We

call � strongly (resp.weakly) ω-stable if e³ ωt �vc t dh» 0 strongly (resp.weakly)
ast »@~ ∞. We call � exponentially stableif � is ω-stablefor someω Ç 0. By
[strongly/weakly] stablewemean[strongly/weakly] 0-stable.

The“C0” condition (A.37) (“stronglycontinuousat0”) is equivalentto strong
continuity (see (a1) below). In this monograph, all semigroupswill be C0-
semigroups,hencewe usuallycall themjust semigroups.Sometimeswe write� t for �vc t d .

NotethatA is thestrongright derivative of � at 0, andrecall that “ �vc t dX» 0
strongly(resp.weakly)” meansthat �vc t d x » 0 for all x e B (Λ �Ñc t d x » 0 for all
x e B andΛ e B¢ ).

Weneedanumberof factsonC0-semigroups:

Lemma A.4.2 Assumethat B and B2 are complex Banach spaces,� is a C0-
semigrouponB, A bethegenerator of � andt | 0. Thenthefollowinghold:

(a1) �ùc�j>d x e�¬]cgÆ 0 � ∞ d ;Bd for all x e X.
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(a2) A eJ��c Bd iff � is uniformly continuous(i.e., iff �·e�¬]cgÆ 0 � ∞ d ; ��c Bdgd ). If
A e¡��c Bd , then �vc t d/± eAt (t | 0).

(a3)A eª��c Bd iff � is (uniformly)Bochner-measurable(seeDefinition B.2.1).

(a4) ���vcqj>d-� and � f aremeasurable for anymeasurable f : R ¼ » B.

(b) l n Ü N Domc An d is densein B.

(c1) Ø/c�� x dÕ¹æc t d$± A�vc t d x ±��vc t d Ax for all x e Domc Ad .
(c2) � t

0 �vc r d xdr e Domc Ad and A � t
0 �vc r d xdr ±��vc t d x � x for all x e H. In

particular, � t
0 �vc r d'j dr eª�¤c H � Domc Adgd .

(c3) �vc t d x ± limsÐÑ¼ ∞ etsA� s³ A� à 1x for all x e H.

(c4) � t ÆDomc An d�Ï'Ã Domc An d for all n e N.

(c5) � x e�¬ k c R ¼ ;Domc An ³ k dgd and dk

dtk � x ± Ak � x ±�� Akx (n e N, k ±
0 � 1 �gÞgÞgÞk� n, x e Domc An d ).

(d) Thesetσ c Ad is closed,andRes ¾ ωA f s e σ c Ad c.
(e1)ωA ± limt ÐÑ¼ ∞ � t ³ 1 log ���vc t d-� � Ç ∞.

(e2)If ω ¾ ωA, thenthere is Mω ¾ 0 s.t. ���ùc t d-� z Mωeωt for all t | 0.

(f) If B isaHilbert space, then�§¢ isaC0-semigrouponBandA ¢ is itsgenerator.

(g1) If T eª��c Bd , thenA ~ T is a C0-semigrouponB.

(g2) The generator of eα � �vcqj>d is αI ~ A with Domc α ~ AdO± Domc Ad , and
ωαI ¼ A ± α ~ ωA.

(h1) If T eä°§��c B � B2 d , then
ñ� : ± T � T ³ 1 is a C0-semigroup on B2, and its

generator
ñ
A is givenby

ñ
A ± TAT ³ 1, Domc ñAd/± T Domc Ad .

Moreover, M ³ 1 ���Ñ� z � ñ�¡� z M ���Ñ� , where M : ± � T �Ê� T ³ 1 � , henceω öA ±ωA. For ω e R, thesemigroup
ñ� is [strongly (resp.weakly)]ω-stableiff �

is.

(h2) Let R e­��c B2 � Bd andL e­��c B � B2 d . Then � LR : ± L � R is a C0-semigroup
on B2 iff LR ± I andP� t P� sP ± P� t ¼ sP for all t � s ¾ 0, where P : ± RL e��c Bd .
Assumethis. ThenωALR z ωA and c s � ALR d ³ 1 ± L c s � Ad ³ 1R for s e C ¼ωA

.
Moreover, if y e B2 and Ry e Domc Ad , then y e Domc ALR d and ALRy ±
LARy.

(i) If also
ñ� is a C0-semigroup onB andA Ã ñA, thenA ± ñA.

By (c3), � is uniquelydeterminedby A (theconverseis trivial).
By (a3), we must not write � � t

0 �vc r d dt � x in (c2); see Appendix B for
(Bochner) measurabilityand integration; alternatively, the strong integration
theoryof SectionF.2 shouldbeused.

By (d), we have ωA | supReσ c Ad . For differentiablesemigroupswe have
ωA ± supReσ c Ad , but this is not the casein general(seeExample5.14of [CZ]
for acounter-example).
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Proof of Lemma A.4.2: The canonicalreferences on semigroupsare
[Pazy] and[HP], but [Rud73],[CZ], [Prüss93]and[Sbook]alsocontainmany
of theaboveresults.Weonly treatheretheleastknown ones.

For (a3)&(a4) we note that on pp. 304–306of [HP] it is statedthat a
uniformly measurableif f it is uniformly continuous (and that if � is weakly
continuouson c 0 � ∞ d , thenit is stronglycontinuouson c 0 � ∞ d andhencestrongly
measurableon R ¼ ), and that for a C0 semigroup� , the function ���vc�j>d-� is
lowersemicontinuous,hencemeasurable(themeasurability of � f followsfrom
LemmaF.1.3(a)).

Wegivebelow asketchof theproofsfor (h) and(i).
(h1) Now t ³ 1 c��vc t d x � xdR» 0

Â
t ³ 1 c T �vc t d T ³ 1Tx � Txda» 0, the claims

on
ñ
A follow from this. TheclaimsonM areobvious;usethemand(e1)for ωA.

Thestability claimsareagainobvious.
(h2) If L � R is a semigroupandt � s | 0, thenL � t RL� sR ± L � t ¼ sR, hence

thenP� t P� sP ± P� t ¼ sP. Conversely, assumethatP� t P� sP ± P� t ¼ sP, hence
L � t RL� sR ± L � t ¼ sR, for all t � s ¾ 0. Obviously, � t

LRx ± L � t Rx » LRx ± x, as
t » 0~ , hence� LR hastheC0-property. (NotealsothatP2 ± Rc LRd L ± P, i.e.,
P is aprojection.)

Obviously, ωALR z ωA. For s e C ¼ωA
andx e B, we have c s � ALR d�³ 1x ±

L � ∞
0 e³ st � t Rxdt ± L c s � Ad�³ 1Rx, by LemmaA.4.4(f).
If y e B2 and Ry e Domc Ad , then Lt ³ 1 Æ � t Ry � RyÏ/» LARy, hencethen

y e Domc Ad andALRy ± LARy.
(i) By A Ã ñA we meanthat Domc AdOÃ Domc ñAd and A ± ñA on Domc Ad .

Let ω ¾ ωA � ω öA. ThenωI � ñA mapsDomc Ad one-to-oneontoB andDomc ñAd
one-to-oneontoB, henceDomc ñAdX± Domc Ad , henceA ± ñA, hence�*± ñ� , by
(c3). w
The celebratedHille–YosidaTheoremgivesnecessaryandsufficient condi-

tionsfor anoperatorto generateaC0 semigroup:

Theorem A.4.3 (Hille–Yosida) A linear operator A : Domc Ad0» B is thegener-
ator of aC0-semigroup � s.t. ���vc t d-� B z Meωt c t | 0d for someM Ç ∞ iff

(i) A is closedandDomc Ad is densein B;

(ii) c ω � ∞ daÃ σ c Ad c and��c s � Ad ³ n � z M c s � ω d ³ n for all s ¾ ω � n ± 1 � 2 � 3 �gÞkÞgÞ (A.39)w
(See,e.g.,TheoremI.5.3of [Pazy] for theproof.)
Theresolventsof thegeneratorsof semigroupshasbeenstudiedextensively,

herewe list someimportantfacts:

Lemma A.4.4 Let � beaC0-semigroupona complex Banach spaceB, andlet A
be its generator. DefineH1 : ± Domc Ad andH ³ 1 as in Lemma6.1.16. Then,for
all x e H, thefollowingholds:
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(a) c s � Ad�³ 1 �(c r � Ad�³ 1 ±�c r � sd¦c s � Adt³ 1 c r � Ad�³ 1 e H c C ¼ωA
; ��c H ³ 1 � H1 dgd

for a fixedr e σ c Ad c (this is calledtheresolventequation).

(b) c s � Ad�³ 1 e H c C ¼ωA
; ��c H � H1 dgd .

(c1) ��c s � Ad�³ 1 �q�$� H � z M }�c Res � ωA d (s e C ¼ωA
) for someM Ç ∞.

(c2) � sc s � Ad�³ 1 �q�$� H � z Mr and ��c s � Adt³ 1 �q�$� H iH1 � z Mr (s | r), whenr ¾ ωA.

(c3) c s � Ad ³ 1 e H∞ c C ¼r ; ��c H dgd l H c C ¼r ; ��c H � H1 dgd l H2
strongc C ¼r ; ��c H dgd for

r ¾ ωA.

(d1)Domc Ad�� sc s � Adq³ 1x �[» x in H, ass »Ó~ ∞.

(d2)H � A c s � Adt³ 1x �[» 0 in H, ass »Ó~ ∞.

(d3)Domc Ad���c s � Adt³ 1x �[» 0 in Domc Ad , ass »Ó~ ∞.

(d4) sc s � Adt³ 1 c s � Ad�³ 1x » 0 in Domc Ad , ass »Ó~ ∞.

(d5) sc s � Adt³ 1sc s � Adt³ 1x » x in H, ass »Ó~ ∞.

(e1)Thelimits in (d1)–(d5)existalsoasRes »n~ ∞ ands eJm reiθ oo r | 0 � pθ p Çπ } 2 � ε r for anyε ¾ 0.

(e2)Thelimits in (d1)–(d5)exist alsoass e Σθ iω, p s p » ∞ for someθ ¾ π } 2 if
thesemigroup generatedbyA is analyticandω ¾ ωA.

(f) c s � Ad�³ 1x ± � ∞
0 e³ st �vc t d xdt (s e C ¼ωA

).

(g) A� t ±��Ì¹Íc t dO±�� t A and A c s � Adt³ 1 ± sc s � Adt³ 1 � I ±¨c s � Ad�³ 1A on
Domc Ad , and c s � Ad ³ 1 � t ±�� t c s � Ad ³ 1 and c s � Ad ³ 1 c r � Ad ³ 1 ± c r �
Ad�³ 1 c s � Ad�³ 1 onH, for all s� r e σ c Ad c, t | 0.

Werecallthats »Ó~ ∞ refersto thelimit at ~ ∞ alongR. Notethattheresults
givenfor H canappliedonH1 andH ³ 1 too if we restrictof extendA accordingly,
becausethe threeA’s areisomorphic, asnotedat Lemma6.1.16.E.g., it follows
from (a) thatwealsohaveH � sc s � Adt³ 1x �[» x, ass »Ó~ ∞ for all x e H ³ 1.

SeeAppendixD for holomorphic functions(H c C ¼r d ).
Proof of Lemma A.4.4: (a)Theresolventequation(in �¤c H � H1 d ) is readily

computed.The“ e H c C ¼ωA
; ��c H ³ 1 � H1 dgd ” claim followsfrom (e).

(b) Equation (d1) implies that Ø d
ds c s � Ad�³ 1 ±è�µc s � Ad�³ 2, even in��c H � H1 d (useLemmaD.1.1).

(c1) Thisholdsby theHille–YosidaTheorem[Pazy, Theorem1.5.3],
(c2)Becauses}�c s � ωA d$± 1 ~ ωA }�c s � ωA d z r }�c r � ωA d (s ¾ r ¾ ωA | 0),

ands}�c s � ωA d®Ç 1 (s ¾ ωA Ç 0), we cansetMr : ± M maxm 1 � r }�c r � ωA dtr to
obtain � sc s � Adq³ 1 � z Mr , by (c1). BecauseA c s � Ad�³ 1 ± sc s � Adg³ 1 � I , we
canreplaceMr by Mr ~ 1 to obtainthesecondinequality.

(Obviously, wecanallow s to belongto any sectorSr i T : ±)m s ± r ~ z oo Rez ¾
0 � z} Rez z T r , or rectangularRr i T : ±*m s e C ¼r oo Ims z T r , wherer ¾ ωA � T Ç
∞.)

(c3)This followsfrom (a),(b) andLemmaA.4.5(i)&(v) (cf. Remark6.1.9).
(d1)&(d2) Choosesome r ¾ ωA. Define rx i s : ±¶� x � sc s � Adt³ 1x � H ±� A c s � Adt³ 1x � H . For x e H1 we have rx i s ±I��c s � Ad�³ 1Ax �OÇ Mr � Ax ��} s » 0,

by (c2),hencerx i s » 0 for all x e H, by theuniformboundednessof sc s � Ad¦³ 1

andthedensityof Domc Ad in H. Thus(d1)and(d2)aretrue.
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(d3) By (d2), ��c s � Ad�³ 1x � Dom� A� : ± ��c s � Adt³ 1x � H ~ � A c s � Adt³ 1x � H »
0 ~ 0 ± 0.

(d4)This followsfrom (d3)and(c2).
(d5)Apply (d1)andLemmaA.3.1(j3) (seeLemmaA.3.4(F1)).
(e1) This can be seenfrom the above proofs with slight modifications,

becauses} Res ±�c cosθ d�³ 1 is bounded.
(e2)Theabove proofsof (b1)–(b5)hold alsowhens e Σθ iω, p s p » ∞ if the

semigroupgeneratedby A is analyticandθ is asin Lemma9.4.2(a).
(f) Seep. 20of [Pazy].
(g) We obtain c s � Adt³ 1 � t ±
� t c s � Ad�³ 1 from (a) andLemmaA.4.2(c3).

Use(a)andLemmaA.4.2(c1)for theothers. w
Wewill alsoneedthefollowing “extendedDatko’sTheorem”:

Lemma A.4.5 (Datko) Thefollowingareequivalentfor aC0-semigroup � onH:

(i) � is exponentially stable;

(ii) �vc�j>d x0 e L2 c R ¼ ;H d for all x0 e H (or equivalently, for all x0 in a dense
subsetof H);

(iii) ��� ∞
0 �vc sd φ c sd ds � H z M � φ � 2 for all φ e�¬ ∞

c cgc 0 � ∞ d ;H d ;
(iv) c s � Ad�³ 1 e H∞ c C ¼ ; ��c H dgd ;
(v) c s � Ad�³ 1 e H2

strongc C ¼ ; ��c H dgd ;
(vi) � ¢ satisfiessome(henceall) of (i)–(vi).

Note also that � is exponentially stableif f � ¢ is. As the proof shows (see
TheoremB.4.12), it is enoughthat (iii) holds for φ e(¬ ∞

c cgc 0 � ∞ d ;H0 d , for some
norming subspaceH0 Ã H. Also (ii) can be weakened: by Theorem1.1 of
[W88], it sufficesthatfor somep eÛÆ 1 � ∞ d wehave � ∞

0 p � x1 ���vc t d x0� p pdt Ç ∞ for all
x0 � x1 e H. Seealso[Sbook,Theorem3.11.8]for ageneralization.

Proof of Lemma A.4.5: 1ã Obviously, � ¢ is exponentially stableif f � is;
in particular, weonly needto establishtheequivalencebetween(i)–(v).

2ã Theequivalence(i)
Â

(iv) is shown in [Prüss84](andin Theorem3.11.6
of [Sbook]);theequivalence(ii)

Â
(v) follows from thePlancherelTheorem.

3ã If (i) holds, then ���ï�²e L2 (cf. LemmaA.4.2(a4)),hencethen(ii) and
(iii) hold. The implication (ii) f (i) is [Pazy, Theorem4.4.1, p. 116], so we
assume(iii) andprove(i) to completetheequivalence.

Let x0 e H andset f : ±��vc�j>d�¢ x0 : R ¼ » H. Thenp 	 ∞

0
� f c sdq� φ c sdæ� H ds p ± p 	 ∞

0
� x0 ���vc sd φ c sdæ� H ds p ± p � x0 � 	 ∞

0
�vc sd φ c sd ds�

H ptz M � x0 � H � φ � 2
(A.40)

for all φ e´¬ ∞
c cgc 0 � ∞ d ;H d , hence� f � 2 z M � x0 � H , by TheoremB.4.12.Because

x0 e H was arbitrary, (ii) and hence(i) holds for �O¢ ; therefore,also � is
exponentially stable.

4ã The “or equivalently” claim in (ii): Assume that � x0 e L2 for
all x0 e X, where X Ã H is dense. Then this map has a unique exten-
sion

ñ�êe#��c H � L2 c R;H dgd , by Lemma A.3.10. Chooseω ¾ ωA, so that
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ω c R ¼ ;H dgd . Then

ñ�)±�� aselementsof �ye¡��c H � L2
ω c R ¼ ;H dgd , by

density, hence(ii) holds(“for all x0 e H”). w
We finish this sectionby presentingsomestandardconventions in control

theory:

Lemma A.4.6 (W Ã H Ã X ¢ , X Ã H Ã W ¢W Ã H Ã X ¢ , X Ã H Ã W ¢W Ã H Ã X ¢ , X Ã H Ã W ¢ ) Let A generate a C0-semigroup on
a Hilbert spaceH. Fix α e σ c Ad c.

SetW : ± c α � Adt³ 1H ± Domc Ad (with norm ��c α � Ad$j�� H ) and X : ± c ᾱ �
A¢qd�³ 1H ± Domc A ¢td (with norm ��c ᾱ � A¢qd�j{� H ). ThenW ¢ canbeidentifiedwith
the completionof H w.r.t. ��c α � Ad�³ 1 j�� H , and X ¢ can be identified with the
completionof H w.r.t. ��c ᾱ � A¢td�³ 1 jÊ� H ; in particular, for any w e W, x e W ¢
wehave � w� x� WiW × ±)��c α � Ad w�tc ᾱ � A¢ d ³ 1x� H ( ±)� w� x� H whenx e H).

Moreover, (extended)α � A is anisometric isomorphismW » H andH » X ¢ ,
andA (andits extensionto H andrestrictionto Domc A2 d ) generatesisomorphic
C0-semigroupsonW, H andX ¢ .

Furthermore, Domc AdR±�m x e H oo Ax e H r , and β � A e%°]�¤cW � H d for any
β e σ c Ac d . In particular all abovespacesandtheir topologiesare independenton
α e σ c Ad c.

WeshallsetH1 : ± Domc Ad : ± W, H ¢³ 1 : ± W ¢ in Chapter6.
Proof: This is well known (seeLemmaA.4.6 or p. 532 of [Weiss-C](or

[S97b,Section7] or [Sbook])), so only sketchpart of the proof. By Lemma
A.3.4(G3)&(G1),thenormonW ± Domc Ad is equivalentto thegraphnormon
Domc Ad (in particular, W andits topologyareindependenton α e σ c Ad c), and
W is aBanachspace.In particular, c β � Ad�³ 1 e�°]�¤c H �W d for any β e σ c Ac d .

Let β e σ c Ac d . Becauseβ � A e�°§��cW� H d , we have β̄ � A¢ e�°]�¤c H �W ¢ d
(seeLemmaA.3.24; thusA ¢Ye­��c X � H d l ��c H �W ¢qd ). It follows that thenorm
of W ¢ becomesequivalent to ��c β̄ � A¢td�³ 1 jÊ� H , henceW ¢ (as a TVS) is the
completionof H w.r.t. this norm. Therestof theproof follows thesamelines.w
Notes
Most facts in this sectionare well known. The canonicalreferenceson

semigroupsare [Pazy] and [HP], but the list of suitable referencesfor C0-
semigrouptheory would be endless,including [Rud73], [CZ], [Prüss93]and
[Sbook]. The notesfor Chapter3 of [Sbook] and thosefor Chapter5 of [CZ]
containhistorical remarksonC0-semigroups.



Appendix B

Integration and Differ entiation in
BanachSpaces

Bring memybowof burninggold!
Bring memyarrowsof desire!
Bring memyspear!O cloudsunfold!
Bring memychariot of fire!

— Willi amBlake (1757–1827)

In thisappendix,wearmuswith magicweaponstofight evil integralequations
in final frontiersof unexplored Banachspaces.We treat (Bochner)integration,
differentiation,function spaces¬ and L p c p e)Æ 1 � ∞ Ï d and similar conceptsfor
functionswith valuesin Banachspaces.We extendstandardandextendedresults
onscalar-valuedfunctionsfor vector-valuedones.

Lebesguemeasurability, integration andL p spacesin the scalar-valuedcase
aretreatedin SectionB.1. In therestof this appendixwe treattheextensionsof
theseconceptsto thevector-valuedcase.

In SectionB.2, we treatBochnermeasurablefunctions f : Q » B, whereB
is a BanachspaceandQ is a positive measurespace.In SectionB.3, we define
andstudytheL p and ¬ spacesof suchfunctions. In SectionB.4, a generalization
of the Lebesgueintegral (the Bochner integral) is definedandstudiedfor such
functions. The readermight wish to have just a look at the beginnings of the
sectionsmentioned above andskip the restof this appendixuntil suggestedto
look upaspecificfactby aproof in themainpartof thismonograph.

Differentiation of integrals and Lebesguepointsare treatedin SectionB.5,
vector-valueddistributions( !¯¹gc Ω;Bd : ±ä��c#"´c Ω d ;Bd ) aretreatedin SectionB.6,
andSobolev spaces(Wk i p c Ω;Bd andWk i p

0 c Ω;Bd ) in SectionB.7.
Throughout thisappendix,B, B2 andB3 denoteBanachspaceswith scalarfield

K (K ± C or K ± R), U , H, andY denoteHilbert spaces,µ is acompletepositive
measureonasetQ, and $ is thecorrespondingσ-algebra.

We usethe(standard)terminology of [Rud86]: a positivemeasure on a setQ
is a function µ : $C» Æ 0 ��~ ∞ Ï (or the pair c%$ÿ� µd or the triple c Q ��$ÿ� µd ) s.t. $
is a σ-algebra on Q (i.e., $ is a collectionof subsetsof Q s.t. Q e&$ and $
is closedundercomplementsandcountableunions),andµ is countably additive,

907
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i.e., µ c�x ∞
k � 0Ek dR± ∑∞

k � 0µ c Ek d whenever c Ek d ∞k � 0 Ã
$ is disjoint, andµ c /0 dR± 0.
(In this chapter, we only treatscalar-valuedmeasures.SeeLemmaD.1.12and
Section2.6for vector-valuedmeasures.)

Wecall µ (or Q) σ-finite if Q ±)x k Ü NQk, whereQk e'$ andµ c Qk dhÇ ∞ for all
k e N. Wecall µ completeif all subsetsof null setsaremeasurable.

WhenweassumeQ Ã Rn (or Q Ã ∂D, wherewe identify ∂D with Æ 0 � 2π d ) and
omit µ, wetacitly assumethatµ ± m, theLebesguemeasure (seeTheorem2.20of
[Rud86]).

A null set is a measurablesetN with µ c N dR± 0. A property(e.g. f ± g for
functions f � g : Q » B) is saidto holdalmosteverywhere (a.e.) onQ if it holdson
Nc : ± Q s N for somenull setN. Analogously, wecansaythat f c qd/± g c qd holds
for almostevery(a.e.) q e Q.

Even thoughwe have allowed a general c Q � µd for completeness,we shall
needthe resultsonly for 1. the countingmeasure µ, for which every A Ã Q is
measurableandµ c Ad is thecardinalityof elementsin A, andfor 2. c J � µd , where
J Ã R is an interval (i.e., a connectedsubsetof R) andµ ± m or dµ ± e³ 2ωt dm
for someω e R, andeven so mostresultsgiven below areusedonly for some
technicaldetails. Note that theseboth arecompletepositive measures,and the
lattermeasureis σ-finite (sois theformertoo for countableQ).

For readersinterestedin thecontrolof thesystemswith finite-dimensionalin-
putandoutputspacesonly (this is veryrestrictivein caseswheretheoutputequals
thestate),it sufficesto considerthe(componentwise)Lebesguemeasurabilityand
integral; theBochnermeasurability andintegral arejust the infinite-dimensional
counterpartswith �/j-� B in placeof p j p .

Weremarkthatalmostall resultsgivenfor Banachspacesin thisappendixare
valid for Fréchetspaces,mutatismutandis (letting B to be an arbitraryFréchet
spacewouldmakeL p c Q;Bd spacesFréchetspaces).
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B.1 TheLebesgueintegral andL p ( R; ) 0 *,+ ∞ -/. spaces

ThesubspaceW inheritstheother8 propertiesofV. Andtherearen’t
evenanyproperty taxes.

— J.MacKay, Mathematics134b

HereweshortlyrecalltheLebesgueintegralandL p spacesfrom [Rud86].
Let R ± C, or let R be a connectedsubsetof Æ�� ∞ ��~ ∞ Ï (open subsetsofÆ�� ∞ ��~ ∞ Ï are arbitrary unions of sets of form c a � bd , Æ�� ∞ � bd , c a ��~ ∞ Ï with

a � b eäÆ�� ∞ ��~ ∞ Ï ; note that R inherits is usual(metric) topologyas a subsetofÆ�� ∞ ��~ ∞ Ï ). A function f : Q » R is called(Lebesgue)measurable if f f ³ 1 ÆGÏ is
measurablefor eachopenG Ã R. (By LemmaB.2.5(b3),Lebesguemeasurability
is aspecialcaseof Bochnermeasurabilityfor R ± K .)

If f � g : Q » R areLebesguemeasurable,thenso is maxc f � gd , by Theorem
1.14(b) of [Rud86]; in particular, so are f ì , where f ¼ : ± maxc f � 0d , f ³ : ±
maxc 0 �g� f d .

If c µ ��$�d is any positivemeasureonQ, and $�¹ is thecollectionof setsE Ã Q
s.t.A Ã E Ã A¹ andµ c A¹ s Ada± 0 for someA � A¹'e0$ andwe setµ¹æc E d : ± µ c Ad
for suchE, thenthecompletionc µ¹���$·¹ d of µ is a (well-defined)completepositive
measureon Q, by Theorem1.36 of [Rud86]. Note also that c rµ ��$�d is also a
positivemeasureonQ for any r e R ¼ .

TheBorel (measurable) setsof a topologicalspaceQ arethemembersof the
minimal σ-algebracontainingtheopensetsof Q. A function f : Q » K is aBorel
(measurable)functionif f ³ 1 ÆV Ï is Borelmeasurablefor all openV Ã K . A Borel
measure on Q is a measurec µ ��$�d s.t. $ containsthe Borel sets(equivalently,
s.t. $ containsthe opensets). The Lebesguemeasurem is the completion of a
measurewhosedomainis thecollectionof Borel sets,henceaBorelmeasure.

For f : Q »EÆ�� ∞ ��~ ∞ Ï we set esssupf : ± inf m r eyÆ�� ∞ ��~ ∞ Ï oo f z r a.e.r ,
essinf f : ±�� esssup� f . We alsosetr }Ì~ ∞ : ± 0 (0 z r Ç ~ ∞), r jt~ ∞ : ±£~ ∞,
r } 0 : ±*~ ∞ (0 Ç r Çä~ ∞) and0 jg~ ∞ : ± 0. Thefunction

χE c qd : ±21 1 � q e E;

0 � q �e E
(B.1)

is calledthecharacteristicfunctionof thesetE.
If n e N, E0 �gÞgÞgÞÍ� En are disjoint and measurable,and α0 �gÞgÞgÞÍ� αn e Æ 0 ��~ ∞ Ï

or e B, thens : ± ∑n
k � 0αkχEk

is a simplemeasurable function and the Bochner
integral of suchs is givenby 	

Q
sdµ : ± n

∑
k � 0

αkµ c Ek dqÞ (B.2)

For generalmeasurablef : X »ÖÆ 0 ��~ ∞ Ï we set � Q f dµ : ± sup� Qsdµ, thesupre-
mum being taken over all simple measurablefunctionss s.t. 0 z s z f . This
integral is usuallycalledtheLebesgueintegral, andthe termBochnerintegral is
reservedfor functionswhosevaluesarenotscalar(seeDefinitionB.4.1).

If Q¹ Ã Q is measurable,thenweset � Qâ f dµ : ±3� QχQâ f dµ.



910APPENDIXB. INTEGRATION AND DIFFERENTIATION IN BANACHSPACES

Let 1 z p Ç ∞. A measurablefunction f : Q » Æ 0 ��~ ∞ Ï belongs to

Lp c Q; Æ 0 ��~ ∞ Ïád if � f � p : ± � � Q f pdµ� 1� p Ç ∞, andto L∞ c Q; Æ 0��~ ∞ Ïád if � f � ∞ : ±
esssupQ p f p Ç ∞ (wesometimeswrite � f � Lp or � f � Lp � Q; Ý 0 i ¼ ∞ 4	� insteadof � f � p).

To be exact, the Lp spaces(1 z p z ∞) are quotientspacesover with the
set of functionsthat are 0 a.e.(i.e., L p is the spaceof equivalenceclassesÆ f Ï ,
whereg e�Æ f Ï if f g ± f a.e.).Thus,L p c Q; Æ 0��~ ∞ Ïád becomes“a normedspacewith
scalarfield Æ 0 ��~ ∞ Ï ”. (OneeasilyverifiesthatLp c Q; Æ 0 ��~ ∞ Ïád isavectorspacewith
scalarfield Æ 0 ��~ ∞ Ï andthat theaxiomsof a normedspacearesatisfiedw.r.t. this
scalarfield; thelatterrequirestheMinkovskiInequality, Theorem3.19of [Rud86],
whichsaysthat � f ~ g � p z � f � p ~)� g � p for all measurablef � g : Q »AÆ 0 ��~ ∞ Ï .)

We alsonotetheHölder Inequality: � f g � 1 z � f � p � g � q for p � q e¥Æ 1 ��~ ∞ Ï s.t.
1} p ~ 1} q ± 1. The readerwill later notethat thesetwo inequalities extendto
vector-valuedfunctions,becausefor measurable(seeDefinitionB.2.1) f : Q » B
we shalldefine � f � p : ±��Ê� f � B � p.

Lebesgue’sMonotoneConvergenceTheoremsaysthatif m fn r aremeasurable,
0 z f1 z f2 z jgjgj z ∞ a.e.on Q and fn c qd¯» f c qd for a.e.q e Q, then f is
measurableand � Q fndµ »5� Q fndµ.

Lemma B.1.1 Let Q Ã Rn be measurable. For any measurable sets m En r s.t.
mc En d]¾ 0 for all n e N, there are disjoint measurable m E ¹n r s.t. E ¹n Ã En and
∞ ¾ mc E ¹n da¾ 0 for each n e N.

Proof: ChooseF0 Ã E0 s.t. ∞ ¾ mc F0 d¯¾ 0. For eachn e N ~ 1, choose
Fn Ã En s.t.0 Ç mc Fn dRÇ 2 ³ nmaxk � 0 i ý ý ý i n ³ 1mc Fk d andsetE ¹n : ± Fn

s x ∞
k � n ¼ 1Fk.

Then mc�x ∞
k � n ¼ 1Fk d§Ç ∑k � n ¼ 12 ³ kmc Fn d z mc Fn d , hencemc E ¹n d§¾ 0, for any

n e N. w
(Seethenotesonp. 947.)
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B.2 Bochner measurability ( f 6 L ( Q;B. )
Youcannothavea sciencewithoutmeasurement.

— R. W. Hamming

In this sectionwe treatBochnermeasurabilityin order to be able to define
Lp spacesandthe Bochnerintegral in the next two sections.For mostreaders,
it suffices to just have a look at Definition B.2.1 andLemmaB.2.5 so as to be
convincedthatBochnermeasurabilityis analogousto Lebesguemeasurability.

A functions : Q » B is calleda countably-valuedmeasurable function if f it
canbewrittenass ± ∑k Ü N xkχEk

, wherethesetsEk Ã Q aremeasurableandxk 7 B
(k 7 N). In general,Bochnermeasurabilityis definedasfollows:

Definition B.2.1(Bochner measurability) A function f : Q » B is (Bochner)
measurable1, denotedby f 7 L 8 Q;B9 , if somesequenceof countably-valued
measurable functionsconvergesto f a.e.

A function f : Q » B is calledalmostseparably-valuedif it canberedefined
ona null set(a setof measurezero) sothat f ÆQÏ becomesseparable.

In LemmaB.2.5(g) we shall show that a function f : Q » K (or f : Q »Æ�� ∞ ��~ ∞ Ï ) is measurableif f it is Lebesguemeasurable.
Wefollow thestandardconventionto identify functionsequala.e.asmembers

of L. Thus, the elementsof L areactuallyequivalenceclasses.We sometimes
write “ Æ f Ï ” insteadof “ f ”, whenit would otherwisenot beobviousthatwe refer
to theclass,not to thefunction.

Let f 7 L 8 Q;B9 and F 7 ¬:8 B;B3 9 . Then F ; f is measurable(because
F ; sn » F ; f a.e.).If f ± g a.e.,thenF ; f ± F ; g a.e.Thus,wecanfollow the
standardconventionto defineF ;]Æ f Ï : ±�ÆF ; f Ï . Most commonexamplesof this
arethedefinitionsα Æ f Ï : ±·Æα f Ï and Æ f Ïë~#Æ gÏ : ±�Æ f ~ gÏ for f � g 7 L 8 Q;B9 , α 7 K .
We alsoextendto classesany otheroperationsthat canbe well definedthrough
representatives.

For separabilityresultsweshallneedthefollowing:

Lemma B.2.2 Let thesetsAk beat mostcountable8 k 7 N 9 , andlet n 7 N. Then
thesetsA0 � A1 �¤jgjgj�� An, x k Ü NAk, m B Ã A0 oo B hasn elementsr and m B Ã A0 oo B
is finiter areat mostcountable.

For any set A, cardA Ç card2A (recall that 2A is the set of all subsetsof
A). If A and B are nonemptysets, (at least) one of which is infinite, then
card8 A � B9/± maxm cardA � cardB rO± card8 A x B9 . w

(Thecountability claimsareeasilydeducedfrom Theorems2.12and2.13of
[Rud76];thegeneralcardinalityclaimsarealsowell known andfollow from,e.g.,
Theorems176and180,pp.276and280of [Kelley].)

Next we list a few separabilityresultsin order to be able to prove Lemma
B.2.5.

Lemma B.2.3(Separability) LetEn Ã B beseparable for all n 7 N. Then
1Theterm“stronglymeasurable” is sometimesused,but wereserve it for DefinitionF.1.1.



912APPENDIXB. INTEGRATION AND DIFFERENTIATION IN BANACHSPACES

(a) Theclosureandspanof E0 areseparable.

(b) If E Ã E0, thenE is separable.

(c) Theunion x nEn is separable.

(d) If E Ã B is weaklyseparable, thenit is separable.

(e)Subsetsof Rn areseparable.

(e) If Q is separableand f 7 ¬:8 Q � Q¹ 9 , then f ÆQ¹ Ï is separable.

Proof: Let Sn Ã En bedensein En andcountable,for eachn.
(a) The setS0 is densein Ē0 and the setof finite linear combinationsof

elementsof S0 with coefficientsof form r ~ iq (q � r 7 Q) is densein thespanof
E0.

(b) Let S0 ±Im xk r k Ü N. For eachn � k 7 N, choosean elementxn
k 7 En

k : ±m y 7 E oo � xk � y �uÇ 1}�8 n ~ 19 , if such an elementexists. Then the union
S of theseelementsis densein E, becauseif x 7 E and N ¾ 0, we can
choosexk s.t. p x � xk p Ç 1} 2N, so that En

k is nonempty for n Ç 2N, hence� x � x2N
k � z � x � xk ��~)� xk � x2N

k �YÇ 1} N. Thus,S is densein E.
(c) Theunion x nSn is densein x nEn.
(d) Let S Ã E becountableanddensein theweaktopologyof B. Let M be

theclosureof thespanof E. ThenM is weaklyseparable,by (a) (whoseproof
is valid for any topological vectorspace),henceM is separable,by Theorem
3.12of [Rud73],henceE is separable,by (b).

(e) ThecountablesetQn is densein Rn, hence(e) followsfrom (b).
(f) If S Ã Q is dense,then f ÆSÏ�Ã Q¹ is obviously dense. w

Lemma B.2.4 Let B be separable and Ω Ã C. If f 7 ¬:8 Ω; �<8 B � B2 9=9 , then
f 7 ¬:8 Ω; �>8 B � B¹2 9=9 for someseparableclosedsubspaceB¹2 Ã B2.

Proof: Let Ω ¹©Ã Ω and Q Ã B be dense and countable. Then
B¹ ¹2 : ± f ÆΩ ¹	Ï�ÆQÏÊÃ f ÆΩ Ï�ÆBÏ is denseandcountable,by continuity (xk » x & sk »
s ? f 8 sk 9 xk » f 8 s9 x). Consequently, the closedspanB¹2 of B¹ ¹2 is a separable
Banachspace,andit containsf ÆΩ Ï�ÆBÏ , i.e., f 8 s9¦ÆBÏºÃ B¹2 (i.e., f 8 s9 7 �>8 B � B¹2 9 )
for any s 7 Ω. w
Now wearereadyto list thestandardpropertiesof Bochnermeasurability:

Lemma B.2.5(Bochner Measurability) Let fn � g � h : Q » B bemeasurable(n 7
N) andα � β 7 K .

(a1)Thefunctionαg ~ βh is measurable.

(a2) If T 7 �>8 B � B2 9 (or T 7 ¬:8 B � B2 9 ), thenTg is measurable.

(a3) If f : Q » �>8 B � B2 9 is measurable, thensois f ¢ .
(a4) If also f : Q » B2 is measurable, thensois 8 f � g9 : Q » B � B2.

Thus,thenB 8 f � g9 : Q » B3 is measurablefor anycontinuous B : B � B2 »
B3.
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(b1)A function f : Q » B is measurable iff Λ f is measurable for all Λ 7 B ¢ (or
for all Λ in a normingsubsetof B ¢ ) and f is almostseparably-valued.

(b2)A function f : Q » B is measurable iff somesequenceof countably-valued
measurable functionsconvergesto f uniformlyoutsidesomenull set.

(b3) Let f : Q » B. Then(i) ? (ii) ? (iii); if B is separable, then(i)–(iii) are
equivalent:

(i) f is measurable;
(ii) the set f ³ 1 ÆV Ï : ± m q 7 Q oo f 8 q9 7 V r is measurable for each open

V Ã B;
(iii) Λ f is measurable for all Λ 7 B ¢ .

Thisholdsalsowith Æ�� ∞ ��~ ∞ Ï in placeof B.

(c) If fn : Q » B (n 7 N) are measurable and fn 8 t 90» f 8 t 9 for a.e. t 7 Q, then
f is measurable.

(d1)LetQn Ã Q bemeasurable for all n 7 N andQ ±)x n Ü NQn. Thenf : Q » B
is measurable iff f pQn

is measurable Qn » Q for all n 7 N.

(d2) If B2 is a closedsubspaceof B and f Q Ã B2, then f is measurableQ » B2

iff f is measurableQ » B.

(d3) A function f : Q » B1 � B2 �´jgjgj�� Bk is measurable iff f j is measurable
for j ± 1 �gÞgÞgÞÍ� k.

(e) Anycontinuous functionQ » B is measurable if Q is separable andµ is a
Borel measure (e.g., µ ± m andQ Ã Rn is measurable).

(f) If B ± K , then 8 Reg9 ì , 8 Img9 ì aremeasurable.

(g) Let n 7 N ~ 1. A function f : Q » K n is Bochnermeasurable iff each of its
componentsis Lebesguemeasurable.

In (a4) themapB canbemultiplication, innerproduct,a continuous bilinear
map,or similar. By (a2), � g � B : Q »LÆ 0 � ∞ 9 is measurable.

Note for (d1) that the restrictionof µ to somemeasurableQ ¹ Ã Q is alsoa
completepositive measure.Note alsothat condition(ii) in (b3) dependson $
(andB) only, whereasconditions(i) and(iii) dependon themeasuretoo.

SeeLemmaB.4.10for themeasurability of f ; φ with φ 7 ¬ 1 increasing.
By (d1), piecewise continuous functions are Borel-measurable(hence

Lebesgue-measurableif Q Ã Rn with Rn’s topology).
Proof of Lemma B.2.5: (a)&(d) Choosegn » g and hn » h (a.e.) as

in the definition of measurability. Then αgn ~ βhn is countably-valued and
measurablefor all n 7 N andconvergesto αg ~ βh a.e.Theproofsof (a2),(a3),
(d1), (d2)and(d3)aremoreor lessanalogous.

Notefor (d1) that $ Qâ : ±)m E 7 $ oo E Ã Q¹ r is aσ-algebraonQ¹ , andµ p @ Qâ
is acomplete,positivemeasureonµQâ .

(Claim (a3) is a specialcaseof (a2), it holdsto bothHilbert spaceadjoint
f ¢ : Q »¶�>8 B2 � B9 (in casethatB andB2 areHilbert spaces)andto theBanach
spaceadjoint f ¢ : Q »Ö�>8 B¢2 � B¢A9 (and to any other continuousinvolution
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operator). Claim (a2) holds even when T is only continuousfrom B to the
weaktopologyof B2 (use(b1)andLemmaB.2.3(d)).)

(b1)Withoutour referenceto normingsets,theproofonpp.72–73of [HP]
applies.Assumethenthat f is almostseparably-valuedandΛ f is measurable
for all Λ 7 C, whereC Ã B¢ is a norming set.

Redefine f onanull setsothat f ÆQÏ is separable,andreplaceBby theclosed
spanof f ÆQÏ , which is separable.Let S Ã B be dense,andchoosecountable
C¹ Ã C s.t. � x � B ± supΛ Ü Câ pΛx p for all x 7 S Then � x � B ± supΛ Ü Câ pΛx p for all
x 7 B. It follows that � f 8 t 9¦� B ± supΛ Ü Câ pΛ f 8 t 9 p for all t 7 Q, therefore, � f � B
is measurable;analogously, so is � f � x � B for any x 7 B. Thus,therestof the
proofonpp.72–73of [HP] is valid.

(b2)This is Corollary1 onp. 73of [HP].
(b3) Thesecondclaim follows from thefirst and(b1), sowe only needto

prove thefirst claim.
1ã (i)

Â
(ii)
Â

(iii) for B ± K and for B ±IÆ�� ∞ ��~ ∞ Ï : This canbe deduced
from Theorems1.14and1.17of [Rud86](notethat(i)

Â
(iii) is trivial, because

K ¢h± K ).
2ã (ii) ? (ii i): If f satisfies(ii), Λ 7 B ¢ , andV Ã K is open,then 8 Λ ; f 9¦ÆV Ï�±

f ³ 1 ÆΛ ³ 1 ÆV Ï�Ï is measurable,becauseΛ ³ 1 ÆV Ï is open.Thus,Λ f is measurable,
by 1ã .

3ã (i) ? (ii): Assume(i), so that somesequencem sn r of countably-valued,
measurablefunctionsconverge to f everywhere(redefinesn and f to be zero
on a null set, if necessary).Let V Ã B be open,anddefineF 7 ¬:8 B;K 9 by
F 8 x9 : ± d 8 x � Vc 9 : ± infy Ü Vc � x � y � B. ThenF ; sn » F ; f everywhere,hence
F ; f 7 L 8 Q9 , becauseF ; sn is countably-valuedandmeasurablefor all n 7 N.

Therefore,theset f ³ 1 ÆV Ï�± f ³ 1 ÆF ³ 1 ÆK s m 0 rëÏ�Ï�±
8 F ; f 9t³ 1 ÆK s m 0rëÏ isopen,
becauseF ; f satisfies(ii), by theimplication “(i) ? (ii)” of 1 ã .

4ã (iii) ? (i) for separable B: This followsfrom (b1).
(Note that I : B » B satisfies(ii) but not (i) if B is anunseparableBanach

spacewith thecountingmeasure.)
(c) By Theorem1.14 of [Rud86], Λh is measurable,so we only have to

show thath is almostseparably-valued.
Choosea null setN Ã Q s.t. hn 8 t 9a» h 8 t 9 for t 7 Nc. For eachn, choose

a null setNn s.t.hn ÆNc
n Ï is separable.Let N ¹ : ± N x¡x nNn, Q¹ : ± Q s N ¹ . Then

E : ±*x nhn ÆQ¹	Ï is separable,hencesois theclosedsubspaceM of B spannedby
E. But h 8 t 90± limnÐÑ¼ ∞ hn 8 t 9 7 M for eacht 7 Q¹ , henceh is almostseparably-
valued.

(e) By LemmaB.2.3(e), f ÆQÏ is separable.Becausef ³ 1 ÆV Ï is open,hence
measurablefor eachopenV Ã B, f is measurable,by (b3).

(f) By (a2),Reg andImg aremeasurable;by SectionB.1, soare 8 Reg9 ì ,8 Img9 ì .
(g) This follows from (b3). w

The rest of this sectionconsistsof lessimportantresults,hencethe reader
mightwish to skip them.
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We will usethe following lemmato generalizeseveral scalarresultsto the
vector-valuedcase.

Lemma B.2.6 Let f beBochnermeasurable. Then f ± 0 a.e. iff Λ f ± 0 a.e. for
all Λ 7 B¢ (or for all Λ in a normingsubsetof B ¢ ).

If f is only “weakly vectormeasurable”,i.e.,Λ f is measurablefor all Λ 7 B ¢ ,
thenwe mayhave Λ f ± 0 a.e.for all Λ 7 B¢ eventhough f �± 0 everywhere(set
f 8 t 9 : ± et , where m et r t Ü R is thenaturalbaseof B : ±�À 2 8 R 9 (i.e.,et : ± χ í t î ), sothat
for any y : ± ∑k αketk 7 À 2 8 R 9 wehave � f 8 t 9q� y� B ± 0 for t �7 x k m tk r ).

Proof of Lemma B.2.6: Thenecessityis clear, sowe assumethat � f �]|
ε ¾ 0 on E Ã R andm8 E 9a¾ 0, andfind Λ 7 B ¢ s.t.Λ f �± 0 ona setof positive
measure.

W.l.o.g. we assumethat f ÆE Ï hasa densecountablesubsetm bk r k Ü N. For
somek 7 N, we have m8 Ak 9]¾ 0, whereAk : ±Im r 7 E oo � f 8 r 9/� bk �ÑÇ ε } 3 r .
If pΛbk p ¾�� bk ��} 2 and � Λ � z 1, then pΛ f 8 r 9 p ¾ pΛbk p � ε } 3 ± : M ¾� bk ��} 2 � ε } 2 ¾ 0 for r 7 Ak. Thus, � Λ f � ∞ | M ¿ 0. w
For x 7 B andr ¾ 0 we setDr 8 x9 : ±ym x¹ 7 B oo � x � x¹��YÇ r r .

Lemma B.2.7(Essrange8 f 98 f 98 f 9 ) Let f : Q » B bemeasurable. Then

essrange8 f 9 : ±ym x 7 B oo r ¾ 0 ? µ 8 f ³ 1 ÆDr 8 x9�Ï�9h¾ 0 r (B.3)

is closedand µ 8 f ³ 1 Æ essrange8 f 9 c Ï�9R± 0. Moreover, essrange8 f 9 is the smallest
setwith theseproperties.

Proof: Oneeasily verifies that E f : ± essrange8 f 9 is closed. We assume
w.l.o.g. (seeLemmaB.2.5(b1))that B is separable.Let m xk r be densein Ec

f .

For eachk, setrk : ± supm r ¾ 0 oo µ 8 f ³ 1 ÆDr 8 xk 9�Ï�9a± 0 r . Obviously, Ec
f Ã V : ±x kDrk � 2 8 xk 9 ; but µ 8 f ³ 1 ÆV Ï�9$± 0, becauseµ 8 f ³ 1 ÆDrk � 2 8 xk 9�Ï�9$± 0 for all k; hence

µ 8 f ³ 1 ÆEc
f Ï�9/± 0.

By the definition of E f , the set Ec
f containsany open set G Ã B s.t.

µ 8 f ³ 1 ÆGÏ�9/± 0, i.e.,Ec
f is thebiggestof suchsets. w

Lemma B.2.8 Let f : Q » B bemeasurable.

(a) If µ 8 Q9/¾ 0, thenthereis a0 7 Q s.t.for each ε ¾ 0 wehaveµ 8 Aε 9/¾ 0, where
Aε : ±ym a 7 Q oo � f 8 a9'� f 8 a0 9-� B Ç ε r .

(b) If(f) f is not zero a.e., thenthere are A Ã Q andΛ Ã B ¢ s.t.µ 8 A9Ì¾ 0 and
ReΛ f ¾ 1 onA.

If, in addition,B0 is a closedsubspaceof B andµ 8 E 9R¾ 0, where E : ±£m t 7
Q oo f 8 t 9]}7 B0 r , thenwecanchooseΛ andA sothatΛ ± 0 onB0.

Proof: (a) Chooseany a0 7 f ³ 1 Æ essrange8 f 9�Ï .
(b) If B0 hasnot beengiven, setB0 ±Im 0 r . Choosen 7 m 1 � 2 � 3 �kÞgÞgÞ�r s.t.

An : ± m q 7 Q oo d 8 f 8 q9q� B0 9X¾ 1} n r hasapositivemeasure.Choosethena0 7 An
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for f p An
andε : ± 1} 2n asin (a). ThenV : ±·m b 7 B oo � b � f 8 a0 9-� B Ç 1} 2n r is

convex, openandnonempty, V l B0 ± /0, A¹0 : ± f ³ 1 ÆV Ï hasa positive measure
(by (a), becauseA0 ± A¹0 l An), andalsoB0 is convex andnonempty, hence
thereareΛ 7 B¢ andγ 7 R s.t.

ReΛx Ç γ z ReΛy for all x 7 V � y 7 B0 � (B.4)

by Theorem3.4 of [Rud73]. Thus, Λ ÆB0 Ï is a propersubspaceof K , hence
Λ ÆB0 Ï ±£m 0 r . Find k 7 m 1 � 2 � 3 �kÞgÞgÞ�r s.t.A : ±£m a 7 A¹0 oo ReΛ f 8 a9aÇ � 1} k r hasa
positivemeasure,andthenreplaceΛ by � kΛ. w
Thefollowing resultcanbeusedfor convolutions:

Lemma B.2.9 Let f : Rn » B bemeasurable. Then 8 r � s90�» f 8 r � s9 is measur-
ableRn � Rn » B.

Proof: Let sn 8 r 9a» f 8 r 9 , asn »�~ ∞, for all r 7 Rn s N, wherem8 N 9a± 0
andsn is countably-valuedandmeasurable(n 7 N) (seeDefinition B.2.1). We
mayanddorequirethatsn ± ∑∞

k � 0xn
kχEn

k
whereEn

k is Borelmeasurablefor each
k � n (by redefiningeachsn onanull set).

SetN2 : ±)mB8 r � s9[oo r � s 7 N r . Then(seeTheorems8.11and8.12of [Rud86])

m8 N2 90±3	
Rn

	
Rn

χN2
8 r � s9 dr ds ±�	

Rn
	

Rn
χs¼ N 8 r 9 dr ds ± 0 Þ (B.5)

But sn 8 r � s9h» f 8 r � s9 for all 8 r � s9 7 Nc
2, and 8 r � s90�» sn 8 r � s9 is countably-

valuedandBorelmeasurable,because8 r � s9$�» r � s is aBorel function. w
(Seethenotesonp. 947.)
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B.3 Lebesguespaces (L p ( Q * µ;B . )
If Godis perfect,whydid Hecreatediscontinuousfunctions?

In this section,we first definetheL p spaces(“Lebesguespaces”)andthengo
on to prove several technicalresults,someof which areconsideredto be well-
known althoughnoteasilyfoundin theliterature.

Thecontinuity of �0j{� B : B »KÆ 0 ��~ ∞ Ï impliesthat if f is measurable,thenso
is � f � B. Thuswecanmake thefollowing definition:

Definition B.3.1(Lp 8 Q;B9Lp 8 Q;B9Lp 8 Q;B9 ) Let 1 z p z ∞. Lp 8 Q;B9 : ± L p 8 Q � µ;B9 is thespace
of (equivalenceclassesof) measurablefunctionsf : Q » B whosenorm � f � p : ±�0� f 8kjC9-� B � Lp � Q� is finite. WesetL p 8 Q � µ9 : ± L p 8 Q � µ;K 9 .

If B is a Hilbert space, thenwe set � f � g� L2 : ± � Q � f � g� Bdµ. By À p 8 Q;B9 we
meanLp 8 Q;B9 with thecountingmeasure.

If compactsubsetsof Q aremeasurable, thenweset

Lp
loc 8 Q � µ;B9 : ±ym f 7 L 8 Q;B90oo � f � Lp � K D µ;B � Ç ∞ for all compactK Ã Q r�Þ (B.6)

If, in addition, Q is σ-compact,thenweequipL p
loc with the topology inducedby

the seminorms� f � Lp � K D µ;B � (seeTheorem 1.37 of [Rud73]); in particular, then
fn » f in L p

loc if � fn � f � Lp � K D µ;B � » 0 for all compactK Ã Q (and fn � f 7 Lp
loc

for all n).

Note that � f � p ± 0 iff f ± 0 a.e.,i.e., if Æ f Ï[±ÿÆ 0Ï . Thus, �aj�� p becomesa
normon L p (with equivalenceclassesaselements).We definethe“quasinorms”� f � p : ± � � Q � f � pBdµ� 1� p

for p 7 8 0 � 19 too (but thevectorspacesL p, p 7 8 0 � 19
arenot normedspaces,cf. [Rud73]). Thetopology of L p

loc is only rarelyneeded,
hencethereadermaywell skipit; theresultingconvergenceconditiongiven at the
endof theabovedefinitionis only slightly moreuseful.

Obviously, L p 8 Q;B9YÃ Lp
loc 8 Q;B9E8 p 7 Æ 1 � ∞ Ï�9 . If µ 8 K 9®Ç ∞ for all compact

subsetsof Q, then L p
loc 8 Q;B9ÑÃ Lr

loc 8 Q;B9 (∞ | p | r | 1), by the Hölder
inequality; if, in addition, Q or B is separableand µ is a Borel-measure,then¬:8 Q;B9ÌÃ Lp

loc 8 Q;B9 . Oneusuallyequips ¬F8 Q;B9 with L∞
loc 8 Q;B9 topology, but

wedonotneedthis.

Theorem B.3.2 ThespaceLp 8 Q;B9 is a Banach space(a Hilbert spaceif p ± 2
and B is a Hilbert space). If fn » f in L p, then somesubsequenceof m fn r
convergesto f a.e.

If Ω Ã Rn isopenandµisaBorelmeasureonΩ, thenL p
loc 8 Ω � µ;B9 isaFréchet

space(hencea completemetricTVS).

Notethat if fn » f in L p, fn » g in Lq and fn » h a.e.pointwise,asn » ∞,
then f ± g ± h a.e.(take a subsequenceof m fn r converging pointwise a.e.to f
andg).

Proof: 1ã Theproofof thefirst paragraphis identicalto thescalarcase(e.g.,
[Rud86,Theorems3.11& 3.12]),andhenceomitted.
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2ã Claimson L p
loc: Let m Kk r k Ü N beasin LemmaA.2.3. Oneeasilyverifies

that the norms �hj�� Lp � Kk;B� generatethe topology of L p
loc 8 Ω;B9 ; in particular,

Lp
loc is metrizable,by Remark1.38(c)of [Rud73].

Let m fn r be a Cauchy-sequencein Lp
loc. Then m fn r hasa limit f k in each

Lp 8 Kk � µ;B9 . Set f : ± ∑k χKk G Kk à 1 f k. Obviously, f ± f k a.e.on eachKk and
f 7 L 8 Ω;B9 , hencefn » f in eachLp 8 Kk;B9 , sothat fn » f in L p

loc. Becausem fn r wasarbitrary, Lp
loc is complete. By Theorem1.37of [Rud73], L p

loc is a
Fréchetspace(i.e.,acompletelocally convex metrizableTVS). w
Also most other standardanalysisresultsextend to the vector-valuedcase;

in particular, standardpropertiesof L p 8 K 9 spaces(e.g., reflexivity (when 1 Ç
p Ç ∞) and separability(when 1 z p Ç ∞)) are inherited by L p 8 Rn;B9 if(f)
also B possessesthe sameproperty; see[DU]. The most important exceptions
(fortunatelynot muchneededin this monograph)are that the dual of L p 8 Q;B9
neednot be Lq 8 Q;B¢A9 (see[DU, TheoremIV.1.1, p. 98]; cf. LemmaB.4.15),
andthatanabsolutelycontinuousmeasures(andfunctions)with valuesin B need
not be differentiable,unlessB is a Radon–Nikodymspace(andµ is σ-finite and
1 z p Ç ∞). For mostpurposes,it sufficesto know thatHilbert spacesandother
reflexivespacesareRadon–Nikodymspaces[DU, p. 61,p. 98& p. 82].

Derivativesaredefinedasin thescalarcase:

Definition B.3.3(d f
dt
d f
dt
d f
dt ) Let J be an interval of R. The derivative of a function

f : J » B at t 7 J is

f ¹ 8 t 9 : ± lim
hÐ 0 D t ¼ h Ü J f 8 t ~ h9'� f 8 t 9

h
Þ (B.7)

Let Ω Ã Rn beopen,n 7 N ~ 1, q 7 Ω, j 7 m 1 � 2 �kÞgÞgÞÍ� n r . Thenthe jth partial
derivative 8 D jg9H8 q9 : ± g j 8 q9 of g : Ω » B at q is thederivativeof h �» g 8 q ~ hej 9
at 0.

If g has all n partial derivativesat q [and they are continuous], then g is
[continuously] differentiableat q. If g is [continuously] differentiable at each
pointof Ω, theng is [continuously] differentiable (onΩ).

Thepartial derivativesof g of orderk 7 N are the functionsDα1
1 jgjgj Dαn

n g for
which α 7 Nn, ∑n

j � 1α j ± k. If all partial derivativesof g of order k exist [at q],
theng is k timesdifferentiable[at q].

(Hereej is the jth unit vector(e1 : ±38 1 � 0 � 0 �gÞgÞgÞÍ� 09 , e2 : ±38 0 � 1 � 0 � 0 �gÞgÞkÞg� 09 , ...).)
Obviously, the definition of f ¹�8 t 9 implies that 8 T f 9Í¹�8 t 9®± T 8 f ¹%8 t 9=9 for T 7�>8 B � B2 9 whenever f ¹�8 t 9 exists. Note that we allow one-sidedderivativesat the

endpointsof J (if they belongto J).
Let Q be a topological space. The space ¬:8 Q;B9 is the vector spaceof

continuousfunctions f : Ω » B. We equipthe following subspacesof ¬:8 Q;B9
(see p. 1045 for details) with supremumnorm f �» supq Ü Q � f 8 q9-� B: ¬ b ( f
bounded), ¬ bu ( f boundedand uniformly continuous; this requiresthat Q is
metric), ¬ 0 : ±�m f 7 ¬ b oo for any ε ¾ 0, thereis compactK Ã Q s.t. � f �ùÇ ε on
Q s K r (often called as “the functionsvanishing at infinity”), and ¬ c : ± m f 7¬ oo suppf is compactr . Obviously, ¬ c Ã ¬ 0 Ãy¬ b Ã ¬ .
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Let Ω 7 Rn be open (or an interval). Let I be one of the symbols¬¯�a¬ b �h¬ bu �h¬ 0 �h¬ c. Thenweset I 0 : ±�I , I k ¼ 1 8 Ω;B9 : ± m f 7 IJ8 Ω;B9 oo D j f 7I k 8 Ω;B9 for all j 7 m 1 � 2 �gÞgÞkÞg� n rÊr (whenk 7 N), I ∞ 8 Ω;B9 : ± l k Ü N I k 8 Ω;B9 .
Lemma B.3.4( ¬ c Ã ¬ 0 Ãy¬ bu Ãy¬ b¬ c Ãy¬ 0 Ãy¬ bu Ã ¬ b¬ c Ãy¬ 0 Ã ¬ bu Ã ¬ b) Let Ω be a metricspace. Then ¬ c 8 Ω;B9ÌÃ¬ 0 8 Ω;B9RÃ£¬ bu 8 Ω;B9RÃ�¬ b 8 Ω;B9 ; thespaces¬ 0, ¬ bu and ¬ b are Banach spaces
(underthesupremumnorm),and ¬ c is densein ¬ 0.

Proof: 1ã Claims ¬ c 8 Ω;B9ùÃ�¬ 0 8 Ω;B9ÑÃ ¬ bu 8 Ω;B9ùÃ�¬ b 8 Ω;B9 : These
are obvious except the uniform continuity of function f 7 ¬ 0 8 Ω;B9 . Given
f 7 ¬ 0 8 Ω;B9 and any ε ¾ 0, set K : ±Im q 7 Ω oo � f 8 q9-�v| ε } 3 r , so that K is
a closedsubsetof a compactset, hencecompact. Analogously, K ¹ : ±Im q 7
Ω oo � f 8 q9-�O| ε } 2 r is compact.SinceK ¹'Ã V : ±�m q 7 Ω oo � f 8 q9-�]¾ ε } 3 rïÃ K
andV is open,wehaveδ ¹ : ± d 8 K ¹�� Kc 9a| d 8 K ¹á� Vc 9a¾ 0, by LemmaA.2.1(c).

Chooseδ ¾ 0 s.t. � f 8 q9�� f 8 q¹K9-� B Ç ε for all q � q¹ 7 K s.t.d 8 q � q¹L9$Ç δ. Then,
given q � q¹ 7 Ω s.t.d 8 q � q¹L9aÇ min 8 δ � δ ¹K9 , wehave � f 8 q9'� f 8 q¹M9-� B Ç ε.

Indeed,if q �7 K, thenq¹N�7 K ¹ , hencethen � f 8 q9º� f 8 q¹L9-� B Ç ε } 3 ~ ε } 2 Ç ε;
the casewith q¹O�7 K is analogous,and the caseq � q¹ 7 K follows from the
definitionof δ.

2ã Thecompletenessof ¬ 0, ¬ bu and ¬ b: Let m fn r bea ¬ b-Cauchy-sequence.
Thenso is m fn 8 q9tr , hence f 8 q9 : ± limnÐ ∞ fn 8 q9 7 B exists, for eachq 7 Q.
Givenε ¾ 0, thereis N 7 N s.t. � fn � fm �QP b : ± supq Ü Q � fn 8 q9�� fm 8 q9-� B Ç ε } 2
for all n � m | N, so that supq Ü Q � limnÐ ∞ fn 8 q9/� fm 8 q9-� B z ε } 2 Ç ε for all
m | N. Consequently, fm » f uniformly asm » ∞. As oneeasilyverifies,it
follows that f is continuous andbounded.hencefn » f in ¬ b.

If fn 7 ¬ 0 for all n, then,for eachε ¾ 0 wecanchooseN s.t. � fN � f �RÇ ε } 2
andK s.t. � fN �®Ç ε } 2 onKc, sothat � f �®Ç ε } 2 ~ ε } 2 onKc; thus,then f 7 ¬ 0.

Finally, assumethat fn 7 ¬ bu for eachn. Given ε ¾ 0, chooseN s.t.� fN � f �]Ç ε } 3, andchoosethenδ ¾ 0 s.t. � fN 8 q9�� fN 8 q¹L9-�OÇ ε } 3 whenever
q � q¹ 7 Ω, d 8 q � q¹L9vÇ δ. Then � f 8 q9X� f 8 q¹L9-� z ε } 3 ~ ε } 3 ~ ε } 3 whenever
q � q¹ 7 Ω, d 8 q � q¹M9aÇ δ. Thus,then f 7 ¬ bu.

3ã®¬ c is densein ¬ 0: (ThisholdsalsowhenΩ is alocally compactor normal
(possibly non-metrizable)Hausdorff space.)

Let f 7 ¬ 0 8 Ω;B9 and ε ¾ 0. ChooseK � K ¹�� δ ¹ as in 1ã . Setg 8 q9 : ± 1 in
K ¹ andg 8 q9 : ± 0 in Kc, so that g 7 ¬:8 K ¹¦x Kc �tÆ 0 � 1Ï�9 . By Tietze’s Extension
Theorem[Kelley], g hasanextension h 7 ¬:8 Ω; Æ 0 � 1Ï�9 . But supph Ã K, hence
h 7 ¬ c 8 Ω 9 . It followsthathf 7 ¬ c 8 Ω;B9 and � hf � f � z ε } 2 (sincehf ± f on
K ¹ and � hf � f � z � f �§Ç ε } 2 on 8 K ¹K9 c). Since f 7 ¬ 0 8 Ω;B9 andε ¾ 0 were
arbitrary, ¬ c is densein ¬ 0. w
Thesequencespacescc (of finite sequences)andco (of vanishingsequences)

aresometimesneeded;webriefly introducethembelow asspecialcasesof ¬ c and¬ 0.

For any setQ, the functiond 8 q � q¹M9 : ±2R 1 D whenq S� qâ ;
0 D whenq � qâ is a metric,calledthe

discretemetric of Q. In the correspondingdiscrete topology every subsetof Q
is open,henceevery function Q » B is continuous. A subsetof Q is compact
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iff it is finite. We setco 8 Q;B9 : ±�¬ 0 8 Q;B9 andcc 8 Q;B9 : ±�¬ c 8 Q;B9X±·m f : Q »
B oo f 8 q90± 0 exceptfor finitely many q 7 Q r , whereQ is equippedby its discrete
topology. (Recall that emptyset is finite, i.e., 0 7 cc 8 Q;B9 (for Q �± /0).) Thus,
co 8 Q;B9 is the closureof cc 8 Q;B9 underthe supremumnorm (i.e., in À ∞ 8 Q;B9 ,
thesetof boundedfunctionsQ » B), by LemmaB.3.4.

Thefollowing two lemmascontainimportantfacts:

Lemma B.3.5( f ¹f ¹f ¹ is measurable) Let J Ã R bean interval andlet f : J » B be
Lebesguemeasurable. If f ¹�8 t 9 existsfor a.e. t 7 J, then f ¹ is Lebesguemeasurable.w

(This followsfrom LemmaB.2.5(c).)

Lemma B.3.6 Let p 7 Æ 1 � ∞ Ï . If f 7 Lp 8 Q;B9 and T 7 �<8 B � B2 9 , then T f 7
Lp 8 Q;B2 9 . If F 7 Lp 8 Q; �>8 B � B2 9=9 , thenF ¢ 7 Lp 8 Q; �>8 B¢2 � B¢A9=9 . w

(This follows easily from Lemma B.2.5(a2)&(a3). This implies that the
Bochnerintegral is aspecialcaseof socalledPettisintegral.)

A casualreadermight wishskip therestthissectionexceptLemmaB.3.9and
TheoremB.3.11(a1)&(b1).Most otherresultsbelow arerathertechnicalandless
oftenneeded.

Most “L p mass”of aLp functionliesonacompactset(unlessp ± ∞):

Lemma B.3.7 Let f 7 Lp 8 Rn;B9 and p 7 8 0 � ∞ 9 , or f 7 ¬ 0 8 Rn;B9 and p ± ∞.
Then � χ í q Ü Rn oo Îq Î � Rî f � p » 0 as R » ∞. In particular, for any ε � r ¾ 0, there is

R ¾ 0 s.t. � χ í q Ü Rn oo Îq Î � r î τs f � p Ç ε for s 7 Rn s.t. p s p ¾ R. w
(This follows from the (scalar)MonotoneConvergenceTheorem(note thatpq ~ s p ¾ R � r when pq pëz r), exceptin the(trivial) ¬ 0 case.)

Corollary B.3.8(π ¼ τt f » 0π ¼ τt f » 0π ¼ τt f » 0) Let f 7 Lp 8 R;B9 and1 z p Ç ∞.
Then τt f » τT f in L p, as t » T 7 R, and π Ý ³ T D t � f » f , π Ý 0 D t � f » π ¼ f ,

π Ý 0 D t à 1 � f » 0 andπ ¼ τ 8 t 9 f » 0 in L p, ast � T »Ó~ ∞.
If g 7 Lp

loc 8 R;B9 , then � π ¼ τ ³ tg � p »Ö� g � p ast »Ó~ ∞. w
(Oneobtainsthiseasilyfrom LemmaB.3.7.)

Lemma B.3.9 Let p 7 Æ 1 � ∞ 9 and f 7 L p 8 Rn;B9 . Then� f � τ 8 h9 f � p » 0 ash » 0 in Rn Þ (B.8)

Proof: By uniform continuity, (B.8) holdsfor f 7 ¬ c 8 Rn;B9 . For general
f 7 Lp andε ¾ 0, chooseφ 7 ¬ c s.t. � f � φ � p Ç ε } 3, andthenchooseδ ¾ 0 s.t.� φ � τ 8 h9 φ � p Ç ε } 3 for ph p Ç δ. Then � f � τ 8 h9 f � p Ç ε } 3 ~ ε } 3 ~ ε } 3 ± ε forph p Ç δ. w
Characteristicfunctionscanbeapproximatedby smoothfunctions:



B.3. LEBESGUESPACES(LP 8 Q � µ;B9 ) 921

Lemma B.3.10 If K Ã Ω Ã Rn, K is compact,andΩ is open,there is φ 7 ¬ ∞
c 8 Ω 9

s.t.χK z φ z χΩ.
If Ω ¹ Ã Rn is open, E Ã Ω ¹ Ã Rn, m8 E 9ùÇ ∞, p 7 Æ 1 � ∞ 9 , [and w | 0 is

L1 on a neighborhoodof E], and ε ¾ 0, thenwe can chooseK and Ω so that
K Ã E Ã Ω Ã Ω ¹ andm8 Ω s K 9ÌÇ εp [ � Ω G K wdm Ç εp] to obtain � χE � φ � p Ç ε
[ � χE � φ � Lp � Ω D wdm� Ç ε].

Notethatφ is infinitely differentiableandwith a compactsupportÃ Ω, φ ± 1
onK, and0 z φ z 1. Herew is anonnegativeweightfunction,i.e.,wereferto the
measureE �» � E wdm.

Proof: (We only sketchtheproof; see[Adams,Section2.17] for detailson
mollifiers.)

1ã w T 1: Becauser : ± d 8 K � Ωc 9R¾ 0, we cansetK ¹ : ±�m x 7 Ω oo d 8 x � K 9 z
r } 2 r , andthentakeφ : ± φk U χK â for somelargek, where m φk r§Ã ¬ ∞

c converges
to thedeltadistribution δ0.

Thelastclaim follows from theregularityof m [Rud86,Theorem2.20].
2ã Thegeneral case:Let w 7 L1 8 Ω ¹ ¹L9 , whereE Ã Ω ¹ ¹¸Ã Ω andΩ ¹ ¹ is open.

By [Rud86,Exercise1.12], � Ω G K wdm Ç εp, whenm8 Ω s K 9 is smallenough.
Consequently, 	

Ω pχE � φ p pwdm z 	
Ω

wdm Ç εp Þ (B.9)w
The spaceof simple L p functions(as well as ¬ ∞

c ) is densein L p, even in
Lp1 l Lp2 l jgjgj l Lpn (andevenwith differentweightfunctions),whenp Ç ∞:

Theorem B.3.11( ¬ ∞
c is densein Lp¬ ∞
c is densein Lp¬ ∞
c is densein Lp) Let Ω Ã Rn beopenand1 z p Ç ∞.

(a1) SimpleL p functionsare densein L p 8 Q;B9 , and countably-valuedL∞

functionsaredensein L∞ 8 Q;B9 .
(a2) If we are given n 7 N ~ 1, exponentsp1 �gÞgÞgÞÍ� pn 7 Æ 1 � ∞ 9 and ε ¾ 0,

then, for any f 7 l n
k � 1Lpk 8 Q;B9 , there is a simple function s 7 L p s.t.� f � s � Lpk � Q;B� Ç ε.

(a3) At least in (a1)–(b2)and (d), givena densesubspace B0 of B, we may
choosethe(densesetof) functionssothat they havetheir valuesin B0.

(b1)Finite-dimensional¬ ∞
c 8 Ω;B9 functionsaredensein L p 8 Ω;B9 .

(b2) If we are givenn 7 m 1 � 2 �kÞgÞgÞ�r , exponentsp1 �gÞgÞgÞk� pn 7 Æ 1 � ∞ 9 , nonnegative
(weight) functionsw1 �gÞgÞgÞÍ� wn 7 L1

loc 8 Ω;B9 , and ε ¾ 0, then, for any f 7l n
k � 1Lpk 8 Ω � wkdm;B9 , there are a simple function s 7 L p and a finite-

dimensional¬ ∞
c 8 Ω;B9 functionφ s.t.� f � s � Lpk � Ω D wk dm;B � Ç ε and � f � φ � Lpk � Ω D wk dm;B � Ç ε for all k 7 m 1 �gÞgÞkÞg� n r�Þ

(B.10)

(b3) m φ 7WV 8 R;B9[oo Ôφ 7 ¬ ∞
c 8 iR;B9tr is densein L p 8 R;B9 .

(c) Theclosureof ¬ c 8 Q;B9 in L∞ is ¬ 0 8 Q;B9 whenQ is metrizable.
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(d) Theclosureof simplemeasurable functionsin L∞ 8 Q;B9 equals

L∞
K 8 Q;B9 : ±#m f 7 L∞ 8 Q;B9/oo there is a compactK Ã B s.t. f 8 q9 7 K for a.e. q 7 Q r�Þ

(B.11)

Wehave ¬ 0 8 Q;B9XÃ L∞
K 8 Q;B9 whenQ is metrizable. Moreover, L∞

K 8 Ω;B90±
L∞ 8 Ω;B9 iff dimB Ç ∞, andL∞

K 8 Q;B9/± L∞ 8 Q;B9 if dimB Ç ∞.

(By usingmollifiersonecouldobtainfurtherdensityresults;cf. pp.29–52of
[Adams].)

Recallthatsimplemeansfinite-valued,hences is a simpleL p 8 Q;B9 function
if f s ± ∑n

k � 0χEk
xk for somen 7 N, m xk rùÃ B, Ek ÃX$ , and � s � p Ç ∞.

Proof: (a1)1ã Casep ± ∞: This follows from LemmaB.2.5(b2).
2ã Casep Ç ∞: Let f 7 Lp 8 Q;B9 andε ¾ 0. By Theorem3.13of [Rud86],

thereis a simple functions : Q » R ¼ s.t. �Ê� f � B � s � p Ç ε } 3. SetK : ±�m q 7
Q oo s8 q9Y�± 0 r , sothatm8 K 9hÇ ∞ and � f � ñf �¯Ç ε } 3, where

ñ
f : ± f χK 7 Lp. By

the (scalar)Monotone ConvergenceTheorem,we have
ñ
f χ í � f � � n î » ñf in L p,

asn » ~ ∞, henceg : ± f χKχ í � f � � M î satisfies� f � g �RÇ ε } 4 for M big enough.
Notethat � g � ∞ z M.

By 1ã , thereis a (countably-valuedmeasurable)functionh ± ∑∞
k � 1bkχEk

:
K » B (bk 7 B, Ek Ã K measurableanddisjoint, χEk

its characteristicfunction
for eachk) s.t. � g � h � ∞ is arbitrarilysmall.Becausem8 K 9hÇ ∞, it follows that
wecantake � g � h � p arbitrarilysmall,say Ç min 8 ε } 4 � 19 (and,simultaneously� h � ∞ z M ~ 1 Ç ∞).

By applying the (scalar)dominatedconvergencetheoremto � h � pB (with
the constantfunction M ~ 1 7 L1 8 K 9 as the majorant),we seethat � K � h �
∑n

k � 1bkχEk
� pBdm Ç�8 ε } 49 p for somen. Thus, � f � ∑n

k � 1bkχEk
� p Ç 3ε } 4 Ç ε.

(b1) By LemmaB.3.10, we may approximate eachχEk
above by some

φk 7 ¬ ∞
c 8 Ω 9 to get� n

∑
k � 1

bk 8 χEk
� φk 9-� p z n

∑
k � 1

� bk � B � χEk
� φk � p Ç ε } 4 (B.12)

(by theMinkovski inequality), hence� f � ∑n
k � 1 bkφk � p Ç 4ε } 4 ± ε.

(a2)Work asin (a1)for eachpk. Let K betheunionof “K’s” andlet M be
themaximum of “M’s”. Require � g � h � ∞ to besmallenoughfor eachpk. Let
n bethemaximumof “n’s”.

(b2) Write Ω ±·x l Kl , whereK1 Ã K2 Ã·jgjgj arecompactsets(e.g.,Kl : ±m x 7 Ω ooqp x p-z l å d 8 x � Ωc 9a| 1} l r ), then,for someM 7 m 1 � 2 �kÞgÞgÞ�r , wehave	
Ω
� f � f χKM

χ í � f � B � M î � pk
B wk dm Ç εpk 8 k ± 1 �gÞgÞgÞÍ� n9q� (B.13)

by the dominatedconvergencetheorem,because� f � pkwk 7 L1 (k ± 1 �gÞgÞgÞÍ� n),
by the assumption on f ; this gives the function g : ± f χKχ í � f � B � M î , where
K : ± KM.

By taking � g � h � ∞ Ç min 8 δ � 19 , whereδpk � K wk dm Ç ε } 4 for all k, weget
a suitablecountably-valued functionh, andobtainthens assomepartial sum
of h, as in the proof of (a1). The rest goesapproximatelyas in (b1) (when
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applyingLemmaB.3.10, useunions(over k 7 m 1 � 2 �gÞgÞkÞg� n r ) of compactsets
andintersections of opensets).

(a3)This is obviousin thesenseof simple (or countably-valued)functions.
Theprocedurein (b1)obviously keepsthevaluesin B0, sodoesthatin (b2) too.

(b3) This is given in Lemma2.3 of [Zimmermann]and its proof (which
showsthatwemayadditionally requirethat0 �7 suppÔφ if p ¾ 1).

(SeeAppendixD for V andthe Fourier transformÔφ. Note that the claim
follows easilyfrom (b1) if p ± 2 andB is aHilbert space.)

(c) This follows from LemmaB.3.4.
(d) (Note that L∞

K equalsthe spaceL∞ usedin the interpolationtheoryof
[BL].)

1ã Obviously, ¬ c Ã L∞
K, hence¬ 0 Ã L∞

K whenQ is metrizable,by (c).
2ã SMF is a densesubsetof L∞

K: Let SMF denotethe set of simple
measurablefunctions(obviously, SMF Ã L∞

K).
Let ε ¾ 0 and f 7 L∞

K be arbitrary. ChooseK for f asin the definitionof
L∞

K. Choosen 7 N, x0 �gÞgÞgÞÍ� xn 7 K s.t.K Ãäx n
k � 0D 8 xk � ε 9 .

SetE ¹k : ± f ³ 1 ÆD 8 xk � ε 9�Ï , E0 : ± E ¹0, Ek ¼ 1 : ± E ¹k ¼ 1
s x k

j � 0E ¹j (k ± 0 �gÞgÞkÞg� n � 1),
s : ± ∑n

k � 0xkχEk
to obtain that � s � f � B Ç ε a.e.,hence � f � s � ∞ z ε. Since

ε ¾ 0 and f 7 L∞
K werearbitrary, weobserve thatSMF is densein L∞

K.
3ã L∞

K is the closure of SMF: By 2ã , we only needto show that f 7 L∞
K

assuming that m sn rÑÃ SMF and � sn � f � ∞ Ç 1} n for all n 7 N ~ 1 (sothatL∞
K

is closed).
For eachn | 1, choosea null set Nn s.t. � sn � f �µÇ 1} n on Nc

n. Set
N : ±%x n ú 1Nn, A : ± f ÆNc Ï�Ã B. Given ε ¾ 0,choosen ¾ 1} ε, sothat � sn � f �aÇ ε
onNc. Write sn assn ± ∑n

k � 1xkχEk
with Ek l E j ± /0 for k �± j.

ThenA Ã D 8 0 � ε 9�x � x n
k � 1D 8 xk � ε 9 � , because� f � xk �hÇ ε onEk and � f �hÇ ε

on 8�x kEk 9 c s N. Becauseε ¾ 0 wasarbitrary, thesetA is totally bounded(i.e.,
precompact),henceso is K ± A (use2ε in placeof ε), henceK is compact
(use,e.g., Theorem9.4 of [Bredon] and the completenessof B). Moreover,
f 8 q9/± limnsn 8 q9 7 K for q 7 Nc, hencea.e.Therefore,f 7 L∞

K.
4ã L∞

K 8 Q;B9¯± L∞ 8 Q;B9 if dimB Ç ∞: If dimB Ç ∞, then we can take
K : ± D 8 0 ��� f � ∞ 9 for any f 7 L∞ to observe that f 7 L∞

K.
5ã L∞

K 8 Ω;B9]± L∞ 8 Ω;B9 iff dimB Ç ∞: Assumethat dimB ± ∞. Letm Ek rYÃ Ω aredisjointsetsof positivemeasure(in fact,weneednothaveΩ Ã Rn

aslongasthispropertyis satisfied).
Theunit ball D1 of B is not compact,by Theorem1.23of [Rud73],hence

there is a sequencem xk r�Ã D1 without limit points (by Exercise2.26 and
Theorem2.37of [Rud76], this is equivalent to noncompactnessin any metric
space).Set f : ± ∑n Ü N xkχEk 7 L∞ 8 Ω;B9 to obtainthat f ÆNc Ïº±�m xk r whenever
N is anull set;in particular, f ÆNc Ï is notcontainedin any compactsubsetof B,
hencef �7 L∞

K.
(N.B. theabove examplealsoshows that L1 l L∞ 8 Ω;B9F�Ã L∞

K 8 Ω;B9 ; e.g.,
choosem Ek r s.t.∑km8 Ek 9aÇ ∞ to have f 7 L1 8 Ω;B9 too.) w
If µ is the completion of anothermeasureµ¹ , then the simple functions

constructedabovecanbechosento be“µ¹ -measurable”:
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Lemma B.3.12 LetX ± B or X ±£Æ�� ∞ � ∞ Ï . Lets ± ∑k Ü N xkχEk
, wherexk 7 X and

Ek 7 $ for all k 7 N. If $ is thecompletionof anotherσ-algebra $ÿ¹ , thenthere
aresetsm E ¹k rùÃZ$·¹ s.t.∑k Ü N xkχE âk ± s a.e. w

(Weomit thetrivial proof.)
WegeneralizetheHölderinequalityto thecaser ¾ 1:

Lemma B.3.13( � f g � r z � f � p � g � q� f g � r z � f � p � g � q� f g � r z � f � p � g � q) Let f 7 Lp 8 Q;B9 , g 7 Lq 8 Q;B2 9 , p � q 78 0 � ∞ Ï and � bb2 � B3 z � b � B � b2 � B2 (b 7 B � b2 7 B2). Then � f g � r z � f � p � g � q,
where r ³ 1 : ± p ³ 1 ~ q ³ 1.

Moreover, if Q ± Rn, µ ± m, p � q Ç ∞ and ε ¾ 0, then there is R ¾ 0 s.t.� f τtg � r Ç ε for all t 7 Rn s.t. p t p ¾ R (if f 7 ¬ 0, thenwe can allow p ± ∞; if
g 7 ¬ 0, thenwecanallow q ± ∞).

Thus,wemayhave,e.g.,B ± K (B3 ± B2), B ± B¢2 (B3 ± K ) or B ±¥�>8 B2 � B3 9 .
Notethatwemayhave r Ç 1, but min m p � q r�} 2 z r z min m p � q r .

Proof: 1ã Inequality � f g � r z � f � p � g � q: If p ± ∞ or q ± ∞, thenthis is
obvious (andr ± min m p � q r ), sowe assumethat p � q 7 Æ 1 � ∞ 9 . SetF : ± � f � B,
G : ± � g � B2, t : ±[8 p ~ q9g} q, t ¹ : ±\8 p ~ q9g} p, so that rt ± p � rt ¹/± q and
t ³ 1 ~ t ¹ ³ 1 ± 1. Then,by theHölderinequality, wehave� f g � rr ±
	

Q
F rGr dµ z � F r � t � Gr � t â z � F � rrt � G � rt â r z � F � rp � G � rq � (B.14)

hence� f g � r z � f � p � g � q.
2ã Finding R: Assumethat � f � p z 1 and � g � q z 1. By LemmaB.3.7,

thereis R ¾ 0 s.t. � χDc
R

f � p Ç ε } 2 and � χDR
τtg � q Ç ε } 2 for t 7 Rn s.t. p t p ¾ q.

Consequently, � f τtg �YÇ ε for sucht. w
If p 7 Æ p0 � p1 Ï , thenL p Ã Lp0 l Lp1:

Lemma B.3.14( � f � p z maxm�� f � p0 ��� f � p1 r� f � p z maxm�� f � p0 ��� f � p1 r� f � p z maxm�� f � p0 ��� f � p1 r ) Let f 7 Lp0 8 Q;B9 l Lp1 8 Q;B9 , 1 z
p0 z p z p1 z ∞. Then� f � p z � f � 1 ³ θ

p0
� f � θp1 z maxm�� f � p0 ��� f � p1 r�� (B.15)

where θ : ± p à 1 ³ p à 10

p à 11 ³ p à 10
.

Proof: The scalarcaseis Theorem5.1.1of [BL]; seealsoTheorem4.1.2
andp. 27 of [BL]. (The definition of L∞ in [BL] coincideswith the standard
onein thescalarcase,by Theorem1.17of [Rud86].) Apply thescalarcaseto� f � B 7 Lp0 8 Q9 to obtainthegeneralcase. w
Next we note that, roughly speaking,L p is separableif f p Ç ∞ and B is

separable:

Lemma B.3.15 Let B be separable and1 z p Ç ∞. Then À p 8 Q;B9 is separable
iff Q is at mostcountable. If Q Ã Rn is measurable and dµ ± p f p dm for some
f 7 L1

loc 8 Rn 9 ,thenL p 8 Q;B9 is separable.
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If µ is asabove, µ 8 Q9]�± 0 andB2 �±ym 0 r , thenL∞ 8 Q � µ;B2 9 is unseparable.
If 0 Ç µ 8 E 9RÇ ∞ for somemeasurable E Ã Q, thenL p 8 Q;B2 9 andL∞ 8 Q;B2 9

areunseparable for unseparable B2.

Proof: 1ã Preparations: For eachk 7 N, we let Pk be the setof pointsin
Rn whosecoordinatesare integral multiples of 2 ³ k, andVk the collectionof
2 ³ k ��jgjgj 2 ³ k boxeswith cornersat pointsof Pk. SetV : ±·x kVk, so thatV is
countableand any openG Ã Rn is the union of disjoint elementsof V (see
[Rud86,2.19]for details).Let S Ã B bedenseandcountable.

2ã Theclosedspanof ^ : ±�m xχG oo x 7 S� G 7 V r is densein L p 8 Rn � µ;B9 :
Let A Ã Rn have a finite measureandε ¾ 0. By the MonotoneConvergence
Theorem,thereis R ¾ 0 s.t.AR : ±)m q 7 A ooqpq p Ç Rr satisfies� χA � χAR

� 1 Ç ε } 4.
ChooseopenG Ã Rn s.t. � χAR

� χG � 1 Ç ε } 4 (see(B.28)andusethefactthatµ
is absolutelycontinuousw.r.t. m on m pq p Ç Rr ).

Write G asa disjoint unionof elementsG0 � G1 � G2 �gÞgÞgÞ 7 V, so thatkhiG ±
∑k Ü N χGk

, andusethe MonotoneConvergenceTheoremto choosek 7 N s.t.� χG � ∑k
j � 0χG j

� 1 Ç ε } 4. Then, � χA � ∑k
j � 0 χG j

� 1 Ç 3ε } 4.

Given x 7 B, we have � xχA � x¹ ∑k
j � 0 χG j

� 1 Ç ε for somex¹ 7 S. By
linearity, it followsthattheclosedspanof ^ containsthatof simplemeasurable
functions,i.e., it is equalto L p 8 Rn;B9 .

3ã Theclosedspanof ^ : ±*m xχGχQ oo x 7 S� G 7 V r is densein L p 8 Q � µ;B9 :
Apply 2ã to thezeroextensionsof f andµ ontoRn.

4ã¯À p 8 Q;B9 : Theclosedspanof m χ í q î x oo x 7 S� q 7 Q r is obviouslydense
in À p 8 Q � X 9 (e.g.,usetheproofof 2ã with V : ±ymÊm q r¯oo q 7 Q r ).

5ãhÀ ∞ 8 Q;B2 9 is unseparable for uncountableQ andB2 �±ym 0 r : Let ε Ç 1} 2.
Choosex 7 B2 s.t. � x �Y± 1. Thentheε-neighborhoodsof no countablesubset
of À ∞ cancontaineveryxχq, q 7 Q, because� xχq � xχqâ � ∞ ± 1 for q¹_�± q.

6ã L∞ 8 Q � µ;B2 9 is unseparable: Let Q0 : ± Q, r0 : ± ∞. Given 8 Qk � rk 9 ,
chooserk ¼ 1 7 8 0 � rk 9 s.t.0 Ç µ 8 Qk ¼ 1 9RÇ µ 8 Qk 9 , whereQk ¼ 1 : ±�m q 7 Qk ooqpq p Ç
rk ¼ 1 r , andsetQ¹k : ± Qk

s Qk ¼ 1. ThenQ ±*x k Ü NQ¹k, andthesetsQ¹k aredisjoint
andof positive (or infinite) measure.

Choosex 7 B2 s.t. � x � B2 ± 1. For eachE Ã N, set fE : ± xχ `
n a EQân. Then� fE � fE â � ∞ ± 1 wheneverE �± E ¹ , sothattheε-neighborhoodsof nocountable

setcancontainevery fE for ε Ç 1} 2. Thus,L∞ 8 Q � µ;B9 is unseparable.
7ã Lp 8 Q;B2 9 is unseparable for unseparable B2 if 0 Ç µ 8 E 9RÇ ∞ for some

measurableE Ã Q: Thesubspacem xχE oo x 7 B2 r of Lp is isometricallyisomor-
phic to B2, henceunseparable.Therefore,sois Lp. w
Recall from LemmaA.3.1(a1)&(a2)that dimH meansthe cardinalityof an

arbitraryorthonormalbasisof H. We have dimL2 8 Q;H 9Y± dimH for infinite-
dimensional H ’sandmostQ’s:

Lemma B.3.16(dimL2 8 Q � µ;H 9X± dimHdimL2 8 Q � µ;H 90± dimHdimL2 8 Q � µ;H 90± dimH) Assumethat H is a Hilbert space.
ThendimL2 8 Q;H 9/± dimL2 8 Q9X� dimH; in particular, dim À 2 8 Q;H 90± cardQ �
dimH ( ± dimH whenever Q �± /0, Q is at most countableand H is infinite-
dimensional).
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If Q Ã Rn or Q Ã ∂D is measurable, µ 8 Q9E�± 0, and dµ ± p f p dm for some
f 7 L1

loc 8 Q � m9 ,thendimL2 8 Q � µ;H 9®± cardN � dimH ( ± dimH whenever H is
infinite-dimensional).

Proof: 1ã Let m xa r a Ü A beanorthonormal baseof H (sothatdimH ± A) Let
F beanorthonormal baseof L2 8 Q � µ9 . Then m f xa r f Ü F D a Ü A Ã L2 8 Q � µ;H 9 is an
orthonormalbaseof L2 8 Q � µ;H 9 (its closedspanis L2, by thedensityof simple
L2 functions)of cardinalityof F � A. Thus,dimL2 8 Q;H 9Ì± card8 F � A9®±
dimL2 8 Q � µ9/� dimH.

2ã Since the set of simple À 2 8 Q9 functions is exactly cc 8 Q9 , the setm χ í q î r q Ü Q is anorthonormal baseof À 2 8 Q9 . Consequently, dim À 2 8 Q9[± cardQ,
sothatdim À 2 8 Q;H 9/± cardQ � dimH, by 1 ã .

3ã Let Q be as in the latter paragraph. By LemmaB.3.15, L2 8 Q � µ9 is
separable.It is obviously infinite-dimensional, hencedimL2 8 Q � µ9Ì± cardN.
Consequently, dimL2 8 Q � µ;H 90± cardN � dimH, by 1 ã .

4ã By LemmaB.2.2, A � dimH ± dimH whenA �± /0 andA z dimH |
cardN. w
(Seethenotesonp. 947.)
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B.4 The Bochner integral ( b Q : L1 ( Q;B.&c B)

Addeparvumparvomanusacervuserit.

— Ovid (43B.C. – 17A.D.)

In this sectionwe definethe Bochnerintegral L1 8 Q;B9a» B andpresentthe
Bochnerintegral extensions of several moreand lessknown Lebesgueintegral
results.A casualreadermightwish just to havea look atSubsectionsB.4.1–B.4.3
andTheoremB.4.6 andthenskip the restof this section,just rememberingthat
theBochnerintegral is “the Lebesgueintegralwith ‘ �/j-� ’ in placeof ‘ p j p ”’.

By TheoremB.3.11(a1)andLemmaA.3.10,wemayusethenaturaldefinition
anddensityto definetheBochnerintegral:

Definition B.4.1(Bochner integral) We recall that for simple functions s : ±
∑n

k � 0xkχEk
(xk 7 B, Ek measurable for all k) wehaveset	

Q
sdµ : ± n

∑
k � 0

xkµ 8 Ek 9 7 B Þ (B.16)

Theuniquecontinuous extensionof � Q j dµ onto L1 8 Q;B9 is called the Bochner
integral.

Let f 7 L1. Then f is calledBochnerintegrableandthe integrandof � Q f dµ,
which, in turn, is saidto convergeabsolutely.

Obviously, �d� Qsdµ � B z � s � 1, hence the same holds for any integrable
function s : Q » B, by LemmaA.3.10. Oneeasilyverifiesthat if f 7 L1 8 Q;K 9
and f | 0, thenthiscoincideswith the(Lebesgue)integraldefinedin SectionB.1.

Sometimeswe write � Q f 8 t 9 dµ 8 t 9 : ± � Q f dµ (e.g., � Q t2dµ 8 t 9 ). If � ∞ z a z
b z ~ ∞ andµ ± m (or m8 E 9�± 0 ? µ 8 E 9[± 0, i.e.,µ is absolutelycontinuousw.r.t.
m), thenweset � b

a f 8 t 9 dt : ± � b
a f dm : ± � � a D b � f dm. For b Ç a we set � b

a : ±£� � a
b .

If B ± K (or “B ±�Æ 0 ��~ ∞ Ï ”), thentheBochnerintegral is calledtheLebesgue
integral, etc. By Theorem11.33of [Rud76], a function f : Q » K is Riemann
integrableif f it is boundedandcontinuousa.e.It follows thatRiemannintegrable
functions belong to L1. Moreover, the Riemannintegral coincideswith the
Lebesgueintegral. WeshallnotbeusingtheRiemannintegral.

An equivalentway to definetheintegral is to defineit for simplefunctionsin
thenaturalway andthenuseLemmaA.3.10andTheoremB.3.11to extendit to
all L1 functions.Thisdefinitionis usedin [HP] andillustratedbelow:

Lemma B.4.2 TheBochner integral is in �>8 L1 � B9 , its norm is 1 (unlessL1 ±m 0 r ); in particular, � 	
Q

f dµ � z 	
Q
� f � Bdµ ± : � f � 1 � (B.17)

andtheintegral commuteswith boundedlinear transformations:

T 	
Q

f dµ ±3	
Q

T f dµ 8 T 7 �>8 B � B2 9=9qÞ (B.18)
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Moreover, � Q f dµ is theuniqueelementof B satisfying Λ � Q f dµ ± � QΛ f dµ for
all Λ 7 B¢ .

Finally, if s ± ∑k Ü N xkχEk 7 L1, with thesetsEk beingdisjointandmeasurable,
then � Qsdµ ± ∑k Ü N xkµ 8 Ek 9 .

It follows thatourdefinitionsof integrable functionsandtheBochnerintegral
areequivalentto thoseof [HP], Section3.7.

Proof: The BL 8 L1 � B9 claim and (B.17) follow from Definition B.4.1. If
L1 �±�m 0 r , thentherearex 7 B s m 0 r andE Ã Q s.t. µ 8 E 9 7 8 0 ��~ ∞ 9 , andwe
have �e� QxχE dµ �a±�� x � Bµ 8 E 9/±�� xχE � 1.

We have T � ± � T for simple functions,hencefor all L1 functions, by
continuity; (B.18). Elementsm Λx oo Λ 7 B¢�r determinesx 7 B uniquely.

If s is asin thefinal claim, thensn : ± ∑n
k � 0xkχEk

» s in L1, by theMono-
toneConvergenceTheorem,hence� Qsndµ » � Qsdµ. w
Thestandardresultscanbeextendedwith ease:

TheoremB.4.3(Lebesgue’s DominatedConvergenceTheorem) Assumethat
1 z p Ç ∞, that the functions fn : Q » B be measurable (n 7 N), that the
limit f 8 q9 : ± limnÐÑ¼ ∞ fn 8 q9 existsa.e., and that there is g 7 L p 8 Q; Æ 0 ��~ ∞ Ï�9 s.t.� fn 8 q9-� B z g 8 q9 a.e. for each n 7 N.

Then f 7 Lp 8 Q;B9 and fn » f in L p. In particular, if p ± 1, then
limnÐÑ¼ ∞ � Q fndµ ± � Q f dµ. w

(This follows by applying the scalarLCD Theoremwith Fn : ±ç� f � fn � pB,
F : ± 0, L p � G : ±f8 2g9 p | Fn. Obviously, thisdoesnotholdsfor p ± ∞.)

From the above and the Monotone Convergence Theorem applied to
∑N

n� 1χEk
f we obtainthat if thesetsEn Ã Q 8 n 7 N 9 aremeasurableanddisjoint,

and f : Q » B is measurable,then � `
nEn

f dµ ± ∑n Ü N � En f dµ whenever either
sidesconvergesabsolutely(i.e.,with � f � B in placeof f ).

Next weextendthestandarddefinitionof aproductmeasure:

Definition B.4.4(µ � νµ � νµ � ν) Assumethat µ : $ »ÖÆ 0 � ∞ Ï andν : $ ¹ »ÖÆ 0 � ∞ Ï are σ-
finite, positivemeasuresonQandR,respectively. By $ µ � ν wedenotethesmallest
σ-algebra containing m E � E ¹ oo E 7 $ÿ� E ¹ 7 $·¹�r . Theproductmeasureof µ and
ν is givenby 8 µ � ν 9H8 E 9 : ± 	

Q
ν 8�m r oo 8 q � r 9 7 E rg9 dµ 8 E 7 $ µ � ν 9qÞ (B.19)

By µ � ν : $ µ � ν »ÖÆ 0 � ∞ Ï wedenotethecompletionof µ � ν. By L 8 Q � R;B9 we
referto µ � ν-measurable functionsQ � R » B.

Sincein the definitionsandresultsof this chapterwe have assumedµ to be
complete(asin [HP]), weshalluseµ � ν (notµ � ν) onQ � R. Thebasicproperties
of thismeasurearelistedbelow:

Lemma B.4.5 Assumethat µ : $F» Æ 0 � ∞ Ï and ν : $�¹0» Æ 0 � ∞ Ï are σ-finite,
positivemeasuresonQ andR,respectively.
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(a) Themeasureµ � ν is σ-finite.

(b) Wehave 8 µ � ν 9H8 E 9 : ± � Rµ 8�m q oo 8 q � r 9 7 E rg9 dν for all E 7 $ µ � ν.

(c) Moreover, if mk is theLebesguemeasureonRk (k | 1), thenmn¼ k ± mn � mk

(n � k | 1).

(d1) If E 7 $ µ � ν, thenEq : ±£m r 7 R oo 8 q � r 9 7 E r is measurable for a.e. q 7 Q,
andEr : ±ym q 7 Q oo 8 q � r 9 7 E r is measurable for a.e. r 7 R.

(d2)If N is a null set,thenν 8 Nq 9�± 0 for a.e. q 7 Q andµ 8 Nr 9[± 0 for a.e. r 7 R.

(e)(“cl 8%$ �h$�¹M90±�$ µ � νcl 8%$ �h$·¹M90±i$ µ � νcl 8%$ �h$·¹L9/±i$ µ � ν”) Let Á bethecollectionof finiteunionsof elements
of $ �h$ ¹ . Let E 7 $ µ � ν andµ � ν 8 E 9RÇ ∞. Then,for anyε ¾ 0, there is
F 7 Á s.t. � χE � χF �YÇ ε.

(f) If f 7 Lp 8 Q � R;B9 , p 7 8 0 � ∞ 9 , thensimplemeasurable functions m sn r of
form sn ± ∑Nn

k � 0χEn j k � Fn j kbn D k andEn D k � Fn D k 7 $ �k$·¹ , bn D k 7 B (n � k 7 N)
s.t. � sn � f � p » 0 asn » ∞.

Note that each sn can be written as ∑N ân
k � 0χE ân j ks¹n D k, where E ¹n D k 7 $ and

s¹n D k : R » B is simple(n � k 7 N).

Proof: Claims(a)–(c)areprovedin Chapter8 of [Rud86].Claims(d1)and
(d2) follow from theFubini Theorem(with f ± χE).

(e) 1ã Caseµ 8 Q9q� ν 8 R9OÇ ∞: Set $ 0 : ±Im E 7 $ µ � ν oo E the claim in (e)
holdsfor E r , sothatwe only needto show that $ 0 ±i$ µ � ν, i.e., that $ 0 is a
σ-algebra(because,trivially, $ �h$ ¹ Ã�ÁIÃX$ 0). This follows from 1 Þ 1 ã and
1 Þ 2ã .

1 Þ 1ã One easily verifies that � χE � χF � 1 ±ê� χEc � χFc � 1 and � χE ` E â �
χF ` F â � 1 z � χE � χF � 1 ~ä� χE â � χF â � 1, hence$ 0 is closedundercomplements
andfinite unions.

1 Þ 2ã Let E j 7 $ 0 8 j 7 N 9 andE ± x j Ü NE j . SetE ¹j ¼ 1 : ± E j ¼ 1
s x j

k � 0Ek, so
thatE ±)x jE ¹j andthesetsE ¹j aredisjoint. Becauseµ � ν 8 Q � R9hÇ ∞, wehave� χE � χ `

j l NE âj �]Ç ε } 2 for someN 7 N. But � χ `
j l NE âj � χF � 1 Ç ε } 2 for some

F 7 Á , henceE 7 $ 0.
2ã General Case:Let Q ±£x n Ü NQn, R ±£x n Ü NRn, whereQ0 Ã Q1 Ã£j and

R0 Ã R1 Ãyj . Givenε ¾ 0 andE 7 $ µ � ν s.t.µ � ν 8 E 9RÇ ∞, thereis N 7 N s.t.� χE � χE � � Qn � Rn � � 1 Ç ε } 2. By 1ã , thereis F 7 Á s.t. � χE � � Qn � Rn � � χF � 1 Ç
ε } 2, hence(e) holds.

(f) The first claim follows from (e) and Theorem B.3.11. For the
secondclaim, given n 7 N, let m E ¹n D k oo k ± 0 �gÞgÞgÞÍ� N ¹n r consist of the setsmB8�x k Ü sEn D k 9 s x k SÜ sEn D k oo s Ã m 0 � 1 �kÞgÞgÞÍ� Nn rÊr , andnotethatsn 8 q � r 90± sn 8 q¹á� r 90± :
sn D k 8 r 9 for all q � q¹ 7 E ¹n D k (k 7 N). w
As in the scalar case, the norm of a µ � ν-measurablefunction may be

integratedin any order, and for L1 functionsthe sameappliesto the function
itself:

Theorem B.4.6(Fubini) Assumethat µ and ν are σ-finite, complete, positive
measuresonQ andR,respectively. Let f 7 L 8 Q � R;B9 .
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(a1)Wehave � R � f � Bdν 7 L 8 Q; Æ 0 ��~ ∞ Ï�9 and � Q � f � Bdµ 7 L 8 R; Æ 0 ��~ ∞ Ï�9 .
(a2) If � Q � R � f � Bdνdµ Ç ∞ or � R � Q � f � Bdµdν Ç ∞, then f 7 L1 8 Q � R;B9 .
(b) If f 7 L1 8 Q � R;B9 , then g 8 q9 : ± � R f 8 q � r 9 dν 8 r 9 and h 8 r 9 : ±� Q f 8 q � r 9 dµ 8 q9 aredefineda.e. andsatisfyg 7 L1 8 Q;B9 , h 7 L1 8 R;B9 and	

Q � R f dµ � ν ± 	
Q

gdµ ± 	
R

hdν Þ (B.20)

Proof: (a1)&(a2)Thisfollowsfrom theclassicalFubiniTheorem(Theorem
8.8of [Rud86]).

(b) This is Theorem3.7.13of [HP]. w
Therestof thissectionis rathertechnical.
In orderto satisfytheµ � ν-measurabilityassumption of theFubini Theorem

and its several important applications,we need to show that our function is
(product)measurableandstudytherelationbetweenf : Q � R » B and f : Q »
L 8 R;B9 . Westartfrom basicfacts:

Lemma B.4.7 Assumethat µ : $F» Æ 0 � ∞ Ï and ν : $�¹0» Æ 0 � ∞ Ï are σ-finite,
complete, positivemeasuresonQ andR,respectively. Let p 7 Æ 1 � ∞ Ï .

(a) If f 7 L 8 µ � ν;B9 , then f 8 q �gjC9 7 L 8 R;B9 for a.e. q 7 Q.

(b) If f 7 L 8 Q;B9 , g 7 L 8 R;B2 9 , and B � B2 » B3 is continuous, then f g 7
L 8 Q � R;B3 9 .

(c) Let f � g 7 L 8 Q � R;B9 l L 8 Q;L p 8 R;B9=9 . If f ± g a.e. on Q � R, thenÆ f Ï ±�Æ gÏ 7 L 8 Q;L p 8 R;B9=9 . Conversely, if Æ f Ï ±�Æ gÏ aselementsof L 8 Q;L p 9 ,
i.e., f 8 q �gjC9/± g 8 q �gj 9 a.e. onRfor a.e. q 7 Q, then f ± g a.e. onQ � R.

(d) Let f 7 L 8 Q � R;B9 and p 7 Æ 1 � ∞ 9 . Then f 7 L p 8 Q;Lp 8 R;B9m9 iff f 7
Lp 8 Q � R;B9 . If f 7 L p 8 Q � R;B9 , then � f � Lp � Q � R;B� ±�� f � Lp � Q;Lp � R;B� � .
Proof: (a) Let sn » f pointwiseon Nc, whereN Ã Q � R is a null setand

sn ± ∑k Ü N χEn j kbn D k, whereEn D k 7 $ µ � ν, bn D k 7 B andk �± j ? En D k �± En D j for
all n � k � j 7 N.

Let n 7 N. For eachq 7 Q, thefunctionsn 8 q �gj 9 : R » B is countably-valued.
But thereis a null setN ¹�Ã Q s.t. 8 En D k 9 q is measurablefor all q 7 Q s N ¹ and
all k 7 N, by LemmaB.4.5(d1). Moreover, ν 8 Nq 9a± 0 for a.e.q 7 Q, say, for
q 7 Q s N ¹ ¹ , whereN ¹ ¹ is a null set.SetN ¹ ¹ ¹ : ± N ¹�x N ¹ ¹ . Thensn 8 q �gjC90» f 8 q �gjC9
and sn 8 q �gj 9 is countably-valued and measurablefor all q 7 Q s N ¹ ¹ ¹ . Thus,
f 8 q �gjC9 7 L 8 R;B9 for all q 7 Q s N ¹ ¹ ¹ , hencea.e.

(b) Let fn : Q » B andgn : R » B2 be countably-valuedandmeasurable
(n 7 N), andlet fn » f on Q s NQ, R s NR, whereµ 8 NQ 9R± 0 ± ν 8 NR 9 . Then
fngn » f g onNc

Q � Nc
R, andµ � ν 8=8 Q � R9 s 8 Nc

Q � Nc
R 9=9/± 0.

(c) (Theassumptionson f meanthat f : Q � R » B is measurable,f 8 q �gjC9 7
Lp 8 R;B9 for a.e.q 7 Q, and 8 q �» f 8 q �gjC9=9 7 L 8 Q;L p 9 . The first claim shows
that f 7 L is independentof therepresentativeof Æ f Ï 7 L 8 Q � R;B9 . However,Æ f Ï 7 L 8 Q;L p 8 R;B9=9 may have a representative h : Q » L p 8 R;B9 that is not
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measurableQ � R » B, seeExampleB.4.18;but if h is measurable,thenh ± f
a.e.onQ � R, by theconverseclaim.)

If 8 f � g9'± 0a.e.,sayonQ � R s N, whereµ � ν 8 N 9'± 0, then 8 f � g9H8 q9�± 0
a.e.onR for a.e.q, by LemmaB.4.5(d2),henceÆ f Ï¸±�Æ gÏ 7 La 8 Q;Lp 9 .

Conversely, assumethat Æ f Ï]±@Æ gÏ 7 La and set N : ± mB8 q � r 9 7 R �
Q oo f 8 q � r 9E�± g 8 q � r 9tr . Then f 8 q9®± g 8 q9 a.e.on R for all q 7 Q s N ¹ , where
µ 8 N ¹L90± 0, i.e.,ν 8 Nq 90± 0 for all q 7 Q s N ¹ . But

µ � ν 8 N 9 : ± 	
Q

ν 8 Nq 9 dµ ± 0 � (B.21)

i.e., f ± g a.e.onQ � R.
(d) By (b), wecanconsiderf alsoasafunctionQ » L 8 R;B9 (by redefining

f ona null subsetof Q; thisaffects f only ona null subsetof Q � R).
1ã Let f 7 Lp 8 Q � R;B9 . Choosesimple measurablefunctions m sn r asin

LemmaB.4.5(f). It followsthatsn : Q » Lp 8 R;B9 is measurable(n 7 N). But� sn � sm � pLp � Q;Lp � ±3	
Q

	
R
� sn � sm � pBdνdµ ±�� sn � sm � pLp � Q � R;B� » 0 (B.22)

asn � m » ∞, hencesn convergesin L p 8 Q;Lp 9 to someg : Q » L p 8 R;B9 .
Replace m sn r by a subsequences.t. sn 8 q9v» g 8 q9 for q 7 Q s N ¹ and

sn 8 q � r 9¯» f 8 q � r 9 for 8 q � r 9 7 Q � R s N, whereµ 8 N ¹L9O± 0 ± µ � ν 8 N 9 . By
LemmaB.4.5(d2), there is N ¹ ¹hÃ Q s.t. ν 8 Nq 9O± 0 for all q 7 Q s N ¹ ¹ . Set
N ¹ ¹ ¹ : ± N ¹qx N ¹ ¹ .

Let q 7 Q s N ¹ ¹ ¹ . Thensn 8 q � r 9R» f 8 q � r 9 for a.e.r 7 R andsn 8 q9R» g 8 q9
in Lp 8 R;B9 , hence f 8 q9¯± g 8 q9 a.e., i.e., as elementsof L p 8 R;B9 , Because
µ 8 N ¹ ¹ ¹L9]± 0, we have f ± g as elementsof L 8 Q;L p 8 R;B9=9 ; thus, f ± g 7
Lp 8 Q;Lp 8 R;B9=9 .

2ã Let f 7 Lp 8 Q;Lp 8 R;B9=9 . Then,by theFubiniTheorem,� f � pp ±
	
Q

	
R
� f � pBdνdµ ±�	

Q
� f � pLp � R;B� dµ ± : � f � pLp � Q;Lp � R;B� � � (B.23)

hencethen � f � p ±�� f � Lp � Q;Lp � R;B� � Ç ∞. w
If f 8kj��gjC9 is continuousw.r.t. oneargumentandmeasurablew.r.t. theother, then

f is productmeasurable:

Lemma B.4.8 Assumethat µ : $F» Æ 0 � ∞ Ï and ν : $ ¹ » Æ 0 � ∞ Ï are σ-finite,
complete, positivemeasuresonQ andR,respectively. Assume, in addition,thatQ
is a separable metricspaceandtheopensubsetsof Q aremeasurable.

If f : Q � R » B is s.t. f 8 q �gjC9 7 L 8 R;B9 for a.e. q and f 8kj�� r 9 7 ¬F8 Q;B9 for a.e.
r, then f 7 L 8 Q � R;B9 .

Proof: Let N³ 1 Ã Rbeanull sets.t. f 8kj�� r 9 7 ¬:8 Q;B9 for r 7 R¹ : ± Nc³ 1. Let
Q¹ Ã Q bes.t.µ 8 Q s Q¹L9/± 0 and f 8 q �gjC9 7 L 8 R;B9 for all q 7 Q¹ .

Let m qk r k Ü N bedensein Q¹ . For eachk 7 N, find a sequenceof countably-
valuedmeasurablefunctionssk D n : R » B s.t.sk D n 8kjC9$» f 8 qk �gjC9 uniformly onNc

k
for somenull setNk Ã R (useLemmaB.2.5(b2)).SetR¹ : ± R s x ∞

k � ³ 1Nk. We
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requirethat� f 8 qk � r 9'� sk D n 8 r 9-� B Ç 1}�8 n ~ 19n8 k � n 7 N � r 7 Nc
k 9 (B.24)

(replacem sk D n r n Ü N by its subsequence,for eachk 7 N, if necessary).
Set Bk D n : ±çm q 7 Q¹ oo d 8 q � qk 9ïÇ 1} n9tr , A0 D n : ± B0 D n, Ak ¼ 1 D n : ± Bk ¼ 1 D n sx j � kB j D n for all k 7 N (the sets m Ak D n r k Ü N are measurableanddisjoint, their

unionis Q¹ , andd 8 q � qk 9aÇ 1} n for all q 7 Ak D n).
Thenthefunctions

sn 8 q � r 9 : ± ∑
k Ü Nsk D n 8 r 9 χAk j n 8 q9 (B.25)

form asequenceof countably-valuedµ � ν-measurablefunctionsthatconverge
to f on Q¹ � R¹ , asn » ∞. Indeed,given 8 q � r 9 7 Q¹ � R¹ andε ¾ 0, choose
N ¾ 2} ε s.t. � f 8 q � r 9$� f 8 q¹á� r 9-� B Ç ε } 2 for d 8 q � q¹L9OÇ 1}�8 N ~ 19 . Then, for
n ¾ N, wehave� f 8 q � r 9'� sn 8 q � r 9-� B z � f 8 q � r 9'� f 8 qk � r 9-� B ~)� f 8 qk � r 9'� sk D n 8 r 9-� B (B.26)Ç ε } 2 ~ 1}�8 n ~ 19aÇ ε (B.27)

(herek is chosens.t. q 7 Ak D n, so that d 8 q � qk 9¯Ç 1} n z 1}�8 N ~ 19 andhence� f 8 q � r 9'� f 8 qk � r 9-� B Ç ε } 2; notethatsk D n 8 r 90± sn 8 q � r 9 ).
But 8 Q¹ � R¹ 9 c Ã�8=8 Q s Q¹ 9R� R9'xo8 Q �p8 R s R¹ 9=9 is a null set, hence f is

measurable. w
If Q is alsoa topological space,thenµ is calledregular if

µ 8 E 90± inf m µ 8 V 9 oo V q E � V open rO± supm µ 8 K 9 oo K Ã E � K compactr (B.28)

(µ is outerregularif theformerandinnerregularif thelatterconditionis satisfied).
If Q Ã Rn is open,then,by Theorem2.18of [Rud86], any locally finite Borel-
measureonQ is regular;in particular, m is regularonQ.

Oneoftendefinesameasurefrom anotheroneby usingaweightfunction;the
“formula dν ± f dµ” worksalsoin thevector-valuedcase:

Lemma B.4.9(ν ± f dµν ± f dµν ± f dµ) Let f : Q »LÆ 0 ��~ ∞ Ï bemeasurable. Setñ
ν 8 E 9 : ±�	

E
f dµ 8 E 7 $�9q� (B.29)

Then
ñ
ν is a positivemeasureonQ; let ν bethecompletionof

ñ
ν. Then	

Q
gdν ±3	

Q
gf dµ (B.30)

when g is measurable Q » Æ 0 � ∞ Ï or g 7 L1 8 Q � ν;B9 (equivalently, gf 7
L1 8 Q � µ;B9 ).

If Q Ã Rn is open,µ ± m and � K f dm Ç ∞ for compactK Ã Q, then ν is
regular.

Proof: 1ã Caseg : Q »�Æ 0 � ∞ Ï : Theclaimon
ñ
ν is Theorem1.29of [Rud86],

whichalsocontainstheclaimong providedthatg is
ñ
ν-measurable.By Lemma

B.3.12,generalg : Q »AÆ 0 � ∞ Ï will do.
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2ã Caseg : Q » B: By 1ã , we have g 7 L1 8 Q � ν;B9 Â gf 7 L1 8 Q � µ;B9 .
Apply 1ã to 8 Reg9 ì and 8 Img9 ì to cover thecaseB ± K . Replaceg by Λg to
obtainthegeneralcase.

3ã Regularity: By Theorem2.18of [Rud86],measuresν and
ñ
ν areregular,w

Standardchangesof variablecanbeappliedwithout problemsfor measurable
functionsthatnonnegativeor integrable:

Lemma B.4.10(Changeof variable) Assumethatφ 7 ¬ 1 8 J1;R 9 is s.t.φ ¹�¾ 0 on
J1 (or thatφ ¹¸| 0 andφ ¹ hasat mosta countablenumberof zeros),where J1 is an
interval. SetJ2 ± φ Æ J1 Ï . LetX ± B or X ±�Æ 0 ��~ ∞ Ï .

Thena function f : J2 » X is measurable iff f ; φ : J1 » X is measurable.
Moreover, � f � ∞ ±�� f ; φ � ∞ z ∞. Let p 7 Æ 1 � ∞ Ï . Then f 7 Lp

loc
Â

f ; φ 7 Lp
loc. If

ε Ç φ ¹¸Ç ε ³ 1 onJ1 for someε ¾ 0, then f 7 L p Â f ; φ 7 Lp.
If f 7 L1 8 J2;B9 or f is measurableJ2 »LÆ 0 ��~ ∞ Ï , then	

J2

f 8 t 9 dt ± 	
φ à 1 Ý J2 4 f 8 φ 8 s9=9 φ ¹ 8 s9 ds (B.31)

Here,aselsewhere,intervalsareequippedwith theLebesguemeasure.
By LemmaB.5.5,thefunctions f and f ; φ have “same”Lebesguepoints.

Proof: We shall replaceJ1 by Æ a � bÏaÃ J1 s.t. φ ¹0| r ¾ 0 on 8 a � b9 (note
J ¹1 : ± J1

s m t 7 J1 oo φ ¹�8 t 9R± 0 r is a countableunion of suchintervals, and it is
enoughto treatJ ¹1). Let Æα � β Ï¸± φ Æ�Æ a � bÏ�Ï .

1ã Notethatφ ³ 1 7 ¬ 1 8gÆα � β Ï ; Æ a � bÏr9 andφ ³ 1 ¹ | 1} r (recall thatweuseone-
sidedderivativesat endpoints), and φ ³ 1 ÆE Ï is a Borel set for eachBorel set
E.

2ã If N Ã·Æ a � bÏ a null set,thenso is φ ÆN Ï : SetR : ± maxφ ¹ . Let ε ¾ 0 and
assumew.l.o.g. that N Ã�8 a � b9 . Now N Ã V for someopenV with m8 V 9¯Ç
ε } R (seeTheorem2.20 of [Rud86]). Write V as the union of a countable
numberof disjoint openintervals: V ±�x n Ü N 8 an � bn 9 . Thenm8 φ ÆK8 an � bn 9�Ï�9Ì±
m8=8 φ 8 an 9q� φ 8 bn 9=9=9 z£pbn � an pR ± m8=8 an � bn 9=9 R, sothatm8 φ ÆN Ï�9 z m8 φ ÆV Ï�90Ç ε.
Becauseε ¾ 0 wasarbitrary, m8 φ ÆN Ï�9/± 0.

3ã Case f : J2 » X is measurable: Let m sn r be countably-valued and
measurableand s.t. sn » f a.e. Redefineeachsn on a null set so that they
becomeBorel-measurable;then still sn » f outsidesomenull set N Ã J2.
Consequently, sn ; φ » f ; φ outsideφ ³ 1 ÆN Ï , which is a null set,by 2 ã . But
sn ; φ is acountably-valuedBorel-measurablefunction,by 1 ã , for eachn, hence
f ; φ is measurable.

4ã Measurability: the general case: Exchangethe rolesof φ and φ ³ 1 to
obtaina conversefor 3ã . (Note also that 8 f ; φ 9 φ ¹ is measurableif f f ; φ is
measurable.)

5ãv� f � ∞ ±�� f ; φ � ∞ z ∞: This follows from 2 ã .
6ã (B.31)for X ±·Æ 0 ��~ ∞ Ï : This is containedin (15)onp. 156of [Rud86].
7ã L1 andL1

loc claims:Apply 6 ã to � f � B (for L1
loc we notethatφ ÆK Ï�Ã J2 is

compactfor compactK Ã J1 andφ ³ 1 ÆK Ï�Ã J1 is compactfor compactK Ã J2;
moreover, φ ¹ , φ ³ 1 ¹ areboundedoncompactsets).
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8ã (B.31) for X ± B: If X ± K , then this follows from 6 ã (for 8 Re f 9 ì ,8 Im f 9 ì ); in the generalcasewe replace f by Λ f (Λ 7 B¢ ) anduseLemma
B.4.2.

9ã Lp andL p
loc claims: If p Ç ∞, this follows from 7 ã appliedto � f � pB. If

p ± ∞, thenthis follows4 ã and5ã .
10ã Caseφ ¹s�¾ 0: Let f be measurable.Now G : ±ÿm t 7 J1 oo φ ¹�8 t 9]¾ 0 r

consistsof acountablenumberof disjointopenintervals,by LemmaA.2.2. The
imageof the null setJ1

s G is a null set,so it follows from LemmaB.2.5(d1)
that f ; φ is measurable.Theproofof theconverseimplicationis analogous(set
G : ±ym t 7 J1 oo φ ³ 1 ¹ 8 t 9aÇä~ ∞ r etc.).

Now for X ±çÆ 0 ��~ ∞ Ï , we can write the integral as a countablesum of
integrals,by theMonotoneConvergencetheorem;for X ± B theresultsfollow
asin 6ã –9ã . w
By TheoremB.3.2,L2 is aHilbert space,hence8 L2 9g¢h± L2. Themultidimen-

sionalversionof thisgoesasfollows:

Lemma B.4.11 Let H be a Hilbert spaceand n 7 m 1 � 2 �gÞkÞgÞ r . Then, for each
Λ 7 �<8 L2 8 Q;H 9q� Kn 9 , there is a uniqueF 7 L2 8 Q; �>8 H � Kn 9=9 s.t.

Λ f ± 	
Q

F f dµ 8 f 7 L2 8 Q;H 9=9qÞ (B.32)

Moreover, � Λ � �$� L2 D Kn � z � F � 2 z �
n � Λ � �$� L2 D Kn � .

Conversely, by the Hölder Inequality, each F 7 L2 8 Q; �>8 H � Kn 9=9 defines
ΛF 7 �>8 L2 8 Q;H 9q� Kn 9 , by (B.32). In ExampleB.4.13(c),we have � F � 2 ± �

n,� F � �$� L2 D K2 � ± 1, hencethe constant
�

n is optimal. By ExampleB.4.13(d),we
mayhave � F � 2 ± ∞ if Kn is replacedby aninfinite-dimensional(Hilbert) space.

Proof: Let Pk 7 �>8 Kn � K 9 be the projection Pk : x �» xk. By Theorem
B.3.2, thereare F1 �gÞgÞgÞÍ� Fn 7 L2 8 Q;H 9 s.t. PkΛk ±·� Fk � f � L2 (k ± 1 �gÞgÞkÞg� n) and� Fk �R±�� PkΛ � . SetF : ±ut F1

...
Fn v to obtain(B.32).

Obviously, F �» Λ is linearandΛ ± 0 ? F ± 0, henceF is unique.By the
HölderInequality, wehave � Λ � z � F � . On theotherhand, � Fk � z � Λ � , hence� F � 2 z n � Λ � 2. w
The Lp norm of a measurablefunction f : Q » B is the supremumofp � Q f φdµ p , whereφ 7 Lq 8 Q;B¢ 9 , 1} p ~ 1} q ± 1. Wecaneventakeφ to besimple,

and,with someextra assumptions,smooth:

TheoremB.4.12 Let B be a Banach space, let µ be a completeσ-finite positive
measureonQ, let p � q 7 Æ 1 � ∞ Ï and 1

p ~ 1
q ± 1, andlet X bea normingsubspaceof

B¢ for B. Let f : Q » B bemeasurable. Thenthefollowinghold:

(a) Wehave � f � ∞ ± sup
Λ Ü X0 D � Λ � � 1

� Λ f � ∞ z ∞ if X0 is a normingsubsetof B ¢ for

B.
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(b1)Wehave � f � p ± sup
φ Ügw p 	 Q

φ f dµ p-z ∞ � (B.33)

whereeither ^ÿ±J^ 1 or ^ ±p^ 2, and ^ 1 : ±äm φ 7 Lq 8 Q;X 9/oo � φ � q z 1 & φ f 7
L1 r , ^ 2 : ±ym ∑n

k � 1xkχEk 7 ^ 1 oo n 7 N � xk 7 X � m8 Ek 9hÇ ∞ for all k r .
(b2) If Q is anopensubsetof Rn, µ is regular, and � K � f � Bdµ Ç ∞ for compact

K Ã Rn (i.e., f 7 L1
loc 8 Q;B9 ), thenwecantake ^Ë±Z^ 3 : ±£¬ ∞

c 8 Q;X 9 l ^ 1 in
(b1).

(b3)If µ is thecountingmeasure(i.e., L p 8 Q;B9�±�À p 8 Q;B9 ), then̂ 2 ± cc l ^ 1 ±
cc in (b1), where cc : ±�m x : Q » B oo xq ± 0 exceptfor finitely manyq 7 Q r .
Moreover, thenwe can allow Q to be an arbitrary set (i.e., µ neednot be
σ-finite).

(b4)In (b1)–(b3),wemayrequire, in addition, thatφ ± ∑m
k � 1φkxk, wherem 7 N,

φk is scalarandxk 7 X, for each k.

(c) If g : Q »LÆ 0 � ∞ Ï is measurable, wecantakeX ±�Æ 0 � ∞ Ï andhave� g � p ± sup
φ Ügw & φ ú 0

	
Q

φgdµ z ∞ � (B.34)

where ^ isasin anyof (b1)–(b3);wecanevendrop therequirementφg 7 L1,
aswell astherequirementg 7 L1

loc (in (b2)).

(d) If p ± ∞, then,in (b1)–(b3)above, wemaylet X beanynormedspaces.t.
X � B » B2 is bilinear andsup� x � X � 1 � xb � B2 ±�� b � B for somenormedspace
B2.

For p Ç ∞, we mustreplace“ ± ” by “ | ” in (B.33) for such a general X
(seeExampleB.4.13),but the supremumis still nonzero, i.e., f �± 0 ±x?� Qφ f dµ �± 0 for someφ 7 ^ .

(e)Wehavef ± 0 a.e. if f 7 L1 8 Q;B9 and � E f dµ ± 0 for all measurableE Ã R,
or f 7 L1

loc 8 Rn;B9 and � E f dm ± 0 for all boundedmeasurable E Ã R.

(ThesetsLq and ¬ ∞
c aredefinedfor incompletenormedspacesexactly asfor

thecompleteones.)
Theassumption φ f 7 L1 is requiredto maketheintegral � Qφ f dµwell defined;

for f 7 L1
loc and ^¨±Z^ 3 it is redundant.Clearlyit is notneededfor (B.34).

In (d), wemayhave,e.g.,X ±#�<8 B � B2 9 , B ±#�>8 X � B2 9 or X ± K .
SeeExamplesB.4.13andB.4.14for “counter-examples”.

Proof: (a) Clearly“ | ” holds,soit is enoughto assumethat � f �¯¾ M on a
setE Ã Q of positivemeasure,andfind Λ 7 X0 s.t. � Λ � z 1 and pΛ f p ¾ M ona
setof positivemeasure.

Pick ε ¾ 0 s.t. E ¹ : ±�m t 7 Q oo � f 8 t 9¦�µ¾ M ~ ε r has a positive measure.
Choosea0 7 E ¹ , Aε Ã E ¹ for f p E â andε asin LemmaB.2.8(a).ChooseΛ 7 X0

s.t. pΛ f 8 a0 9 p ¾�� f 8 a0 9-�/� ε } 2. Then(recall that � Λ � z 1)pΛ f 8 a9 p ¾ pΛ f 8 a0 9 p � ε } 2 ¾�� f 8 a0 9-�/� ε ¾ M (B.35)

for a 7 Aε, hence� Λ f � ∞ ¾ M.
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(b1) If f 7 Lp andφ 7 ^ , then � � Qφ f dµ � z � f � p by theHölderinequality;
trivially, wehave ��� Qφ f dµ � z � f � p for f �7 Lp (i.e., � f � p ± ∞). Thus,weonly
needto assumethat0 Ç M Ç�� f � p z ∞ andfind φ 7 ^ s.t. � � Qφ f dµ �]¾ M.
Wedivide theproofof this factinto threeparts.

CaseI — p ± ∞, ^è±
^ 2: Take M ¹�¾ M s.t. µ 8 E 9®¾ 0, whereE : ±�m t 7
Q oo � f 8 t 9-�Ñ¾ M ¹�r . Becauseµ is σ-finite, there is A Ã E s.t. 0 Ç µ 8 A9]Ç ∞.
Choosea0 7 A and A¹ : ± Aε Ã A for ε : ±y8 M ¹Ê� M 9g} 2 as in LemmaB.2.8.
Choosex 7 X s.t. � x �R± 1 andxf 8 a0 9a¾·� f 8 a0 9-�/� ε ¾ M ~ ε. Thenfor t 7 A¹ ,
wehave � f 8 t 9-� B 7 8 f 8 a0 9 � ε � f 8 a0 9Ê~ ε 9 , and � xf 8 t 9 � xf 8 a0 9-�aÇ ε. Therefore,
φ : ± xχAâ } µ 8 A¹M9 7 ^ 2, and�e	

Q
φ f dµ �a± µ 8 A¹ 9 ³ 1 �e	

Aâ xf dµ �Y|�� xf 8 a0 9-�/� ε ¾ M Þ (B.36)

CaseII — p Ç ∞, ^n±�^ 2: 1ã Assumethat µ 8 Q9OÇ ∞, � f � p ± 1, and
f ± ∑k

j � 1b jχQ j
, wherethesetsQ j , j 7 N aredisjoint.

For each j choosexj 7 X s.t. � x j �O± 1 andx jb j ¾ � b j �h� δ, whereδ : ±8 1 � M 9g} ∑k
j � 1 � b j � p ³ 1µ 8 Q j 9aÇ 1 � M,

For φ : ± ∑k
j � 1 � b j � p ³ 1x jχQ j

, wehave (becauseq 8 p � 190± p) that	
Q
� φ 8 t 9¦� qdµ ±
	

Q

k

∑
j � 1
� b j � pχQ j

8 t 9 dµ ±�� f 8 t 9-� pp ± 1 for all t 7 Q � (B.37)

for q Ç ∞, and � φ � ∞ ± 1 aswell for q ± ∞. Moreover,�e	
Q

φ f dµ �a± k

∑
j � 1
� b j � p ³ 1 8 x jb j 9 µ 8 Q j 9a|�	ÿ� f � pp � h 8 δ 90± 1 � h 8 δ 9q� (B.38)

whereh 8 δ 9 : ± ∑k
j � 1 � b j � p ³ 1 8t� b j �$� x jb j 9 µ 8 Q j 9hÇ δ∑k

j � 1 � b j � p ³ 1µ 8 Q j 9/± 1 �
M, hence� � Q φ f dµ �Y¾ M.

2ã By scalinganddensity(TheoremB.3.11),any f 7 L p will do in 1 ã , if
µ 8 Q9hÇ ∞.

3ã For the generalcase,let Q ±Ix j Ü NQ j , where the setsQ j , j 7 N are
disjoint andµ 8 Q j 9aÇ ∞ for all j. SetE j : ±ym t 7 Q1 x­jgjgjÍx Q j oo � f 8 t 9-� B Ç j r .

By themonotoneconvergencetheorem,� QχE j
� f � pBdµ ¾ M for somej 7 N.

Usenow 2ã to find φ ± φχE j 7 ^ for E j andχE j
f ; thesameφ will clearlydo

for Q and f .

CaseIII — ^¨±Z^ 1: This follows easilyfrom casê̈ ±Z^ 2.

(b2) Thereis a nestedsequenceof opensetsΩ j Ã Q with compactclosure
s.t. x j Ü NΩ j ± Q. By the monotoneconvergencetheorem,it follows that for
some j, we have � f � Lp � Ω j D µ;B � ¾ M. Find g ± gχΩ j

± ∑k
i � 1xiχEi 7 ^ 2 s.t.

M f : ±�� � Ω j
gf dµ �Y¾ M. SetMg : ± maxi � xi �Y¾ 0.

Because f 7 L1 8 Ω j � µ;B9 , we canfind, for eachi, a compactKi Ã Ω j and
an openVi Ã Ω j s.t.Ki Ã Ei Ã Vi and � Vi G Ki

� f � Bdµ Ç δ : ±�8 M f � M 9g} 2kMg.
By LemmaB.3.10, thereis someφi 7 ¬ ∞

c 8 Ω j 9 s.t. χKi z φi z χVi
. Set φ : ±
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∑k
i � 1xiφi 7 ^ 2 It followsthat� 	

Ω j

φ f dµ �h|)� 	
Ω j

gf dµ �º� k

∑
i � 1

	
Vi G Ki

� g � φ � X � f � Bdµ |)� 	
Ω j

gf dµ �º� k

∑
i � 1

2Mgδ ¾ M Þ
(B.39)

(b3) 1ã Casep ± ∞: If M ÇI� f � ∞ ± supq Ü Q � f � , thenthereis q 7 Q s.t.� f 8 q9-� B ¾ M, so that � f 8 q9 x �O¾ M for somex 7 X with � x �Y± 1. Thus,then
wecantake φ : ± χ í q î x.

2ã Case1 z p Ç ∞: Set A : ± supp8 f 9 : ±ÿm q 7 Q oo f 8 q9z�± 0 r . If A is
countable,then (b1) applies; obviously, ^ 2 ± cc l ^ 1 ± cc. Assumethen
that A is uncountable.Choosen 7 N ~ 1 s.t. An : ±Im a 7 A oo � f 8 a9-�v¾ 1} n r
is uncountable(henceinfinite). Choosedistinct elementsm ak r k Ü N Ã An. For
eachk, choosexk 7 X s.t. � xk �ù± 1 and f 8 ak 9 xk ¾ 1} n. Then � Qφm f dµ ±
∑m

k � 1 f 8 ak 9 xk ¾ m} n, whereφm : ± ∑m
k � 1 xkχ í ak î 7 cc and m 7 N is arbitrary,

hencethen(B.33)± ∞ ±�� f � p.
(b4)Thefunctionsφ constructedin theproofsof (b1)–(b3)areof this form.
(c) Finally, for g : Q » X, X ±�Æ 0 � ∞ Ï , wecanchooseφ 7 ^ to prove(B.34)

asabove. By Hölder inequality, φg 7 L1 maybedropped;by thetrick usedin
“3 ã ” above(with E j : ±#m t 7 Q oo f 8 t 9�Ç j r ) wemaydroptheassumption f 7 L1

loc.
(d) CaseI above appliesheretoo (mutatismutandis).For p Ç ∞, we still

have the Hölder inequality (“ | ”); naturallyfor B2 ± K this reducesto (b1)–
(b3).

Finally, if f �± 0, thensomeφ ± ∑m
k � 1φkb¢k 7 ^ (hereb¢k 7 B¢ for all k)

satisfies � Qφ f dµ �± 0, by (b4), hencethen b : ± � Q φk f dµ �± 0 for somek.
Choosex 7 X s.t.xb �± 0, andsetφ ± φkx. w
Wenow show thatpart(d) doesnothold for p Ç ∞:

Example B.4.13 Let Q ±·Æ 0 � 2Ï , µ ± m, 1 z p Ç ∞, 1
p ~ 1

q ± 1.

(a)B ±#�<8 K � K2 9 , X ± K , f ± χ Ý 0 D 14 È 10 É ~ χ Ý 1 D 24 È 01 É 7 Lp 8 Q; �>8 K � K2 9=9=9 , Then� f � p ± 21� p ¾ sup
φ Ü Lq � Q;X ��D � φ � q � 1

� 	
Q

f φdµ � K2 Þ (B.40)

Thus, � f � p ¾·� f � �$� Lq � Q;K ��D K2 � .
However, � f � p ± � f ¢ � Lp � Q; �$� K2 D K � � ± � f ¢ � �$� Lq � Q;K2 ��D K � , hence� f ¢�� �$� Lq � Q;K2 ��D K � ¾·� f � �$� Lq � Q;K ��D K2 � .

(b) Analogously, � f � p ¾A� f � �$� Lq � Q;K2 ��D K2 � if we set f ± χ Ý 0 D 14 È 1 0
0 0 É ~

χ Ý 1 D 24 È 0 0
1 0 É 7 Lp 8 Q; �>8 K2 9=9 .

(c) Moreover, by setting f ± ∑n
k � 1χ Ý n ³ 1 D n4 P¢n , whereP¢n 7 �>8 K � Kn 9 is defined

by P¢nα ± αen, we get � f � L2 ��Ý 0 D n4 ;B� ± �
n, �e� f udm � z 1 when � u � 2 z 1,

wherewecantakeB ±��>8 X � Kn 9 for any nontrivial BanachspaceX (replace
f by f Λ for someΛ 7 X ¢ s m 0 r ).

(d) Finally, if f ± ∑∞
k � 1χ Ý n ³ 1 D n4 P¢n , B2 : ±%À 2 8 N 9 whereP¢n 7 �>8 K � B2 9 is defined

by P¢nα ± αen, then ��� f udm � z � u � L2 � R ÷ ;K � , i.e., � f � �$� L2 � Q;K ��D B2 � ± 1,
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although � f � L2 � R ÷ ; �$� K ;B2 � � ± ∞. Note that � f ¢�� �$� L2 � Q;B2 ��D K � ±¶� f ¢�� 2 ±� f � 2 ± ∞. {
Proof: (a) Let q Ç ∞. Obviously, � f � pp ± 2, hence � f � p ± 21� p. Let

φ 7 Lq 8 Q;X 9��Y� φ � q ± 1. SetP1 : ± È 1 0
0 0 É , P2 : ± È 0 0

0 1 É . Then� P1 	
Q

f φdm � X ±��e	 1

0
P1φdm � X z � φ � Lq ��Ý 0 D 14 ;X � ± : a � (B.41)

by the Hölder inequality. Analogously, � P2 � Q f φdm � X z � φ � Lq ��Ý 1 D 24 ;X � ± : b,
hence� � Q f φdm � 2X z a2 ~ b2. For q z 2 wehavea2 ~ b2 z aq ~ bq z � φ � qq ± 1
andhence�e� Q f φdm � 2X z 1. Forq ¾ 2, themaximumof a2 ~ b2 givenaq ~ bq z
1 is 2 ³ 2� q ~ 2 ³ 2� q ± 21� p ³ 1� q Ç 21� p Ç�8 21� p 9 2 ±�� f � 2p. Finally, for q ± ∞ we

have � Pk � Q f φdm � X z 1 (k ± 1 � 2), hence�e� Q f φdm � X z �
2 Ç 2 ±�� f � p.

(b) This follows from (a).
(c)&(d) Thesecan be proved as for (a) (for p ± 2 ± q this is obvious:� � f φ � 2 z ∑n � φ � 2L2 ��Ý n ³ 1 D n4 ;X � ±�� φ � 22, asin (B.41)).

(e) 1ã For f 7 L1 8 Q;B9 this follows from Lemma B.2.8(b) (since
Λ � A f dµ ±�� AΛ f dµ ¾ 0 for suchA).

2ã If f 7 L1
loc 8 Rn;B9 and � E f dm ± 0 for all boundedmeasurableE Ã R,

thenχ Ý ³ RD R4 n f ± 0 a.e.for all R ¾ 0, by 1ã , hencef ± 0 a.e. w
Evenif f is stronglymeasurable,“weakL p” differsfrom Lp:

Example B.4.14 (Λ f 7 LpΛ f 7 LpΛ f 7 Lp for all Λ �? f 7 L pΛ �? f 7 LpΛ �? f 7 Lp) Set H : ±�À 2 8 N 9 . Define f 7À 2 8 N;H 9 by f 8 k 9 : ± ek. Then,for any x 7 H, we have �q� f � x�g� 2 ± � x � � 2 ±I� x � H .
Thus, � Λ f � 2 ±Ë� Λ � for all Λ 7 H ¢ , although � f � 2 ± ∞. (The sameholds forñ
f : ± ∑k Ü N χ Ý k D k ¼ 1 � ek 7 L2 8 R ¼ ;H 9 .) {

By The Hölder Inequality, the formula À p 8 Q;B9O� f �» ∑t Ü QFt ft 7 K deter-
minesacontractivemap À q 8 Q;B¢ 9�� F �» ∑F j 7 À p 8 Q;B9 ¢ . Usually, all elements
of À p 8 Q;B9�¢ areof this form:

Lemma B.4.15(À À À p 8 Q;B 9 ¢ ±¥ÀÀ À q 8 Q;B ¢ 9 ) Let Q be a set,1 z p Ç ∞ and p ³ 1 ~
q ³ 1 ± 1. Then À p 8 Q;B9�¢Ñ± À q 8 Q;B¢�9 and co 8 Q;B9Í¢©±IÀ 1 8 Q;B9 (with equal
norms).

Recall that À p 8 Q;B9 refersto Lp 8 Q � σ;B9 , whereσ is the countingmeasure.
Note that it follows that À pr 8 S;B9�¢R±*À q1� r 8 S;B ¢�9 for S Ã Z, where À pr : ± r � À p (see
(13.2)).

Proof: 0ã Remarks: We allow B to be an arbitrary Banachspace;this
cannotbe donein the caseof, e.g.,L p 8gÆ 0 � 1Ï ;B9 ; cf. [DU]. For infinite Q and
B �±�m 0 r , the closedsubspaceco 8 Q;B9 of À ∞ 8 Q;B9 is not dense,hencethere
is F 7 À ∞ 8 Q;B9�¢ s.t. F f ± 0 for all f 7 co, in particular, F �7 À 1 8 Q;B¢A9 (a
constructiveexampleis givenin Exercise3.4of [Rud73]).
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1ã Sufficiency: Let 1 z p z ∞. Let F 7 À q 8 Q;B¢�9 . By LemmaB.4.12(b3),
F 7 À p 8 Q;B9�¢ and � F �=| p � Q;B� × ±Ë� F �=| q � Q;B × � (and the sameholdswith co in
placeof À p if p ± ∞).

2ã Necessity, casep Ç ∞: For theconverse,assumethatF 7 À p 8 Q;B9�¢ and
p Ç ∞. Sinceπ ¢í t î 7 �>8 B ��À p 8 Q;B9=9 (hereπ ¢í t î x is x at t andzeroelsewhere),we
haveGt : ± Fπ í t r ¢ 7 �>8 B � K 9/± B¢ .

This functionG : Q » B ¢ satisfiesF f ± ∑t Ü QGt ft for each f 7 cc 8 Q;B9 ,
by linearity. Since p ∑t Ü QGt ft p ± pF f p{z � F �Ê� f � for all f 7 cc 8 Q;B9 , we have� G �=| q � Q;B × � z � F � , by LemmaB.4.12(b3)(with ^ê±�^ 2 ± cc). Consequently,
G 7 À p 8 Q;B9�¢ , by 1ã .

It follows thatG ± F on theclosureof cc 8 Q;B9 , i.e., on À p 8 Q;B9 . Thus,F
is of therequiredform. By density(seeTheoremB.3.11(a)),G ± F.

3ã Necessityfor co 8 Q;B9 : If F 7 co 8 Q;B9�¢ andp ± ∞, thentheaboveproof
applies,mutatismutandis, andG ± F on co 8 Q;B9 , by density(seeTheorem
B.3.11(c)),henceF is againof therequiredform. w
TheMinkovski Integral Inequality(not to bemixedto theMinkovski inequal-

ity � f ~ g � p z � f � p ~*� g � p) saysthat ��� R f dν � p z � R � f � pdν; alsothis canbe
extendedto vector-valuedfunctions

Theorem B.4.16(Mink ovski Integral Inequality) Let 8 Q � µ9 and 8 R� ν 9 becom-
plete, positive, σ-finite measure spaces.EquipQ � R with µ � ν, thecompletion
of µ � ν. Let1 z p z ∞.

(a) If f : Q � R »AÆ 0 � ∞ Ï is measurable, then

� 	
R

f dν � Lp � Q� z 	
R
� f � Lp � Q� dν z ∞ Þ (B.42)

(b) If B is a Banach space, f : Q � R » B is measurable, and M : ±� R � f � Lp � Q� dν Ç ∞, then g 8 q9 : ± � R f 8 q �gjC9 dν 7 B is defineda.e., g 7
Lp 8 Q;B9 and � g � p z M, i.e., (B.42)holds.

If we did not make theassumption � R � f � Lp � Q� dν Ç ∞ in (b), we wouldhave
to write � χ f � q D � �áÜ L1 � RD X � 	

R
f dν � Lp � Q D X � z 	

R
� f � Lp � Q D X � (B.43)

or usesomeothertrick tomakethefunctionin theleft well defined(hereit is taken
to bezerofor thoseq, for which f 8 q �gjC9Y�7 L1). Theset m q 7 Q oo � R � f 8 q �gj 9-� dν ±
∞ r is measurableby the Fubini Theorem,henceso is χ f � q D � �áÜ L1 � RD X � , and thus
(B.43)canbeproved in thesamewayas(b).

Proof: (a) By the Fubini Theorem,the inner integralsdefinemeasurable
functions; in particular, g 8 q9 : ± � R f 8 q � r 9 dr definesa measurablefunction
Q »LÆ 0 � ∞ Ï .
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If s | 0 is asimplefunctionand � s � pâ z 1, where1} p ~ 1} p¹Ê± 1, then	
Q

gsdµ ±�	
Q

	
R

f 8 q � r 9 s8 q9 dν 8 r 9 dµ 8 q9 (B.44)± 	
R
	

Q
f 8 q � r 9 s8 q9 dµ 8 q9 dν 8 r 9 z 	

R
� f � Lp � Q� dν � (B.45)

hence � � R f dν � Lp � Q� ±n� g � Lp � Q� z � R � f � Lp � Q� , by TheoremB.4.12 (p 7Æ 1 � ∞ Ï ).
(b) Find setsQ j Ã Q with µ 8 Q j 9vÇ ∞ ( j 7 N) s.t. Q1 Ã Q2 Ãÿjgjgj and

Q ± x j Ü NQ j . Theassumption � R � f � pdν Ç ∞ impliesthat	
Q p 	 R

� f � Bdν p pdµ z � 	
R
� f � Lp � Q� dν � p Ç ∞ � (B.46)

by (a) (appliedto � f � B) for p Ç ∞, and �e� R � f � Bdν � ∞ z � R � f � ∞ dν Ç ∞ for
p ± ∞. In particular, � R � f � Bdν Ç ∞ for a.e.q 7 Q¹ , whereµ 8 Q s Q¹ 9X± 0, and
g is definedonQ¹ , hencea.e.

BecauseLp 8 Q j ;B9RÃ L1 8 Q j ;B9 for j 7 N, we have � Q j
� R � f � Bdνdµ Ç ∞,

henceg j : ± � R f dν : Q j » B is defineda.e.and measurable,by the Fubini
Theorem.

Because gj ± g on Q j , also g is measurable. By (B.46), � g � Lp � Q� z� R � f � Lp � Q� dν Ç ∞. w
The following result allows one to take Laplaceand Fourier transformsof¬:8 R;Lp 9 functionscomponentwise(seePropositionD.1.13).

Lemma B.4.17(� Q f 8kjC9H8 r 9 dµ ±f8 � Q f dµ9H8 r 9� Q f 8kjC9H8 r 9 dµ ±f8}� Q f dµ9H8 r 9� Q f 8kjC9H8 r 9 dµ ±�8 � Q f dµ9H8 r 9 ) Assumethat µ : $ »EÆ 0 � ∞ Ï and
ν : $·¹{»@Æ 0 � ∞ Ï areσ-finite, complete, positivemeasuresonQ andR,respectively.

Let f 7 L1 8 Q;Lp 8 R;B9m9 l L 8 Q � R;B9 , p 7 Æ 1 � ∞ Ï . Theng 8 r 9 : ± � Q f 8kjC9H8 r 9 dµ
existsa.e., andg ±�� Q f dµ 7 L p 8 R;B9 .

Thus, then g 8 r 9ù±[8 � Q f dµ9H8 r 9 for almost every r 7 R. Seealso Exam-
pleB.4.18.

Proof: (By using the Fubini Theorem,one easily verifies that f ± 0 as
an elementof L1 8 Q;Lp 8 R;B9=9 if f f ± 0 asan elementof L 8 Q � R;B9 , hence
L1 8 Q;Lp 8 R;B9=9 l L 8 Q � R;B9 is well-defined(weusedtheassumption that f 7
L 8 Q � R;B9 ; by Counter-example8.9(c)of [Rud86],thereis f : Æ 0 � 1Ï���Æ 0 � 1Ï�»
R s.t. f is notmeasurable,but Æ f Ï 7 L1 8gÆ 0 � 1Ï ;L p 8gÆ 0 � 1Ï ;B9=9 hasa representative
thatis measurable,becausef 8 t 9$± 1 a.e.for every t 7 Æ 0 � 1Ï , i.e., Æ f Ï ±·Æ 1Ï .)

By TheoremB.4.16,g 8 r 9 exists for a.e.r 7 R, g 7 L p 8 R;B9 and � g � p z� f � 1. SetF : ± � Q f dµ 7 L p 8 R;B9 .
1ã Casef ± χEb,b 7 Lp, E 7 $ : Now F ± µ 8 E 9 b, g 8 r 9'± µ 8 E 9 b 8 r 9 (r 7 R),

henceF ± g.
2ã Casef is simple:This followseasilyfrom 1 ã , by linearity.
3ã General case: Let fn » f in L1, asn » ∞, and let fn be simple and

measurablefor eachn 7 N. SetFn : ± � Q fndµ, gn 8 r 9 : ± � Q fn 8kjC9H8 r 9q� dµ (r 7 R),
sothatFn ± gn, by 2ã .
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Because� is continuous,we have Fn » F in L p, asn » ∞. By Theorem
B.4.16,� gn � g � p ±��e	

Q
8 fn � f 9H8kjC9H8 r 9 dµ � p z 	

Q
� fn � f � dµ ±�� fn � f � 1 » 0 � (B.47)

asn » ∞. Therefore,somesubsequenceof m gn r convergesto g andF a.e.,
henceg ± F a.e. w
Theassumption that f 7 L 8 Q � R;B9 is necessaryin LemmaB.4.17:

Example B.4.18 [ � Q f 8kjC9H8 r 9 dµ �±�8 � Q f dµ9H8 r 9� Q f 8kjC9H8 r 9 dµ �±�8 � Q f dµ9H8 r 9� Q f 8kjC9H8 r 9 dµ �±f8 � Q f dµ9H8 r 9 ] Define f : Æ 0 � 1Ï¸�¤Æ 0 � 1Ï�» R asin
Counter-example8.9(c)of [Rud86](whichusestheContinuumHypothesis), and
defineh : Æ 0 � 1Ïº�´Æ 0� 1Ï » R by h T 1. Let p � a 7 Æ 1 � ∞ Ï .

Then f is not measurableÆ 0 � 1Ï��ÛÆ 0 � 1Ïº» R, but for eachq 7 Q : ±�Æ 0 � 1Ï , we
have f 8 q9/± 1 ± h 8 q9 a.e.onR, in particular, f 8 q9 7 L p 8gÆ 0 � 1Ï ;B9 . Thus, Æ f Ï¸±�Æ hÏ
aselementsof La 8gÆ 0 � 1Ï ;L p 8gÆ 0 � 1Ï ;B9=9 , evenaselementsof ¬F8gÆ 0 � 1Ï ;L p 8gÆ 0 � 1Ï ;B9=9 .

Even worse,for eachr 7 Æ 0 � 1Ï , we have f 8 q � r 9®± 0 for a.e.q 7 Q. Thus,
g 8 r 9 : ±~� Q f 8 q � r 9 dq ± 0 for eachr 7 Æ 0 � 1Ï , although � Q f dm ±~� Q1dm ± 1 7
Lp 8gÆ 0 � 1Ï ;B9 , henceg �± � Q f dm (cf. LemmaB.4.17).

{
If f 7 La 8 Q;Lp 9 , thenthereis h 7 L 8 Q � R9 s.t.h 8 q9'± f 8 q9 a.e.onR(henceas

elementsof L p) for a.e.q 7 Q (we omit thenontrivial proof). Thus,thenLemma
B.4.17canbeappliedto h, but not to f : thevalueof � Q f 8 q9H8 r 9 dµ 8 q9 maydiffer
everywherefrom 8�	

Q
f dµ9H8 r 9/±f8}	

Q
hdµ9H8 r 9/±�	

Q
h 8 q9H8 r 9 dµ 8 q9 (B.48)

(thisequalityholdsfor a.e.r 7 R), asshown in theaboveexample.
If acontinuousfunctionhasaL1 limit functionon theleft boundary, thenthis

functionis L1 over thewholerectangleandalsosideways:

Lemma B.4.19 Let f 7 ¬:8=8 r � sÏ��&8 a � b9 ;B9 and f p í r î�� � a D b � 7 L1 8�m r r§�&8 a � b9 ;B9 ,
a � b � r � s 7 R, r Ç s,a Ç b.

If f 8 t �gj 9$» f 8 r �gjC9 in L1 8=8 a � b9 ;B9 , ast » r ~ , then f 7 L1 8=8 r � sÏ��>8 a � b9 ;B9 and
f 8kj�� c9 7 L1 8=8 r � s9 ;B9 for a.e. c 7 8 a � b9 .

Proof: Being continuous, f is Borel-measurableon Q : ±�8 r � sÏ$�Z8 a � b9 ,
henceLebesgue-measurableon Q. Due to the continuity and convergence,
M : ± supt Ü Ý r D s4 � f 8 t �kjC9-� L1 � � a D b � ;B� Ç ∞. By TheFubiniTheorem,8 s � r 9 M | 	

Q
� f � Bdm ± 	 s

r
	 b

a
� f � Bdm ± 	 b

a
	 s

r
� f � Bdm; (B.49)

in particular, � s
r � f � Bdm Ç ∞ for a.e.c 7 8 a � b9 and f 7 L1 8 Q;B9 . w

(Seethenotesonp. 947.)
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B.5 Differ entiation of integrals ( d
dt b )

“Chesire-Puss,” shebegan,“would youtell me, please, which wayI
oughtto go fromhere?”
“That dependsa gooddeal on where you want to get to,” said the
Cat.
“I don’t caremuch where–” saidAlice.
“Then it doesn’t matterwhich wayyougo,” saidtheCat.

— Lewis Carroll (1832–98)

In thissectionwepresentLebesguepointsanda few resultsondifferentiation
of integrals.

Also for vector-valuedfunctions, almostall pointsareLebesguepoints:

TheoremB.5.1(Lebesguepoints) Let f 7 L1
loc 8 Rn;B9 . Then, for almost all

t 7 Rn, wehave

lim
r Ð 0¼ m8 Dr 9 ³ 1 	

Dr
� t � � f 8 s9Ê� f 8 t 9¦� Bds ± 0 and f 8 t 9º± lim

r Ð 0¼ m8 Dr 9 ³ 1 	
Dr
� t � f 8 s9 dsÞ
(B.50)

Such t arecalledtheLebesguepointsof f , andLeb8 f 9aÃ Rn is thesetof such t.

(HereDr 8 t 9 : ± m t ¹ 7 Rn ooqp t ¹t� t p Ç r, Dr : ± Dr 8 09 .) From(B.50) it followsthat� f 8 t 9-� z � f � ∞ z ∞ for all t 7 Leb8 f 9 .
Note that if f is continuous at t, then t 7 Leb8 f 9 . Obviously, Leb8 f 9 l

Leb8 g9aÃ Leb8 α f ~ βg9 for any f � g 7 L1
loc, α � β 7 K .

Proof: Thefirst claimfollowsfrom Theorem3.8.5of [HP] for t 7 Dk, if we
replacef by χDk

f (k 7 N); thesecondclaimfollows from thefirst for (at least)
samet:� f 8 t 9º� m8 Dr 9 ³ 1 	

Dr
� t � f 8 s9 ds � B ±�� m8 Dr 9 ³ 1 	

Dr
� t � 8 f 8 t 9º� f 8 s9=9 ds � B » 0 Þ

(B.51)
Let Nk Ã Dk bethenull setwherethefirst limit in (B.50)is nonzeroor does

not converge. Then(B.50)holdsfor t 7 Rn s x k Ü NNk, hencea.e. (To beexact,
[HP] givesthe result for cubes,but it canbe easilygeneralizedto any nicely
shrinkingsets,asin Section7 of [Rud86].) w
Fromtheabove theoremwe obtain

Corollary B.5.2 LetJ Ã R beanintervaland f 7 L1
loc 8 J;B9 . Then,for almostall

t 7 J,

lim
hÐ 0

1
h

	 t ¼ h

t
f 8 s9 dt ± f 8 t 9 and lim

hÐ 0

1
h

	 t ¼ h

t
� f 8 s9'� f 8 t 9-� ds ± 0 Þ (B.52)

In particular, if a 7 J andF 8 t 9/±�� t
a f 8 s9 ds, thenF 7 ¬F8 J;B9 andF ¹Ê± f a.e.w

(Of course,wehaveset � a
b : ±£�<� b

a .)
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Oneeasilyverifiesthat a function F of the above form is locally absolutely
continuous(see(scalar)Definition7.17of [Rud86]).However, unlikein thefinite-
dimensional (or Hilbert) case,thereareabsolutely continuousfunctionsthatare
nowheredifferentiable(however, this is not thecasefor reflexivespaces,a fortiori
not in Hilbert spaces;see,e.g.,[DU] or p. 125of [KOS] for details).

There is a method for uniquely choosingrepresentatives for L1
loc 8 Rn;B9

“functions” sothattheserepresentativehaveall possibleLebesguepoints:

Lemma B.5.3(Lebesguerepresentative) Let Æ f Ï 7 L1
loc 8 Rn;B9 . For each t 7 Rn

s.t.
lim

r Ð 0¼ m8 Dr 9 ³ 1 	
Dr
� t � p f � xt p dm ± 0 (B.53)

for somext 7 B, weset 8 L f 9H8 t 9 : ± xt ; for othervaluesof t, weset 8 L f 9H8 t 9 : ± 0.
It follows that 8 L f 9H8 t 9O± f 8 t 9 for all t 7 Leb8 f 9 , henceL f ± f a.e. and

Leb8 f 9ÌÃ Leb8 L f 9 . Moreover, � L f � z � f � ∞ everywhere andL f dependson Æ f Ï
only.

Moreover, for all Æ f Ï��tÆ gÏ 7 L1
loc 8 R;Y 9 , Λ 7 Y ¢ , ψ 7 °u¬:8 R 9 , andevery t 7 R

wehave 8 Lψ f 9H8 t 9/±f8 ψL f 9H8 t 9q� Leb8 ψ f 90± Leb8 f 9q�
(B.54)

Leb8 f 9hÃ Leb8 Λ f 9q� �g8 ΛL f 9H8 t 9-� z �g8 LΛ f 9H8 t 9-�-�
(B.55)

t 7 Leb8 f 9 l Leb8 g9§±x? t 7 Leb8 α f ~ βg9q�y8 L 8 α f ~ βg9=9H8 t 90± αL f 8 t 9 ~ βLg 8 t 9qÞ
(B.56)

Finally, for each linear F : B » L1
loc 8 Rn;B2 9 andt 7 Rn, thespace

Bt : ±£m x 7 B oo t 7 Leb8 LFx9tr (B.57)

is a subspaceof B. w
(We omit the simple proof.) Note that Leb8 L f 9 becomesthe union of the

Lebesguesetsof all representativesof Æ f Ï , andthat f �» L f and Æ f Ï �» L f arenot
linear, neither f �»�8 L f 9H8 t 9 for any t 7 Rn (but f �»�Æ L f Ï and Æ f Ï��»@Æ L f Ï arelinear,
since Æ L f Ï ±�Æ f Ï ).

Thestandarddifferentiation formulafor integralscaneasilybeextended:

Lemma B.5.4 Let J � J ¹�Ã R beintervals,a � b 7 ¬ 1 8 J;J ¹L9 . Let f : J � J ¹B��8 t � s9/»
f 8 t � s9 7 B bes.t. f � ft 7 ¬:8 J � J ¹ ;B9 . ThenF 8 t 9 : ±�	 b � t �

a � t � f 8 t � s9 ds is in ¬ 1 8 J;B9 ,
and

F ¹ 8 t 9 : ±�	 b � t �
a � t � ft 8 t � s9 ds ~ b¹ 8 t 9 f 8 t � b 8 t 9m9'� a¹ 8 t 9 f 8 t � a 8 t 9m9 for all t 7 J Þ (B.58)

Recallthatweallow J andJ ¹ benon-open(thederivativesat theendpointsare,
of course,one-sided).

Proof: Because � b � t �
a � t � ± � b � t �

c � � a � t �
c , where c 7 J ¹ is arbitrary, we may

assumethata is a constant.Now
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F 8 t ~ h9'� F 8 t 9�~ 	 b � t ¼ h�
b � t � 8 f 8 t � b 8 t 9m9=9 ds (B.59)

Fromthefirst termwecompute

1
h � 	 b � t �

a
8 f 8 t ~ h � s9'� f 8 t � s9=9 ds � 	 b � t �

a
ft 8 t � s9 ds�± 1

h
	 b � t �

a
	 t ¼ h

t
8 ft 8 r � s9'� ft 8 t � s9m9 dr ds ± 1

h
	 t ¼ h

t
	 b � t �

a
» 0 � (B.60)

by the continuity of ft . (By the Fubini Theorem, we were allowed to
interchangetheorderof integration.)

Oneeasilyverifiesthat thesecondandthird termsof (B.59) multiplied by
1} h convergeto 0 andb¹%8 t 9 f 8 t � b 8 t 9=9 , respectively. Thecontinuity of F ¹ follows
analogously. w
A smooth changeof variablepreservesLebesguepoints:

Lemma B.5.5 Let � ∞ z a Ç b z ~ ∞, φ 7 ¬ 1 8=8 a � b9 ;R 9 , φ ¹¯¾ 0 and f 7
L1

loc 8=8 α � β 9 ;B9 , where α : ± φ 8 a9 , β : ± φ 8 b9 . ThenLeb8 f 9/± φ Æ Leb8 f ; φ 9�Ï .
HereLeb refersto thezeroextensions (or any otherL1

loc 8 R;B9 extensions) of
f and f ; φ.

Proof: Let T 7 8 a � b9 . Set g : ± f ; φ, t : ± φ 8 T 9 . ChooseR ¾ 0 s.t.Æ t � R� t ~ RÏ�Ã�8 α � β 9 . SetM : ± maxÝ t ³ RD t ¼ R4 � φ ¹Õ� , M ¹ : ± maxφ Ý t ³ RD t ¼ R4 � φ ³ 1 ¹ � .
By LemmaB.4.10,wehave

1
2r

	 t ¼ r

t ³ r
� f 8 s9'� f 8 t 9-� Bds ± 1

2r
	 φ à 1 � t ¼ r �

φ à 1 � t ³ r � � g 8 s9'� g 8 T 9-� Bφ ¹ 8 s9 ds (B.61)± MM ¹
2rM ¹ 	 T ¼ M â r

T ³ M â r � g 8 s9'� g 8 T 9-� BdsÞ (B.62)

But this converges to zero whenever T 7 Leb8 g9 , hencethen t 7 Leb8 f 9 .
BecauseT 7 8 a � b9 wasarbitrary, we have φ Æ Leb8 f ; φ 9�Ï[Ã Leb8 f 9 . Exchange
therolesof f andg (andφ andφ ³ 1) to obtainthatφ ³ 1 Æ Leb8 f 9�Ï[Ã Leb8 f ; φ 9 ,
i.e.,Leb8 f 9hÃ φ Æ Leb8 f ; φ 9�Ï . w
TheMeanValueTheoremis only truefor R-valuedfunctions(notevenfor C-

valuedor R2-valued;e.g.,set f 8 t 9 : ± eit , Æ a � bÏ : ±£Æ 0 � 2π Ï ); in themultidimensional
caseit becomesamereinequality:

Lemma B.5.6(Mean Value Inequality) Let a Ç b, and let f 7 ¬:8gÆ a � bÏ ;B9 be
differentiableon 8 a � b9 . Thenthere is ξ 7 8 a � b9 s.t.� f 8 b9'� f 8 a9-� B z 8 b � a9-� f ¹ 8 ξ 9-� z 8 b � a9 sup

t Ü � a D b� � f ¹ 8 x9-�-Þ (B.63)

If, in addition, f ¹%8 a9 exists,thenthere is
ñ
ξ 7 8 a � b9 s.t.� f 8 b9'� f 8 a9

b � a
� f ¹ 8 a9-� B z � f ¹ 8 ñξ 9'� f ¹ 8 a9-� B Þ (B.64)
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Proof: Let Λ 7 X ¢ bes.t. � Λ � z 1 andΛ 8 f 8 b9�� f 8 a9=9X±I� f 8 b9�� f 8 a9-� B.
Obviously, 8 ReΛ f 9k¹Ê± ReΛ f ¹ , hence� f 8 b9º� f 8 a9-� B ± ReΛ f 8 b9º� ReΛ f 8 a9[±�8 b � a9H8 ReΛ f ¹ 9H8 ξ 9 z 8 b � a9-� f ¹ 8 ξ 9-� B �

(B.65)
by theclassicalMeanValueTheorem.Thesecondinequality follows from the
first appliedto F 8 t 9 : ± f 8 t 9[� f 8 a9[� t f ¹ 8 a9 (note that F ¹ 8 t 9a± f ¹ 8 t 9[� f ¹ 8 a9 ).w

Lemma B.5.7 Let J Ã R be an interval and n 7 N. Then the following are
equivalentfor F : J » B:

(i) F 7 ¬ n¼ 1 8 J;B9 ;
(ii) F ± � f for somef 7 ¬ n 8 J;B9 .

Moreover, if (ii) holds,thenF ¹Ê± f .

By F ± � f wemeanthatF 8 t 9º± F 8 a9{~ � t
a f 8 s9 dsfor all t 7 J andsome(hence

all) a 7 J. SeeLemmaB.7.6 for an analogousresult for absolutelycontinuous
functions.

Proof: Oneeasilyverifiesthat (ii) implies(i). Given(i), fix a 7 J andset
f : ± F ¹ , G 8 t 9 : ± F 8 a9º~ � t

a f . Then 8 F � G9k¹Ê± 0 on J, hence8 ΛF � ΛG9�¹�± 0
on J and 8 ΛF � ΛG9H8 a9h± 0, henceΛF ± ΛG on J; this holdsfor all Λ 7 B ¢ ,
henceF ± G. Therefore,(i) implies(ii). w
If f 8kj�� q9 7 ¬ 1 8 Ω;B9 for fixed q 7 Q, and f 8 z�gj 9 is measurableand has

a commonL1 majorantfor all z, then � Q f 8 z�gj 9 dµ 7 ¬ 1 8 Ω;B9 with derivative� Q fz 8 z�gjC9 dµ 7 ¬F8 Ω;B9 , by (c)&(d) below:

Lemma B.5.8 Let Ω be a metric space, let Q be σ-finite, let 1 z p z ∞, let
f : Ω � Q » B, andsetF 8 z9 : ± f 8 z�gjC9 . Thenwehavethefollowing:

(a) WehaveF 7 ¬F8 Ω;Lp 8 Q;B9=9 , if p Ç ∞ and(1.)–(3.)hold,where

(1.) f 8kj�� q9 7 ¬:8 Ω;B9 for a.e. q 7 Q;
(2.) f 8 z�gjC9 7 L 8 Q;B9 for all z 7 Ω;
(3.) there is g 7 L p 8 Q; Æ 0 � ∞ Ï�9 s.t. � f 8 z�gj 9-� B z g a.e. for all z 7 Ω.

(b) If F 7 ¬:8 Ω;L1 8 Q;B9=9 , then
ñ
F 7 ¬:8 Ω;B9 , where

ñ
F 8 z9 : ± � Q f 8 z�gj 9 dµ.

(c) Claims(a) and(b) alsohold with ¬ 1 in placeof ¬ if Ω Ã R is an interval
andin (a) wealsorequire that � fz 8 z�gjC9-� B z g a.e. for all z 7 Ω.

In case(a) wethenalsohaveF ¹�8 z9/± fz 8 z�gjC9 , hencethen(d) applies.

(d) Assumethat Ω Ã R is an interval, f 8kj�� q9 7 ¬ 1 8 Ω;B9 for a.e. q 7 Q, and
F � G 7 ¬:8 Ω;L p 9 , where G 8 z9/± fz 8 z�gj 9 .
Then F 7 ¬ 1 8 Ω;L p 9 and F ¹§± G (and

ñ
F 7 ¬ 1 8 Ω;B9 and

ñ
F ¹�8 z9¡±� Q fz 8 z�gjC9 dµ if p ± 1) for all z 7 Ω.
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(e)Claims(c) and(d) alsoholdwith H in placeof ¬ if Ω Ã C is open.

SeeDefinitionD.1.3for H 8 Ω;B9 .
Proof: (a) If zn » z, thenF 8 zn 9®» F 8 z9 , by TheoremB.4.3. Thus,F 7¬:8 Ω;L p 9 .
(b) This follows from (a) LemmaB.4.2.
(d) By LemmaB.5.7,wehave f 8 z� q9'� f 8 a � q90± � z

a fz 8 s� q9 ds (z� a 7 Ω).
Moreover, Ω is σ-finite, separableandmetric, andopensubsetsof Ω are

m-measurable.Thus, fz is m � µ-measurable,by LemmaB.4.8.
Fix z 7 Ω. Given now h 7 Ω, we have (here �Xj�� p refersto the Lp 8 Q;B9

normandq 7 Q is thecorrespondingdummy(i.e.,dependent)variable)� h ³ 1 � F 8 z ~ h9º� F 8 z9 � � G 8 z9-� p ±�� h ³ 1 	 z¼ h

z
� fz 8 s� q9'� fz 8 z� q9 � ds � p (B.66)z h ³ 1 	 z¼ h

z
� fz 8 s� q9'� fz 8 z� q9-� pds » 0 �

(B.67)

(the inequality is from TheoremB.4.16(b)) as h » 0, by TheoremB.4.3,
because� fz 8 s� q9/� fz 8 z� q9-� p ±ç� G 8 s9$� G 8 z9-� p » 0 as s » z, and � G 8 s9/�
G 8 z9-� p is bounded( z M Ç ∞) nearz, by continuity, andM 7 L1 8gÆ z� z ~ hÏr9 .

Therefore,F ¹Ê± G existsin L p. Consequently, F 7 ¬ 1 8 Ω;L p 9 .
(c) By (a), we have F � G 7 ¬F8 Ω;Lp 9 , where G 8 z9 : ± fz 8 z�gjC9 (note that

fz 8 z� q9O± limnÐ ∞ n ³ 1 8 f 8 z ~ 1} n � q90� f 8 z� q9=9 for a.e. q 7 Q, hencealso fz
satisfiescondition (2.)). Therefore,wegettheconclusions from (d).

(e) This is analogousto the ¬ 1 case(usea pathintegral and(b5) (and(b1)
for p ± 1) of LemmaD.1.2insteadof LemmaB.5.7). w
By (B.50),Theaveragesof any f 7 Lp 8 R;B9 convergeto f pointwisea.e.;we

alsohave theconvergencein L p:

Lemma B.5.9 Let1 z p Ç ∞ and f 7 L p 8 R;B9 . Then� 1
r
	 r

0
f 8 t ~ s9 ds � f 8 t 9¦� p » 0 � as r » 0 (B.68)

(asfunctionsof t).

Proof: By the Minkovski Integral Inequality, we have (herethe L p norm
refersto thevariablet)

1p r p � 	 r

s� 0
Æ f 8 t ~ s9'� f 8 t 9�Ï ds � p z 1

r
	 r

s� 0
� f 8 t ~ s9'� f 8 t 9¦� pds z sup

sÜ Ý 0 D r 4 � τs f � f � p » 0 �
(B.69)

asr » 0, by LemmaB.3.9. w
Wefinish thissectionby a technicallemma:
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Lemma B.5.10 LetT ¾ 0. If 0 is a Lebesguepointof f 7 L1 8gÆ 0 � T 9 ;B9 , then	 T

0
se³ st f 8 t 9 dt » f 8 09q� as s »n~ ∞ Þ (B.70)

Proof: Because� T
0 se³ st dt » 1, we have (B.70) for constantfunctions f .

Therefore,wemayassumethat f 8 090± 0, i.e., that

g 8 t 9 : ± t 	 t

0
� f 8 r 9-� Bdr » 0 as t » 0 ~%Þ (B.71)

SetF 8 t 9 : ± � t
0 f dm 7 ¬F8gÆ 0 � T Ï ;B9 . ThenF 8 090± 0, � � ε

0 s2e³ stF 8 t 9 dt � B z g 8 ε 9
and � T

ε s2e³ stF 8 t 9 dt » 0, ass »K~ ∞, for any ε 7 8 0 � T 9 . Using thesethree
factsandpartialintegration, oneeasilyobtains(B.70). w
Notesfor SectionsB.1–B.5
As indicatedin the proofs,many of the above resultsareknown at leastto

someextentor in thescalarcase.A further treatmenton Bochnermeasurability,
Bochnerintegral andvector-valued Lp spacesis given in, e.g.,Sections3.5–3.9
of [HP] and in [KOS], [DU] and [Yosida]; the monograph[Dinculeanu]treats
sameconceptsfrom the Bourbakipoint of view. The scalarcase(the Lebesgue
integral andmeasurability andL p and ¬ spaces)is containedin mostbookson
realanalysis,suchas[Rud86].
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B.6 Vector-valueddistrib utions � ( Ω;B .
No, my friend, theway to havegoodandsafegovernment,is not to
trustit all toone, but todivideit amongthemany, distributing toevery
one exactly the functionshe is competentto. It is by dividing and
subdividing theserepublicsfrom the national onedownthrough all
its subordinations,until it endsin theadministration of everyman’s
farm by himself;by placing underevery onewhat his own eye may
superintend,thatall will bedonefor thebest.

— ThomasJefferson(1743–1826),to JosephCabell,1816

Herewebriefly presentstraightforwardvector-valuedgeneralizationsof some
basicscalardistribution results. We have written the othersectionsso that the
readermay skip this section, but its contentsgive a deeperinsight to some
conceptsneededin, e.g.,SectionB.7.

Throughoutthissection,B is aBanachspaceandΩ is anopensubsetof Rn.
Thespace"&8 Ω 9 is not equalto ¬ ∞

c 8 Ω 9 , althoughratherclose.Onetradition-
ally usesa rathercomplicatedtopology; fortunately, for most applicationsone
doesnotneedto know this topology, justsomeof its basicimplications:

Definition B.6.1 The test function space " : ±\"08 Ω 9 is the set of functions

φ 7 ¬ ∞ 8 R 9 , whosesupportsuppφ : ± � x 7 Rn �� φ 8 x9Y�± 0 � lies in Ω, equippedwith
the standard (locally convex, complete, non metrizable)test function topology
[Rud73,6.3–6.5],whereasequence� φk � convergesto φ 7 " iff thereisa compact
K Ã Ω s.t.suppφk Ã K for all k andDαφk » Dαφ uniformly for all α 7 Nn.

Theelementsof "µ¹ : ±�"µ¹�8 Ω;B9 : ±(�>8#"08 Ω 9 ;B9 arecalled(B-)distributions.

As in theproof of [Rud73,Theorem6.6], onecanshow thata linearmapping
T : "08 Ω 9h» B is continuous if f it is sequentially continuous, i.e., if f φk » φ (in"08 Ω 9 ) impliesTφk » Tφ (it is enoughto verify this for φ ± 0). Also mostother
resultsof [Rud73,Section6] caneasilybegeneralized.

Wedefinetheαth weakderivative(or αth distributionalderivative) ∂αT 7 "µ¹
of T 7 "µ¹ by

∂αT 8 φ 9 : ±�8k� 19 Îα ÎT 8 Dαφ 9�8 φ 7 "08 Ω 9m9q� (B.72)

in particular, ∂T 8 φ 9 : ±�� T 8 φ ¹L9 if n ± 1. Herewe have usedthe standardmulti-
index notation: α 7 Nn, � α � : ± ∑n

j � 1α j , 8 x1 � ÞgÞgÞ � xn 9 α : ± xα1
1 �i�=�=�Q� xαn

n , Dα : ±
Dα1

1 �=�=� Dαn
n ; hereD j : ± d

dx j
and∂ j is thecorrespondingweakderivative.

A function f 7 L1
loc 8 Ω;B9 (i.e., f : Ω » B is s.t. f 7 L1 8 K;B9 for each

compactK Ã Ω; note that L p Ã L1
loc for p 7 Æ 1 � ∞ Ï ). is identified with the

distribution φ ���� Ω f φdm. in "h��8 Ω;B9 . The inclusionL1
loc 8 Ω;B9OÃ�"h��8 Ω;B9

is linearandinjective. Similarly, aconstant(function)b 7 B is identifiedwith the
φ �� � Ω bφdm � b � Ω φdm.

A distributionwith zeropartialderivativesis aconstant:

Lemma B.6.2 Let Ω beconnectedandT 7 "z��8 Ω;B9 . If δ jT � 0 for all j, then
T 7 B.
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Proof: If Λ 7 B� , then ΛT 7 "z� and ∂ jΛT � Λ∂ jT � 0 for all j, hence
ΛT � αΛ 7 K , by [Rauch,p. 256]. Chooseφ1 7�� s.t. � Ω φ1dm � 1, andset
bT : � Tφ1.

Then ΛbT � ΛTφ1 � αΛ � Ω φ1dm � αΛ for all Λ 7 B� , henceΛTφ �
αΛ � Ω φdm � ΛbT � Ω φdm for all φ 70� 8 Ω 9 , Λ 7 B � , i.e.,Tφ � bT � φ ��� Ω bTφ
for all φ. Thus,T � bT 7 B. �
By induction, we seethatif thekth partialderivativesof T arezero,thenT is

apolynomial of degreek:

Corollary B.6.3 Let Ω be connectedand T 7�� ��8 Ω;B9 . If � α �/� k ? ∂αT � 0,
thenT � ∑ �β � � k � 1qβbβ, wherebβ 7 B for all β. �
Corollary B.6.4 If J � R is an open interval, T � � ��� J;B� , and ∂T � f �
L1

loc � J;B� , then there is a locally absolutelycontinuous functionF : J � B s.t.
T � F andF � t �_� F � a� � � t

a f dm whena � J; in particular F ��� f a.e. �
(This followsby definingG � t � : � � t

a f dmandthennotingthat∂ � T   G�x� 0.)
Similarly, for any F � f �J¡ � Ω;B� s.t. ∂ jF � f , thederivative D jF existsand

equalsf , asonecaneasilyshow by usingmollifiers.

Notes
The contentsof this sectionarewell known, althoughit may be difficult to

find any references;someother resultson vector-valueddistributionsaregiven
in [Treves]. See,e.g.,[Rud73]or [Rauch]for thescalarcase;mostscalarresults
alsoholdin oursettingwith sameproofs,mutatismutandis(someexistenceresults
requiretheRadon–Nikodymproperty).
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B.7 Sobolev spacesWk � p ¢ Ω;B £
The reasonthat every major university maintainsa departmentof
mathematicsis that it’ s cheaper than institutionalizing all those
people.

In this section,we briefly generalizesomefactsaboutscalarSobolev spaces
to their vector-valued counterparts. Most of the time we follow the scalar
representationsin [Adams]. A casualreadermight skip thedefinitionsandother
resultsandjust readLemmaB.7.6andTheoremB.7.4,sincethey suffice for most
applications.Also otherreadersmightwishto readfirst LemmaB.7.6to getsome
intuition to Wk ¤ p spaces.

Throughoutthis section,B is a Banachspace,1 ¥ p ¥ ∞, k � N, n � N � 1,
Ω � Rn is open,andm is theLebesguemeasureonRn.

Definition B.7.1(∂αg∂αg∂αg) Let f � L1
loc � Ω;B� andα � Nn. Wecall g � L1

loc � Ω;B� the
αth weakderivativeof f (onΩ) andwewrite ∂α f � g if¦

Ω
gφdm � �   1� �α � ¦

Ω
f Dαφdm � φ �o¡ ∞

c � Ω �=�Q§ (B.73)

(By usinglinearity, projections, mollifiersandapartitionof unity, onecouldin

factshow that(B.73) for φ ��¡ ∞
c � Ω � implies(B.73) for all φ ��¡ �α �

c � Ω;X � , where
X is asin TheoremB.4.12(d).We omit theproof.)

Herewehaveusedthestandardmulti-index notation: α � Nn, � α � : � ∑n
j ¨ 1 α j ,� x1 � §=§=§ � xn � α : � xα1

1 �J�=�=� � xαn
n , Dα : � Dα1

1 �=�=� Dαn
n ; hereD j : � d

dx j
is the(classical)

jth partial derivative (useDefinition B.3.3 with the othercoordinatesfixed). If
n � 1, we write ∂ : � ∂1. (Outsidethis and previous section,we usethe same
notationfor weakandordinaryderivatives.)

Recallthat f � L1
loc � Ω;B� meansthat f : Ω � B is s.t. f � L1 � K;B� for each

compactK � Ω. Theweakderivate is unique(asanelementof L1
loc, thatis, a.e.),

by TheoremB.4.12(d).
If f �&¡ k � Ω;B� and � α �H¥ k, then∂α f � Dα f onΩ, by partialintegration. See

alsoTheoremB.7.4andLemmaB.7.6.
It is obvious that if ∂α f � g on Ω, then∂απΩ © f � πΩ © g on Ω � for any open

Ω � � Ω.

Definition B.7.2(Wk ¤ pWk ¤ pWk ¤ p) TheSobolev spaceWk ¤ p is definedby

Wk ¤ p � Ω;B� : ��� f � L p � Ω;B� �� ∂α f � Lp when � α �ª¥ k � (B.74)

for p �p« 1 � ∞ ¬ andk � N, with norm­
f
­
k ¤ p : ��® ∑�α � ¯ k

­
∂α f

­ p
p ° 1± p � 1 ¥ p ² ∞ � � ­

f
­
k ¤ ∞ : � max�α � ¯ k

­
∂α f

­
∞ (B.75)

We denoteclosure of ¡ ∞
c � Ω;B� in Wk ¤ p � Ω;B� by Wk ¤ p

0 � Ω;B� . WhenΩ � R1,

weset f � Wk ¤ p
loc � Ω;B� if f � Wk ¤ p � J;B� for each boundedopenintervalJ � Ω.
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In particular, W0 ¤ p � Lp. Let Ω �e� Ω beopen.Obviously, f � Wk ¤ p � Ω;B�x³
πΩ © f � Wk ¤ p � Ω � ;B� ; in particularWk ¤ p � Wk ¤ p

loc.

Let Ω � Ω � � , f � Wk ¤ p
0 � Ω;B� , � α �/¥ k and∂α f � g. ThenπΩ © © f � Wk ¤ p � Ω � � ;B�

with the samenorm, and ∂απΩ © © f � πΩ © © g (for f �3¡ ∞
c � Ω;B� the latter claim

follows by integration by parts; for general f � Wk ¤ p
0 � Ω;B� by continuity; the

formerclaimfollows from this).

Theorem B.7.3 ThespacesWk ¤ p � Ω;B� andWk ¤ p
0 areBanach spaces.

If p ² ∞, then ¡ ∞ � Ω;B�s´ Wk ¤ p � Ω;B� is dense in Wk ¤ p � Ω;B� , and
Wk ¤ p

0 � Rn;B�x� Wk ¤ p � Rn;B� .
However, ¡ 1 �=� 0 � 1� ;B� is not densein W1 ¤ ∞ �=� 0 � 1� ;B� whenB µ��� 0 � (take an

absolutelycontinuousfunctionwhosederivativehasa jumpdiscontinuity).
The spaceWk ¤ p is densein L p (p ² ∞), because¡ ∞

c � Wk ¤ p. However,
W1 ¤ ∞ � R;B� -functionsarecontinuous, by LemmaB.7.6,hencenotdensein L∞.

Proof: 1¶ Thecompletenessof Wk ¤ p: Let � fn � be a Cauchysequencein
Wk ¤ p andlet � α �·¥ n. Then � ∂α fn � is a Cauchysequencein Lp, hencethereis
fα � Lp s.t.∂α fn � fα in Lp. Let φ �0¡ ∞

c � Ω � . BecauseDαφ �0¡ ∞
c � Ω �x� Lq � Ω � ,

theHölderinequalityimpliesthat¸
fα � φ¹eº ¸

∂α fn � φ¹ : � �   1� �α � ¦
Dαφ fndm � �   1� �α � ¦

Dαφ f0dm � :
¸
∂α f � φ¹}§

(B.76)

Becauseα andφ werearbitrary, we have f0 � Wk ¤ p and∂α f0 � fα for � α �ª¥ k.
Clearly fn � f0 in Wk ¤ p.

2¶ Beinga closedsubspaceof Wk ¤ p, alsoWk ¤ p
0 is a Banachspace.Thelast

sentenceof the theoremfollows from the straightforward generalizationsof
[Adams,3.15–3.19](notethatonp. 53of [Adams]thecondition‘containedin
“Uk”’ shouldbe’containedin Uk but not in Uk � 1’). �
One can interpret Wk ¤ p as a closedsubspaceof ∏1 ¯ j ¯ Nn » k Lp, henceit is

separableif B is (cf. [Adams,3.4]). Similarly, Wk ¤ 2 is aHilbert spaceif B is.
If ψ ��¡ k

b � Ω � , thenψ �<¼ � Wk ¤ p � and
­
ψ

­Q½ ¥ Mk
­
ψ

­Q¾
k
b

(asa multiplication

operatoron Wk ¤ p) andψ f canbeweaklydifferentiatedby theLeibniz’ rule. For
Λ ��¼ � B � B2 � we have

­
Λ

­ ½_¿
Wk » p ¿ Ω ¤ BÀ ;Wk » p ¿ Ω ¤ B2 ÀrÀ � ­

Λ
­ ½_¿

B ¤ B2 À (unlessΩ � /0),

moreover, ∂αΛ f � Λ∂α f for f � Wk ¤ p.
An openΩ � R hastheconeproperty, if thereis afinite coneC s.t.eachpoint

x � Ω is thevertex of a finite coneCx � Ω congruentto C. In particular, any ball
or cubeor aproductof suchwill do.

Theorem B.7.4(Sobolev Imbedding Theorem) Let B be a Banach space, let
the opensetΩ � Rn havethe coneproperty, and let 1 ¥ p ² ∞, mp Á n, and
j � N.

ThenW j Â m¤ p � Ω;B�Ã�Ä¡ j
b � Ω;B� , and W j Â m¤ p

0 � Ω;B�:�Ä¡ j
0 � Ω;B� , and these

imbeddingsarecontinuous.
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In particular, W j Â m¤ p � Rn;B�Å�3¡ j
0 � Rn;B� . Of course,f �o¡ 0 meansthatthere

is Æf ��¡ 0 s.t. f �ÇÆf a.e.SeealsoCorollaryB.7.7(whichallows p � ∞).
Proof: (We usethe norm

­
f
­ ¾

j
b

: � ∑ �α � ¯ j sup
­
Dα f

­
in ¡ j

b and ¡ j
0 .) By

[Adams,5.4C],thereisc � c j ¤ m¤ p ¤ n ¤ Ω s.t.for F � W j Â m¤ p � Ω � wehave
­
∂αF

­
∞ ¥

c
­
F

­
j Â m¤ p when È α Èª¥ j.

1¶ Case f �É¡ k ´ W j Â m¤ p: Let È α ÈÅ¥ j. If we had
­ � ∂α f � � t � ­ Á

c
­
f
­

j Â m¤ p � : M, thentherewereΛ � X � s.t.
­
Λ

­ ¥ 1 andΛ∂α f � t �ÊÁ M. But­
∂αΛ f

­
∞ ¥ c

­
Λ f

­
j Â m¤ p ¥ c

­
f
­

j Â m¤ p ² � ∂αΛ f � � t � wereacontradiction,hence­ � ∂α f � � t � ­ ¥ c
­
f
­

j Â m¤ p.
2¶ Case f � W j Â m¤ p: By TheoremB.7.3, somesequenceË fn Ì �Ä¡ k ´

W j Â m¤ p converges to f . By 1¶ , Ë fn Ì is a ¡ j
b Cauchysequence,henceit

convergesin ¡ j
b to a function g. Becausea subsequenceconvergesto f a.e.

(generalizethe correspondingscalarresult,e.g.,[Rud86,Theorem3.12]), we
haveg � f a.e.Moreover (becauseof theconvergencein ¡ j

b), wehave­
∂α f

­
∞ � lim

nÍ ∞

­
Dα fn

­
∞ ¥ lim

nÍ ∞
c
­
fn

­
j Â m¤ p � c

­
f
­

j Â m¤ p § (B.77)

3¶ W j Â m¤ p
0 : Herewe cantake Ë fn Ì �~¡ ∞

c � Rn;X � andobtainthat g ( � f )

belongsto theclosureof ¡ ∞
c in ¡ j

b , i.e., to ¡ j
0 .

4¶ Thecontinuityof theimbeddingsfollows from theboundc. �
If first (resp.kth) weakpartial derivativesof f arezero,then f is a constant

(resp.a polynomial of order² k):

Lemma B.7.5 LetΩ beconnectedand f � W1 ¤ p � Ω;B� . If δ j f � 0 for all j, then
f � B.

Let,in addition, f � Wk ¤ p � Ω;B� . If È α Èm� k ³ ∂α f � 0, thenf � ∑ �β � ¯ k � 1xβbβ,
where bβ � B for all β.

Proof: If Λ � B� , then Λ f � � � and ∂ jΛ f � Λ∂ j f � 0 for all j, hence
Λ f � αΛ � K , by correspondingscalarresult(seep. 256of [Rauch]).Choose
φ1 � � s.t. � Ω φ1dm � 1, andsetb f : � f φ1.

Then Λbf � Λ f φ1 � αΛ � Ω φ1dm � αΛ for all Λ � B� , henceΛ f φ �
αΛ � Ω φdm � Λbf � Ω φdm for all φ � Λ � B� , i.e., f φ � b f � φ ��� Ω bf φ for all
φ. Thus, f � b f � B. TheWk ¤ p claimfollowsby induction. �
BeingaW1 ¤ 1 functiononaninterval is equivalentto absolutecontinuity:

Lemma B.7.6(W1 ¤ p � � LpW1 ¤ p � � LpW1 ¤ p � � Lp) Let J � R be an openinterval and f � L p � J;B� .
Thenthefollowingareequivalent:

(i) f � W1 ¤ p � J;B� ;
(ii) there is g � L p s.t. f � t �x� � t

a gdm � f � a� � t � J � for somea � J.

Assume(ii). Theng � f � a.e., ∂ f � g, f is locally absolutelycontinuous, and
(ii) holdsfor anya � J. If p � 1, then f is absolutelycontinuousandhasone-sided
limits at theendpointsof J.
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Thus,if f � ∂ f � L p, thentheweakderivative ∂ f is alsoa pointwise derivative
of f a.e. However, if f is theCantorfunctionof Theorem7.16of [Rud86], then
f � existsa.e.and f � f �d� Lp � « 0 � 1¬�� for any p ��« 1 � � ∞ ¬ , but ∂ f doesnot exist (in
L1

loc), becausef ��� 0 and f µ� f � 0� � � t
0 0dm.

Proof: 1¶ “(ii) ³ (i)”: Assume(ii). By usingtheFubini theorem,oneeasily
verifiesthat∂ f � g, hencef � W1 ¤ p.

2¶ “(i) ³ (ii)”: Let f � W1 ¤ p andg : � ∂ f � L p. DefineF ��¡ by F � t � : �� t
a gdt � f � a� for somea � J. By 1 ¶ , we have ∂F � g, henceF � f � b for

someb � B, by LemmaB.7.5,andb � F � a�d  f � a�x� 0. Thus, f � F.
3¶ Assume(ii). By Corollary B.5.2, f �_� g a.e.and f is locally abso-

lutely continuous.The rest follows from 1 ¶ –2¶ (recall that ∂ f is unique,by
TheoremB.4.12(d)),except the p � 1 claims,which follow by choosingfor
ε Á 0 a simple function s � L1 s.t. 0 ¥ s ¥ ­

g
­

and � J

­
g
­   sdm ² ε Î 2, and

settingδε : � ε Î 2maxs (or δε � 1 if s � 0) — then m� E �:² δε implies that� E

­
g
­
dm ² ε; becauseε Á 0 wasarbitrary, f is absolutely continuous(see,

e.g.,Definition7.17of [Rud86]),henceit obviously is continuouson J̄. �
In casen � 1, wecanslightly improveTheoremB.7.4:

Corollary B.7.7(Wk Â 1 ¤ p � J;B����¡ k � J;B�Wk Â 1 ¤ p � J;B���3¡ k � J;B�Wk Â 1 ¤ p � J;B����¡ k � J;B� ) Let J � R be open. Then
Wk Â 1 ¤ p � J;B�Ï�y¡ k � J;B� . The mappingWk Â 1 ¤ p � J;B�F�Ð¡ k � K;B� is continu-
ousfor each compactintervalK � J.

Proof: Let f � Wk Â 1 ¤ p � J;B� . Let J �O� J be an interval. Then f �
Wk Â 1 ¤ p � J � ;B� , hencef ��¡ k � J � ;B� , by LemmaB.7.6andinduction. BecauseJ
wasarbitrary, wehave f �o¡ k � J;B� .

By Lemma A.3.6, Wk Â 1 ¤ p � J;B�Ñ�Ò¡ k � K;B� is continuous (because¡ k � K;B��� Lp � K;B� , continuously). �
For J � R, the above weakderivativesare, in fact, Lp derivatives(andvice

versa):

Lemma B.7.8 Let f � Lp � R;B� . Thenthefollowing areequivalent:

(i) f � W1 ¤ p � R;B� ;
(ii) there is g � L p s.t. f � t �x� � t

0 gdm � f � 0� � t � R � .
(iii) there is Æg � L p s.t.h � 1 « τ � h�d  I ¬ f � Æg in L p, ash � 0;

If (i)–(iii) hold, then g � Æg � f � a.e., ∂ f � g, and f is locally absolutely
continuous.

Proof: Theequivalence(i) Ó (ii) follows from LemmaB.7.6.
1¶ “(iii) ³ (i)”: SetDh : � h � 1 « τ � h�Ô  I ¬ . Let φ �X¡ ∞

c � R � be arbitrary. We
haveDhφ � φ � uniformly, ash � 0, henceDhφ � φ � in Lq, where1Î p � 1Î q �
1. Therefore,by theHölderinequality, wehave thetwo convergences¦

R
Ægφdm º ¦

R
� Dh f � φdm ��  ¦

R
f � D � hφ � dm �Õ  ¦

R
f φ � dm� (B.78)



954APPENDIXB. INTEGRATION AND DIFFERENTIATION IN BANACHSPACES

ash � 0. Therefore∂ f � Æg; in particular, f � W1 ¤ p.
2¶ “(ii) ³ (iii)”: Assume (ii). Set Fh � x� : �Ö« f � x � h�Y  f � x� ¬�Î h �

h � 1 � h
0 g � x � t � dt, so that Fh � x�×� g � x� for a.e.x. Using the Minkovski inte-

gral inequality(TheoremB.4.16),we getfor ε Á 0 that(hereL p normis taken
w.r.t. x) ­

Fh � x�d  g � x� ­ p : � ­
h � 1

¦ h

0
« g � x � t �d  g � x� ¬ dt

­
p (B.79)¥ h � 1

¦ h

0

­
g � x � t �e  g � x� ­ pdt ² ε � (B.80)

when Èh È/² δε, by LemmaB.3.9.ThereforeFh � g in L p, asrequired.
3¶ Assume(ii). Theidentity g � Æg � f � follows from 1 ¶ –3¶ (recall that∂ f

is unique,by TheoremB.4.12(d)),therestfrom LemmaB.7.6. �
ThesubsetW1 ¤ p

0 of W1 ¤ p refersto theelementsthatare“zeroontheboundary”
in somesense:

Lemma B.7.9(W1 ¤ p
0W1 ¤ p
0W1 ¤ p
0 ) Let J � R be an open interval and p ² ∞. Then

W1 ¤ p � J;B�0�Õ¡ 0 � J̄;B� , and W1 ¤ p
0 � J;B�>�ÖË f � W1 ¤ p � J;B�_ØØ f � inf J �<� 0 �

f � supJ � Ì .
Thus,a W1 ¤ p � J;B� function f haslimits at endpointsof J; we have f � W1 ¤ p

0
if f theselimits arezero(they arenecessarilyzeroat endpointsÙ ∞, if any).

Proof: 0¶ Let 1
p � 1

q � 1. Choosea � b ��«M  ∞ � � ∞ ¬ s.t.J � � a � b� . We shall
assumethat a � 0 ² b. By translation,this thenextendsto any a � �   ∞ � b� .
Usingreflection,we canthencover intervalsof form � a � � ∞ � . ThecaseJ � R
followsfrom by TheoremB.7.4,

1¶ Let f � W1 ¤ p � J;B� . For n � N � 1, choosebn � J s.t.Lp �=� bn � b� ;B� norm
of f and f � is lessthan1Î n. By this, LemmaB.7.6andtheHölder Inequality,
wehave­

f � s�d  f � t � ­ ¥ ¦ t

s

­
f � ­ Bdm ¥ n � 1 È t   s È 1± q � sÚ t � � bn Ú b�=�Q§ (B.81)

2¶ Assume thatb � ∞. By (B.81)andtheHölderInequalitywe have­
f � t � ­ B   1Î n ¥ ­ ¦ t Â 1

t
f
­
B ¥ n � 1 Û 1 Ú (B.82)

i.e., f � t �Ü² 2Î n. Becauset Á bn wasarbitrary, wehave f � t �_� 0 ast �uÝ ∞.
3¶ Assume thatb ² ∞. By theHölderInequality, we have f Ú f �e� L1 � J;B� ,

in particular, f hasa limit at b and f is absolutelycontinuousonJ.
4¶ By 2¶ and3¶ , wehaveW1 ¤ p � J;B���3¡ 0 � J̄;B� .
5¶ Because f �� f � b� is continuous,by TheoremB.7.4,we have 0 � f � b�

for f � W1 ¤ p
0 for b ² ∞; for b � ∞ thiswasshown in 2 ¶ . Analogously, f � 0�Ô� 0.

6¶ Now only theconversefor 5¶ remains:We assumethat f � W1 ¤ p � J;B�
is s.t. f � 0�Ü� 0 � f � b� , andprove that f � W1 ¤ p

0 . By TheoremB.7.3,we may
assumethat f �o¡ ∞ � Ω;B�B´ W1 ¤ p � J;B� .
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Let ε � � 0 Ú 1� . We shall constructg � W1 ¤ p with suppg � Ω and
­
g  

f
­
W1 » p ² ε; thenonecanfind φ �p¡ ∞

c s.t.
­
φ   g

­
W1 » p ² ε by mollifyi ng g (see

[Adams]).
61

3
¶ The case where f � 0 on « b�ÞÚ b� for someb�s² b: Chooseδ �� 0 Ú min � ε Î 5 Ú bÎ 2�=� s.t.

­
f
­

p Ú ­ f � ­ p Ú ­ f
­

∞ ² ε Î 5 over � 0 Ú δ � . It follows that­
f � δ � ­ ¥ δ1± qε Î 5 ¥ ε Î 5 ² 1 (cf. (B.81). Chooser � � 0 Ú 1� s.t.r � 1± q ² 2. Set

g � t � : �àßáâ áã 0 Ú t ��« 0 Ú � 1   r � δ ¬ ;� 1   1
r Ý t

rδ � f � δ �QÚ � t � �=� 1   r � δ Ú δ �m� ;
f � t �QÚ t ��« δ Ú b�Q§ (B.83)

It follows thatg � W1 ¤ p andg�,� f � δ �=Î rδ on �=� 1   r � δ Ú δ �=� andg�,� f � on� δ Ú b� . Moreover,­
g� ­ p

Lp
¿r¿

0 ¤ δ À ;B À ² rδ � δ1± qε Î 5rδ � p � r1 � pεp Î 5p Ú (B.84)

hence
­
g� ­ Lp

¿r¿
0 ¤ δ À ;B À ² 2ε Î 5. Obviously,

­
g
­ ¥ ­

f � δ � ­ ² ε Î 5 on � 0 Ú δ � , hence­
g
­
Lp

¿r¿
0 ¤ δ À ;B À ² ε Î 5. It follows that

­
f   g

­
W1 » p ² ε Î 5 Ý ε Î 5 Ý 2ε Î 5 Ý ε Î 5 � ε,

asrequired.
62

3
¶ Thegeneral case: If b ² ∞, we candefineg on � b   δ Ú b� in thesame

wayasabove, sothat
­
f   g

­
W1 » p ² 2ε. Let b � ∞. Thenwecantakeδ : � ε Î 6,

replace“b   δ” above by someb�x� � 1 Ú ∞ � s.t.
­
f
­

p Ú ­ f � ­ p Ú ­ f
­

∞ ² δ1± qε Î 5
over � b� Ú ∞ � , andgoonasabove. �
WesetW1 ¤ p

ω : �3Ë f � L p
ω ØØ ∂ f � Lp

ω Ì for ω � R (themeaningof W0 is apparent

from thecontext), andW1 ¤ p
0 ¤ ω denotestheclosureof ¡ ∞

c in W1 ¤ p
ω .

Lemma B.7.10(W1 ¤ p
ωW1 ¤ p
ωW1 ¤ p
ω ) ThemappingTα : f �� eα ä f is a Banach isorphismof Wk ¤ p

ω
ontoWk ¤ p

ω Â α andof Wk ¤ p
0 ¤ ω ontoWk ¤ p

0 ¤ ω Â α, andit is a bijectionof ¡ ∞
c onto ¡ ∞

c and ¡ ∞

onto ¡ ∞.
Moreover, Theorem B.7.3,Corollary B.7.7and LemmasB.7.5, B.7.6, B.7.8

and B.7.9hold with replacementsL p �� Lp
ω, W1 ¤ p �� W1 ¤ p

ω , and W1 ¤ p
0 �� W1 ¤ p

0 ¤ ω
(exceptthat if f � W1 ¤ 1

ω � J;B� , thenT� ω f is absolutelycontinuous, notnecessarily
f ).

Naturally, if f � W j Â m¤ p
ω , thene� ω ä f �Z¡ j

b as in TheoremB.7.4, etc. (but f
itself neednotbebounded).

Recall that by a (Banach) isomorphism T : X � Y we mean that T �å ¼ � X Ú Y � ; the above mappingdoesnot mapthe derivativesof f to thoseof its
imageTα f .

Proof: 1¶ Bijections: Because� eω ä f � �B� ωeω ä f Ý eω ä f � , we have
­
Tα f

­ ¥� È α È#Ý 1� ­ f
­

and � Tα � � 1 � T� α, hencethe W1 ¤ p
ω claim holds. The claim on¡ ∞

c and ¡ ∞ is obvious, andthe claim on W1 ¤ p
0 ¤ ω follows from thesetwo. Use

induction for generalk.
2¶ TheoremB.7.3andLemmaB.7.9:Thesefollow directly from 1 ¶ .
3¶ LemmaB.7.5:Let f � Wk ¤ p

ω � Ω;B� . Then f � Wk ¤ p � Ω � ;B� for eachopen,
boundedΩ �,� Ω, sotheclaimholdsfor k � 1; useinductionfor generalk.
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4¶ LemmaB.7.6: If f � Lp
ω � J;B� , then f � L p �=�   T Ú T �Ô´ J;B� for each

T Á 0, henceLemmaB.7.6 holds (we first get g � L p
loc, but we must have

g � ∂ f , hencef � W1 ¤ p if f g � Lp).
5¶ LemmaB.7.8and Corollary B.7.7: Modify the original proof accord-

ingly. �
Theshift is acontinuousoperationonWn ¤ p

ω :

Lemma B.7.11 If f � Wn ¤ p
ω � R;B� , thenτ f ��¡ n � j � R;W j ¤ p

ω � ( j � 0 Ú 1 Ú=§=§=§mÚ n). �
(This followsfrom CorollaryB.3.8,LemmaB.7.8andinduction.)
In someexamples,weshallusefollowing semigroups:

PropositionB.7.12 Let p ² ∞ and   ∞ ¥ a ² b, and set J � � a Ú b� . If b � ∞
(resp. b ² ∞), then πJτπJ is a boundedC0-semigroup on L p

ω � J;B� , and its
generator is the weakdifferentiation operator ∂ with domainW1 ¤ p

ω � J;B� (resp.
with domain Ë f � W1 ¤ p

ω � J;B�_ØØ f � b�Ü� 0 Ì ) andits resolvent� λ   ∂ � � 1 (Reλ Á ω)

mapsf � L p
ω � J;B� into theelementJ æ t ��ç� b

t eλ
¿
t � sÀ f � s� dsof thisdomain.

In particular, for J � R � thedomainis W1 ¤ p
0 ¤ ω � R � ;B� . �

See,e.g.,Examples3.2.3and3.3.2of [Sbook]for theproof(exceptfor thelast
claim, which follows from LemmasB.7.9 andB.7.10). By using Roneobtains
thedualresultsfor πJτ � πJ.

Notes
The contentsof this sectionarewell known, although it may be difficult to

find any references,particularlyfor thevector-valuedcase.
Popularreferences for Sobolev spacesinclude[Adams] and[Ziemer] in the

scalarcase.Most of their resultsalsohold in the vector-valuedcasewith same
proofs,mutatis mutandis.



Appendix C

Almost Periodic Functions (AP)

Anaphorismis neverexactlytrue; it is eithera half-truthor one-and-
a-half truths.

— Karl Kraus

In this appendixwe briefly presenta few factsaboutvector-valued almost
periodicfunctions.

Becausethe Fourier transformof a discretemeasure(e.g., of an I/O map
consisting purelyof delays)is analmostperiodicfunction(by LemmaC.1.2(h2)),
this has importantapplicationsin control theory. We shall use this theory to
combinethe MTI d and MTICL1

spectralfactorizationresultsfor onesfor MTI
in Section5.2by usingtheresultsof thissection.

Definition C.1.1(AP) LetB bea Banach space, andlet f : R è B becontinuous.
If ε Á 0, thena numberT � R is calledanε-almostperiodof f if

sup
t é R

­
f � t Ý T �d  f � t � ­ ¥ ε § (C.1)

Thefunction f is calledalmostperiodic( f � AP � R;B� ) if for each ε Á 0 there is
R Á 0 s.t.each interval � r Ú r Ý R�x� R (r � R) containsat leastoneε-almostperiod
of f .

Lemma C.1.2(AP) Let B and B1 Ú=§=§=§#Ú Bn be Banach spaces.Thenwe havethe
following:

(a) ThesetAP � R;B� is a closedsubspaceof ¡ bu � R;B� (with thenorm
­
f
­

: ê
supR

­
f
­
B). If B is a Banach algebra, thensois AP � R;B� .

(b) Bochner’s criterion A function f �i¡ b � R;B� is AP iff Ë f � Û   h� Ì h é R is
compactin ¡ b � R;B� .

(c) If fk � AP � R;Bk � for k ê 1 Ú=§=§=§mÚ n, then � fk � nk ¨ 1 � AP � R;B1 ë Û=Û=Û ë Bn � ; if,
in addition, φ �o¡ � B1 ë Û=Û=Û ë Bn;B� , thenφ � f1 Ú f2 Ú=§=§=§#Ú fn �Å� AP � R;B� .

(d1) If f � AP � R;B� , thenK : ê f « R ¬ is compact.

(d2) If f andK areasin (d1),andφ �o¡ � K;B1 � , thenφ ì f � AP � R;B1 � .
957
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(e) (APAPAP is inverse-closedin ¡ b¡ b¡ b:) If f � AP � R; ¼ � B1 Ú B2 �=� and f is point-
wise invertible on R with f � 1 bounded(i.e., f � å ¡ b), then f � 1 �
AP � R; ¼ � B2 Ú B1 �=� (i.e., f � å

AP).

(f1) (Bohr transformation) Let f � AP � R;B� . For each λ � R, thelimit

fλ : ê lim
T Í ∞

1
2T

¦ T� T
f � t � e� iλt dt � B (C.2)

exists, the values fλ are boundedby supR
­
f
­
B and determine f � AP

uniquely, at mostcountablymanyof themare nonzero, and 0 is the only
limit pointof theset Ë fλ Ì λ é R (calledtheAP-spectrumof f ).

We formallydenotef í ∑λ é R fλeiλt .

(f2) Thefunction f îè fλ is linear andof norm1.

(f3) If f � AP � R;B1 � , g � AP � R;B2 � , φ �f¼ � B1 ë B2 Ú B� , and either
∑λ é R

­
fλ

­
B1 ² ∞ or ∑λ é R

­
gλ

­
B2 ² ∞ (in particular, when either AP-

spectrumis finite), thenfor λ � R wehave

φ � f Ú g� λ ê ∑
µé R

φ � fµ Ú gλ � µ �QÚ (C.3)

In particular, if B ê B1 ê B2 is a Banach algebra, then � f g� λ ê ∑µé R fµgλ � µ
for λ � R.

(f4) If H is a Hilbert space, then
­
f
­
AP : ê ∑λ

­
fλ

­ 2
H ê � ­ f

­ 2
H � 0 ¥ supR

­
f
­ 2
H ,

and � f Ú g� : ê � ¸ f Ú g¹ H � 0 makesAP � R;H � an innerproductspace(i.e., a pre-
Hilbert space),whosecompletion“ AP” is isomorphicto ï 2 � R;H � . (Note
that

­
f
­
: ê ­

f
­

∞, andthatwewrite
­
f
­
AP whenwereferto thisBesicovitch

spacenorm.)

(f5) Let F � AP � R; ¼ � B Ú B2 �=� . Then, in AP, f îè F f has the norm­
F

­ ½_¿
AP

¿
R;BÀ�¤ AP

¿
R;B2 ÀrÀ ¥ ­

F
­

∞.

(g) If f � AP � R;B� andε Á 0, thentherearen � N, bk � B, λk � R (k ê 1 Ú=§=§=§#Ú n)
s.t.

­
f   ∑n

k ¨ 1bkeiλk ä ­ ∞ ² ε and fλk
µê 0 for k ê 1 Ú=§=§=§#Ú n.

(h1)Periodic functions arealmostperiodic.

(h2)Let � aλ � λ é R �kï 1 � R;B� . Thenf : ê ∑λ é R aλeiλt is in AP � R;B� and fλ ê aλ
for all λ � R (thischaracterizesf uniquely, by (f1)).

(i) Theclassof treatedin (h2) is inverse-closedAP andin ¡ b.

Proof: (a)–(d2)We haveAP ��¡ bu, by Property2 of [LZ, Section1.1]. By
Property6, AP is a vectorspace,andby Property3 it is closed.By Properties
7, 4 and6, claims(c), (d1) and(d2) hold, respectively; by Theorem1.2.1,(b)
holds.

By Property7, thefirst claimin (c) holds;combinethiswith (d2) to observe
thatφ ì � f1 Ú f2 Ú=§=§=§#Ú fn �Å� AP � R;B� , i.e., thattherestof (c) holdstoo.

Now (c) impliesthattherestof (a)holds.
(e) This followsfrom (d2),becauseK � å ¼ by LemmaA.3.3(A3).
Part (f1) follows from [LZ, pp.22–24];part(f2) is obvious.
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(f3) Clearly « φ � aeiµt Ú beiνt � ¬ λ ê φ � a Ú b� � ei
¿
µÂ ν À t � λ ê φ � a Ú b� χ ð λ ñ � µ Ý ν � , when

λ Ú µ Ú ν � R Ú a � B1 Ú b � B2.
Therefore,(C.3) holdsfor f Ú g with a finite AP-spectrum.For sucha fixed

g, both sidesof (C.3) are continuousfunctionsof f from AP to B (because
thesumon theright is finite) for eachλ � R, hence(C.3) holdswhenever the
AP-spectrumof g is finite, by (g).

If ∑λ é R
­
fλ

­ ² ∞, then(C.3)holdsfor eachg with afinite AP-spectrumand
bothsidesof (C.3)areacontinuousfunctionof g, hence(C.3)holdsfor any g.

Thecasefor ∑λ é R
­
gλ

­ ² ∞ follows by exchangingtherolesof f andg.
(We have no needto studywhethertheseï 1 conditions are necessary;at

leastthey arenot whenB is a Hilbert space:ChoosePn è f asin (g). By (f4),� gλ � λ é R �'ï 2 and �=� Pn � λ   fλ � λ é R ê �=� Pn   f � λ �=� λ é R è 0 in ï 2, hencealsothe
right sideof equation(C.3)with Pn in placeof f convergesasn è ∞ (because­

φ � fµ Ú gλ � µ � ­ B ¥ M
­
fµ

­�­
gλ � µ

­
for someM ² ∞).)

(f4) Thefirst claimis givenonp.31of [LZ] andit impliestheisomorphism
to ï 2 � R;B� (the trigonometricpolynomials mapnaturallyto a densesubspace
of ï 2 � R;B� ); therestis obvious (notethat

¸
f Ú g¹N� AP by (c) and(d2)).

(f5) Let f � AP. By (c) and (d2), we have F f � AP. Obviously,� ­ F f
­ 2
H � 0 ¥ ­

F
­ 2

∞ � ­ f
­
H � 20. Since f � AP was arbitrary, we concludefrom

(f4) that
­
F

­ ½_¿
AP

¿
R;BÀ�¤ AP

¿
R;B2 ÀrÀ ¥ ­

F
­

∞.
(g) Seepages17–18and24of [LZ].
(h1)This is obvious(takeR ê 2T in DefinitionC.1.1).
(h2) By (c), we have akeitk ä � AP � R;B� for all k, hence∑k é N akeitk ä �

AP � R;B� , by (a).
(i) CombineWiener’s Lemma(11.6 of [Rud73] or Theorem4.1.1(a)for

MTId) with (c). �
Notes
All resultsin this sectionarewell known. A canonicalreferenceon almost

periodic functions is [LZ]. Further questionshave beentreatedin [Basit] and
[Zhang]andin thearticlesthatthey referto.
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Appendix D

Laplaceand Fourier Transforms
( ò u ó ôu)

Themeetingof two personalities is like the contactof two chemical
substances:if there is anyreaction,bothare transformed.

— Carl Jung(1875–1961)

In this appendix, we mainly study holomorphic vector-valued functions.
This includesHp spaces,Laplaceand Fourier transformsand Poissonintegral
formulae.Wealsopresentsomeresultsonconvolutions.

Throughout this chapter, B, B2 andB3 arecomplex Banachspaces,U , H and
Y arecomplex Hilbert spaces,K ê C, andΩ � C is open.

A function f : Ω è B isholomorphic ( f � H � Ω;B� ) if the(complex) derivative

f õ � s� : ê lim
hÍ 0

f � s Ý h�d  f � s�
h

(D.1)

of f existsat eachs � Ω. By f
¿
k À we denotethekth derivative of f . TheBanach

spaceH∞ � Ω;B� of boundedholomorphic funcitonsis definedby

H∞ � Ω;B� : ê�Ë f � H � Ω;B� ØØ ­ f
­
H∞ : ê sup

sé Ω

­
f � s� ­ B ² ∞ Ì § (D.2)

Westartwith thebasicpropertiesof holomorphicfunctions:

Lemma D.1.1(Weakly holomorphic ³ ³ ³ holomorphic) Let Ω � R be open, f :
Ω è B, andF : Ω è\¼ � B Ú B2 � .

(a) If Λ f � H � Ω � for all Λ � B � , then f � H � Ω;B� .
We may replace B� by any A � B� satisfying

­
x
­
B ê supË�È Λx È ØØ Λ �

span� A�QÚ ­
Λ

­ ¥ 1 Ì for all x � B.

(b) If ΛF � Û � b � H � Ω � for all b � B, Λ � B �2, thenF � H � Ω; ¼ � B Ú B2 �=� .
(c) If ΛF � Û � b � H∞ � Ω � for all b � B Ú Λ � B �2, thenF � H∞ � Ω; ¼ � B Ú B2 �=� .
(d) If G �p¼ � B Ú%¼ � B�2 Ú H∞ � Ω �=�=� (resp.G �p¼ � B Ú H∞ � Ω;B2 �=� ) and ΛG � Û � b �

H∞ � Ω � for all b � B Ú Λ � B �2, then G � H∞ � Ω; ¼ � B Ú B �m�2 �=� (resp. G �
H∞ � Ω; ¼ � B Ú B2 �=� ).
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Thus,if f is weaklydifferentiableonΩ, thenit is differentiableonΩ.
Proof: (a)&(b) Thesefollow from [HP, Theorem3.10.1];notethat,by (a),

we canreplaceB andB�2 in (b) by A � B andA2 � B�2 asin (a). (Spanmeans
thesetof linearcombinations.)

(c) If ΛF � Û � b � H∞ � Ω � for all b � B Ú Λ � B �2, thenF is uniformly bounded,
by theuniformboundednesstheorem(fix first Λ, thenb).

(d) 1¶ AssumethatG �>¼ � B Ú%¼ � B �2 Ú H∞ � Ω �=�=� . Defineg � Û �Ê�>¼ � B Ú B�m�2 � by� g � s� b� Λ : ê � GbΛ � � s�s� C. ThensupΩ
­
g
­ ê ­

G
­Q½

(obviously) andg � H∞,
by (c). Naturally, wecanandwill identify G andg.

2¶ Assume thatG �Ñ¼ � B Ú H∞ � Ω;B2 �=� . ThenG � H∞ � Ω; ¼ � B Ú B �m�2 �=� , by 1¶ .
ButG � s� bΛ ê Λ � Gb� s�=� for all b Ú Λ Ú s, henceG � s� b ê Gb� s�Ô� B2, for any s � Ω,
b � B. Thus,G � H∞ � Ω; ¼ � B Ú B2 �=� .

(Note analogousaltered versions of (a) and (b) also hold with, e.g.,
f �p¼ � B Ú%¼ � B�2 Ú H � Ω �=�=� in (a), where H � Ω � equippedwith the topology of
uniformconvergenceoncompactsubsets.) �
Next weextendthestandardpropertiesof scalarholomorphic functionsto the

vector-valuedcase:

Lemma D.1.2(Holomorphic functions) Let s0 � Ω. For r ��« 0 Ú ∞ ¬ we set
Dr � s0 � : ê�Ë s � C ØØ È s   s0 Èª² r Ì .

Let f Ú g � H � Ω;B� . Thenf õ � H � Ω;B� , f �ù¡ ∞ � Ω Ú B� , andtheCauchyintegral
formulaapplies;in particular, if Γ is a closedpathin Ω, andtheindex of Γ around
s0 � Ω is 1 (see[Rud73,p. 79]), then¦

Γ
f � s� ds ê 0 and f

¿
k À � z0 �úê k!

2πi

¦
Γ

f � z� dz� z   z0 � k Â 1 � H for all k � N0 § (D.3)

Moreover, wehavethefollowing:

(a) If Ë hn Ì � H � Ω;B� and hn è h uniformly on compactsubsetsof Ω, then

h � H � Ω;B� and,for each k � N, h

¿
k À

n è h
¿
k À uoconΩ.

(b1)If T �û¼ � B Ú B2 � , thenT f � H � Ω;B2 � and � T f � õ � s�dê T � f õ � s�=� for all s � Ω.

(b2) If F � H � Ω; ¼ � B Ú B2 �=� andF � s�Å� å ¼ � B Ú B2 � for somes � Ω, thenF � 1 is
analyticona neighborhoodof s,and � F � 1 � õ � s�xê�  F � s� � 1F õ � s� F � s� � 1.

(b3) If F � H � Ω; ¼ � B2 Ú B3 �=� , thenF f � H � Ω;B3 � and � F f � õ ê F õ f Ý F f õ .
(b4) If φ � H � Ω õ Ú Ω � , then f ì φ � H � Ω õ Ú B� .
(b5) Let F Ú G ��¡ � Ω;B� . We haveF � H � Ω;B� andF õ ê G iff F � z�Ô  F � a��ê�·ü a ¤ zý Gdmwhenever « a Ú z¬d� Ω (here « a Ú z¬ : ê�Ë � 1   t � a Ý tz ØØ t �p« 0 Ú 1¬ Ì ).
(b6) If F � H � Ω; ¼ � U Ú Y �=� , thenF � Û̄ ���×� H � Ω; ¼ � Y Ú U �=� .
(c) (Liouville) If Ω ê C andΛ f isboundedfor each Λ � B � , then f is a constant

(in B).

(d) (Mor era) If(f) F �Z¡ � Ω;B� and � γ F � s� ds ê 0 whenever γ ê ∂ � « x1 Ú x2 ¬ ë« y1 Ú y2 ¬�� (a rectanglewhosesidesare parallel to thecoordinateaxes),then
F � H � Ω;B� .
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(e) (Analytic continuation) If Ω is connected,and f ê g ona setA � Ω having
a limit point in Ω, then f ê g on Ω.

(f) (Maximum modulusprinciple) If Ω is boundedand f �<¡ � Ω̄;B�g´ H � Ω;B� ,
then

­
f
­
H∞ ê sup∂Ω

­
f � Û � ­ B.

Moreover, if this is thecase, thenthevaluesof f on Ω canbeobtainedby
thePoissonintegral formula.

(g1) Let Ë bn Ì � B, and set ρ : êÿþ lim supn é N
­
bn

­ 1± n � � 1
. Then∑n é N bn � s  

s0 � n ê : F � s� convergesabsolutelyanduocto a functionF � H � Dρ � s0 � ;B� .
Moreover, F

¿
k À � s0 �úê k!ak for all k.

(g2) (Taylor series) Let F � H � DR � z0 �QÚ B� and r ² R. Then
­
F

¿
k À � s0 � ­ ¥

k!Mr � k, whereM : ê supDr

¿
z0 À ­ F � Û � ­ , and

F � s�xê ∑
k é N

F
¿
k À � s0 �
k!

� s   s0 � k when È s   s0 È/² R; (D.4)

thispresentationis unique.

(h) If h � H � Ω �ÃË s0 Ì ;B� is boundedon a neighborhood of s0, then b : ê
limsÍ s0 h � s� exists and h � H � Ω;B� if we set h � s0 � : ê b (such points are
oftencalledremovablesingularities).

(i) LetB � B2 continuously. ThenH � Ω;B�xê�¡ � Ω;B�B´ H � Ω;B2 � .
(j) If F � H � Ω;B� andF � s0 �úê 0, thenF Î � s   s0 �Å� H � Ω;B� .
The fact (h) is equivalentto H∞ � Ω �sË s0 Ì ;B��ê H∞ � Ω;B� (for arbitraryopen

setsΩ).
Proof: The first claimsfollow from [HP, Theorem3.10.1], [Rud73,The-

orem3.31] andinduction(alternatively, by applyingthe correspondingscalar
claimsto Λ f , Λ � B � ).

Claims(a), (e), (g1)and(g2) follow from [HP, pp.96–100].
Claims(b1) and(b3) areobvious, claims(b4), (c), (d) and(f) follow from

correspondingscalarclaims(in (c) wealsoneeduniformboundednesstheorem,
in (d) alsoLemmaD.1.1).

(b2) (N.B. This proof appliesalso if ¼ � B Ú B2 � is replacedby a Banach
algebra.)By LemmaA.3.3(A2),F � 1 existsonaneighborhoodof s. Therefore,

F � s Ý h� � F � s Ý h� � 1   F � s� � 1

h
Ý F � s� � 1F õ � s� F � s� � 1 � F � s� (D.5)ê F � s�d  F � s Ý h�

h
Ý F � s Ý h� F � s� � 1F õ � s�úè 0 Ú (D.6)

as h è 0, becauseF � s Ý h� F � s� � 1F õ � s�<è F õ � s� , by continuity, and
F
¿
sÀ�� F

¿
sÂ h À

h è   F õ � s� . To remove the outer termsfrom (D.5), multiply it by
F � s Ý h� � 1 to theleft andby F � s� � 1 to theright, anduseLemmaA.3.1(j3) (see
LemmaA.3.4(F1)).

(b5) 1¶ “If ”: Let a � Ω. Chooseδ Á 0 s.t. È z   a ÈN² δ ³ z � Ω &­
G � z�e  G � a� ­ B ² ε. Then � z   a� � 1 � F � z�e  F � a�=�e  G � a�ú² ε, for È z   a ÈH² δε,

henceF õ � a�xê G � a� . Becausea � Ω wasarbitrary, wehaveF � H andF õ ê G.
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2¶ “Only if ”: This follows from thescalarcase.
(b6)Now F

¿
s̄À�� � F

¿
s̄0 À��

s� s0
êÄþ F

¿
s̄À�� F

¿
s̄0 À

s̄� s̄0

� � è F õ � s̄0 �=� , ass è s0.
(h) By thescalarcase,Λh extendsto H � Ω;C � for all Λ � B � . Theoperator

h � s0 � : Λ îè � Λh� � s0 � is linearandbounded,henceh � H � Ω;B �m� � , by Lemma
D.1.1(b).By continuity, h � s0 �Å� B.

(i) We have H � Ω;B�]�~¡ � Ω;B�d´ H � Ω;B2 � , by (b1). Conversely, if F �¡ � Ω;B�e´ H � Ω;B2 � then � γ F � s� ds ê 0 in B2, hencein B, by (B.18)appliedto
I : B è B2, whenγ is asin (d). ThereforeF � H � Ω;B� .

(j) We have ΛF Î � s   s0 �]� H � Ω;B� for all Λ � B � , by Theorem10.18of
[Rud86],henceF Î � s   s0 �Å� H � Ω;B� , by LemmaD.1.1. �
Wewill usethefollowing notation:

Definition D.1.3(Hp Ú Lp
r Ú Hp

r Ú CJ Ú C �r Ú Ca ¤ bHp Ú Lp
r Ú Hp

r Ú CJ Ú C �r Ú Ca ¤ bHp Ú Lp
r Ú Hp

r Ú CJ Ú C �r Ú Ca ¤ b) Let 1 ¥ p ¥ ∞,   ∞ ¥ a ² b ¥ ∞,
and r � R, let J � R be an interval and let Ω � R be open. SetC �r : ê�ÙzË s �
C ØØ Res Á r Ì , Ca ¤ b : ê�Ë s � C ØØ a ² Res ² b Ì ,

Lp
r � J;B� : ê er ä Lp � J;B�xê�Ë f : J è B ØØ e� r ä f � Û �Å� Lp � J;B� Ì Ú (D.7)

Hp
r � B� : ê Hp � C Â

r ;B� : ê�Ë g � H � C Â
r ;B�_ØØ ­ g ­

Hp
r

¿
B À ² ∞ Ì Ú where (D.8)­

g
­
Hp

r

¿
B À : ê sup

r ©�� r

­
g � r õAÝ i Û � ­ Lp

¿
R;BÀ ê lim

r © Í r Â ­
g � r õAÝ i Û � ­ Lp

¿
R;BÀ § (D.9)

We alsosetHp : ê Hp
0, Hp

∞ : ê�� ωHp
ω, C � : ê C �0 ,

­
f
­
Lp

r
: ê ­

e� r ä f ­
p. If B ê U is

a Hilbert space, then,in H2
r , wedefinetheinnerproduct¸

f Ú g¹ H2
r

: ê lim
r © Í r Â ¸

f � r õAÝ i Û �QÚ g � r õQÝ i Û ��¹ L2
¿
R;U À § (D.10)

The spacesHp � rD;B� (r Á 0) are definedanalogously, with
­
g
­

Hp
¿
Dr ;BÀ : ê

supr ©�	 r
­
g � r õ ei ä � ­ Lp

¿ ü 0 ¤ 2π À ;BÀ .
Finally,

­
g
­
Hp

¿
CJ;BÀ : ê supr é J

­
g � r Ý i Û � ­ Lp

¿
R;BÀ defines(and norms)a sub-

spaceof H � CJ;B� , where CJ : ê�Ë s � C ØØ Res � J Ì , if J is open.

Recallthat rD ê Dr : ê�Ë z � C ØØ È z Èª² r Ì . NotethatCR 
 ê C � , C
¿
a ¤ b À ê Ca ¤ b,

andthatF � å
Hp

∞ if f thereis ω � R s.t.F � å
Hp

ω.
With the aid of Section6.2 of [HP], oneeasilyverifiesthatDefinition D.1.3

is correct,thattheabove innerproductinducestheoriginal
­ Û ­

H2 norm,andthat
theabovedefinitionsof L p

0 andH∞
r coincidewith their previous definitions.Note

alsothat we usethe (one-dimensional) Lebesguemeasureon iR and « 0 Ú 2π � (in
particular, wehaveno2π-normalization).

Note that eachHp � C Â
ω � result has a “mirror image result” for Hp � C �� ω � ,

becausef îè f �   Û � is an isometric isomorphismbetweenthesetwo spaces(p �« 1 Ú ∞ ¬ , ω � R).

Lemma D.1.4(Lp
r Ú Hp

rLp
r Ú Hp

rLp
r Ú Hp

r ) Let1 ¥ p1 ¥ p ¥ p2 ¥ ∞, and   ∞ ² r ² r õ ² ∞, andlet
Ω � C beopen.Thenthefollowing holds:

(a) The spacesLp
r , H∞ � Ω;B� and Hp

r are Banach spaces; in particular,
H2 � C Â

r ;U � is a Hilbert space.
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By Theorem3.3.1(b),wecanusetheboundaryfunctionsof f andg to write¸
f Ú g¹ H2

r
ê ¸

f Ú g¹ L2
¿
r Â iR;U À .

(b1) Themappingf îè ea ä f is an isometric isomorphismof L p
r ontoL p

r Â a. The
mappingg îè g � Û   a� is an isometric isomorphismof H p

r ontoHp
r Â a.

(b2) If J is bounded,thenL p
r ê Lp ê Lp

r © with equivalentnorms.If p ² ∞, then
Lp

r � J;B�xê Lp � J Ú µr ;B� with equalnorms,where dµr ê e� r p ä dm,for p ² ∞.

(b3) If fn è f in L p
r and fn è g in L p2

ω (or fn è g pointwisea.e.) for some
functionsf andg andsomeω � R, then f ê g a.e.

(b4) We haveLp2
r � R Â ;B�O�

c
Lp

r © � R Â ;B� , indeed,
­
f
­
Lp

r © ¥ Mp ¤ p2 ¤ r © � r
­
f
­
L

p2
r

for

all f � L p2
r � R Â ;B� .

(c) If g � H∞ � C Â
r ;B� is continuousto the boundaryr Ý iR, then

­
g
­

H∞
r

ê
supr Â iR

­
g � Û � ­ B.

If B ê U or B ê�¼ � U Ú Y � , thenTheorem3.3.1(a2)&(c1)&(c2)provideanal-
ogousresultsfor anarbitrary g � H∞

r .

(d) WehaveHp
r � B�×�

c
Hp2

r © � B� andHp1
r � B�B´ Hp2

r � B�O�
c

Hp
r � B� .

(e) (Hp � rD;B�Hp � rD;B�Hp � rD;B� ) Resultsanalogousto (a), (c) and (d) hold for Hp � rD;B� too,
and themappingg îè g � t Û � is an isometric isomorphismof H p � rD;B� onto
Hp � trD;B� .

(f) Let f � Hp � C Â
ω ;B� , 1 ¥ p ² ∞, ω � R, ε Á 0. Thensup� θ � ¯ π ± 2 ­

f � ω Ý ε Ý
reiθ � ­ B è 0 asr è ∞.

SeealsoLemmaF.3.2.
Proof: (a) For Lp

r this follows from (b1). A H∞-Cauchysequenceis a
pointwiseuniformly aCauchy-sequence,henceit convergesuniformly, andthe
limit is holomorphic, by LemmaD.1.2(a).ThusH∞ � Ω;B� is complete.

A Hp
r -CauchysequenceË fn Ì convergesto somefunction f in eachL p � t Ý

iR;B� (t Á r). By (6.4.3) of [HP] (appliedto someσ � � r Ú t � ; cf. Theorem
3.3.1(a3)),this convergenceis uniform on C Â

t for each t Á r), hence f is
holomorphic.Obviously, fn è f in Hp

r .
(b1)&(b2)Theseareobvious.
(b3)By TheoremB.3.2,therearen1 ² n2 ² n3 ² Û=Û=Û s.t. fnk è f and fnk è g

pointwisea.e.,hencef ê g a.e.
(b4)By (b1),wemayassumethatr õ ê 0. Assumethatr õ ê 0 Á r. Then­

f
­

p ¥ ­
e� r ä f ­

p2

­
er ä ­

q ¥ Mp ¤ p2 ¤ r ­ f
­
L

p2
r

(D.11)

by LemmaB.3.13,whereMp ¤ p2 ¤ r : ê ­
er ä ­

q ² ∞, q � 1 : ê p � 1   p2
� 1 �o« 1 Ú ∞ ¬ � 1.

(c) This follows from the scalarcase(alternatively, from the Maximum
modulusprincipleby usinga conformalmapof C Â

r è D1Â ε).
(d) The latter claim follows easily from the fact that L p1 ´ Lp2 �

c
Lp, by

LemmaE.1.1.
We have a continuous embeddingHp

r � B��� H∞
r © � B� , by Theorem6.4.2

of [HP] (shift it by � r õ   r �=Î 2); obviously also inclusion Hp
r � B�:� Hp

r © � B� is
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continuous, hence

Hp
r � B�×�

c
Hp

r © � B�B´ H∞
r © � B�×�

c
Hp2

r © � B�Q§ (D.12)

(e) Theaboveproofsapplymutatismutandis (seealsoTheorem3.3.1).
(f) This follows from Theorem6.4.2of [HP] (replaceω by ω Ý ε Î 2 and

ε by ε Î 2 to overcomethe nonstandardassumption (iii) of Definition 6.4.1of
[HP]; cf. Theorem3.3.1(a3)). �
Thenormof a holomorphic function is greateston theboundary(cf. Lemma

D.1.2(f)):

Lemma D.1.5(Hadamard Thr eeLine Theorem) Let f � ¡ b � Ca ¤ b;B�i´
H � Ca ¤ b;B� . SetMr : ê sup

­
f � r Ý iR � ­ B (r ��« a Ú b¬ ). Then

Mr ¥ M1 � θr
a Mθr

b ¥ maxË Ma Ú Mb Ì � r �p« a Ú b¬r�QÚ (D.13)

where θr : ê � r   a�=Î � b   a� .
Usethe mappings îè es to obtainthe HadamardThreeCircle Theorem(cf.

p. 264of [Rud86]).
Proof: For B ê C, a ê 0 andb ê 1, this is Lemma1.1.2of [BL]. By setting

g � s� : ê f �=� b   a� s Ý a� we obtain the scalarversionof the theorem. For a
general f , we then have

­
Λ f � r Ý it � ­ ¥ M1 � θr

a Mθr
b for all r Ý it � Ca ¤ b and

Λ � B� s.t.
­
Λ

­ ¥ 1; thegeneralclaim follows from this. �
Definition D.1.6(Convolution) LetB ë B2 è B3 becontinuousandbilinear. The
convolution f � g of f : Rn è B andg : Rn è B2 is definedby� f � g� � t � : ê ¦

Rn
f � t   r � g � r � dr ê ¦

Rn
f � r � g � t   r � dr � B3 Ú (D.14)

for thoset � Rn for which f � t   Û � g � Û �Ü� L1 � Rn;B3 � .
If, e.g., f (resp.g) is definedonΩ � Rn only, wedefinetheaboveconvolution

by declaringf ê 0 (resp.g ê 0) outsideΩ.
HereB ê B2 ê B3 might bea Banachalgebra,but evenmorecommon is the

casewhereB êi¼ � B2 Ú B3 � (e.g.,B ê C andB3 ê B2, or B ê B�2 andB3 ê C); in
factthelattercontainstheformer.

Standardconvolution resultsholdalsofor vector-valuedfunctions:

Lemma D.1.7(
­
f � h ­

q ¥ M
­
f
­

p
­
h
­
r

­
f � h ­

q ¥ M
­
f
­

p
­
h
­
r

­
f � h ­

q ¥ M
­
f
­

p
­
h
­
r) Let p Ú q Ú r ��« 1 Ú ∞ ¬ , f � L p � Rn;B� and

g � Lq � Rn;B2 � , where B ë B2 è B3 is bilinearand
­
bb2

­
B3 ¥ M

­
b
­
B
­
b2

­
B2.

If 1Î p Ý 1Î q ê 1, then f � g existson the wholeRn, f � g ��¡ bu � Rn;B3 � and­
f � g ­

∞ ¥ M
­
f
­

p
­
g
­
q (and f � g �o¡ 0 � Rn;B3 � if 1 ² p ² ∞).

If h � L1 � Rn;B2 � , then f � h exists a.e. and
­
f � h

­
p ¥ M

­
f
­

p
­
h
­
1. If

h � Lr � Rn;B2 � and p � 1 Ý r � 1 ê 1 Ý q � 1, then f � h existsa.e. and
­
f � h

­
q ¥

M
­
f
­

p
­
h
­
r .
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Moreover, in all combinations listed above (e.g., L1, L1 and L p or L1, Lp,
Lq, in any order), the laws τT � G � F �Oê � τTG��� F ê G � τTF � T � Rn) (time-
invariance), � G � F �
� H ê G � � F � H � (commutativity)are valid, and for n ê 1
wehaveπ � F ê 0 ê π � G ³ π � � F � G�úê 0 & � F � G� � t �Üê � π ü 0 ¤ t À F � π ü 0 ¤ t À G� � t �
(causality).

All aboveclaimsalsohold with L ä
ω in placeof L ä . All aboveclaimsholdwith

Zn in placeof Rn.

If B ë B2 è B3 is bilinearandcontinuous, then
­
bb2

­
B3 ¥ M

­
b
­
B
­
b2

­
B2 for

someM ² ∞, by LemmaA.3.4(J1). In mostcases,onehasM ê 1 (e.g, when
B2 êZ¼ � B Ú B3 � ).

We also note that if f � L p
loc � R Â ;B� and g � Lq

loc � RÂ ;B2 � , then f � g �¡ � R Â ;B3 � (apply the lemmato π ü 0 ¤ T À f and π ü 0 ¤ T À g for eachT � R Â , and use
causalityto obtaincontinuity on « 0 Ú T ¬ ).

Proof of Lemma D.1.7: The proof of the third inequality (Young’s
Inequality) is analogousto that of TheoremE.1.7 and henceomitted; see
Theorem1.2.2of [BL] for the proof (the Zn caseis analogous).The proofs
of theotherclaimsareanalogousto thatin thefinite-dimensionalcase(for Rn);
see,e.g.,pp.39& 63–64of [GLS] anduseLemmaB.3.9for uniformcontinuity
andCorollary B.3.8 for the ¡ 0 property. Note that because

­ � f � h� � t � ­ B3 ¥
M � ­ f

­
B � ­ h ­

B2 � � t �Ü² ∞ for a.e.t, theconvolution integrandis in L1 for a.e.t.
We note that the commutativity claims follow easily from the Fubini

Theorem.
Let f � Lp

ω andh � Lr
ω, andsetthen Æf ê e� ω ä f � Lp, Æh ê e� ω ä h. Then,obvi-

ously, f � h ê eω ä � Æf � Æh� , hence
­
f � h ­

Lq
ω

¥ M
­
f
­
Lp

ω

­
h
­
Lr

ω asabove,etc. �
Let Ω ê C Â or Ω ê D. Let Ë zn Ì � Ω andzn è z∞, wherez∞ � ∂Ω. We say

that zn è z∞ nontangentially if thereis an openconeC � Ω with vertex at z∞
s.t. Ë zn Ì � C (see[Hoffman], [Rud86]or [Garnett]for equivalentdefinitions).In
particular, zn è 0 nontangentially onC Â , asn è5Ý ∞, if f zn � C for all n, zn è 0,
asn è5Ý ∞, andthereis M ² ∞ s.t.Imzn Î Rezn ² M for all n.

ThePoissonintegralPr � f of a function f convergesto f in many ways:

Lemma D.1.8(Poissonintegral formula) LetPr � t � : ê r
π
¿
r2 Â t2 À .

(a1) The operator f îè Pr � f is a stable C0-semigroup on ¡ bu � R;B� and on
Lp � R;B� when1 ¥ p ² ∞.

(a2) If f �J¡ � iR �>Ë ∞ Ì ;B� , thenr Ý it îè � Pr � f � � t � is in ¡ � C Â �>Ë ∞ Ì ;B� . In
particular, f ��¡ 0 � R;B� implies that � Pr � f � � t �sè 0 as È r Ý it Ègè ∞ and
r Ý it � C Â .

(a3) Let f � Lp � R;B� , 1 ¥ p ¥ ∞. Then f îè Pr � f is a semigroup (Pr � Pr © ê
Pr Â r © for r Ú r õ Á 0), although not necessarilystrongly continuous (in case
p ê ∞),

­
Pr � f

­
p ¥ ­

f
­

p (r Á 0),
­
Pr � f

­
p è ­

f
­

p, and � R� RgPr � f dm è� R� Rgf dm, asr è 0Ý , for anyR Á 0 andg � L∞ � R; ¼ � B Ú B2 �=� . Moreover,� Pr � f � � t �úè f � t � asr è 0Ý nontangentially, for everyLebesguepoint t of
f , hencea.e.
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(a4) If f � L∞ � R;B� and g � L1 � R; ¼ � B Ú B2 �=� , then � R g Û � Pr � f � dm è� R gf dm,asr è 0Ý .

(b) Let F ��¡ � C Â ;B�N´ H∞ � C Â ;B� . ThenF is given on C Â by the Poisson
integral formula

F � r Ý it �xê r
π

¦
R

F � iy � dy
r2 Ý � t   y� 2 ê � Pr � F � i Û �m� � t � � r Á 0 Ú t � R �Q§ (D.15)

(c) If F � H∞ � C Â ;B� , thenF ��¡ bu � r Ý iR;B� for anyr Á 0, andr îè F � r Ý i Û �
is continuous � 0 Ú ∞ �xèÖ¡ bu � R;B� .

(d) Theabove resultshold mutatismutandisfor D in placeof C Â and ∂D in
placeof iR, with Pr � t � : ê 1 � r2

1 � 2r cost Â r2 (0 ¥ r ² 1, t � R).

(We have sethereP0 : ê δ, i.e., P0 � f : ê f .) Note that in the above results,
the imaginary axis (iR) can be shifted right or left, whichever is needed. If B
is a Hilbert space,thenan arbitraryHp functionF hasanL p boundaryfunction
(whosePoissonintegral is F, by thescalarresult;seealso[HP, p. 227]), for any
p ��« 1 Ú ∞ ¬ ; seeTheorem3.3.1(a2)&(a1).

Proof: (a1) The semigroupclaim can be proved as in the scalar case
[Garnett,pp.12–17];notethat � R Pr dm ê 1.

(a2) For D in placeof C Â , this follows from [Rud86, Theorem11.8] if
g is finite-dimensional;in thegeneralcaseonecanapproximateg by a finite-
dimensionalcontinuousfunction(e.g.,by afunctionthatis “piecewiselinearon« 0 Ú 2π ¬ ”) anddeducethecontinuityasin theproof of [Rud86,Theorem11.8]).
Theoriginal (“C Â ”) claim followsthroughCayley transform.

(a3)1¶ Basicproperties:By p. 13–14of [Garnett],wehavePr � Pr © ê Pr Â r ©
and � R Pr dm ê 1, hencePr � is asemigroupand

­
Pr � f

­
p ¥ ­

f
­

p.
2¶ Nontangential limits: For f � L p � D;B� (cf. (d)), the existenceof a

nontangentiallimit at eachLebesguepoint follows exactly as in the proof of
(scalar)Theorem11.23of [Rud86]. Therefore,the sameholdsfor L p � iR;B� ,
becausetheCayley transformmapsL p � iR;B� one-to-oneinto L p � ∂D;B� , and
preserves Lebesguepoints and nontangential limits, by Lemma 13.2.1(e).
(Recallthatr è 0Ý nontangentially meansthatr è 0 onasubsetof C Â where
Im r Î Rer is bounded(e.g.,on � 0 Ú Ý ∞ � ).)

3¶ ­
Pr � f

­
p è ­

f
­

p as r è 0Ý : For p ² ∞ this follows from Theorem
6.4.3(ii)of [HP]. For p ê ∞ thisfollows2 ¶ andtheinequality

­
Pr � f

­
p ¥ ­

f
­

p.
4¶<� R� RgPr � f dm è�� R� Rgf dm: For p ê ∞ this follows from (a4); for

p ² ∞ this follows from thefactthatχ ü � R¤ Rý g � Lq andPr � f è f in L p, where
p � 1 Ý q � 1 ê 1.

(a4) � R g � t � � R Pr � t   s� f � s� ds   g � t � f � t � dt ê � R � R g � t � Pr � t  
s� dt f � s� ds è � R g � s� f � s� ds è 0, by The Fubini Theorem(andThe Hölder
Inequality),asr è 0Ý , since � R g � t � Pr � t   s� dt è g in L1, by (a1) (notethat
Pr � t   s�úê Pr � s   t � ).

(b) ΛF ê Λ � Pr � F � i Û �m� on C Â for all Λ � B� , by [Garnett,Lemma3.4],
hence(D.15)holds.
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(c) By shifting F to the left by r Î 2, we see that we can assumethat¡ � C Â ;B�ú´ H∞ � C Â ;B� . BecausePr � L1 and F � i Û �Ï��¡ b � L∞, we have
Pr � F � i Û ����¡ bu � R;B� , by LemmaD.1.7.

From(a1)it followsthatt îè Pt � F � i Û �dê Pt � r � Pr � F � i Û �_�<¡ bu is continuous
on � r Ú ∞ � ; becauser Á 0 wasarbitrary, theclaim follows.

(d) Theproofareanalogous(seethesamereferences). �
We usethe standarddefinition of the Laplacetransfrom;it follows that the

Fouriertransformbecomesits restrictionto iR. (Thus,this is thestandardFourier
transformrotatedclockwiseby π Î 2.)

Definition D.1.9(Laplace and Fourier transforms) Let u : R è B be measur-
able. TheLaplacetransformof u is thefunctionö ÷ u : ê
øu � s� : ê ¦

R
e� stu � t � dt Ú (D.16)

definedon thoses � C for which the integral converges(i.e., for which e� sä u �
L1 � R;B� ). If u � L1 � R;B� , we call the restriction øu È iR : iR è B the Fourier
transformof u.

Naturally, the Laplaceand Fourier transformsinherit the propertiesof the
Bochnerintegral; in particular, they arelinearandcommutewith boundedlinear
operators.

It is shown in LemmaD.1.11that øu � L1 � R;B�sêx³ øu � i Û �x�0¡ 0 � iR;B� , andthatøu � L1 � R Â ;B�:êx³ øu � i Û ��� H∞ � C Â ;B� .
Next we list somebasicpropertiesof Laplacetransforms:

Lemma D.1.10( øføføf ) With thenotationof Definition D.1.3,wehavethefollowing:

(a1) If f � L1
r � R Â ;B� , then

­ øf � s� ­ B ¥ ­
f
­
L1

r
for s � C̄ Â

r ,

(a2) If f � Lp
r � R Â ;B� and t Á r, then øf � H∞ � C Â

t ;B� , and
­ øf ­

B ¥­
e� ¿

t � r À�ä ­
q
­
f
­
Lp

r
² ∞ onC Â

t .

(a3) Let a ² b. If
­
f
­
Lp

r

¿
R;BÀ ¥ M for r � � a Ú b� , then f � L p

a ´ Lp
b and­

f
­
Lp

r
��¡ � « a Ú b¬�� .

(a4)If f � Lp
a ´ Lp

b, then
­
f
­
Lp

r

¿
R;BÀ ¥ M : ê maxË ­

f
­
Lp

a
Ú ­ f

­
Lp

b
Ì for all r �ù« a Ú b¬

(hence(a3)applies).

(b) (Uniqueness)Let u Ú v : R Â è B be measurable and let er ä u Ú er ä v � L1 for
somer � R. Thenu ê v a.e. iff øu ê�øv onC Â

r (iff øu ê�øv onr Ý iR).

SeealsoTheorem3.3.1.
Proof: (a1)This is obvious.
(a2)Chooseq s.t.1Î p Ý 1Î q ê 1. Because

­
e� sä er ä ­

q ¥ ­
e� ¿

t � r À�ä ­
q ² ∞ for

s � C Â
t , the function e� sä f is in L1 andwe get the norm bound(by Hölder’s

inequality). By the dominated convergencetheorem,we may differentiate
underthe integral sign, thuswe see f is holomorphic. See,e.g.,[Sbook] for
details.
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(a3)1¶ Casep ² ∞: Let g � Lp � R Â ;B� and
­
g
­
Lp

r
¥ M for r � � a Ú b� . Then­

g
­ p
Lp

r
: ê ¦

R
e� r pt ­ g � t � ­ p

Bdt è ¦
R

e� bpt ­ g � t � ­ p
Bdt ê :

­
g
­ p
Lp

b
Ú (D.17)

ast è b   , by theMonotoneConvergenceTheorem,henceg � L p
b and

­
g
­
Lp

b
ê

limr Í b � ­
g
­
Lp

r
.

The sameholds for any g � L p � R � ;B� , by the DominatedConvergence
Theorem;consequently, an arbitraryg � L1 � R;B� will do. Apply this to Rg
(and �   b Ú=  a� ) to obtainthesameat a.

SetF � t � : ê ­
f
­
Lp

t
. By theabove, F � t �Üê limsÍ t F � s� for t �oË a Ú b Ì ; apply

this for « a Ú t ¬ and « t Ú b¬ to seethatF is continuousat every t ��« a Ú b¬ .
2¶ Casep ê ∞: Let g � L∞

c � R Â � for somec ² 0. Set Mr : ê ­
g
­
L∞

r
: ê­

e� r ä g ­
∞ for r � R. Thenthereis T Á 0 s.t. ec± 2 È g È ² M0 for a.e.t Á T. It

follows thatMr ¥ Me� rT for r Á cÎ 2, henceM0 � lim supr Í 0 � Mr . Therefore,
M0 ê limr Í 0 � Mr (becauseMr is obviouslydecreasing).

If g � L∞ � R � � , then Mr is increasingand, so M is, obviously, again
continuousat 0 from the left. The sameholds for any g � L∞ � R � , because
max: R2 è R is continuous.

Apply theabovefor g : ê ­
e� b ä f ­

B toobtaincontinuityatb. Therestfollows
asin 1¶ .

(a4)W.l.o.g.we assumethata ê 0, B ê C, f � 0, f µê 0 andp ² ∞ (case
p ê ∞ is obvious). Set

g � r � : ê ­
f
­ p
Lp

r
ê ¦

R
e� prt f � t � dt � r ��« 0 Ú b¬���§ (D.18)

Obviously, gõ � r �Òê   � R pte� prt f � t � dt, gõ õ � r �Òê   pgõ � r �ÇÝ
p2 � R t2e� prt f � t � dt Á�  pgõ � r � for all r � � 0 Ú b� . Thus, if gõ � r0 �Ïê 0 for
somer0 � � 0 Ú b� , thengõ õ � r0 �sÁ 0, henceg hasno maximumon � 0 Ú b� , hence
(a4)holds.

(b) For separableU , this resultis containedin [CZ, TheoremA.6.19], and
we may alwaysreplaceU by the closedspanof f « C Â ¬ , which is a separable
Hilbert space(becausef « C Â ¬ is a continuous imageof a separableset,hence
separable).

(c) This follows from thescalarcase(or from LemmaD.1.11(a3’))(andof
LemmaD.1.11(a3). �
As in the scalarcase,the Fourier transformmapsL1 � R;B� to continuous

functionson iR, vanishingat infinity:

Lemma D.1.11(L1L1L1 Fourier transform) Let B bea Banach space, f � L1 � R;B�
andω � R. Thenwehavethefollowing:

(a1) øf ��¡ 0 � iR;B� , and
­ øf � ir � ­ B ¥ ­

f
­
L1 for r � R.

(a2)TheFourier transform f îè øf is linear andcontinuous,i.e., in ¼ � L1 Ú�¡ 0 � .
(a3) (Uniqueness)If øf ê 0 on iR, then f ê 0 (in L1, that is, a.e.).

(b) (Riemann–Lebesgue)Wehave
­ øf � ir � ­ B è 0 as È r ÈQè ∞ andr � R.
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(c) �f � g ê øf øgoniR wheng � L p � R;B2 � (p �'Ë 1 Ú 2 Ì ) andB ë B2 è B3 isbilinear
andcontinuous.SeealsoLemmaD.1.12(c).

(d) If f Ú f õ � L1, then øf õ � ir �úê ir øf � ir �d  f � 0� .
(e1) (Inverse Fourier transform) If øf � L1 � iR;B� , then f � Û �
ê

1
2π � R eix ä øf � ix � dx �o¡ 0 � R;B� a.e. (andin all pointst of continuity of f ).

(e2) If f Ú f õ Ú f õ õ � L1 � R;B� (e.g., if f ��¡ 2
c � R;B� ), then øf � Lp � iR;B� for all

p ��« 1 Ú ∞ ¬ .
(f1) �τ � t � f � s�xê est f � s� (s � iR) (for s � C Â if f ê π Â f ).

(f2) If f Ú eω ä f � L1, then �eω ä f � s�úê øf � s   ω � (s � iR) (for s � C Â if f ê π Â f ).

Assume, in addition, that f ê π Â f . Thenwehavethefollowing:

(a1’) f � H∞ � C Â ;B�B´>¡ 0 � C Â ;B� , andsupC � ­ øf ­ ê supiR
­ øf ­ ¥ ­

f
­
L1.

(a2’) The Laplace transform f îè øf is linear and continuous, i.e., in¼ � π Â L1 Ú H∞ � .
(a3’) (Uniqueness)If øf ê 0 onC Â , then f ê 0 (in L1, that is, a.e.).

(b’) Wehave
­ øf � s� ­ B è 0 as È s ÈQè ∞ ands � C Â .

(c’) �f � g ê øf øg onC Â if theassumptionsof (c) aresatisfiedandπ � g ê 0.

(d’) Onecanobtain øf � r Ý it � fromthePoissonintegral formulaøf � r Ý it �xê r
π

¦
R

øf � iy � dy
r2 Ý � t   y� 2 � r Á 0 Ú t � R �Q§ (D.19)

(d”) If f Ú f õ � L1, then øf õ � s�xê s øf � s�d  f � 0� for s � C Â .

As above, we do not distinguishbetweentheFourierandLaplacetransforms
unlessit is necessary.

If one would definethe Fourier transformas � f : ê øf � i Û � , then one would
obtainfrom (e1) that � � 1 ê 1

2π R�\ê 1
2π � R. However, we considertheFourier

transformof f in theLaplacesense,henceits domainis iR, not R. Despitethis
rotationby π Î 2, thepropertiesof theFourier transformaresharedby its inverse,
e.g., øf � L1 impliesthat f �o¡ 0.

Proof: (a1) The uniform continuity is mosteasilyobtainedfrom (b); the
restis obvious.

(a1’) Theholomorphicity is notedin [HP, pp. 215–216].Thecontinuity is
obtainedfrom theDominatedConvergenceTheorem.Thenormclaim follows
from the scalarcase(alternatively, from the Poissonformula). The uniform
continuity is mosteasilyobtainedfrom (b’);

(a2)&(a2’) Theseareobvious.
(a3)&(a3’)&(d)&(d’)&(d”) Thesefollow from the scalarcase(cf. Lemma

B.2.6) (the Poissonkernel is an L1 function; pages229 and227of [HP] give
an alternative proof of (g’)). (In (d) and(d”), the derivative f õ neednot exist
everywhere,it is enoughthat f � W1 ¤ 1; analogously, in (e2) it suffices that
f � W2 ¤ 1.)
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(b’) Let ε Á 0. Chooseφ �3¡ ∞
c �=� 0 Ú Ý ∞ � ;B� s.t.

­
F   φ

­
1 ² ε Î 2. Be-

cause
­ øφ � s� ­ B ê ­ øφ õ Î s

­
B ¥ ­

φ õ ­ 1 ÎNÈ s È on C Â , we have
­ øφ � s� ­ B ² ε Î 2, hence­

F � s� ­ B ² ε, for È s È large enough(by continuity (see(a1’)),
­
F � s� ­ ¥ ε for

s � iR too).
(b) If f � L1 � R;B� , then øf ê��π Â f Ý R� Rπ � f vanishesat infinity, by (b).
(c) Thiscanbeprovedasin thescalarcase[Rud86,Theorem9.2(c)].
(c’) This is containedin [HP, Theorem6.2.4].
(e1)Usethescalarcase(and(a1)&(b) for ¡ 0).
(e2) By (d) and (a1), ir øf � ir �Å  f � 0� and � ir � 2 øf � ir �Å  � ir Ý 1� f � 0� are

bounded,henceso is r2 øf � ir � . Becauseøf ��¡ 0, it follows that øf � L1 ´ L∞,
hencein eachLp.

(f) Theseareobvious. �
Many of thepropertiestreatedin thepreviouslemmahold for generalvector-

valuedmeasures.To makethingssimple,weonly treat“MTI ”, whichcorresponds
to certain(all if dimB ² ∞) measureshavingonlyadiscretepartplusanabsolutely
continuouspart:

Lemma D.1.12(MTI Fourier transform) LetB bea Banach spaceandset

MTIB : ê�Ë µ ê ∑
j é Z

a jδt j Ý f ØØ ­ µ ­
MTI : ê ∑

j

­
a j

­
B Ý ­

f
­
L1

¿
R;BÀ ² ∞ Ì Ú (D.20)

MTICB : ê�Ë µ ê ∑
j

a jδt j Ý f � MTIB ØØ f � L1 � R Â ;B� & t j � 0 for all j Ì §
(D.21)

Let µ ê ∑ j é Z a jδt j Ý f � MTIB.
We usethestandard definitionsof theFourier transformof µ � MTI B andthe

Laplacetransform of µ � MTICB:øµ � s� : ê ∑
j é Z

a je
� st j Ý øf � s�QÚ (D.22)

for s � iR (for s � C Â , if µ � MTICB).
Wehavethefollowing:

(a1) øµ �o¡ bu � iR;B� , and
­ øµ � ir � ­ B ¥ ­

µ
­
MTI for r � R.

(a2) The Fourier transform µ îè øµ is linear and continuous, i.e., in¼ � MTIB; ¡ bu � .
(a3) (Uniqueness)If øµ ê 0 on iR, thenµ ê 0.

(b1)Wehavea j ê limT ÍÏÂ ∞ � T� T øµ � ir � e� it jr dr for all j � Z.

(b2) If f ê 0, thenøµ � AP � iR;B� (i.e., øµ � i Û �Ü� AP � R;B� ).
(c) Letν � MTIB2, andlet B ë B2 è B3 bebilinearand

­
bb2

­
B3 ¥ ­

b
­
B
­
b2

­
B2.

Then(c1)–(c3)hold.

(c1) �µ � ν ê�øµøν on iR and
­
µ � ν

­
MTI ¥ ­

µ
­
MTI

­
ν
­
MTI , where δt � δr : ê

δr Â t andδt � f : ê τ �   t � f .
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(c2)For all 1 ¥ p ¥ ∞ andg � L p � R;B2 � , theconvolutionµ � g existsa.e.
and

­
µ � g ­

Lp
¿
R;B3 À ¥ ­

µ
­
MTI

­
g
­

p.
(c3) We have � µ � ν ��� λ ê µ � � ν � λ � and � µ � ν ��� g ê µ � � ν � g� when

λ � MTI
½_¿

B3 ¤ B4 À andg � L p � R; ¼ � B3 Ú B4 �=� .
(d) Assumethat B êÉ¼ � U Ú Y � , where U and Y are Hilbert spaces. Then­

µ � ­ TI
¿
U ¤Y À ¥ ­

µ
­
MTI , � µ� �=�Üê � Rµ�Q���F� TI � YÚ U � , � µ� � d ê µ���Ã� TI � YÚ U � ,

R� µ� � Rê � Rµ���z� TI � U Ú Y � , and eω ä � µ� � e� ω ä ê � eω ä µ���z� TIω � U Ú Y � . In
particular, thenµ�W� MTICB Ó � µ� � d � MTICB.

Moreover, then �µ � g ê�øµøg a.e. on iR for all g � L1 � R Â ;U ��� L2 � R;U � (and
on C Â if π � g ê 0 ê π � µ). Therefore, øµ coincideswith �µ� of of Theorem
3.1.3(andwith thatof Theorem6.2.1if π � µ ê 0).

Assume, in addition, thatµ Ú ν � MTICB. Thenwehavethefollowing:

(a1’) øµ � H∞ � C Â ;B�B´>¡ bu � C Â ;B� , andsupC � ­ øµ ­ ê supiR
­ øµ ­ ¥ ­

µ
­
MTI .

(a2’) The Laplace transform µ îè øµ is linear and continuous, i.e., in¼ � MTICB;H∞ � .
(a3’) (Uniqueness)If øµ ê 0 onC Â , thenµ ê 0.

(b’)
­ øµ � s�B  M

­
B è 0 asRes è�Ý ∞ ands � C Â , whereM � B is thecoefficient

of δ0.

(c’) Wehave �µ � ν êpøµøν onC Â if ν � MTICB2 andtheassumptionsof (c) hold.

(d’) For r Ý it � C Â one can obtain øµ � r Ý it � from the Poissonintegral
formulaPoissonintegral formula!formeasuresøµ � r Ý it �_ê r

π

¦
R

øµ � iy � dy
r2 Ý � t   y� 2 § (D.23)

BecauseB is not necessarilyan algebra,we have definedMTIB to consist
of “measures”,not of the correspondingconvolution operators(we identify L1

functionsandcorrespondingabsolutely continuousmeasuresE îè � E f dm).
If we had

­
bb2

­
B3 ¥ M

­
b
­
B
­
b2

­
B2, M Á 0, in (c), thentheconlusionsof (c)

wouldstill bevalid, providedthatweaddedM alsoto theotherinequalitiesin (c).
To clarify (d), wenotethateω ä δtk ê eωtkδtk, hence

eω ä � F Ý ∑
k é N

Tkδtk �úê eω ä F � Û �BÝ ∑
k é N

eωtkTkδtk § (D.24)

Thus,the “stability” of µ canbeshifted(cf. Remark6.1.9). Most of (d) is valid
for generalB, B2 andB3 too. Here“ � Rµ� ” refersto Roperatingµ (on MTI), not
onL2.

The functionsin the spacegeneratedby the sumsof AP functionsandcon-
tinuousfunctionshaving limits at infinity (which containstheFourier transforms
of MTIB functions)arecalledsemi-almostperiodicfunctions(see,e.g.,[Sarason]
for moreonsuchfunctions).

Proof: The parts(a1), (a2), (a1’) and (a2’) follows easily from thoseof
LemmaD.1.11.
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(a3)This follows from (b1)andLemmaD.1.11(a3).
(a3’) This followsfrom (a1’) and(a3).
(b1)&(b2)Thesefollow from LemmaC.1.2(h2),becausef hasnoeffecton

thelimit in (b1),by LemmaD.1.11(b).
(b’) W.l.o.g.weassumethatM ê 0 and f ê 0 (by LemmaD.1.11(b’)).
Givenε Á 0, take first N � N s.t.∑ � k � � N

­
ak

­ ² ε Î 3. Becausee� stk è 0, as
Res è5Ý ∞, for eachk, thereis R Á 0 s.t.∑ � k � ¯ N

­
ak

­ ² ε Î 3 for Res Á R.
(c1)–(c2) Theseare not hard to verify (the hardestpart is containedin

LemmaD.1.11(c);useformulaeanalogousto (2.55)andTheorem2.6.4(d)for­
µ � ν

­ ¥ ­
µ
­�­

ν
­
). Notethatweusethestandard(associativeanddistributive)

definitionof � , whichcoincideswith� µ � f � � t � : ê ¦
R

dµ � Û � Û f � t   Û � (D.25)

(if the integral is definedin somereasonablesense;cf. [Dobrakov]; we do not
needthis).

(c3) Decomposeµ Ú ν Ú λ and verify the claims for distributed parts(Obvi-
ously, theconvolution is distributive).

(Notethatonecantakethevaluesof λ orgonX andB3 êp¼ � X Ú B4 � for some
BanachspaceX, sothatX is isometrically isomorphic to a closedsubspaceof¼ � B3 Ú B4 � . More generally, we couldaswell assumethatB ë B2 ë X è B4 is
“trilinear” andcontinuous.)

(d) Clearly µ��� TI. By (c2) we have
­
µ � ­

TI
¿
U ¤Y À ¥ ­

µ
­
MTI . The second

claimfollows from equations(here f Ú g � L2, F � L1 � R;B� , Tk � B, tk � R)¸
Tkτ �   tk � f Ú g¹eê ¸

f Ú T �k τ � tk � g¹ and (D.26)¦
R

¸ ¦
R

F � t   r � f � r � dr Ú g � t ��¹ dt ê ¦
R

¸
f � r �QÚ ¦

R
� RF � � � r   t � g � t � dt ¹ dr Ú (D.27)

(use the Fubini Theorem). Note that � Rµ�=�:ê R� µ�A� , so the order of these
operationsdoesnotmatter. Equations� F � Rf � �   s�xê ¦

R
F �   t   s� f �   s� ds ê ¦

R
F �   t Ý s� f � s� ds ê �=� RF ��� f � � s�

(D.28)
and R� τ � tk � Rf �_ê τ �   tk � f imply that R� µ � Rf �xê � Rµ��� f . By combining the
two identitiesprovedaboveweobtainthat � µ� � d ê µ� � , which impliesthefinal
claim.

Thee� ω ä claimismosteasilyobtainedfromtheequationö ÷ � eω ä µ�dêùøµ � s   ω �
(cf. Remark2.1.6).

If g � L1, thentheclaimon �µ � g is containedin (c1)and(c’). If g � L2 � L1,
thenthisfollowsfrom theL1 caseby density:chooseË gn Ì � L1 ´ L2 s.t.gn è g
in L2 anduse(c2) andLemmaD.1.15.Theclaimson TI andTIC follow from
this.

(c’)&(d’) Thesecan be proved as parts (c’) and (d’) of LemmaD.1.11.�
See,e.g., [DU, pp. 1–6] and [Dinculeanu] for more generalvector-valued
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measures.
If f � L1 � R;Lp � , then øf �
¡ 0 � iR;Lp � , by LemmaD.1.11(a1). Therefore,øf � ir �:� L p, so that øf � ir � is “well-defined a.e.”, i.e., � øf � ir �=� � Û � makes senseas

an equivalentclass. But canwe fix somepoint t andthentransform � f � Û �=� � t � ?
Theansweris positive for a.e.t:

PropositionD.1.13( � ö ÷ f � � t �_ê�ö ÷ � f � Û � � t �=�� ö ÷ f � � t �_ê�ö ÷ � f � Û � � t �=�� ö ÷ f � � t �xêZö ÷ � f � Û � � t �=� ) Let � Q Ú��ÄÚ µ� beσ-finite. Let ω � R,
p Ú q �p« 1 Ú ∞ ¬ .

If f � L1
ω � R;Lp � Q;B�=��´ L � R ë Q;B� ands � ω Ý iR, then � R e� sr f � r � � t � dr

existsfor a.e. t � Q, andøf � s� � t �xê ¦
R

e� sr f � r � � t � dr � B for a.e. t � Q § (D.29)

In particular, if f � Lq
ω � R Â ;Lp � Q;B�=� ´>¡ � R Â ;Lp � Q;B�=� , then,for each s � C Â

ω ,øf � s� � t ��ê � R � e� sr f � r � � t � dr � B for a.e. t � Q; (the integrand in in L1 � Q;B� for
a.e. t � Q).

Note that this is result is nontrivial, althoughit is unfortunalywidely used
without reference(wedonotknow any).

Proof: Let s � ω Ý iR, so thate� sä f � L1 � R;Lp � Q;B�=�e´ L � R ë Q;B� . By
LemmaB.4.17,gs � t � : ê � R e� sr f � r � � t � dr existsa.e.,andgs ê � R e� sr f � r � dr �
Lp � Q;B� . In thesecondclaim we have e� sä f �×� L1 � R;Lp � Q;B�=� for Res Á ω
(cf. theproofof LemmaD.1.10(a2)). �
Thesetof boundedcomplex Borel measureson a locally compactHausdorff

spaceQ equals ¡ 0 � Q�=� , by the (a) Rieszrepresentationtheorem[Rud86,Theo-
rem 6.19]. Therefore,oneoften definesmeasuresasthe set ¡O�0 (see,e.g.,[Din-
culeanu]).Weshallneedsomebasicresultsonevenmoregeneral“measures”:

Lemma D.1.14(M) Let H be a Hilbert space, and let Ω � Rn be open. Set
M : ê�¼ � ¡ 0 � Ω;B� ;H � .

(a) For each µ � M andε Á 0, there is a compactKε � Ω s.t.­
µφ

­
∞ ¥ ε

­
φ
­

∞ Ý ­
µ
­
sup
Kε

­
φ
­
B for all φ �o¡ 0 � Ω;B��§ (D.30)

(b) Each µ � M hasa uniquenorm-preservingextensionµ �'¼ � ¡ b � Ω;B� ;H � .
(c) Æµ : t îè µ � eit ä �_� H satisfiesÆµ �>¡ bu � Rn; ¼ � B Ú H �=� for all µ ��¼ � ¡ 0 � Rn;B� ;H � .
(d) µτtφ è 0 in H as È t È�è ∞, t � Rn, for all µ � M andφ ��¡ 0 � Rn;B� .
(e)Thislemmaalsoholdswith Zn in placeof Rn.

By (b), ¡ b � Ω;B� is aclosedsubspaceof ¼ � M Ú H � .
Proof: (a) 1¶ For each T � M and ε Á 0, there is a compactK õε � Ω s.t.­

Tφ
­ ² ε

­
φ
­

for φ �p¡ 0 s.t.φ ê 0 on K õε: (This doesnot hold if, e.g.,H êf¡ 0

(aBanachspace)andT ê I .)
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Let
­
T

­ ê 1, w.l.o.g. Find ψ ��¡ 0 s.t.
­
ψ

­ ¥ 1 and
­
Tψ

­ 2 Á 1   ε2. Set
K õε : ê supp� ψ � . If φ ê 0 on K õε and

­
φ
­ ¥ 1, then

­
αφ Ý ψ

­ ¥ 1 for È α È ¥ 1,
hence

1 � sup�α � ¯ 1

­
αTφ Ý Tψ

­ 2 � ­
Tφ

­ 2 Ý ­
Tψ

­ 2 Á ­
Tφ

­ 2 Ý 1   ε2 § (D.31)

Thus,
­
Tφ

­ ² ε.

2¶ Therestof (a): ChooseacompactKε � Ω s.t.K õε � Ko
ε (e.g.,useLemma

A.2.3). Let φ ��¡ 0 � Ω;B� bearbitrary.

By LemmaB.3.10,thereis ψk �0¡ ∞
c � Ω � s.t.χK ©ε ¥ ψ ¥ χKo

ε . By 1¶ , wehave­
T � 1   ψ � φ ­

H ¥ ε
­ � 1   ψ � φ ­

∞ ¥ ε
­
φ
­

∞, hence­
Tφ

­ ¥ ­
T � 1   ψ � φ ­ Ý ­

Tψφ
­ ¥ ε

­
φ
­
∞ Ý ­

T
­
sup
Kε

­
φ
­
B § (D.32)

(b) 1¶ Isometricextension:Let Ë Kk Ì � Ω beasin LemmaA.2.3. For each
k � N Ý 1, thereis ψk �o¡ ∞

c � Ω � s.t.χKk
¥ ψk ¥ χKo

k � 1, by LemmaB.3.10.

Let φ ��¡ b � Ω;B� . Setφk : ê φψk �o¡ c � Ω;B� . For eachT � M, thesequenceË Tφk Ì is a Cauchy-sequencein H, by (a)1¶ (becauseφk   φk Â j ê 0 on Kk and­
φk

­ ¥ ­
φ
­

for k Ú j � N Ý 1). Let φT � H bethelimit of thissequence.

Thenφ : M è H becomeslinearand
­
φT

­ ¥ ­
T

­�­
φ
­
. On theotherhand,­

φ
­ ½_¿

M ¤ H À � ­
φ
­ ¾

b, becausegivenε Á 0,wecanchooseq � Ω andS �û¼ � B Ú H �
s.t.

­
S
­ ¥ 1 and

­
Sφ � q� ­ H � ­

φ
­   ε (notethat Sδq : Æφ îè SÆφ � q� is in M and

φSδq ê Sφ � q� ). Thus,
­
φ
­ ½_¿

M ¤ H À ê ­
φ
­ ¾

b.

2¶ Uniqueness:Assumew.l.o.g. that µ � M is extendedas above, and­
µ
­ ê 1 ê ­

µõ ­ , wherealsoµõ is acontinuousextensionof µ.

Assumeµõ µê µ to obtainacontradiction.Thenε : ê ­
µõ � φ �B  µ � φ � ­ H Á 0 for

someφ ��¡ b with
­
φ
­ ê 1.

Chooser � � 0 Ú 2� s.t. � 1   ε Î 2r � 2 Ý � ε Î 2� 2 Á 1. Choosek � N Ý 2 s.t.
Kε ± r � Ko

k � 1. Then φk   φ ê 0 on Kk, henceµ � φk   φ �F² ε Î r ² ε Î 2, hence
µõ � φk   φ �ÅÁ ε Î 2.

There is Æψ ��¡ 0 s.t.
­ Æψ ­ ê 1 and µ � Æψ �:Á 1   ε Î r. Set ψ : ê ψk � 1 Æψ, so

that È µ � ψ �ªÈdÁ 1   ε Î 2r. Now ψ ê 0 on Kc
k and φk   φ ê 0 on Kk, henceÆφα : ê αψ Ý φk   φ �o¡ b satisfies

­ Æφ ­ ¥ 1 when È α ÈQê 1. But

sup�α � ¨ 1
È µõ � Æφα �ªÈ � � 1   ε Î 2r � 2 Ý � ε Î 2� 2 Á 1 Ú (D.33)

hence
­
µõ ­ Á 1, acontradiction.

(c) The vector µ � eit ä � in the lemma refers to the map µ0 �¼ � ¡ 0 � Rn � ; ¼ � B Ú H �=� inducedby µ � M throughµ0 � φ � x : ê µ � φx� for φ �ù¡ 0 � Rn � ,
x � B. Obviously,

­
µ0

­Q½ ¥ ­
µ
­
M.

Givenε Á 0, choosek � N Ý 1 s.t.Kε ± 4 � Kk. Chooseδ Á 0 s.t. È eih ä   1 Èª¥
ε Î 2

­
µ
­

on Kk Â 1 when Èh Èg² δ. We have È ei
¿
t Â hÀ q   eitq È·êÄÈ eihq   1 È (q � Rn),
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hence ­ Æµ � t Ý h�d  Æµ � t � ­ H : ê ­
µ0 � ei

¿
t Â hÀ�ä �d  µ0 � eit ä � ­ ¥ ­

µ0 � φke
it ä � eih ä   1�=� ­

(D.34)Ý ­
µ0 �=� 1   φk � eit ä � eih ä   1�=� ­ ² ­

µ
­
ε Î 2

­
µ
­ Ý 2ε Î 4 ê ε § � t � Rn ÚOÈ h È Rn ² δ �Q§

(D.35)

Thus,Æµ �o¡ bu.
(d) This follows from (a).
(e) Thisanalogousbut easier. �

Next we presenttheFourier–PlancherelandPaley–WienerTheorems.Func-
tionsin L1 ´ L2 canbeFouriertransformedwith ease,thetransformsbeingcontin-
uous,by LemmaD.1.11(a1).Fortunately, in a Hilbert spacesetting,theL2 norm
of thefunctionis preservedmodulothefactor � 2π (see(D.36)),hencetheFourier
transformL1 è ¡ 0 canbe extendedto a transform(isomorphism) L2 è L2, by
LemmaA.3.10. Thus,for f � L2 � R;H � , the transformis definedby lim øfn (the
limit beingtaken in L2) for any sequenceË fn Ì � L1 ´ L2 converging to f in L2

(notethattheintegral (D.16)neednot converge).

Lemma D.1.15(Fourier–Plancherel transform) Let H be a Hilbert space. If
f : R è H is in L1 ´ L2, then

­ øf ­
2 ê � 2π

­
f
­
2. Therefore, the Fourier(–

Plancherel) transformcanbeextendedto an (isometrictimes � 2π) isomorphism
of L2 � R;H � ontoL2 � iR;H � .

AnanalogousresultholdsonL2
ω (ω � R), hence, for all F Ú G � L2

ω � R Â ;H � and
f Ú g � L2 � R;H � , wehavethat¸

f̂ Ú ĝ¹ L2 ê 2π
¸
f Ú g¹ L2 Ú ­

f̂
­
L2 ê � 2π

­
f
­
L2 Ú ¸

F̂ Ú Ĝ¹ H2
ω

ê 2π
¸
F Ú G¹ L2

ω
§ (D.36)

Similarly, the mappingof a ê ∑k é Z ak ��ï 2 � Z;H � to øa � z� : ê ∑k é Z akzk �
L2 � ∂D;H � is an (isometrictimes � 2π, as above) isomorphismof ï 2 � Z;H � onto
L2 � ∂D;H � , andit mapsï 2 � N;H � ontoH2 � D;H � .

Here the norm on L2 � r∂D;H � is given by
­ øf ­ 2

2 : ê � 2π
0

­ øf � reit � ­ 2
H dt (cf.

[Rud86],p. 89& 337),hence
­
1
­
2 ê�� 2π, and­ øf ­

H2
¿
rD;H À : ê sup

0 	 t 	 r

­ øf ­
L2

¿
t∂D;H À ê lim

t Í r � ­ øf ­
L2

¿
t∂D;H À ê ­ øf ­

L2
¿
r∂D;H À § (D.37)�

Thus, � 2π
0

­ øf � eiθ � ­ 2
H dθ ê 2π∑n é Z

­
fn

­ 2
H ² ∞ for all f �&ï 2 � Z;H � . (Recall

thatwehavedefinedtheLebesguemeasureof ∂rD to be2π.)
Theabove factscanbeverified asin the scalarcase(seee.g.,[Rud86]),and

they are presented(in varying generalities;note that H can be assumedto be
separablew.l.o.g.) in [RR], [Nikolsky], [HP] and[CZ]. We omit thedetails.The
lastequationin (D.37)refersto theboundaryfunctionof øf , cf. Theorem3.3.1.

By “isometric times � 2π” wemean“
­
f̂
­
L2 ê�� 2π

­
f
­
L2” (recallthatisomet-

ric meansnorm-preserving).
If H is an arbitraryBanachspace(contraryto standingassumptionsof this

section),even L1 ´ L2 � R;H � functionsare not in generalmappedinto L2, as
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illustratedin Example3.3.4(seeits secondremark);however, if f � L2 is finite-
dimensional,thenits rangeis isomorphic to someHilbert spaceCn, hencethenøf � L2 is well-defined(andcoincideswith øf ��¡ 0 a.e.if f � L1 ´ L2).

Wecall � � R;B� : ê3Ë f �&¡ ∞ � R;B�xØØ ­ f
­
k ¤ n : ê ­

xk f
¿
nÀ ­

∞ ² ∞ for all k Ú n � N Ì ,
equippedwith the(Fréchetspace)topology inducedby the

­ Û ­
k ¤ n seminorms (cf.

[Rud73,Theorem1.37]),thespaceof rapidly decreasingfunctions.

Lemma D.1.16(� � R;B�� � R;B�� � R;B� ) The space � : ê � � R;B� is a completetopological
vectorspace(Fréchetspace),and ¡ ∞

c is a densesubsetof � . Moreover, ��� L p

for all p �p« 1 Ú ∞ ¬ .
Set� f : ê � ö ÷ f � �   i Û � for f � L1 � R;B� . Then�i« �:¬ ê!� , � is an isomorphism

(linear continuousbijection) on � , and � 2 f ê Rf for all f �"� . Moreover,
R�k¼ � �Ï� andτφ ��¡ � R; �W� for all φ �#� . �

(Theproof for thescalarcaseis givenin, e.g.,Sections7.3–7.10of [Rud73],
and in Section2 of [Rauch]. Thoseproofs cover also the vector-valuedcase,
mutatismutandis,soweomit theproof.)

Hereweextendthetypical tool for Cauchyintegrals:

Lemma D.1.17 Assumethat γ is a σ-finite, complete, positive measure space,
Ω � C is open,g � L1 � γ;B� , f : γ ë Ω èÕ¼ � B Ú B2 � , f � t Ú Û �Y� H � Ω; � � for each
t � γ, f � Û Ú z�Ü� L∞ � γ; � � andsupzé Ω

­
f � Û Ú z� ­ ∞ ² ∞. ThenF � H∞ � Ω;B2 � , where

F � z� : ê ¦
γ

f � t Ú z� g � t � dt § (D.38)

By taking f � t Ú z� : ê � 2πi � t   z�=� � 1 andlettingγ becurvein C, wegetaCauchy
integral.

Proof: Set M : ê supzé Ω
­
f � Û Ú z� ­ ∞. Since

­
f � Û Ú z� g ­

1 ¥ M
­
g1

­
1 ê : M õ

(z � Ω), we have
­
F

­
B2 ¥ M õ on Ω. By The DominatedConverge Theorem

(with majorantM
­
g
­
B � L1 � γ � ), F is continuouson Ω. For every rectangleR

in Ω, wehave,by TheFubiniTheorem,that¦
R

F � z� dz ê ¦
γ

¦
R

f � t Ú z� dzg� t � dt ê ¦
γ
g � t � 0dt ê 0 Ú (D.39)

(note that � R � γ
­
f � t Ú z� g � t � ­ dt dz ¥[� RM

­
g
­
1dz ² ∞ and that f � L � γ ë

Ω; ¼ � B Ú B2 � , by Lemma B.4.8). Therefore,F � H � Ω;B2 � , by The Morera
Theorem.Since

­
F

­
∞ ¥ M

­
g
­
1, wehaveF � H∞ � Ω;B2 � . �

If f is holomorphic onbothsidesof iR andweaklyL1
loc-continuousto iR, then

f is holomorphicon iR too:

PropositionD.1.18(H � Ca ¤ b �B´ H � Cb ¤ c �xê H � Ca ¤ c �H � Ca ¤ b �B´ H � Cb ¤ c �úê H � Ca ¤ c �H � Ca ¤ b �B´ H � Cb ¤ c �úê H � Ca ¤ c � ) Let Ω � C beopen.Assume
that f : Ω è B is in H � Ω � � b Ý iR � ;B� , and that Λ f � t Ý i Û �]è Λ f � b Ý i Û � in
L1 � « u Ú v¬r� , ast è b, for all Λ � B $ andu Ú v � R s.t.b Ý�« u Ú v¬ i � Ω.

Thenf canberedefinedona null subsetof b Ý iR sothat f � H � Ω;B� .
Naturally, wecanreplaceb Ý iR by anyotherstraight line (rotatetheplane).

Ananalogous resultholdsfor ∂rD in placeof b Ý iR.



LAPLACE AND FOURIERTRANSFORMS ( ö ÷ u ê
øu) 979

(RecallthatLp � « u Ú v¬��Ê�
c

L1 � « u Ú v¬�� for p �J« 1 Ú ∞ ¬ andthatCa ¤ b : ê�Ë z � C ØØ a ²
Rez ² b Ì .)

In particular, we actuallyhave f � t Ý i Û �Åè f � b Ý i Û � uniformly on eachsuch«M  u Ú v¬ (only outsideanull setif wedonot redefinef ), hencein L p � « u Ú v¬�� for any
p ��« 1 Ú ∞ ¬ .

Proof: We takeb ê 0 w.l.o.g.
1¶ CaseB ê C:
1 § 1¶ Choosingu Ú vÚ ε Ú a Ú b: Let u0 Ú v0 � R bes.t.u0 ² v0 and « u0 Ú v0 ¬ i � Ω. By

LemmaA.2.1(c),we have ε : ê d � « u0 Ú v0 ¬ i Ú Ωc �sÁ 0. By LemmaB.4.19,there
areu �o« u0 Ú u0   ε � andv ��« v0 Ú v0 Ý ε � s.t. f � Û Ý iu �QÚ f � Û Ý iv �Ü� L1 �=�   ε Ú ε �=� . Set
a : êf  ε Î 2 Ú c : ê ε Î 2, so that « a Ú c¬ ë « u Ú v¬_� Ω. SetA : ê � a Ú c� ë � u Ú v� . Then
f � L1 � γ � , whereγ : ê ∂A (with theR1– Lebesguemeasure).

1 § 2¶ DefiningF � H∞ � A� : By LemmaD.1.17(appliedto each � a Ý δ Ú cõ  
δ � ë � u Ý δ Ú v   δ �Ü� A, δ Á 0, to keep � s   z� � 1 bounded),wehaveF � H∞ � A� ,
where

F � z� : ê ¦
γ
h � sÚ z� f � s� dsÚ h : ê � 2πi � s   z�m� � 1 (D.40)

1 § 3¶ Showing that f ê F on A � iR: For any z � Aδ
c, we have� γδ

c
h � sÚ z� f � s� ds ê f � z� and � γδ

a
h � sÚ z� f � s� ds ê 0, where γδ

c ê ∂Aδ
c, Aδ

c : ê� δ Ú c� ë � u Ú v�F� A, γδ
a ê ∂Aδ

a, Aδ
a : ê � a Ú=  δ � ë � u Ú v�F� A, δ � � 0 Ú c� , by the

CauchyFormula([Rud86,10.15]).An analogousclaim holdsfor z � Aδ
a.

Let z � A0
c. Sinceh � Û Ú z� is continuous andboundedneariR and f � δ Ý Û �úè

f � Û � in L1 � « u Ú v¬�� , asδ è 0,wehaveh � δ Ý Û Ú z� f � δ Ý Û �Nè h � Û Ú z� f � Û � in L1 � « u Ú v¬r�
too.

Consequently, � γδ
c
h � sÚ z� ds ê f � z� and � γδ

a
h � sÚ z� ds ê 0 holdalsofor δ ê 0,

by continuity. An analogousclaim holdsfor z � A0
a. But � γ0

a Â γ0
c
ê � γ, hence

F � z�xê3� γ h ê f � z� for everyz � A0
a � A0

c ê A � iR.
1 § 4¶ f ê F a.e. on A ´ iR: This follows from 1 § 3 ¶ , sinceF � δ Ý Û �N  f � δ ÝÛ �úè 0 in L1 � « u Ú v¬�� , asδ è 0 (dueto thecontinuity of F), sothatF   f ê 0 as

anelementof L1 � « u Ú v¬�� .
1 § 5¶ CasewhereΓ : ê iR ´ Ω is connected:Set Æu : ê inf Γ Î i, Æv : ê supΓi , and

choosesequencesË un Ì Ú#Ë vn Ì � Γ Î i s.t.un è Æu andvn è Æv. Thenby applying
1 § 1¶ –1§ 4¶ to each « un Ú vn ¬ i, we seethat f � it � : ê limΩ % iR & zÍ it f � z� coincides
with the original f a.e.(on each « un Ú vn ¬ i, hencea.e.on � Æu Ú Æv� i) andmakes f
holomorphiconΩ.

1 § 6¶ Theoriginal claim for B ê C: Set Γ : ê iR ´ Ω. By LemmaA.2.2,
Γ ê'� n é NΓn, wherethesetsΓn � iR aredisjoint openintervals. Redefinef by
continuity asin 1 § 5 ¶ . For eachn andeachz � Γn, we have d � zÚ(� k )¨ nΓk �sÁ 0,
hence(thenew) f is holomorphicatz; consequently(thenew) f is holomorphic
on thewholeΩ. SinceN is countable,f becomesredefinedonanull setonly.

2¶ General B:
2 § 1¶ G � H � Ω;B� s.t. G ê f on Ω � iR: Let ir � Ω. Then G � ir � Λ : ê

limt Í 0Λ f � ir Ý t �]� C exists for all Λ � B $ . By Theorem2.8 of [Rud73], it
follows thatG � ir �Å�k¼ � B $ Ú C �xê : B$*$ .
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SetG : ê f onΩ � iR anddefineG on iR ´ Ω asabove. By 1 § 6 ¶ , GΛ � H � Ω �
for all Λ � B$ . By LemmaD.1.1(b),we have G � H � Ω;B $*$ � . By continuity,
G � z��� B for z � iR ´ Ω too,henceG � H � Ω;B� .

2 § 2¶ G ê f a.e. on Ω ´ iR: Becausef « Ω ¬�� B is separable(sinceΩ is
separable),we canw.l.o.g. assumethatB is separable.By LemmaA.3.9, there
is acountablenorming Ë Λk Ì k é N � B$ . By themethodsof 1 § 5 ¶ –1§ 6¶ , it suffices
to consideranarbirary « u Ú v¬ i � Ω only. Weshallusethediagonalargument.

SinceΛk f � t Ý i Û �Êè Λk f � i Û � in L1 � « u Ú v¬�� for all k � N, thereis a null set
N0 ��« u Ú v¬ anda sequencet0

j è 0Ý s.t.Λ0 f � t0
j Ý ir �úè Λ0 f � ir � , as j è ∞, for

all r ��« u Ú v¬+� N0, by TheoremB.3.2.
Analogously, there is a subsequenceË t1

j Ì of Ë t0
j Ì and a null set N1 �« u Ú v¬ s.t. Λ1 f � t1

j Ý ir �×è Λ1 f � ir � for all r ��« u Ú v¬,� N1. Given N0 Ú=§=§=§#Ú Nk andË t0
j Ì Ú Û=Û=Û Ú#Ë tk

j Ì as above, choosea subsequenceË tk Â 1
j Ì of Ë tk

j Ì and a null set

Nk Â 1 ��« u Ú v¬ s.t.Λk Â 1 f � tk Â 1
j Ý ir �úè Λk Â 1 f � ir � for all r ��« u Ú v¬+� Nk Â 1.

Consequently, Λk f � t j
j Ý ir �Nè Λk f � ir � , as j è ∞, for all r �&« u Ú v¬�� N, where

N : ê'� kNk. Thus,for suchr (hencea.e.)we have Λk « f � ir �d  G � ir � ¬,ê 0 for all
k, hencef � ir �xê G � ir � .

3¶ Thefinal claims: If we rotateiR, thenwe just have to usetheLebesgue
measureon thisobliqueline.

If f : Ω è B is in H � Ω � ∂bD;B� , andΛ f � rei ä �Üè Λ f � bei ä � in L1 � « u Ú v¬�� , as
t è b, for all Λ � B$ andu Ú v � R s.t.be

ü u ¤ vý i � Ω, then f canberedefinedona
null subsetof Ω ´ ∂bD sothat f � � Ω;B� .

(The above proof applies,mutatis mutandis; se polar coordinatesfor the
applicationof LemmaB.4.19in 1 § 1 ¶ (locally, nearanarcof ∂ � rD � ).)

Remark:Analogously, if f : Ω è B is in H � Ω � Γ;B� , Γ � Ω is a contin-
uousimageg « J ¬ of an interval J, andany subinterval « u Ú v¬ú� g � 1 « J ´ Ω ¬ has
a neighborhood homeomorphic to �   ε Ú ε � ë � u Ú v� , with the homeomorphism
satisfyingh � 0 Ú Û �Êê g on � u Ú v� , andΛ f � h � t Ú Û �=�Êè Λ f � h � 0 Ú Û �m� in L1 � « u Ú v¬�� , as
t è 0, for all Λ � B$ , then f � H � Ω;B� aftera redefinitionon a null subsetof
Γ. �
Analogously, if f is Hp on bothsidesof iR andhassameboundaryfunction

from bothsides,then f is holomorphic andHp on thewholeregion:

Lemma D.1.19(Hp � Ca ¤ b �B´ Hp � Cb ¤ c �úê Hp � Ca ¤ c �Hp � Ca ¤ b �B´ Hp � Cb ¤ c �xê Hp � Ca ¤ c �Hp � Ca ¤ b �B´ Hp � Cb ¤ c �úê Hp � Ca ¤ c � ) Let a ² b ² c. Assumethat
f : Ca ¤ c è B is in Hp � Ca ¤ b;B��´ Hp � Cb ¤ c;B� andthat f is theboundaryfunction
of itself on b Ý iR frombothsides,in thesenseof (6.) of Theorem3.3.1. Then f
canberedefinedona null subsetof b Ý iR sothatweget f � Hp � Ca ¤ c;B� .

Proof: By Proposition D.1.18,we get f � H � Ca ¤ c;B� (since
­ Û ­

L1
¿ ü u ¤ vý À ¥

M
­ Û ­

Lp
¿
R À ). By assumption (6.), f � Hp � Ca ¤ c;B� (and

­
f
­
Hp

¿
Ca » c;BÀ ê

maxË ­
f
­
Hp

¿
Ca » b;BÀ Ú ­ f

­
Hp

¿
Cb » c;BÀ Ì ). �

If f is in H2 onbothC Â andonC � , then f is aconstant:

PropositionD.1.20(HpÂ ´ Hp� ê CHpÂ ´ Hp� ê CHpÂ ´ Hp� ê C) Let f � � Hp � C �ω ;B� , where ω � R, p �« 1 Ú ∞ ¬ .
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If Λ f Â ê Λ f � on ω Ý iR for each Λ � B $ , then f Â.- x - f � for somex � B
(x ê 0 if p ² ∞).

Analogously, if f � � Hp � D;B� and Λ f Â � z�Êê Λ f � � z� 1 � for a.e. z � ∂D, for
each Λ � B$ , then f Â/- x - f � for somex � B.

Proof: 1¶ CaseHp � C �ω ;B� : Naturally, by “Λ f Â ê Λ f � ” we meanthat the
Lp � ω Ý iR � boundaryfunctionsareequala.e.;suchfunctionsexist,by Theorem
3.3.1(a2).

Assumew.l.o.g. that ω ê 0. Let Λ � B $ . By LemmaD.1.19, we have
Λ f Â ê fΛ ê Λ f � for somefΛ � Hp � C Â � .

But then fΛ � H∞ � C Â
0 � , by (6.4.3) of [HP]; analogously, fΛ � H∞ � C �

1 � ,
hencefΛ � H∞ � C � .

By theLiouvil le Theorem,fΛ - xΛ for somexΛ � C. This holdsfor each
Λ � B$ , hencef Â and f � areequalto a singleconstantx � B. If p ² ∞, then,
obviously, x ê 0.

2¶ CaseHp � D;B� : Set f : ê f Â on D and f � z� : ê f � � z� 1 � for z � D
c
. As

above,weseethatwe Λ f canbeextendedfΛ � H � D � . Since fΛ � ∞ �xê Λ f � � 0� ,
fΛ is bounded,hencefΛ is aconstant.Thus, f is aconstant,asin 1 ¶ . �
If f belongsto L p

r for two different r ’s, then øf is holomorphic on the
correspondingstrip:

PropositionD.1.21(ö ÷Y« Lp
a ´ Lp

b ¬d� H � Ca ¤ b; � �ö ÷Y« Lp
a ´ Lp

b ¬d� H � Ca ¤ b; � �ö ÷Y« Lp
a ´ Lp

b ¬d� H � Ca ¤ b; � � ) Let f � Lp
a � R;B�B´ Lp

b � R;B� , p �« 1 Ú ∞ ¬ , a ² b. Then

(a1) We have øf � H∞ � Ca© ¤ b© ;B� whenever a ² aõ ² bõ ² b; in particular, øf �
H � Ca ¤ b;B� . Moreover, f � L1

r � R;B� for all r � � a Ú b� , hence øf � s� converges
absolutely onCa ¤ b.

(a2)ThemappingL p
a � R;B�B´ Lp

b � R;B�xè H∞ � Ca©C¤ b© ;B� is continuous.

(b) If p ê 1, then øf ��¡ bu � Ca ¤ b;B�N´ H∞ � Ca ¤ b;B� and
­ øf � s� ­ B ¥ ­

π Â f
­
Lp

a
Ý­

π � f
­
Lp

b
for all s � Ca ¤ b.

(c) (ö ÷Y« L2
a ´ L2

b ¬Bê H2 � Ca ¤ b;H �ö ÷Y« L2
a ´ L2

b ¬Bê H2 � Ca ¤ b;H �ö ÷Y« L2
a ´ L2

b ¬Bê H2 � Ca ¤ b;H � ) Assumethat p ê 2 andthat B ê H is a Hilbert
space. Then øf � H2 � Ca ¤ b;H � , and øf has the nontangential boundary
function øf (thePlancherel transformof f ) on a Ý iR andon b Ý iR (in the
senseof (1.), (2.) and (4.)–(6.) of Theorem3.3.1(a))and � 2π � � 1± 2 ­ øf � r Ý
i Û � ­ 2 ¥ ­

π Â f
­
L2

a
Ý ­

π � f
­
L2

b
(r ��« a Ú b¬ ).

Conversely, if øg � H2 � Ca ¤ b;H � , then there is g � L2
a � R;H ��´ L2

b � R;H � s.t.øg ê�ö ÷ g.

RecallthatHp � Ca ¤ b;B� : ê�Ë f � H � Ca ¤ b;B� ØØ supr é ¿ a ¤ b À ­ f � r Ý i Û � ­ p ² ∞ Ì .
Proof: Notethat f � π Â Lp

a � R;B�B´ π � Lp
b � R;B� .

(a1) By LemmaD.1.10(a1)&(a2),we have �π Â f � H∞ � C Â
a© ;B� and �π � f �

H∞ � C �
b© ;B� , hence øf � H∞ � Ca© ¤ b© ;B� . Thesecondclaim follows from theproof

of LemmaD.1.10(a2).
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(a2)Seetheproofof (a1)andthatof LemmaD.1.10(a2)for aboundof form­ øf ­
H∞ ¥ M � ­ f

­
Lp

a
Ý ­

f
­
Lp

b
.

(b) Cf. theproofof (a) (useLemmaD.1.11(a1’)).
(c) 1¶ Properties of øf : Note that ö ÷ π Â f � H2 � C Â

a ;B� and ö ÷ π � f �
H2 � C �

b ;B� , by LemmaD.1.15. By Theorem3.3.1(a2),ö ÷ π Â f hasa boundary
functionon a Ý iR; by continuity, sodoesö ÷ π � f too (in thesenseof (1.) and
(2.) of Theorem3.3.1(a);claim (6.) (which implies(5.) and(4.)) follows from
thestrongcontinuity of LemmaD.1.8(a1)).

The“mirror image”boundaryfunctiononb Ý iR (from theleft) is obtained
analogously. Thenormestimateis obvious.

2¶ The converse claim: For eachr � � a Ú b� , there is gr � L2
r � R;H � s.t.øg ê�ö ÷ gr a.e.on r Ý iR, by theFourier–PlancherelTheorem.

Let d � � a Ú b� . SetF : ê π Â gd, G : ê π � gd. Then ö ÷ G � H2 � C �
d ;H � is the

boundaryfunction of itself, by Theorem3.3.1(b)(whoseproof is obviously
independenton this lemma, relying on [RR] and the part of Appendices
precedingthislemma),andsois øg � H2 � Ca ¤ d;H � ond Ý iR, henceøg  zö ÷ G êpö ÷ F

is theboundaryfunctionof øh (a.e.) on d Ý iR. But ö ÷ F � H2 � C Â
d ;H � , henceøh

extendsto a function øh � H2 � C Â
a ;H � , by LemmaD.1.19.

It follows that øh ê ö ÷ h on C̄ Â
a for some h � L2

a � R Â ;H � . But then
F ê h. Analogously, we can show that G � L2

b � R � ;H � . It follows that
gd ê F Ý G � L2

a ´ L2
b. Becauseøg ê
ö ÷ gd on d Ý iR, we have øg êiö ÷ gd on the

wholeCa ¤ b, by LemmaD.1.2(e). �
If f � L∞ � R;B� , then

­
f χA

­
1 ¥ ­

f
­

∞m� A�×² ∞ whenever m� A�×² ∞. Thus,
we canthenapplythefollowing test:

Lemma D.1.22 Let B0 be a closedsubspaceof the Banach spaceB, and f �
L∞ � R;B� . If ö ÷ f χA ��¡ 0 � R;B0 � whenever m� A�:² ∞, then f � L∞ � R;B0 � i.e.,
f � t ��� B0 for a.e. t � R.

Notethatalways ö ÷ f χA �o¡ 0 � R;B� , becausef χA � L1.
Proof: (We couldhave aswell assumethat f � L1

loc andthatA is bounded
andmeasurable.)

SetE : ê f � 1 « B � B0 ¬ . Weassumethatm� E �úÁ 0,deriveacontradiction, and
deducethat f � t ��� B0 for a.e.t � R.

Because f È E is nowhere zero, Lemma B.2.8(b) provides us A � E and
L � B$ s.t. 0 ² m� A� , Λ ê 0 on B0, andReΛ Á 1 on A. ChooseAõ � A s.t.
0 ² m� Aõ �×² ∞. Then0 µê Λ f χA© � L1 � R;B� , hence0 µêiö ÷ Λ f χA© ê Λ ö ÷ f χA© �¡ 0 � R � , by LemmaD.1.11(a3).But ö ÷ f χA© is B0-valued,henceΛ ö ÷ f χA© ê 0, a
contradiction. �
If a functionis holomorphic around∂D, thenit is theinverseCayley transform

of someMTIL1
operator.

Lemma D.1.23 Assumethat Ω � C is open and s.t. ∂D � Ω, and that g �
H � Ω;B� . Thenthereareb � B and f � L1 � R;B� s.t.g ê b Ý øf ì φ � 1

Cayley.
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Proof: 1¶ b0 ê b1 ê b2 ê b3 ê 0 w.l.o.g.: Write g as∑∞
k ¨ 0bk � z Ý 1� k on a

neighborhood of K : ê�Ë z � C ØØ È z Ý 1 È/¥ ε Ì � Ω (for someε Á 0). Because� Û Ý 1�xê 2�π Â e�Ôä ì φ � 1
Cayley ê øF ì φ � 1

Cayley Ú (D.41)

where øF ê 2�π Â e�Ôä �hö ÷ « L1 � R Â ;B� ¬ , wecantake øF3 : ê ∑3
k ¨ 0bk øFk, to obtainthat

g   øF3 ì φ � 1
Cayley ê ∑∞

k ¨ 4 bk � z Ý 1� k. By LemmaD.1.12(c’), øF3 ê bõ Ý øf3 for some

bõ � B and f3 � L1 � R Â ;B� (sinceπ Â e�Ôä � L1 � R Â ;B� ). Thus,we have reduced
theproblemto thecasewhereb0 ê b1 ê b2 ê b3 ê 0.

2¶ Seth : ê g ì φCayley. Assumingb0 ê b1 ê b2 ê b3 ê 0, it follows that
z îè g � z�=Î z4 is holomorphic aroundK; let M : ê maxzé K

­
g � z�mÎ z4 ­

B. Then­
g � z� ­ B ¥3È z Ý 1 È 4M for z � K, i.e.,

­
h � s� ­ B ¥3È 2Î � 1 Ý s�ªÈ 4M when È2Î � 1 Ý s�ªÈQ²

ε; in particularh È iR � L1 � iR;B� , becauseh is continuouson iR.
3¶ Becauseφ õCayley andφ õ õCayley areboundedon iR, it follows(asin 2 ¶ ) from

thechainrule thatalsohõ andhõ õ arein L1 � iR;B� , hence

f : ê 1
2π

¦
R

eix ä h � ix � dx ê 1
2π
�h � i Û � �   i Û ��� L1 � R;B� (D.42)

andh ê øf , by LemmaD.1.11(e2)&(e1). �
Sometimesthepropertiesof a transferfunction ø0 : iR è B canberecovered

by multiplying it with thefollowing function:

Lemma D.1.24 Let ε Á 0, p �p« 1 Ú ∞ ¬ . For each t Á 0 andr � R, weset

ft ¤ r � x� : ê π Â 2t3± 2xe� ¿
t � ir À x Ú i.e., øft ¤ r � s�xê øft ¤ 0 � s   ir �xê 2t3± 2 � s Ý t   ir � � 2 §

(D.43)
Wehaveft ¤ r � L2� t ± 2 � R Â � , ­

ft ¤ r ­ 2 ê 1, and øf � Lp � ω Ý iR �,´Ñ¡ 0 � ω Ý iR � (ω � 0).
Moreover, thefollowing hold:

(a) There is δ Á 0 s.t.

sup
sé C ¤ � s� ir � 1 ε

È øft ¤ r � s�ªÈ/² ε &
­ øft ¤ r ­ Lp

¿ ð iρ ØØ �ρ � r � 1 ε ñ À ² ε &
­ øft ¤ r ­ Lp

¿
ω Â iR À ² ε

(D.44)

whenever0 ² t ¥ δ Ú r � R Ú ω � ε.

(b) If E � iR is measurable and p ��« 1 Ú 2¬ , then, for a.e. r � E, there is
δ ê δ f ¤ E ¤ r ¤ ε Á 0 s.t. ­ øft ¤ r ­ Lp

¿
iR % Eε » r À ² ε � 0 ² t ¥ δ �QÚ (D.45)

where Eε ¤ r : ê�Ë iρ � E ØØ È ρ   r È/² ε Ì .
(c) For anyg � Lp � iR;B� andp �0« 1 Ú ∞ � (or g �ù¡ 0 � iR;B� andp ê ∞) andt Á 0,

there is R � R s.t. � iR
­ øft ¤ rg ­

Bdm ² ε and � iR È øft ¤ r È 2 ­
g
­
Bdm ² ε whenever

r � R, È r È � R.

Proof: The claimsat the beginning of the lemmafollow from straightfor-
wardcomputations(whichweomit).
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(a) Weshallassumethatr ê 0 (usetranslation),w.l.o.g.
1¶ supsé C ¤ � s � 1 ε È øft ¤ 0 � s�ªÈ�² ε: Setδ1 : ê min Ë ε Î 2 Ú � ε2 Î 9� 2± 3 Ì . Then, for all

s � C andt � � 0 Ú δ1 ¬ , wehaveÈ s È � ε êx³ È øf � s�ªÈ/¥ 2t3± 2� È s È#  t � 2 ¥ 2ε2 Î 9� ε   ε Î 2� 2 ê 2ε2 Î 9
ε2 Î 4

² ε Ú (D.46)

whichprovidesthefirst inequality in (D.45).
2¶ ­ øft ¤ 0 ­

Lp
¿
ω Â iR À è 0: For p ê ∞ this follows from 1 ¶ . For p ² ∞, wehave­ øft ¤ 0 � ω Ý i Û � ­ p

p ¥ ­
2p È ε Ý i Û È � 2pt3p ± 2 ­

1 è 0 Ú (D.47)

ast è 0Ý , for any ω � ε, becauseÈ ε Ý i Û È � 2p êÄÈ ε2 Ý Û 2 È � p � L1. Therefore,
thereis δ3 Á 0 s.t.third inequalityin (D.45) is achievedfor all t � � 0 Ú δ3 ¬ .

3¶ ­ øft ¤ 0 ­
Lp

¿ ð iρ ØØ �ρ � 1 ε ñ À ² ε: We have È øft ¤ 0 � iρ �ªÈ×ê 2t3± 2 Î � ρ2 Ý t2 �o¥
2t3± 2 Î ε2 è 0, ast è 0Ý , whenever È ρ È � ε. Casep ê ∞ follows directly from
this; casep ² ∞ follows from this andtheDominatedConvergenceTheorem,
becauseøft ¤ 0 � Lp, asnotedin 2¶ .

(b) 1¶ Assumptions: By Section7.11of [Rud86],we have

lim
ε Í 0Â m� Ec ´ � r   ε Ú r Ý ε �=�

m� r   ε Ú r Ý ε � ê 0 (D.48)

for a.e.r � E. We assumethat r is suchandε Á 0, andfind δ Á 0 s.t. (D.45)
holds.W.l.o.g.weassumethatr ê 0 (usetranslationof E and f ).

2¶ ­ øft ¤ 0 ­
Lp

¿
iR % Eε » r À ² ε: ChooseR Á 0 s.t. 2pÂ 1 � ∞

R È y2 Ý 1 È � pdy ² εp Î 4p.
Chooseη � � 0 Ú ε � s.t.m� Ec ´ �   γ Ú γ �=�=Î 2γ ² ε1 : ê εp Î 3p2pÂ 1R for all γ � � 0 Ú η ¬ .
Setδ : ê min Ë 1 Ú η Î RÚ ε4 Î 8 Ú ε Î 2 Ú ε3 Ì . Then,for any t � � 0 Ú δ ¬ , wehave¦ � y � 1 Rt

È øft ¤ 0 � iy �ªÈ pdy ê 2pÂ 1t3p ± 2 ¦
y 1 Rt

È y2 Ý t2 È � pdy ê 2pÂ 1t3p ± 2 ¦
u 1 R

È u2t2 Ý t2 È � pt du

(D.49)ê 2pt3p ± 2 � 2p Â 1
¦

u 1 R
È u2 Ý 1 È � pdu ² 2pt1 � p ± 2εp Î 4p ¥ εp Î 2p Ú

(D.50)

because1   pÎ 2 � 0. Moreover, Rt ² η, hence¦ ð � y � 	 Rt ¤ y é Ec ñ È øft ¤ 0 � iy �ªÈ pdy ¥ ­ øft ¤ 0 ­ p
∞

Û 2Rt Û ε1 ¥ 2 2t3± 2
t2 3 p Û 2tRε1 (D.51)¥ 2pÂ 1t � p± 2 Â 1Rε1 ê εp Î 3p (D.52)

Becauseεp Î 2p Ý εp Î 3p ² εp, wehaveestablished(b).

(c) Because øf Ú�È øf È 2 � Lp± ¿ p � 1À � iR �x´�¡ 0 � iR � , this follows from Lemma
B.3.13. �
Thefollowing functionis handywhendealingwith Fouriertransforms:
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Lemma D.1.25 Defineφ � t � : ê e� t2 ± 2. Then øφ and øφ � 1 are entire functions andøφ � s�xê � 2πes2 ± 2 µê 0 for s � C; in particular, øφ � ir �xê � 2πe� r2 ± 2 Á 0 for r � R.
Moreover, φ �4� � R ��´ L p

ω for all p �Z« 1 Ú ∞ ¬ and ω � R, and the functions of
theform ∑n

k ¨ 1τ � tk � φbk, where n � N Ý 1, andtk � R andbk � B for all k � N, are
densein L1 � R;B� aswell asin L2 � R;B� .

Proof: By thedominatedconvergencetheorem,we canexchangetheorder
of integration anddifferentiation to obtain that øφ is holomorphic everywhere
(øφ � H � C � ). By [Rauch, pp. 64–65], øφ � s�Ãê � 2πes2 ± 2 holds for s � iR,
henceit holds everywhere,by Lemma D.1.2(e). One easily verifies that
φ �#� � R �B´ L p

ω � R � for all p Ú ω.
BecausetheFouriertransformof φ is nowherezero,thedensityclaimholds

for B ê C, by, e.g.,Theorem9.5of [Rud73](theL1 case)andp. 145of [Katzn]
(the L2 case);the generalcasefollows from the densityof finite-dimensional
functionsin L p (TheoremB.3.11). �
We finish this sectionby presentingonemorevector-valuedextension of a

standardresult:

Lemma D.1.26 The span of Ë π � esä u0 ØØ s � � ω Ú ω Ý 1�QÚ u0 � U Ì is densein
L2

ω � R � ;U � .
Proof: Wetakeω ê 0 w.l.o.g. Simplefunctionsaredensein L2 � R � ;U � , by

TheoremB.3.11,hencesois thespanof Ë φu0 ØØ φ � L2 � R � �QÚ u0 � U Ì . Therefore,
wemayandwill assumethatU ê C w.l.o.g.

Let u � L2 � R � � . If u �&Ë π � esä ØØ s � � 0 Ú 1� Ì65 , i.e.,

0 ê ¸
esä Ú u¹ L2

¿
R 7gÀ ê ¦ 0� ∞

estu � t � dt ê ¦ ∞

0
e� stu �   t � dt ê � Ru � s�QÚ (D.53)

for all s � � 0 Ú 1� , then � Ru ê 0 on C Â , hencethenu ê 0, by LemmaD.1.2(e).
Therefore,Ë esä ØØ s � � 0 Ú 1� Ì is densein L2 � R � � . �
Notes
As obvious from the proofs, many of the resultsof this appendixare well

known at leastin thescalarcase.LemmaD.1.23is dueto O. Staffans.
Further resultson holomorphic vector-valued functions are given in, e.g.,

[HP]. Generalvector-valuedmeasures(with MTIC asa specialcase;cf. Lemma
D.1.12andSection2.6)aretreatedin [DU], [Dinculeanu],[Dobrakov], [Park] and
in referencestherein.
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Appendix E

Inter polation Theorems

Mathematicians haveannouncedtheexistenceof a new wholenum-
ber which lies between27 and28. "We don’t knowwhy it’ s there or
what it does,"saysCambridge mathematician, Dr. Hilliar d Haliard,
"we only knowthat it doesn’t behaveproperly whenput into equa-
tions,andthat it is divisiblebysix, thoughonlyonce."

— OnTheHour

Here we presentthe Riesz–ThorinInterpolationTheorem,the Hausdorff–
YoungTheoremandsimilar results.In theseresultsa functionmappingX1 è Y1

andX2 è Y2, continuously, is shown to map“Xr è Yr when1 ² r ² 2” whenXr ,
Yr aresuitablespaces(of vector-valuedfunctions).

We usetheassumptionsof ChapterB in this chapter;in particular, thescalar
field K maybeeitherC or R.

E.1 Inter polation theorems(L p1 8 Lp2 9 Lq1 8 Lq2)

Westartby a few auxiliary lemmasanddefinitions.

Lemma E.1.1(Lp Ý LqLp Ý LqLp Ý Lq) Let p ��« 1 Ú ∞ ¬ . The spaceL1 � Q;B�_Ý L∞ � Q;B� is a
Banach space. For all measurable f : Q è B, wehave

1
2

­
f
­
L1 : L∞ ¥ ­

f
­

p ¥ ­
f
­
1 Ý ­

f
­

∞ § (E.1)

Finally, Lq ´ Lr �
c

Lp �
c

Lq Ý Lr , when1 ¥ q ¥ p ¥ r ¥ ∞.

Thus,Lq andLr aresum-compatible.SeeLemmasA.3.17andA.3.18for the
normsof X Ý Y andX ´ Y.

Proof: 1¶ L1 � Q;B�eÝ L∞ � Q;B� is a Banach space:Let 0 µê f � L1 Ý L∞.
Find ε Á 0 s.t.µ � Eε �ÊÁ 0, whereEε : ê�Ë q � Q ØØ ­ f � q� ­ Á ε Ì . If f ê g Ý h and­
h
­

∞ ² ε, then
­
g
­
1 Á � Eε

ε � εµ � Eε � . Therefore
­
f
­
L1 Â L∞ � min Ë ε Ú µ � Eε � ε Ì Á

0. Thus, f µê 0 ³ ­
f
­ Á 0.

987
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For sumswehave­
f Ý g

­ Â ¥ inf
f ¨ f1 Â f∞ ¤ g̈ g1 Â g∞

� ­ f1 Ý g1
­
1 Ý ­

f∞ Ý g∞
­

∞ � (E.2)¥ inf
f ¨ f1 Â f∞ ¤ g̈ g1 Â g∞

� ­ f1
­
1 Ý ­

g1
­
1 Ý ­

f∞
­

∞ Ý ­
g∞

­
∞ �Å¥ ­

f
­ Â Ý ­

g
­ Â §

(E.3)

Obviously,
­
α f

­ Â ê�È α È ­ f
­ Â for α � K . Thus,wecanapplyby LemmaA.3.17

(setZ : ê L1 Ý L∞), anddeducethatL1 Ý L∞ is complete.
2¶ ­

f
­
L1 Â L∞ ¥ 2

­
f
­

p: W.l.o.g.,we assumethat1 ² p ² ∞ and
­
f
­

p ê 1.
Setg : ê f χE1

, h : ê f   g. Then
­
h
­

∞ ¥ 1 and

µ � E1 �Å¥ ¦
E1

­
f
­ p
Bdµ ¥ ­

f
­ p

p ê 1 Ú (E.4)

hence
­
g
­
1 ¥ ­

f
­

p
­
χE1

­
q ¥ 1 Û 1 ê ­

f
­

p, where p � 1 Ý q � 1 ê 1. Thus,­
f
­ ¥ ­

g
­
1 Ý ­

h
­
1 ¥ 2.

3¶ ­
f
­

p ¥ ­
f
­
1 Ý ­

f
­

∞: This followsfrom LemmaB.3.14.
4¶ Embeddings:By (E.1),theembeddings arecontinuousfor q ê 1, r ê ∞.

Thus,we canapply LemmasA.3.17 andA.3.18 to obtainthoseclaimsin the
generalcase. �
Given p ��« 1 Ú ∞ ¬ and a measurablef : Q è « 0 Ú Ý ∞ � s.t. f Á 0 a.e., we

defineLp ¤ f � Q;B� to bethespaceof (equivalenceclassesof) measurablefunctions
g : Q è B s.t. ­

g
­

p ¤ f : ê ­
f g

­
p ² ∞ § (E.5)

Obviously, g îè f g is an isometricisomorphism of L p ¤ f onto L p; in particular,
Lp ¤ f is a Banachspace.Note alsothat the zeroelementsof all suchspacesare
equal. Of thesespaces,we aremainly interestedin spacesL p

r : ê Lp ¤ e7 r ; . Such
spacesaresum-compatible for all p’s andr ’s:

Lemma E.1.2(Lp
r Ý Lq

r ©Lp
r Ý Lq

r ©Lp
r Ý Lq

r © ) Let1 ¥ p1 ¥ p2 ¥ p3 ¥ ∞, andlet fk : Q è « 0 Ú Ý ∞ � be
s.t. fk Á 0 a.e. (k ê 1 Ú 2 Ú 3). Then

ThenLp1 ¤ f1 andL p3 ¤ f3 aresum-compatible. Moreover,

(a) Lp1 ¤ f1 andL p3 ¤ f3 aresum-compatible.

(b1) if fk � f2 (k ê 1 Ú 3), thenLp1 ¤ f1 ´ Lp3 ¤ f3 �
c

Lp2 ¤ f2.
(b2) if fk ¥ f2 (k ê 1 Ú 3), thenLp2 ¤ f2 �

c
Lp1 ¤ f1 Ý Lp3 ¤ f3.

In particular, if J � R is an interval andωk � R (k ê 1 Ú 3), thenLp1
ω1 andL p3

ω3

aresum-compatible.

Analogously, ï p1
r1 and ï p3

r3 aresum-compatible for r1 Ú r3 Á 0 (see(13.2)).
Proof: (a)1¶ If f2 � f1, thenL p ¤ f2 �

c
Lp ¤ f1: Obviously,

­ Û ­
p ¤ f1 ¥ ­ Û ­

p ¤ f2.
2¶ Casep1 ê p3: By 1¶ , we have Lp1 ¤ fk �

c
Lp1 ¤ f (k ê 1 Ú 3), where f : ê

maxË f1 Ú f3 Ì . Thus,L p1 ¤ f1 andLp1 ¤ f3 aresum-compatible.
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3¶ Case f1 ê f3: UseLemmaE.1.1and the isometricisomorphism f1
Û :

Lp ¤ f1 è Lp to seethat
­ Û ­

Lp1 » f1 Â Lp3 » f1 is a norm. Thus, L p1 ¤ f1 Ý Lp3 ¤ f1 is a
Banachspace,henceLp1 ¤ f1 andLp1 ¤ f3 aresum-compatible.

4¶ General case: Set f : ê maxË f1 Ú f3 Ì . By 3¶ , Z : ê Lp1 ¤ f Ý Lp3 ¤ f is a
Banachspace. By 1¶ , Lpk ¤ f �

c
Z (k ê 1 Ú 3), henceLp1 ¤ f and Lp3 ¤ f are sum-

compatible.
(b1)Let fk � f2 (k ê 1 Ú 3). ThenLpk ¤ fk �

c
Lpk ¤ f2 (k ê 1 Ú 3),by 1¶ . Therefore,´ kLpk ¤ fk �

c
´ k Lpk ¤ f2 (k ê 1 Ú 3), by LemmaA.3.19(c1)&(c2). But ´ kLpk ¤ f2 �

c

Lp2 ¤ f2, by LemmaE.1.1(andtheisomorphism,cf. 3 ¶ ), hence(b1)holds.
(b2)Theproofof (b2) is analogousto thatof (b1)andhenceomitted.
Thefinal claim: Now L pk

ωk : ê Lpk ¤ e7 ωk ; �
c

Lp1 ¤ f Ý Lp3 ¤ f (k ê 1 Ú 3), by (b2),
where f : ê mink ¨ 1 ¤ 3e� ωk ä . �
Thefollowing conceptis requiredfor someinterpolationresults:

Definition E.1.3(¼ � X1 Ú Y1 �B´E¼ � X2 Ú Y2 �¼ � X1 Ú Y1 �B´E¼ � X2 Ú Y2 �¼ � X1 Ú Y1 �B´E¼ � X2 Ú Y2 � ) Let � X1 Ú X2 � and � Y1 Ú Y2 � be sum-
compatiblepairs of normedspaces. Thenwe write T �o¼ � X1 Ú Y1 �N´'¼ � X2 Ú Y2 �
if T � Hom� X1 Ý X2 Ú Y1 Ý Y2 � is s.t.T �k¼ � X1 Ú Y1 � , T �k¼ � X2 Ú Y2 � . Weset­

T
­ ½_¿

X1 ¤Y1 À : ½_¿
X2 ¤Y2 À : ê maxË ­

T
­ ½_¿

X1 ¤Y1 À Ú ­ T ­ ½_¿
X1 ¤Y1 À Ì § (E.6)

Here we do not distinguish betweenT and its restrictions. The above
requirementsforce T to be continuous X1 Ý X2 è Y1 Ý Y2 (with norm¥
maxk ¨ 1 ¤ 2 ­

T
­ ½_¿

Xk ¤Yk À ), by 1¶ of theproofof LemmaE.1.4.
Note that LemmaA.3.18 providesan alternative definition for ¼ � X1 Ú Y1 �Ô´¼ � X2 Ú Y2 � ; obviously, this coincideswith the one above, up to the norm (we

do not consider ¼ � Xk Ú Yk � being a vector subspaceof some vector spaceZ
(k ê 1 Ú 2) if T �ù¼ � X1 Ú Y1 �d´z¼ � X2 Ú Y2 � doesnot imply T � x1 Ý x2 � beingdefined
andequalto Tx1 Ý Tx2 for xk � Xk (k ê 1 Ú 2); the latter condition implies that
T � Hom� X1 Ý X2 Ú Y1 Ý Y2 � ).

Weobviouslyhave ¼ � X Ú Y1 �B´E¼ � X Ú Y2 �úê�¼ � X Ú Y1 ´ Y2 � , isometrically.
We now give four equivalentdefinitionsof ¼ � X1 Ú Y1 �d´z¼ � X2 Ú Y2 � (the fourth

onX0):

Lemma E.1.4 Let � X1 Ú X2 � be a sum-compatible pair of normedspaces,and let� Y1 Ú Y2 � a sum-compatiblepair of Banach spaces.Then(i) Ó (ii) Ó (ii i), where

(i) T �k¼ � X1 Ú Y1 �B´E¼ � X2 Ú Y2 �
(ii) T �'¼ � X1 Ý X2 Ú Y1 Ý Y2 � , T �'¼ � X1 Ú Y1 � andT �'¼ � X2 Ú Y2 � ;
(iii) T �'¼ � X1 Ý X2 Ú Y1 Ý Y2 � , T « X1 ¬d� Y1 andT « X2 ¬d� Y2.

Let X0 be a densesubspaceof X1, X2 andX1 ´ X2. If T0 � Hom� X0 Ú Y1 Ý Y2 �
andthere is M ² ∞ s.t.­

T0x
­
Yk ¥ M

­
x
­
Xk � x � X0 Ú k ê 1 Ú 2�QÚ (E.7)

then T0 ê T È X0
for a unique T ��¼ � X1 Ú Y1 ��´ù¼ � X2 Ú Y2 � . Moreover, T0 has

unique continuous extensionsin ¼ � X1 ´ X2 Ú Y1 ´ Y2 � , ¼ � X1 Ú Y1 � , ¼ � X2 Ú Y2 � and
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domains.

Conversely, if T satisfiesany(henceall) of (i)–(iii), thenT0 : ê T È X0
isasabove.

If X1 ê Lp
ω � J;B� and X2 ê Lq

ω © � J;B� for somep Ú q �i« 1 Ú ∞ � , ω Ú ω õ � R (see
Definition D.1.3), thenwe maytake X0 : ê X1 ´ X2, or X0 : ê~¡ ∞

c or let X0 be the
setof simple L1 functions(or any setbetweenthese),by TheoremB.3.11.

Proof: 1¶ (i)–(iii): Trivially, (ii) ³ (i)&(ii i). By LemmaA.3.6, we have
(iii) ³ (ii). Obviously,

­
T

­ ½_¿
X1 Â X2 ¤Y1 Â Y2 À ¥ maxk ¨ 1 ¤ 2 ­

T
­ ½_¿

Xk ¤YK À , so that (i)
implies(ii).

2¶ T0 < T: If T satisfies(ii), then T0 : ê T È X0
satisfies(E.7) for M : ê

maxk ¨ 1 ¤ 2 ­
T

­ ½_¿
Xk ¤Yk À .

For theconverse,let T0 beasin thelemma.By LemmaA.3.10and(E.7),T0

hasuniquecontinuous extensionsT õ0 �<¼ � X1 ´ X2 Ú Y1 ´ Y2 � andTk �<¼ � Xk Ú Yk �
(k ê 1 Ú 2), with norm ¥ ­

M
­
. If Ë xn Ì � X0 and xn è x � X1 ´ X2, then

T õ0xn è T õ0x in X1 ´ X2, hencein X1 and in X2 too, so that T õ0x, T1x and T2x
mustall beequalto this limit. Thus,T õ0, T1 andT2 coincideonX1 ´ X2.

By Lemma A.3.19, X0 is densein X1 Ý X2. One easily verifies that­
T0x

­
Y1 Â Y2 ¥ M

­
x
­
X1 Â X2, so that there is a unique continuousextension

T �<¼ � X1 Ý X2 Ú Y1 Ý Y2 � too, againwith norm ¥ M, by 1 ¶ . If X0 æ xn è x in
Xk, thenTxn è Tkx in Yk andTxn è Tx in Y1 ´ Y2, henceTkx ê Tx (x � Xk,
k ê 1 Ú 2). Thus T coincideswith T õ0, T1 and T2. In particular, (iii) (hence
(i)–(iii)) is satisfied. �
Next wegiveequivalentconditionsfor T �k¼ � X Ú Y � :

Lemma E.1.5(T �'¼ � X1 Ú Y1 �B´E¼ � X2 Ú Y2 � & T « X ¬�� Y ³ T �k¼ � X Ú Y �T �k¼ � X1 Ú Y1 �B´E¼ � X2 Ú Y2 � & T « X ¬e� Y ³ T �k¼ � X Ú Y �T �k¼ � X1 Ú Y1 �B´E¼ � X2 Ú Y2 � & T « X ¬�� Y ³ T �'¼ � X Ú Y � ) Let
X1 Ú X2 Ú Y1 Ú Y2 be normed spaces. Let X and Y be Banach spaces. Let� X1 Ú X2 � and � Y1 Ú Y2 � be sum-compatiblepairs. Let X �

c
X1 Ý X2 and Y �

c

Y1 Ý Y2. LetT �k¼ � X1 Ú Y1 �B´E¼ � X2 Ú Y2 � .
Thenthefollowingareequivalent:

(i) T È X �'¼ � X Ú Y � ;
(ii) T « X ¬e� Y;

(iii) thereareM ² ∞ anda densesubspace ÆX � X s.t.­ Æx ­
X ê 1 ³ ­

T Æx ­
Y ¥ M � Æx � ÆX �Q§ (E.8)

Moreover, if (iii) holds,then
­
T

­ ½_¿
X ¤Y À ¥ M.

Recallthat
­
y
­
Y ê ∞ for y µ� Y.

Proof: (As theproofshows,wecanallow X to beincompleteif wegiveup
theimplication(ii) ³ (i).)

Recall first thatT �'¼ � X1 Ý X2 Ú Y1 Ý Y2 � , henceT �'¼ � X Ú Y1 Ý Y2 � (because
X �

c
X1 Ý X2).

1¶ (i) ³ (ii): This is obvious.
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2¶ (ii) ³ (i): Now (ii) implies(i), by LemmaA.3.6,becauseT �'¼ � X Ú Y1 Ý
Y2 � .

3¶ (i) ³ (iii): Take ÆX ê X, M : ê ­
T È X ­

.

4¶ (iii) ³ (i): Let T0 �'¼ � X Ú Y � betheuniquecontinuousextensionof T0. IfÆX æ xn è x in X, thenTxn è Tx in Y1 Ý Y2 andTxn ê T0xn è T0x in Y, hence
in Y1 Ý Y2 too,sothatT0x ê Tx. Thisholdsfor all x � X, henceT0 ê T È X. �
Now thatthepreparationsaredone,wecangive four interpolationresults.We

startwith thevector-valuedformsof two celebratedtheorems:

Theorem E.1.6(Riesz–Thorin Inter polation Theorem) Let pk Ú qk �o« 1 Ú ∞ ¬ (k ê
0 Ú 1). Let µ andµõ becompletepositivemeasureson setsQ andQ õ , respectively.
LetB andBõ becomplex Banach spaces.

If T �>´ k ¨ 0 ¤ 1 ¼ � Lpk � Q;B�QÚ Lqk � Qõ ;Bõ �=� , thenT �h¼ � Lp � Q;B�QÚ Lq � Qõ ;Bõ �=� with
norm

Mθ ¥ M1 � θ
0 Mθ

1 ¥ maxË M0 Ú M1 Ì Ú (E.9)

providedthat0 ¥ θ ¥ 1, Mk : ê ­
T

­ ½_¿
Lpk

¿
Q;BÀ�¤ Lqk

¿
Q© ;B© ÀrÀ (k ê 0 Ú 1),

1
p

ê 1   θ
p0

Ý θ
p1

and
1
q

ê 1   θ
q0

Ý θ
q1

§ (E.10)

Thus,logMθ is convex.
Proof: (This is an extendedand rigorous version of the (scalar case)

proof of Theorem1.1.1 of [BL]. The theoremalso holds for real B with
2M1 � θ

0 Mθ
1 in place of M1 � θ

0 Mθ
1 (note that

­
T

­ ½_¿
Lp

¿
Q;BÂ iB À�¤ Lq

¿
Q© ;B© Â iB © ÀrÀ ¥

2
­
T

­ ½_¿
Lp

¿
Q;BÀ�¤ Lq

¿
Q© ;B© ÀrÀ , where B Ý iB is the complexification of B (allow

complex scalarswith natural operationsand, e.g.,
­
x Ý iy

­
B Â iB : ê � ­ x ­ 2

B Ý­
y
­ 2
B � 1± 2).)
1¶ Only È � Q© gT f dµõ È,¥ M needsto be shown: W.l.o.g., we assumethat

0 ² θ ² 1, 1 ¥ p0 ² p1 ¥ ∞ andq0 µê q1. Let q � 1 Ý qõ � 1 ê 1, q � 1
k Ý qõk � 1 ê 1

(k ê 1 Ú 2). By LemmaE.1.5andTheoremB.3.11,we only have to show that
(E.8) is satisfiedby thenumberMθ andthesetÆX : ê SMFF� Q;B� : ê�Ë n

∑
k ¨ 1

xkχEk
ØØ n � N Ú µ � Ek �Å² ∞ Ú xk � B � k ê 1 Ú=§=§=§#Ú n� Ì §

(E.11)
By TheoremB.4.12,it sufficesthatgiven f � SMFF� Q;B� , g � SMFF� Q;B� s.t.­

f
­

p ê 1 ê ­
g
­
q© , wehave È � Q© gT f dµõ È/¥ M (notethatT f � Lq0 andg � Lq©0,

hencegT f � L1, by theHölderInequality).
2¶ We show it: Set 1Î p � z� : ê p � 1

0 Ý z� p � 1
1   p � 1

0 � , 1Î qõ � z� : ê qõ0 � 1 Ý
z� qõ1 � 1   qõ0 � 1 � , asin (E.10),sothat p Ú qõ � H � C � , andRep � z� � 1 � � p � 1

1 Ú p � 1
0 � ,

Reqõ � z��� � qõ1 � 1 Ú qõ0 � 1 � whenRez � � 0 Ú 1� . Set

φ � zÚ t � : ê ­
f � t � ­ p± p

¿
zÀ

B f � t �=Î ­
f � t � ­ B Ú ψ � zÚ t õK� : ê ­

g � t õK� ­ q© ± q© ¿ zÀ
B g � t õM�=Î ­

g � t õL� ­ B

(E.12)
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for z � Ω̄ Ú t � Q Ú t õ � Qõ (we set φ � zÚ t �sê 0 if f � t �×ê 0, and ψ � zÚ t õ �Oê 0 if
g � t õ �úê 0).

Obviously, φ � Û Ú q��Ú ψ � Û Ú q�Ñ� H � Ω;B� and RepÎ p � z�>� � pÎ p1 Ú pÎ p0 �>�� 0 Ú pÎ p0 � (Rez � � 0 Ú 1� ) (analogouslyfor qõ ). It follows thatφ Ú ψ Ú φz Ú ψz (which
arein SMFF) havea majorantin g � SMFF, independentof z � Ω̄.

Therefore,φ �3¡ � Ω̄;L p0 �_´ H � Ω;L p0 � , by Lemma B.5.8. Analogously,
ψ ��¡ � Ω̄;Lq©0 �N´ H � Ω;Lq©0 � (if qõ0 ê ∞, just note that ψ Ú ψz ��¡ � Ω̄;L∞ � , and
use(d)&(e) of LemmaB.5.8).

By LemmaD.1.2(b1)&(b3)andtheHölderInequality, wehaveF �ù¡ � Ω̄ ��´
H � Ω � , whereF � z� : ê�� Qψ � z� Tφ � z� dµ. For any t � R, wehave­

φ � it � ­ p0 ê ­ È f È p± p0
­

p0 ê ­
f
­ p± p0

p ê 1 Ú (E.13)

and, similarly,
­
φ � 1 Ý it � ­ p1 ê 1 ê ­

ψ � it � ­ q©0 ê ­
ψ � it � ­ q©1. Therefore,È F � it �ªÈ_¥ M0 and ÈF � 1 Ý it �HÈ_¥ M1 for t � R, hence È F � θ �ªÈÔ¥ M

¿
1 � θ À

0 Mθ
1,

by LemmaD.1.5.But φ � θ �xê f andψ � θ �úê g, henceF � θ �úê � QgT f dµ, sowe
have reachedouraim. �
We alreadyknow that the Fourier transformmapsL1 � R;H �Êè ¡ 0 � iR;H �s�

L∞ � iR;H � and L2 � R;H �Wè L2 � iR;H � . From the above theoremwe obtain
correspondinginterpolationresultsfor L p � R;H � , 1 ² p ² 2:

TheoremE.1.7(Hausdorff–Young) Let H bea complex Hilbert space, ω � R,
p �X« 1 Ú 2¬ and p � 1 Ý q � 1 ê 1. Thenthe Fourier transform � mapsL p

ω � R;H � to
Lq � ω Ý iR;H � andL p

ω � R Â ;H � to Hq � C Â
ω ;H � with­ � f

­
q ¥ � 2π � 1± q ­

f
­
Lp

ω
� f � Lp

ω � R;H �=� (E.14)

(with equalityfor p ê 2).
Moreover, if f � L p

ω � R Â ;H � , then øf � Lq
ω � ω Ý iR;H � is theboundary function

of øf � Hq � C Â
ω ;H � , and �f � g ê øf øg on C Â

ω anda.e. on ω Ý iR for all g � L r
ω � ω Ý

iR;H � , where r � 1 ��« 3Î 2   p � 1 Ú 1¬ .
Thismeansthattherestrictionof � to L1

ω ´ Lp
ω satisfies(E.14)andhashence

auniqueextensionontoL p. (By LemmaE.1.4,thiscoincideswith thePlancherel
TransformonL p

ω ´ L2
ω.)

Unfortunately, if H is a generalBanachspace,thenwe know this for p ê 1
only; in particular, wecannotinterpolate.E.g., � is notbounded¡ c � Rn;c0 �Ôè Lq

w.r.t. the L p norm, where p � � 1 Ú 2¬ andc0 : ê2¡ 0 � N � is the spaceof sequences
N è C converging to zerowith thesup-norm(let 0 µê φ �#� � iR � , φ ê π ü 0 ¤ 1 À φ, N �
N, sothatψ : ê=� � 1φ �>� � R �Å� L p, andset fk : ê eik ä φ sothat øfk � ir �úê φ � ir   ik �
for k ¥ N; it follows that

­ øg ­ p
p ê N

­
φ
­ p

p).
Proof of Theorem E.1.7: (We take ω ê 0 w.l.o.g.)
1¶ øf � Lq: Wealreadyknow thisfor p ê 1 andfor p ê 2. By LemmaE.1.4,� È L1 : L2 hascontinuousextensions to ¼ � L1 Ú L∞ � and ¼ � L2 Ú L2 � (by uniqueness

theseextensionsareequalto � ) and � extendsto ¼ � L1 Ý L2 Ú L∞ Ý L2 � , hence���E¼ � L1 Ú L∞ �g´:¼ � L2 Ú L2 � . Thus,wecanapplyTheoremE.1.6toobtain(E.14)
by adirectcomputation.
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2¶ øf � Hq: Let f � Lp � R Â ;B� . Wehave
­
f
­
Lp

α
¥ ­

f
­

p for all α � 0, hence­ øf ­
Hq ¥ ­

f
­

p.
Seth : ê f � g, so that

­
h
­
v ¥ ­

f
­

p
­
g
­
r , wherev� 1 ê p � 1 Ý r � 1   1, by

LemmaD.1.7. Becausev �Z« p Ú 2¬ , we have
­ øh ­

v© ¥ � 2π � 1± v© ­ f
­

p
­
g
­
r , where

v � 1 Ý võ � 1 ê 1.
If f Ú g �J¡ c, then øh ê øf øg on C Â �>Ë ∞ Ì , by LemmaD.1.11(c’). In general,

if fn Ú gn �i¡ c and fn è f in L p, gn è g in Lr , then øhn è øh in Lv© , hence
a.e.,and øhn ê øfn øgn è øf øg a.e. (herewe have replace Ë � fn Ú gn � Ì by a suitable
subsequence),so that øh ê øf øg a.e. By LemmaD.1.11(c’), øh ê øf øg on C Â

α for
eachα Á 0 (becausef Ú g � L1

α), henceonC Â .
Let g : ê χ ü 0 ¤ 1 À , sothath : ê f � g � L p ´ L2 � R Â ;H � . By Theorem3.3.1(a2)

(or by thecorrespondingscalarresult), øh is theboundaryfunctionof itself a.e.
(in the senseof condition(1.) of Theorem3.3.1(a1)),henceso is øf , becauseøg � s�xê � 1   e� s �=Î s is invertible a.e.on iR. �
By the Riesz–Thorintheorem,we caninterpolatebetweenL p

r andLq
r . Next

weshow thatwecanalsointerpolatebetweenL p
r andLp

r © :
PropositionE.1.8(Lp

rLp
rLp
r interpolation w.r.t. rrr) Let p Ú q ��« 1 Ú ∞ � ,   ∞ ² a ² b ² ∞.

Let J � R be an openinterval. Let � be the setof simplefunctionsJ è B, or��ê Lp
a � J;B� ´ Lp

b � J;B� or � ê�¡ ∞
c � J;B� .

Let ? : �\è Lq
a � J;B�e´ Lq

b � J;B� be linear ands.t.Ma Ú Mb ² ∞, where Mr : ê
supË ­ ? f

­
Lq

r
ØØ f �"�ZÚ ­

f
­
Lp

r
¥ 1 Ì (r ��« a Ú b¬ ).

Thenthere is a uniqueextensionÆ? of ? to � r é ü a ¤ bý Lp
r � J;B� s.t. Æ?��'¼ � Lp

r Ú Lq
r �

for all r ��« a Ú b¬ . Moreover,­ Æ? ­ ½_¿
Lp

r ¤ Lq
r À ê Mr ¥ M1 � θr

a Mθr
b ¥ maxË Ma Ú Mb Ì � r ��« a Ú b¬��QÚ (E.15)

where θr : ê � r   a�=Î � b   a� .
Note that, under the above conditions, ? : �Õè Lq

a � J;B�Ô´ Lq
b � J;B� has a

uniquecontinuousextension to ? r �Ñ¼ � Lp
r Ú Lq

r � , because¡ ∞
c �@� is densein L p

r ,
for any r ��« a Ú b¬ .

Proof: (Thisproofis basedonthatof Riesz–ThorinInterpolationTheorem.)
1¶ We can take �\ê Lp

a ´ Lp
b w.l.o.g.: By density(seeLemmaA.3.10and

TheoremB.3.11),? hasauniqueextension ? r �z¼ � Lp
r Ú Lq

r � with
­ ? r

­ ¥ Mr for
r ê a andr ê b. Let f � L p

a ´ Lp
b. Then,by TheoremB.3.11,thereare Ë fn Ì �.�

s.t. fn è f in bothL p
a andLp

b. Consequently, ? a f ê limn ? fn ê�? b f a.e.,by
TheoremB.3.2.Therefore,wemayassumethat � ê L p

a ´ Lp
b.

2¶ f Ú g Ú φz Ú ψz Ú qõ : Let f ��¡ ∞
c � J;B� bes.t.

­
f
­
Lp ê 1. Let g ��¡ ∞

c � J;B$ � be
s.t.

­
g
­
Lq© ê 1, where1Î q Ý 1Î qõ ê 1. Setφz : ê ezä f , ψz : ê e� zä g. If follows

that ­
φz

­
Lp

Rez
ê 1 ê ­

ψz
­
Lq©7 Rez

� z � C �Q§ (E.16)

3¶ φ Ú ψ Ú F ��¡>´ H: Set ÆJ : ê � supp� f ��� supp� g�=� o. Note that the spaces
Lp

t � ÆJ;B� (t � R) areequalwith equivalentnorms,henceπ AJ ? π AJ �'¼ � Lp Ú Lq � .
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Using the Mean Value Theorem, one easily verifies that � z îè ezä �z�
H � C;Lv � ÆJ �=� for v ê ∞, hencefor any v ��« 1 Ú ∞ ¬ (becauseL∞ � ÆJ �Ï� Lp � ÆJ � ,
continuously).

Consequently, φ � H � C;L p � ÆJ �=� andψ � H � C;Lq© � ÆJ �=� . Therefore,

F � z� : ê Fφ ¤ ψ � z� : ê ¦
J

ψz � t � � ? φz � � t � dt (E.17)

satisfiesF � H � C � , by LemmaD.1.2(b3).
4¶ÏÈ F � r �ªÈª¥ M õr : WehaveÈ F � r Ý it �HÈª¥ ­

ψr Â it
­
Lq©7 r ­ ? φr Â it

­
Lq

r
¥ 1 Û Mr � r �p« a Ú b¬%Ú t � R �QÚ (E.18)

henceÈ F � r Ý it �HÈª¥ M õr : ê M1 � θr
a Mθr

b � r �p« a Ú b¬%Ú t � R � , by LemmaD.1.5.
5¶ Extending? : For all r Ú r õ �p« a Ú b¬ , thefollowing factshold: By Theorem

B.4.12, ­ ? φr
­
Lq

r
: ê ­

e� r ä ? φr
­
q ê supAg é ¾ ∞

c ¤6B Ag B q© ¨ 1

¦ Æge� r ä ? φr Ú (E.19)

i.e.,
­ ? φr

­
Lq

r
is the supremumof functions ÈFφ ¤ ψ � r �ªÈ , where ψ is as above.

Therefore,
­ ? φr

­
Lq

r
¥ M õr .

But each ¡ ∞
c � J;B� function is a scalarmultiple of someφr of the above

form, hence? extendsto an operator? r �ù¼ � Lp
r Ú Lq

r � with norm
­ ? r

­ ¥ M õr .
As in 1¶ , weseethat ? r ê=? r © onLp

r ´ Lp
r © . �

Also a converseholds: if ?��'¼ � L p
r Ú Lq

r � for all r � � a Ú b� with
­ ? ­

having an
uniformupperbound,then ?��'¼ � L p

r Ú Lq
r � for all r ��« a Ú b¬ :

Lemma E.1.9 Let p Ú q Ú a Ú b Ú J ÚC�ZÚ Mr be as in Proposition E.1.8 (we may also
allow �uê L p

r � Lp
s for somer Ú s �i« a Ú b¬ ). Let ? : �5è L � J;B� be linear, and

let D ��« a Ú b¬ bedense.
ThenM : ê supr é D Mr ê supr é ü a ¤ bý Mr ê maxË Ma Ú Mb Ì ; in particular, ? hasa

(unique)continuous extensionto ¼ � L p
r Ú Lq

r � for each r �p« a Ú b¬ iff M ² ∞.

Proof: (In fact,D neednotbedense;it sufficesthataandbarein theclosure
of D.)

Part “only if ” and the moreover-claim follow from Proposition E.1.8.
Therefore,we assumethat ?��Ñ¼ � Lp

r Ú Lq
r � for all r � D, hencefor all r � � a Ú b�

(by theproposition, wecanusecontinuousextensions for r ’sbetweenelements
of D).

Let φ beasimplemeasurablefunctionwith
­
φ
­

Lp
a
ê 1. Then

­
φ
­
Lp

r
è 1 as

r è aÝ , by LemmaD.1.10(a3),and

M
­
φ
­
Lp

a
º M

­
φ
­
Lp

r � ­ ? φ
­
Lq

r
è ­ ? φ

­
Lq

a
§ (E.20)

Becauseφ wasarbitrary, we have ?3�ù¼ � Lp
a Ú Lq

a � with norm ¥ M. The same
holdswith b in placeof a. �
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Notes
It seemsthat PropositionE.1.8 and Lemma E.1.9 cannotbe obtainedas

corollariesto standardinterpolationtheorems(see,e.g.,[BL]) unlessweintroduce
additionalconstants.

TheRiesz–ThorinandHausdorff–Youngtheoremsandtheir proofsarefrom
[BL], except that we have madethe conceptsandthe proofsmorerigorousand
moregeneral.See[BL] for an extensive interpolation theory, further references
andhistoricalremarks.
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Appendix F

Lp
strong, Lp

weakand Integration

Orderandsimplificationarethefirststepstowardmasteryofasubject
— theactualenemyis theunknown.

— ThomasMann(1875–1955)

For a function f : Q èà¼ � B Ú B2 � , Bochner-measurabilitycorrespondsto
the uniform (i.e., Banachspace)topology of ¼ � B Ú B2 � . However, for several
applicationsit sufficesthat,e.g., f x : Q è B2 is measurablefor eachx � B (i.e.,
that f isstronglymeasurable). Westudythisandthecorrespondingweakconcept;
in particular, we defineand studyL p

strong andLp
weak spaces(in SectionF.1; we

note that L∞
strong is usuallya Banachspace(TheoremF.1.9) but L p

strong is often
incompletefor p ² ∞ (ExampleF.1.10)).

In SectionF.2, we defineandstudyintegrationandconvolution for strongly
or weaklymeasurablefunctions.In SectionF.3,we treatHp

strongandHp
weakspaces

andtheLaplacetransformof stronglyor weaklymeasurablefunctions.
In this chapter, B, B2 andB3 denoteBanachspacesover the scalarfield K ,

whereK ê R or K ê C (we have K ê C in SectionF.3), U , H, andY denote
Hilbert spaces,andµ is acompletepositivemeasureonasetQ.

997
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strong, LP

weak AND INTEGRATION

F.1 Lp
strongand Lp

weak

If youthinkyouhavethesolution,thequestionwaspoorlyphrased.

In this section, we study strong and weak (operator) measurabilityand
correspondingL p spaces.Westartwith thedefinitionsof measurability:

Definition F.1.1(Strong and weakmeasurability, L Ú LstrongÚ LweakL Ú LstrongÚ LweakL Ú LstrongÚ Lweak) By
L � Q; � � we denotethe (equivalenceclassesof) Bochner measurable functions
Q èD� .

Let F : Q è ¼ � B Ú B2 � . Then F is strongly measurable ( « F ¬&�
Lstrong� Q; ¼ � B Ú B2 �=� ) if Fx � L � Q;B2 � for all x � B, andF is weaklymeasurable
( « F ¬d� Lweak� Q; ¼ � B Ú B2 �=� ) if ΛFx � L � Q� for all x � B Ú Λ � B $2.

ElementsF Ú G � L (respLstrong, Lweak) are identified( « F ¬dêÉ« G¬ , or F �X« G¬ ,
where « F ¬ is theequivalenceclassof F) if F ê G a.e. (resp.Fx ê Gx a.e. for all
x � B, ΛFx ê ΛGx a.e. for all x � B Ú Λ � B$2).

If F : Q è ¼ � B Ú B2 � and G : Q è ¼ � B $2 Ú B$ � are strongly (resp. weakly)
measurableand

¸
Fx Ú Λ¹FE B2 ¤ B �2G ê ¸

x Ú GΛ¹HE B ¤ B � G a.e. for all x � B Ú Λ � B $2, then « G¬ is
theadjointof « F ¬ ] in Lstrong(resp.Lweak) andwewrite « F ¬ $ ê�« G¬ .

If F � L � Q; ¼ � B Ú B2 �=� and G � L � Q; ¼ � B2 Ú B3 �=� , then we define « G¬ « F ¬ : ê« GF ¬d� Lstrong� Q; ¼ � B Ú B3 �=� .
Theabovedefinitioncanbegeneralizedto situationswhereF is B3-valuedand

thereis a continuousbilinearmappingB ë B3 è B2, but thesesituations canbe
reducedto theaboveby consideringB3 asasubspaceof ¼ � B Ú B2 � . Thedefinition
of « G¬ « F ¬ will bejustified in theproofof LemmaF.1.3(b).

We write « F ¬ L , « F ¬ Lstrong or « F ¬ Lweak whentheremay be confusionaboutthe
sensein whichanequivalenceclassis defined.Weusethestandardconventionto
write F in placeof « F ¬ whenthereis no risk of confusion.

The Bochnermeasurability of an operator-valued function is often called
uniform measurability (in the literature,also the term “strong measurability” is
used,but weshallusethattermfor Lstrongonly).

We shall interpretthe definition of Lstrong andLweak for vector-valuedfunc-
tionsasfollows: if f : Q è B, thenwe considerf asa functionQ èÿ¼ � K ;B� , so
that strong(operator)measurability reducesto Bochnermeasurabilityandweak
(operator)measurability reducesto “weak vectormeasurability”,i.e., to thecon-
dition thatΛ f � L for all Λ � B $ (for operator-valuedfunctions, by weakmeasur-
ability we referto weakoperatormeasurability, asdefinedin DefinitionF.1.1).

Lemma F.1.2

(a) L � Q; ¼ � B Ú B2 �=�Å� Lstrong� Q; ¼ � B Ú B2 �=�Å� Lweak� Q; ¼ � B Ú B2 �=� .
(b1) If « F ¬_� Lstrong� Q; ¼ � B Ú B2 �=� hasan adjoint in Lstrong, thenthis adjoint is

unique.

(b2) If F Ú F $ � Lstrong, then « F $ ¬ Lstrong ê « F ¬ $Lstrong
. If F Ú F $ � Lweak, then« F $ ¬ Lweak êf« F ¬ $Lweak

.
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(c) Let B be reflexive. If « F ¬0� Lweak� Q; ¼ � B Ú B2 �=� , then « F $ ¬&�
Lweak� Q; ¼ � B$2 Ú B$ �=� and « F $ ¬,êf« F ¬ $ .

In contrastto (a) and(b), in Example3.1.4we constructF � Lstrong � L s.t.
F $ � Lweak � Lstrong and esssup

­
F $ Λ ­

B � ê ∞ for certainΛ � B$2, even though
F ��« 0¬ Lstrong andhence « F ¬H$Lstrong

êÇ« 0¬H$Lstrong
êÇ« 0¬ Lstrong. Thus,e.g., « F ¬Ü� Lstrong

mayhaveanadjointin Lstrongevenif F $ µ� Lstrong.
Proof: (a) This follows from (B.18) (Naturally, the inclusions shouldbe

injective. By Lemma B.2.6, this is the case(but the equivalence classes
may be enlargedwith “less measurable”elementsandtheremay appearnew
equivalenceclassesaswemovefrom L to Lstrongor from Lstrong to Lweak).)

(b2)&(c) Thesefollow directly from thedefinition.
(b1) For « F ¬x� Lstrong� Q; ¼ � B Ú B2 �=� we have, by LemmaB.2.6, that « F ¬Ôê« 0¬�Ó ΛFx ê 0 a.e.for all x � B Ú Λ � B$2.
If « F ¬ $ ê « G¬ and « F ¬ $ ê « H ¬ , then

¸
x Ú � G   H � Λ¹ûê 0 a.e. for all

Λ � B$2 Ú x � B. Therefore,hence � G   H � Λ ê 0 a.e. for all Λ � B$2, by
LemmaB.2.6(becauseË x � B ØØ ­ x ­

B ¥ 1 Ì � � B$ � $ is norming),i.e., « G¬Bê�« H ¬ .�
Now we go on with further propertiesof strongly and weakly measurable

functions:

Lemma F.1.3 Let « F ¬�� Lstrong� Q; ¼ � B Ú B2 �=� , « G¬�� Lstrong� Q; ¼ � B2 Ú B3 �=� , « f ¬��
L � Q;B� , « h¬×� L � Q� , H : Q è ¼ � B Ú B2 � and 1 ¥ p ¥ ∞. Then we have the
following:

(a) F f � L � Q Ú B2 � andhF � Lstrong� Q; ¼ � B Ú B2 �=� .
(b) We have « GF ¬_� Lstrong� Q; ¼ � B Ú B3 �=� . In particular, Lstrong� Q Ú%¼ � B�=� is an

algebra.

(c) If Hn � Lstrong for all n � N andHn è H a§ e§ , thenH � Lstrong.

(d) If dimB ² ∞, thenLstrong� Q; ¼ � B Ú B2 �=�Êê L � Q; ¼ � B Ú B2 �=� (and « F ¬ Lstrong ê« F ¬ L); if B2 is separable, thenLweak� Q; ¼ � B Ú B2 �=�Oê Lstrong� Q; ¼ � B Ú B2 �=�
(and « F ¬ Lstrong ê�« F ¬ Lweak).

(e) If also R is a measure space, then �=� q Ú r �]îè F � q�=�Y� Lstrong� Q ë R� and� q Ú r �xîè F � r   q�Å� Lstrong� Q ë R� .
(f1) Assumethat B is separable. Then

­
F

­
is measurable and

­ « F ¬ ­ L∞
strong

ê
esssup

­
F

­ ½_¿
B ¤ B2 À ¥ ∞, in particular, « F ¬Bê�« 0¬�Ó F ê 0 a.e.

Moreover, « F ¬Ô� å
Lstrong iff F � q�×� å ¼ for a.e. q � Q and « F � 1 ¬Ô� Lstrong.

If, B is alsoreflexive, thenF $ � Lstrongand « F $ ¬Bê�« F ¬ $ .
(f2) AssumethatQ is separableandµ � Ω ��Á 0 for openΩ � Q.

Then ¡ � Q; ¼ � B Ú B2 �=�Å� L � Q; ¼ � B Ú B2 �=�Å� Lstrong� Q; ¼ � B Ú B2 �=� . Moreover,¡ b � Q; ¼ � B Ú B2 �=�o� L∞ � Q; ¼ � B Ú B2 �=�o� L∞
strong� Q; ¼ � B Ú B2 �=� , with equal

norms.
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Assume, in addition, that F ��¡ � Q; ¼ � B Ú B2 �=� . Then « F $ ¬×ê�« F ¬ $ and­ « F ¬ ­ L∞
strong

ê supQ
­
F

­ ½_¿
B ¤ B2 À ¥ ∞; in particular, « F ¬,êf« 0¬�Ó F - 0.

If F � q�s� å ¼ � B Ú B2 � for a.e. q � Q, then « F ¬ � 1 ê2« F � 1 ¬x� å
Lstrong. Con-

versely, if « F ¬Ü� å
Lstrong and « G¬_êÇ« F ¬ � 1 and

­
G

­ ½_¿
B2 ¤ B À ¥ M a.e., then

F � q��� å ¼ � B Ú B2 � for all q � Q.

(g) Assumethat B3 ê B. Thenany separable setsX0 � B and Y0 � B2 are
contained,respectively, in closedseparable subspacesX � B andY � B2,
s.t. there is a null setN � Q satisfying F � q� x � Y and G � q� y � X for all
x � X, y � Y andq � Q � N. (Cf. Lemma3.2.6.)

(w) ReplaceLstrong by Lweak everywhere above in this lemma. Thenparts (c)
and (e) above hold, we havehF � Lweak� Q; ¼ � B Ú B2 �=� , and g � L � Q;B $2 �
impliesthat gF f � L � Q� . Parts (f1) and (f2) (providedthat bothB andB2

are assumedto be separable in (f1)) also hold exceptpossibly the claims
concerning

å
Lstrongand

å
L∞

strong.

Moreover, if f � L, thenF f � Lweak; if F � Lstrong, thenGF � Lweak;

Note that any measurablesubsetof Rn with the Lebesguemeasure(or any
countableset with the countingmeasure)satisfiesthe assumptions of (f2), by
LemmaB.2.3(e).

Proof: (a) The claim on hF is a special case of (b). Now g j : ê
∑ j

k ¨ 1FxkχEk
� L � Q;B2 � for all j � N, Ë xk Ì � B anddisjoint, measurableEk

(k � N). Therefore,F f ê lim j ÍÏÂ ∞ g j � L, when f ê ∑∞
k ¨ 1 xkχEk

. If f � L is
arbitrary, fn è f a.e.,and fn is countably-valued(n � N), thenL æ F fn è F f
a.e.,asn è5Ý ∞, hencethenF f � L, by LemmaB.2.5(c).

(b) 1¶ Now Fx � L, henceGFx � L, by (a), for any x � B. Thus, « GF ¬_�
Lstrong.

2¶ We shall now show that « G¬ «F ¬ : êy« GF ¬ is well defined,as promised
below DefinitionF.1.1:Let F õ �o« F ¬ , Gõ �o« G¬ andx � B. By LemmaB.2.5(b1),
thereis a separablesubsetB0 � B s.t.F � q� x � B0 for a.e.q � Q. Chooseanull
setN � Q s.t.Fy ê F õ y onNc for all y in adense,countablesubsetof B0, hence
for all y � B0. ThenFGx ê F õ Gõ x a.e.onNc, hencea.e.,hence« FG¬Bê~« F õ Gõ ¬ ,
hencemultiplicationis well-defined.

3¶ Apply 1¶ to B2 ê B ê B3 to seethatLstrong� Q; ¼ � B�=� is analgebra.
(c) Now Hx ê limnHnx a.e. henceHx � Lstrong, for any x � B (thus,it were

sufficient if Hn è H strongly).
(d) We assumethatdimB ² ∞ andprove thatF � L � Q; ¼ � B Ú B2 �=� . Take a

basee1 Ú=§=§m§=Ú en � B, andset f j : ê Fej � L � Q;B2 � for all j. ThenF ∑n
j ¨ 1 α jej ê

∑n
j ¨ 1 α j f j , henceF ê ∑ j f jPj � L, wherePj � B$ is themapping∑n

j ¨ 1α jej îè
α j . Obviously, Fx ê 0 a.e.for all x � B if f F ê 0 a.e.,hence« 0¬ Lstrong êf« 0¬ L.

If, insteadB2 is separable,then any F � Lweak� Q; ¼ � B Ú B2 �=� is strongly
measurable,by LemmaB.2.5(b1)(andΛFx ê 0 a.e.for all Λ � B $2 if f Fx ê 0
a.e.,hence« 0¬ Lstrong ê�« 0¬ Lweak).

(e) Now F � Û � x � L � Q Ú B2 �]� L � Q ë RÚ B2 � for all x � B, henceq îè F � q�
is in Lstrong� Q ë R� . The secondclaim follows analogously, by usingLemma
B.2.9.
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(f1) 1¶ Let Ë bk Ì k é N be densein the unit ball of B. Then
­
F

­ ½_¿
B ¤ B2 À ê

supk
­
Fbk

­
B2 is measurableand

­
F

­
L∞

strong
ê supk

­
Fbk

­
L∞ ¥ esssup

­
F

­
. But if­

F
­ Á M onE with µ � E �_Á 0, then � kEk ê E, whereEk : ê�Ë q � E ØØ ­ F � q� bk

­ Á
M Ì , hencethen µ � Ek �ÏÁ 0 for somek, thus

­
Fbk

­
∞ Á M. Consequently,

supk
­
Fbk

­
L∞ ¥ esssup

­
F

­
.

2¶ Claim « F ¬ � 1 ê\« F � 1 ¬ : If F � 1 exists a.e. and « F � 1 ¬s� Lstrong, then,
obviously, « F � 1 ¬ « F ¬,ê I and « F ¬ « F � 1 ¬,ê I in Lstrong.

For the converse,assumethat B3 ê B and « G¬ÔêÄ« F ¬ � 1. SetX0 : ê B and
apply(g) to obtainanull setN � Q andaclosedseparablesubspaceY � B2 s.t.
F � q�H« B¬e� Y for all q � Q � N.

Now IB   GF ê 0 a.e.on Nc and � IB2   FG� ÈY ê 0 a.e.on Nc Therefore,

G ÈY ê F � 1 a.e.onNc, say, onNc
1, whereN1 is anull set.But for any y � B2 we

haveFGy ê y a.e.onNc
1, henceB2 ê Y, i.e.,G ê F � 1 onNc

1, hencea.e.
3¶ Assumenow thatB is alsoreflexive. Let Λ � B $2. Then

¸
x Ú F $ Λ¹,ê ¸

Fx Ú Λ¹
is measurablefor all x � B ê B $*$ , andF $ Λ : Q è B$ is separably-valued(B $
is separable,by Lemma A.3.4(R2)), henceF $ Λ is measurable,by Lemma
B.2.5(b1).Obviously, « F $ ¬Bê�« F ¬ $ .

(f2) (In fact,piecewisecontinuity suffices(or thatQ ê'� n é NQn, where,for
eachn, Qn � Q is a Borel set,F �p¡ � Qn; ¼ � U Ú Y �=� , andµ � Ω �ÅÁ 0 for all open
Ω � Qn).) Note that we implicitly assumedthat Q is a topological spaceand
thatall Borel-setsaremeasurable.

1¶ By LemmaB.2.5(e), ¡�� L. (NotethatwehaveidentifiedF and « F ¬ L for
F �&¡ ; by 3¶ , this inclusion is injective.) Combinethiswith LemmaF.1.2(a)to
obtain ¡p� L � Lstrong.

2¶ Wehave
­
F

­
L∞

strong
ê supQ

­
F

­
: If F �&¡ and

­
F � q� x ­ Á M : ê ­

F
­
L∞

strong

for somex � B s.t.
­
x
­ ¥ 1, thenΩ : êfË q � Q ØØ ­ F � q� x ­ Á M Ì hasa positive

measure,hence
­
Fx

­
∞ Á M, a contradiction, hencesupQ

­
F

­ ½_¿
B ¤ B2 À ¥ M,

hencesupQ
­
F

­ ½_¿
B ¤ B2 À ê M.

3¶:¡ b � L∞ � L∞
strongwith equalnorms:this follows from 1 ¶ and2¶ .

4¶ Now alsoF $ is continuous, henceF $F� L � Lstrong, by 1¶ . From the
definitionof « F ¬ $ we observe that « F $ ¬Bêf« F ¬ $ .

5¶ If F � q�F� å ¼ � B Ú B2 � for q � Nc, whereN is a null set, then F � 1 �¡ � Nc; ¼ � B2 Ú B�=��� Lstrong� Nc; ¼ � B2 Ú B�=�xê Lstrong� Q; ¼ � B2 Ú B�=� .
6¶ Assumethat « F ¬�� å

Lstrong, « G¬_êÇ« F ¬ � 1 and
­
G

­ ½_¿
B2 ¤ B À ¥ M on Nc

0,
whereN0 is anull set.

Let x0 � B and y0 � B2 be arbitrary. Set X0 : êÇË x0 Ì , Y0 : êyË y0 Ì , and
apply(g) to obtainclosedseparablesubspacesX Ú Y anda setN s.t.F � q� X � Y
andG � q� Y � X for all q � Nc, x0 � X � B andy0 � Y � B2. By continuity,
F � q� X � Y for all q � Q.

SinceGFx ê x andFGy ê y a.e.for all x � B andy � B2, hencefor all x � X
andy � Y, wehave « F ¬ � 1 ê�« G¬ alsoin L∞

strong� Q; ¼ � YÚ X �=� . Thus,wecanapply
(f1) to obtainthatF � q� È X � å ¼ � X Ú Y � for a.e.q � Q, sayfor q � Nc

x0 ¤ y0
, where

Nx0 ¤ y0 is anull set.
We now show that F � q� ÈX � å ¼ � B Ú B2 � for all q � Q: To obtain a

contradiction,assumethatF � q0 � È X µ� å ¼ � B Ú B2 � for someq0 � Q. Thenthereis
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anopenV �J¼ � X Ú Y � s.t.F � q0 �Å� V andT � V & T � å ¼ � X Ú Y �ú³ ­
T � 1 ­ Á

M, by LemmaA.3.3(A4). It follows thatV õ : êfË q � Q ØØ F � q� È X � V Ì is open
andV õ � N0 � Nx0 ¤ y0, henceµ � V õ �xê 0, henceV õ ê /0, a contradiction.

In particular, F � q� x0 µê 0 and y0 � Ran� F � q�=� , for all q � Q. Becausex
andy werearbitrary, we have Ker� F � q�=�Êê�Ë 0 Ì andRan� F � q�=�×ê B2, hence
F � q�Å� å ¼ � B Ú B2 � for any q � Q.

(g) Let DX � X0 andDY � Y0 bedenseandcountable.For any n � N, we
haveF � GF � n Ú � GF � nG Ú � GF � n Ú � FG� n � Lstrong, by (b).

For eachx � DX, thereis anull setNx
0 � Q s.t.Yx

0 : ê F « Q � Nx
0 ¬ x is separable.

SetY1 : ê span� Y0 �I� x é DXYx
0 � , N õ0 : ê'� x é DX Nx

0. It follows thatF « Q � N õ0 ¬ x � Y1

for all x � X0, by continuity. Moreover, Y1 � Y is separable,by Lemma
B.2.3(a)&(c),andN õ0 is anull set.

For eachk � 1 Ý N, givenN õk andYk, choose,analogously, a null setNk Â 1
anda separablesubspaceXk Â 1 � B s.t.Xk � Xk Â 1 andG « Q � Nk Â 1 ¬ Yk � Xk Â 1.
On the otherhand,for eachk � 1 Ý N, given Nk andXk, choosea null setN õk
andaseparablesubspaceYk � B2 s.t.Yk � 1 � Yk andF « Q � N õk ¬ Xk � Yk.

SetN : ê'� kNk � N õk, X : ê span� � kXk � , Y : ê span� � kYk � . If q � Q � N, then
F � q� x � Y for all x �J� kXk, hencefor all x � X, by linearity andcontinuity;
analogously, G � q� y � X for all y � Y.

(w) 1¶ F f Ú GFÚ hFÚ gF f � Lweak: Let f � L. A slight modificationof the
proof of (a) shows that F f � Lweak. Let now G � Lweak and F � Lstrong.
ThenFx � L for eachx � B, henceGFx � Lweak, by theabove; consequently,
GF � Lweak. TheclaimsonhF andgF f follow.

2¶ Theotherclaims:Theaboveproofsof parts(c), (e) and(f) needonly be
slightly changed(in (f) we usea countablenormingsubsetof B $2 anda dense
subsetof B). �

Definition F.1.4(Lp
strong� Q; ¼ � B Ú B2 �=�Lp
strong� Q; ¼ � B Ú B2 �=�Lp
strong� Q; ¼ � B Ú B2 �=� ) Let1 ¥ p ¥ ∞.

By Lp
strong� Q; ¼ � B Ú B2 �=� we denotethe spaceof « F ¬]� Lstrong� Q; ¼ � B Ú B2 �=�

havinga finitenorm ­
F

­
Lp

strong
: ê supB x B B ¯ 1

­
Fx

­
Lp

¿
Q ¤ B2 À § (F.1)

By Lp
weak� Q; ¼ � B Ú B2 �=� ) we denotethe spaceof « F ¬Y� Lweak� Q; ¼ � B Ú B2 �=�

havinga finitenorm ­ « F ¬ ­ Lp
weak

: ê supB x B B ¤ B Λ B B2
¯ 1

­
ΛFx

­
Lp

¿
QÀ § (F.2)

It follows that L p
strong� Q; ¼ � B Ú B2 �=�×ê Lp � Q; ¼ � B Ú B2 �=� íê � Lp � Q;B2 �=� n when

n : ê dimB ² ∞ (cf. LemmaA.1.1(a4)). Note also that
­
F

­
Lp

weak
¥ ­

F
­
Lp

strong
¥­

F
­
Lp for F � Lp andthat

­
F

­
Lp

strong
(resp.

­
F

­
Lp

weak
) is thenormof theoperator

B æ x îè Fx � Lp (resp.the“bilinear norm” of B ë B $2 æ � x Ú Λ ��îè ΛFx � Lp � Q� ;
cf. LemmaA.3.4(J1)).

OnecouldinsistthatLstrong� Q; ¼ � B Ú B2 �=� shouldconsistof all linearF : B îè
Lstrong� Q;B2 � (andanalogously for Lweak, Lp

strong, Lp
weak), not just for thosethat
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take theform of a function(a.e.).SeeTheoremF.2.1(g)etc. for details.However,
thatbroaderdefinitionwouldcauseproblemsin severalapplications.

ThespacesLp
strongandLp

weakarenormedspaces:

Lemma F.1.5 Let1 ¥ p ¥ ∞. Then

(a1)Lp
strong� Q; ¼ � B Ú B2 �=� is a subspaceof ¼ � B Ú L p � Q;B2 �=� with samenorm.

(a2)Lp
weak� Q; ¼ � B Ú B2 �=� is a subspaceof ¼ � B Ú%¼ � B2 Ú Lp � Q�=�=� with samenorm.

(b) If Q � Rn and µ ê m, and B is a Hilbert space or B2 ê K , then
L∞

strong� Q; ¼ � B Ú B2 �=�úêZ¼ � B Ú L∞ � Q;B2 �=� .
(c1) We have Lp � Q; ¼ � B Ú B2 �=�E� Lp

strong� Q; ¼ � B Ú B2 �=��� Lp
weak� Q; ¼ � B Ú B2 �=� ,

continuously.

(c2) If F � Lstrong� Q; ¼ � B Ú B2 �=� , then
­
F

­
L∞

strong
ê ­

F
­
L∞

weak
; if F �

L � Q; ¼ � B Ú B2 �=� , then
­
F

­
L∞ ê ­

F
­
L∞

weak
.

(d) If F � Lp
strong� Q; ¼ � B Ú B2 �=� and T ��¼ � B2 Ú B3 � , then TF �

Lp
strong� Q; ¼ � B Ú B3 �=� and

­
TF

­
Lp

strong
¥ ­

T
­ ½ ­

F
­
Lp

strong
. Also the analo-

gous“weak” claimholds.

(e) If F � Lp
weak� Q; ¼ � B Ú B2 �=� andB is reflexive, thenF $ � Lp

weak� Q; ¼ � B$2 Ú B$ �=�
and

­
F $ ­ Lp

weak
ê ­

F
­
Lp

weak
.

(f) (dimB ² ∞dimB ² ∞dimB ² ∞) If dimB ² ∞, then L p � Q; ¼ � B Ú B2 �=�Ïê Lp
strong� Q; ¼ � B Ú B2 �=�

(with equivalent norms). If dimB2 ² ∞, then Lp
strong� Q; ¼ � B Ú B2 �=�zê

Lp
weak� Q; ¼ � B Ú B2 �=� (with equivalentnorms).

(g1) Assumethat p ê ∞ or µ is σ-finite. ThenHg � L for all g � L p � Q;B� iff
H � Lstrong.

(g2)Assumethat p ê ∞ or µ is non-atomic.ThenH Û �k¼ � L p � iff H � L∞
strong.

“Usually” L p
strong andLp

weak areBanachspacesonly for p ê ∞; seeTheorem
F.1.9andExampleF.1.10for details.

Proof: (a1)&(a2)Theseareobvious.
(b) Let F �>¼ � B Ú L∞ � Q;B2 �=� . W.l.o.g.we assumethat Q ê Rn (replaceF

by FχQ). SetM : ê ­
F

­Q½
. For any q � Rn, thesetXq : ê
Ë x � B ØØ q � Leb� LFx� Ì

is a subspaceof B, and
­
LFx

­ ¥ ­
Fx

­
∞ ¥ M

­
x
­
B on Q (x � B), by Lemma

B.5.3.
For eachq � Q, the mapx îè LFx � q� is obviously linear on Xq, henceit

hasa norm-preservingextensionG � q�×�<¼ � B Ú B2 � , by LemmaA.3.11,so that­
G � q� ­ ½_¿

B ¤B2 À ¥ M.
Let x � B. Thenfor a.e.q � Q we have x � Xq andhenceLF � q� x ê G � q� x;

but LFx ê Fx a.e.,henceFx ê Gx a.e. Consequently, G : Q è�¼ � B Ú B2 � is
stronglymeasurableand

­
F   G

­ ½_¿
B ¤ L∞

¿
Q;B2 ÀrÀ ê 0.

Thus, we have constructedG � L∞
strong� Q; ¼ � B Ú B2 �=� s.t. G ê F as an

elementof ¼ � B Ú L∞ � Q;B2 �=� . Finally, G satisfiesthe additional condition­
G � q� ­ ½_¿

B ¤B2 À ¥ ­
G

­
L∞

strong
for everyq � Q.

(c1)&(d) Theseareobvious(andthenormsof theembeddingsin (c1)areat
mostone).
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(c2) The secondclaim follows from TheoremB.4.12(a); the first claim
followsfrom thesecond(notethatthenormsmaybeinfinite).

(e) Thisholdsbecausex � F $ Λ �úê ΛFx for all x � B$*$Åê B.
(f) 1¶ Casen : ê dimB ² ∞: By LemmaF.1.3(d),wehaveLstrong ê L, sowe

only have to show that thetwo normsareequivalent. Let b1 Ú=§K§K§KÚ bn bea vector
baseof B with

­
bk

­
B ê 1 (k ê 1 Ú=§=§m§=Ú n), andsetε : ê min �α � Kn ¨ 1

­
∑k αkbk

­
B Á 0.

Then­
T

­ ½_¿
B ¤ B2 À ê supB b B�¨ 1

­
Tb

­ ¥ sup�α � Kn ¨ 1

­
Tε � 1∑

k

αkbk
­ Ú=¥ ε � 1∑

k

­
Tbk

­ Ú (F.3)

for all T �k¼ � B Ú B2 � . Therefore,eachf � Lp
strong� Q; ¼ � B Ú B2 �=� wehave­

f
­

p ¥ ε � 1∑
k

­
f bk

­
p ¥ nε � 1 ­

f
­
Lp

strong
§ (F.4)

Trivially,
­
f
­
Lp

strong
¥ ­

f
­

p, hencethe two setsareequalandhave equivalent
norms.

2¶ Casen : ê dimB2 ² ∞: As in 1¶ weseethatthereareΛk � B$2,
­
Λk

­ ê 1
(k ê 1 Ú=§=§=§mÚ n) s.t. ­

f x
­

p ¥ ε � 1
n

∑
k ¨ 1

­
Λk f x

­
p ¥ ε � 1 ­

f
­
Lp

weak
(F.5)

for all f � Lp
weak� Q; ¼ � B Ú B2 �=� andx � B s.t.

­
x
­ ¥ 1.

(g1) “If ” follows from LemmaF.1.3(a1). “Only if ”: If p ê ∞, then we
have Hg � L when g - x, for eachx � B, henceH � Lstrong. If p ² ∞ and
Q ê � n é NQn, µ � Qn �×² ∞ for all n, thenwe cantake g ê χQn

x for eachn � N
andx � B, henceHx � L for eachx � B, by LemmaB.2.5(d1).

(g2) By Theorem F.1.7(b), we have L∞
strong �[¼ � Lp Ú Lp � , isometri-

cally. Conversely, if � g îè Hg�E�X¼ � L p � , then H � Lstrong, by (g1), and­
H

­
L∞

strong
ê ­

H Û ­ ½_¿
Lp À , by TheoremF.1.7(b). �

Thefollowing lemmamakesthingssimpler:

Lemma F.1.6 Let F : Q è ¼ � B Ú B2 � . We haveF � Lp
strong� Q; ¼ � B Ú B2 �=� iff Fx �

Lp � Q;B2 � for all x � B. We haveF � L p
weak� Q; ¼ � B Ú B2 �=� iff ΛFx � Lp � Q� for all

x � B.

Thus,if Fx � L p for eachx, then“Fx � Lp uniformly”; theproof is basedon
theClosedGraphTheorem.

Proof: 1¶ Lp
strong: Let Fx � Lp � Q;B2 � for all x � B. Thenx îè Fx � Lp

is linear. Let xn è 0 in B and Fxn è f in L p, as n è ∞. Then Fxnk è f
a.e.for somesubsequence,by TheoremB.3.2,hencef ê limk Fxnk ê F0 ê 0
a.e. Consequently, T : x îè Fx is bounded,by LemmaA.3.4(E1). Therefore,­
F

­
Lp

strong
ê ­

T
­ ½_¿

B ¤ Lp À ² ∞. Theconverseis obvious.

2¶ Lp
weak: For eachx � B, we haven Fx � Lp

strong� Q; ¼ � B$2 Ú K �=� , by 1¶ ,
hence

­
ΛFx

­
p ¥ Mx

­
Λ

­
B �2 for someMx ² ∞. Thus,Tx : ê Fx �z¼ � B$2 Ú Lp � Q�=� .

Obviously, T is linearB èÿ¼ � B $2 Ú Lp � .
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Let xn è 0 in B andTxn è H in ¼ � B$2 Ú Lp � , as n è ∞. Then, for each
Λ � B$2, we have ΛFxn ê � Txn � Λ è HΛ in Lp � Q� hencesomesubsequence
convergespointwisea.e. But ΛFxn è ΛF0 ê 0 pointwise everywhere,hence
HΛ ê 0 a.e. BecauseΛ � B$2 wasarbitrary, we have H ê 0. Consequently,
T : x îè Tx is bounded,by LemmaA.3.4(E1).Therefore,­

ΛFx
­

p ê ­ � Tx� Λ ­
p ¥ ­

Tx
­ ½_¿

B�2 ¤ Lp À ­ Λ ­
B �2 ¥ ­

T
­ ½_¿

B ¤ ½_¿
B�2 ¤ Lp ÀrÀ ­ x ­

B
­
Λ

­
B �2 Ú
(F.6)

hence
­
F

­
Lp

weak
ê ­

T
­ ½_¿

B ¤ Lp À ² ∞. Theconverseis obvious. �
For “usual” Lp’s,wehave thefollowing resultwith importantapplications:

Theorem F.1.7(L∞
strong ��¼ � Lp �L∞
strong �J¼ � Lp �L∞
strong ��¼ � Lp � ) Let F � Lstrong� Q; ¼ � B Ú B2 �=� , 1 ¥ p ¥ ∞.

(a) Wehave
­
F f

­
Lp

¿
Q;B2 À ¥ ­

F
­
L∞

strong

­
f
­
Lp

¿
Q;BÀ � f � Lp � Q;B�=� .

(b) Letµ benon-atomic or p ê ∞, andL p � Q;B�]µê�Ë 0 Ì . Then­
F

­
L∞

strong
ê sup

f é6KL% ð 0 ñ ­
F f

­
p Î ­

f
­

p ¥ ∞ Ú (F.7)

where M is Lp � Q;B� or M�êNM õ Û X, where M õ � Lp � Q� andX � B aredense.

In particular, thenL∞
strong is a subspaceof ¼ � L p � (with samenorm).

Proof: (a)1¶ SinceF � Lstrong� Q; ¼ � B Ú B2 �=� , wehaveF f � L for all f � L,
by LemmaF.1.3(a).W.l.o.g.,weassumethat

­
F

­
L∞

strong
² ∞ and

­
f
­

p Á 0.

2¶ Casef � CVMp: SetCVMp : ê�Ë f � L p � Q;B� ØØ f is countably-valuedÌ .
Clearly

­
F f

­
p ¥ ­

F
­

∞
­
f
­

p for all f � CVM.
3¶ Case f � Lp: Let CVMp æ fn è f in L p. Then Ë F fn Ì is a Cauchy-

sequencein Lp � Q;B2 � , henceF fn è g in L p for someg � L p with
­
g
­

p ¥­
F

­
∞
­
f
­

p, andasubsequenceË F fnk Ì convergesa.e.to g.
On theotherhand,a subsubsequenceconvergesto F f , henceF f ê g a.e.,

hence
­
F f

­
p ê ­

g
­

p ¥ ­
F

­
∞
­
f
­

p for all f � Lp.
(b) (Actually, evenfor p ² ∞ it sufficesthatfor any E õ �I� with µ � E õ �Ôê ∞,

thereis E � E õ s.t.0 ² µ � E �ú² µ � E õ � . Weshow below thatthiscondition is also
necessary.) W.l.o.g., weassumethat0 ² ­

F
­
L∞

strong
¥ ∞.

1¶ A “counter-example”: Let E õ �O� bes.t.µ � E õ �Üê ∞ andµ � E �Å�oË 0 Ú ∞ Ì
for all measurableE � E õ , andlet p ² ∞ andB µê�Ë 0 Ì µê B2. Thenwe cantake
F : ê χE © T, whereT �k¼ � B Ú B2 �P�×Ë 0 Ì , sothat

­
F f

­
p ê 0 for all f � L p.

Indeed,if F f µê 0, thenE õ õ : ê � F f � � 1 « B2 �sË 0 Ì ¬_� E õ andµ � E õ õ �sÁ 0. By
LemmaB.2.8(b),thereareA � E õ õ andΛ � B$ s.t.Λ f Á 1 on A andµ � A�ÊÁ 0.
Consequently, µ � A�xê ∞, hence

­
Λ f

­
p ê ∞, hencef µ� Lp, a contradiction.

2¶ Theequality:Weassumethat0 ¥ M ² ­
F

­
L i

strongnf ty is arbitraryandfind

φ �QMR�×Ë 0 Ì s.t.
­
Fφ

­
p Î ­

φ
­

p Á M. By (a), thisestablishesourclaim.
Supposethat 0 ² M ² ­

F
­

∞ ¥ ∞. Take x � X (set X : ê B if none is
given) s.t.

­
Fx

­
∞ Á M

­
x
­

and chooseE õ �J� s.t.
­
F � q� x ­ Á M

­
x
­

for all
q � E õ & 0 ² µ � E õ � andchooseE � E õ s.t.0 ² µ � E �Å² ∞.
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If p ê ∞, then
­
FχEx

­
∞ Á M

­
x
­ ê M

­
χEx

­
∞; obviously the inequality

is preserved if
­
χE   g

­
∞ is small enoughandχE is replacedby g (andx by

xõ � X). Assumethenthat p ² ∞.
For any n � N, thereis g �OM õ s.t.

­
g   χE

­
Lp

¿
E À ¥ ­

g   χE
­

p ² 1Î n. Set

R : ê ­
χE

­
p ê µ � E � 1± p. Since

­
g
­

p Î ­
g
­
Lp

¿
E À ² � R Ý 1Î n�=Î � R   1Î n� , wehave­

Fgx
­ p

p Á Mp ­
x
­ p ­

g
­ p
Lp

¿
E À Á Mp � R   1Î n� � R Ý 1Î n� � 1 ­

gx
­

p § (F.8)

Consequently,
­
Fgx

­
p Á M

­
gx

­
p for n big enough.Since

­
gx

­
p and

­
Fgx

­
p

are continuous functionsof x � B, we can replacex by somexõ � X close
enough. �
WhenapplyingtheHölderinequality or similar results,onemustmakecorrect

measurabilityrequirements(cf. (d)):

Lemma F.1.8 Let1 ¥ p ¥ ∞ & 1Î p Ý 1Î q ê 1. LetF : Q è\¼ � B Ú B2 �QÚ G : Q è¼ � B2 Ú B3 �QÚ f : Q è B. Then

(a1)F � Lp
strong & G � L∞ êx³ GF � Lp

strong &
­
GF

­
Lp

strong
¥ ­

G
­
L∞

­
F

­
Lp

strong
.

(a2)F � L∞
strong & G � L p êx³ GF � Lp

strong &
­
GF

­
Lp

strong
¥ ­

G
­
Lp

­
F

­
L∞

strong
.

(a3)F � Lp
strong & G � Lq êx³ GF � L1

strong &
­
GF

­
L1

strong
¥ ­

G
­
Lq

­
F

­
Lp

strong
.

(b) F � L∞
strong & f � L p êx³ F f � Lp &

­
F f

­
Lp ¥ ­

F
­
L∞

strong

­
f
­
Lp.

(c) G � L∞
strong & F � L p

strong êx³ GF � Lp
strong &

­
GF

­
Lp

strong
¥­

G
­
L∞

strong

­
F

­
Lp

strong
.

(d) Wemayhave
­
F f

­
L1 Á M

­
F

­
L2

strong

­
f
­
L2,

­
F f

­
L2 Á M

­
F

­
L2

strong

­
f
­
L∞ and­

GF
­
L2

strong
Á M

­
G

­
L2

strong

­
F

­
L∞

strong
for anyM Á 0, Q ê R andB ê�ï 2 � N � (or

B ê KN for N Á M2).

(a’) Claims(a1)–(a3)holdalsowith Lweak in placeof Lstrongif G is scalar(i.e.,
G : Q è K ).

(b’) F � L∞
weak & f � L p êx³ F f � Lp

weak &
­
F f

­
Lp

weak
¥ ­

F
­
L∞

weak

­
f
­
Lp.

(c’) G � L∞
weak & F � L p

strong êx³ GF � Lp
weak &

­
GF

­
Lp

weak
¥­

G
­
L∞

weak

­
F

­
Lp

strong
.

(a1”) F � Lp
strong & G$ � L∞

strong êx³ GF � Lp
weak &

­
GF

­
Lp

weak
¥­

G$ ­ L∞
strong

­
F

­
Lp

strong
.

(a2”) F � L∞
strong & G$ � Lp

strong êx³ GF � Lp
weak &

­
GF

­
Lp

weak
¥­

G$ ­ Lp
strong

­
F

­
L∞

strong
.

(a3”) F � Lp
strong & G$�� Lq

strong êx³ GF � L1
weak &

­
GF

­
L1

weak
¥­

G$ ­ Lq
strong

­
F

­
Lp

strong
.
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Note that we may take G � L � Q� : ê L � Q;K � (andB3 ê B2). Note alsothat
F � Lp � Q;B2 � canbeinterpretedasF � Lp

strong� Q; ¼ � K ;B2 �=� , sothat(a1”)–(a3”)
etc.apply.

Let Q ê Rn. Then, with the assumptions of (a3”) (or (a3)), the weak
convolution G � F exists everywhereon Rn (seeTheoremF.2.1(b)), hencethe
norm estimatesof Lemma D.1.7 can be applied (to � G $ Λ � and Fx, for each
x � B andΛ � B$2). However, without theassumptionsof (a3”) (evenwhen,e.g.,
G � L2

strong, F � L2), we do not know whetherG � F exists asa function (with
valuesin ¼ � B Ú B3 � ).

Proof of Lemma F.1.8: By LemmaF.1.3(a)&(b),wehaveGFÚ hF � Lstrong,
F f � L, henceonly theclaimsonnormshave to beshown.

(a1) Let x � B. Then
­
Fx

­
Lp ¥ ­

F
­
Lp

strong

­
x
­
B, hence

­
GFx

­
Lp ¥­

G
­
L∞

­
F

­
Lp

strong

­
x
­
B.

(a2)&(a3)Theproof is analogousto thatof (a1)(usetheHölderInequality
for (a3)).

(b) 1¶ Simplefunctions: Let f ê ∑k
j ¨ 1x jχE j

besimplewith setsE j disjoint.
Then

­
Fx j

­ ¥ ­
F

­�­
x j

­
( j ¥ k), hence

­
F f

­ p
p ¥ ­

F
­ p ­

f
­ p

p.
2¶ General f � L p: By TheoremsB.3.2 and B.3.11, there are simple

functions Ë fn Ì � Lp s.t. fn è f a.e.and in L p. Then F fn è F f a.e. By
1¶ , Ë F fn Ì is an Lp-Cauchysequence,henceF fn è g in L p for someg � L p

with
­
g
­

p ¥ ­
F

­�­
f
­

p. But a subsequenceof Ë F fn Ì convergesa.e.to g, hence
g ê F f a.e.,hence(b1)holds.

(c) Let x � B. Then
­
Fx

­
Lp ¥ ­

F
­
Lp

strong

­
x
­
B, hence

­
GFx

­
Lp ¥­

G
­
L∞

strong

­
F

­
Lp

strong

­
x
­
B, by (b).

(d) Let B ê
ï 2 � N � . DefineF � L2
strong� R Â ; ¼ � B�=� by F ê ∑k é N χ ü k ¤ k Â 1 À Pk,

wherePk � x j � j é N : ê xkek, and f � L2 by f ê ∑N
k ¨ 1χ ü k ¤ k Â 1 À ek. Then­

F ∑
k

αkek
­ 2
2 ê ­

∑
k

αkχ ü k ¤ k Â 1 À ek
­ 2
2 ê ∑

k

È αk È 2 ê ­
∑
k

αkek
­ 2
B Ú (F.9)

hence
­
F

­
L2

strong
ê 1. However, F f ê f , hence

­
F f

­
2 ê N1± 2 and

­
F f

­
1 ê

N, although
­
f
­

∞ ê 1 and
­
f
­
2 ê N1± 2. (Note that we could take f ê

∑∞
k ¨ 1k � 1χ ü k ¤ k Â 1 À ek to obtain

­
f
­ 2
2 ê ∑k k � 2 ² ∞,

­
F f

­
1 ê ­

f
­
1 ê ∑k k � 1 ê ∞.)

Finally, set G : ê ∑N
k ¨ 1P1kχ ü k ¤ k Â 1 À , where P1k � x j � j é N : ê x1ek.

Then
­
G

­
L∞

strong
ê 1, but Ge1 ê f , hence

­
FGek

­
2 ê N1± 2, although­

F
­
L2

strong

­
G

­
L∞

strong

­
ek

­
B ê 1.

(a’)–(c’) Theproofsof (a1)–(c)applymutatis mutandis.
(a1”)–(a3”) Let Λ � B$2, x � B. Then ΛGFx ê � G$ Λ � Fx,

­
G$ Λ ­ ¥­

G$ ­�­ Λ ­
B �3 and

­
Fx

­ ¥ ­
F

­�­
x
­
B for all x � B Ú Λ � B$3, hence(a1”)–(a3”)hold

(by correspondingscalarresults). �
Now we presenta lifting result(claims(s3)and(w3)) anduseit to show that

L∞
strongandL∞

weakarecomplete:
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TheoremF.1.9(L∞
strongL∞
strongL∞
strongand L∞

weakL∞
weakL∞
weakare complete) If (1.) Q � Rn is measurable,

µ ê m, and B is a Hilbert spaceor B2 ê K , or (2.) B is separable, then the
followinghold:

(s1)L∞
strong� Q Ú µ; ¼ � B Ú B2 �=� is a Banach space.

(s2)AnyCauchy-sequencein L∞
strongconvergesuniformlyoutsidesomenull set.

(s3)For each « F ¬ � L∞
strong� Q Ú µ; ¼ � B Ú B2 �=� , thereisa representativeG �ù« F ¬ Lstrong

s.t.supq é Q
­
G � q� ­ ½_¿

B ¤ B2 À ê ­
F

­
L∞

strong
.

(s4) ¡ b � Q; ¼ � B Ú B2 �=�×´ å
L∞

strong� Q Ú µ; ¼ � B Ú B2 �=�kê å ¡ b � Q; ¼ � B Ú B2 �=� if (1.)
holds.

If, instead,B andB $2 areseparable, then

(w1) L∞
weak� Q Ú µ; ¼ � B Ú B2 �=� is a Banach space.

(w2)AnyCauchy-sequencein L∞
weakconvergesuniformlyoutsidesomenull set.

(w3)For each « F ¬B� L∞
weak� Q Ú µ; ¼ � B Ú B2 �=� , thereis a representativeG �0« F ¬ Lweak

s.t.supq é Q
­
G � q� ­ ½_¿

B ¤ B2 À ê ­
F

­
L∞

weak
.

All above assumptionsareunnecessaryif µ is thecountingmeasureon a set
Q (thenevery function is measurableandL∞ ê L∞

strong ê L∞
weak ê�¡ b, wherewe

usethe discretetopology on Q, henceall thesespacesare completeand have« 0¬xê2Ë 0 Ì ). However, we do not know whetherthe theoremholds for general� Q Ú µ� , B and B2; the main problemis the “lifting” claim (s3)/(w3); onceit is
established,thecompletenessclaim requiresjust thelatterassumption (cf. partII
below).

Recall from LemmaF.1.5(b)that we have L∞
strong ê
¼ � B Ú L∞ � Q;B2 �=� in case

(1.).
Proof of Theorem F.1.9: Part I: (s3)&(w3): Obviously,

supq é Q
­
G � q� ­ ½_¿

B ¤ B2 À � ­
F

­
L∞

strong
in (s3)andsupq é Q

­
G � q� ­ ½_¿

B ¤ B2 À � ­
F

­
L∞

weak
in (w3) soweonly have to show theconverses.

1¶ Case(1.): Q � Rn: Thiswasshown in theproofof LemmaF.1.5(b).
2¶ Case(2.): separable B: Removeall Λ’s from 3¶ .
3¶ L∞

weak: Let « F ¬ú� L∞
weak� Q Ú µ; ¼ � B Ú B2 �=� , and let S � B andS2 � B$2 be

denseandcountable.SetM : ê ­
F

­
L∞

weak
. Then, for eachx � B andΛ � B$2,

we have È ΛF � q� x Èª¥ M
­
x
­�­

Λ
­

for a.e.q � Q; choosea null setN � Q s.t.this
inequalityholdsfor all x � S, Λ � S2 andq � Nc. By densityandcontinuity,
this inequality holdsfor all x � B, Λ � B $2 andq � Nc, therefore,G : ê χNcF is
of therequiredform.

Part II: (s1)&(w1): BecauseL∞
strongandL∞

weak arenormedspaces,we only
haveto provetheircompleteness.(Notethatourproofdoesnot require(1.) nor
(2.) explicitly, but we rely onPart I.)

1¶ L∞
strong is a Banach space: Let ËB« Fn ¬ Ì be a L∞

strong-Cauchysequence.
AssumethateachFn is chosenso thatsup

­
Fn

­ ½_¿
B ¤ B2 À ¥ ­

Fn
­
L∞

strong
, asin (s3).

Setδn : ê supk é N
­
Fn   FnÂ k

­
L∞

strong
(n � N), sothatδn è 0 asn � ∞. Set

M : ê lim
nÍÏÂ ∞

­
Fn

­
L∞

strong
��« 0 Ú ∞ �QÚ gx : ê lim

nÍÏÂ ∞
Fnx � L∞ � Q;B2 � � x � B�QÚ (F.10)
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sothat
­
gx � t � ­ B2 ¥ M

­
x
­
B for all x � B (setgx � t ��ê 0 for t in thenull setNx � N õx

wherethelimit doesnotexist).
Now Fnx è gx uniformly onNc

x , whereNx : êR� n ¤ k Ë q � Q ØØ ­ Fnx   FnÂ kx
­ Á

δn Ì .
Obviously, Xq : ê2Ë x � B ØØ limnÍÏÂ ∞ Fn � q� x existsÌ is a subspaceof B for

all q � Q. For eachq � Q, we let F � q� be a norm-preserving(seeLemma
A.3.11)extensionof � Xq æ x è gx � q�Å� B2 � sothat

­
F � q� ­ ½_¿

B ¤ B2 À ¥ M. Then,
for any x � B, we have for a.e.q � Q thatx � Xq, hencethatF � q� x ê gx � q��ê
limnFn � q� x (in particular, F is strongly measurable)and hence

­
F � q� x  

Fn � q� x ­ ê limk
­
FnÂ k � q� x   Fn � q� x ­ ¥ δn

­
x
­
. Therefore,

­
F   Fn

­
L∞

strong
¥ δn è

0, sothatFn è F in L∞
strong, asn èçÝ ∞. BecauseË Fn Ì wasarbitrary, we have

shown thatL∞
strong is complete,henceaBanachspace.

2¶ L∞
weak is a Banach space:Let ËB« Fn ¬ Ì beaCauchy-sequencein L∞

weakwith
eachFn chosenso that supq é Q

­
Fn � q� ­ ê ­

Fn
­
L∞

weak
. Set δn : ê supk é N

­
Fn  

FnÂ k
­
L∞

weak
(n � N), sothatδn è 0 asn � ∞.

Let S � B andS2 � B2 bedenseandsetN : ê�� x é S¤ Λ é S2Nx ¤ Λ, where

Nx ¤ Λ ê�� n ¤ k é N Ë q � Q ØØ ­ ΛFn � q� x   ΛFnÂ k � q� x ­ Á δn
­
Λ

­�­
x
­ Ì Ú (F.11)

so that µ � N �Oê 0. Let q � Nc. Then, for all n Ú k � N, we have
­
ΛFn � q� x  

ΛFnÂ k � q� x ­ ¥ δn
­
Λ

­�­
x
­

for all Λ � B$2, x � B, by density, hence
­
Fn � q�ú 

FnÂ k � q� ­ ½_¿
B ¤ B2 À ¥ δn. In particular, Ë Fn � q� Ì is aCauchy-sequencein ¼ � B Ú B2 � ;

let F � q�W�X¼ � B Ú B2 � be its limit . Then
­
F � q�Ü  Fn � q� ­ ê limk

­
FnÂ k � q�� 

Fn � q� ­ ¥ δn; but q � Nc wasarbitrary, henceFn è F uniformly onNc.
Part III: (s2)&(w2): In Part II we showedthatFn è F uniformly onNc for

somenull setN � Q, but weassumedË Fn Ì chosenasin Part I. For generalË F õn Ì
we canchoosethesequenceË Fn Ì asabove, so thatFn ê F õn outsidesomenull
setNn for eachn � N. ThenF õn è F uniformly outsidethenull setN �pþ6� nNn

� .
Part IV: (s4): By LemmaF.1.3(f2), ¡ b � Q; ¼ � B Ú B2 �=�ú� L∞

strong� Q; ¼ � B Ú B2 �=� ,
isometrically, hence

å ¡ b � Q; ¼ � B Ú B2 �=�Y� å
L∞

strong� Q; ¼ � B Ú B2 �=� . Conversely,
if F ��¡ b � Q; ¼ � B Ú B2 �=�B´ å

L∞
strong� Q; ¼ � B Ú B2 �=� , thenF � q�Å� å ¼ � B Ú B2 � for all

q � Q andhence« F ¬ � 1 ê�« F � 1 ¬ , by two applicationsof LemmaF.1.3(f2)(since
thereis a boundedrepresentative of « F ¬ � 1, by (s3)), hencethen « F ¬ � 1 ��¡ b.�
In contrastto the above theorem,the normedspacesL p

strong and Lp
weak are

usuallynotcompletefor p ² ∞:

Example F.1.10 Let Q : êÕ« 0 Ú 1¬ , B : ê[ï 2 � N � . Then there is a sequenceË Fn Ì �2¡ � Q; ¼ � B�=�F� L2 � L2
strong � L2

weak s.t. Ë Fn Ì is a Cauchy-sequencein
L2

strong� Q; ¼ � B�=� and hencein L2
weak� Q; ¼ � B�=� too, but Ë Fn Ì doesnot converge

in eitherof thesespaces(althoughit doesconvergein ¼ � B;L2 � Q;B�=� , which is a
Banachspace).Moreover, Fn � t �xê Fn � t � $ for all t �p« 0 Ú 1¬ andn � N. S

SeealsoExampleF.3.6.
Proof: 1¶ The constructionof Ë Fn Ì : Set g � t � : ê�È t È � 1± 3, gn � t � : ê � È t È=Ý

1Î n� � 1± 3 � t � R � so that 0 ¥ gn ¥ n, gn ��¡ 0 � R � , g � L2 � Q� and Mg : ê



1010 APPENDIXF. LP
strong, LP

weak AND INTEGRATION

supq é ü 0 ¤ 1ý ­ τqg
­
2 ² ∞. Furthermore,gn � t �Åè g � t � monotonelyfor eacht � R

and
­
g   gn

­
L2

¿ ü � 1 ¤ 1ý À è 0, by theDominatedConvergenceTheorem.
Let Ë qk Ì � Q bedense.For t � Q andn � N, defineFn � t � : ê ∑k é N gn � t  

qk � Pk (i.e., Fn � t � x : ê ∑k é N gn � t   qk � xkek), where Pk is the projection Pk :
∑ j é N x jej îè xkek (k � N).

Notethatfor f � L2 � Q;B� , we have
­
f
­ 2
2 ê ∑k

­
fk

­ 2
2. Obviously, Fn � t � $ ê

∑k é N gn � t   qk � P$k ê ∑k é N gn � t   qk � Pk for all n andt.
2¶ ­

Fn
­ ½_¿

BÀ ¥ n: This is obvious.
3¶ZË Fn Ì � ¡ � Q; ¼ � B�=� : Let n � N, t � Q and ε Á 0. The function

gn is uniformly continuous, becausegn �3¡ 0 � R � , hencethere is δ Á 0 s.t.È gn � t õ �d  gn � t õ õ �ªÈª² ε for È t õ   t õ õ È/² δ. Let È t õ   t È/² δ andx � B. Then­ � Fn � t �,  Fn � t õM�=� x ­ 2
B ê ­

∑
k

xk � gn � t   qk �,  gn � t õ�  qk �=� ek
­ 2
B ¥ ∑

k

È xk È 2ε2 ê ε2 ­
x
­
B §

(F.12)
Becausex wasarbitrary, wehave

­ � Fn � t ��  Fn � t õ �=� ­ ¥ ε. Thus,Fn is continuous.
4¶ Fn è F in ¼ � B Ú L2 � Q;B�=� : For t � Q, n � N, and x � B, we define

F � t � : ê ∑k é N g � t   qk � Pk. Then
­
Fx

­ 2
2 ¥ ∑k È xk È 2M2

g ê M2
g
­
x
­ 2
B. Thus,

­
F

­ ¥
Mg. Moreover, givenε Á 0, thereis N � N bes.t.

­
g   gm

­
L2

¿ ü � 1 ¤ 1 ÀrÀ ² ε for all
n Ú m Á N, and,consequently,­
Fnx   Fx

­ 2
L2

¿
Q;BÀ ¥ ∑

k

È xk È 2 ­
gn � Û   qk �d  g � Û   qk � ­ 2

L2
¿
QÀ ¥ ε2 ­

x
­ 2
B � x � B�Q§

(F.13)
Therefore,Fn è F in ¼ . (In particular, Ë Fn Ì is L2

strong-Cauchy.)
5¶XË Fn Ì does not converge in L2

weak: (I.e., F does not correspondto
any function Q è ¼ � B� .) To obtain a contradiction, assumethat F �
L2

weak� Q; ¼ � B�=� is suchthat
¸
Fnx Ú y¹dè ¸

Fx Ú y¹ in L2 � Q� for all x Ú y � B.
We have Fnek ê τ � qkgnek è τ � qkgek in L2 � Q;B� andpointwiseon Q, for

eachk � N. Thus,
¸
Fek Ú ej ¹Nê ¸

τ � qkgek Ú ej ¹dê : fk ¤ j a.e.for all k Ú j � N, because¸
Fek Ú ej ¹ is a.e. the pointwise limit of a subsequenceof Ë ¸ Fnek Ú ej ¹ Ì , and all

subsequencesof thelatterconvergeto fk ¤ j .
Choosea null setN s.t.

¸
Fek Ú ej ¹Nê ¸

τ � qkgek Ú ej ¹ on Q � N for all k Ú j. Then
Fek ê τ � qkgek onQ � N for all k � N. Let t � Q � N andM Á 0. By thedensity
of Ë qk Ì in Q, thereis k s.t. qk ² t and � τ � qkg� � t ��êÇÈ t   qk È � 1± 3 Á M, so that­
F � t � ek

­
B Á M. Consequently,

­
F � t � ­ ½_¿

BÀ Á M. But thisholdsfor all t � Q � N
andall M Á 0, henceF mustbe unboundedalmosteverywhere;in particular,
F is not ¼ � B� -valued. �
(Seethenotesonp. 1023.)
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F.2 Strongand weak integration (s
TNU

w
T

)

Wheneveranyonesays,"theoretically," they reallymean,"not really."

— DaveParnas

Herewe definethe strong and weak(operator) integrals; in the restof this
sectionwe treatcorrespondingconvolutions.

Theorem F.2.1(Strong and weak integralss
V
s
V
s
V

and w
V
w
V
w
V

) LetF : Q èÿ¼ � B Ú B2 � .
(a) (Strong integral) If F � L1

strong, then there is a uniqueL ê : s
V

QF dµ �¼ � B Ú B2 � s.t.Lx ê V QFxdµ for all x � B. Moreover,
­
L
­ ½_¿

B ¤ B2 À ¥ ­
F

­
L1

strong
.

(b) (Weak integral) If F � L1
weak, then there is a unique L ê : w

V
QF dµ �¼ � B Ú B$*$2 � s.t. � Lx� Λ ê V Q ΛFxdµ for all x � B, Λ � B $2. Moreover,­

L
­ ½_¿

B ¤ B ���2 À ¥ ­
F

­
L1

weak
.

(c) A Bochner integral (a uniformintegral) is a strongintegral (i.e.,
V
QF dµ ê

s
V

QF dµ for F � L1), anda strongintegral is a weakintegral (i.e., s
V

QF dµ ê
w
V

QF dµ for F � L1
strong).

(d) If F � L1
weak� Q; ¼ � B Ú B2 �=� andB is reflexive, thenF $ � L1

weak� Q; ¼ � B$2 Ú B�=�
andw
V

QF $ dµ êXW wV QF dµY $ .
(e) Let T �J¼ � B2 Ú B3 � [and x � B]. In (a) we have s

V
QTF dµ ê T s

V
QF dµ

and
V
QTFxdµ ê T � sV QF dµ� x; in (b) we havew

V
QTF dµ ê T w

V
QF dµ and

w
V

QTFxdµ ê T � wV QF dµ� x.

(f) Claims (a), (b), (c) and (e) also hold with replacementsL1
strong îè¼ � B Ú L1 � Q;B2 �=� andL1

weak îèÿ¼ � B Ú%¼ � B$2 Ú L1 � Q�=� .
With replacement L1

weak îè ¼ � B Ú%¼ � B2 Ú L1 � Q;B3 �=�=� we get that­
w
V

QF dµ
­ ½_¿

B ¤ ½_¿
B2 ¤ B3 ÀrÀ ¥ ­

F
­ ½_¿

B ¤ ½_¿
B2 ¤ L1

¿
Q;B3 ÀrÀrÀ .

Evenif B2 is a Hilbert space, theexpression¼ � B Ú%¼ � B $2 Ú L1 � Q�=� refers to the
linear dualof B2.

(g) Let p ��« 1 Ú ∞ ¬ . ThentheembeddingL p
strong� Q; ¼ � B Ú B2 �=�xè[¼ � B Ú Lp � Q;B2 �=�

is a linear isometryto thesubspaceLstrong� Q; ¼ � B Ú B2 �=�B´E¼ � B Ú Lp � Q;B2 �=� .
Analogously,

Lp
weak� Q; ¼ � B Ú B2 �=�úê Lweak� Q; ¼ � B Ú B2 �=�B´E¼ � B Ú%¼ � B$2 Ú Lp � Q�=�=� (F.14)

isometrically.

Thus,if B2 is reflexive (e.g.,a Hilbert space)andF � L1
weak, thenw

V
QF dµ �¼ � B Ú B2 � and

­
w
V

QF dµ
­ ½_¿

B ¤ B2 À ¥ ­
F

­
L1

weak
.

If B andB2 areHilbert spaces,then,of course,all asteriskscanberemoved.
If B ê K , then w

V
becomesthe “weak$ -integral” (or Gelfand Integral or

Dunford Integral). The asteriskin (d) refersto Banachadjoints (sinceB andB2

areonly assumedto be Banachspaces);however, (d) is obviously true alsofor
Hilbert adjoints(i.e., “Fd”, not “FB”).
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By ExampleF.1.10, the subspacesmentionedin (g) neednot be closedin
general.

Proof of Theorem F.2.1: Theuniquenessis obviousin (a) and(b).
(a) It is obvious that L : x îè V QFxdµ � B2 satisfies

­
Lx

­
B2 ¥ ­

Fx
­
L1 ¥­

F
­
L1

strong

­
x
­
B.

(b) As in (a), we seethat L : x îè � Λ îè V QΛFxdµ � K �:� B$*$2 satisfies­
L
­ ¥ ­

F
­
L1

weak
.

(c) This is obvious(see(B.18)).

(d) By Lemma F.1.5(e), F $ � L1
weak. Now L $ : êZW wV QF dµY $ �¼ � B$*$*$2 Ú B$ �Å��¼ � B$2 Ú B$ � . But¦

Q
� F $ Λ � xdµ ê ¦

Q
ΛFxdµ ê � Lx� Λ ê � L $ Λ � x � x � B Ú Λ � B$2 �QÚ (F.15)

henceL $ ê w
V

QF $ dµ.
(e)This followsfrom thedefinition(see(a)and(b)), becausefor Λ � B $3 we

have ΛT � B$2.
(f) The above proofswill do mutatismutandis(alternatively, usethe fact

that
V

is linearandboundedon L1; in fact,(a) and(b) canthenbededucedas
specialcasesof (f); see(g)).

(Onecouldalsoextend(d) by usingthefactthat ¼ � B Ú%¼ � B2 Ú L1 � Q;B3 �=�=�úê¼ � B2 Ú%¼ � B Ú L1 � Q;B3 �=�=� , isometrically.)
Recall from RemarkA.3.22 that the linear (Banach)dual B $2 : ê BB

2 is
equippedwith scalarmultiplication � βΛ � y : ê β � Λy� α � K Ú Λ � Y $ , y � Y),
hencetheisometryBd

2 è B$2, y îè ¸ Û Ú y¹ B2
becomesconjugate-linear, cf. Remark

A.3.22.
(g) Notefirst that themapLstrong� Q; ¼ � B Ú B2 �=��îè � B îè L � Q;B2 �=� is well-

defined(i.e.,zerofunctionsmapto zeromapping), linearandone-to-one,hence
aninclusion. Obviously, theL p

strongand ¼ normsareequalonLstrong, hencethe
strongclaimsof (g) hold. Theweakclaimscanbeprovedanalogously. [
Therestof thissectionis dedicatedfor ¼ � B Ú L p � Q;B2 �=� .
Most of the above also holds for the Banachspace ¼ � B Ú L p � Q;B2 �=� (and

the weak claims for ¼ � B Ú%¼ � B2 Ú Lp � Q�=�=� ). Because ¼ � B Ú Lp � Q;B2 �=� contains
Lp

strong� Q; ¼ � B Ú B2 �=� asasubspace,thefollowingappliesto L p
strong too:

Lemma F.2.2(Strong convolutions) Let F � ¼ � B Ú Lp
ω � Rn;B2 �=� and f �

Lr
ω � Rn;B� , p Ú r �p« 1 Ú ∞ ¬ , n � N Ý 1, ω � R (werequire thatω ê 0 if n µê 1).

(a) Assumethat f is finite-dimensionaland p \ 1 Ý r \ 1 � 1. Then� F � f � � t � : ê ¦
Rn

F � f � t   s�=� � s� ds ê ¦
Rn

F � f � s�=� � t   s� ds � B2 (F.16)

existsfor a.e. t � Rn, and
­
F � f

­
Lp

ω
¥ ­

F
­Q½]­

f
­
L1

ω
¥ ∞.

(b) Thus, we can (and will) extend � to ¼ � B Ú L p
ω � Rn;B2 �=� ë L1

ω � Rn;B�Wè
Lp

ω � Rn;B2 � .
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(c) Moreover, τT � F � f �_ê � τTF ��� f ê F � τT f � T � Rn � (time-invariance),and
if n ê 1 andπ \ F Ú π \ f ê 0, thenπ \ � F � f �úê 0 (causality).

(d1) ( øF � H∞øF � H∞øF � H∞) Assumethatn ê 1 ê p, K ê C, F ê π Â F and f ê π Â f . Then­ øF ­ ½_¿
H∞

¿
C �ω ;

½_¿
B ¤ B2 ÀrÀ ¥ ­

F
­ ½_¿

B ¤ L1
ω

¿
R � ;B2 ÀrÀ § (F.17)

Moreover, if r ê 1 or f is finite-dimensional, then �F � f ê øF øf onC Â
ω .

(d2)Assumethatn ê 1 ê p andK ê C. Then øF : ω Ý iR è�¼ � B Ú B2 � is strongly
continuousanduniformly bounded:­ øF � ω Ý ir � ­ ½_¿

B ¤ B2 À ¥ ­ øF ­ ½_¿
B ¤ ¾ b

¿
ω Â iR;B2 ÀrÀ ¥ ­

F
­ ½_¿

B ¤ L1
ω

¿
R;B2 ÀrÀ � r � R �Q§

(F.18)

Moreover, if r ê 1 [or f is finite-dimensionaland r ¥ 2], then �F � f ê øF øf
[a.e.] onω Ý iR.

(d3)Assumethatn ê 1 ê p andthatB andB2 arecomplex Hilbert spaces.Then­
F

­
TI

¿
B ¤ B2 À ¥ ­

F
­Q½

. Moreover, F � TIC Ó F ê π Â F, and (if K ê C) the

function øF coincideswith thetransform �F � of Theorems6.2.1and3.1.3.

(e) ¼ � B Ú Lp
ω � R Â ;B2 �=�×�

c
¼ � B Ú Lp©

ω © � R Â ;B2 �=� for põ ��« 1 Ú p¬ , ω õ Á ω.

(f) The convolution also extends to ¼ � B Ú L p
loc � R Â ;B2 �=� ë Lr

loc � R Â ;B�'è
Lp

loc � RÂ ;B2 � .
(g) Parts (a)–(f) also hold with ¼ � B Ú%¼ � B $2 Ú Lp

ω � Rn �=�=� in place of¼ � B Ú Lp
ω � Rn;B2 �=� (use ¼ � B Ú%¼ � B$2 Ú Lp

loc � R Â �=�=� in (f), B $*$2 in place of B2

for thevaluesof F � f , and ¼ � B Ú B $*$2 � in placeof ¼ � B Ú B2 � for thevaluesoføF).

In particular, ¼ � B Ú%¼ � BB
2 Ú L1 � R ü Â�ý �=�=�Ã� TI « C¬ � B Ú B2 � when B and B2 are

Hilbert spaces.

(h) Parts(a)–(f)alsoholdwith ¼ � B Ú eω ä MTIB2 � in placeof ¼ � B Ú L1
ω � R;B2 �=� and

eω ä MTIB in placeof Lr
ω � Rn;B� (for n ê 1).

(Alsotheweak(cf. (g)) andmultidimensionalanalogiesholds.)

Notethat(h) correspondsto classSMTIω � B Ú B2 � of Definition 2.6.3,andthat¼ � B Ú L1
ω � R;B2 �=� is its closedsubspace.

Here,of course,ö ÷ F : ê øF � H � C Â
ω ; ¼ � B Ú B2 �=� is definedbyøF � s� x : ê ¦ ∞

0
e\ st � Fx� � t � dt � B2 � x � B Ú s � C Â � ; (F.19)

analogously, øF � H∞ � C Â
ω ; ¼ � B Ú B$*$2 �=� for ¼ � B Ú%¼ � B$2 Ú L1

ω � R Â �=�=� (see(g)). In claim
concerningö ÷ , weassumethatK ê C.

Wedonot know whetherthenorminequalitiesmayhaveadditionalconstants
growing with thedimensionof f (asin theproofof (a)) for r Á 1, thuspreventing
thegeneralizationto infinite dimensionsfor suchr; at leastthis is not thecasein
(d3) (wherep ê 1 andr ê 2 but B andB2 arerequiredto beHilbert spaces).An
analogousphenomenomis illustratedin Example B.4.13.
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Proof of Lemma F.2.2: W.l.o.g.weassumethatω ê 0.
(a) 1¶ F � f exists: If f ê φx, φ � Lr � Rn � , x � B, then¦

Rn
F � φ � t   s� x� � s� ds ê ¦

Rn
φ � t   s� � Fx� � s� ds ê � Fx � φ � � t �QÚ (F.20)

which existsa.e.and
­
F � φx

­
p ¥ ­

F
­ ½ ­

φx
­
1, by LemmaD.1.7. By linearity,� F � f � � t � exists for a.e.t � Rn whenever f is finite-dimensional.

2¶ ­
F � φx

­
p ¥ ­

F
­Q½s­

φx
­
1: LetE1 Ú=§=§=§#Ú Ek � Rn bemeasurableanddisjoint,

andlet x1 Ú=§=§=§#Ú xk � B, k � N Ý 1. Then­
F � k

∑
j ¨ 1

χE j
x j

­
p ¥ k

∑
j ¨ 1

­
F

­ ½ ­
χE j

x j
­
1 ê ­

F
­ ½ ­ k

∑
j ¨ 1

χE j
x j

­
1 § (F.21)

By density(TheoremB.3.11 and LemmaA.3.10), F � hasan extensionT :¼ ë L1 è Lp with
­
T f

­
p ¥ ­

F
­ ½ ­

f
­
1. But as in (F.21), one verifies that

if thevaluesof f lie in a finite-dimensional subspaceB õ of B, then
­
F � f

­
p ¥­

F
­Q½

MB© ­ f
­
1. By density, the two continuousextensionsto k-dimensional

f � L1 mustcoincide,hence
­
F � f

­
p ¥ ­

F
­ ½ ­

f
­
1 for finite-dimensional f .

(b) This follows from (a).

(c) This extendsfrom caseof finite-dimensional f (seeLemmaD.1.7),by
continuity.

(d1) Thenormboundon øF follows from LemmaD.1.11(a1’).By Lemma
D.1.1(c),wehave øF � H∞ � C Â ; ¼ � B Ú B2 �=� .

Let φ � Lr � Rn � , x � B. Thenö ÷ � F � φx�úê�ö ÷ � Fx � φ �úê �Fxøφ ê øF øφx (F.22)

on C Â , by LemmaD.1.11(c’). By linearity, the sameappliesto any finite-
dimensional f in placeof φx. If r ê 1, then �F � f ê øF øf holdsfor general øf , by
continuity.

(d2) The proof is analogousto that of (d1):
­ øF � ω Ý ir � ­ ½_¿

B ¤ B2 À ¥­
F

­Q½
(r � R), by TheoremF.2.1(a). By LemmaD.1.11(a1)&(b),we have­ øF ­ ½_¿
B ¤ ¾ 0

¿
ω Â iR;B2 ÀrÀ ¥ ­

F
­ ½

. As in (d1), we obtain �F � f ê øF øf from Lemma
D.1.11(c).

(d3) Theorem3.1.3(resp.6.2.1)providesa uniquecontinuousextensionof
F � (restrictedto finite-dimensional L2 functions)to TI (resp.to TIC). Indeed,
the operatordefinedby øF coincideswith F � for finite-dimensional functions,
by (d2) (resp.by (d1)).

(e) This followsfrom LemmaD.1.4(b4).
(f) This followsfrom causality(asin thecaseof LemmaD.1.7too).
(g) The above proofs apply mutatismutandis. (Recall BB

2 from Remark
A.3.22.)

(h) If f ê ∑N
j ¨ 1x jδT ©j , then­

F � f
­
MTI ¥ N

∑
j ¨ 1

­
Fxk � δT ©j ­ MTI ¥ N

∑
j ¨ 1

­
xk

­�­
F

­ ½ ê ­
F

­ ½ ­
f
­
MTI § (F.23)
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By density, the map F � (and the above inequality)hasa uniquecontinuous
extension to measuresof form f ê ∑∞

j ¨ 1x jδT ©j ; combinethiswith (a) to observe
thatany f � MTI B canbeallowedin (a).

For (b)–(f), the proof is analogousto the original one (use Lemma
D.1.12(c)&(c’) in placeof LemmaD.1.7),henceomitted. [
The above “strong convolution” (of functions Q è ¼ � B Ú B2 � and Q è B)

canalsobe definedbetweentwo operator-valuedfunctions(Q èu¼ � B2 Ú B3 � and
Q èÿ¼ � B Ú B2 � , or, slightly moregenerally, asfollows:

Lemma F.2.3(G � FG � FG � F) LetF �'¼ � B Ú L1
ω � Rn;B2 �=� , G �'¼ � B2 Ú Lp

ω � Rn;B3 �=� .
(a)

­
G � F ­ ½_¿

B ¤ Lp
ω

¿
Rn;B3 ÀrÀ ¥ ­

F
­Q½s­

G
­Q½

, where � G � F � � x� � t � : ê � G � Fx� � t � . In

particular, ¼ � B Ú L1
ω � Rn;B�=� is a convolutionBanach algebra.

(b)WehaveτT � G � F ��ê � τTG�6� F ê G � τTF � T � Rn), � G � F �6� f ê G � � F � f � ,� G � f ��� g ê G � � f � g� ( f Ú g � L1
ω � Rn; � � with suitable � ) and n ê 1 &

π \ F ê 0 ê π \ G ³ π \ � F � G�xê 0.

(c) � esä G��� � esä F �úê esä � F � G� for s � Rn.

(d1) �G � F ê øG øF onC Â
ω if n ê 1, K ê C, F ê π Â F andG ê π Â G.

(d2) �G � F ê øG øF onω Ý iR if n ê 1 ê p andK ê C.

(e) If F � Lstrong� R Â ; ¼ � B Ú B2 �=� , ­
F � Û � ­ ½_¿

B ¤B2 À � L1
ω, G �

Lstrong� R Â ; ¼ � B2 Ú B3 �=� and
­
G � Û � ­ ½_¿

B2 ¤ B3 À � Lp
ω, then F � G �

e\ ω ä Lp
strong� R Â ; ¼ � B Ú B3 �=� and­ú­
G � F ­ ½_¿

B ¤ B3 À ­ Lp
ω

¥ ­ú­
G � Û � ­ ½_¿

B2 ¤ B3 À ­ Lp
ω

­ú­
F � Û � ­ ½_¿

B ¤ B2 À ­ L1
ω
§ (F.24)

(h) Parts (a)–(e) also hold with ¼ � B Ú eω ä MTIB2 � in placeof ¼ � B Ú L1
ω � R;B2 �=�

(for n ê 1).

(Alsothemultidimensionalanalogiesholds.)

(i) Claims(a)–(h)alsohold for F � L1 � Rn;B2 � (takeB : ê K ).

Weareafraidthattheweakanalogiesof theaboveclaimsdonothold.
Proof: (W.l.o.g.weassumethatω ê 0.)
(a) Given x � B, we have Fx � L1 � Rn;B2 � , hence

­
G � Fx

­
p ¥­

G
­Q½s­

Fx
­
1 ¥ ­

G
­Q½s­

F
­Q½]­

x
­
B.

(b)–(e) Analogously to (a), we obtain this from analogousclaims on
functionsand from Lemma F.2.2 (one easily verifies that � esä G�]� � esä F �:ê
esä � F � G� holdswhenF andG arefunctions).

E.g.,by LemmaD.1.7,wehave � G � f �^� g ê G � � f � g� for one-dimensional
f andg, hencefor finite-dimensional, hencefor all f Ú g � L1, by densityand
continuity. Consequently, for f ê φx, φ � L1 � Rn � , wehave� G � F ��� f ê � G � F � x � φ ê � G � Fx��� φ ê G � � Fx � φ �úê G � � F � f �Q§ (F.25)

By linearityandcontinuity, wemayagainallow for any f � L1.
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(h) Theaboveproofsapplymutatismutandis(useagainLemmaD.1.12(c)).
(i) Notethat ¼ � K Ú L1 � Rn;B2 �=�úê L1 � Rn;B2 � (with equalnorms). [

Theabove “strongconvolution of operator-valuedfunctions”canbegeneral-
izedto L1

loc too, if thesupports of thefunctionsareboundedto theleft:

Lemma F.2.4 Let F �2¼ � B Ú L1
loc � R Â ;B2 �=� , G �Ä¼ � B2 Ú L1

loc � R Â ;B3 �=� , f �
L1

loc � R Â ;B� .
The claims of Lemma F.2.3 can be generalized to this situation, and¼ � B Ú L1

loc � R Â ;B�=� is a convolutionalgebra.
AlsotheextensionX : êJ¼ � B Ú Bδ0 Ý L1

loc � R Â ;B�=� is a convolutionalgebra with
unit Iδ0, where δ0 � f : ê f for all f . Moreover, if L �0¼ � B� and B2 ê B, then
Lδ0 Ý F is invertiblein X iff L � å ¼ � B� .

Proof: 1¶ For eachT Á 0,wehaveπ ü 0 ¤ T À � F � G�Ôê π ü 0 ¤ T À � π ü 0 ¤ T À F � π ü 0 ¤ T À G� ,
by causality, hencewe canapplyLemmaF.2.3. Obviously, X is a convolution
algebra(with � L1δ0 Ý F1 ��� � L2δ0 Ý F2 �úê L1L2δ0 Ý L1F2 Ý F1L2 Ý F1 � F2).

2¶ Obviously, L � å ¼ � B� is necessaryfor the invertibility. Sufficiency
follows asin the finite-dimensional case(see,e.g.,Theorem2.3.1on p 42 of
[GLS]). [
We leave it to the readerto extend the above resultsfor ¼ � B Ú M � Rn;B2 �=� ,

whereM refersto (uniform) measures;see[GLS], pp. 121–127for the finite-
dimensionalcase.

(Seethenotesonp. 1023.)
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F.3 WeakLaplace transform ( _ w)

To generalize is to bean idiot.

— Willi amBlake (1757–1827)

In this section,we defineandstudyHp
strongandHp

weak spacesandtheLaplace
transformof stronglyor weaklymeasurablefunctions.

Let U andY be complex Hilbert spaces,andB, B2 andB3 complex Banach
spaces.

Definition F.3.1(Hp
weakHp
weakHp
weak and the weakLaplace transform øFøFøF) Let 1 ¥ p ¥ ∞,

ω � R.
ByHp

weak� C Â
ω ; ¼ � B Ú B2 �=� wedenotethespaceof functionsF : C Â

ω è�¼ � B Ú B2 �=�
havinga finitenorm­

F
­
Hp

weak

¿
C �ω ;

½_¿
B ¤ B2 ÀrÀ : ê supB Λ B B �2 ¯ 1 ¤HB x B B ¯ 1

­
ΛFx

­
Hp

¿
C �ω ;

½_¿
B ¤ B2 ÀrÀ § (F.26)

ThespacesHp
weak� Dr ; ¼ � B Ú B2 �=� , Hp

strong� C Â
r ; ¼ � B Ú B2 �=� andHp

strong� Dr ; ¼ � B Ú B2 �=�
are definedanalogously. We also setHp

strong¤ ω � � � : ê Hp
strong� C Â

ω ; � � , Hp
strong¤ ∞ : ê� ω é RHp

strong¤ ω (p �p« 1 Ú ∞ ¬ ).
Let F : R è ¼ � B Ú B2 � and s � C. If e\ sä F � L1

weak, then we set øF � s� : ê� ö ÷ wF � � s� : ê w
V

R e\ stF � t � dt. Thefunction ö ÷ wF is the (weak)Laplacetransform
of F. ThestrongLaplacetransformö ÷ s is definedanalogously.

Obviously, ö ÷ wF is an extension of ö ÷ F. One easily verifies that
­ Û­

Hp
strong

¿
C �ω ;

½_¿
B ¤ B2 ÀrÀ : ê supB x B B ¯ 1

­
Fx

­
Hp

¿
C �ω ;

½_¿
B ¤ B2 ÀrÀ and

­ Û ­
Hp

weak

¿
C �ω ;

½_¿
B ¤ B2 ÀrÀ are

normson correspondingspaces;in LemmaF.3.2(c) we shall show that Hp
strong

andHp
weak areBanachspaces.

Next we list thebasicrelationsbetweendifferentHp$ spaces:

Lemma F.3.2(Hp � Hp
strong � Hp

weak � H∞Hp � Hp
strong � Hp

weak � H∞Hp � Hp
strong � Hp

weak � H∞) Letω � R, ε Á 0, 1 ¥ p1 ¥ p ¥ p2 ¥
∞.

(a1) Hp � C Â
ω ; ¼ � B Ú B2 �=��� Hp

strong� C Â
ω ; ¼ � B Ú B2 �=��� Hp

weak� C Â
ω ; ¼ � B Ú B2 �=���

H∞ � C Â
ω Â ε; ¼ � B Ú B2 �=� , continuously. Moreover, H∞

weak ê H∞
strong ê H∞.

(a2)Hp
strong� C Â

ω ; ¼ � B Ú B2 �=�×�
c

Hp2
strong� C Â

ω Â ε; ¼ � B Ú B2 �=� ,
andHp1

strong� C Â
ω ; ¼ � B Ú B2 �=�B´ Hp2

weak� C Â
ω ; ¼ � B Ú B2 �=��� Hp

strong� C Â
ω ; ¼ � B Ú B2 �=� .

Theseclaimsalsoholdwith “weak” or void in placeof “strong”.

(b) Let G � Hp
weak� C Â

ω ; ¼ � B Ú B2 �=� . Then
­
G � s� ­ ½_¿

B ¤ B2 À ¥� π � Res   ω �=� \ 1± p ­
G

­
Hp

weak

¿
C �ω ;

½_¿
B ¤ B2 ÀrÀ .

(c) The spacesHp
strong� C Â

ω ; ¼ � B Ú B2 �=� and Hp
weak� C Â

ω ; ¼ � B Ú B2 �=� are Banach
spaces.

(d) Hp
strong� C Â

ω ; ¼ � B Ú B2 �=�Wê2¼ � B Ú Hp � C Â
ω ;B2 �=� and Hp

weak� C Â
ω ; ¼ � B Ú B$*$2 �=�Ïê¼ � B Ú%¼ � BB

2 Ú Hp � C Â
ω �=�=� .
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(e) (dimB ² ∞dimB ² ∞dimB ² ∞) If dimB ² ∞, thenHp � C Â
ω ; ¼ � B Ú B2 �=��ê Hp

strong� C Â
ω ; ¼ � B Ú B2 �=�

(with equivalentnorms). If dimB2 ² ∞, then Hp
strong� C Â

ω ; ¼ � B Ú B2 �=�Wê
Hp

weak� C Â
ω ; ¼ � B Ú B2 �=� (with equivalentnorms).

Note from Theorem 6.2.1 that TICω � U Ú Y � operators correspond to
H∞ � C Â

ω ; ¼ � U Ú Y �=� functionsthroughan isometric isomorphism onto. Thus, all
Hp

weak functionsoverHilbert spacesareTIC∞ operators,by LemmaF.3.2(a).
Recall from RemarkA.3.22 thatBB

2 ê B$2 meansthe Banachdual of B2, not
the “sesquilinear”(“Hilbert”) dualBd

2 (which is usuallydenotedby B $2 if B2 is a
Hilbert space).

Proof: (a1) By Lemma D.1.1(c), we have H∞
weak ê H∞

strong ê H∞. The
embeddingHp �

c
Hp

strong �
c

Hp
weak follows from LemmaF.1.5(c1)andLemma

D.1.2(b1);the embeddingHp
weak� C Â

ω ; ¼ � B Ú B2 �=�×�
c

H∞
weak� C Â

ω Â ε; ¼ � B Ú B2 �=� fol-
lows from LemmaD.1.4(d).

(a2)By (a1),wemayreplaceHp2
weakby H∞ in thesecondclaim. By Lemma

D.1.4(d),thentheclaimsholdfor void in placeof “strong”. Apply this for each
x0 � B [and Λ � B$2] to obtainthe strong[weak] claim (note that we canuse
sameembeddingboundsasfor theuniformcase).

(b) Casep ê ∞ follows from (a), sowe assumethat p ² ∞. If G is scalar,
thenthis holds,by (6.4.3)of [HP] (becausethenthe nonstandardassumption
(iii) of Definition 6.4.1of [HP] is redundant,by Theorem3.3.1(a3)). Thus,
we canreplaceG � s� by ΛG � s� x for any x � B andΛ � B$2 with

­
x
­ Ú ­ Λ ­ ¥ 1

(becausethen
­
ΛGx

­
Hp ¥ ­

G
­
Hp

weak
); thegeneralinequality follows.

(c) Let Ë fn Ì � Hp
weakbeaCauchysequence.By (a), for eachα Á ω thereis

fα s.t. fn è fα in H∞ � C Â
α ; ¼ � B Ú B2 �=� ; let f � H � C Â

α ; ¼ � B Ú B2 �=� bethepointwise
limit function. GivenΛ � B $2 andx � B, theCauchy-sequenceΛ fnx converges
in Hp; the limit is equalits pointwiselimit Λ f x, hencef � H p

weak and fn è f
in Hp

weak.
Theproof for Hp

strong is analogous,andit canbeobtainedfrom (d) too (the
sameappliesto Hp

weak, thoughnotasobviously).
(d) The left-hand-sidesare obviously (isometrically) subspacesof right-

hand-sides.If p ê ∞, thentheconversesfollow from LemmaD.1.1(d).Assume
thenthat p ² ∞.

By (a), we have ¼ � B Ú Hp � C Â
ω ;B2 �=�×�

c
¼ � B Ú H∞ � C Â

α ;B2 �=�Ðê
H∞ � C Â

α ; ¼ � B Ú B2 �=� , for all α Á ω. Thus, any F �J¼ � B Ú Hp � C Â
ω ;B2 �=� takes

form of a function F � H � C Â
ω ; ¼ � B Ú B2 �=� . As notedat the beginning of the

proof, thetwo normsonF areequal,henceF � Hp
strong� C Â

ω ; ¼ � B Ú B2 �=� .
For F �k¼ � B Ú%¼ � B$2 Ú Hp � C Â

ω �=�=� , theproof is analogous.
(e) This followsfrom LemmaF.1.5(f). [

Thefollowing is ratherobvious:

Lemma F.3.3 Let F : R Â è ¼ � B Ú B2 � , f : Ω è ¼ � B Ú B2 � , Ω ê C Â
ω or Ω ê ∂rD,

and1 ¥ p ¥ ∞. Then

(a1)Wehavef � Hp
strong� Ω; ¼ � B Ú B2 �=� iff f x � Hp

strong� Ω;B2 � for all x � B.
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(a2)Wehavef � Hp
weak� Ω; ¼ � B Ú B2 �=� iff Λ f x � Hp

strong� Ω;B2 � for all x � B and
Λ � B$2.

(b) If T �h¼ � B2 Ú B3 � andx � B, thenT ö ÷ s êXö ÷ sT, T ö ÷ w êXö ÷ wT, andT øFx ê �TFx
wherever øF exists.

(c) We have �FB � s�Yê F � s� B and �Fd � s�:ê F � s̄� d for any s for which either
transform is definedif B andB2 are reflexive(thisappliesto ö ÷ w and ö ÷ ).

(Recall that “F $ ” refers to “FB” in Banachand to “Fd” in Hilbert space
settings.)

Proof: We get (a1)&(a2) from LemmaF.1.6, (b) from TheoremF.2.1(e),
and(c) from LemmaF.2.1(d). [
Functionsin L1

weak have boundedholomorphic weakLaplacetransformson
theright half-plane:

Lemma F.3.4( �L1
weak � H∞�L1
weak � H∞�L1
weak � H∞) Let F : R Â èç¼ � B Ú B2 � , s0 � C, r : ê Res0, ε Á 0,

1 ¥ p ¥ ∞, p \ 1 Ý q \ 1 ê 1.

(a1) If e\ s0 ä F � L1
weak, then øF � H∞ � C Â

r ; ¼ � B Ú B$*$2 �=� , and
­ øF ­

H∞
¿
C �r ;

½_¿
B ¤ B ���2 ÀrÀ ¥­

e\ s0 ä F ­
L1

weak
.

(a2) If e\ s0 ä F � L1
strong, then øF � H∞ � C Â

r ; ¼ � B Ú B2 �=� , and
­ øF ­

H∞
¿
C �r ;

½_¿
B ¤ B2 ÀrÀ ¥­

e\ s0 ä F ­
L1

strong
.

(b1) If e\ s0 ä F � Lp
weak, then øF � H � C Â

r ; ¼ � B Ú B$*$2 �=��´ H∞ � C Â
r Â ε ¼ � B Ú B$*$2 �=� , and­ øF ­

H∞
¿
C �r ;

½_¿
B ¤ B ���2 ÀrÀ ¥ Mε ¤ p ­

e\ s0 ä F ­
Lp

weak
.

(b2) If e\ s0 ä F � Lp
strong, then øF � H � C Â

r ; ¼ � B Ú B$*$2 �=�e´ H∞ � C Â
r Â ε ¼ � B Ú B$*$2 �=� , and­ øF ­

H∞
¿
C �r ;

½_¿
B ¤ B ���2 ÀrÀ ¥ Mε ¤ p ­

e\ s0 ä F ­
Lp

strong
.

(c1) If p ¥ 2 ande\ r ä F � Lp
weak� R Â ; ¼ � B Ú B2 �=� , then øF � Hq

weak� C Â
r ; ¼ � B Ú B$*$2 �=�

and
­ øF ­

Hq
weak

¿
C �r ;

½_¿
B ¤ B ���2 ÀrÀ ¥ � 2π � 1± q ­

e\ r ä F ­
Lp

weak
, with equality for p ê 2.

(c2) If p ¥ 2 ande\ r ä F � Lp
strong� R Â ; ¼ � B Ú Y �=� , then øF � Hq

strong� C Â
r ; ¼ � B Ú Y �=�

and
­ øF ­

Hq
strong

¿
C �r ;

½_¿
B ¤Y ÀrÀ ¥ � 2π � 1± q ­

e\ r ä F ­
Lq

strong
, with equalityfor p ê 2.

(d) The (strong/weak)Laplace transformis an isometric isomorphism mod-
ulo � 2π of L2

ω � R Â ;Y �=� onto H2
strong� C Â

ω ;Y � , of ¼ � U Ú L2
ω � R Â ;Y �=� onto

H2
strong� C Â

ω ; ¼ � U Ú Y �=�'ê[¼ � U Ú H2 � C Â
ω ;Y �=� and of ¼ � U Ú%¼ � YB Ú L2

ω � R Â �=�=�
ontoH2

weak� C Â
ω ; ¼ � U Ú Y �=�xê�¼ � U Ú%¼ � YB Ú H2 � C Â

ω �=�=� .
Recallthatwe mayreplaceB$*$2 by B2 above if B2 is reflexive (e.g.,a Hilbert

space).
From (d) we concludethat the inversetransformof H2

strong� C Â ; ¼ � U Ú Y �=�
coversin generalmorethanL2

strong� R Â ; ¼ � U Ú Y �=� , asshown in ExampleF.3.6.
Proof: (a2)&(b2)&(c2) Modify the proofsof (a1), (b1) and (c1) accord-

ingly.
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(a1) Let s � C Â
r . We have e\ stF � t �Üê e\ ¿ s\ s0 À te\ s0tF � t � , and È e\ ¿ s\ s0 À t È ¥

1, hence
­
e\ sä F ­

L1
weak

¥ ­
e\ s0 ä F ­

L1
weak

. By TheoremF.2.1, it follows that­ øF � s� ­ ¥ ­
e\ s0 ä F ­

L1
strong

. By Lemma D.1.10(a)and Lemma D.1.1(b), øF �
H � C Â

r ; ¼ � B Ú B2 �=� .
(b1) Set Mε ¤ p : ê ­

e\ ε ä ­
q and use (a1) (note that

­
e\ s0 ä e\ ε ä F ­

L1
weak

­ ¥
Mε ¤ p ­

e\ s0 ä F ­
Lp

weak
).

(c1) Now øF � H � C Â
r ; ¼ � B Ú B$*$2 �=� , by (b1). For any Λ � B$2, x � B, we have

Λ øFx ê�ö ÷ ΛFx, by (d), and­
Λ øFx

­
Hq

¿
C �r À ¥ � 2π � 1± q ­

ΛFx
­
Lp

r
Ú (F.27)

by TheoremE.1.7,with equalityfor p ê 2.
Takingthesupremumon bothsidesof (F.27)over

­
Λ

­ Ú ­ x ­ ¥ 1, we obtain
that

­ øF ­
Hq

weak

¿
C �r ;

½_¿
B ¤ B ���2 ÀrÀ ¥ � 2π � 1± q ­

e\ r ä øF ­
Lp

weak

¿
R � ; ½_¿

B ¤ B ���2 ÀrÀ , with equalityfor
p ê 2.

(Thus, ö ÷ w is an isometric isomorphismof π Â L2
weak ontoa closedsubspace

of H2
weak. We believe that this is a propersubspaceof H2

weak; in particular,
we believe that for any infinite-dimensionalU andY, someH2

weak functions
do not have boundaryfunctions (althoughthey have “boundary operators”
B ë B$2 è L2 � ω Ý iR � ; thesituationfor L2

strongseemsto beanalogous.)
(d) Theidentitiesweregiven in LemmaF.3.2(d).Becauseö ÷ is anisometric

isomorphism times � 2π of L2
ω onto H2

ω, by LemmaD.1.15,it is alsoan iso-
metric isomorphismtimes � 2π (onto) ¼ � U Ú L2

ω � R Â ;Y �=�×èç¼ � U Ú H2 � C Â
ω ;Y �=�

and ¼ � U Ú%¼ � YB Ú L2
ω � R Â �=�=�xèÿ¼ � U Ú%¼ � YB Ú H2 � C Â

ω �=�=� . [
Themultiplicationof elementsof differentHp spacesworksin thesameway

asthatof L p spaces:

Lemma F.3.5(Hr
weak

Û Hp
strong � Hp

strong¤ εHr
weak

Û Hp
strong � Hp

strong¤ εHr
weak

Û Hp
strong � Hp

strong¤ ε) Let 1 ¥ p ¥ ∞ and1Î p Ý 1Î q ê 1. Let
F : C Â èÕ¼ � B Ú B2 �QÚ G : C Â èÕ¼ � B2 Ú B3 �QÚ f : C Â è B. Thenall claims (i.e.,
(a1)–(a3”)) of LemmaF.1.8holdwith H in placeof L andG $ � Û̄ � in placeof G $ .

Moreover, if f � Hp
strong� C Â

ω ; ¼ � B Ú B2 �=� andg � Hr
weak� C Â

α ; ¼ � B2 Ú B3 �=� , where
r �o« 1 Ú ∞ ¬ andω Á α, thengf � Hp

strong� C Â
ω ; ¼ � B Ú B3 �=� and

­
gf

­ ¥ M
­
g
­�­

f
­
; the

sameholdswith Hp in placeof Hp
strong.

Naturally, by shiftingoneobtainsananalogousC Â
ω claim.

Proof: Theproductfunctionsareholomorphic,by LemmaD.1.2(b3).The
claimsonnormsfollow from LemmaF.1.8.

Thelastclaimfollowsfrom thefactthatg � H∞ � C Â
ω ; ¼ � B2 Ú B3 �=� , by Lemma

F.3.2(a). [
As notedabove,theLaplacetransformL2

strong è H2
strongis notontoin general:

Example F.3.6 [ �L2
strong µê H2

strong
�L2

strong µê H2
strong�L2

strong µê H2
strong] Even for U : ê ï 2 � N � , there are

H2
strong� C Â ; ¼ � U �=� functionsandL2

strong� iR; ¼ � U �m� functionsthatarenotLaplace
transformsof any L2

strong� R; ¼ � U �m� functions,not even of any L2
weak� R; ¼ � U �=�
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functions (nor of any other ¼ � U � -valued functions, see 5 ¶ of the proof of
ExampleF.1.10).

In fact, there is øF � H2
strong� C Â ; ¼ � U �m�Ê´ Lstrong� iR; ¼ � U �m� s.t. øF � Û̄ � $ �

H2
strong� C Â ; ¼ � U �=��´ Lstrong� iR; ¼ � U �=� but ø0 is not theLaplace(or Fourier)trans-

form of any F : R Â èu¼ � U � (nor of any F � R Â � N �Åèu¼ � U � whereN is a null
set). S

Proof: Let Fn � L2
strong� « 0 Ú 1� ;U � (n � N), F �>¼ � U Ú L2 � « 0 Ú 1� ;U �m� beasin

ExampleF.1.10.
Becauseπ ü 0 ¤ 1 À L2 �

c
L2

ω and ö ÷ L2
ω ê H2

ω, we have øFn Ú øF � H � C; ¼ � U �m�ú´
H2

strong� C Â
ω ; ¼ � U �m� for all ω � R, and øFn è øF in eachH2

strong� C Â
ω ; ¼ � U �=� . The

claimson øF � Û̄ �`$ follow from dualityandthefactthat øFn � Û̄ �`$_ê �F $n for eachn � N.
Assumethenthat øF êpö ÷ G for someG � L2

strong� R; ¼ � U �=� (if G : � R Â � N �Nè¼ � U � whereN is a null set, for somereasonablesenseso that øFu0 êX�Gu0

for all u0 � U , then Gu0 equalsthe inversetransformof øFu0, hencethen
Gu0 � L2 � R Â ;U � ; consequently, thenG � L2

strong� R Â ; ¼ � U �=� ).
Givenu0, we have øFnu0 è øFu0 in H2, henceFnu0 è Gu0 in L2, asn è ∞,

henceFn è G in L2
strong� R; ¼ � U �m� , whichis acontradiction,by ExampleF.1.10.

Thus, øF is not thetransformof any G : R Â èÿ¼ � U � . [
We finish this appendixby a moretechnicallemma. A main observation of

thelemmais that ø0 � Û̄ � $ � H2
strong, then

0
is smoothing (see(b2)below).

Lemma F.3.7 Let ω � R, ε Á 0, 1 ¥ p ¥ ∞.

(a1) (Inversetransform of H1H1H1) Let g � H1 � C Â
ω ;B�B´ L1 � ω Ý iR;B� andγ � ω.

Theng ê øf , where

f � t �_ê 1
2π

etγ
¦

R
etir g � γ Ý ir � dr � B � t � R �Q§ (F.28)

Moreover, e\ ω ä f �o¡ 0 � R;B� , π \ f ê 0, andsupR
­
e\ ω ä f ­

B ¥ ­
g
­
H1

ω
Î 2π.

(a1’) Let g � H1 � C Â
ω ;B� andγ Á ω. Theng ê øf , where f is definedby (F.28).

Moreover, e\ ω ä f �o¡ b � R;B� , π \ f ê 0, andsupR
­
e\ ω ä f ­

B ¥ ­
g
­
H1

ω
Î 2π.

(a2)LetG � H1
strong� C Â

ω ; ¼ � B Ú B2 �=� andγ Á ω. ThenG ê øF, where

F � t �úê 1
2π

etγ s
¦
R

etir G � γ Ý ir � dr � t � R �Q§ (F.29)

Moreover, π \ F ê 0, supR
­
e\ ω ä F ­

B ¥ ­
G � Û   ω � ­ H1

strong
Î 2π, ande\ ω ä f x �¡ b � R Ú B2 � for all x � B.

(a3)LetG � H1
weak� C Â

ω ; ¼ � B Ú B2 �=� andγ Á ω. ThenG ê øF, where

F � t �_ê 1
2π

etγ w
¦
R

etir G � γ Ý ir � dr � t � R �Q§ (F.30)



1022 APPENDIXF. LP
strong, LP

weak AND INTEGRATION

Moreover, π \ F ê 0, supR
­
e\ ω ä F ­

B ¥ ­
G � Û   ω � ­ H1

weak
Î 2π, ande\ ω ä Λ f x �¡ 0 � R � for all x � B andΛ � B $2.

(b1) (Inverse transform of H2H2H2) Let ø0 � H2 � C Â
ω ; ¼ � U Ú Y �=� . Then0

: L2
ω � R Â ;U �3æ u îè ö ÷ \ 1 ø0 øu satisfies e\ ω ä 0 u �Ö¡ 0 � R;Y � , and

supR
­
e\ ω ä 0 u

­
Y ¥ ­ ø0 � Û̄ � ­ H2

¿
C �ω ;

½_¿
U ¤Y ÀrÀ ­ u ­

L2
ω

for all u � L2
ω � R Â ;U � (for all

u � L2
ω � R;U � if weextend

0
ontoL2

ω; this extensioncoincideswith theop-
erator

0 � TICω (seeTheorem6.2.1)if, in addition, ø0 � H∞ � C Â
ω ; ¼ � U Ú Y �=� ).

(b2) Let ø0 � Û̄ � $ � H2
strong� C Â

ω ; ¼ � YÚ U �=� . Thenthemap
0

: u îè ö ÷ \ 1
w

ø0 øu satisfies

e\ ω ä 0 u �3¡ b � R;Y � and supR
­
e\ ω ä 0 u

­
Y ¥ ­ ø0 � Û̄ � $ ­ H2

strong

¿
C �ω ;

½_¿
U ¤Y ÀrÀ ­ u ­

L2
ω

for all u � L2
ω � R Â ;U � (for all u � L2

ω � R;U � if we extend
0

onto L2
ω; this

extensioncoincideswith the operator
0 � TICω (seeTheorem6.2.1)if, in

addition, ø0 � H∞ � C Â
ω ; ¼ � U Ú Y �=� ).

As statedin Theorem3.3.1(a1),expressiong � H1 ´ L1 meansthat g � H1

hasa boundaryfunction in L1. By (a1), any elementof H1
strong� C Â ; ¼ � B Ú B2 �

is the (strong)Laplacetransformof a boundedandweakly continuousfunction
R Â èÿ¼ � B Ú B2 � .

By (b2), an I/O map with a transfer function in “dual” H2
strong produces

boundedandcontinuousoutput. This fact will be usedin Theorem6.9.1(b)to
show that suchmapsareexactly the I/O mapswith a WPLS realizationwith a
boundedoutputoperator.

We will seein Theorem3.3.1(d2)that if ø0 � Û̄ � $ � H2
strong ´ H∞, then,actually,ø0 � L2

strong ´ L∞
strong, so that themapu îèuö ÷ \ 1 ø0 øu definedin (b2) canbe defined

with the sameformula (but with the (Fourier) transformsconsideredon ω Ý iR
only) for any u � L2

ω � R;U � .
Proof of Lemma F.3.7: We take ω ê 0 w.l.o.g. (replaceg by g � ω Ý Û � for

thegeneralcase;seealsoRemark2.1.6).
(a1) By the usualcontourintegration argument(use(6.4.4) of [HP] and

notethat et
¿
γ Â ir À is boundedfor boundedγ), expression (F.28) is independent

of γ Á 0 for any t � R. But (F.28) is continuous(from the right) at γ ê 0,
hencewe maytake γ ê 0 too to obtainthesamef . With γ ê 0 we obtainthat­

f
­

∞ ¥ ­
g
­
H1

ω
Î 2π. By LemmaD.1.11(a1)&(b),wehave f ��¡ 0 � R;B� .

By p. 230 of [HP], g êÉö ÷ π Â f . Let T Á 0 and set fT : ê τ \ Tπ Â f �
L∞ � R Â ;B� . Then � fT ê e\ T ä g � H1, sothat � fT ê�ö ÷ π Â ÆfT , by theabove,whereÆfT � t �_ê 1

2π

¦
R

etir � fT � ir � dr ê f � t   T � � t � R �Q§ (F.31)

By uniqueness(Lemma D.1.10(b)), fT ê π Â f � Û   T � , henceπ ü \ T ¤ 0À f ê 0.
BecauseT Á 0 wasarbitrary, wehaveπ \ f ê 0.

(a1’) Apply (a1)with ω Ý ε in placeof ω for someε Á 0.
(a2)Apply (a1’) for Gx (x � B).
(a3) Apply (a1) for ΛGx (x � B Ú Λ � B$2) (note that ΛGx � H1 ´ L1, by

Theorem3.3.1(a1)).
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(b1) 1¶ Caseu � π Â L2: Let u � L2 � R Â ;U � , so that øy : ê ø0 øu � H1 � C Â ;Y � .
Then ­ øy ­

L1
¿
iR;Y À ê ­ øy ­

L1
¿
iR;Y À ¥ ­ ø0 ­

H2
­ øu ­

H2 ¥ 2π
­ ø0 ­

H2
­
u
­
2 Ú (F.32)

by Theorem3.3.1(a). Thus, supR
­
y
­
Y ¥ ­ øy ­

H1 Î 2π ê ­ ø0 ­
H2

­
u
­
2 and y �¡ 0 � R;Y � , by (a1).

2¶ Caseu � L2: By repeatingthe proof of Lemma2.1.3, we can show
thateachsuch

0
extendsto a time-invariant(τt 0 ê 0 τt for all t � R) operator0

0 �h¼ � L2
ω � R;U ��Ú�¡ 0 � R;Y �=� with thesamenorm.By continuity, thisextension

satisfiestherequirementsof (c1).
3¶ Case

0 � H∞: Let ø0 � H∞ too,sothat
0 � TIC � U Ú Y � , by Theorem6.2.1.

By time-invariance,
0

u ê 0 0u for any u � L2 � « T Ú�Ý ∞ � ;U � , T � R. If un è u
in L2, then

0
un convergesin bothL2 and ¡ 0, so that the limits mustbeequal

(a.e.),by TheoremB.3.2,hence
0 ê 0 0 onL2.

(b2) By LemmaF.3.5(a3”),we have
­ ø0 øu ­

H1
weak

¥ ­ ø0 � Û̄ � $ ­ H2
strong

­ øu ­
H2 for

u � L2 � R Â ;U � . Consequently, Λ
0

u �i¡ 0 � R � for all Λ � Y $ , and the norm
estimateholds(cf. theproofof (b1)),by (a3).

If u �>¡ ∞
c , then

0
u � W1 ¤ 2

1 �Z¡ (because
0 � TIC1), byTheorem3.1.5(alter-

natively
0

u �@�a\ 1 « L1 � 1 Ý iR;Y � ¬N� e1 ä ¡ 0 ��¡ , by LemmaD.1.11(e2)&(e1)).
For generalu, we cantake un �J¡ ∞ (n � N) s.t.un è u in L2; it follows from
the norm estimatethat

0
un convergesin ¡ b and

0
un pointwise to

0
u, hence0

u �o¡ b.
The restof theproof is analogousto 2 ¶ and3¶ of (b1). (Note thatwe can

analogouslyshow thate\ ω ä Λ 0 u �o¡ 0 � R � for eachΛ � Y $ .) [
Notesfor Appendix F
Dinculeanu[Dinculeanu], Chapter IV, has some results in this direction

for functions F : Q è ¼ � B Ú B2 � s.t.
­
F

­
is measurable(if F � L∞

strong and B
is separable,then F “weakly locally integrable” in Dinculeanusterms). In
[CZ], Lweak ê Lstrong is defined for separableHilbert spaces,but the norm­�­

F
­ ½_¿

B ¤ B2 À ­ Lp is usedinsteadof the L p
strong norm; also the appendix[Sbook]

will list similar results.However, for p ê ∞ their resultsbecomespecialcasesof
thoseof ours,byTheoremF.1.9(s3).Wedonotknow any studiesin ourgenerality.

For somepurposesit would be more natural to define L p
strong and Lp

weak
as spacesof (equivalenceclassesof) functions, whosevaluesare unbounded
operators.Fortunately, theabovesettingsufficesfor ourpurposes.

SeeChapter3 for further resultson L∞
strong in the Hilbert spacesettingand

AppendicesB andD andnotesthereinfor uniform variantsof theresultsof this
appendix.
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Notation

Thouart a symbolanda sign
To Mortalsof their fateandforce;
Like thee, Man is in part divine,
A troubledstreamfroma puresource;
AndMan in portionscanforesee
His ownfunerealdestiny.

— Lord Byron (1788–1824),"Prometheus"

We presenthere the notationusedin this monograph. For readability, we
usesomeredundancy. Seealso the standing hypotheses(if any) mentioned in
the beginning of eachchapter. Any alternative meaningsof thesesymbols are
specifiedexplicitly.

For symbolswe only give their continuous-time explanations,seeTheorem
13.3.13for correspondingdiscrete-timeinterpretation.

For the correspondencewith the notationusedby G. Weissand M. Weiss
(amongothers),seep. 166.

Bracketsetc.Ë x � X ØØ P � x� Ì : Thesetof all elementsx of X for whichP � x� is true.Ë xn Ì : This refers to a sequence,usually on N or Z, i.e., to � xn � ∞n̈ 0 or� xn � ∞n̈ \ ∞.
[S97b, Section7]: A referenceto Section7 of [S97b] (seep. 1024 for the

bibliography)).[Rud73,p.131] is areferenceto page131of [Rud73],
and(1.16)is a referenceto equation(1.16)of this text (seep. 29).

”Σ is [strongly/exponentially]stableif f ÆΣ is [strongly/exponentially] stable”: the
conditionsin bracketsareoptional andcorrespondto eachother, i.e.,
this saysthat“Σ is stableif f ÆΣ is stable”,“Σ is strongly stableif f ÆΣ is
strongly stable”,and“Σ is exponentially stableif f ÆΣ is exponentially
stable”, as in Corollary 6.6.9. Analogously, “a � A if f a � B [and
a � C]” implies thatboth “a � A if f a � B” and“a � A if f a � B and
a � C” hold.

f « X ¬�Ú f X: f « X ¬ is theset Ë f � x� ØØ x � X Ì , when f is a functiondefined(at least)
on the set X; for linear f we may write f X. Specialcasesof this
are the imaginary axis iR and the set L1 � : ê�Ë f �pØØ f � L1 Ì ; the
latter meansthe convolution operatorsdefinedby a L1 function, cf.
Definition2.6.3;analogously, N Ý 1 ê�Ë 1 Ú 2 Ú 3 Ú=§=§=§ Ì .
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1038 NOTATION®�� �� � ° : A WPLS(or a wpls),seeDefinition6.1.1(or 13.3.1).® A B
C D ° : Thegeneratorsof a WPLS(or awpls).þ A B
C D
� : The WPLS (or wpls) generatedby ® A B

C D ° ; seeLemmas6.1.16and
6.2.9(a)andDefinition6.2.3(or Lemma13.3.3).« a Ú b¬�ÚÜ« a Ú b� Ú�� a Ú b¬�Ú�� a Ú b� : Theintervals Ë r � R ØØ a ¥ r ¥ b Ì , Ë r � R ØØ a ¥ r ² b Ì ,Ë r � R ØØ a ² r ¥ b Ì , Ë r � R ØØ a ² r ² b Ì , respectively.

f � t Ú z� Á 0 � t � R Ú z � C � : Thismeansthat f � t Ú z� Á 0 for all t � R andall z � C.¸
x Ú y¹ H : The(sesquilinear)innerproductof x Ú y � H in theHilbert spaceH.¸
x Ú Λ¹ X ¤ X � Ú ¸ x Ú Λ¹ X ¤ Xd Ú ¸ x Ú Λ¹ X ¤ XB: Each of thesedenotesthe scalar Λx : ê Λ � x�

(here x � X, Λ � X $ ). Thus, by
¸ Û Ú Û ¹ X ¤ X � we denotethe pairing

X ë X $ è K . The subindex d or B on H specifiesexplicitly how
themultiplication in X $ is defined,see“Superscripts”,p. F.3.

Mor enon-letter symbolsÛ : Theplacefor theargumentof afunction;e.g.,eω ä denotesthefunction
t îè eωt .� : In the place of an operatorthe asterisk( � ) refers to unspecified
(irrelevant)entry, e.g., � 1 2

3 $+� mayhave any right bottomentry; � J Ú*� � -
inner means� J Ú S� -inner for any S. Sometimes� refersto anything
(possibly void) thatis omitted..

µ � f : Theconvolutionof µand f , seetheindex. By µ� wemeantheoperator
f îè µ � f .

f ì g: Thecomposite functiont îè f � g � t �*� .
A � B: Theset Ë x � A ØØ x �� B Ì (or A � Bc).
A : ê B: A is definedto beequalto B. Equivalentto “B ê : A”.
s è5Ý ∞: s is realands goesto Ý ∞; weoftenwrite ∞ for Ý ∞.
xn � x: “xn è x” weakly, i.e., � xn Ú y�Nè�� x Ú y� for all y (seeLemmaA.3.1(h)–

(j)).
f : Ω è X: f is a function of Ω into X; we may write, e.g., f : Ω æ s îè

x0 Ý x3s3 � X to specifya ruledetermining f � s� for s � Ω.�]Ú(� : Union, intersection, respectively; seeLemmaA.3.17for thenormof
X � Y.

A � B Ú B � A: Either meansthat A is a subsetof B (x � A � x � B; possibly
A ê B).

A �
c

B: This meansthat A � B and that this inclusion is continuous (see
p. 890).

A �
a

B: ThismeansthatA is an(algebraic)subclassof B (Definition6.2.4).

A Ý B: The set Ë a Ý b ØØ a � A Ú b � B Ì (this is a specialcaseof f �X   above);
seeLemmaA.3.17for correspondingnorm.

A ¡ B: WhenA andB areclosedsubspacesof a Banachspace,andA � B êË 0 Ì , wedenoteA Ý B by A ¡ B (cf. [Rud73]).
X ë Y: The Cartesianproduct ËP� x Ú y� ØØ x � X Ú y � Y Ì . If X and Y are

normedspaces,we usethe norm ¢6� x Ú y� ¢ X £ Y : ê¤�¥¢ x ¢ 2X Ý¦¢ y ¢ 2Y � 1§ 2;
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if X and Y are inner product spaces,we use the inner product�(� x Ú y� Ú¥� xõ Ú yõ�� � X £ Y : ê¨� x Ú xõ � X Ý@� yÚ yõ � Y; useinduction for ∏n
k © 1Xk : ê

X1 ë X2 ë Û=Û=Û ë Xn. Finally, Xn : ê ∏n
k © 1X. Seealsop. 870.V

Ω f dm: The Bochner(i.e., Lebesgue,if f is C- or Cn-valued)integral (see
p. 927)of f overΩ w.r.t. theLebesguemeasurem.

s
V Ú wV : SeeTheoremF.2.1,p. 1011.ª Ú &: “

ª
” means“exists”, “&” means“and”.ª

A \ 1: “Thereexistsa boundedinverseof theoperatorA” (in particular, A is
one-to-oneandonto).� s « A� : � s « A� : ê sI « A, whens � C (seeLemmaA.3.3andSectionA.4).

∂Ω: ∂Ω : ê Ω̄ � Ωc is theboundaryof thesetΩ.
f È A: The restrictionof the function f on the setA (we write just f when

thereis no risk of confusion).
x ¬ y: Thismeansthat � x Ú y�Bê 0; if S is aset,thenx ¬ Smeansthat � x Ú y�Bê 0

for all y � S; similarly for S ¬ x andS ¬ Sõ .¢ Û ¢ X: ThenormonspaceX (see“Functionandoperatorspaces”onp. 1045
for mostX’s).¢ A ¢ ½_¿

U ­Y À : Thestandardoperatornorm ¢ A ¢ ½_¿
U ­Y À : ê supB u0 B U ® 1 ¢ Au ¢ Y; notethat¢ A ¢Åê°¯ maxσ � A$ A� , by Theorem11.28cof [Rud73],if U andY are

Hilbert spaces.¢ 0 ¢ : If
0 � TI � U Ú Y � (seebelow), this refersalwaysto theTI � U Ú Y � norm¢ 0 ¢ TI : ê±¢ 0 ¢ ½_¿

L2
¿
R;U ÀH­ L2

¿
R;Y ÀrÀ , not to ¢ 0 ¢�² , evenif

0 �Q³ , where³
is asubclassof TI.¢ Û ¢ p: ¢ Û ¢ p : ê±¢ Û ¢ Lp; in particular, ¢ x ¢ p : ê´¢ x ¢`µ p whenx is asequence.

f � g: This meansthat f � q� � g � q� for all q in the (common)domainof f
andg, when f andg arescalarfunctions.

A � B: if f B ¶ A if f A ê A $ , B ê B$ and � x Ú¥� A « B� x� � 0 for all x (if A andB
arelinearoperators);seealsop. 872.

A Á B: if f B · A if f A ê A $ , B ê B$ and � x Ú¥� A « B� x�NÁ 0 for all x �ê 0.
A ¸ B: if f B ¹ A if f for someε Á 0 we have �(� A « B� x Ú x� � ε ¢ x ¢ 2 for all x;

seeLemmaA.3.1(b1)for more.º Ú(» : Cayley transforms(Definition13.2.2).

Bold letters

R ¼ R ½~¼ R \ : R : ê¨�*« ∞ ¼ ∞ � , R ½ : ê¨� 0 ¼ ∞ � , andR \ : ê¨�*« ∞ ¼ 0  .
iR: iR : ê¿¾ it ÀÀ t � R Á ; we consider the differentiation, the Lebesgue

measuremetc.for f : iR Â U asthosefor f � i Ã � : R Â U .
C ¼ Q ¼ Z ¼ N: Thecomplex/rational/integer/naturalnumbers,respectively; N : Ä¾ 0 ¼ 1 ¼ 2 ¼`Å`Å`ÅÆÁ , Z \ : Ä�¾d« 1 ¼`« 2 ¼`« 3 ¼`Å`Å`ÅÆÁ .
K : “The field of scalars”;outside the appendiceswe have K Ä C. In

general,the resultsin the appendicesalsohold for K Ä R (seethe
beginning of eachappendixor sectionof anappendixfor exceptions).
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D: Theunit discD : Ä'¾ z � C ÀÀ�Ç z Ç · 1 Á , hence∂D Ä�¾ z � C ÀÀÈÇ z Ç Ä 1 Á (the
unit cirle) andrD Ä ¾ rz ÀÀ z � D ÁgÄ ¾ z � C ÀÀ�Ç z Ç · r Á for any r É 0.

C ½ω ¼ C ½ : C ½ω : Ä�¾ s � C ÀÀ Res É ω Á , C ½ : Ä C ½0 .
C \ω ¼ C \ : C \ω : Ä�¾ s � C ÀÀ Res · ω Á , C \ : Ä C \0 .
CJ ¼ Ca ­ b: CJ : Ä�¾ s � C ÀÀ Res � J Á , Ca ­ b : Ä C Ê a ­ b Ë Ä�¾ s � C ÀÀ a · Res · b Á .
C ½ÍÌ ¾ ∞ Ád¼ iR Ì ¾ ∞ Á : Seethefootnoteonp. 72 for correspondingtopologies.

R: Reflectionaroundtheorigin: � Ru� � t � : Ä u �*« t � , p. 782.
R\ 1: Theshifted(discrete-time)reflection: � R\ 1x� i : Ä x \ 1 \ i, p. 782.

Superscripts

BA: Thesetof functionsA Â B.
f Î : Thederivativeof f ; seepp.918and961.
α: thecomplex conjugateof α whenα � C.
Ω: Ω is theclosureof thesetΩ.
SÏ : The set ¾ x ÀÀ x ¬ SÁ . By Section4.9 of [Rud86], this is a closed

subspaceof theunderliningHilbert space.Ð
u: TheLaplacetransformof u, i.e.,

Ð
u � s� : Ä V R e\ stu � t � dt; seeDefinition

D.1.6. If u is consideredasan elementof L1
ω � R;X � , then

Ð
u is often

consideredasa functionω Ñ iR Â X; this function(restrictionof
Ð
u to

ω Ñ iR) is calledtheFourier transform of u. In discretetime, Ã̂ stands
for theZ-transform,p. 782,for signals;see“

ÐÒ
” below for operators.Ð

µ: The Laplace(or Fourier) transformof the (possibly vector-valued)
measureµ; seeLemmaD.1.12.ÐÒ

: The transferfunction, (symbol, either “Laplace” or “Fourier” trans-
form) of

ÐÒ
, when

ÐÒ � TI∞ (seeTheorems2.1.2and3.1.3).In discrete
time,seeLemmas13.1.5and13.1.6instead.ÐÓ ¼ ÐÔ ¼ ÐÕ : SeeTheorem6.2.11(or Lemma13.3.6in discretetime).ÐÖ

: Theset ¾ Ðf ÀÀ f � Ö Á if
Ö

is aset.
Σ ×ext ¼ Ó ×@¼ Ô ×@¼ Õ ×@¼ Ò ×N¼�Øg×@¼CÙ�× : The partially-closed-loopsystem(statefeed-

backthroughfirst inputonly), pp.614–616.
A1§ 2 Ä'Ú A: The(nonnegative) squarerootof A (LemmaA.3.1(b4)).
A Û 1: Theinverseof A.Ü�Ý Û 1 ¼sÞÝ Û 1 ÞÜ : Sometimesamapwith coprimeinternalloop,Definition7.2.11.
A Û�ß+¼ A Û d: A Û�ß : Ä°à Aß¥á�Û 1 Ä°à A Û 1 á`ß , A Û d : Ä¨à Ad á�Û 1 Ä¨à A Û 1 á d.
X ß�¼ Xd ¼ XB ¼ XH: Adjoint, sesquilinearadjoint(oftenw.r.t. a pivot space;n L2

ω
contexts we useL2 as the pivot space;in statecontexts we usethe
statespace(usuallyH) asthepivot space),(bilinear)Banachadjoint
and (sesquilinear) Hilbert adjoint of X, respectively, when X is an
operator, and the correspondingdual space,when X is a normed
space. The meaningof à�á�ß dependson the context; in pivot space
contexts (this is usuallythecaseoutsidetheappendices)it standsfor
theHilbert adjointw.r.t. thepivot space;thus,we follow thestandard
convention in infinite-dimensional control theory. If X is a set of
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operators,thenX ß�Ä'à*Ãâá`ß+�X   , i.e.,X ß�Äã¾ T ßäÀÀ T å X Á , etc.Seepp.896–
899for detailsandDefinition6.1.17for amainapplication. Moreover,à*Ãâá d alsohasan alternative meaning(“causaldual”) for systemsand
their components,seebelow.Ô ß^¼ Õ ß^¼ Ò ß^¼Cæsß : This is explainedabove (Hilbert adjoint w.r.t. the pivot space
L2 (or w.r.t. ç 2 in discretetime)). See(6.2) andDefinition 2.1.4for
details.

Σd ¼ Ó d ¼ Ô d ¼ Õ d ¼ Ò d: (Causal)dual systemor map. SeeLemmas6.1.4and3.3.8
for continuous time, and Proposition 13.3.5and Lemma13.1.8for
discretetime.ÐÒ d:
ÐÒ d à sá : Ä¨èÒ d à sá]Ä ÐÒ à s̄á`ß ; seeLemmas3.3.8and13.1.8.

Xn £ m: Thesetof matriceshaving n rows andm columnsandelementsfrom
X; cf. (A.1). WesetXn : Ä Xn £ 1.

Ec: Thesetof elementsthatdonotbelongto E (complement).
Eo: Theinteriorof E (p. 867).
Σo ¼ Σo

I ¼ Ò o ¼ Ò o
I ¼`Å`Å`Å : The open and closed loop dynamic feedbacksystemsor
maps.SeeDefinitions7.1.1,7.2.1and7.3.1..� A B� T: Thetranspose é AT

BT ê of � A B� .Ó t ¼ Ô t ¼ Õ t ¼ Ò t :
Ó t : Ä Ó à t á , Ô t : Ä Ô τπ ë 0 ­ t Ë , Õ t : Ä π ë 0 ­ t Ë Õ ,

Ò t : Ä π ë 0 ­ t Ë Ò π ë 0 ­ t Ë ; see
(6.5).

Furtherusesof superscriptsarepresentedin “Functionandoperatorspaces”,
p. 1045.

Subscripts

Σ ì : An outputinjectionclosed-loopsystemof Σ; seeDefinition6.6.21.

Σ íkÄïî¥ð^ñ ò,ñó ñ ô^ñõ ñ ö�ñ�÷ : A (state feedback)closed-loopsystemof Σ; see Definition

6.6.10.

Σ øùÄ î ðdú ò6úó ú ôdúõ ú öÈú ÷ : The closed-loop system corresponding to a solutionàüûI¼ S¼ ��Ø Ù � á of theRiccatiequation.

Σcrit Ä î ð critó
critõ
crit ÷ : A J-critical controlin WPLSform; seeTheorem8.3.9.

ΣL ¼ Ó L ¼ Ô L ¼`Å`Å`Å : Staticfeedbackclosed-loopsystemandmaps(Propositions6.6.2
and6.6.18).

H1 ¼ H Û 1 ¼ H ß1 ¼ H ßÛ 1 ¼ HB ¼ H ßC ¼ H ßC ­K : SeeLemma6.1.16andDefinition6.1.17.
Cc ¼ Dc: A compatiblepair; seeDefinition6.3.8.Ò

d:
Ò

d : Ä Ò d when
Ò

is a one-blockoperator; é ô 11 ô 12ô 21 ô 22 ê d : Ä é ô d
22 ô d

12ô d
21 ô d

11
ê

(seealsop. 740).
Σd ¼ Ó d ¼ Ô d ¼ Õ d: Seep. 740.
XR: Thecomplex vectorspaceX asa realvectorspace(LemmaA.3.21).
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Cs ¼ Cw ¼ CL ­ s ¼ CL ­w: The strongYosida,weakYosida,strongLebesgueandweak
Lebesgueextensionsof C; e.g.,Cwx0 : Ä w-limsý ½ ∞ sà s « Aá x0; see
Proposition6.2.8for details.þ

u: Thesetof admissible controls,seep. 614(or p. 681).þ ßß ¼ þ out ¼ þ sta¼ þ str ¼ þ exp: Various setsof admissible controls (seeDefinition
8.3.2andHypothesis 9.0.1).�~Ø u Ù u � ¼Pé*ÿ y�

y ê : Preliminarilystabilizingstatefeedbackandoutputinjection

pairs,seep. 737.�
u ¼�� u ¼ �� y ¼ �� y : Partsof a preliminaryd.c.f.,seep. 713or p. 737.

ΣX ¼ ΣY ¼ ΣZ ¼ Σ � d ¼ Σ � : Seep. 744,744,747(or 762),747or 753,respectively.
Furtherusesof subscriptsare presentedin “Function andoperatorspaces”,

p. 1045.

Miscellaneousletters

Capital letters(A ¼ B ¼ C ¼ D ¼`Å*Å`Å ) often denotethe generators(generatingoperators)
of thecorrespondingmaps(

Ó ¼ Ô ¼ Õ ¼ Ò ¼+Å`Å`Å ), asin thethird andfourth explanation
below.Þ³ ¼ Þ³Q½ : In Chapter10 (resp.Chapters11 and12), the symbol Þ³Q½ (resp. Þ³ )

standsfor MTIC or something similar; seethe standinghypotheses
mentionedat thebeginningsof thesechapters(seeTheorem8.4.9for
suitableclasses).Ó

Bu0 å L1 à`� 0 ¼ 1á ;H á : SeeSection6.8.
A ¼ B ¼ C; H1 ¼ H Û 1 ¼ H ß1 ¼ H ßÛ 1; HB ¼ H ßC; Bß+¼ C ß : SeeLemma6.1.16and Definition

6.1.17.
D: Thefeedthroughoperatorof

Ò
. SeeDefinition6.2.3.

D j : The jth partialderivative;seeDefinitionB.3.3,p. 918.
Dα: Seep. 950.
D à x ¼ r á : Thedisc ¾ y ÀÀ d à x ¼ yás· r Á .
d à x ¼ yá : Thedistanced à x ¼ yá : Ä�¢ x « y ¢ whenx andybelongtoanormedspace.
d à x ¼ Aá : The distanceinfa é Ad à x ¼ aá whend is a metric (seeSectionA.2 for

metrics).
ex: ex : Ä ∑∞

k © 0xk � k! when x is an elementof a Banachalgebra(e.g.,
x å C).

ek: Thevectorek : Ä χ � k 	 ; thus, ¾ ek Á k é Z is thenaturalorthonormal basis
of ç 2 à Z á .


: TheFouriertransform(notalways).
 µ à Ò ¼��#á : The“lower linearfractionstransformation” of
Ò

and � , i.e., themap
w 
Â zof Figure7.8or of Figure7.10;see(7.64)or (7.98,respectively
(or Definition7.3.1or Lemma12.3.2).�

: Theset(group)of invertible elements(e.g.,
��� à X ¼ Y á ).

Hò ¼ H ó : Thereachabilityandobservability subspace(Definition6.3.25).
H ¼ U ¼W ¼ Y¼ Z: Oftencomplex Hilbert spacesof arbitrarydimensions.



NOTATION 1043

x ¼ u ¼ w¼ y¼ z: Oftenu (resp. � uw � ) denotestheinput,x thestate,x0 theinitial stateand
y (resp. � zy � ) theoutputof asystem;seeFigure6.1andDefinition6.1.5
(resp.Figure7.9andDefinition7.3.1).� Ø Ù�� ¼ Σext ¼ Σ í : SeeDefinition6.6.10(statefeedback).� ÿ � � ¼ Σ ì*¼ ΣTotal: SeeDefinition6.6.21(outputinjection).

I : Theidentityoperator(IX denotestheidentityonX).
i: Theimaginaryunit (i Ä Ú � 1).

Jγ: Jγ : Ä é I 0
0 Û γ2I ê .� ¼ J: Thecostfunctionandthecostoperator, respectively. SeeDefinitions

9.1.3,8.3.2and8.1.3.� � ¼ � � s ¼ � � w: TheLaplacetransform(weak,strong);seepp.969andF.3.1.
P � ¼ PB� ¼¥à Pá�¼¥à PBá : SeeDefinitions9.1.5,9.8.1,9.8.4and14.1.1.û : Oftenasolution of theRiccatiequation.SometimestheJ-critical cost

operatorû : Ä Õ ßcritJ
Õ

crit (Theorem8.3.9(b1)).àüûI¼ S¼ K á�¼ àüûI¼ S¼ � Ø Ù ��á : A solution of the Riccati equation. SeeDefini-
tions9.1.5,9.8.1,9.8.4and14.1.1.�Í¼�� : Definition8.3.2andHypothesis9.0.1(andHypothesis 14.0.1).� ß : Thestabilityshift (Remarks2.1.6,6.1.9and13.3.9).þ ßß : The setof admissible controls(seeDefinition 8.3.2andHypothesis
9.0.1).þ ¼�� : The setsof admissible inputsandoutputs,respectively; seeDefini-
tions8.3.2and8.1.3.

Ys ¼ Y¼ Z: SeeHypothesis8.1.1(Sections8.1–8.2only).
Zs ¼ Zu: Thesetsof stableandunstablestates(seeDefinition8.3.2,Hypothesis

9.0.1andHypothesis14.0.1).�
: TheZ-transform: à � uá�à zá : Ä ∑ j é Z zju j (p. 782).

Greekletters

β ¼ γ ¼ ζ: SeeHypothesis9.5.1(Sections9.5and9.6only).
γ: A fixedpositivenumberin Chapters11and12.
δt : The point massat t å R; δt  f : Ä f à*Ã � t á Ä τ à � t á f , when f is a

function.
∆ ! 2 ¼ ∆S: DiscretizationoperatorsSection13.4.
ε ½ : SeeHypothesis11.2.1(Chapter11only).
ϑ: SeeDefinition8.3.2.
κ: SeeSections10.3and15.2.
πJ: à πJuá�à sá : Ä u à sá if s å J and à πJuá�à sá : Ä 0 if s �å J, i.e., à πJuá�à*Ãâá : Ä

χJ à*Ãâá u à*Ã á . Here J is a subsetof R. This operatoris usedboth
L2 à R;U áLÂ L2 à R;U á andL2 à R;U áLÂ L2 à J;U á .

π ½~¼ π Û : π ½ : Ä πR " andπ Û : Ä πR # .
π ½ ¼ π Û : π ½ : Ä πN ¼ π Û : Ä I � π ½ (Section13.1).èπ $~¼ è% $ : èπ $ Ðf : Ä � � π $ � � Û 1

Ð
f , èπ $ Ðf : Ä � π $ � Û 1

Ð
f .
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Π  : SeeDefinition2.6.3.

∏: A product(of numbersor sets;cf. “X & Y” above).
ρ à Aá : The spectralradiusρ à Aá : Ä sup¾ Ç z Ç ÀÀ z å σ à Aá¥Á>Ä limk ý ∞ ' Ak ' 1( k Ä

infk ý ∞ ' Ak ' 1( k ) ' A ' of A (seeLemmaA.3.3(r1)).
σ à Aá : ThespectrumC *~¾ λ å C ÀÀ,+ à λ � Aá�Û 1 Á (seepp.871,882and901).

Σ Ä � ð òó ô � : A WPLS(or awpls). SeeDefinition6.1.1(or Definition13.3.1).

∑: A sum.
τ à t á : Thebilateraltime-shiftoperatorτ à t á u à sá]Ä u à t Ñ sá (this is a left-shift

whent É 0 anda right-shiftwhent - 0).
φCayley ¼ φ Û 1

Cayley: The Cayley function φCayley à sá Ä 1 Û s
1½ s Ä φ Û 1

Cayley à sá (Lemma
13.2.1).

χJ: The characteristicfunction of the setJ, i.e., χJ à sá : Ä s if s å J and
χJ à sá : Ä 0 if s �å J.

ωA: Thegrowth rateωA : Ä inft . 0 � t Û 1 log ' Ó à t á ' � , whenA is theinfinitesi-
malgeneratorof asemigroup

Ó
. NotethatωA / supReσ à Aá .

Function and operator spaces:genericnotation

When
Ö

equals
�

,
�10

,  TI ßß or ti ßß , we use some or all of the following
conventions:Ö à X á�¼ Ö : We set

Ö à X á : Ä Ö à X ¼ X á . We write just
Ö

whenwe do not wish to
specifyX andY; e.g.,“S¼ T å � ” meansthat S andT arelinearand
bounded(but they neednothavesamedomainandrangespaces).� Ö

: This standsfor the set of invertible (in
Ö

) elementsof
Ö

, e.g.,� Ö à X ¼ Y á Ä ¾ T å Ö à X ¼ Y á�ÀÀ ST Ä IX & TS Ä IY for some S åÖ à Y¼ X á¥Á .Ö
∞: Thisstandsfor theunionof

Ö
ω for all ω.Ö

exp: Thesetof “exponentiallystablefunctionsof type
Ö32

”. Weset
Ö

exp : ÄÌ
ω 4 0
Ö

ω (resp.
Ö

exp : Ä Ì ω 4 1
Ö

ω) if
Ö

ω is definedfor all ω å R (resp.
for ω É 0 only).

When
Ö

equals
0 ß , L ßß , ç�ßß , H ßß or W ßß , we usesomeor all of the following

conventions:Ö à J;Y á : FunctionsJ Â Y of type
Ö

; we set
Ö à J á : Ä Ö à J;K á . We write justÖ

whenwedonotwish to specifyJ andY.� Ö
: This standsfor the set of invertible (in

Ö
) elementsof

Ö
, e.g.,� Ö à J;Y áäÄ ¾ f å Ö à J;Y áLÀÀ gf 5 I & f g 5 I for someg å Ö à J;  á¥Á .Ö

∞: Thisstandsfor theunionof
Ö

ω for all ω.Ö
strong:

Ö
strongà J;

� à X ¼ Y á`á : Ä¦¾ F ÀÀ Fx å Ö à J;Y á for all x å X Á , ' F '76 strong
: Ä

sup8 x 8 X 9 1 ' Fx '76 .Ö
weak:

Ö
weakà J;

� à X ¼ Y á`á : Ä ¾ F ÀÀ ΛFx å Ö à J á for all x å X ¼ Λ å Y ß�Á ,' F '76 weak
: Ä sup8 x 8 X 9 1 : 8 Λ 8 Y ; 9 1 ' ΛFx '76 .

(Thestrongandweaknormsabove becomeboundedin our applicationsdue
to theUniform BoundednessPrinciple,LemmaA.3.4(O1).)
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We often omit the subindex (if any) correspondingto the weight function if
theweight function is theconstantfunction1 (e.g., ç p ÄRç p1, Lp Ä Lp

0, TI Ä TI0;
notethatthisdoesnotapply“WPLS” or “wpls”, whichequalWPLS∞ andwpls∞,
respectively).

If f å Ö ω, g å Ö ω < and f Ä g on the intersectionof their domains,thenwe
identify f andg. (Then f andg arethe uniqueelementsof

Ö
ω and

Ö
ω < having

that restrictionon the intersection.For  TI ßß (andti ßß , seeTheorem13.3.13)this
factis shown in Remark2.1.9.SeeLemmaD.1.2(e)for theH ßß identifications; for
L ßß , ç�ßß andW ßß this is trivial.) We usedthis identificationin thedefinitionof

Ö
∞

and
Ö

exp.

Function and operator spaces

AP à R;X á : Thesetof almost-periodic functionsR Â X (seep. 957).� à X ¼ Y á : Thesetof boundedlinearoperatorsX Â Y.�10 à X ¼ Y á : Thesetof compactlinearoperatorsfrom X intoY (p. 871).�=� Ñ �10 : SeeLemmaA.3.4.0 à J;X á : Thesetof continuous functionsJ Â X; seep. 918for moreon
0 ßß .0 k à J;X á : Thesetof k timescontinuously differentiablefunctions f å 0 à J;X á ;0 ∞ : Ä�> k é N

0 k; we make similar definitionsfor the subspacesof
0

definedbelow.0
b à J;X á : Thesetof boundedcontinuousfunctions f å 0 à J;X á ; if J is anopen

or closedsubsetof Rn or aninterval, then
0

b à J;X á is a Banachspace
with supremumnorm,and

0
bu and

0
0 areclosedsubspacesof

0
b.0

bu à J;X á : Thesetof boundedanduniformly continuousfunctions f å 0 à J;X á .0
0 à J;X á : Thesetof functionsf å 0 à J;X á vanishingat infinity (i.e.,for all ε É 0

thereis a compactK ? J s.t. ' f à t á ' X - ε for t å J * K); seeLemma
B.3.4.0

c à J;X á : The set of compactly supported functions f å 0 à J;X á (note that0
c à J;X á@? 0

0 à J;X á ).0 ∞
c à J;X á : The setof compactlysupported functionshaving continuous deriva-

tivesof all orders;seealsoTheoremB.3.11.
cc ¼ co: finite andvanishingsequences,respectively. Seep. 919.
H à Ω;X á : Holomorphic functionsΩ Â X (AppendixD); note that suchfunc-

tionsareidentifiedwith their holomorphicextensions.
H∞ à Ω;X á : Boundedholomorphic functionsΩ Â X with supremumnorm.
Hp ¼ Hp

ω: SeeDefinition D.1.3, p. 964; for discretetime (on rD), seeLemma
D.1.15,p. 977.

Hp
strong¼ Hp

strong:ω: SeeDefinitionF.3.1,p. 1017.ç pr ¼
ç p: By ç p wedenoteLp w.r.t. thecountingmeasure.Whenu isasequence,
we set ' u ' p : Ä ' u ' ! p; thus, then ' u ' p

p Ä ∑k ' uk ' p (1 ) p - ∞),' u ' ∞ Ä supk ' uk ' . Finally, ' u ' ! pr : Ä ' r Û 2 u ' p Ä ' à r Û kuk á ' p à r É 0á .ç 1$BA ç 1CED A ç 1CED : $ A cc: SeeSection13.1,p. 781.
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L à J;X á : The setof (equivalenceclassesof) (uniformly) Bochnermeasurable
functionsJ Â X (p. 911).

Lstrongà J;X á ; Lweakà J;X á : Thesetof (equivalenceclassesof) strongly;weakly
measurablefunctionsJ Â X (p. 998).

Lp à J;X á : TheBanachspaceof (equivalenceclassesof) X-valuedLp-functions
onJ. Thus, ' f ' Lp : Ä ' f ' p, where ' f ' ∞ : Ä esssup' f ' X and ' f ' p : Ä
' f ' Lp Ä°àGF J ' f ' p

X dµá 1( p when1 ) p - ∞; seealsoDefinitionB.3.1.
Lp à r∂D;X á : Herewe identify r∂D with � 0 A 2π á throughrei

2
; cf. LemmaD.1.15.

Lp
ω à J;X á : The Banachspaceof (equivalenceclassesof) measurablefunctions

f : J Â X s.t. ' f ' Lp
ω

: Ä ' eω
2
' p - ∞ (we musthave J ? R). Thus,

Lp Ä Lp
0, andeω

2
becomesan isometric isomorphismL p Â Lp

ω. See
DefinitionD.1.3.

Lp
loc à J;X á : The set of (equivalenceclassesof) functions f : J Â X s.t. f å

Lp à K;X á whenever K ? J is compact;here1 ) p ) ∞. Note that
Lp ? Lp

loc ? L1
loc (andLp

ω ? Lp
loc wheneverJ ? R). SeealsoDefinition

B.3.1.
L2

∞ à J;X á ; L2H :∞: Theset Ì ω I RL2
ω à J;X á ; L2H :∞ : Ä L2

∞ à R H ;  á .
Lp

c à J;X á : Theset J u å L p à J;X áLKK u Ä 0 (a.e.) outside � � T A T á for someT É 0 M
(i.e., theLp à J;X á functionswith acompactessentialsupport).

Lp
strongA Lp

weak: SeeDefinitionF.1.4,p. 1002.N à R;X á : Thespaceof rapidlydecreasingfunctions,p. 978.

Wk : p
ω à J;X á A Wk : p

0 :ω A Å`Å`Å : The Sobolev spacesof k times weakly differentiably
Lp

ω à J A X á functions.SeeSectionB.7.
If f is a X-valuedfunctiondefinedon a subinterval J of R, we oftenidentify

f with its extension πJ f having the value zero outside J. We use the same
symbolπJ both for the embeddingoperatorfrom J Â X to R Â X andfor the
correspondingprojectionoperatorfrom R Â X to J Â X. With this interpretation,
π H L2 à R;X á�Ä L2 à R H ;X á@? L2 à R;X á andπ Û L2 à R;X á�Ä L2 à R Û ;X á@? L2 à R;X á ,
etc.

Classesof time-invariant maps

SeealsoChapter2 for TI  , Section13.1 for ti  andSection2.6.3for the other
classes.ÞO A�ÞO H : In Chapter10 (resp.Chapters11 and12), the symbol ÞO H (resp. ÞO )

standsfor MTIC or something similar; seethe standinghypotheses
mentionedat thebeginningsof thesechapters(seeTheorem8.4.9for
suitableclasses).

TIω à U A Y á : The (closed)subspaceof operators
Ò å � à L2

ω à R;U á ;L2
ω à R;Y á`á that

are time-invariant (i.e., τ à t á Ò Ä Ò τ à t á for all t å R). TI : Ä TI0,
TI∞ : Ä Ì ω I RTIω.

TI p A TIpß A TIp : q
ω : SeeTheorem3.1.5.

TI
D

0
ω A 0 0 :ω: Seep. 92.
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TICω à U A Y á : The (closed)subspaceof operators
Ò å TIω à U A Y á thatarecausal

(i.e., π Û Ò π H Ä 0). TIC : Ä TIC0, TIC∞ : Ä Ì ω I RTICω, TICexp : ÄÌ
ω 4 0TICω.

CTI A CTIC A CTI
CED A CTIC

CED
: Classesof TIC operatorshaving continuoustrans-

forms(Definition2.6.1).
MTI ßß A MTIC ßß A SMTI ßß A SMTICßß : Classesof TIC∞ operatorsthat are convolu-

tionswith certainkindsof measures(Definition2.6.3).
MTIX A MTICX: Certainkindsof measureswith valuesin X, seeLemmaD.1.12.
ti ßß A tic ßß : Discrete-timeclasses;seeDefinition13.1.1,p. 783.

Abbreviatedsymbols

card A: Thecardinality of A (see,e.g.,Definition 151,p. 275of [Kelley]). It
sufficesto know thatcardA ) cardB if f thereis aone-to-onefunction
of A to B (equivalently, a function of B onto A). Consequently,
cardA Ä cardB if f cardA ) cardB andcardB ) cardA (equivalently,
thereis a one-to-onemapof A ontoB); see,e.g.,[Kelley] for details.
SeealsoLemmaB.2.2.

det A: Thedeterminantof thematrixA.
diagà A A B A C á : the diagonal matrix é A 0 0

0 B 0
0 0 C ê with diagonalelements(or blocks)

A, B andC.
dim à H á : thedimensionof theHilbert spaceH = thecardinalityof anarbitrary

orthonormal basisof H (LemmaA.3.1(a1)).
Domà T á : Thedomain(of definition)of theoperatorT.
essrange: Essential range,LemmaB.2.7.
esssupA essinf: Essentialsupremum, essentialinfimum. Seep. 909.
Kerà T á : ThekernelKerà T á : Ä T Û 1 �PJ 0 M � : ÄQJ u å U KK Tu Ä 0 M , whenT :U Â Y.
Lebà f á : Thesetof Lebesguepoints of f (p. 942).
log: Logarithm with baseexp.
Ranà T á : TherangeT �U � : ÄRJ T à uáSKK u å U M , whenT : U Â Y.
ReA Im: Realpart,imaginarypart(Reà x Ñ iy á]Ä x, Im à x Ñ iy áLÄ y for x A y å R).
span: spanE : ÄRJ ∑n

j T 0α jx j KK n å N A α j å K A x j å E à j Ä 0 A Å`Å`Å A náUM .
supA inf A maxA min: Supremum,infimum,maximum,minimum,respectively. Re-

call from [Rud86]thatinf /0 : Ä�Ñ ∞, sup/0 Ä � ∞.
suppf : Thesupportof f = theclosureof J t KK f à t áWVÄ 0 M .
suppd æ : Thenonzeroatomsof æ (Definition2.6.3).
w-lim A s-lim A lim: “lim ” meansthe limit in the standardtopology, which for

operatorsis the uniform (i.e., norm) topology. “s-lim” and“w-lim ”
refer to strongandweaklimits, respectively. E.g., if F : R Â � à H á ,
whereH is a Hilbert space,then w-limsý H ∞ F à sákÄ A meansthat
F à sá x Â Axweaklyfor all x å H, ass ÂùÑ ∞; cf. LemmaA.3.1(h)–(j).
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Glossary

Weshouldhavea greatmanyfewerdisputesin theworld if onlywords
were takenfor whatthey are, thesignsof our ideasonly, andnot for
thingsthemselves.

— JohnLocke (1632–1704)

If T å � à H1 A H2 á , where H1 and H2 are Hilbert spaces,then we use the
following termsfor T (partiallyvalid alsofor moregeneralfunctions):
one-to-one: = injective, i.e., Tx Ä 0 X x Ä 0 (for all x å H1). Equivalent to

“coercive” if dimH1 - ∞.
coercive: ' Tx 'Y/ ε ' x ' for all x å H1, i.e.,T ß T Z 0 = left-invertible= T ß is onto

= full columnrank(if matrix).
onto: T �H1 � Ä H2, i.e.,TT ß Z 0= surjective= right-invertible= T ß coercive

= full row rank(if matrix).
invertible: = boundedlyinvertible= bijection= one-to-oneandonto.
countablyinfinite: A setis countablyinfinite if it hasthesamecardinalityasthe

setN, i.e., if thereis aone-to-onefunctionof N ontothisset.
countable: A set is countableif it is finite or countablyinfinite; otherwiseit is

uncountable.
finite-dimensional vectorspace: A vectorspacespannedby a finite numberof

vectors.
finite-dimensional function: A vector-valued function whose values lie in a

finite-dimensionalsubspaceof therangespace.
finite-dimensional system: A system whose input, state and output spaces

are finite-dimensional. Recall that a transferfunction hasa finite-
dimensionalrealizationif f it is rational.

finite-dimensional theory: This refers to the theory of finite-dimensional sys-
tems.

classicaltheory: This refersusuallyto finite-dimensional theory(equivalently,
to thetheoryof rationaltransferfunctions).

timedomain: This refersto R or R H asthetime horizon.Theinput,outputand
statesignalsin controlsystemsarefunctionsof time, with domainR
or R H . Thus,their Laplace(or Fourier) transformsaredefinedon a
subsetof C; by frequencydomainwereferto suchsubsetsor to (apart
of) C asthedomainof theargumentof thesetransformedfunctions.

state-space: State-spacetheory refers to theory on systems (where one can
also speakof the state,not just on input and output) in contrastto
I/O-theory or frequency-domaintheory, which ignoresthe internal
structureof systemsandtreatsI/O mapsinsteadof systems(compare
this to the two definitions of admissible controllers in Definition
7.1.1).Thus(dueto historicalreasons),“frequency-domain”hastwo
meanings: the first refers to working with Laplacetransforms(as
opposedto time-domain), andthe secondto working with I/O maps
or transferfunctions(asopposedto state-space).
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discretetime: This refersto timedomainZ or N in placeof R or R H asopposed
to continuoustime treatedabove,seePart IV.

discretepart: Thediscrete(atomic)partof ameasureisexplainedin Section2.6.

map: A mapmeansa function. However, for mostof the time, we reserve
theword mapfor the “integral operators”,suchas

Ó
,
Ô

,
Õ

and
Ò

in
Definition 6.1.1. SeeDefinitions7.2.1and7.2.11andLemma7.2.7
for mapswith internalloop.

well-posed: An I/O mapis well posed(or proper) if it is in TIC∞. A transfer
functionis well posed(or proper)if it is in H∞

∞, i.e., if it is boundedon
someright half-plane.(By Theorem2.1.2,an I/O mapis well posed
iff its transferfunction is well posed.) Lemma7.2.7shows whena
mapwith internalloop is well posed.

stable: A function (signal)u å L2
loc is calledstableif f u å L2. A mapfrom

vectorsor signalsto vectorsor signalsis calledstableif f it is bounded
w.r.t. to the standardnorm for vectorsand the L2 norm for signals;
seeDefinition 6.1.3for details. In discrete-time,a function (signal;
actuallysequence)u is calledstableif f u å ç 2; seeDefinition 13.3.1
for thestabilityof discrete-timemaps

singular: A controlproblemis oftencalledsingular if themapfrom thecontrol
to the outputis not coercive (or I -coercive over

þ ßß ); otherwiseit is
nonsingular. Mostcontrolproblemsin theliteraturearenonsingular.

superfluous: An assumption is saidto besuperfluousif theclaimsaretrueeven
without the assumption (“and n - 7” is superfluousin “if n É 1 and
n - 7, thenn is positive”).

redundant: As assumption is said to be redundantif it is implied by the other
assumptions (“and t Ä Ç t Ç ” is redundantin “if t É 1 andt Ä Ç t Ç , then
t2 É t”).

greatest: If
O ? � à H á , thenA å O is thegreatestelementof

O
if f A / AÎ for

all AÎ�å O (if f � A is the smallestelementof
O

). Recall that A å O
is maximalif f A ) AÎ
å O\[

A Ä AÎ . Obviously, a greatestelement
mustbeuniqueandmaximal,whereasamaximal elementneednotbe
uniquein general.

Abbreviations

a.e.: almosteverywhere(or “almostevery”)

iff: if andonly if

I/O: input/output(“from input to output”)

p., pp.: page,pages

r.c., l.c., d.c.,p.r.c.,p.l.c.,q.r.c.,q.l.c.: SeeDefinition6.4.1.

r.c.f., l.c.f., d.c.f., p.r.c.f., p.l.c.f., q.r.c.f., q.l.c.f.: SeeDefinition6.4.4.

s.t.: suchthat

w.r.t.: with respectto
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w.l.o.g.: without lossof generality

Acronyms

Bßw-CARE: Certainsimplified Riccatiequation,seeDefinition9.2.6
[e]CARE; [e]DARE; [e]IARE: Riccatiequations.SeeDefinition 9.8.1;14.1.1;

9.8.4.
[e]CARI; [e]DARI; [e]IARI : Riccati inequalities; seetheindex.
FICP: Full-InformationControlProblem;seeChapter11 (or Section10.4).
LQR: LinearQuadraticRegulator, seeChapter10.
SF: StateFeedback,seeDefinition 6.6.10(sometimesthis refersto pure

statefeedback,wherethefeedthroughterm(the“F” of
� Ø Ù � ) is

zero,seeDefinition11.1.2).
SpF: SeeDefinition8.4.6,p. 384

 TI ßß ,  TIC ßß , ti ßß , tic ßß : See“Classesof time-invariantmaps”,p. 1046
TVS: TopologicalVectorSpace(p. 870).
WR, WLR, WVR, WHPR, SR, SLR, SVR, SHPR,UR, ULR, UVR, UHPR:

Differentformsof regularity. SeeDefinition6.2.3;seealso“regular”
in theindex.

WPLSß , SOS: SeeDefinitions6.1.1and6.1.3.
wplsß , sos:Classesof discrete-time systems. SeeDefinition13.3.1.
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4BP(H∞ 4BP),690
I/O, 713ÞO A�ÞO H , 1046

a.e.,908, 1049
absolutelycontinuous,927
adjoint,1040

Banach,871
causal,50,157

discrete-time,783
Hilbert, 871
of
Õ

, 157
of a function,998

admissible, 247
(DF-)controller, 283
(DF-)controller with internal

loop,294
(DPF-)controller with internal

loop,318
inputor outputoperator, 226
K, 226� Ø Ù � , 226
outputinjectionpair, 240û , 469, 471,818
statefeedback,226
staticoutputfeedback,222

discrete-time,799
algebra

Banach,882
algebraicsubclass,170
almostevery, 908
almosteverywhere,908
almostperiodic,957
almostseparably-valued,911
analyticcontinuation,963
analyticsemigroup, 441
anti-causal,50
ASP, 716

Bß -algebra,882
Bß -algebraisomorphism,883
Banachalgebra,882
Banachspace,870
basis

orthonormal,871
Besicovitch, 958
Bezoutidentity, 205
bijection,1048
Bochnerintegrable,927
Bochnerintegral,909, 927
Bochnermeasurable,911
Borel function,909
Borel measurable

function,909
set,909

Borel measure,909
Borel set,909
boundary, 867
boundaryfunction,102,102, 103
bounded

inputoperator, 166, 194,274
outputoperator, 166, 194,274

Bounded(Real)Lemma,591,847
Bßw-CARE,421

C
H Ì J ∞ M , 72

C0-semigroup,901
canonicalfactorization,19
cardinality, 1047
CARE,408,469

Bßw-CARE,421
generalized(onDomà Acrit á ), 457

CARI, 519,522,600,602
Cauchy-sequence,868
causal,15,48

discrete-time,783
causaladjoint,50, 157

discrete-time,783

1051
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causaldualsystem(Σd)
discrete-time,797

Cayley function,789
Cayley transform,73,790
centralcontroller, 710
chainscatteringtransformation,341
changeof variablein anintegral,933
characteristicfunction,909
classicaltheory, 1048
closed

operator, 884
set,867

closed-loopsystem
staticoutputfeedback,221,222

closure,867
co-minimaxJ-coercive,670
co-spectralfactorization,142,209
coercive,872,873,885,1048, seeJ-

coercive
coinduction,893
compact,867

operator, 871
compatible

generators,189
output operatorpair, 189
pair, 189

complementedsubspace,892
complete

measure,908
metricspace,868

completion
of a measure,909
of a normedspace,885

coneproperty, 951
conjugate-linear, 896
connected,868
continuity

absolute,927
continuous

uniformly, 868
continuousfunction,867
continuoustime,1049
control,34,157, 626
controller

(DF-), 283
with internalloop(DF-), 294

with internalloop(DPF-),318
convergence,867

absolute,927
strong,875
uniform,875
weak,875

convolution
of functions, 966
of measures,972
of sequences,781
strong,1012

convolution multiplication,137
coprime,205
coprimefactorization,207
coprimeinternalloop,306
corona,124
CoronaTheorem,124,126

pseudo-,129
costfunction,364

abstract,354
costoperator, 368
cost-minimizing, seeminimizing
countable,1048
countablyadditive,907
countablyinfinite, 1048
countably-valued measurablefunc-

tion, 911
countingmeasure,908
couplingcondition,692
critical, seeJ-critical
CTI  , 1047

DARE, 818
DARI, 826,845,846,849
denominator, 207
density

of
0 ∞

c in Lp
ω, 921

of simple functionsin L p
ω, 921

derivative,918
complex, 961
Fréchet,355,366
partial,918

detectable,240
DF-controller, 281
DF-stabilization, 281
differentiable,918
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k times,918
dimension, 1047
discalgebra,73
disconnected,868
discretemeasureclass,74
discretemetric,919
discretepart,1049
discretetime,1049
discretetopology, 919
discretization,807
distributed,10
distribution, 948
disturbance,34,626
Dominated Convergence Theorem,

928
dualspace(X ß ), 870
dualsystem(Σd), 157

discrete-time,797
duality, 50
dynamicoutputfeedback,281
Dynamic Output Feedback Con-

troller (DF-controller),281
Dynamic Partial Output Feedback

Controller (DPF-controller),
282

dynamicstabilization, 281

eCARE,469
eCARI,519
eDARE, 818
eDARI, 849
eFICP

abstract,681
eIARE,471
ELS,397
embedding,890
equal

mapwith coprimeinternalloop,
307

equivalent
(DF-)controller, 294
(DPF-)controller, 318
norms,871

estimatable,249, 428
exactlyω-observablerealization,158
exactlyobservable,200

exactly reachable,200
exponentially stable,48,161

semigroup,901
ExtendedLinearSystem(ELS),397
extension,891

feedbackform, see state feedback
form

feedthroughoperator, 169
discrete-time,787

FICP
H∞, 34
abstract,681

Finite CostCondition,366
finite time interval, 394
finite-dimensionalfunction,1048
finite-dimensionalsystem,1048
finite-dimensionaltheory, 1048
finite-dimensional vector space,

1048
finite-horizon,394
 ! , 318,321,322,714,1042
force

thedarksideof, 626
Fouriermultiplier theory, 81
Fouriermultipliers,100
Fouriertransform,969

of a TI map,82
Fréchet derivative,355,366
Fredholmoperator, 883
frequency domain,1048
frequency-domainà J A Sá -lossless,69
frequency-domaintheory, 1048
Fubini Theorem,929
full controlproblem

H2, 590
H∞, 627

game
H∞ minimax,626

generalizedCARE,457
generalizedIARE, 455
generate,169, 189
generated,164
generator

infinitesimal,901



1054 INDEX

generators,22,164
closed-loop, 230
compatible, 189
discrete-time,795

generatorsof aWPLS,169
greatest,1049
growth rate,901

H∞-FI-pair, 614
H∞-SF-operator, 614
H2 problem,584
HölderInequality, 910
HadamardThreeLine Theorem,966
Hankel operator, 51
Hausdorff–YoungTheorem,992
Hilbert space,870
Hille–YosidaTheorem,903
holomorphic, 961
homeomorphic, 867
homeomorphism,867, 872

I/O, 1049
I/O 4BP, 715
I/O map,155

discrete-time,794
I/O-theory, 1048
IARE, 471

generalized,455
IARI, 522
if f, 1049
imbedding,890
impulseresponse,186
inclusion,890
induction,892
infinitesimalgenerator, 901
inherit (a topology), 867
initial value,157
initial valuesetting,157

discrete-time,795
injective,1048
innerà J A Sá -, 207

r.c.f.,207
innerproduct,870
innerproductspace,870
input,157
inputoperator, 164

inputspace,155
integral

strong,1011
uniform,1011
weak,1011

integrand,927
interactionoperator, 240
interior, 867
internalloop

(DF-)controllerwith, 294
(DPF-)controllerwith, 318

internally, 156
interval, 868
InverseFouriertransform,971
invertibility

left, 133
invertible,1048

left-, 117
quasi-left-,131
right-, 117

involution, 882
iR Ì J ∞ M , 72
isometric,868
isometry, 868, 871
isomorphism

Bß -algebra,883
Banach,871à J A Sá -inner, 207à J A Sá -lossless, 207

J-coercive,379, 431
abstract,358
positively, 379

abstract,358
over

þ
exp, 576

over
þ

out, 572
J-critical, 363,364, 407,408

abstract,354
J-critical control in thefeedback

form, 407û , 469, 471,818
J-critical control

in statefeedbackform, 374
in WPLSform, 374

J-critical cost,367
J-critical costoperator, 368



INDEX 1055à J A  á -critical factorization,539
joint d.c.f.,207, 307
jointly admissible,240
jointly stabilizable and detectable,

240
jointly stabilizing, 240à J A Sá -lossless,69, 479

frequency-domain,69

Laplacetransform,969
of aTIC∞ map,49
weak,1017

Lax–Phillipsscatteringtheory, 23
Lebesgue

measurable,909
Lebesgueintegral,909
Lebesguemeasure,908
Lebesguepoints, 942
Lebesgue’s DominatedConvergence

Theorem,928
Lebesgue’s Monotone Convergence

Theorem,910
left shift, 782
left-invertibility

in  TI ßß , 133
pseudo-,128

left-invertible,117,1048
quasi-,131

limit, 1047
limit point,867
LinearQuadraticRegular, 555
Liouvill e,962
losslessà J A Sá -, 69, 207, 479

r.c.f.,207, 633,716
LQR, 427,555
LQR problem,555
LQR-Bßw-CARE,549
LQR-CARE,549
Lyapunov equation,512]

, 907
map,1049

with coprimeinternalloop,306
with d.c.internalloop,306
with internalloop,294
with l.c. internalloop,306

with r.c. internalloop,306
matrixpencil,825
maximal,1049
maximalidealspace,125
maximummodulusprinciple,963
MeanValueInequality, 944
measurability

uniform,998
measurable,911

Bochner, 911
Borel measurablefunction,909
Borel measurableset,909
Lebesgue,909
strongly, 911,998
weakly, 998

measure
Borel,909
counting,908

metric,868
metricspace,868
metrizable,868
minimal,200
minimalcostoperator, 558
minimaxJ-coercive,670
minimaxcontrol,645
minimaxgame,626
minimization,425,557
minimizing,557

strictly, 557
Minkovski, 939
Minkovski Inequality, 910
Morera,962
MTI, MTIC, andtheir variants,74
µ & ν, 928
multi-index, 948,950

Nehariproblem,685
neighborhood,867
nonnegative,872
nonsingular problem,1049
nontangential,967
norm,870, 1039
normedspace,870
norming,891
notation,166,1037
null set,908
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numerator, 207

observability, 241
observability map,155

discrete-time,794
observability subpace,200
observable,200
one-to-one,1048
onto,873,885,1048
open

set,867
operatormatrices,858
optimal,seeJ-critical
optimizable,249, 427
orderof partialderivatives,918
orthogonalprojection,871
orthonormal,871
orthonormalbasis,871
outer, 216
output,157
outputfeedbackoperator

admissible, 222
stabilizing, 223

outputinjectionoperator, 240
outputinjectionpair, 240
outputoperator, 164
outputspace,155

(P),469
P-stabilizing,469
p., pp.,1049
Paley–WienerTheorem,102
parallelconnection,263
partialderivative,918
(PB), 469
PB-stabilizing,469
pivot space,897,898,898
Planchereltransform,977
plant,281
Poissonintegral,101
Poissonintegral formula,967,971

for measures,973
pole,113
poles,214
Popov operator, 21,596

positive,596
Popov Toeplitz operator, 379

positive,872
uniformly, 872

Positive (Real)Lemma,594,848
positivemeasure,907
prefix,223,226,247,469,471,818
Pritchard–Salamonsystem,275
productmeasure,928
producttopology, 867
projection,871

orthogonal, 871
proper, 49,1049
PS-system,275û X-CARE,691,697û X-DARE, 709,762û Y-CARE,692,697û Y-DARE, 710,762û Z-CARE,692,697û Z-DARE, 711,762

quasi-left-invertible,131

Radon–Nikodym, 918
rapidlydecreasingfunctions,978
reachability, 242
reachabilitymap,155

discrete-time,794
reachabilitysubspace,200
reachable,200
realization,158

discrete-time,796
redundant,1049
reflection

discrete-time,782
reflexive,871
regular, 169

half-plane-,169
K, 226� Ø Ù^� , 226
line-, 169û , 469, 471,818
vertically, 169

regularmeasure,932
residualcostcondition,469
resolvent, 901
resolventequation,904
Riccatiequation,seeCARE, DARE,

IARE, eCARE, eDARE,
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eIARE andBßw-CARE
Riccati inequality, seeCARI, DARI,

IARI, eCARI, eDARI and
eIARI

Riemann–Lebesguelemma,970
Riesz–Thorin Interpolation Theo-

rem,991
right factorization,207
right-invertible,117,1048

N
, 978

S-spectralfactor, 207
s.t.,1049
Salamon–Weiss system(= WPLS),

167
scaling,50,160

discrete-time,799
semigroup,155

analytic,441
C0, 901
exponentially stable,901
ω-stable,901
stronglystable,901
weaklystable,901

SFCP
H∞, 34

σ-algebra,907
σ-finite, 908
Σ � d , 747
Σ � , 753
ΣX, 744
ΣY, 744
ΣZ, 747,762
signatureoperator, 207, 409, 482,

491,818
simplefunction,909,922
simple measurablefunction, 909,

922
singularproblem,1049
singularity, 113

removable,963
SmallGainTheorem,285
smallest,1049
Sobolev ImbeddingTheorem,951
Sobolev space,950
solution

greatest (of the
[e]CARE/[e]IARE), 478

greatest(of theBßw-CARE),427
greatest(of the DARE/DARI),

849
of the[e]CARE,469
of the[e]DARE, 818
of the[e]IARE, 471

SOS,156
sos,794
SOS-stable,156
span,1047
spectralfactor, 207
spectralfactorization,136, 207, 385

discrete-time,831
H2, 540

discrete-time,542,544
spectralradius,882
spectrum,871,882,901

AP-, 958
stabilityshift, 50,160

discrete-time,799
stabilizable,226, 246

(DF-), 283
by staticoutputfeedback,246
statefeedback,226
strongly

� ð òó ô � -, 850
throughB1, 615
with internalloop(DF-), 294
with internalloop(DPF-),318

stabilization
dynamic,281

stabilizes,223
(DF-), 283
DF-, 294
DPF-,318
with internalloop(DF-), 294
with internalloop(DPF-),318

stabilizing,408,409
(DF-)controller, 283
(DF-)controller with internal

loop,294
(DPF-)controller with internal

loop,318
K, 226� Ø Ù � , 226
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output injectionpair, 240û , 469, 471,818
 -stabilizing, 223,226
statefeedback,226
staticoutputfeedback,223

discrete-time,799
stable,48,1049

discrete-time,794
discrete-time I/O map,783
exponentially, 156, 161,901

discrete-time,794
discrete-time I/O map,783

I/O, 156
input, 156
internally, 156
K, 226� Ø Ù � , 226
ω-, 155, 156,901
output, 156û , 469, 471,818
strongly, 156, 901
weakly, 156, 901
wpls,794

stable-outputsystem
discrete-time,794

stable-outputsystem(SOS),156
state,157
statefeedback

operator, 408
statefeedbackform

controlin, 374, 407
minimizingcontrolin, 557

statefeedbackoperator
admissible, 226
discrete-time,800
stabilizing, 226

statefeedbackpair
admissible, 226
stabilizing, 226

statemap,794
statespace,155
state-space,1048
statement

ideological, 206
static,50
staticoutputfeedback

discrete-time,799
strictly positive,594
stronger

topology, 867
strongly measurable,82,911,998
suboptimal, 34,614

controller, 690
controllerfor theI/O 4BP, 714

suffix, 226,469,818
sum-compatible,893
superfluous,1049
support,1047
surjective,1048
symbol, 49,82
symplecticpencil,825

Taylorseries,963
testfunction,948
TI ßß A TIC ßß , 1046
ti ßß A tic ßß , 1047
timedomain,1048
time-invariance,15
time-invariant,48

discrete-time,783
time-invariantsetting, 157

discrete-time,796
Toeplitz,142
Toeplitzoperator, 47,49,56
topological space,867
topological vectorspace,seeTVS
topology, 867

product,870
weak,871
weakß , 871

transferfunction,49, 168
discrete-time,786

TVS, 870þ ßß -stabilizingsolution
of the[e]CARE, 469

unbounded
inputoperator, 166
outputoperator, 166

uncountable,1048
uniformmeasurability, 998
uniformly continuous, 868
uniformly positive,872
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unit, 882
unitary, 871
unitaryextension,875
unstable,48þ

u, 614

vector-valued,42

w.l.o.g.,1050
w.r.t., 1049
weakderivative,948,950
weaktopology, 871
weakß topology, 871
weaker

topology, 867
weakest,867
weaklymeasurable,998
weightingpattern,186
Weissextension,172
well-posed,1049

controller, 327
controllerwith internalloop,303
DF-controller, 303,318
DPF-controller, 320,328
I/O map,49û , 471

Well-Posed Linear System, see
WPLS

well-posedlinearsystem
discrete-time,seewpls

Wienerclass
causal(MTICL1

), 75
Wienerclass(MTIL1

), 74
Wiener–Hopfoperator, 56
WPLS,21,155
wpls,794
WPLSform

controlin, 374

Youla parametrization, 289, 290,
311,336,337

Z-transform,782
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